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Chapter 1

Probability

1.1 Probability

Probability theory is the mathematical foundation of statistics. We will review the basics
of concepts in probability before we proceed to discuss mathematical statistics.

The core idea of probability theory is studying the randomness. The randomness is
described by random variable X, a function from sample space to a number. Each
random variable X is associated with a distribution function.

We define the cumulative distribution function (cdf) of X as:

Fx(x) =P(X < x). (1.1.1)

The cdf satisfies three properties:
e ['x(x) is non-decreasing
e F'x(x) is right-continuous

e Limits at the infinity:

lim Fx(z) =0, lim Fx(z)=1.

T—r—00 T—r00

A cdf uniquely determines a random variable; it can be used to compute the probability
of X belonging to a certain range

Pla < X < b) = Fx(b) — Fx(a).

In many applications, we often encounter two important classes of random variables,
discrete and continuous random variables.

We say X is a discrete random variable if X takes value from a countable set of num-

bers
X:{al,aQ,"' ’an’...}‘

The probability of X taking value a; is given by



and we require
pi=0, > pi=1
i=1

This discrete function fx (i) is called probability mass function (pmf). It is natural to
see that the connection between cdf and pmf

Fx(z) = Zpi - Ha; <z}

where 1{a; < z} is called indicator function:

1, ifa; <=z,

0, otherwise.

H{a; <z} = {

It is easily seen that the cdf of a discrete random variable is not continuous. In fact, it is
piecewise continuous.

The expectation (mean) of a random variable is given by

oo
EX = Z a;p;
i=1
given that
o
Z |la;|p; < 0.
i=1

More generally, suppose we have a function ¢(x) : X — R, then the expectation of ¢(X),
a new random variable, is

Ep(X) = Z e(a;) - p;.
i=1
We say X is a continuous random variable if there exists a function fx(x) such that

Fy(z) = /_ )t

The function fx(z) is called the probability density function (pdf). To get pdf from cdf,
we simply take the derivative of Fx(z),

fu(e) = S Fu(a).

e Continuous random variables takes uncountably many values.
e The probability of X = a, i.e., P(X = a) = 0 since Fx is continuous.
What does pdf mean?

Plx —e< X < F - F —
lim (l‘ e < _JI+€) ~ lim X(x+€> X(x 6) :fX(l’)-
e—0t 2¢ e—0t a

The mean of X is defined as
E X :/ zfx(x)dx.
R
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For a function ¢(z) : X — R, we have
2ol(X) = [ ola)fs(a)da.

The variance, as a measure of uncertainty, is
Var(X) =E(X —EX)? =E¢(X), ¢(r)=(z—-EX)%.
We sometimes use another form
Var(X) =EX? — (EX)%
Here E X? is referred as the second moment. The p-th moment is defined as

T opal discrete
EXP:/deFX: Zz:lp 1) .
R Jr @ fx(x)dz, continuous

Independence: Independence is an important concept in probability. Two random
variables X and Y are independent if

P(X € A, Y eB)=PX € A)p(Y € B), VA B.
This is equivalent to
P(X <2,V <y)=PX <z)P(Y <y) = Fx(z)Fy(y), V.,

i.e., the joint cdf of (X,Y") equals the product of its marginal distributions.

Suppose X and Y are independent, then f(X) and g(Y) are also independent for two
functions f and g. As a result, we have

Ef(X)g(Y)=Ef(X)Eg(Y).

Given a sequence of n random variables {X;} ,, they are independent if

i=1

If X; is discrete or continuous, then the independence can be characterized by using pmf
and pdf:

Fxioe xo (@, mn) = [ | fx (@)
=1

The joint pdf/pmf is the product of individual pdf/pmf’s (marginal distribution).

In probability and statistics, we often study the sum of i.i.d. (independent identically
distributed) random variables Y | X;.

Exercise: Denote Z,, = Z?:l X; asthe sum of ni.i.d. random variables. Then E Z,, = nu
and Var(Z,) = no?.

We will see more in the next few sections.



1.2 Important distributions

1.2.1 Uniform distribution

If the pdf of a random variable X satisfies

1
fX(x):b—CL,(ISbe
This is called the uniform distribution, denoted by Unif{a, b]. Its cdf is
0, r<a
Fy(r) =52, a<z<b
1, x >b.

Exercise: Show that EX = (a +b)/2 and Var(X) = (b — a)?/12.

1.2.2 Normal distribution/Gaussian distribution

Normal distribution is the most important distribution in probability and statistics. It has
extremely rich structures and connections with other distributions. A random variable
X is Gaussian with mean p and variable o2, denoted by N (u, 0?), if its pdf is

1
fx(z) = 5 e~ (@m?2 e R,
o

In particular, if 4 =0 and o = 1, we say X is standard Gaussian. One can verify

1 2
—z%/2 o
— e der=1
\/QW/]R

by using the trick from multivariate calculus. Let’s verify EX = 0 and Var(X) = 1.

1 2
EX = — ze ¥ 2dy =0
\/27T/R

since ze~**/2 is an odd function. How about E X?2?

1 2
EX?= — 22e "2 dx
\/27T/]R

1 2
= —— rde * /2
V2T JR
1 —ZB2/2

= ——F—=X¢€

oo 1 2
+—f e Pdr=1.
V2T —00 \/QW/R

Gaussian random variable is linearly invariant: suppose X ~ N (p,0?), then aX + b is
still Gaussian with mean au + b and variance a?0?, i.e., N'(au + b, a*c?)

E(aX +b) =ap+b, Var(aX +b) = Var(aX) = a* Var(X) = a0
Moreover, suppose X ~ N(ux,0%) and Y ~ N(py,0%) are two independent random

variables, then
X +Y ~ N(ux + py, 0% +0y).

This can be extended to the sum of n independent Gaussian random variables. For
example,

i=1

if X; ~N(0,1) are i.i.d. random variables.



1.2.3 Moment-generating function (M GF)
Why does > | X; ~ N (0,n) hold? The moment generating function is
M(t) := Ee¥,
Moment generating function is named after the following fact:
t*EX? t"EX"
. e + +
2! n!

The coefficients of t" corresponds to the nth moment of X. MGF does not always exist
since it requires all the moments exist for a given random variable. We can compute
moment of any order by differentiating mgf w.r.t. ¢ and evaluating it at ¢t = 0:

d"M(t)
dt® li=o

EeX =1 +tEX +

EX" =

Suppose two random variables have the same moment generating functions, they are of
the same distribution. MGF uniquely determines the distribution. For X ~ N (u,o?), it
holds that

M(t) = Ee!X = et B tX—H)

elu't 22
— etZi 20—72 dz
V2mro? JR

G“t 2 212
_ —(z/oc—0t)*/2 jo%t*/2
V22 Jr ‘ ‘ 4
= exp(ut + o*t?/2).

Now for a sequence of n i.i.d. Gaussian random variables,

n

E el Zimi Xi — H]E i = H exp(ut + 0*t?/2) = exp(nut + no’t*/2)

i=1 i=1
This expression equals the moment generating function of N'(nu, no?).

Exercise: Show that X; ~ N (u;,0?), 1 <1 < nis a sequence of n independent random

variables, then
i=1 i=1 i=1

Exercise: Suppose we are able to generate uniform random samples, can we generate
normal random variables?

1.2.4 Chi-squared distribution

In statistics, chi-squared distribution is frequently used in hypothesis testing. We say
X ~ x2, i.e., chi-squared distribution of degree n, if

1
— n/2—1_—x/2 >0
fX(x> 2n/21—\(n/2>m € ) x

where



In particular, if n is a positive integer, I'(n) = (n — 1)! and I'(1/2) = /7.

Chi-squared distribution is closely connected to normal distribution. Suppose Z ~
N(0,1). Now we take a look at X = Z2:

P(X <2)=P(Z° <z)=P(—1 < Z < T)
=2P(0 < Z < /)

[

The pdf of X is obtained by differentiating the cdf,

2 1 1
D e o 22 > 0.
fx(z) \/; NG e \/ﬂx e e

Now if {Z;}I' | is a sequence of n independent standard normal random variables, then
X=> Z~x.
i=1

Chi-squared distribution is a special family of Gamma distribution I'(«, 3).

Ix (x50, 8) = Wma_leﬂ/ﬁ, x> 0.

If 6 =2and a =n/2, then I'(n/2,2) =
Exercise: Show that Ee* = (1 — 8t)™, for t < 1/8.
Exercise: Show that ", X; ~T'(>"" | oy, 8) if X; ~T'(ey, B) are independent.

1.2.5 Exponential distribution
Exponential distribution: X has an exponential distribution with parameter 3, i.e., £(5)
if
fly=p"te8 >0
where [ > 0.

e The exponential distribution is used to model the waiting time of a certain event
(lifetimes of electronic components).

e The waiting time of a bus arriving at the station.

It is also a special case of Gamma distribution I'(1, 5). Exponential distribution satisfies
the so-called memoryless property:

P(X >t+s|X >t)=P(X >s), Vs>0.

Recall that the left side involves conditional probability. For two events A and B, the
conditional probability of A given B is

P(AN B)

P(A|B) = ?(B)



Here
P(X>t+s5,X>t) PX>t+s)
(X zt+slX 21) P(X > 1) PX > 1)

since {X >t + s} is contained in {X >t}

Exercise: Verify the memoryless properties and think about what does it mean?
Exercise: What is the distribution of )" | X; if X; ~ £(B)?
Exercise: Verify EX = 8 and Var(X) = % for X ~ £(f).

1.2.6 Bernoulli distributions

Let X represent the outcome of a binary coin flip. Then its pmf is

P(X =1)=p, P(X=0)=1-p.

Sometimes, we also write the pmf in this way:

fx(@)=p"(1—=p)'™", = €{0,1}.

The coin is fair if p = 1/2. The cdf is

0, r <0,
Fx(z)=<1—-p, 0<x<1,
1 x> 1.

?

In this case, we denote X ~Bernoulli(p). The mean and variance of X is simple to
obtain:
E(X)=1-P(X=1)+0-P(X =0)=p

and
Var(X) =EX? - (EX)?=EX —p* = p(1 — p).

1.2.7 Binomial distribution

Suppose we have a coin which falls heads up with probability p. Flip the coin n times
and X is the number of heads. Each outcome is supposed to be independent.

If X = k, then there must be k heads and n — k tails:

P(X =k) = (Z)p’“(l —p)""

where

Then its pmf is
fX(k): (k)pk(l_p)n_ka ke {0717 7n}
In this case, we denote X ~Binomial(n, p).

Exercise: Show > (Z)pk(l —p)k=1.

10



Binomial distribution is closely related to Bernoulli distribution. Suppose { X}, are
n iid. Bernoulli(p) random variables, then X = >°" X, ~Binomial(n,p). In par-
ticular, if X ~Binomial(n,p), Y ~Binomial(m,p), and X is independent of Y, then
X +Y ~Binomial(n + m,p).

Exercise: Use the idea of moment generating function to show that ;. ; X; ~ Binomial(n, p)
if X; ~Bernoulli(p).

Exercise: What is the mean and variance of Binomial(n, p)?

Exercise: Use the mgf to obtain the mean and variance of Binomial(n, p).

1.2.8 Poisson distribution

Suppose we want to model the number of times an event occurs in an interval of time or
space, we would want to use Poisson distribution.

e The number of volcanic eruptions in Hawaii in one year
e The number of customers arriving at McDonald’s in the morning

Poisson distribution: A random variable satisfies Poisson distribution with parameter A,

i.e., X ~Poisson(\) if
“A\k

fX(k) = ‘ L

where A\ > 0 is also referred to the intensity, the expected (average) number of occur-
rences.

. . _ k
Exercise: Verify e™* > 7 ’]\C—, =1.

Exercise: E(X) = Var(X) = \.

kEezt

Poisson distribution can be derived from Binomial distribution. Suppose A is the expected
number of occurrences within a period of time. We divide the time interval into n equal
sub-intervals. Each of them has an expected number of occurrences A\/n. Let’s consider
n as a large number. Now we assume the probability of one occurrence in an interval is
A/n, which is a Bernoulli random variable with parameter A/n. Then the total number
of occurrences is

Z X; = Binomial(n, A\/n)
i=1

where X; ~Bernoulli(A/n). In fact, we can show that > " ; X; converges to Poisson(\)
as n — 0o.

Exercise: Show that for X; ~Bernoulli(A/n),

& e A\F
fm (2 Xi=k =

for any given k.

Exercise: Suppose we are able to generate uniform random samples, can we generate
Poisson random variables?

11



1.3 Limiting theorem

1.3.1 Law of large number

Law of large numbers, along with central limit theorem (CLT), plays fundamental roles
in statistical inference and hypothesis testing.

Theorem 1.3.1 (Weak law of large number). Let X; be a sequence of i.i.d. random
variables,

n—oo 1, “

1 n
lim — > " X; 5 p,
i=1

i.e., convergence in probability, where u = E X;.

We say a sequence of random variables X,, converge to X in probability if for any given
e >0,

lim P(|X, — X| >¢€) =0.

n—oo
Law of large number basically says that the sample average converges to the expected
value as the sample size grows to infinity.

We can prove the law of large number easily if assuming X; has a finite second moment.
The proof relies on Chebyshev’s inequality.

Theorem 1.3.2 (Chebyshev’s inequality). For a random variable X with finite second
moment, then
E|X —u? o°

2 2

P(IX —pl =€) <
€

€

Proof of WLLN. Consider X,, = n~! > X;. We aim to prove X, converges to 4 in
probability if Var(X;) < co. For € > 0, it holds that

_ 1 _
P( X0 — 4l = €) < - E[Xn — uf?

€

It suffices to compute the variance of X,,:

E|X, —p*=E

n! iX,- — i
=1

As a result,

12



1.3.2 Central limit theorem

Theorem 1.3.3 (Central limit theorem). Let X;, 1 < i < n be a sequence of i.i.d. random
variables with mean p and finite variance o2, then

o
7, = 2im Xi —np 4 N(0,1),

no?

i.e., convergence in distribution.

Sometimes, we also use

We say a sequence of random variable Z,, converges to Z in distribution if

lim P(Z, < z2)=P(Z < 2)

n—o0

for any z € R. In other words, the cdf of Z,, converges to that of Z pointwisely,

lim Fyx, (z) = Fx(x).

n—oo

What does it mean?

In statistics, one useful choice of a and b are

a = Zq/2, b= fl—a/2-

Here z, is defined as the a-quantile of normal random variable, i.e.,

1 P
P(ZSZQ):\/_Q—W/ 67t2/2dt=0&, 0<a<l

and by symmetry, we have
Ray — —Rl—-a-

In particular,
20.975 ~ 1.96.

In other words, as n is sufficiently large, with probability approximately 1 — «, it holds
that

X, — — 0Z1—a
Za /2 < M < Zl—qj2 = |Xn — NJ| < i/H/Q’ Zaj2 = —F1-a/2

o

which implies that the “error” decays at the rate of 1/y/n.
Theorem 1.3.4. Convergence in probability implies convergence in distribution.
Exercise: Show that E Z, = 0 and Var(Z,) = 1.

The proof of CLT relies on the moment generating function. We can show that the MGF
of Z,, converges to that of a standard normal. Here we provide a sketch of the proof.

13



Proof: The mgf of Z, is

Eexp(tZ,) = Eexp (ﬁ Z(Xz’ - u)) = HEexp (ﬁ(& - u))

where the second equality uses independence of Xj.
For each i, we expand the mgf using Taylor approximation,
2

Ino? E(X; —p)® +o(n™")

E exp <#(Xi - M)) =1+ ﬁE(Xi — )+

tQ
=1+—+o(n™

2n
As a result,
lim Eexp(tZ,) = lim (& Lximw))
im Eex ) = lim exp | —(X; —
2 Ry
:nh_{rolo (1—|—%+0(n ))
= exp(t?/2).
This is exactly the mgf of standard normal distribution. n

Exercise: (Wasserman 5.14) What is the limiting distribution of 72 if X, "% Unif 0,1]?

Exercise: Draw m samples from Bernoulli distribution (or exponential, Gamma, Poisson,
etc). Compute the normalized sum:

Yo = \/ﬁ(yn - M)/O-'

Repeat M times and collect the data. Plot the histogram or the empirical cdf. Here the
empirical cdf is defined as

Does it look like that of standard normal distribution?

14



Chapter 2

Introduction to statistics

2.1 Population

One core task of statistics is making inferences about an unknown parameter 6 associated
to a population. What is a population? In statistics, a population is a set consisting of
the entire similar items we are interested in. For example, a population may refer to
all the college students in Shanghai or all the residents in Shanghai. The choice of the
population depends on the actual scientific problem.

Suppose we want to know the average height of all the college students in Shanghai or
want to know the age distribution of residents in Shanghai. What should we do? Usually,
a population is too large to deal with directly. Instead, we often draw samples from the
population and then use the samples to estimate a population parameter # such as mean,
variance, median, or even the actual distribution.

This leads to several important questions in statistics:

e How to design a proper sampling procedure to collect data? Statistical /Experimental
design.

e How to use the data to estimate a particular population parameter?

e How to evaluate the quality of an estimator?

2.1.1 Important statistics

If we get a dataset, we usually compute the basic statistics to roughly describe the
dataset.

o Sample mean/average:
n
_ 1
n <
=1

e Variance:

15



Standard deviation:

Median:
median(x;) = T(n41)/2)

where [(n + 1)/2] means the closest integer to (n + 1)/2. More generally, the «
quantile is T (n41)-

Range, max/min:

Range = max z; — min z;.
1<i<n 1<i<n

Empirical cdf:

n

Fu(z) = %Z 1z < z}.

=1

Exercise: Show that 7,, minimizes

Exercise: Show that median(x;) minimizes

£ =3l ==

Is the global minimizer unique?

Notice that all the quantities above are based on samples {z1,--- ,z,}. These quantities
are called statistics.

Definition 2.1.1. A statistic is a deterministic function of samples,
Yy = T<:C17 U 7xn)7
which 1s used to estimate the value of a population parameter 6.

Question: How to evaluate the quality of these estimators?

2.1.2 Probabilistic assumption

We assume the population has a probability distribution F'x and each observed sample z;
is a realization of a random variable X; obeying the population distribution Fx. A set of
samples {z1, - ,x,} are treated as one realization of a random sequence { Xy, -, X, }.
From now on, we assume that all the random variables X; are 7.i.d., independent identi-
cally distributed.

In other words, T'(z1,...,x,) is one copy of a random variable
en = T(Xb T aXn)a
which is a point estimator of . We ask several questions:
e Does é\n well approximate the population parameter 67

e How to evaluate the quality of the estimators?

16



2.2 Evaluation of estimators
There are several ways to evaluate the quality of point estimators.
Definition 2.2.1. The bias of 8, is
bias(gn) =Ef, — 0.
We say @I 1s an unbiased estimator of 6 if the bias is zero.

Exercise: Show that X,, and S? are unbiased estimators of i and o2 respectively.

For S%, we know that

Ser = Z(Xz _Yn)g

n

- = (Z(Xi )= (X - m?)

=1

Now by taking the expectation of S?, we have

E(X; —p)?=0% EX, —p)?=dc’/n.

As a result, it holds
1

n—1

(n02 — 02) = 0'2.

ES? =

However, bias is not usually a good measure of a statistic. It is likely that two unbiased
estimators of the same parameter are of different variance. For example, both 77 = X
and T, = X, are both unbiased estimators of §. However, the latter is definitely preferred
as it uses all the samples: the sample mean is consistent.

Definition 2.2.2. We say (/9\,1 s a consistent estimator of 0 if @L converges to 0 in prob-
ability, i.e., R

lim P(|6,, — 0] > ¢) =0

n—oo
for any fizred € > 0. The probability is taken w.r.t. the joint distribution of (X1, -+, X,).

The consistency of sample mean is guaranteed by the law of large number. How about
sample variance S27?

Let’s take a closer look at S2:

1 - —2
52 = (Z X2 - an) :
n—1 —

We are interested in the limit of S? as n — oco. First note that by law of large number,
we have

1 & _
—§ X L EeXx? X, 5LHEX.
n

=1

Recall that variance of X equals E X% — (E X)?. As a result, we can finish the proof if
Yi — u*. Does it hold?
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Theorem 2.2.1 (Continuous mapping theorem). Suppose g is a continuous function and
X, = X, then g(X,) <= g(X). This also applies to convergence in distribution.

Remark: this is also true for random vectors. Suppose X, = (X1, , Xpna) € R? is a
random vector and X; - X, i.e., for any € > 0,

lim P(|| X, — X|| > ¢) =0
n—0o0

where || X, — X | denotes the Euclidean distance between X, and X, then ¢(X,) -
g(X) for a continuous function g.

This justifies Yi -5 2. Now, we have

. n —1 . 2 2 _ 2 2 _ 2
lim 1-<n ZlXi—Xn)—EX —(EX) " =0

n—oo 1N —

convergence in probability.

Exercise: Complete the proof to show that S? and S, are consistent estimators of o>
and o.

Another commonly-used quantity to evaluate the quality of estimator is MSE (mean-
squared-error).

Definition 2.2.3 (MSE: mean-squared-error). The mean squared error is defined as
MSE(8,) = E(6,, — 0)>
where the expectation is taken w.r.t. the joint distribution of (X1, -+, X,).

Recall that the pdf/pmf for (Xi,---,X,) is

fX1,~~,Xn($17 e ’xn) = H sz(xl)
=1

and the population parameter is associated to the actual distribution fx(x).

Note that by Chebyshev’s inequality, convergence in MSE implies convergence in proba-
bility:

~ E(0, — 0)?

(0, 0] > ) < 2200

The MSE is closely related to bias and variance of @\n In fact, we have the following
famous bias-variance decomposition

MSE(@n) = biaus(gn)2 + Var(@\n).
Proof: The proof is quite straightforward:
MSE(8,) = E(6, — 6)°

=E(f, — p+p—0)?

=E(fn — )2+ 2E(0, — i) (1 — 0) + (1 — 0)?

=E(0, — p)>+ (1 — 0)?
———

Var(,,) bias (6 )2

where 4 = E /Q\n and the second term equals 0. O

18



Lemma 2.2.2. Convergence in MSE implies convergence in probability.

The proof of this lemma directly follows from Chebyshev’s inequality.

2.3 Confidence interval

All the aforementioned measures of estimators such as sample mean, variance, etc, are
called point estimators. Can we provide an interval estimator for an unknown parameter?
In other words, we are interested in finding a range of plausible values which contain an
unknown parameter with reasonably large probability. This leads to the construction of
confidence interval.

What is a confidence interval of 87

Definition 2.3.1. A 1—a« confidence interval for a parameter 0 is an interval C,, = (a, b)
where a = a(Xq, -+, X,) and b =b(X1, -, X,,) are two statistics of the data such that

PO eC,) >1—q,

i.e., the interval (a,b) contains 0 with probability 1 — «.

Note that we cannot say the probability of 6 falling inside (a,b) is 1 — « since C,, is
random while 6 is a fixed value.

Question: How to construct a confidence interval?

Let’s take a look at a simple yet important example. In fact, CLT is very useful in
constructing a confidence interval for the mean.

We have shown that sample mean X, is a consistent estimator of the population mean
. By CLT, we have o
n(X,, —
o
where o is the standard deviation.

For a sufficiently large n, CLT implies that

~ R1—a/20
Pl|X, —ul < ~1-—
(’ SN ) )

where z, is the a-quantile of standard normal distribution.

Note that

Z1—a/20 ~ Z1—a/20

Vi T T

Z1—a/20

vn

<p<X,+

|7n_p“| S

In other words, if o is known, the random interval

~ fl1—a/20 <= fl1—a/20
Xn_ aXn
( i T T, >

covers 1 with probability approximately 1 — a.

A few remarks:

e Suppose o is known, then the confidence interval (CI) becomes small as the sample
size n increase! Smaller interval is preferred since it means less uncertainty.
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o As o decreases (1 — a increases), z1_q/2 increases, making CI larger.

e Suppose we have the samples, the CI is

-  Al-a/20 _ f1—a/20
<x” Vi )

The meaning of CI is: suppose we repeat this experiments many times, the fre-
quency of this interval containing p is close to 1 — «.

Now, we focus on another question: what if ¢ is unknown? A simple remedy is: use
sample standard deviation .S,, to replace o and we have the following potential candidate

of CI: g s
~ fl—a/2 ~ Rl—a/2Pn
Xn——F——Xnt+—F——

( i T T )

Does it work? Does this interval cover p with probability approximately 1 — «. This
question is equivalent to ask if

as n — oo.
This is indeed true, which is guaranteed by Slutsky’s theorem.
Theorem 2.3.1 (Slutsky’s theorem). Suppose

d
X, —X, Y, Se¢
where ¢ is a constant, then

XY, -5 eX, X,+Y, -5 X +e

Exercise: Construct a counterexample. Suppose X, 4 x , Y, LN Y, then X,, + 7Y,
does not necessarily converge to X + Y in distribution.

Exercise: Show that if X, LN ¢, then X, L ¢ where ¢ is a fixed value.
Exercise: Challenging! Prove Slutsky’s theorem.

Note that S, = o (Why?). By Slutsky’s theorem, we have

Sh o Sh
~—_————
LN Do

The argument above justifies why (771 — %,Yn + %) is a 1 — o confidence

interval of u.
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Chapter 3

Nonparametric inference

3.1 Cumulative distribution function

3.1.1 Estimation of CDF

Suppose we are interested in estimating the age distribution of residents in Shanghai
with n samples. How to perform this statistical estimation? Naturally, it suffices to
come up with an estimator of the cumulative distribution function Fx(x) = P(X < x).
Once we have a good estimator of the cdf, we can use it to estimate other population
parameters.

One common approach is to compute the empirical cdf. Let X, -+, X, beii.d. samples
from Fx. The empirical cdf F), x of Fx is

n

1
) = 314X < )
where
1, X;<u,
X, <a}={ " =7
0, X, >

Why F, x is a proper estimator of Fy for any 7

Empirical cdf and cdf Empirical cdf and cdf

09 4 o09F

08 1 os8f
07F 4 o07h
0.6 1 osh
05 1 05F
04 4 04
03t 1 o03f

02 1 o2l

0.1} = empirical cdf |{ o1| = empirical cdf | |

m— cdf = cdf

1 I I I I I 1
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2

Figure 3.1: CDF v.s. empirical CDF for n = 100 and n = 500
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Figure 3.1, the empirical cdf gets closer to cdf as the number of data increases. In fact,
F, x(x) is a consistent estimator of Fy(x). Why?

Proof: Note that {X;}? , are i.i.d. random variables. Therefore, 1{X; < x} are also

i.i.d. random variables.
n

1
Fox(@) =~ ; X, <z}
is the sample mean of 1{X; < z}. By law of large number, it holds that
F,x(x) A H{X; <z}
Since we have
E{X; <z} =PX; <z)=Fx(z),

F, x(x) is a consistent estimator of F'y(x). O

Exercise: Construct a 1 — a confidence interval for Fx(z). (See homework).

The consistency of F,, x(x) is pointwise for any fixed z. As we have seen the Figure 3.1,
the convergence of F,, x(x) to Fx(x) seems uniform for any z. This is indeed true and
leads to the famous Glivenko-Cantelli theorem.

Theorem 3.1.1 (Glivenko-Cantelli theorem). For Xi,---, X, S Fx, then

sup |ﬁnx(a:) — Fx(z)| 20

as n — Q.

In other words, the empirical cdf is a consistent estimator of the actual cdf.

3.1.2 Plug-in principle

One useful application regarding the consistency of empirical cdf is the plug-in principle,
which gives us a simple way to construct statistical estimators. Suppose we aim to
estimate a population parameter 0:

0=Er(X)= /Rr(x) dFx(z).

Examples of r(-) include
e Population mean: r(z) =z
e Higher moment: r(z) = 2
What would be a natural choice of estimator for 7 Simply replace F (x) by F), x(z)!

n

~ 1
0, = /Rr(a:) dF, x(z) = - ZT(XZ-).

=1

Here F), x(z) is not continuous everywhere since it jumps at X;. One way to understand
this integral is to treat F,, x(x) as the cdf of a discrete random variable which takes value

X; with probability 1/n. By law of large number, 6,, is a consistent estimator of ¢ if the
population parameter 6 exists.

The plug-in principle can be also extended to more complicated scenarios.
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e «-quantile:
0 = Fy'(a) ;= inf{z : Fx(x) > a}.

The plug-in estimator for a-quantile is

F, (o) :=inf{z : F, x(z) > a}.

The empirical quantile is a consistent estimator of the population quantile. Why?

0 =EX?— (EX)*= /RSC2de(5€) - (/Rﬂde)f@))2

Then the plug-in estimator for 6 is

2
an:/xQdFmX(x)— (/xanX(x)>
R R
1 & 1 & ’
=—Y X2—-1=) X, .

e Covariance: if we have 2D samples, i.e., random vectors,

oxy =Cov(X,)Y)=EXY —EXEY.

e Variance:

What would be the plug-in estimator of oxy? The only difference here is: we need
to use the 2D empirical cumulative distribution function.

n

1
Fuwy) = S X <2V <)

i=1
which is a natural estimator of the 2D cdf:

Fxy(z,y) =P(X <z,Y <vy).

Note that
axy—/ xde(x,y)—/xdF(:v,y)/de(x,y)-
R? R R

and thus

8XY,n:/ xden(x,y)—/ {L‘an(ZE,y)/ den<x’y)
R? R R

1 & —
= E;Xﬂfi -X,Y,.

Exercise: Show that

1 & - 1 - —
n; n;( )( )

Exercise: Is 0y, an unbiased estimator of oxy? Why or why not?
Exercise: Show that F,(z,y) is an unbiased/consistent estimator of Fi y(x,y).

Exercise: Show that
?}LIEO Fn,XY(.l’, y) = Fn,X<x>)

i.e., sending y to oo gives the marginal empirical distribution of X.

Exercise: Compute the mean and variance of F,(z,y). What is the MSE(F,,)?
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3.2 Bootstrap

We have discussed how to evaluate the quality of an estimator é\n =T(Xy, -, X,) and
construct a confidence interval for a population parameter. From the previous discussion,
we may realize that the core problem in understanding 6,, is deriving its distribution. Once
we know its distribution and connection to the population parameter €, we can easily
evaluate the its quality and construct confidence interval.

However, it is usually not easy to characterize the distribution of an estimator. Suppose
we observe a set of samples Xy, -+, X, ~ Fx. We want to estimate its mean, variance,
and median, as well as a 1 — o confidence interval for these population parameters.
What should we do? Our current toolbox is able to provide an interval estimation for u;
however, it is less clear for variance and median.

Let’s start with providing estimators for y, o2, and median.

T(F,) =X,,

T(F,) = —— (X~ X%

n—14
i=1

T(F,) = median(Xy, -+ , X,,).

All these estimators are consistent, i.e., as n — 00
T(F,) 2 T(F) =9,

Suppose we know the actual distribution of gn = T(F,), it will be much easier to find a
confidence interval for . Why? First we can find the a/2 and 1 — «/2 quantiles, denoted

by a = ga/2 and b = q1_q/2, for @L — 0, then
Pla<b,—0<b)>1—a.
Then a 1 — « confidence interval of 6 is
<§n — q1—a/2; é\n - %/2)
However, we don’t know either the distribution of @L or . What is the solution?

Bootstrap was invented by Bradley Efron in 1979. It is widely used in various applications
due to its simplicity and effectiveness. The idea of bootstrap is quite simple: we use the
empirical distribution to approximate the actual population distribution plus resampling.
Recall that R

0=T(F), 0,=T(F,).
How to find the distribution of §,,? Assume we have access to a random number generator
of Fx. Then we can sample X, -, X, %, and compute

~

en,k = T(Xl,k‘> o 7Xn,k)7 1< k < B.

Suppose we repeat this procedure many times (say B times), the distribution of @\n will
be well approximated by {0, x}2_,.

However, we still haven’t resolved the issue that F'x is unknown. The solution is: we
replace F'x by F, x, i.e., instead of sampling data from Fx, we sample from £}, x which

is known. Then use the obtained data to approximate the distribution of gn For the
unknown parameter 0, we simply approximate it by 6,,.

Essentially, the idea is summarized as follows:
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The Annals of Statistics
1979, Vol. 7, No. 1, 1-26

THE 1977 RIETZ LECTURE

BOOTSTRAP METHODS: ANOTHER LOOK AT THE JACKKNIFE

By B. EFrRON
Stanford University

We discuss the following problem: given a random sample X =
(X1, X3, ..., X,;) from an unknown probability distribution F, estimate the
sampling distribution of some prespecified random variable R(X, F), on the
basis of the observed data x. (Standard jackknife theory gives an approximate
mean and variance in the case R(X, F) = 8(F) — 6(F), § some parameter of
interest.) A general method, called the “bootstrap,” is introduced, and shown to
work satisfactorily on a variety of estimation problems. The jackknife is shown
to be a linear approximation method for the bootstrap. The exposition proceeds
by a series of examples: variance of the sample median, error rates in a linear
discriminant analysis, ratio estimation, estimating regression parameters, etc.

o If we know 6 and Fx, to estimate the distribution of 0, = T(F,), we sample
(X1,--+,X,) from Fx and calculate § = T'(F,). Repeat it many times and the
obtained samples approximate the distribution of 6,,.

e In reality, we only have one sample z,--- ,x, without knowing the underlying
Fx. Thus we approximate Fly by F;, from x1,- -+, x,; use [}, to generate new data

points X7, -+, X from F), x; and get 6} = T(F;’) where F is the empirical cdf of
X7, -+, X Use the simulated data ¢ to approximate the distribution of 6,,.

Here we actually have a two-stage approximation:
e The approximation error due to F), x and Fx may not be small.

e The approximation error due to the resampling is small if B is large; where B is
the number of copies of 8.

Now we are ready to present the bootstrap method for the construction of confidence
interval.

e Step 1: Given the empirical cdf F,, x (one realization):

n

1
X nz {z; < x}

i=1
e Step 2: Generate n samples X7, ---, X}, from F), x and compute

k=T (XT g, Xop) =T(F) xp), 1<k<B,
where { X, }iL, are n independent samples from F}, x () and they form the empir-
ical cdf F}; ;. Note that generating samples from F}, x is equivalent to uniformly
picking data from {zq,--- ,x,} with replacement, i.e., it is the cdf of the following
random variable Z:
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e Step 3a (Basic bootstrap): Compute Ry = /Q\Zk —0,,, and find the a/2 and 1 — /2
empirical quantiles of {R,}2_,, i.e., R(a) = @\;‘Lk(a) —0,. A (1 — «a)-confidence
interval is given by

7 (2) <0<, (1-9) -4,

which equals
o

20, — 0%, <1 - 5) <0< -0 (%>

-~

In other words, we use the empirical quantile R(«a) = é\;k (o) — 0, as an a-quantile

estimator of the random variable @\n — 0.

e Step 3b (Percentile intervals): Another way is to use the empirical quantile of

{e:7k}£:17
~ AN o
i (3) O (1-3))
( n,k 2 n,k 2
as a 1 — o confidence interval for 6.
e Estimation of standard deviation:
B

2
1 ~ 1 o~
/\2_ * *
U*_B_l (n,k_gzen,j>
j=1

k=1

Exercise: The empirical cdf F, x = n~ 'Y " 1{z; < z} defines a discrete random
variable Z with pmf:

1
P(Z =x;) = —.
(Z=)="
Exercise: Show that drawing i.i.d. samples X7, -, X from F, x is equivalent to draw
n samples from {xy,--- ,x,} uniformly with replacement.
Exercise: Suppose z1,--- ,x, are observed i.i.d. data from Fyx. Assume that they are

distinct, i.e., x; # z; for all i # j. Compute the mean and variance for the random
variable X* with cdf F,, x =n~t> " H{z; < a}.

Example: The number of traffic accidents in Berkeley, California, in 10 randomly chosen
non-rainy days in 1998 is as follows:

4,0,6,5,2,1,2,0,4,3

Can we find a 95% confidence interval for the mean?

We know that o
X, =27 S?=42333.

We follow the bootstrap approach described above. Sampling n points from F),
Y =T(X{, -, X))

n

by repeating B times. This is equivalent to picking n samples from {X,---, X, } with
replacement. Here is the histogram of {Y' le where B = 1000 :
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e The 95% CI via central limit theorem is (1.4247,3.9753):
- Sn = Sn
X, —196—, X,, + 1.96—
( )
where n = 10.

e The 95% CI via Bootstrap methods is (1.5,3.9)

Example: (Wasserman Example 8.6). Here is an example first used by Bradley Efron to
illustrate the bootstrap. The data consist of the LSAT scores and GPA, and one wants
to study the correlation between LSAT score and GPA.

The population correlation is
P E(X — px)(Y — py)
VEX — 1Py — v 2

By using plug-in principle, we have a consistent estimator of p by using the empirical
correlation.

> (X = X)) (Yi - Y
\/Z?:l (XZ - 771)2\/2:?:1 (YZ - VH)Q

Exercise: Show that p is the plug-in estimator of p.

5=

It is equal to

. Sxy

PSSy
where Sy is the sample covariance, and Sx and Sy are the sample standard deviations
of X and Y respectively.

1 — _
SXY:— (Xz_Xn)(Yz_Yn)y

n—1
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Figure 3.2: GPA v.s. LSAT

The scatterplot implies that higher LSAT score tends to give higher GPA. The empir-
ical correlation is p = 0.776 which indicates high correlation between GPA and LSAT
scores.

How to obtain a 1 — o confidence interval for p? We apply bootstrap method to obtain
a confidence interval for p.

1. Independently sample (X, Y*), i = 1,2,--- ,n, from {(X;,Y;)}"; uniformly with
replacement.

2. Let . .,
k= — - —.
\/Z?:l (X’L* - Xn>2\/Zz=1(Y;* - Yn)z
be an estimator of correlation of the resampled data. Repeat Step 1 and 2 B = 1000
times and obtain {p}}2_,.

e The estimated variance of the correlation is

1 B
~2 ~ _7\* 2

where
—~ 1<&
PB= R ;1 P

e The CI can be obtained via computing the empirical quantile of {p;}2_,.

Let B = 1000 and we have the histogram in Figure 3.3. A 95% confidence interval for
the correlation (0.4646,0.9592).

Exercise: Show that drawing n i.i.d. samples from the 2D empirical cdf F,(x,y) =
n~t T X < 2,Y; < y}is equivalent to sampling n points uniformly with replacement
from {X;, Y} .

In this note, we briefly introduce the bootstrap method and apply it to construct con-
fidence interval. However, we didn’t cover the theory for bootstrap. Under certain reg-
ularity condition, the CI from bootstrap covers the actual parameter § with probability
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180

Figure 3.3: Histogram of {p;}2_,

approximately 1 — a as n — oo. For more details, you may refer to [3, Chapter 8] and [1,
Chapter 6.5].
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Chapter 4

Parametric inference

We have discussed the estimation of some common population parameters such as mean,
variance, and median. You may have realized that we did not impose any assumption
on the underlying population distribution: the analysis hold for quite general distribu-
tions. However, in many applications, we have more information about the underlying
distribution, e.g., the population distribution may belong to a family of distributions
S ={fo(z)|0 € O} where O is the parameter space and fp(z), also denoted by f(x;8), is
the pdf or pmf. This is referred to as the parametric models. The population distribution
is uniquely determined by the hidden parameter 6. Of course, the validity of such an as-
sumption remains verified: one may need to check if the population is indeed consistent
with the assumed distribution. This is a separated important question which we will deal
with later.

Here are several examples of parametric models.

Normal data model:

S { L T R}
— e 20 e 7,[,L .
vV 2mo?

Poisson data model:

S= {f(x;)\) = /\xei/\, xEZ*}.

z!

Gamma distribution:

SZ{ﬁa;(a)xa_le_’”/ﬂ,x>0:8€@}, 0=(,p), ©={(ap):a>073>0}

We are interested in several questions:
e Given i.i.d. samples Xy, -- , X,, from f(z;0), how to estimate 67
e How to evaluate the quality of 67

e Construct a 1 — « confidence interval for 67
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4.1 Method of moments (M.O.M)

Method of moments is a convenient way to construct point estimators with wide appli-
cations in statistics and econometrics. Given a set of i.i.d. samples Xy, -+, X, from
f(z;0), how to find a suitable 6 such that the data X, --, X, well fit f(x;0)? Suppose
two distributions are close, we would expect their mean, second moment/variance, and
higher moments to be similar. This is the key idea of the method of moments: moment
matching.

Suppose the distribution f(z;6) depends on 6 = (0y,--- ,0;) € RE.
e First compute the jth moment of F(z;0), i.e.,

;) =EX?, 1<j<k.

e The jth moment can be estimated by sample moment

n
. 12 ;
a; = — Xz]
U
=1

where @; converges to the population moment «; in probability provided the higher
order moment exists by the law of large number.

The method of moments estimator én is the solution to a set of equations:
a;(6,) =a;, 1<j<k.

In other words, the method of moments estimator matches sample moments. It is ob-
tained by solving these equations.

Question: How to choose k7 We usually choose the smallest £ such that 79\“ is uniquely
determined, i.e., the solution to «;() = @; is unique. We prefer lower moments since
higher moment may not exist and also have a higher variance.

Example: Suppose Xi,---, X, be i.i.d. samples from Poisson()). Find the method of
moments estimators.

The first moment of Poisson(\) is
EX =)\

Thus
~ 1

It is a consistent estimator and converges to A\ in mean squared error.

However, the method of moments estimator is not unique:
EX? = Var(X;) + (EX;)*> = A + \.

Now we can find the MOM estimator {from
1 n
M+r=—-) X2

Another choice is

/A\:

S|

Z(XZ- —- X,
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since A = Var(X;). How to compare these three estimators? Which one is the best?

Example: For Xi,---, X,, ~Poisson()), X,, and S? are both unbiased estimators of .
Which one has smaller MSE? What is the optimal MSE? You are encouraged to try but
the calculation can be long and involved.

Example: Suppose Xi,---,X, be iid. samples from N(u,0?). Find the method of
moments estimators.

The means of first two moments are

and
as(0) = E(X;)? = Var(X;) + (E(X;))? = p? + o2

Matching the quantities above with the sample moments gives
(e Z " (e a
Solving for p and o? gives
=X, #-1y ¥ -olyxox)
ns n — 1 n . (2 n .

The estimator of o2 is biased but consistent.
Exercise: Find the method of moments estimator for Gamma(a, 3).

Exercise: (Challenging if you are unfamiliar with multivariate probability) Find the
method of moments estimator for bivariate Gaussian distribution. We say (X;, Y;) satisfies
a bivariate Gaussian distribution with parameters (ux, py, 0%, 0%, p) if

fxy(z,y) = %\/ﬁ GXP(—%[SC —HUx,Y — MY]Eil[UC —Ux,Y — MY]T)

where —1 < p <1 is the correlation between X and Y, and
Y Og( pPOx0Oy
POXOy 032/ '

Here ux and py are the mean of X and Y respectively; 0% and u? are the variance of
X and Y respectively;

Cov(X,Y
_ Cov(x.Y)

0x0y

, Cov(X)Y)=EXY —-EXEY.

You may try it now and we will focus more on multivariate Gaussian distributions.

Previous examples suggest that the method of moments is easy to use and also satisfies
many useful properties. Is there any drawback for MOM? Yes, it has several weaknesses.
First, some distributions do not have moments. For example, if X;,---, X, satisfy the
shifted Cauchy distribution:

1 1

fx(x,0) = T4 @0

r € R.
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Method of moment does not exist as E(X) = co. It is also possible that the first moment
exist while the second moment does not.

Secondly, the MOM estimators may not satisfy some natural constraints of the population
distribution. Here is one such example.

Example: Suppose we have a sample X, -+, X, ~ Binomial(n, p) where n and p are
unknown. Find the method of moment estimator for n and p.

First we compute the expectation and second moment.
E(X) =np, E(X?) = Var(X)+ (E(X))* = np(1 — p) + n’p*.

We approximate the mean and second moment via its empirical mean and second mo-
ment:

np =X, np(l—p)+n°p’ = ZXZ

Solving for n and p:

X, S T X))
X, S (X, X2 PT X,

n=

The estimation of n is not necessarily an integer, even negative if the rescaled empirical
variance is larger than the empirical for a small sample.

4.2 Consistency and asymptotic normality of MM
estimators

How about the quality of MOM estimators in general? We will discuss two important
properties of MOM estimators under mild conditions.

e Consistency: @\n 2, 6. As the sample size increases to infinity, §n converges to 6 in
probability.

e Asymptotic normality:
V(0 = 0) <5 N(0,0%)

for some variance o2. Asymptotic normality makes the construction of confidence
interval possible.

Let’s start with consistency. Remember that
Ozj(g) =E Xj

form a set of functions w.r.t. variable 6. It is essentially a vector-valued function

a(0)
h@)=| @ | erF
a(6)
Suppose h(f) is a one-to-one function, then k() is invertible, i.c., given & = (@1, -+ ,a) " €
R,
0, =h(a)



is uniquely determined. However, it could be tricky to determine if a function is one-to-
one. For a single variable function, h(6) is one-to-one if it is strictly increasing/decreasing.

Moreover, if h(f) and h™!(c) are also continuous at € and « respectively, then by con-
tinuous mapping theorem, it holds

~

0, =h'(a) L ha)=06.
since the law of large number guarantees

I -
Oéj_ ZXZ]i)Oé]:EXJ
i=1

n <

Theorem 4.2.1 (Consistency). Suppose h(0) is one-to-one with its inverse function h™!

continuous at o, then 8 = h™' (&) is a consistent estimator of 0 provided that the corre-
sponding moments exist.

Question: Can we construct a confidence interval for #7 Yes, under certain mild condi-
tions. Let’s consider a simple case: the single variable case, and the analysis can be easily
extended to multivariate case which will involve multivariate Gaussian distribution and
CLT.

For 6 € R, we have
h(#) =E X.

Suppose h(f) is one-to-one, then the inverse function exists. The MOM estimator satis-
fies: R o
h(0,) = X,.

In other words,

h0,) — h(0) = X, —EX.

Recall that (5” is a consistent estimator of 6, then gn is quite close to 6 for large n and by
linearization, we have

W(0)(6, — 0) + R(6,) (6 — 0) = X,, —EX

for some function R(x) which goes to zero as © — 6. This is the Taylor’s theorem with a
remainder. Suppose h'(0) # 0 holds, then we have the following approximation:

1 _
0,—0~—— (X, —EX
Now we can see that

V@, —0) - N (0%) .

When constructing a confidence interval, we can use plug-in principle to estimate o2 and

~

h'(0) by S2 and h'(6,,) respectively.
By Slutsky’s theorem, we have

Vil (0,)(6, — 0) 4 N©.1).

S —
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A 1 — o confidence interval for 6 is

~ Z1—a/25n
‘ _9’< 1—a/2

V! (6,)|

Example: Suppose X1, --- , X, are samples from Geometric distribution with parameter
p:
P(X;=k)=(1—-p)f'p, kez'.

The MOM estimator is given by
p=1/X,, EX=1/p

Can we derive a confidence interval for p? Let h(p) = p~! and then I/(p) = —p~2. Thus
al—aClIforpis

Zl_a/gsn —-—1 Zl—a/2Sn 2
p =Dl NGO =X, | NG n

4.2.1 Generalized method of moments

We have seen that one issue of method of moments is the nonexistence of moments. Let’s
consider a simple scenario: it is possible that E \/m < oo while E|X| does not exist.
More generally, what if we know Egr(X) exists where X ~ f(z;60)? Can we extend the
idea of method of moments to these general scenarios? The answer is yes. Assume

a,(0) =Egr(X) = / r(z)f(z;0)dx

R

exists for some function r(-). Then we perform “moment matching” by solving Oy,
from

i=1
Intuitively, this approach also would work if «,.(-) is one-to-one. This idea is actually

called generalized method of moments. We can derive similar results for GMM by using
the tools we have just covered.

4.3 Maximum likelihood estimation

Maximum likelihood estimation (MLE) is the most popular technique in statistical infer-
ence. Suppose we observe a set of data xq,--- ,z, ~ f(z;0). The idea of MLE is quite
simple: we aim to find the 6 such that the corresponding population distribution is most
likely to generate the observed data. How to quantify the likelihood? Recall that the
value of pdf/pmf f(x;0) at = indicates the probability of the random variable X taking
value around x. This leads to the definition of likelihood function.

Definition 4.3.1 (Likelihood function). If X1, -, X,, are i.i.d. samples from their joint
pdf/pmf f(x;0), the likelihood function is defined by

L(O|1X; =z, 1 < i <n) =[] f(z:0).

i=1
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Here we have a few remarks. Firstly, the likelihood function is just the joint density/pmf
of the data, except that we treat it as a function of the parameter . Similarly, we can
define the likelihood function for non i.i.d. samples. Suppose Xi,---, X, are samples
from a joint distribution fx, ... x, (x|@), then

LOIX;, =z;,1 <i<n)= fx,..x,(x;0).

The likelihood function for non-i.i.d. data will be very useful in linear regression. We will
also briefly discuss an interesting example from matrix spike model later in this lecture.
Another thing to bear in mind is: in general, L(f|x) is not a density function of 6 even
though it looks like a conditional pdf of 6 given .

Now it is natural to ask: what is maximum likelihood estimation? As the name has
suggested, it means the maximizer of L(0|x).

Definition 4.3.2 (Maximum likelihood estimation). The mazimum likelihood estimator
MLE denoted by 0, is the value of 6 which maximizes L(0|x), i.e.,

~

0, = argmazycgL(0|x).

This matches our original idea: we want to find a parameter such that the corresponding
population distribution is most likely to produce the observed samples {zi, -, z,}.
In practice, we often maximize log-likelihood function instead of likelihood function.
Log-likelihood function ¢(f|x) := log L(f|x) is defined as the logarithm of likelihood
L(0|x).

There are two reasons to consider log-likelihood function:

e The log-transform will not change the maximizer since natural logarithm is a strictly
increasing function.

e The log-transform enjoys the following property:
(@) = log | [ fx.(wi:0) = Y log fx,(wi;0)
i=1 i=1

where X; are independent with the pdf/pmf fx,(-;6). This simple equation usually
makes the calculation and analysis much easier.
Example: Suppose that xy,--- ,x, ~ Bernoulli(p). The pmf is
flasp) =p"(1—p)'™*
where z € {0,1}.

First let’s write down the likelihood function. Note that z; is an independent copy of
Bernoulli(p); their distribution equals the product of their marginal distributions.

Liplz) = [[p"(1 = p)' 7" = p> (1 = p)" 2"
=1

— pnfn(l . p)n(lfin)

where T, = n~' Y7 | x;. Next we take the logarithm of L(p) (Here we omit @ if there is
no confusion) and we have

((p) = nx, log(p) +n <1 — Zwl> log(1 — p).

i=1
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How to maximize it? We can differentiate it, find the critical point, and use tests to see if
the solution is a global maximizer. We differentiate ¢,(p) w.r.t. p and obtain the critical

point:
(p):n:c o n( q:):():}p:fn
dp p lL—p

Is p a global maximizer?

d2¢ Ty 1-7,
w) _ _om n(-7) _,
dp? p  (1-p)p
This implies that the likelihood function is concave. All the local maximizers of a concave
function are global. Therefore, p = T,, is the MLE. If we treat each z; as a realization of

X, then the statistic

]/?\:Xn

is a consistent estimator of p and enjoys asymptotic normality /n(p — p) AN (0,1) by
CLT. From now on, we replace x; by X; since x; is a realization of Xj.

n 1, (p) v.s. p

-0.5

25

Figure 4.1: Plot of ¢(p) with n =100 and ) " | z; = 75.

2

Example: Suppose Xi,---, X, are sampled from A (u,0?) where u and ¢ > 0 are

unknown. What is the MLE of (p, 0?)?

1 X, — p)?
L(p, 0| Xy, X,) = exp (—%>

1 — (Xi — p)?
B (2mo2)n/2 XPp (_ Z 202 ) '

i=1
Taking the logarithm of the likelihood function leads to

n

n 1
U, %) = —510g02 - ﬁZ(Xi —u)?+C

i=1
where C' contains no information about pu and 2. Taking the partial derivative w.r.t. p
and o2 (we treat o2 as a variable) gives

ol4 I

== (h—Xi)=0

O 021‘:1

ol n 1 < 9
907 = 207 T g1 2K =0

=1
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Solving for p and o?:

~ = ~92
p=X,, 0o =

Are they the global maximizers of £(u, 0?)?
Exercise: Show that (X, 2=152) is the global maximizer to ¢(u, o?).

Exercise: Show that (n —1)S2/0? ~ x2_; if X; ~ N(u,0?). (This may be challenging
now. We will discuss this later. But it would be nice to think about it now.)

Exercise: Show that X, and S2 are independent. (Same comments as the previous
exercise).

To show the global optimality could be slightly trickier. However, we can quickly verify
its local optimality by checking it Hessian matrix.

L n
o o?
oald IR
udo® ot — (1 = X,
0%l n 1 &
d(a2)? T gt g6 < (Xi — p)*.

Let’s evaluate the Hessian at (11, 02):

Fe__n &L _
o 72 Oudo?

0% n 1 < o
e O
=1
o n n . n
254 Gt 20

Thus the Hessian matrix is

V2,52 = — [‘ 0 } |
0 55

It is negative definite which is equivalent to the statement that all of its eigenvalues
are negative. As a result, (7I,02) is a local maximizer. The Hessian of log-likelihood
function plays an important role in statistics, which is also called Fisher information
matriz. Obviously, the MLE is a consistent estimator of (1, 0?).

Example: Let X, -, X, ~ Unif(0, #) where 6 is unknown. Recall that

-1, if0<z<4,
ﬂ%@—{

0, otherwise.

First let’s write down L, (6| X) :

n

L) = [ /(X::0) :e—lnnuxi §9}:9in1{maxXi ge}.

1<i<n
i=1
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Note L, () is zero if max;<;<, X; > 6 and is decreasing as 6 increases. Therefore, the
MLE is max;<j<, X;.

Exercise: Is 0 = max;<;<, X; a consistent and unbiased estimator of 07

Exercise: Does § = maxi <;<n X; enjoy asymptotic normality? Or ask what is the distri-
bution of 87 We actually have derived the distribution in one homework problem.

All the examples we have seen have an MLE of closed form. However, it is often that we
don’t have an explicit formula for the MLE. Here is one such example.

Example: Consider

1
(@) B

P 2> 0.

flz;o,8) = T

How to find out the MLE?

n a—1 n
Lo A1 1 €0 ) = o (H XZ) exp(~ Y Xi/8). @ >0,
=1 =1

After taking the log, it holds
l(a, B) = —nlog'(a) —nalog B+ (o — 1) log (H XZ-> — B 'nX,.
i=1
Maximizing the log-likelihood function over « is quite tricky as it will involve the deriva-

tive of Gamma function. On the other hand, it is quite simple to derive the method of
moments estimator for Gamma(a, 3).

Here is another very interesting but challenging problem related to the matrix spike
model, a famous model in high dimensional statistics. Feel free to try it.

Challenging Exercise: Suppose we observe the data
Yij = 0,0; + oWy,

where {W;;},<; are independent Gaussian random variables and satisfy

N, 4]
YOAN(0,2), =
and W;; = W;;. Here 0 = (0y,--- ,0,)" € R" is the hidden parameter to be estimated and

10]] = 1. Write down the log-likelihood function and show that the MLE of 6 is the top
eigenvector of Y. (Note that Y;; are independent but not identically distributed.)

In fact, finding the MLE in some statistical models is quite challenging and may even be
NP-hard.

e Optimization tools are needed to maximize

b0

Algorithms include gradient descent, Newton’s method, EM algorithm (expectation-
maximization), etc...

e Does the likelihood function always have unique maximizer? In fact, this is not
the case. The likelihood from some examples exhibit complicated landscape (loca-
tion/number of local optima) which is an active research field.
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4.4 Properties of MLE

We have discussed that MOM estimators satisfy consistency and asymptotic normality

property under certain mild conditions. Does these two important properties also hold
for MLE?

4.4.1 Consistency
First let’s recall some examples:
1. For X; ~Bernoulli(p), the MLE is p = X,. By LLN, 7 is a consistent estimator of
p.
2. For X; ~Unif[0, 0], the MLE is 6, = max X; < 6. We have calculated the distribu-
tion of 6, R
P(0, <z)=0""z", 0<z<6.
Now P(|6 — §n| >€) = ]P’(é\n <0—¢€)=(1-0"1e)" — 0 as n goes to infinity.

Therefore, 6, is a consistent estimator of # in the two examples described above. Can we
extend it to more general scenarios?

Theorem 4.4.1 (Consistency). Under certain reqularity condition, the MLE is consis-
tent, i.e., R
lim P(|6, — 0] >¢) =0

n—oo
where 0 is the population parameter.

These regularity conditions include:

e The pdf/pmf satisfies f(x;60,) = f(x;0s) iff 6; = O5. In other words, we ensure the
parameters determine the distribution uniquely.

e By log f(X;0) < oo for the true population parameter 6.

An informal proof. Suppose X1, -+, X, ~ f(z;6y) where 0 is the true parameter.

n

(0) =log [T £(X:0) = 3 log f(X;:0).

i=1

Each log f(X;;0) is an independent copy of the random variable f(X;60). By the law of
large number, it holds that

1
~((0) L By, log f(X;6)

as n — oo where

2oy log £ (X36) = [ (log 1 (2:0)) (i)

On the other hand, we can show that
0y = argmax, Eg, log f(X;0)

Why? Note that logt <t¢—1 for ¢t > 0.

g, (log £(X:0) — log f(X:00)) = Ea, log% <k, (% . 1) 0
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since

By, (%_1) :/X(f(w;e)—f(x;éo))dx:1—1:0.

Now we summarize:
° én is the MLE, i.e., the global maximizer of ¢(0);
e 0y is the unique maximizer of Ey, log f(X;#) due to identifiability;
e For any 6, n=14(f) converges to its expectation Egy, log f(X;0).

Since £(6) and Eg, log f(X;0) are getting closer, their points of maximum should also get
closer. O

The proof is not completely rigorous: in order to make the argument solid, we actually
would ask the uniform convergence of n=14(6) to Eg, log f(X;0).

4.4.2 Asymptotic normality

Like method of moments estimator, MLE also enjoys asymptotic normality, provided
that certain regularity conditions holds. However, not every MLE enjoys asymptotic
normality.

In order to discuss asymptotic distribution of 01, we will introduce a very useful quantity
called Fisher information. The Fisher information of a random variable X ~ f(x;0) is

given by
2

1(6) = —E, (% log f(X;e)) .

This is essentially the negative second derivative of log-likelihood function (n = 1) in
expectation.

Exercise: Show that

I1(0) = —Ey (W) =Ey (%éx“g))%

(Hint: Suppose differentiation and integration can be exchanged. We have
df(x;0) / d?f (x;0)
———=dx =0, —————dx =0,
/X de y d6?
since [, f(z;0)dz =1.)
Exercise: Find the Fisher information I(u,c?) for N'(u, o?).

In particular, for a sample of n i.i.d. data points Xi,---,X,,, their Fisher information
is

[n(Q) = —[Ey 8//(9)

where

(0) = ) _log f(Xi:0).

i=1
Apparently, if {X;}4_, are i.i.d., then
L(0) = — EZ g3 o8 [(Xi:0) = nl (9)

provided that the differentiation and expectation are exchangeable.
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Theorem 4.4.2. Suppose 0, is the MLE, i.e., the global mazximizer of £(0). Then
/én - 90 % N(Ov In(eo)il)

where Oy is the true parameter provided that £(0) has a continuous second derivative in a
neighborhood around 0y and I,(0) = nl(0) is continuous at 6.

Once we have the asymptotic normality of MLE, we can use it to construct a (1 — «)

confidence interval. Since 6,, is a consistent estimator of 6y, Slutsky theorem implies
that

VO — ) 901) 4 N(0,1)
@

since 1(6,) —25 I(6p) if I(6) is continuous at 6. Note that ]n(gn) = nI(8,). Therefore,
this asymptotic distribution can also be written into

L(6,) - (B, — 0) 5 N(0,1)  or 8, — 0 —5 N(0,1,(B,) ).

A 1 — « confidence interval could be

~ 2o ~ 21-q
wn_mgl—/Q’ or ’911_9’<1—/2

-~

ni(0,) L0,

Example: Let X1, -, X,, ~Bernoulli(p). Its pmfis f(z;p) = p*(1—p)'=*, =z € {0,1}.
Then
log f(x;p) = xlogp + (1 — x)log(1 — p).

The first and second derivative are

dlog f(z;p) v 1-w d*log f(zsp) & 1-u

dp p 1—p dp? P> (1—p)?
d*log f(X5p) p  1-p 1
(») dp? p? (1-p?2 p(l-p)

Therefore, we have
V(P —p) ~ N(0,p(1 = p)).
This matches the result obtained from CLT.

Exercise: Let Xi,---, X, ~Poisson(A). First find the MLE of A\. Calculate the Fisher
information /() and construct a 1 — a confidence interval for \.

Example: Let X, X, ~Unif]0, 0]. We know that the MLE of 6 is 0 = max X;. The
cdf of 6, is

P9<§n§x>:z—:, 0<z<8.

Now we can see that the distribution of \/ﬁ(é\n —0) does not satisfy normal distribution.
The likelihood function L(6) is discontinuous at #,, and takes value 0 if 6 > 0,,.
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Proof of asymptotic normality. By Taylor theorem, it holds that

0(8,) = €(60) + €"(80) (8o — 0n) + 0(|6r — b0]).
Here o(|60y — §n|) means this term has a smaller order than |6, — §n|
Note that ¢ (@\n) = 0 since 6, is the maximizer. We have

_ U'(6o)
g//(&o

—0'(0) = £"(06) (0, — 00) + 0(|0, — Oo|) = 0, — O ~

~—

which implies
1 g/(eo)
~ \/ﬁ
0, —0y) = ————
\/ﬁ( 0) %g,/(eo)

We will see why we need these terms containing n immediately.

+ small error.

Note that
E90 6’(80) — 0

since 6 is global maximizer to Eg, log f(X;0). By CLT, we have

Te’ \/_Z—logf X;;0) ( » N (o,nz (%logf(xi;@))2 \HO> = N(0,1(6))

where each 5 1og f(X;;0) is an i.i.d. random variable. On the other hand, by law of large
number,

%ﬁ”(@ ) —>Ed—10gf(X 0o) = —1(0o).

de?
in probability. Therefore, we have \/ﬁ(en — 6p) converges in distribution:
. —=0'(6)
Vi = 00) = =TS > N0 16)™)

which follows from Slutsky’s theorem. O]

4.4.3 Equivariance of MLE
Proposition 4.4.3. Ifé\ is the MLE of 0, then g(@) is the MLE of g(0).
Proof: Let 7= ¢(f) and 0 be the MLE of L(0]x). We prove the simplest case where g

is one-to-one. Define N
L¥(t|e) == L(g~"(7)|x) < L(f]x)

We call L*(7|x) the induced likelihood. It is easy to see that 7 = ¢(f) attains the
maximum of L*(7|x):

L*(Flz) = L(g~" (7)|=) = L(0]).
Thus 7 = g(é\) is the MLE of 7 = ¢(6).

For the non-one-to-one scenario, we define

L*(r|x) := sup L(0|x).
{0:9(6)=}
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It is the induced likelihood function of 7. This definition does not depend on whether
g is one-to-one or not. Since 0 is the MLE of L(0|x), L*(r|x) < L(f|x). On the other
hand, —~
L*(T|lx) = sup L(f|x) > L(0|x).
{0:9(0)=7}

Thus 7 is the MLE of ¢(0). O

Example: Suppose X1, -, X,, ~ N(i,0?) and the MLE of o2 is
02 = lzn:(x —X,)?
n — 1 n .

By equivariance, the MLE of o is

(X; — X,)2

=1

Q)
Il
SR

4.5 Delta method

Remember we know that 7 = g(60,) is the MLE of 7 = g(f).
e Does T converge to 77
e How to construct an approximate confidence interval for 77

If g(+) is continuous at #, then by continuous mapping theorem, it holds that

9(6,) 2 g(0).

Regarding the construction of confidence interval for 7, we need to know the asymptotic
distribution of ¢(6,).

Theorem 4.5.1 (Delta method). Suppose a sequence of random wvariables é\n satisfies
that \/n(0,, — 0) converges to N'(0,02) in distribution. For a given function g(z) such
that ¢'(0) exists and is nonzero, then

Valg(6) = 9(8)) == N (0,19 (0)0%).
Proof: By Taylor’s theorem, it holds that

9(0,) — g(0) = ¢'(0)(0, — 0) + R(B,,)

(
(d'(0) + R(8,))(6, — 0

where R(gn) is the remainder and goes to zero as 6, = 6. Note that 0, converges to 0
in probability and thus R vanishes as n approaches co. Therefore,

Va(g(0,) — 9(0)) = (d'(0) + R(6,)) - (B, — 0)

As n — oo, the Slutsky’s theorem implies that
Vi(g(8) — 9(6) == N(0,[¢ () o)
since /n(6, — 0) —4 N(0,02) and R(6,) -2 0. O
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Exercise: Show that /n(6, — ) N (0,1) implies that 6, converges to 6 in probabil-
ity.

Following from Delta method, we immediately have:

Theorem 4.5.2. Suppose é\n is the MLE of 6, then T satisfies

ViF —1) > N (0, [gf(?)]Q)

where 1(0) is the Fisher information of 0 and g(-) has non-vanishing derivative at 0.

Exercise: what if ¢’(6) = 0 but ¢”() exists? Show that if ¢’(#) = 0 and ¢"(6) # 0,

then

0.29//(9)
2

n(g(6,) — 9(6)) % %

where

V0, — ) =% N(0, 02).

(Hint: Use 2nd-order Taylor approximation:

9B)  9(6) = g (6)@, — 6) + 59" (6B — 6 + R

1 ~
= 59"(0). 0 + R

Note that Z = w converges to a standard normal random variable. Z? is actually
X7 distribution (chi-square distribution of degree 1). One can derive the corresponding
distribution of n(g(6,) — g(f)) by using this fact.)

Exercise: Show that the asymptotic distribution

AX1, -, X,) = 2log = 2(0(8,) — L(6y)) ~ }

where X; ~ f(z;0p), i.e., Oy is the true parameter, and §n is the MLE. This is called the
likelihood ratio statistic. We will see this again in likelihood ratio test.

Example: Suppose we observe Xj,---, X, ~Bernoulli(p) random variables. We are

interested in the odds
b P
1—p

The MLE of ¢ is ¥ = p/(1 — p) where p = X,.

The variance of 9 is

Var(d) = g (o)1 Var(p) = —— 2L P

where

The limiting distribution is



Example: Suppose Xi,---, X, ~Geo(p). Find the MLE of p. Use Delta method to find
an asymptotic distribution of v/n(p — p).

We start with the log-likelihood function:

n

L(p‘Xh 1< < n) = H(l —p)Xi*lp = (1 _p)ZZ;l Xz’*npn
=1

and

l(p) =n(X, —1)log(l —p) +nlogp.

Let’s compute the critical point and show it is a global maximizer.

n(X, —1) N

n 1
1—p P

gl = — — i i
(p) P=x

Note that by CLT, we have
V(X = 1/p) =5 N(0, (1 = p)/p?)

where Var(X;) = (1 — p)/p*.
By Delta method (letting g(z) = 1/ and = X,,), it holds

Var(g(X,)) ~ [g'(1/p)? - Var(X,,) = p* -

Therefore,

Now we try another approach:

nX,—-1) n
g// p — _
®) (1—-p?2 p?
So the Fisher information is
1/p—1
]n(p):Epg"(p):MJrﬁ_ n_,n__n

(1-p? p> p(l—p) p* p(1-p)

where E X; = 1/p and EX,, = 1/p. By asymptotic normality of MLE, we have

V(B —p) =5 N (0, (1 —p)p?) .

4.6 Cramer-Rao bound

Can we find an unbiased estimator of 6 with variance as small as possible?

Theorem 4.6.1. Suppose /H\n 1s an unbiased estimator of 6 with finite variance. Then

Varg(é\n) > nI(0)

e Any unbiased estimator must have variance at least 1/1(9).

e MLE is asymptotically the best unbiased estimator of 6. (Efficiency)
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Theorem 4.6.2 (Cramer-Rao inequality). Suppose /Q\n 1s an estimator of 6 with finite
variance. Then

N2
(850 %n)
~ a0 =0 Yn
Var9(9n> Z T@
where )
d
10)= [ (551080 flai)da
with f(x;0) as the pdf.

Proof: Note that Eg é\n is a function of 6. Assume that the integration and differentia-
tion can be exchanged, i.e.,

500 = [ B@) (@6 da

where f(x;0) =[], f(x;;0) is the joint pdf of X3, , X,,.)
Note that by definition we have

~

/X(e(w) — Ee(é\n))f(a:; 0)dx = 0.

Differentiating it w.r.t. 6:

[ @) -z (®:6) | e i) aw —o

which gives
d_ -~ - - df (0
50 = [ 0e) - @) L5 4a

Applying Cauchy-Schwarz inequality, we have

[ )~ 2ol Fw0) s g

< [0 - =@ s e [ (U 9))2dm
dlog f(a:;e))2

This finishes the proof. O

Example: Suppose X7, -+, X,, ~Poisson(\).

e—)\ T

flz;A) = . xe{0,1,---}.

The Fisher information is I(\) = A~!. Note that the MLE of X is X,,.

S U
Var(Xo) =20 Ty T
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Thus X, is the best unbiased estimator of A since Var(X,,) = \/n.

Exercise: Suppose X1, -+, X, ~ N(0,0%). Find the MLE of 02 and the Fisher infor-
mation I(c?). Show that
DS
n 4 ‘
=1

is the unbiased estimator of o2 with the smallest possible variance.

Exercise: Suppose X1,---, X, ~ N(0,0?). Find the MLE of ¢ and the Fisher informa-
tion I(0). What is the actual and approximate variance of o7

Exercise: Suppose Xi,---, X, are samples from
2=t 0<z <1,
f(x;0) = .
0, otherwise.
Recall that the MLE of 6 is R n
0= ———"—.
> log X

Use Delta method to find out the asymptotic distribution of 8. Does it match the result
obtained by directly applying the asymptotic normality of MLE?

4.7 Multiparameter models

In practice, we are often facing the problem of inferring multiple population parameters
from a dataset. Therefore, we ask if it is possible to extend all the analysis we’ve done
the multi-parameter scenario.

As amotivating example, let’s recall the example of finding the MLE from X1, - - - , X, N (1, 0?)
where 1 and 02 are unknown. We know that

Pk ~ —
n=X,, 02:55 (X; — X,)2
=1

In probability and statistics, sometimes we are interested in the coefficient of variation
(relative standard deviation) defined as

o
Cp = —.
!

By equivariance, we know the MLE of ¢, is
= o
Cy = =<.
m

The question is: can we construct a (1 — «) confidence interval for ¢,?

This problem is closely related to finding the asymptotic distribution of ¢,. We may ask
whether ¢, satisfy certain asymptotic normality

Vi@, —¢,) =5 N(0,02)

for some variance o2 ? This requires us to find out what the joint distribution of (&, 02),
which is made more clearly later.
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4.7.1 Multiparameter MLE

Suppose a family of distributions depends on several parameters 8 = (6;,--- ,0,)" (a
column vector). By maximizing the likelihood function, we obtain the MLE:

6 = argmaxg.qL(0).

Two questions:
e Is the MLE consistent?
e Does asymptotic normality hold?
Theorem 4.7.1. The MLFE is consistent under certain reqularity condition.

If you are interested in the rigorous proof of consistency, you may refer to advanced
textbook such as [2].

Exercise: Can you generalize the argument in the single parameter scenario to multi-
parameter scenario?

How about asymptotic normality of MLE? Note that the MLE is no longer a vector, we
will naturally use multivariate normal distribution.

4.7.2 Bivariate normal distribution

We start with bivariate normal distribution. We say (X,Y) satisfies bivariate normal
distribution N (ux, py, 0%, 0%, p) if its pdf is

1 1
Ty, p,8) = ———exp | —=(x — px,y — S e —px,y— T)
flz,y, pm, %) ST ( 5@ = pxy = py )BT (2 = pxy — poy)
where
> U?{ POXOyY -1 1 ‘732/ —pPOxO0y
poxoy  or |’ 0305 (1 — p?) |—poxoy 0%

Here pux (0%) and py (0%) are the mean (variance) of X and Y respectively. The
parameter p is the correlation:

p= %, Cov(X,Y) = poxoy

which satisfies |p| < 1 by Cauchy-Schwarz inequality.

Exercise: Show that X is strictly positive definite.

Exercise: Verify that 3X~! = I,. Here I, denotes 2 x 2 identity matrix.
Note that det(X) = (1 — p*)o%0? and

w1 1 {1/0§< —p/oxoy

11— p2|—ploxoy  1/o}

If written explicitly, the pdf is
1

fX,Y(xa v K, E) = 27T\/1—7p20')(0'y.
1 (v —px)®  2p(x —px)(y—py) | (y—py)?
P ( B 2(1 —p?) [ o3 B ox0y + oy ])
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Example: If X and Y are two independent standard normal random variables, then

their joint pdf is
fr(a,y) = o—exp ().
2 2

This is essentially N (0, I5), i.e., N(0,0,1,1,0).

Example: No correlation implies independence for joint normal distribution. Suppose
(X,Y) ~ N(p,X) with zero correlation p = 0. Then it holds

1 [(ﬂf —nx)? | (- uy)QD

3 +

1
fxy(@,y;p,X) = D —— <—
TOxO0y

2 ox oy
S (_u - W) R S GM)
2ro% 20% \/2mol 202
= fx(@) fy (y).

In other words, they are independent.

Question: Is fxy indeed a probability density function? To justify it, we need to show
fx,y > 0 (obvious) and ffR fxy(z,y)dedy = 1.

Proof: We will show that [[p fx,v(z,y)dzdy = 1. To do this, we first introduce a few
notations:
Z KX
z = s =
L/] # Lw]

—(z—p)' 2z - p,)> dz

Then

1
/RZ fX7Y(.I',y) dl’dy = %\/T(E) /2 exp (_

where dz equals dx dy. Now we perform a change of variable:

o120, 1/2 _ 1/277T _ VAL 0 T
w=X " (z—p), % UAN'"U U[O \/A—JU

where ¥ = UAU " is the spectral decomposition (eigen-decomposition) of X, i.e., U is

orthogonal (UUT = U 'U = I,) and

a0
A—|:0 /\2:|, )\1,)\2>0

consists of all eigenvalues of 3. This change of variable maps R? to R? and is one-to-one.
Now we substitute z = /2w + p into the integral. Note that

dz = | det(ZY?)| dw = /M hy = v/det(Z) dw

where X1/2 is essentially the Jacobian matrix [%] and
T12x2

(z—p)' S (z—p) =w'w=w +wj

where w = (wy,w;)". Thus the integral equals

// fxy(z,y)dody = 27@/2 <——w w) Vdet(2) dw

1 1
= — exp <—§wT'w) dw

2
ex Wy + ——— exp | —=w w
’_27r p 1 s R p 52 2
=1.
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Essentially, the argument above proves the following statement.
Lemma 4.7.2. Suppose Z = (X,Y)" ~ N(u,X). Then
SVHZ - p) ~ N(0, I).

Exercise: Show that

1 x— 2
/ Ixy(z,y;p,X)dy = exp (——( /;LX> ) -
R 2mox 20%

This exercise shows that the marginal distribution of X is still normal N (uy,c%). For
simplicity, you may try it by assuming uy = puy = 0. Apply the similar technique used
to verify that fxy is a pdf.

Exercise: Suppose (X;,Y;),1 <i < n are i.i.d. samples from N (ux, py, 0%, 0%, p). Find
the MLE for these five parameters.

Theorem 4.7.3. Suppose (X,Y) ~ N (ux, piy,0%,0%,p). Then
aX +bY ~ N(aux + buy, a%} + 2abpoxoy + 62032/).

Proof: First note that aX + bY is normal. Thus it suffices to determines its mean and
variance.
E(aX +0Y) =aEX +bEY = aux + buy

and
Var(aX +bY) =E[a(X —EX) +b(Y —EY)][a(X —EX)+b(Y —EY)]
=a’E(X —EX)? +2abE(X —EX)(Y —EY) + V0 E(Y —EY)?
= a* Var(X) + 2ab Cov(X,Y) + b* Var(Y)
= a’0% + 2abpoxoy + b or.

Thus we have the result. O

Question: Why is a X + bY normal? We can use the moment generating function. For
simplicity, we can let ux and py be zero. We let

=[] -] -]

1 1
M(t) := EeleXFY) = O — /2 e % exp <—§zT21z) dz

2m/det(3X)

Note that z = X'/2w and thus dz = | det(Z/?)|dw.

Then

M(t) -

1 ATz (
=——— ] " *ex
27+/det (%) /]R P
1 tATx1/2 L 1/2
- w - det(ZV2)|d
ST /R2€ eXp( SW W | det( )| dw

1
—izTE_1z> dz

1 1
= — exp [ —=w'w + A2V 2w | dw
2m R2 2
_ LT 1 L 12Tl )2
= exp AN exp (w—X7°XA) (w—X7°A) ) dw
2 21 JR2 2
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Note that the integral is 1 since it is a pdf, i.e., the pdf of N(2'/2X, I,). Thus
Lyt
M (t) = exp —5)\ A
It is the mgf of N (0, ATXX) where

A'ZX = d’0% + 2abpoxoy + b2od.

4.7.3 Asymptotic normality of MLE

There is a natural extension of asymptotic normality from single parameter to multiple
parameters scenario. Consider the likelihood function

i=1

where X; € R¥ are i.i.d. random variable (vectors). Define the Fisher information matrix
as

Eg 597225(0) Eg %5926(9) .. Eg %6(0)
1.0) = — 2o -2 sio)] = — | gn,0 (0)  Eoggl(6) -+ Eo 5555 (6)
n % 96,00, : 5 :
Eg ae?gak ((8) Eo #29,95(9) -+ Eg %E(O)

Fisher information matrix is equal to the Hessian matrix of —¢(€|X) under expectation.
Is it always positive semidefinite?

Theorem 4.7.4 (Asymptotic normality of MLE). Under certain regularity condi-
tion, it holds that

0-0- N(0,1;'(9)
where I.1(0) is the inverse of Fisher information matriz.

If X; € R* are i.i.d. random wvectors, then
V(0 —6) -5 N(0,171(8))

where 1(0) is given by
2

log f(X;0)] .

Obviously, I1,,(0) = nl(0) follows from the linearity of expectation.

We will not give the proof here but the idea is similar to that of the single parameter
scenario.

Example: Suppose X1, -, X,, ~ N (u,0?) are i.i.d. samples. Let’s compute the Fisher
information:

log f(X;p,0%) = log
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The second order derivative of log-pdf is

o 1 or 1 1 5

% T o2 (1 = X), oo 202 204( 2

and 00 1 0?0 1 1 o4 1
=g X =) g = k- X)

o2 o d(0?)?  20% ob

The Fisher information is

and its inverse is

By asymptotic normality of MLE, we have

Gl oy )

where fi = X,, and 52 =n7 1Y (X; — X,)%

Still by Slutsky theorem, we can replace o2 by 62. A (1 — a) confidence interval for o2 is
given by
202

N

Exercise: Find the Fisher information matrix (u, o) (not I(u,c?)). Derive the asymp-
totic distribution \/n(¢ — o). Then find a (1 — «) confidence interval for o.

7 —

o*| < zi_ap2

4.7.4 Multiparameter Delta method
Theorem 4.7.5. Suppose Vg(0) = (0g/06,,--- ,09/00;)" is not 0 at @, then

Vn(g(8) — 9(8)) —5 N(0, (Vg(8)TI71(8)Vg())
where @ is the MLE of 6.

Proof: The proof follows from

9(6) — g(6 0;) + error = (Vg(8), 0 — 6) + error

||Mw

where the error diminishes to 0 as n — oo. Here (-, ) denotes the inner product between
two vectors. This is approximately Gaussian since y/n(6 — 0) is asymptotically normal

N(0,171(0)). The variance of \/ﬁ(g(é\) —g(0)) is given by (Vg(0))"I71(0)Vg(0). O

Example Consider 7 = ¢(u,0%) = o/p where the samples are drawn from Gaussian
X; ~ N(u,0?). The goal is to find out the asymptotic distribution of MLE of 7.

Note that the MLE of 7 is given by 7 = /i where i = X, and 2 = 137" (X, —
X,)%
dg o dg 1

o 2 002  2uo’
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Thus . )
VaF — 1) ~N(0,0—4+ ”—)
W

2442

where ) ) . )
NI 1 0)Vg(0) = L - o gt T LT

(Vg(0)) (0)Vg(0) o o +4M202 o p +

4.7.5 Multiparameter normal distribution

We have discussed bivariate normal distribution. In practice, we often encounter multi-
parameter normal distribution with dimension greater than 2. What is multiparameter
normal distribution? A multi-parameter normal distribution is characterized by its mean
vector pu € R* and covariance matrix 3 € R¥**. In particular, we require the covariance

matrix 3 (symmetric) is positive definite.

Theorem 4.7.6. A matriz X is positive definite, i.e., X = 0, if one of the following

equivalent statements is true:
1. All the eigenvalues of 3 are positive;
2. There exists a full-rank lower triangle matriz L such that ¥ = LL";
3. "Xz > 0 for any nonzero © € R¥;
4. The determinant of all the leading principal submatrices are positive.
In particular, if a matrix is 2 X 2, then

o o
»=|"" "2l o11 >0, 011099 — 0—%2 > 0.
012 022

Definition 4.7.1. A random vector X = (X1,---,X)" satisfies multivariate normal

N (e, X) if its probability density function is

1 1 Ty-1
o ®) = e (5@ w="a ),

We can see that the pdf involves the inverse of covariance matrix. Usually, finding the

matrix inverse is tricky. In some special cases, the inverse is easy to obtain.

1. If a matrix X is 2 x 2, then its inverse is

»-1_ 1 { 022 —012}

011022 — 0%2 —012 011

2. If ¥ is a diagonal matrix

then its inverse is
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In fact, we have seen multivariate normal distribution before. For example, if X, -, X
are independent standard normal random variables, then the random vector X = (X, -+, Xj)
has a joint distribution

T

f(x;0;I,,) =

1
——wTIglw)

1
ER—E
V2m y/det(I,)

L. (1||a:||2)
— X —_

\/27Tk P 2

SR
V2T P 2

which is essentially N (0, I) where I}, is the k x k identity matrix.

Exercise: Verify that f(x; p,) is indeed a pdf, i.e.,
[T L
zcRF

Exercise: If ¥ is diagonal, then all Xy, --- , X, are independent.

Exercise: If 0;; = 0, then X; and X, are independent. In other words, if (X;, X;) is
jointly normal and Cov(X;, X;) = 0, then X; and X, are independent.

Exercise: Show that
EX =p, EX-p)(X-p)' =3

In other words, ¥;; = E(X; — p;)(X; — ;) is the covariance between X; and X, and ¥;;
is the variance of X;.

An important property of joint normal distribution is that: the linear combination
S a;X; is still normal for any deterministic @ = (a1, -+ ,a)". How to find its distri-
bution? Since it is normal, we only need to compute its mean and variance.

Theorem 4.7.7. Suppose X ~ N (u,X), then Zle a; X; obeys
k k
Z a; X~ N (Z Qifli, Z Ez‘jaiaj)
i=1 i=1 ij

or equivalently,
(@, X) ~ N ((a, ), a"Sa)

where (-,-) denotes the inner product of two vectors.

Proof: It suffices to compute its mean and variance:

k k k
i=1 i=1 i=1
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Its variance is

i=1

_ zk: 3w B(X, — EX)(X; ~EX;)

=1 j=1
k k k k

= Z Z a;a; COV(XZ‘, X]) = Z Z aiajEU = G,TEG,.
=1 j=1 i=1 j=1

[]

Exercise: Moment-generating function for AV(u,3). What is the moment generating
function for X ~ N (p, X),

M(E) = Tt
where t = (t1,--- ,t)'? Hints: by definition, it holds

M(t) = Eexp(t' X)

the — 1(az — )" (- u)) de.

mwlm/ oot

Let’s perform a change of variable: z = X7'/2(x — ). Then
de = d(XY?2z 4+ p) = |det(2V?)| dz = \/det(X) dz.

Then

M(t) =

1
exp (tT(BV%2 4+ p) — —sz) Vdet(X) dz
V2 ”/2\/det /" p< W 2 (*)

t’ 1
= M/ exp <tT21/2z — —sz> dz
(‘ /27T)TL/2 Rn 2

1 1 1
=exp |t —|——tTEt)-—/ ex (——z—El/thz—21/2t>dz
p( pt g a2 J P 5 ) ( )

1
= exp (tTu + §tT2t)

In fact, multivariate normal distribution is still multivariate norm under linear trans-
form.

Lemma 4.7.8. Suppose A is any deterministic matriz in R>*. Then
AX ~ N(Ap, AT AT)

for X ~ N(u,X).

It suffices to compute the mean and covariance. Note that the ith entry of AX in
expectation is

k k k
j=1 j=1 Jj=1

26



Thus EAX = AE X. For the covariance, by definition, we have
Cov(AX)=E(AX ~EAX)(AX —EAX)"
—EAX -EX)(X-EX)'AT
=AZA".
For a special case, if A is orthogonal, i.e. AA" = ATA = I, then for X ~ N(0, I},),

then
AX ~N(0,AILA") = N (0, I,,).

Exercise: Show that the variance of a' X (subject to |la| = 1) is maximized if a is
leading eigenvector of 3, and the variance is largest eigenvalue.

4.7.6 Independence between sample mean and variance

Recall that for Xy, -+, X, ~ N (u, 0?)

= 2
= [ d o 0
il (05 )
It seems that 7 = X, and 0% = n~!Y" (X; — X,,)? are “near” independent. Is it
true?

Theorem 4.7.9. The sample mean i = X,, and variance 52 =n"1>" (X; — X,)? are
independent. Moreover,

no* = Z(XZ — X))~ 0?2

=1

But how to justify this theorem? Now we let X = (X1,---,X,)" ~N(0,L,), ie.,

1 1 —
i=1

We define a vector v and a matrix P € R"*":

n-1 _1 _1

1 1 ot d
v=|:|er*, P=I,——vv' =| " " o
n . . :

1 1 1 n—1

n n n

Exercise: Show that Pv =0 and P? = P. (P is called projection matrix).

Exercise: The eigenvalues of P is 1 with multiplicities n — 1 and 0 with multiplicity
1.
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With w and P, we have

1 [« —
:-(fo—nxi>

n \ 4

=1

1 T Lot 7
=— X' X—-——X'vv' X

n n

R
=-X'PX.

n

Assume U € R™ (=1 consists of n—1 orthonormal eigenvectors of P w.r.t. the eigenvalue
1. Then we know that U v = 0 and moreover P = UU", i.e.,

n—1

P:Zuiuj, w, Lu;,i#j

=1

where wu; is the ith column of U. Also u; | v holds since they belong to eigenvectors
w.r.t. different eigenvectors.

Now
1

n—1

. 1 1

5% = EXTUUTX = EHUTXHQ =5 > lul XP
=1

where UT X € R* L.

Key: If we are able to show that v' X and U' X are independent, then X, and 52 are
independent.

What is the joint distribution of ¥ X and U " X? Consider

-1/2,,T

I = [" UTv € R
The term n~'/? is to ensure that ||n~'/?v|| = 1. By linear invariance of normal distribution,

I1X is also jointly normal. It is not hard to see that

—1,,T _—1/2 TU 1 0
T | nTvv n~ /v B B
R I e R T
In other words, the covariance matrix of (n_l/ 20" X, UTX) equals
Yux = HCov(X)IT' = ¢*TILII" = °1,.

which implies that v X and U' X are independent. Now let’s look at the distribution
of [ UTX]; = u} X:

u; X ~ N(u, - pv,0*u; Iu;) = N(0,0?)

where E X = pv and u; 1 v. Therefore, u, X /o are independent standard normal and

we have
n—1

X'PX =) [UX]}~0o’x ;.

i=1
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Chapter 5

Hypothesis testing

5.1 Motivation

In many applications, we are often facing questions like these:

1. Motivation: In 1000 tosses of a coin, 560 heads and 440 tails appear. Is the coin
fair?

2. Whether two datasets come from the same distribution? Do the data satisfy normal
distribution?

3. Clinical trials: does the medicine work well for one certain type of disease?

These questions are called hypothesis testing problem.

5.1.1 Hypothesis
The first question is: what is a hypothesis?
Definition 5.1.1. A hypothesis is a statement about a population parameter.
For example, X1, -+, X,
The two complementary hypothesis in a hypothesis testing problem are

e the null hypothesis, denoted by Hy

e the alternative hypothesis, denoted by H;
Example: Suppose X1, -, X,, ~ N (i, 0?) with known 0. We are interested in testing
if 4 = po. The hypothesis Hy : u = pg is called the null hypothesis, i.e.,

Hy:p=po,  Hi:p#po

Example: Suppose X7, -+, X,, are outcomes from Bernoulli(§), which is a natural model
of coin tossing. If we want to know whether the coin is fair, we are essentially testing:

1 1
Hy:0=— H,:0+# —.
0 27 1 3&2

In statistical practice, we usually treat these two hypotheses unequally. When we perform
a testing, we actually design a procedure to decide if we should reject the null hypothesis
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or retain (not to reject) the null hypothesis. It is important to note that rejecting the
null hypothesis does not mean we should accept the alternative hypothesis.

Now, let’s discuss how to design a test procedure. Apparently, this procedure will depend
on the observed data Xi,---,X,. We focus on the example in which X, ---, X, ~
N (p,0?) and want to test if u = 0. Naturally, we can first obtain an estimator of
from the data and see if it is close to p = 0 (compared with the standard deviation as
well).

1. Compute the sample average T'(X) = X,,.

2. f T(X) is far away from p = 0, we should reject Hy; if T'(X) is close to p = 0, we
choose not to reject Hy. Namely, we reject Hy if

|yn_,u0| ZC

for some properly chosen c.

5.1.2 Test statistics and rejection region

This leads to two concepts: test statistics and rejection region. Let Xy, -+, X,, ~ f(x;0),
and T(X) is a statistic. Suppose we have designed a decision rule: reject the Hy if
T(X) € R where R is a region, then T'(X) is called the test statistic and R is the
rejection region.

Example: In the example of testing pu # 0 for Xy, , X,, ~ N(u, 0?),

T(X)=X,, R={z:|x—pul>c}
However, is it possible that T'(X) and the choice of R give you a wrong answer?

5.1.3 Type I and II error

There are two types of errors, often called Type I and i error.
e Type I error: we reject Hy but Hy is the truth.
e Type II error: we retain Hy but H; is the truth.

Table 5.1: Summary of outcomes of hypothesis testing
Retain Null Hy | Reject Null H

Hyj true v Type I error
Hy true | Type II error v

How to control the error level?

Definition 5.1.2. The power function of a test with rejection region R is
B(0) =ry(T(X) € R)

where Xy, -+, X,, are samples from f(x;0).

Remark: The power function () is the probability of rejecting 6 = 6.
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Example - continued: For Xi,---, X, ~ N (p,0?) with unknown o2

the power function:

B(w)

. Let’s compute

,u(|yn — o] = ¢)

#(yn_:uo Z C)—i_P,LL(yn_:U’O S _C)
WX — > c—p+po) + Pu(X — pp < —¢ = i+ o)

~P, (\/ﬁ(yn ) \/ﬁ(c—uﬂzo))

P
P
P

o o

+P, (\/ﬁ@;_”) < ‘/m_cgﬁ“ruo))
—1-® (ﬁ(C_UlH—MO)) P (x/ﬁ(—c;/ﬁ—ug))

where ®(-) is the cdf of standard normal distribution.

How to quantify Type-I error?

b <1 (45) 0 ()

+(-o(2)

where ®(x)+®(—z) = 1 for any = > 0. To make the Type-I error under «, we require

f1—a/20

NG

How about Type-II error? By definition, Type-II error is the probability of retaining the
null (not rejecting the null, i.e., T(X) ¢ R) while the alternative is true. Suppose the
true parameter is pa # o, then

C =

Type-1I error at ps =1 — B(ua).

Is it possible to control both Type I and II error? It might be tricky sometimes. Here since
we don’t know the actual true parameter, the conservative way to control the Type-I1I
error is to find a uniform bound of the Type-II error for any p # po:

sup (1= f(p)) =1 = Bpo)

HFHO

which is actually given by pu = po. In other words, we cannot make both Type-I and
Type II simultaneously small in this case. In fact, in most testing problem, the asymmetry
between Hy and H; is natural. We usually put a tighter control on the more serious error
such as Type-I error.

Exercise: Show that sup,,, (1 — 8(n)) =1 — B(uo).

How to control the Type-I error? Sometimes, the parameter space Oy of Hy is not a
singleton (e.g. Hy : 6 = 6y). To overcome this issue, we introduce the size of a test:

Definition 5.1.3 (Size of a test). The size of a test is defined to be

a = sup 5(0)
[ASSH

where ©g consists of all parameters in the null hypothesis.
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A test is said to have level « if its size is less than or equal to a.

e The size of a test is the maximal probability of rejecting the null hypothesis when
the null hypothesis is true.

e If the level « is small, it means type I error is small.

Example - continued: If ©y = {ug}, then the size equals 5(pp). To make the size
smaller than a given «, we need to have
)=

Bl) =2 (10 (
= 2l-q/2 \/EC = Z1-a/20.

Vne
o

which gives
V/ne

Given the number of samples n, o, and size o, we can determine ¢ such that the Type I

error is at most « :
Z1—a/20

o

In other words, we reject the null hypothesis Hy : u = pq if

21—a/20 X, —
1-a/2 V1l Lo

X, — 1ol > T

| fo| > \/ﬁ o A )

This is called z-test, a test for the mean of a distribution.

Example: t-test Consider X, -+, X,, are samples from N'(u, 0?) with unknown u and

o?. Consider
Hy : = po, Hy:p# po.

We may choose the following estimator

since it is asymptotically normal distribution if n is large and the null is true. The
rejection region could be

R={X:|T(X)| > z1-a/2}
What if n is small? In fact, T, (X) satisfies t-distribution of degree n — 1.

Student-t distribution: The following random variable

Z

VY/n

T —

satisfies t-distribution of degree n if
e / is a standard normal random variable;

e Y is a x2 random variable with degree n; if Yi,---,Y,, are i.i.d. A(0,1), then
Y =31 V2 is x2, which is basically I'(n/2, 1) distribution;

e Y and Z are independent.
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Figure 5.1: The pdf of Student-¢ distribution. Source: wikipedia

Exercise: Verify that

satisfies t,_i.
What is the pdf of ¢-distribution of degree n?

where I'(«) is called Gamma function:

In particular, T'(1/2) = /7. If @ = n for some positive integer n, T'(n) = (n — 1)!
e if n =1, T is Cauchy distribution:

e if n — 00, we have

Exercise: Show that as n — oo,

tn 5 N(0,1) : JL%I;(;—?E)%) (1 + x—z) o Leen
It is an interpolation between Cauchy and Gaussian distribution.
Thus we can reject Hy : 6 = 6
T (X)] > th11-a/2
with size a (type-I error) where t,_11_4/2 is the 1 —a/2 quantile of Student-¢ distribution

of degree n — 1.
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5.2 More on hypothesis testing

5.2.1 Composite hypothesis testing

So far, we have discussed simple null hypothesis, i.e., |©g] = 1. On the other hand, we
often encounter composite hypothesis, the parameter space Oy contains multiple or even
infinitely many parameters.

Example: Let X, -+, X,, ~ N (u,02) where o is known. We want to test
Hy @ p < pao, Hy: > o

Hence
O = (—00, o) versus O = (g, 00).

Note that o
T(X)=X,

is the MLE of p. We reject Hy if T(X) > ¢ where ¢ is a number.
We reject Hy if T(X) > ¢. The power function is

Blp) = PM(T(X)i c) = Pu<yn > )

(VK ) Vale - p)
m( 0= p) ke )
= 1_¢(M)

What is the size? Note that §(u) is increasing!

(\/ﬁ(c—uo)).

o

sup B(u) = Bluo) = 1—

H<po

To have a size « test, we set 5(p) =

0Z1—a

v
OZ1—a

In other words, the Type-I error is at most « if we reject X, > g + e

C= o +

5.2.2 Wald test

Consider testing

Hy: 0 =0, versus Hy : 6 # 6.

Assume that gn is a consistent estimator of # and is asymptotically normal:

W= 92 :90 ~ N(0,1)

se(6,)

~

where 6y is the true parameter and se(6,,) is an estimation of the standard deviation of
0n. Then a size-ae Wald test is: reject Hy if [W] > z;_a.

This can be extended to one-sided hypothesis as well:
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1. For Hy: 0 < 0y and H; : 6 > 0y, we reject the null hypothesis if

8, — b,
- = > Z1—a

se(0,,)

2. For Hy: 0 > 0y and H; : 6 < 6, we reject the null hypothesis if

0, — 0
1A0<_Zlfa
se(0,

Exercise: Show that the size is approximately « for the two one-sided hypothesis testing
problems above.

Why? Let’s focus on the first one-sided hypothesis. We reject the null hypothesis if
6,, > c for some c. How to compute its power function?

B(8) = Py <9n > c>

Note that the power function is an increasing function of ; thus the maximum is assumed
when 6 = 6.
—0
sup f(0) =1—® CA ) =«
0€0, se(0,)

C = 90 + Zl_as/é(é\n).

which gives

Thus we reject Hy if

Example: Suppose Xi,---, X, are samples from Bernoulli(f). We want to test if

H0:9:90 HI:H%GO.

Equivalently, we reject Hy : 0 = 0, if

where Z,, is the observed value of X,,.

First, the MLE of 6 is X,,. Suppose # is the true parameter, then by CLT, we have

VX — bo) 4y N(0,1).
Go(1 — Bo)
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We reject the null hypothesis if

\/ﬁ(yn _ 00)

90(1 — 00)

>1-a/2 -

Another alternative test statistic is

T(X) _ \/ﬁ( n_‘90> ’
\VXn(1—X,)

and we reject the null if |7(X)| > 21_q/2.

Recall the example: if we observe 560 heads and 440 tails, is the coin fair?

In this case, we let 6y = %, n = 1000, o = 0.05, and zgg75 = 1.96. Suppose the null is

true, then o
V(X — o)
0o(1 — 6o)

We can conclude that with size 0.05, we reject the null hypothesis. If we choose the
alternative statistics, the same conclusion holds

\/ﬁ(yn B 00)

Xn(1-X,)

Tl(X) = = 3.7947 > zp975 = 1.96.

= 3.8224 > zy.975.

Question: What is the connection between confidence interval and rejection region?
The confidence interval is closely related to the rejection region. The size-a Wald test
rejects Hy : 0 = 60y v.s. Hy : 0 # 0y if and only if 6y ¢ C where

C= (é; — 2o @(Bn), Ot @(9})) .

which is equivalent to R R

Thus, testing the null hypothesis is equivalent to checking whether the null value is in
the confidence interval for this simple hypothesis. When we reject Hy, we say that the
result is statistically significant.

5.2.3 p-value

What is p-value? Let’s first give the formal definition of p-value and then discuss its
meaning.

Definition 5.2.1 (p-value). Suppose that for every o € (0,1), we have a size a test with
rejection region R,. Then

p-value = inf{a : T(z) € Ry}

where T(x) is the observed value of T(X). The p-value is the smallest level at which we
can reject Hy. The smaller o is, the smaller the rejection region is.
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The definition of p-value does not look obvious at the first glance. We try to do a concrete
example.

Example: Suppose X1, -+, X, ~ N(u,0?). Consider the testing problem Hy : = p
v.s. Hy:p # pg. We reject the null hypothesis with size « if

‘\/ﬁ(yn — ko)

Z1—a/20

NG

As we can see that, if o decreases, then 2;_, /2 increases to infinity and the rejection region
shrinks. Now suppose we observe the data and calculate the test statistic: T'(x) = 7,,. We
try to find the smallest possibly a* such that the rejection region includes 7, i.e.,

> 21_aj2 = | X, — po| >

n Ho \/ﬁ

which means

o (B 8 o (1o (Y ml)),

This gives an example of how to compute the p-value (i.e., equal to the value of a* by
definition) for an outcome of the statistic 7'(x) = T,. But what does it mean? It becomes
more clear if we write this o* in another form:

In other words, p-value equals the probability under Hy of observing a value of the test
statistic the same as or more extreme than what was actually observed.

p-value = o

» (‘ V(X — o)

> ‘ V(@n — po)

- P,ug (lyn - /,60‘ > |fn - ,u0|) :

Probability & Statistical Significance Explained

True value under the null hypothesis
and most likely observation

| ¢

95% statistical
significance threshold

Observed p-value
(statistical significance)
very unlikely
observations

Observed

very unlikel
v Y result (value)

observations

probability of observation

A
 J

set of possible results

What is the point of computing p-value? If p-value is small, say smaller than 0.05, we
say the result is significant: the evidence is strong against Hy and we should reject the
null hypothesis.
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p-value evidence
< 0.01 very strong evidence against Hy
[0.01,0.05] strong evidence against H,
[0.05,0.1] weak evidence against Hy
> 0.1 little or no evidence against H

Example: How to compute the p-value for general tests, e.g.,
Hy:0€0y vs. Hy:0¢0,.
Suppose that a size-a test is of the form
reject Hy: 0 € ©y if and only if T(X) > ¢,

where ¢, depends on «a and ¢, increases as « decreases since the rejection region shrink
as the size/level a decreases.

For the observed data x, we find the smallest o* such that
T(x) = Co

where the rejection region is R, = [cq, 00).

Then

p-value = o* = sup Py(T(X) > cor) = sup Po(T(X) > T'(x))
0€0g 0eBg

where z is the observed value of X. In particular, if ©y = {6y}, then

p-value = Py, (T(X) > T'(x)).

Example: The p-value of Wald statistics. Suppose

0(z) — 0,

T(z) = se(x)

= [W ()]

denotes the observed absolute value of the Wald statistics W (X). Then p-value is given
by
p-value = Py, (|[W(X)| > [W(x)]) = P(|Z] = |w]) = 2®(—|w])

where Z ~ N(0,1). In other words, |w| = 21_4+/2 and «o* is the p-value.

For example, in the coin tossing example,

W(z) = 0(z) — by _ 0.56 — 0.5 _ 38994
se(x) 0.56(1—0.56) '
1000

and the p-value is equal to P(|Z| > 3.8224) which is approximately 0.0001 j 0.01. In other
words, the observed data are strongly against the null hypothesis Hy : € = 1/2 and we
should reject the null.
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5.3 Likelihood ratio test

We have spent a lot of time discussing the basics of hypothesis testing. You may have
realized that the key components in hypothesis testing are: (a) find a proper testing
statistic; (b) identify the rejection region with a given size/level «. In all the examples
we have covered so far, the construction of the rejection region and testing statistics rely
on our intuition. In this lecture, we will introduce a systematic way to tackle the two
aforementioned problems, which is based on the likelihood function.

Now let’s consider the following testing problem:
Hy: 0 € ©g versus Hy : 0 ¢ O,.

Suppose we observe samples Xi,---, X, from f(X;60). We define the likelihood ratio
statistic as

A(X) = 2log (%) — 2(6(0) - 1(By))

where 8 is the MLE, , is the MLE when 6 is restricted to ©p, and 0(0) = log L(0) is the
log-likelihood function.

What properties does A\(X) satisfy?

1. Since © (the natural parameter space) contains Oy, thus supycg L(f) > supyee, L(0),
implying that A(X) > 0.

2. Suppose Hj is true, then the MLE is likely to fall into ©y if n is sufficiently large
because of the consistency of MLE.

Therefore, we can use A(X) as a testing statistic: if A(xy,--- ,x,) is close to 0, we should
retain Hy; if A(xq, -+ ,x,) is large, we reject Hy.
Example: Testing of normal mean with known variance. Suppose X1, -+, X,, ~ N (p, 0?)

and we want to test
Ho:p=po vs. Hi:p# po.
Now we consider the likelihood ratio statistics. Note that the likelihood function is

n

1

202 4
=1

g(ﬂ, 0'2) = (Xl - M)z +C

where C' is a scalar which does not depend on u. There is no need to take o? into

consideration since it is assumed known.

Next, we compute the MLE of ¢(u,0?) on O and ©:

O :={p:p=mp}, ©={u:peR}

On the Oy, the maximum is simply

n

(o) = 53 (X — po)?

=1

and on the ©, the maximum is attained when p = X,,:

n

1 —
(i) = Gy 2 (X; — X))~
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Note that

Thus

wazl<2x&—mf—§jawsaf)=3@i;ﬂi'

02\ 4 : o
=1 =1

Since we reject the null hypothesis if A(X) is large, it is equivalent to rejecting the null
if | X,, — po| is large which matches our previous discussion. Now, how to evaluate this
test? What is the power function?

Bp) = Pu(A(X) > ¢)

for some ¢. Under the null hypothesis, A\(X) ~ x? since

ﬁ(Xn - ,UJO) ~ N(O, 1)

g

Therefore, we reject the null hypothesis if
)\(X> > X%,l—a

where x?_, is the (1 — a)-quantile of x? distribution.

Exercise: Derive the one-sided test for the mean from normal data with known mean,
using likelihood ratio statistics.

Exercise: Derive the one-sided test for the mean from normal data with unknown mean,
using likelihood ratio statistics.

Example: Binomial likelihood ratio test. Recall the coin tossing problem:
1 1
H029:§ V.S. H16’7£§

We observe T,, = 0.56 (560 heads plus 440 tails out of n = 1000 trials).
The likelihood function for X, .-, X,, ~Bernoulli(#) is

L(6) = 6% X0 (1 — g)n i X = g (1 — g)nU =)

and L() is maximized by X,,.

—nXn o
%ﬁmﬁ@):m%<& ﬂ—xmﬂm)

AX) = 2105

SUPgee, L(0) 9—n
Simplify the expression and we have
AMX) =2n (log2 + X, log X, + (1 - X,,)log(1 — Yn)) .

For 7, = 0.56, the value of the statistic is A(z) = 14.4348.

However, it is unclear what the distribution of A(X) is.
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5.3.1 Asymptotics of LRT

Theorem 5.3.1 (Asymptotic behavior). For simple test Hy : 0 = 6y versus Hy : 0 # 6.
Suppose X1, , X, are i.i.d. f(z;0) and 6 is the MLE of . Under Hy, as n — oo,

AX) =5 X
in distribution. The p-value is given by P(x3 > A(X)).
Proof: Let é\n be the MLE and 6, is the parameter under null hypothesis:

(o) — £(6,) = £'(8,) (6 — ,,) + @(é\n — 0y)* + remainder.

Note that E’(é\n) = 0. Thus
MX) = 2(0(0,) — €(00)) = —£"(0,) (B, — 6,)?

AN

n

-~

If the null is true, ¢"(6,,) ~ —nl(6y) where I(6y) is Fisher information. By asymptotical
normality of MLE, \/n(6,, — 6y) — N(0,1/1(6y)). Therefore, by Slutsky’s theorem, it
holds that A(X) —% v2 in distribution. O

Therefore, a size-a test is: reject Hy if
A(X> > X%,l—a

where x7,_, is the (1 — a)-quantile of 7.

How to compute the p-value?” Note that p-value equals the probability of observing a
new value which is equal to or more extreme than the observed one. Thus

p-value = P(x7 > ANay, -+ ,,))

where A(zy,---,x,) is the observed value of the likelihood ratio statistic. Or we can
follow another definition: p-value is the smallest size/level at which we reject the null
hypothesis. Thus the p-value equals a* which satisfies

/\(5(31, T ,ZL’n) = Xil—a*

since the rejection region is
(2
Ra - (Xl,l—aﬁ OO)

In other words,

1—a* =P(xi <A@y, @) <= " =P(XT > Nay, -+, ).

In the previous example where A(xy, - - ,x,) = 14.4348, the p-value is
P(x} > 14.4348) = 0.0001.

So we reject the null hypothesis since the evidence is very strong against the null hypoth-
esis.
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5.3.2 General LRT and asymptotics

Theorem 5.3.2. Under certain reqularity condition for the pdf/pmf of the sample (X, - - -
it holds that under Hy : 6 € O,

in distribution as n — oo where

e 1 is the number of free parameters specified by 6 € ©;

e ¢ is the number of free parameter specified by 6 € O
Example: Suppose 8 = (61, ,60,,0,41,--- ,0,.) CR". Let

G)0 - {0 ER": (8q+17 T 707") - (6q+1,07 T 707",0)}
which means the degree of freedom of ©¢ is ¢. Then under Hy, it holds that
2
AMX) — Xr—q-

Question: How to calculating the degree of freedom? Suppose the parameter space ©

contains an open subset in R” and ©, contains an open subset in R?. Then r — ¢ is the
degree of freedom for the test statistic.

We reject H at the size « if
)‘(X) > X?—q,l—a

where x2_,,_, is 1 — o quantile of x7_, distribution.
The p-value is calculated via

p-value = Py, (x7_, > M)
where A(x) is the observed data.

Example: Mendel’s pea. Mendel bred peas with round yellow and wrinkled green
seeds. The progeny has four possible outcomes:

{Yellow, Green} x {Wrinkled, Round}
His theory of inheritance implies that P(Yellow) = 3/4, P(Green) = 1/4, P(Round) = 3/4,

and P(Wrinkled) = 1/4:
_ (9 3 3 1
Po=116"16"16"16 )

What he observed in the trials are X = (315,101, 108, 32) with n = 556.

We want to test if Mendel’s conjecture is valid:

Hy:p=mpy, Hi:p#po.

It means:

4
O©={p:p>0) pi=1}, O¢:={p:p=po}
=1

The number of each type follows multinomial distribution. The multinomial distribution
has its pmf as

k k
n
f(z1, - mlp) = (9171 xk)p’fl---pi’% $i62+,zxi:n> Zpizl-
’ ’ i=1 i=1
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e Suppose there are k different types of coupons. The probability of getting coupon
1 is p;. Collect n coupons and ask what is the distribution for the count of each
coupon X;?

e [t satisfies the multinomial distribution with parameter n and p, denoted by M(n, p).
e [t is a generalization of binomial distribution.

What is the MLE of p? We have shown in the homework that

Therefore,
p = (0.5665,0.1817,0.1942,0.0576).

Counsider the LRT:

SUPpip>0,5, pi=1 L(P)
Supp:p:po L(p)

[, B}

k T;
i=1 Poi

k A
Pi

=2 Z x; log —
i1 Poi

If the null is true, then it holds that A(X) - X{1_1)_0 = X3 In this case, A\(X) = 0.4754
and p-value is

AMX) =2log

= 2log

P, (X3 > 0.4754) = 0.9243

which is not significant. Thus we retain the null hypothesis.

5.4 Goodness-of-fit test

Recall that when we discuss the parametric inference, we assume the data are drawn
from a certain family of distribution. One hidden unanswered question is: are the data
indeed samples from a specific distribution? More precisely, suppose we observe a set of
samples X1, -+, X, we ask if the underlying population distribution equals to another
Fy. This is a quite fundamental problem since it will provide an approach to verify if our
assumption on the family of distribution is valid. This is actually a hypothesis testing
problem: we want to know if

Hy: Fx =Fy, versus Hy:Fx# Fy

where Fj is the cdf of a specific distribution. This problem gives rise to an important
topic in hypothesis testing: Goodness-of-fit test. In this lecture, we will discuss a few
approaches to test the goodness-of-fit.

5.4.1 Likelihood ratio tests

In fact, likelihood ratio tests can be smartly used in goodness-of-fit tests. Suppose
Xy,---, X, are samples from Fx. We first divide the range of the data into k disjoint
subintervals:

Ii = (CLZ',CLH_l], 1 S 1 S ]{Z, R = UI'CZIIZ'

7

73



where ag and ag,1 are —oo and oo respectively. Then we count

k
= { Xk : Xy € (a5,ai41], 1 <k <n}|, n= an

Note that the probability of a random variable taking value I; equals

Then the random variable (nq,---,ng) is actually Multinomial distribution M (n,p)
where p = (p1,---,pr)' is a nonnegative vector with Ele p; = 1. Now how to use
this fact to do the following testing problem

Hy: Fx =F, versus Hy: Fx # F,.
One natural way is to first compute po = Fy(a;+1) — Fo(a;),1 <i < k; then test if
Hy:pi=pio, V1 <i<k versus H;j:p; # pi for some i,

where Hy : p; = pio is a necessary condition of Fy = Fj.

This is similar to the example we have covered before. We can use likelihood ratio test

which is equal to
= 2anlog— = QanZlog—

where p; = n;/n. If the null is true, then

AX) LN Xi_p n — oo.

Therefore, we can reject the null hypothesis at level « if the observed value A(z) of LRT
is too large:

AMz) > Xz—l,l—a-

Exercise: Verify that the LRT is

k .
X)=2n Z@ log Pi
i=1 Dio

In fact, we have derived it in the example of Mendel’s peas.

Remember that the LRT is actually depending on how we partition the data. In practice,
we usually perform the partitioning such that each interval has a substantial amount of
data (say 10~20) or each interval contains an approximately same amount of data.

5.4.2 Pearson y>’-test

Another famous and commonly-used test for the goodness-of-fit is the Pearson y2-test.
Let’s first state the main idea. Similar to our previous discussion, instead of testing
Fx = Fy directly, we put the data points into several categories and then test Hy : p; = Dio
for all 1 < ¢ < k where

pi = Fx(aiz1) — Fx(a;), pio = Folair1) — Fola).
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Let O; = np; be the number of observed samples in the ith category and E; = np; is the
expected number of samples in the ith category. The Pearson y2-test uses the following

statistic:
k

2 0; — E;)? : pi — i)’
X:Z( - ) Z”Z(p ‘p)‘

i=1 i=1 DPi

Now the question is: what is the distribution of x? if the null is true?

Theorem 5.4.1. Under null hypothesis, it holds that

Example: Mendel’'s peas. The observed number of four possible outcomes is x =
(316,101, 108, 32) and
p = (0.5665,0.1817,0.1942, 0.0576)

_ (9 3 3 1
Po=116"16"16"16 )

s~ (B~ po)?
Y =n) 1 =0.4849
ZZ:; Dio

and

The y2-statistic is

where n = 556. The p-value is
p — value = P(x3 > 0.4849) = 0.9222.

The result is not significant enough to reject the null hypothesis.

Question: Can we provide a justification for this theorem? In fact, the proof simply
follows from our homework and multivariate normal distribution. Suppose (X7, -+, X})
is a random variable of multinomial distribution M (n, p). Then the MLE p; of p; = X /n.
Recall that the MLE satisfies asymptotic normality:

~ [ 1- i)y ) = .a
—PiPj, i # J.

In fact, the covariance matrix is equivalent to the following form

3 = diag(p) — pp '

Note that this covariance matrix is not strictly positive semidefinite since one eigenvalue
is zero. It is called the degenerate multivariate normal distribution, i.e., one coordinate
in the random vector can be represented as a linear combination of other coordinates.
Now let’s study why

~

(Pz‘ - pi)2
X° = Z p— ~ Xi-1
i=1 v

holds. First of all, x2-statistic can be written as the squared norm of a vector:

X* = ||Vndiag(p)*(p — p)|?
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where diag(p) is a diagonal matrix whose diagonal entries are given by p.

What is the distribution of \/n[diag(p)]~/?(p — p)? Since v/n(p — p) is asymptotically

normal, so is /n[diag(p)]~¥/?(p — p). Its covariance matrix is given by
Cov(v/n[diag(p)]""*(p — p)) = [diag(p)]/*T[diag(p)] /* = I — VPP .

Thus
. _1/2/ d
Vnldiag(p)]*(p — p) == N(0, I — /PP ).
Now we can see that Iy, — \/ﬁ\/z_)T is actually a projection matrix. Since it is a projection

matrix of rank k—1, we can find a matrix U (eigenvectors of I}, — \/1_7\/1_)T w.r.t. eigenvalue
1) of size k x (k — 1) such that I — \/p/p =UU" and U'U = I;_,.

Exercise: Show that I, — \/1_)\/1_)T is an orthogonal projection matrix and compute its
eigenvalues (with multiplicities). Remember that Zle pi= 1.

Suppose Z is N(0, I_;). Then
UZ~N(©O,UUT)

which matches the asymptotic distribution of /n[diag(p)]~*%(p — p). Therefore, its
squared Euclidean norm is chi-squared distribution with degree of freedom k£ — 1.

5.4.3 Test on Independence

Suppose (X;,Y;),1 < i < n are i.i.d. samples from Fyy. Can we design a procedure
to test if X and Y are independent? In fact, we can use x? Pearson test and likelihood
ratio test. How? We still start with discretization by partitioning the range of X and Y
respectively:

Range(X) = U A;, Range(Y) = U B;
i=1 j=1
where {A;}i_; and {B;}5_, are partitions of Range(X) and Range(Y') respectively (mu-
tually disjoint).
Denote

Di = ]P’(X S Az)7 q; = ]P)(Y S Bj), Hz‘j = ]P’(X S AZ,Y S B])

To test the independence, we are actually interested in testing the following hypothe-
sis
Hy : 0;; = piqj, Vi,3, versus Hi:0;; # pqj, for some 1,}j.

The null hypothesis Hy is a necessary condition for the independence of X and Y.

How to construct a testing statistic? We can first use LRT. Note that {n;; 1<i<r1<j<c
satisfies multinomial distribution M (n, {0;;}1<i<r1<j<c), Whose pmf is

f(n117n127 ce ;nrc;n79ij) = ( ! ) HHGZZ]

s Mg, = s e/ 50

where n =3, - nj.

Exercise: Show the MLE for p and g under Hy : 6;; = p;q; is given by
S I J
pi:ﬁzlnija qj:ﬁzlnij‘
j= i=
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Exercise: Show the likelihood ratio statistic for this hypothesis testing problem is

—QZanlogA,\ —QnZZ&JlogAA.
=1 j=1 i=1 j=1 Pig;

What is the asymptotic distribution of A(X) under null hypothesis?

First note that we don’t know p;, ¢;, and 6;; since the joint distribution Fxy is unknown.
Therefore, we need to estimate these parameters:

;= = a. _J_ L
- — nzg» q; = n - Nyj, z] - n
=1

where
:‘{kaGAZ}‘, ng; = ’{k’YkEBJ}‘, N = ’{k (X]ﬁYk) EAZXBJ}’

is the number of observed samples belonging to A; x B;. This gives a contingency table:

By | By | --- | B. | Row total
Ay nip | N2 | = | Nie ny.
A,y No1 | Nag | =+ | Nac no.
Ar Nr1 Nyo e Nye Nye.
Column total | n.y | ng | -+ | N n

Table 5.2: Contingency table

If @-j deviates from p;g; by a large margin, we are likely to reject the null hypothesis.
Therefore, we introduce the following X2—statistic:

nzz lj pl(zz(b

=1 j=1

Exercise: Show that y? statistic is approximately equal to likelihood ratio statistic (Hint:
use Taylor approximation).

How to construct a rejection region? To do that, we need to know the asymptotic
distribution of x? under the null.

Theorem 5.4.2. Under the null hypothesis,
2 d 2
X" = X(r=1)(c-1)"

As a result, we reject the null at size « if y? > X%r71)(c71),17a-

How to understand this degree of freedom in the chi-squared distribution? The degree of
freedom of Oy is
r—=1)+(c=1)=r+c—2
since Y . p; = 25:1 ¢; = 1. The degree of freedom of © is rc — 1. Thus the difference
1s
rc—1—(r+c=2)=rc—r—c+1=(r—1)(c—1).
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Example: (DeGroot and Schervish, Ex. 10.3.5 ) Suppose that 300 persons are selected
at random from a large population, and each person in the sample is classified according
to blood type, O, A, B, or AB, and also according to Rh (Rhesus, a type of protein
on the surface of red blood cells. Positive is the most common blood type), positive or
negative. The observed numbers are given in Table 10.18. Test the hypothesis that the
two classifications of blood types are independent.

Table 5.3: Data for the two classifications of blood types
O] A | B | AB | Total
Rh positive | 82 | 89 | 54 | 19 | 244
Rh negative | 13| 27 | 7 | 9 56
Total 95| 116 | 61 | 28 | 300

Here we have n = 300, and we compute p;, ¢;, and @j: and

Table 5.4: Estimation of 0;;, p;, and g,
Rh positive | 0.2733 | 0.2967 | 0.1800 | 0.0633 | 0.8133
Rh negative | 0.0433 | 0.0900 | 0.0233 | 0.0300 | 0.1867
4 0.3167 | 0.3867 | 0.2033 | 0.0933 1

Table 5.5: Estimation of p;g;
Di; O A B AB
Rh positive | 0.2576 | 0.3145 | 0.1654 | 0.0759
Rh negative | 0.0591 | 0.0722 | 0.0380 | 0.0174

The result is x? = 8.6037. Under the null hypothesis, x? ~ x3, with » = 4 and ¢ = 2.
The p-value is
P(x3 > 8.6037) = 0.0351

We reject the null hypothesis that Rh factor and ABO system are independent at the
level 0.05.

Exercise: Perform the independence test by using LRT and show if you can get a similar
result.

5.5 Kolmogorov-Smirnov test

All the tests described above rely on discretization. Is it possible to use the cdf to
construct a testing statistic? At the beginning of the course, we focus a lot on the
properties of empirical cdf and we know the empirical cdf is a consistent estimator of the
population cdf.

5.5.1 KS test for Goodness-of-fit

Now suppose we observe X;,1 <17 <n and want to test if the data come from Fyj.

Hy:Fx =F,, Hi:Fx#IF
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Can we design a testing procedure purely based on the empirical cdf? Recall that the
empirical cdf equals:
1 n
0= D<)
Under the null hypothesis, we know that F,(x) converges to Fy(z) for any fixed z as
n — 00, even uniformly, as implied by Glivenko-Cantelli theorem.

Therefore, if F, () is far away from Fy(x), we are more likely to reject the null hypothesis.
One intuitive way to measure the difference between F,,(x) and Fj is to use the supremum
of |F,(z) — Fy(z)|, i.e., Kolmogorov-Smirnov statistic:

Ties = sup |Fy(x) — Fo(x)].
zeR

If Tkys is large, we are likely to reject the null hypothesis. The tricky part is: what is the
distribution of Txg under the null?

Empirical cdf and cdf cdf of Kolmogorov distribution

1

09 4 o09f

0.8 4 08
0.7 4 07t
0.6 1 oel
05 4 05f
0.4 - 4 04f
03r 4 o03f

02 4 o2t

= empirical cdf | | 4|
= cdf

0.1

0

. | I I I L I I I I I I I
-6 -4 -2 0 2 4 6 0 0.2 0.4 0.6 0.8 1 1.2 1.4 16 1.8

Figure 5.2: Left: empirical cdf v.s. population cdf; Right: cdf of Kolmogorov distribution

Under null hypothesis, K = \/nTkg satisfies the Kolmogorov distribution

o

P(K <z)=1-2) (—1)F e,
k=1

We reject the null hypothesis if
VnTgs > Ki_q,

where K;_, is the (1 — «) quantile of Kolmogorov distribution.

5.5.2 Two-sample test
Let Xq,---, X, ~Fx and Yy, ---,Y,, ~ Fy. Can we test Hy : Fx = Fy?

H()ZFX:Fy, Hlin#Fy.
We construct the KS statistic as

Tis =sup |Fxn(x) — Fym(z)]

zeR
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We reject the null hypothesis if

mn
\/ Tie > Ki_,
m-+n K !

where /nZTHTKS satisfies the Kolmogorov distribution under H,.

Exercise: Under null hypothesis, show that

mn
V. Fx.,—Fyn) | =Fx(1—Fy).
ar(m+n( X, Y, )) X ( x)
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Chapter 6

Linear and logistic regression

6.1 What is regression?

Suppose we observe a set of data (X;,Y;), 1 <i < n. They are not necessarily identically
distributed. Now we ask this question: assume you are given a new data point X,,.,, can
you make a prediction of X,.,,? This is actually the core problem in machine learning;:
learn a model from the data and use the model to make predictions.

e Image classification
e (Credit card fraud detection

e Life expectancy prediction based on health data (blood pressure, age, weight,
height, location, diet, etc)

Here X; is called the predictor and Y; is the response. In most cases, X; can be a vector
consisting of many different features. How is it related to statistics? Let’s first look at a
simple case in which (X}, Y;) is a 2D vector. Using the probabilistic assumption, we treat
the observed data as realizations of a bivariate joint distribution fxy(z,y) of (X,Y).
Our goal is to make a prediction of Y based on X. Mathematically, this prediction is a
function of X, say, g(X).

How to evaluate the quality of this prediction f(X)? We hope to have a prediction f(X)
such that it is close to Y. Their “distance” function is often measured by using a loss
function. Some common loss functions include

e Quadratic loss (fo-loss): l(x,y) = (z — y)?
e Absolute loss (¢1-loss): £(x,y) = |x — y|
e Logistic loss, hinge loss, KL divergence, Wasserstein distance, etc

Different loss functions may lead to vastly different results. Choosing a proper func-
tion often heavily relies on specific applications and there is no universally prefect loss
function.

6.1.1 Global minimizer under quadratic loss

Let’s focus on the most widely used /5-loss function. Note that X and Y are both
random variables. Therefore, it is natural to find out a prediction function g(-) such that
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the average loss, i.e., risk function, is as small as possible:

(X —g(X))?

mgin E(x,y)~fxy

Can we find the global minimizer to this risk function? If so, what is it? Surprisingly,
the global minimizer is the conditional expectation of Y given X, i.e., the optimal choice
of g is

ola) = B(YIX =) = [ frix(oia)dy
where f(y|z) denotes the condition pdf of Y given X,

fX,Y(fE,y).

fY|X(y|x) = fX(x)

Here E(Y'|X) is called the regression of Y on X, the “best” predictor of Y conditioned
on X, which is also a function of X. We provide the proof to justify why conditional
expectation is the best predictor of Y under quadratic loss function.

Theorem 6.1.1. Suppose the random vector (X,Y") has finite second moments, then
E(Y|X) = argmin, Exxy)oryy (Y — 9(X))?
Proof: The proof follows from the property of conditional expectation:

Exy(Y — g(X))? —Exy(Y —E(Y|X))?
=Exy[2Y — g(X) —E(Y[X))(EY[|X) — 9(X))]

—x By ([(2Y — g(X) — E(V]X))(E(Y]X) — g(X))]|X)
Note that given X, E(Y|X) and ¢g(X) are both known. Thus

By ([2Y - g(X) — BV X)) (B(Y|X) - g(X))]|X)
= (B(Y]X) = g(X)) By ((2Y = g(X) — E(V]X))|X)
= (E(Y]X) = (X)) 2E(YX) = g(X) — E(Y|X))
= (E(Y]X) = g(X))? > 0.
Therefore, E(Y|X) is the global minimizer as it holds that
Exy(Y —g(X))* > Exy(Y —E(Y] X))
O

It seems that we have already found the solution to the aforementioned prediction prob-
lem: the answer is conditional expectation. However, the reality is not so easy. What is
the main issue here? Apparently, in practice, we do not know the actual population dis-
tribution fxy directly. Instead, we only have an access to a set of n data points (X;,Y;),
which can be viewed as a realization from a bivariate distribution. Therefore, we cannot
write down the loss function explicitly since it involves an expectation taken w.r.t. the
joint distribution fx y.
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6.1.2 Empirical risk minimization

How to resolve this problem? Recall that in bootstrap, we replace the population cdf by
the empirical cdf. It seems that we can follow a similar idea here:

E(x,v)~Fy (o) (Y — 9(X))?.

Note that the empirical cdf F,,(x,y) equals

n

1
E(z,y) = 521{)(@- <zY; <y}

i=1
whose corresponding pmf is P(X* = X;, Y* =Y;) = 1/n.

Then the expectation is taken w.r.t. this discrete distribution

U(g) = Exyyor, (Y — g(X))? = Z(Yz — g(Xi))%.

=1

It suffices to minimize this loss function by a proper function g. The value of this loss
function is called training error and ¢(g) is called the empirical loss (risk) function. How-
ever, this cannot work directly. Why? In fact, there are infinitely many ways to minimize
this loss function. Let’s look at a simple case: suppose (X;, Y;) are mutually different, we
can always find a curve (a function g) going through all the observed data.

6.1.3 Occam’s razor and bias-variance tradeoff

From our discussion in the previous section, we have seen that without any constraints
on g(+), it is easy to make the training error become zero. However, this does not provide
a meaningful result since it will create overfitting issue. Suppose (X,Y) is a new sample
from fxy, then the generalization error associated to g, (the trained function from data
(X3, Y:),1<i<mn)is

B O =Gl X = [ (0= Gul) 2 o.) dady

can be large.

Therefore, in practice, we usually would restrict g to a class of functions. For example,
the function class G could be

e Polynomial: G = {a,2" + - - - + a1 + apla; € R};

e Logistic function:

1
o~ e}

e Neural network with multiple layers and nodes

Ideally, we would like to keep this class of functions as simple as possible, by following
Occam’s razor. What is Occam’s razor? It is the principle that states a preference for
simple theories, or “accept the simplest explanation that fits the data”. The simplest
class of function is linear function. In other words, we assume E(Y|X) as a function of
X, ie.,

EY|X=2z)=ax+0
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or

G={g9(x)=ar+p:a,B R}

If G is linear function, we say the regressor is linear, which is the focus of this chap-
ter linear regression. You may ask what is the point of studying linear regression? Linear
regression is seemingly too naive. In fact, linear regression is extremely useful in statis-
tics. Statisticians have developed comprehensive theory for linear models. In practice,
linear models have already provided a satisfactory explanation for many datasets. More-
over, for data which are close to multivariate normal distribution, using linear model is
sufficient.

Exercise: For (X,Y) ~ N (ux, py, 0%, 0%, p), E(Y]X) is a linear function of X.

6.2 Simple linear regression

6.2.1 Data fitting using LS estimator

Starting from this lecture, we will study simple linear regression in which we have a single
predictor and the expected response given the predictor is a linear function

E(Y;|Xi = z;) = Bo + Prs,
or we often use another equivalent form:
Y; =00+ 5iXi+ e

where ¢; is the noise term.

Now suppose observe a set of data samples (X;,Y;), how to find (5o, £1) such that the
model fits the data? Recalling in our last lecture, we use the quadratic loss function to
fit the data by empirical risk minimization:

n n

min X;) — Y;)? = min + 51 X; - Y;)?
ey 2 (9(X3) ) B 2 (Bo + B )

where
G ={g9(z): g(x) = o+ frz, Bo,br € R}.

This approach is the well-known [inear least squares method. The minimizers are called
linear least squares estimator.

Definition 6.2.1 (The least squares estimates). The least squares estimates are the
values (Bo, f1) such that the residual sum of squares or RSS is minimized, i.e.,

n

(30;31) = argming, s, Z(YZ — (Bo + 51&))2'

=1

Exercise: The empirical risk function R(8o, 1) = > o, (Yi — (Bo + £51X;))? is a convex
function of 5y and .

Lemma 6.2.1. The least squares estimator is given by

Bo=Y,—BXn PBi= > XiY; = nX, Y, _ Zi(Xi_Xn)g/;j_?n)
| > XE— nYi > Xi = X5)

[\

84



Proof: Define R(ﬂo, 61) Z ( (ﬂo + 61 )) .

R

=2 X;—-Y)=0, —=2 X; X;—Y;)=0
e ZZﬁowl D=0, 73 ; (Bo + B Xi = V)
Simplifying the equations:

Bo+ Xy =Yy, fonXn+p ) XP=Y XY (6.2.1)
1=1 1=1

Solving for (a, 3) gives the linear squares estimator. Substitute 3y = Y, — 31X, into the
second equation:

(Y~ fiX X+612X2 ZXY

It gives

(ZXZZ —nXi) b = ZXZY; —nX,Y, < [ = Zz( )( )
=1 =1

Then 50 =Y, — B\lyn, which finishes the proof. O
Suppose we have a set of (B\o, Bl) The predicted value at X; is given by
Y, =B+ 5iX
where
° BO is related to the sample mean of X; and Y;.

° 31 is the ratio of sample covariance of (X;,Y;) over the sample variance of X;.

The residuals (prediction error) are
=YY, =Y~ (B + /i X))

In other words, the least squares approach aims to minimize the sum of squares of the
prediction error.

Example: Predict grape crops: the grape vines produce clusters of berries and a count
of these clusters can be used to predict the final crop yield at harvest time.

e Predictor: cluster count, {X;}",
e Response: yields {Y;}",
The LS estimator of (S, 1) is

By = —1.0279, B, =0.0514
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Year | Cluster count (X) | Yields (Y)
1971 116.37 5.6
1973 82.77 3.2
1974 110.68 4.5
1975 97.5 4.2
1976 115.88 5.2
1977 80.19 2.7
1978 125.24 4.8
1979 116.15 4.9
1980 117.36 4.7
1981 93.31 4.1
1982 107.46 4.4
1983 122.3 5.4

Table 6.1: Data source: [Casella, Berger, 2001]. The data in 1972 is missing due to
Hurricane.

Yield vs cluster count

55

45

Yield

351

25 I I I I I I I I I
80 85 90 95 100 105 110 115 120 125 130

Cluster count

Yvs X

X Data

Fit
Confidence bounds
1 1

25 Il Il Il Il 1
80 85 90 95 100 105 110 115 120 125 130

X: cluster count

6.2.2 Best linear unbiased estimator

All the analyses so far do not involve any statistical noise. Here we ask such a question: is
the least squares estimator optimal under statistical models? Here we introduce a fairly
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general model. Consider Y; is the value of the response variable in the i¢th case and Xj is
the value of the predictor variable. We assume that

Yi=0 +6Xi+e, 1<i<n
where ¢; are uncorrelated, zero-mean, and equal variance random variables:
E(e;) =0, Var(e) =0? 1<i<n
and
Cov(e,€;) =0, 1<i#j<n.
The following parameters are unknown and to be estimated:
e (. intercept
e [3;: slope
e 02 unknown variance

An estimator of 3 is essentially a function of the response Y;,---,Y,,. Now let’s only
focus on a small set of estimators: the linear estimators of (5, 31), i.e., these estimators

of the following form
{ZaiYi:aiER, 1§z’§n}.

i=1
In other words, we are looking at the estimators which are given by the linear combination
of Y; where the coefficients «; are to be determined. In particular, we are interested in
finding an unbiased linear estimator for (fy,51) with the smallest variance. What is
it?

We take (; as an example as the same argument applies to 3y accordingly. In order to
ensure unbiasedness of the estimator, we need to have

E (Z aiYZ) = Zai]EY} = Zai(ﬂo + £51X;)
i=1 i=1 i=1

= 502041‘ + 5 Z%Xi = f.
i=1 i=1
This gives

iai:Q iazXzzl
=1 =1

What is the variance of Z?Zl «;Y;? Note that Y; are uncorrelated and then

Var (i 041»1/,;) = i a? Var(Y;) + Z a;a; Cov(Y;, Y;) = o i o
i=1 i=1

i<j i=1

Now to find the best linear unbiased estimator (BLUE), it suffices to minimize:

I%in %Zn:a? s.t. zn:a,- =0, zn:oziXi =1.
' i=1 i=1 i=1
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We resort to the method of Lagrangian multiplier to find the optimal ;. Let A and p be
the multiplier, and then

L(ag, A\, p) = Za —)\Za, (i%’Xz‘—l)-
i=1

The optimal solution satisfies:

oL
3047;

i&i = 0,
i=1
i=1

Substituting a; = A + pX; into the second and third equations:

=q;—A—pX; =0, 1 <i<n,

A4 Xopn =0,

nXp\ + i X =1.

Solving the equation gives:

Now we have the BLUE:

n

— Z<XZ — XY —=Y,) = Brrs

Saa i=1
where > (X;—X,,)Y,, = 0. In other words, the least squares estimator is the BLUE!

Exercise: Find the mean and variance of Bo and 31. Are BO and 31 uncorrelated?

6.2.3 Matrix form

We have derived the LS estimator of 5y and ;. Now we incorporate linear algebra into
LS estimation, which will be very useful for our future study. First, we let



Recall that the least squares estimator of 3y and f; satisfy (6.2.1)
i=1 i=1

Rewriting them into matrix form, we have

no Xz} [Bo] _

Z?:l Yz T o T
Z?:l X, ZLI Xz‘2 3, — X' Xpg=X'Y.

B {Z?l XiY;
Therefore, we have

ey i SoXE oy X)L
b= X X)) XY = s Xy [—zzilxi n HZ’-L XY}

=1
Exercise: Verify that ﬁ above matches our previous derivation.

Question: What is the mean and covariance of [/3\?

Lemma 6.2.2. Under the assumption of simple linear regression, i.e., €; are uncorrelated,
equal variance, and zero-mean random wvariables. The LS estimator 3 has mean and
variance as follows:

BB) =B, CoviB)=o*(XTX) =L ! >, X —nm]

?Z.X-z—nYi {_TLX” n

3 7

Proof: Note that the LS estimator is
B=(X"X)"'XTY = (X' X)'X(XB+e) =B+ (X"X)'X"e.

By linearity of expectation, IE,@ = 3 since Ee€ = 0. For its covariance, we know that the
covariance equals

Cov(B) =E(B—B)(B-B)"
—EX'X)'XTee' X(X"X)!
=(X"X)'X"E(ee")X(X'X)!

AXTX)TIXTX(XTX)!

=} XTX)N

]

6.3 Simple linear regression under normal error model

Recall the data of old faithful geyser. We want to understand the relation between
eruption and waiting time.

Using the formula discussed before, it is easy to fit a linear model to the data, using

R.

> data

eruptions waiting
1 3.600 79
2 1.800 54
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5 24
w0
N
o ]
N
w0
—
waiting
3 3.333 74
4 2.283 62

> Imfit <- 1m(eruptions”waiting, data = data)
> Imfit$coefficients

(Intercept) waiting

-1.87401599 0.07562795

We obtain Bo = —1.874 and 31 = 0.0756. Then we have a linear model:
Y =—-1.8744+0.0756 X + €

where € is the error.

Now we ask the following questions: suppose we observe the waiting time is X = 70, what
is the predicted value of the eruption time? Can you construct a confidence interval? Or
can we perform a hypothesis testing such as whether 8, = 0 or not?

To construct a confidence interval, we need to assume more on the linear model, especially
the distribution of the error. From now on, we will discuss a commonly-used model in
linear regression: normal error model.

Under normal error model, we are assuming that each response Y; given the predictor X;
is a normal random variable:

Yi=06+5:Xi+e, 1<i<n

where €; ~ N(0,0?%) are i.i.d. normal random variables with unknown 2. In other words,
Y; ~ N(Bo+p1X;,0?) are independent random variables with equal variance. Apparently,
the least squares estimator in this case is the BLUE, i.e., best linear unbiased estimator.
The reason is simple: all the noise ¢; are i.i.d., and thus their covariance satisfies:

2

0 1# ]
Eeiej:{’ ,#‘7,’ <= FEee =1,
0-7 ZZ]?
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6.3.1 MLE under normal error model

Since we observe a set of random variables Y; with unknown parameters 83y, £, and o2,
it is natural to use maximal likelihood estimation to estimate the parameter.

Lemma 6.3.1. The MLE of B = (8o, 51)" matches the least square estimators. The

MLE of o
GarLe = ZAZ ZY 50—51 i)?
1=1

where & =Y; =Y, =Y, — B — B X

Proof: Because of the independence among Y;, the likelihood function is

L(Bo, 1, 0 ﬁ ! eXp( (i—(ﬁo+ﬁlxi>)2)

202

The log-likelihood function is

1

Upo. fr,0%) = — 5 log 0 = 5 >~ (Vi = (B + BiX)*
i=1

To maximize the log-likelihood function, we first maximize over 5, and (; whose maxi-
mizer equals the minimizer to the least squares risk function:

(Bo, B1) = argming, 4, Z — (Bo + 1 X))’

How about the MLE of 02? Once 3 is fixed, we just need to take the derivative w.r.t.

o2

ol n 1 — ~ o~
= - § Y; — By — i Xi)? =
Jo? 202 * 204 i:l( i =B = AiXi)" =0

and the MLE of ¢2 is

n n

1 SO 1A
GriLe = o Z(Yz — (B + 1 X3))* = o 2512
i=1

=1

Question: What is the distribution of B = (Bo, B\l)T‘?

Knowing its distribution is crucial in constructing a confidence interval. Note that the
least squares estimator 3 is obtained by solving a linear equation X ' X3 = X'"Y.

B=(X"X)'X"Y
= (X' X)(X"XB+X"e
=B+ (X"X)'X"e

where

"X S,
XTX = | i ] . XY = { =1 } .
Zizl Xi Zi:l Xi2 Zizl X;Y;
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Note that € ~ N(0,0%1,) is a normal random vector in R™. By linearity of multivariate
normal distribution, 3 is also multivariate normal, with mean and variance:

EB =3,
Cov(B) =E(B-B)(B-8)"
—EX'X)"'XTee' X(XTX)™!
=} XTX)L

As a result, B ~ N(3,0%(X T X)) holds where

n —1 _
(XTX)*l — { nn Zﬁzl X;} _ l; |:Zzi(? —TLXn:|
Zi:l Xi Zi:l X; n Zl XZ? — nyi —nX, n

From the result above, we have

~ 2§y x2 ~ 2
Bo ~ N | bo, o 2im X /_ng . B~ N B, d — |-
Z?:l X’L2 - an Z?:l X’Lz - an

Now, can we construct a confidence interval for 3, and 5,7 The parameter o2 is unknown.
We could replace the unknown o2 by its MLE 02 = n~t Y | €. Is the MLE an unbiased
and consistent estimator of o2?

Definition 6.3.1. The error sum of squares is

SSE = Zn:?
=1

where € =Y; — (Bo + BlXi) are the residuals. The mean squared error (MSE) is
SSE

n —

MSE =

Theorem 6.3.2. Under normal error model, the error sum of squares SSE satisfies
e SSE/o? ~ X2 ,.
o SSFE is independent of B

As a result, M SE is a consistent and unbiased estimator of o2:

n
~ 1 s
o2 = E G
n—2 4
=1

since y | € ~ x2_, and the consistency follows from law of large number.

Proof: Now let’s prove the theorem. The proof is very straightforward. Note that

e=Y-Y=Y-X3

=Y - X(X'X)'X'Y

= (I, - X(X"X)'X")(XB +e¢)
(I, - X(X"X)'XT)e

92



where (I, - X(XTX)'XT)X =0 and Y = X33.

In fact, the matrix P = I,, — X(X"X) ' X" is a projection matrix with rank n — 2.
Therefore,
SSE=€'e=€"(I, - X(X"X) ' X Ne~ o2 _,.

We leave it as an exercise to show P is a projection matrix. The rank of P follows from
Tr(P)=Tr(I, - X(X'X)'X") =To(L,) -Tr((X " X) ' X" X) =n—Tr(Il) =n—2

where (X" X)X "X is a 2 by 2 identity matrix. Why SSFE is independent of ,é\? This
is because R
B=B+(X"X)"'X"e

and we can show that B\ is uncorrelated with €.

Cov(B,€) =E(B - B)e’
—EX'X)'XTee' (I, - X(X"X)'XT)
=X X)) XTI, - X(X"X)'XT) =0.
For two random Gaussian vectors which are uncorrelated, they are independent. O
Exercise: Show that P is a symmetric projection matrix, i.e., P? = P with rank

n— 2.

Exercise: Show that (I, — X (X' X)X ") X =0.

6.3.2 Confidence interval
Note that M SE is a consistent estimator of o2. Therefore, after replacing o with MSE,

we have MSE X2 MSE
Eo—ﬁoNN( ’T%)’ B\l_@lNN(OaS—>

where S, = > 1 X7 — nyi

Note that an estimation of the standard deviation se(f,) and se(3;) is

A MSEY " X? ~ MSE
se(fo) = \/ ngx:l S = .
Then we have the following result.

Lemma 6.3.3. Under normal error model, the LS estimator ﬁ satisfies

bo—fo ,  Bib
n—2

*(Bo) 52(Bo)

Proof: We just prove for B\o since the justification applies to Bl similarly.
o=y _ (D=5 , (%(5)
se( o) se() se(0o)
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where

~

Bo=bo w0y, 2B

_ |MSE SSE SSE )
se(Bo) se(Bo) o? (n—2)o?’ o? An—2

By definition of Student t-distribution, i.e., t, = —Z—, where Z ~ N(0, 1) is independent

/X2 /v

of X%, we have our result.

Theorem 6.3.4 (Hypothesis testing for 3). Under normal error model, we have
e (1 — «) confidence interval for By and By is
Bo + tn—z,l—%SAe<Bo); 51 + tn—2,1—%§é(§1)
o Test Hy: 31 =0 v.s. Hy:p1 #0. A test of size a is to reject Hy if
B

—~

se(61)

The p-value is P(|t,—o| > |w|) where t,_y is a Student-t distribution of degree n — 2.

|w| =

>tp-21-2

If n is large, we have

Bo — Po ~ N0, 1), br— B ~ N(0,1)

se(fo) se (o)

Thus with large samples, it is safe to replace t, s by N'(0,1) (e.g. 5212 by z1-2.)

6.3.3 Prediction interval of the mean response

Note that if we have [/3\, we can predict the mean response value Y, for a newly given
X*. The population expected mean response is Y, = g + 1 X, and a natural choice of
predicted value of Y, is given by

Y. = 60 + ﬁlX*

How to get a confidence interval for Y,?

The mean of EA/* is R
E(Y:) = Bo + B X..

For the variance, we have

Var(?*) = Var(B\g) + X2 Var(gl) + 2X, COV(EO7 Bl)

2

— o _ (Z Xf + an — QHX*yn>

n(>, X2 —nX,)

2
= 5 XZ 72) (Z X? - nYZ + nYZ +nX? — 2nX*7n>
2 Ay —nay, i

(1 (X, —X.)?
=0 | -+ —————

94




What is the distribution of EA/*?

Y.~ N (Y*,var(fa)) .

Replacing o2 by 52 in Var(Y,), we have

)

—Y*
— = ~ln2.

so(Y.)

*

where

- 1 X, — X,)?
se(Y,) =VvMSE —+(—)_2

Therefore, an approximate 1 — o confidence interval of the mean response value is

~ ~

(Vs — tui—a8e(Ys), Vs + ty_p_ase(Y.))

6.4 Multiple regression

Simple linear regression only involves only one predictor. In practice, we often have
multiple features to predict a response. If we want to predict a person’s weight, we can
use his/her height, gender, diet, age, etc. Here we generalize simple linear regression to
multiple linear regression with more than one variables.

Definition 6.4.1 (Multiple linear regression model).
Yi=0Bo+ 51X+ BpaXipa+ €,

where
o Y, value of the response variable Y in the ith case
o Xii, -+, Xip_1: values of the variables Xy,--- , X,1

o 3o, -, Bp—1 1 regression coefficients. p: the number of regression coefficients; in
simple regression p = 2

e Error term: E(e;) = 0, Var(e;) = o2 and Cov(e;, €;) =0
The mean response is

]E(Y|X1, e 7Xp) = /30 + Ble + ot /Bp—lXp-

The model equation can be written into

Y = X 3 +_ €
=l
nx1 nXp px1 nx1
where ) )
I Xp X -0 Xipa
: : : : Bo
X =11 Xy Xpo -+ Xjpaf|, B:= 6.1
_1 an Xn2 e Xn,p—l_ Bpil
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Under model assumption:

E(e) =0, Cov(e) =E(ee') = o?I,.

Now let’s consider the least squares estimator for the multiple regression. The LS esti-
mator is given by

B\LS = argming.pr || X8 — Y|]?
where | XB-Y|?= (XB8-Y)(XB-Y).

How to find the global minimizer to this program? A few facts on how to take gradients
of vector-valued functions:

Lemma 6.4.1. Let (xz,v) = v'x denote the inner product between two column vectors
x and v and A is a symmetric matrix:

dfi
_ T _
filx) =z v, o v,
fo(x) = x' x, —?;2 = 2x,
0 02
f3(z) = x" Az, a—j;’ =2Ax, (9:523 = 2A.

Proof: For fi(x), we know fi(z) = > ", v;z; is a linear function of a:

U1
Oh ., 9h || _,
ox; Y Oz ’
Un
For fo(z), fo(x) = > 1, x7 is a quadratic function.
2(E1
Of _gp, 92| | Zag
8@- v ox ’ ’
22,

For f3<£L‘), f3(33) = SCTAw = Zi,j Qi T2 5.

a 8 n n
00— (S + D st

J# J#
n n
= E (Iijﬂfj + E aji.fljj + 2a“:1:1

J#i J#i

=2 Zaijxj = 2[A.’B]Z,

j=1

where a;; = aj; follows from symmetry of A.

Therefore,

0fs =2Ax.

ox
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The Hessian of f3 is defined by

e ]
Ox;0x; lgi,jgn.

Wﬁ:[

Then

Pfy 0 0f 0 (< B
9ude, ~ r 0n, 0w \ 22 | =2

]

Theorem 6.4.2. Suppose X 1is of rank p, i.e., all the columns are linearly independent,
then the least squares estimator is

BLs=(X"X)"'XTY.
Proof: Define f(8) = || XB-Y|?=8"X"XB-28"X"Y + ||Y|*

of _

T T _
55— AX XB-XTY)=0

which gives
X'XB=X'"Y.

Suppose X € R™? is of rank p, then X" X € RP*P is also rank p and invertible. Thus
the LS estimator is R

B=(X"X)'XY
given that the rank of X equals p. Now let’s check its optimality:

0*f
—=2X"X 0.
03?
Why XX > 07 Its quadratic form v' X " Xv = || Xv|* > 0 for any v # 0. O

Example: Polynomial regression. Given a set of distinct samples (X;,Y;), 1 <7 < n, we
are seeking for a polynomial f(z) = B,a? + .- + fiz + By of degree p that fits the data.
We want to find a curve such that the squared distance from each point to the curve is

minimized:
n

min Z(Yi — f(X))?

Br,0<k<p
=1

How is it related to linear least squares estimation? If p + 1 < n, it is impossible to
find a curve to go through every sample point. Therefore, we allow some error for each
Xia

P
Y=Y BX+e.
k=0

This fits into the framework of multiple linear regression. Define

1 X, - XV
p

X = 1 )("2 AX'V2 ER”X(Z"H)
1 X, - XP
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and
Y =XB+e [Berrtt

From the result discussed before, we know that the least-squares estimator for 3 is
B=(X"X)'X"Y.

Why is X "X invertible? X is called Vandermonde matrix and is full rank as long as
there are p + 1 distinct value of Xj.

6.4.1 Statistical properties of LS estimator

Under the multiple linear regression with uncorrelated noise of equal variance, i.e.,

2 <.
07 Z_j7

0, @#7,
we have the famous Gauss-Markov theorem. Here we explain it informally. It is a

generalization of the scenario we discussed in the simple linear regression. Consider all
the linear estimator of 3:

Cov(e;, €5) = {

Bc=CY
where C' is a matrix of size p xn. Now we are looking for unbiased estimator with smallest
variance for 3, i.e., requiring C such that CEY = 3 and ensure Var(CY) is as small as
possible. We need to generalize the “order” for positive semidefinite covariance matrix.
We say two positive semidefinite matrix A and B satisfies A = B if A — B = 0. The
Gauss-Markov theorem tells us that this is given by the least squares estimator, i.e.,

C=(X"X)"'XT,

satisfies

Var(CY) = C Cov(Y)CT < C Cov(Y)C = Var(CY)
for any C such that CEY = 3.

In practice, we often use the multiple regression model under normal error, i.e.,
Y =XpB+e¢
where € ~ N(0,021,,).
Lemma 6.4.3. Under the assumption that € ~ N'(0,0%L,), it holds that
B~N(B,*(XTX)™),
Proof: Suppose € ~ N(0,0%I,). Note that Y = X3 + €.
EB=(X'X)'XTEY)=(X"X)'X'X8=2.
What is the covariance of B?
Var(B) = (X' X) ' X T E(ee ) X (X X))
=X X)X X(XTX) ' =0}(XTX)!
where E(ee') = o2I,. Therefore,

B~NB(XTX)™
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6.4.2 Geometric meaning of least squares estimator

Here we assume X € R™*? is rank-p, i.e., all the columns are linear independent. We
want to under understand what least squares mean geometrically?

Let’s first understand the meaning of minimizing || X3 — Y'||*> mean.
e Find a vector in the range of X such that its distance to Y is minimized
e Equivalent to projecting Y onto the linear subspace spanned by the columns of X.

e The residuee =Y — X B is perpendicular to any vectors in the column space of
X,ie, XTe=0+= X"XB=X"Y.

Projection matrix

Note that Brs = (XTX)"'XTY. The fitted value Y is
Y =XBs=X(X'X)'XY

The matrix H := X(X"X) !XT is called hat matrix, i.e., projection matrix. The
projection matrix H (projection onto the column (range) space of X) has the following
properties:

e Symmetric: H' = H
e Idempotent: H? = H. Applying the projection twice won’t change the outcome.
e All of its eigenvalues are either 0 (multiplicity n — p) or 1 (multiplicity p)
Exercise: show that I — H is also a projection matrix.
Question: how to representing fitted value and residuals by using H?

e The fitted data Y is the projection of Y on the range of X, i.e.,

Y=HY =X(X'X)'X'Y

e The residue € is equal to
€E=Y-Y=(I-H)Y=(I-H)e

which is the projection of Y on the complement of Ran(X).
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6.4.3 Inference under normal error bound
Question: how to representing SSFE and M SFE by using H?
The SSE and M SFE are defined by

SSE:=Y & =|el’ =I(I - He|’
=1

—e' (I-H)I-H)e=¢'(I - H)e,

MSE := SSE,
n—p

where I,, — H is a projection matrix.
Question: What is E(SSFE) and E(M SE) under normal error model, i.e., €; ~ N (0, 0%)?

In this part, we use the fact that all eigenvalues of projection matrices are either 0 or 1,
and its trace is

Tr(H) =Tr(X(X"TX)' X" =Tr(X'X(X"X)™") = Tr(I,) = p.

E(SSE)=Ee' (I — H)e =ETr((I — H)ee')
=Tr((I - H)Eee') = o*Tr(I — H) = o*(n — p).
Therefore, E(MSE) = % is an unbiased estimator of .

Lemma 6.4.4. Under normal error model, the distribution of SSE is
SSE ~ UQX?@—;;
and s independent of B\

Proof: Note that
SSE=¢€'"(I - H)e, €~N(0,°L,).

Applying spectral decomposition to I—H = UU " where U € R P) and U U = I, ,
(identity matrix of size n — p). Thus

SSE =€'UU"e = |U"¢|?

Note that U'e is N(0,0%I,_,). Therefore, SSE/o? is the sum of n — p independent
squared standard normal random variables, i.e., X%_p.

On the other hand,
B=(X"X)'X"Y =(X"X)'XT(XB+e)
=8+ (X"X)'X"e

We can see that € = (I — H)e and B are jointly normal. Why? Simply speaking, € and
B3 can be obtained by applying a linear transform to e:

el (I - H) n 0

Bl XX XTI B
By the invariance of normal random vectors under linear transform, we know that € and
B are jointly normal.
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Moreover, they are independent since they are uncorrelated:
Cov(e.B) =E€(B - B)'
—E(I - H)ee' X(X'X)!
=?(I-H)X(X'X)'=0.

Exercise: Are ¢; mutually independent?

Note that under normal error model, MSE is an unbiased and consistent estimator of
o2, Therefore, we can have the following asymptotic distribution of 3.

Lemma 6.4.5. Under normal error model, it holds approximately that

B~N(B,MSEXTX)™).

For each B\i, we can derive a similar result for the distribution of each B\l

Bi— B, .
\/MSE[(XTX)_I]M o

Proof: We will use a similar argument as the scenario for p = 2 :
B@'_ﬁi _ (Bi_ﬁi)/vg2[XTX]i;1
VMSE(XTX) 'y VMSE[(XTX) u//o (X TX)
_ B B)/VOIX X
VMSE/c?
_ (G- B)VPIXTX]
\/SSE/(n —p)o?

Note that SSFE is independent of B and SSE ~ 02xi_p. By definition of Student ¢-
distribution,

Bi — B
\/MSE[(XTX)—l]ii

tnp-
O

With that, we are able to construct confidence interval for ; and perform hypothesis
testing.

e An approximately 1 — « confidence interval of each f; is

(@ i\ MSE(XTX);N B+ tpus/ MSE(XTX)iil)

o A test of size a for Hy: 5; =0 v.s. Hy: §8; # 0 is to reject Hy if

B
VMSE[(XX) 1;
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6.5 Model diagnostics

We have discussed statistical inferences for linear models: perform interval estimation and
hypothesis testing for coefficients. The key ingredient is that we assume the underlying
model is a linear model with normal error. Let’s recall the simple linear model with
normal error: N
Yi=po+BiXi+e, & X N(0,0%), 1<i<n

All stated assumptions are crucial: linear regression relation and i.i.d. normal error.
However, in practice, the data are unlikely to satisfy these assumptions which may cause
inaccuracy in our inference. This is the reason why we need to consider model diagnostics
and come up with remedies to solve these issues.

There are a few typical violations for the simple linear model with normal error.
e Nonlinearity of the regression relation

Nonconstant variance of the error terms

e Non-normality of the error terms
e Independence of the error terms
e Existence of outliers

In this lecture, we will briefly discuss model diagnostics by using residual plots. Due to
the time limitation, we will focus on the first three issues and propose solutions. We will
not discuss how to handle outliers and influential cases, which are also very important in
practice.

6.5.1 Nonlinearity in the regression relation:

Let’s consider a synthetic data:
Y; = 10X; +0.2X7 +¢, 1<i<100 (6.5.1)

where

XlNN(lo,l), EzNN(O,l)

If we simply look at Figure 6.1, the scatterplot of (X;,Y;), it seems linear model is quite
adequate. Let’s fit a linear model to the data. Under the simple regression with normal
error, the residuals €; = Y; — Y, are multivariate normal and independent of the fitted
value Y, R R

e=(I—-H)e, Y =Xg3.
Therefore, the residuals v.s. fitted values plot should have no distinct patterns, i.e.,
residuals should spread equally around a horizontal line.

What do we observe in Figure 6.27 We can see a nonlinear pattern between the residuals
and fitted values, which is not captured by a linear model. Therefore, one needs to
take nonlinearity into consideration, such as adding nonlinear predictor, i.e., consider
polynomial regression,

Yi=00+ 5 Xi+ - B X +6e, 1<i<n,
which is an important example of multiple regression.

Adding the extra quadratic term to the simple linear model indeed makes the pattern
disappear, i.e., the red line becomes horizontal and the residuals spread equally around
the fitted values.
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100 110 120 130 140 150 160 170

Figure 6.1: Scatterplot for (X;,Y;) drawn from Y; = 10X; + 0.2X? + ¢;

Residuals vs Fitted

Residuals

1000

Fitted values
Im(y ~ x)

Residuals

Residuals vs Fitted

035
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100 110 120 130 140 150 160 170

Fitted values
Im(y ~ X)

Figure 6.2: Residuals v.s. fitted values for Y; = 10X; + 0.2X? + ¢;. Left: without adding

quadratic term; right: after adding quadratic term

6.5.2 Error terms with non-constant variance

Consider another synthetic data model:

Y;' =2+ 3XZ + 60'1+0'2X€7;

(6.5.2)

where €; ~ N(0,1). In the simulation, we let X; ~Unif[0,10]. We first obtain the scatter-
plot in Figure 6.3, and also fit a linear model and get the residuals v.s. fitted plot. We
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can see that the residuals are spreading out more as the fitted value increases.

Residuals vs Fitted
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Figure 6.3: Scatterplot for ¥; = 2 + 3X; + 0-1+02X¢,

6.5.3 QQ-plot: Non-normality of error terms

How to verify if the error terms are normal? A direct way is to look at the residuals:
if the error terms are i.i.d. normal, then the residuals are “close” to “i.i.d.” normal.
In practice, we simply test if the residuals are samples from normal distributions. In
hypothesis testing, we actually have learnt how to test the normality of a given dataset,
such as Kolmogorov-Smirnov tests, goodness-of-fit y? tests, and likelihood ratio tests.
These tests are of course applicable to our setting. In practice, one would simply use the
normal quantile plot, also known as QQ-plot, to test if the residuals are normal.

e Suppose we observe {z;}" ; and sort them in an increasing order,
T STR) S S T
Moreover, we standardize them by updating each x; with (z; — Z,)/S,.

e An approximation of the expected value for the k-th smallest x(;) (order statistics)
under A (0,5?) is approximately

k
Z(k):(p_l(n+1)7 k:172>"'ana

where @~ !(a) is the a-quantile of A(0,1) distribution.

e Then plot (2x), z®)), 1 <k < n.

If the data are indeed normal, the plot should be close to a straight line y = x, see
Figure 6.4. Why? Since if {} are samples from standard normal, then

k
rg = ®, (5)

where ®,, is the empirical cdf of {x}}}_;. Note that ®,, converges to ® in probability. As
a result, x(;) should be very close to zy and thus (2, ) is approximately on the line
Yy =2
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To test the normality of error terms in the linear
residuals and plot their QQ-plot. The line in the
quartiles.

QQ Plot of Sample Data versus Standard Normal
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models, we can simply obtain the
QQ-plot passes the first and third

Normal Q-Q
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Theoretical Quantiles
Im(sqgrt(y_nc) ~ x_nc)

Figure 6.4: QQ-plot for normal data and for the residuals in Model 6.5.2

Question: How to read QQ-plots?

Let’s investigate four common distributions and their corresponding QQ plots.

0.4

m— Student-t, v = 3

Student-¢: heavy-tailed

trated on the left of the figure

on the right of the figure.
e N(0,1): standard normal distribution.
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3—x3: left skewed, the left tail is longer; the mass of the distribution is concentrated



QQ-plot Example 1:

QQ Plot of Sample Data versus Standard Normal
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Figure 6.5: QQ plot for Student ¢ distribution

QQ plot shows more probabilities in the tails than a normal distribution. It is student-t
distribution.

QQ-plot Example 2:

10 - QQ Plot of Sample Data versus Standard Normal . QQ Plot of Sample Data versus Standard Normal
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Figure 6.6: QQ plot for x5 — 3 Figure 6.7: QQ plot for 3 — x3

Figure 6.6 left: QQ plot shows more probabilities in the right tail and less probabilities in
the left tail. Tt is x3 — 3 distribution; Figure 6.7 right: Q-Q plot shows more probabilities
in the left tail and less probabilities in the right tail. It is 3 — x2 distribution.

6.5.4 Box-Cox transform
Question: How to solve the issue of non-constant and non-normal error?

In applied statistics, the Box-Cox procedure, a.k.a. power transformation, provides a
family of transformations on the response variable Y (also may apply to the predictors)
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such that the resulting model is close to a linear model with normal error. More precisely,
we perform a power transform on the response Y; using the following form:

Y/:Y)\

where \ is a parameter to be determined. Here we first assume the response is positive
for simplicity. In particular, if A =0, Y = log(Y).

The normal error regression model with the response variable a member of the family of
power transformations becomes:

= Bo + 51 Xi + €.

Essentially, we treat A as an additional variable and hope to identify the best A\ (as well
as B and 0?) such that the model fits the data.

Question: How to identify a suitable \?
Denote Y;(\) = Y*. Then under the normal error model, the joint pdf for Y;()\) is

1

1
fY(/\)(Y;()\)v /Ba )‘7 02) - (27]_02)"/2 (_202 (BO + 51Xz - Yx)‘))Z) :

Recall that we only observe Y; instead of Y;()); to derive a likelihood function based on
Y;, we need to perform a change of variable, i.e., obtaining the joint pdf of Y;. This can
be done by introducing a Jacobian factor.

fy(Yii B\ 0%) = fyon(Yi(A): B, A, 0 H

1 1 n
:@m%W<‘%ﬂ%+&&—KMW)H)W*
i=1

where

av;(\)  d
o, av

Denote K = ([, Y:)"/" as the geometric mean of {Y;}",. The log-likelihood function
1s

—/\Y)\ 1

1
(X, B,0%) = —g log o — [ X8 = Y (N)|* + nlog(K*\).
g
Note that the MLE for B is (X" X)™'!X Y (\) and the MLE for o2 is
~ 1
7*(\) =~ = H)Y V)"

Therefore, we have

((\) == sup (X, B,07)
B,o?

_ _gbg (L, — H)YY (V)||* —

1 2 —1
sy | e — HOY )P + nlog(K* 1)

=-3 log [|(I, — HYY (\)||* + nlog(K’\’l)\) +C
2

n H (I, — H)Y ()\)
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where C' is a constant. For each A, the log-likelihood function equals to

/() = —g log SSE())

where )
(I, — H)Y ()\)
sty 102
If we choose to normalize Y;* via
KYMYA—=1D/N, A#£0
vy = [0 =00 Ao
Klog(Y;), A=0,

where K = (T], Y;)'/™ is the geometric mean of {Y;}"_,. Then we try to identify a suitable

A such that the SSE associated with Y/(\), i.e., SSE()), is the smallest.

Many statistical packages provides existing built-in function to compute this likelihood

function w.r.t. A. In R, the function is boxCox().

Example: A marketing researcher studied annual sales of a product that had been
introduced 10 years ago. If we fit a linear model, we may feel that a linear model is quite

Year 0 1 2 3 4 ) 6 7

8

9

Sales (thousands of unit) | 98 | 135 | 162 | 178 | 221 | 232 | 283 | 300

374

395

adequate for the data. Now let’s perform model diagnostics by plotting its residuals v.s.

fitted and QQ plot.

Y sales
150 200 250 300 350 400

100
|

X_year

What do you observe? There is a pattern (nonlinearity) in the residuals v.s. fitted plot.

How to deal with it? We perform a box-cox transform.

Figure 6.10 indicates A = 1/2 is the best choice. We use A = 1/2, i.e., Y’ = /Y and use

the following new model:

\/371‘250+/31Xi+€i-
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Residuals vs Fitted Normal Q-Q
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Figure 6.8: Residuals v.s. fitted Figure 6.9: QQ plot

log-likelihood

Figure 6.10: Log-likelihood function ¢()\)

Written in the original form, the response Y; satisfies
Vi = (Bo+ B1Xi + &)

We fit the model again and perform a model diagnostic. Figure 6.11 implies that the
model fits the data well: the residuals are approximately normal and also spread equally
around the fitted values.

Finally, we briefly discuss what if some of the data Y; are negative. In fact, a more general
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Residuals vs Fitted Normal Q-Q
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Figure 6.11: Residuals v.s. fitted and QQ plot for the transformed model

version of Box-Cox transform involves one more shift parameter:
Y' = (Y + AQ)A17

which is a family of transform with two parameters. Then we can follow the similar
procedure to obtain (A;, A2) which maximizes the likelihood function, and use them to
transform the response.

6.6 Logistic regression

In 1986, the space shuttle Challenger exploded during take off, killing seven astronauts
aboard. The explosion was the result of an O-ring failure, a splitting of a ring of rubber
that seals the parts of the ship together. It is believed that the failure of the rubber
depends on the temperature.

—
W
e
—

Flight {14 9 2310 1 5
Failure|1l 1 1 00
Temp. |53 57 58 63 66 67

0 54 3 817 211 6 7 162119221220 18
d 0000110001000O0°O0

7 68 69 70 70 70 70 72 73 75 75 76 76 78 79 81

=i
=)

Figure 6.12: Data from Example 1.13 [Robert, Casella, 2004]: 1 stands for failure, 0 for
success.

Goal: What is the relationship between the predictor and response?
e The accident was believed to be caused by the cold weather at the time of launch
e The probability of failure increases as the temperature decreases

Question: Can we use linear regression? No, the response is discrete. However, we
believe that the probability of failure may be a linear function of temperature X;.

Suppose we observe (X;,Y;), 1 < i < n with binary response Y; is 0 or 1. The logistic
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Figure 6.13: Plot of failure v.s. temperature

regression is: the response is a binary random variable depending on the predictor,

ePotBiXi
P(Y; = 1|1X;) = [
1
P(Y; = 0|X;) =

1 4 PotBiXi”

What does it mean? The distribution of Y given X is Bernoulli(p) where

ePothX

pX) = 1 4+ efothrX

The following function is called logistic function:

T

f(z)

T lqer

In other words, p(X) = f(Bo + 51X). How does f(z) look like?
e f(x) is increasing,
o f(x) takes value between 0 and 1.

Logistic regression is an example of generalized linear model:

Bo + 51 X; = log (1 pip ) = logit(p;)

— P

where

logit(ac)—log(lj; ), 0<zr<l1
—x

is called logit function, which is a canonical link function for binary response.
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Figure 6.14: Logistic function

6.6.1 Maximum likelihood estimation

Suppose we observe Y; ~Bernoulli(p;) where logit(p;) = fo + 51X, how to obtain an
estimation of 3?7 The common approach is the maximum likelihood estimation. The
joint distribution of Y; under (S, 51) is

Bo+B1Xi
€
(Y5 Bo, B1) sz (1 _pl hooPi = 1 4+ ePotbiX:

The log-likelihood function is

(5o, B1) Z Yilogpi + (1 - ;) log(1 — p;)

6ﬁ0+/81X 1
o Z Yilog 55 1 + ePotB1Xi T (1 N Y;) log 1 4+ ePotb1X:

= Z Y;(ﬂo + Ble) _ lOg(l 4 eﬂoJrﬁlXi)

i=1

The MLE is the maximizer to £(5o, 1):
BMLE = argmax g p? (B), B=[b, 51]T-

Question: Can we find the global maximizer to ¢(3)?

The log-likelihood function ¢(3) is concave. It is very straightforward to verify the con-
cavity of ¢(3). The gradient is

n n

ol 1 ol 1
8_50 B Z (Y;_ 1+ 1_|_€50+51X¢) ’ 0B _Z (Y;_ 1+ 1+650+51Xi) Xi

i=1 i=1
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For the Hessian matrix, we have

8_26 _ zn: ePotBiXi 92/ _ i ePot+BLX; e
858 — (1+ eﬁo+,31Xi)2’ 85% — (1 + ePotBrXi)2""
" 0?0 " Bo+p1 X
[ 0 1A
v ; (1+ eBO"FﬂlXi)QXi

Therefore, the Hessian matrix equals

V2 — — [ 27;?:1 pi(1 —pi) 22:1 pi(1 —pi) X,
D pi(l=pi)Xi YL (1= pi) X7

Exercise: Show that the Hessian is negative semidefinite.

Question: How to optimize this function? One can use Newton’s method:
BUT = B — [V2(BY) TV UBY)

Stop until B® stablizes.

5 T

4r _/3<t) 7

3+ 4

lterates
o
Il

# of iteration

Most programs have build-in packages to get an estimation of 3. Call the “glm” function
in R.

glm_fit <- glm(Y"X, data = data, family = binomial)

Coefficients:

Estimate Std. Error z value Pr(>|zl)
(Intercept) 15.0429 7.3786 2.039 0.0415 *
X -0.2322 0.1082 -2.145 0.0320 =*

The estimated coefficients of Challenger data are
By = 15.0429, B = —0.2322.
The predicted value of probability p; at X; is
oPo+BiIX;

bi= 1+ eBO'f‘BlXi'
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Figure 6.15: Fitted value v.s. predictor X;

We plot (X;,p;) in Figure 6.15 where p; is the fitted value of probability and the curve
“decreases” as X gets larger.

How to interpret £y and (5,7 The odds is given by

X
odds(X) = —PE)_ _ aaix
1 —p(X)
Now let’s consider
odds(X +1)  Thpery et
OddS(X) o p(X) o ePot+hX =¢
1-p(X)

In other words, the odds at X + 1 is about e’ times the odds at X. In the example of
Shuttle Challenger, 5; is —0.232 and

P = 70232 1 ().793.

The odds decreases by a factor of 0.793 when the temperature increases by 1 °F.

6.6.2 Inference in logistic regression

Question: Can we conclude that a decreased temperature leads to higher failure proba-
bility? This leads to a hypothesis testing problem:

Hy: B <0 wversus H;:[fp;>0.

To derive the rejection region, we need to know the distribution of the MLE.

Theorem 6.6.1. The MLE enjoys
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e consistency: asn — oo, R
Bn —
where B is the underlying parameter.

e asymptotic normality:
B~ B~ N [I(B)] )
where I(3) is the Fisher information.

The Fisher information matrix is the negative inverse of the second order derivative of
log-likelihood function evaluated at 3, i.e.,

I(B) = —EV(B) = —V*(B)

e Sn(l-p)  Xn(-p)
o pi(L—ps il —ps Xi:|
\VEY/ — —i=1 p i=1
B) |:Zzl pi(l—p)Xi > pi(l —pi) X}
and p; = % However, the exact value of B = [By, 31]" is unknown. In practice,
we can approximate 3 via B and get an estimate of the information matrix:
Zz—l pz(l )X Zz 1p2( )X

where p; = L2
Pi = 14eBo+B1X;
Question: How to obtain a confidence interval for 37

The standard deviation of Bo and 31 are

-~ ~

se(Bo) = [1(B) Y, 8e(B1) = [1(B) Vs

The asymptotic distribution of £y and S is

BE_ABO ~ N(0,1), ﬁi_ﬁ ~ N(0,1).
s5e(5o) se()

An approximate 95% confidence interval of 5y and 3; are
B; 4 1.96 - sAe(Bi), t=0,1, 1.96 = z975.
Return to the example of Shuttle Challenger,

) —326  —221.80 S [54.44 —0.80
VB = | _pa1 50 —15163.10}’ B = [—0.80 0.0117}

An estimation of standard deviation is

Se(By) = 7.3786, Se(B;) = 0.108.

The confidence interval for (3 is
B; £ 1.96 - 5e(B:) < —0.2322 + 1.96 - 0.108 = (—0.44, —0.02)

Therefore, the confidence interval supports the conclusion that g, < 0.
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6.6.3 Hypothesis testing
Question: How to perform hypothesis testing?

z-test: Consider the hypothesis testing problem,
H(]IBZ‘:O V.S. Hlﬁl#o

For each i, we define the z-value as

~

_ B
Z=—=
se(B:)
Why do we use z-value? The z-value is used as a test statistic: recall under Hy,
B .
z=—=—~N(0,1), i=0or1l
se(3;)
Let’s compute the z-value:
B —0.2322
S T e e N

se(B;)  0.1082
What is the p-value? We reject the null if |z]| is too large, the p-value equals
P(|Z| > |z|) = 0.032 < 0.05.

We reject the null hypothesis Hy : 1 = 0.

Likelihood ratio test: The other alternative way to perform testing is to use LRT. Still
we consider

H()IBl:O V.S. leﬁl%o.
as an example. Under null hypothesis, it holds that

AMX) = 2(sup £(Bo, £1) — sup £(f5p,0)) — X%
Bo,B1 Bo,B1=0

The log-likelihood under full model is
0(Bo, B1) = —10.16, €(By,0) = —14.78.

Therefore,
AMX) =2(—10.16 4 14.13) = 7.95.

The p-value is
P(x5 > 7.95) = 0.005 < 0.05.

Therefore, we should reject the H.

6.6.4 Repeated observations - Binomial outcomes

Motivation: in some experiments, a number of repeat observations are obtained at
several levels of the predictor variable X.

By computing the proportion of coupons redeemed, we have

p = (0.15,0.275,0.345,0.5,0.6875) .
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Level i | Price reduction X; | # of households n; | # of coupons redeemed
1 5 100 15
2 10 120 33
3 15 110 38
4 20 200 100
5 30 160 110
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o
o
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T T T T T T
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Figure 6.16: p; v.s. X;

We plot p; w.r.t. X;:
Observation: It seems that log(p;/(1 — p;)) depends linearly on X;.
Question: can we fit a logistic regression model to this dataset?

Let Y;; be the jth case at the level 7, 1 < j < n,.

ePo+B1Xi
Yi; ~ Bernoulli ( )

1 4 ePotbrX:

and we only observe » 7", Vj; and n;.
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First, let’s derive the log-likelihood function:

m  n;

=log[[[[ (1 —p'

i=1 j=1

(Z Y;;logpi + (1 —Y;;) log(1 —P2)>
(Z jlogpi + (n - Z%) log(1 —pz)>

Jj=1

e 2

1

.
I

n;(pilog(pi) + (1 — p;) log(1 — pi))

'MS

i
Il
-

where

2 2in Vi
Pi =
n;

Call:
glm(formula = cbind(N_s, N_f) ~ X, family = "binomial", data = mydata)

Deviance Residuals:
1 2 3 4 5
-0.7105 0.4334 -0.3098 0.6766 -0.4593

Coefficients:

Estimate Std. Error z value Pr(>|zl)
(Intercept) -2.02150 0.20908 -9.669  <2e-16 **x*
X 0.09629 0.01046 9.203 <2e-16 *x**

Signif. codes: O “**x’ 0.001 ‘*x> 0.01 ‘%’ 0.05 “.” 0.1 ¢ > 1

fitted.values(glm_fit)

The estimation B of B is R R
Bo = —2.02, B =0.096

Price reduction X; D fitted p;
5) 0.15 0.1765
10 0.275 | 0.2575
15 0.345 | 0.3595
20 0.5 0.4761
30 0.6875 | 0.7041

The Y-axis is log ( ) i.e., the log of odds. It is almost linear w.r.t. X;.

6.6.5 General logistic regression
Suppose we have predictors X;;: 1 <7 <n,0 < j < p—1. The outcome ¥; is 0 or 1.
e X;;: ith case of predictor j;

e Y, is binary

118



0.5

o _]
o
°
8
: %
Q
o
|
0
5 -
O
T T T T T T
5 10 15 20 25 30
X
Figure 6.17: p; v.s. fitted value p;
A commonly-used model is called logistic regression
X0 P
P =X = 5
1
P = 00X = e
where X is the ¢-th case:
Xi - (Xi07 e 7Xi,p—1)T S Rpa 18 = (BOa 617 e 7/610—1)—r € RP.
Let f(x) = 15; be the logistic function, then
Y; ~ Bernoulli( (X, 3)).
In other words, the sampling probability p; of Y; is
X8
. pi T e
ogit (p;) og(l_pZ) B pi= T

To estimate 3, we maximize the likelihood function:

L(B) = sz/(l —p)

The log-likelihood function is

((B) = Yilogp; + (1 —Yi)log(1 — p;).
=1
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Recall the likelihood function is

(B) =) Yilog

i=1

- Zn: (Xjﬁ Y, — log(1 + eX?ﬂ))

i=1

How to find out the minimizer of this program?

o _$(yx eXZTﬁX—nYlX I
55 = 2 | YK X | = 0 DXt e X,

=1

and

0% b X
=Y —— XX, <0
0BoBT ; (L+eXiB2 7

This is actually a concave function.

Example: Continuation of Shuttle Challenger data. We want to see if adding
more predictors helps fit the data better. Now we consider

650+51X¢+52Xi2
Y, ~ Bernoulli

1+ 6/30+51X¢+/32Xi2

Consider the testing problem:
HO:/BQZOV.S. Hliﬁg%o.

Under the full model (including three parameters) and the null hypothesis, the log-
likelihood value is

0(Bo, B, Bs) = —9.694, £(Bo, B1) = —10.158

MX) = 2(¢(Bo, Br, Ba) — €(Bo, Br)) = 2(—9.694 + 10.158) = 0.9266.

Compute the p-value,
P(x? > 0.9266) = 0.336.

It is not significant enough to reject Hy. We retain the null hypothesis.
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