LECTURE 6: LOOP SOUPS

We continues in the setup where V' is finite. The material in this lecture is again
borrowed, essentially verbatim, from Sznitman’s lecture notes.

1. POISSON PROCESS OF LOOPS

We consider the base space L* with its natural o-algebra and measure p*. We
introduce the Poisson measure with speed measure au*, with a > 0 a parameter,
and denote it P,. The base space is 0 = {pure point measures on L*}, which can
be identified with countable configurations of loops.

A slight complication is that the measure p* is infinite, but we have already seen
that it is o-finite and finite on the event N > 1, and that it is finite on loops with
&() > s, so under the Poisson measure there will be only finitely many such loops,
almost surely. So a sample point under the measure p* is of the form v = Zfil Oy
where «; are loops (which, e.g., can be ordered in terms of decreasing lifetime).
An impportant remark is that while u* is a o-finite measure, P, is a probability
measure.

A word on measurability issues: we equip 2 with the o algebra generated by
the evaluation maps w(A), with A measurable subsets of L*. Note that w(A) €

A characterization of the Poisson measure is via its Laplace functional: let @ :
L* — R, be measurable. Then,

(1) Ea<e—f<1>dV) = Eq(e” > <I>(w*)) — e @ fL*(l_e—(de*_

The formula (1) cannot be extended to a Fourier transform (i.e., replacing ® by
i®) because p* is not finite; However, if ® vanishes on loops with short lifetime,
then the formula extends naturally.

We can now introduce the occupation field {£;},ecv as

£o0) = [ L)) = 3 La0),

recalling that L, is an invariant function and thus well defined on v*. It is a-
priori not clear that £, is finite, since pu* is o-finite. However, we already saw that
E,«(£(7)) < o0, and hence

Ea(z La) = aBy-(£(7)) < oo,

which makes £, well defined. In fact, we can compute its Laplace transform.

Lemma 1.1. Let F: V — R,. Then,

(2) Eo (e Seev F@Le) — det(I + GF)~ = (det GF>

det G
Proof. By (1), the left hand side in (2) equals

o f(lfe_ Yeev F(I)Lm(’v))dur(,\/) .

1



2 LECTURE 6: LOOP SOUPS

The result then follows from Lemma 3.1 in Lecture 5, as the integral can be repre-
sented as the logarithm of determinants. ([

One important remark is in order: we see that o = 1/2 is special, because that
case leads to square-roots of determinants, which is consistent with expressions
involving Gaussian processes. We state this important consequence as a theorem.

Theorem 1.2. The field (L;)gev under Py /o has the same law as (3¢2) under the
free field with covariance G.

Proof. From Lemma 1.1 we compute the Laplace transform of the left side (i.e.,
Ene~ 2 F@£2) to be det(I + GF)~/2. On the other hand, the Laplace transform
of the right side is, by a Gaussian computation, the same expression. ([

Remark 1.3. In the same way that we did when dealing with cover times, we can
use Lupu’s coupling (involving metric graphs) to couple the field of occupation
measures too the GFF in such a way that the clusters of loops (i.e., those clusters
of points belonging to the same loops in the loop soup) are precisely the clusters of
same sign in the GFF on the metric graph.

We will explore representation formulas based on Theorem 1.2 in the next section.
For the moment, mention only that by taking F(z) = 1., one gets that

Eq(e™ %) = (1+ ng(x, )™,

i.e. £, hasa Gamma(a, g(z,z)) distribution. More explicitely, density Cy® e =¥/9(=:%) dy
with Cp = 1/(T'(a)g(z, x)). In particular, we obtain that E,(L;) < oo, as we al-
ready know.

Exercise 1. Let £, (w) = Y, 1N, >13 L2 (i), where as before w = ), d,,. Prove

that
_ ; det(I — P) \“
Eale ) (det(IPF)> ’

where PY is obtained from P by changing \, to A\, + F(x). This looks at the
occupation time of the non-trivial loops in the loop soup. For details, see Sznitman,
Page 90.

2. SZYMANZIK’S FORMULA

We recall that for a centered Gaussian field ¢, with covariance R(,-), one has
the Feynman moment formula, as follows. Let Py denote the collection of pairings
of {1,...,2k}, that is of disjoint unions of the form {1,...,2k} = UX_ {(z:, %)}
Then,

2k k
EH¢LL = Z HR(xi,xﬂ(i)).
=1

IIePy i=1
The proof goes by differentiating the characteristic function.
Szymanzik’s formula gives a similar formula, for a perturbation of the Gaussian
measure. Let v be a probability measure on R and consider its Laplace transform

h(u) = /000 e""“Wdv(y).
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We are interested in the measure on {¢; }rcy with density
_ 1 1 2
h— 1 —3E(p0) P
P! = —pe 280 Hh(Q).
eV

To describe the analogue of Feynman’s formula with respect to P", we need to
consider the Poisson loop measure with parameter 1/2, as well as additional k
paths wry, ..., wg, as follows. Write P7 for the pair partitions of (z1,. .., zax).

Let n(x) be i.i.d. random variables with law v, denote their joint law by P.

Theorem 2.1. With notation as above, we have

2k
E" ] ¢-,
1=1

Z E11,y1 - ® Ewlmyk ® fE ® El/Z(e_ 2sev 7IZ(LQH_LGC(wl)—"_m—"_Lm(w}C)))

: —Yiev Mola
N=uk_, {zs,y:}€PE E® El/g (6 ev )

Proof. Let S = S(¢z,, ..., ¢z, ) be an arbitrary test function. By the definition of
the 7, we have that

EfSe 1 (E(P )+ nael) 1 de. o (S)n
Ef 1P )+ n22) [Tdea (D

Note next that, with E7 denoting the Gaussian measure with quadratic form

E(p,9) + 2, Naprs
(4) (), = CE @ E"(S det(G,)"?)

(3) E"(S) =

where C = (271')"/‘/ 2 does not depend on S and therefore will disappear in the ratio
computation.
Now, by the isomorphism result in Lemma 1.1, we get that

E@E(SdetG,"/?) = (det G)/2E @ K, jg @ E"(Se™ 2 1eEx),

Again, the (det G) term is an immaterial constant that will disappear in the ratio.
Note that now the Gaussian field {¢,} only appears as argument of S. Using now
the Feynman formula, we can write E7S in terms of G,,.

We next recall that by formula (8) in Lecture 4,

Egy(e” 2o "“L”) =(I- Gn)_lG(x,y) = Gy(z,y).

(We had proved it for small 1, but the extension to general positive n follows the
argument we used in lecture 5, see the proof of Lemma 3.1 there. This gives the
desired formula. O

3. AVOIDANCE PROBABILITIES

Fix a subset A C V. We can define £4 as the field of occupation measure of
those (unrooted) loops that remain in A. We write K = V' \ A for the complement
of Ain V. Let G4 = G1, and, for any function F' : V. = R, Gpa = Gp.,.
Further, for any matrix C' with index set V, write C¥ for the restriction of C to
K. Note that Ck is a |K| x |K| matrix. It will be particularly useful when K is a
singleton.
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Theorem 3.1. Let F :V — R,. Then,
« K «
(5) Eq(e” Xwev F(w)(ﬁm—ﬁf)) _ (detGr-detGa\" _ det(Gr)™ .
det G - det Gp a det GK
Further, if K1 N Ky = () then
(6)

P, (no loop intersects both K7 and K») = (

det GKf - det GK§

Proof. We begin with (5). Since £ involves loops fully contained in A and £, — £
involves only loops that are not fully contained in A, these sets are disjoint. By the
Poisson property, these fields are therefore independent. By Lemma 1.1 we have

that
det Gp\“
E, (e~ = F@Lay = F )
(e ) det G

On the other hand, the restriction property tells us that
B, (e~ SF@ety - (detGra) ™
det G4

Together with the stated independence, this gives the first equality in (5). To see
the second equality there, recall Schur’s complement formula: if

AB}

Cc D

then M;' = (A— BD~'C)~"! and det M = det D/ det M;;". In particular, setting
M=—-L,M~' =G and D = —L*, we get from this formula (using that K = A°)
that (det G)~! = (det G4)~!(det(GH)71, ie.

|

det G
Ky _
det(G"™) = i Ga
Similarly,
det G
Ky _ F
det(Gy) = et Cra’

This gives the second equality in (5).
Turning to the proof of (6), note first that trivial loops cannot intersect both K3
and Ks. In particular, the event in the RHS of (6) implies that for any loop + in

the Poisson ensemble,
Ins1 3 Lo > L, =0.
reK, ye Ko

By the Poisson property, the probability of the last event is simply

ool (VNG L ey La(r)>0.8 e, Le(r)>01) _, ,—0@

We evaluate ). By inclusion-exclusion,

Q = QK1 + QK2 - QKlLJKQ
where, for any set M C V, Qn = p*({v* : N(v*) > 1,2, car La(7*) > 0}). We
now claim that

(7) Qnm = log(det GM) + Z log A\,
xeM

det G - det G(KluKz)“' e _ det(GKg)Kl
N det GEK1

)a.
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Thus,
Q = log(det G**) + log(det G*2) — log(det GF1V2).

Recall that det(GM) = dedte&’ic . Hence,

Q = log(det(G) - det(G (k,uKk,))) — log(det(Gre) - det(G k).
Another application of Schur’s complement gives

= det(Grenkg)  det(G)/ det(GE1VEz)

This completes the proof.
It only remains to prove (7). Using the Poisson nature of P, we have that

Qm = fé logPo({fw="> "6y : > > In(yys1La(v) = 0}).

zeM 1@
In the notation of Exercise 1, we need to evaluate
Pa( Z L,=0).
zeEM

Using this exercise with F'(xz) = ply,ea and taking p — oo, we obtain that

R ) _ 5 o . det(I — P
BT Lo =07 = Jim (Bl e ) = i =0
where PP = PPl By the definition,
PP(2,Y) = psoo LoemeP(z,y) =: Py.
Note that [
I-Py=|" (1 )M
Hence, det(I — Pys) = det((I — P)M"). Recalling that —L = A\(I — P), we have
_ det(I — P)M*

det(Gpre) = det((—L)M") ™! [Lcae e

Similarly, det G = det(I — P)~*/[],cy Az- Hence,
det(GMc) 1
det(G)  [loenm X’

det(I — P]\/[) =

which completes the proof.

4. INTERLACEMENTS

We restrict attention in this section to Z%, d > 3. It is not a finite graph, but
random walk is transient, so we can hope to simply approximate Z¢ by a sequence
of finite boxes V,, of side n, centered at 0, with the random walk killed when exiting
the box. We take all conductances in V;, to be equal to 1/2d, so that there is no
difference between the variable rate and fixed rate random walk.

Let X. denote the (continuous time) random walk on Z¢. Define the Green
function

(oo}
g(@,y) =glx —y) = Ex/ 1, —,ds.
0
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It is well known (and easy to check by Fourier analysis, aka local limit theorems)
that

g(x) ~ cala*~4,
with explicit constant cg.

We next introduce the notion of equilibrium measure. For K C Z%, let Tx =
inf{t: X, € K}. Let 7x = inf{¢t : X; € K,3s € (0,t]s.t. X5 # Xo}. The equilibrium
measure of K, is the measure
(8) ex(y) = PY(k = 00)1k(y),

i.e. eg(y) is the escape probability from y (recall that the walk is transient!).

Necessarily, ex(y) > 0 only if y lives on the boundary of K. The equilibrium
measure is easily checked to satisfy

(9) P*(Tk < o0) =Y gla,y)ex(y), x € Z°.
yeK

Exercise 2. Check the last display, using that the number of visits to y € 0K
before escaping is geometric with parameter ex (y).

We define the capacity of K as the total mass of the equilibrium measure ey,
ie. Cap(K) =), xex(z)

We next introduce loops. We take a point x* and insist on considering only those
loops that pass through z*. We will take * — oo after we take n — oco. Of course,
in order to visit a compact set we need to adjust «. Pick v > 0 and set

a=a(u,z*) = u&g)m
Cd
Note that a-priori, when starting from x* the probability to hit 0 (say) is roughly
¢/|z*|=2, but the probability to hit 0 and return to z* is only ¢/|z*|?(?=2?), hence
the scaling. We write P%* " = P (u,z+),v, -

Fix n and z* (with * € V},). Let Z,, 5~ denote the vertices z € V,, that have been
visited by an (unrooted) loop in V,, that passed through z*. Under the measure
Pw"m  this is a random set. We will care about its distribution. We begin with
avoidance probabilities.

*|2(d72)'

Theorem 4.1. For any fized compact K C 7.2,
(10) lim lim P (T, .. N K = ) = e~ uCapi),

T*—00 N—00

Before providing the proof, we recall a consequence of Theorem 3.1.

Lemma 4.2. Fiz K CV and 2* € V\ K. Then,

g(a*,z*)
Proof. We take in (6) of Theorem 3.1 K5 = K and K; = {z*}. Then,
P, (All loops through z do not intersect &)/«
= P, (No loop intersects both K; and Kg)l/a
_ gre(z®,27) g(a*,2*) — B (L1, <oy 9( Xy, 27))
g(x*,z*) g(z*, z*)
where the last equality is due to a first time decomposition. [

E* (1 Xpo,z®) \©
P, (All loops through z do not intersect K) = (1 - (L7 <o} (X7, @ ))> .

)
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Proof of Theorem 4.1. From Lemma 4.2 we have that, with ¢ denoting the Green
function of the random walk killed at exiting V/,,

9 (2%, 2) — B (Lizye <m0 (X1, 2%))
g(n)(x*7 .’L‘*) :

By transience, g™ (2,9) —n_00 9(z,y), uniformly in compact subsets of Z?¢. Thus,
taking the limit as n — oo in (11) one gets g (z*, 2*) — ¢(0) and thus

E*" (1{1y <o} g(XTK,x*»)

n—oo

9(0)

As z* — 0o we have that g(zr,,2*) ~ g(z*) ~ cqlz*|?~¢. Hence,
(12)

lm Y% (T, 0 N K =) = <1 -

g(0) \z* ‘2(d—2)

B calr*|>~4PT (T < oo))u <d
9(0)

lim lim P“* "™(Z, ,.NK = @) = lim (1

T*—00 Nn—00 T*—00
We recall (9):

P*(Tx < o0) = Y gla,y)ex(y),z € Z°.
yeK

when z = 2* — 0o, we have that g(z*,y) ~ g(z*) ~ ¢q|z*|>~¢ and hence P*" (Tx <
) ~ cqCap(K)|z*|?>~4. Substituting in (12) we obtain

9(0) |z* ‘2(d—2)

. 2).%|2(2—d) )\ %
lim lim P (7, . NK=0) = lm (1- calz”| Cap(K)\ " i
T*—00 N—00 ’ 5 500 g(O)
e—uCap(x)

O

While this is not obvious, this computation completely characterizes the limit
process of interlacements. The reason is that by inclusion-exclusion, one can eval-
uate from it the limit of

]P)u,x*’n(l.n,a:* N K — (2)7K/ c In,a:*)
for disjoint K, K’ and thus characterize the occupied set distribution.

4.1. Another construction. We sketch another construction of interlacements,
which does not use the loop soop but rather works directly with path measures.

Let V,, be as above, but now identify the boundary of V,, with the point z*. Let
7 =inf{t>0: LM > u).

Proposition 4.3. For d > 3, one has that

n,z d int,u
{LT’? }mezd oo {Lw }erd7
where L;ljvnt’" 1s the local time of the interlacement process defined above, and the

convergence is with respect to cylinder test functions.

A proof can be obtained by computing the Laplace transform E(exp(—>_ F(z)L7:")),
noting that it has a limit as n — oo, and then equating that limit with

E(exp(— Y F(a) L)) = exp(—u Y (I + GF) " (x,y)F(x)).

z,y
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One convenient way to compute the limit is by using the GRK2 for L7:".
Exercise 3 (*). Prove Proposition 4.3.

Once the limit is obtained, and rrecalling that for d > 3 the GFF in V,, has a
limit {¢,} due to transience of the random walk, we obtain the following.

Corollary 4.4.

(i Lot} 2l vaur)
z€Z4

zE€Z

Let V, denote the complement of the interlacement set, i.e. the vacant set. Let
now u, be such that V, percolates for u < u* (monotonicity here is clear due to
the Poisson construction of interlacements). Let h, be the supremum of the h such
that the set {¢, > h} percolates. By applying Lupu’s isomorphism (i.e. moving to
the metric graph of Z?), we see that the connected clusters of —¢ + V2u* < 0 are
dominated by the vacant set. In particular, h, < v/2u..

Remark 4.5. An interesting question is whether h, > 0. This was shown in large
enough dimension for d large enough by Rodriguez and recently in all dimensions
d > 3 by Drewitz, Prevost and Rodriguez (arXiv:1708.03285).

4.2. Yet another construction. This sub-section is devoted to Sznitman’s orig-
inal construction of the interlacement process, which was motivated by certain
disconnection problems, and in particular the claim that the time to disconnect the
cylinder (Z/NZ)? x 7Z by random walk is of order N2¢. This is done in discrete
time, directly on Z%, d > 3, as follows.

Let W, (W) denote the space of infinite (doubly infinite) paths, let W* = W/ ~
and 7* : W — W™ where the equivalence relation is equality modulu time shifts. We
consider the space W* x R, where the second coordinate corresponds to intensity.
Sznitman constructs a Poisson measure P on W* x R, with intensity o = v x Leb
(a o-finite measure), as follows. For a compact K C Z4, let W5 denote the subset
of trajectories entering K for the first time at time 0, i.e. w(0) € K, w(n) ¢ K for
n < 0. Let Wy = m*W.

Theorem 4.6 (Sznitman). There exists a unique o-finite measure v as above so
that, for any compact K,
IWI*(V = QK<7T*)_1
and Qx satisfies:
(1) Qr(wy = z) = ex(x).
(2) Fiz x € 0K. Conditionally on wy = x, under Qg the paths (wy)n>0 and
{w_pn}n>0 are independent, of law P* and P*(-|Tx = 00).

In particular, under conditioning by wo = z, Qk is a probability measure.

Note that from the existence of the measure v we obtain that (W3 x [0,u]) =
uCap(K) and hence, with V, denote the vertices in Z¢ that have not been visited
by any path of intensity smaller than u, one has P(K C V,,) = e’“cap(K)). Thus,
we obtain an alternative construction of the interlacement process.

(Sketch). The uniqueness is clear since there exists an increasing sequence K,
Z%. So the only issue is the construction of v. For that, it is enough to show that
the measures defining v are compatible. That is, define vg = Qg (7*)~t. It is
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enough to show that if K C K’ then 1y: vk = vg. This is a computation: let
Yk, K+ denote the collection of paths of finite length connecting a point in 0K’ to a
point in 0K, entering K only at the endpoint; let L(o) denote the length of a path
0 € Xk k. Let A; C Z9. Then, we need to compute

Q.= Z Qr (Wiy (o) € Aiyi € Zyw; = a(j),5 € [0, L(0)])
OEX K K/
and compare this to Qx (w; € A;,i € Z). (Picture!).
Relabeling, we have
Q: Z QK/(w’L GAi—L(J)vieszj :U(]),]G [O,L(U)D
O'EEK,K/
By definition of Qk-, this equals
Q = Z Z eK/(x)PI(wi € A—i—L(O’)7i > 0|TK/ = OO)
0ES ¢ g TEIK!
P (w; =05 € Aj_p(0), ] € [0, L(a)]) T (w; € Ai_p(0),i > L(0))
= Z Z Pz(wiGA_i_L(o),iZO,TK/:OO)
0ES g g TEIK'
(13) P (w; = 0(j) € Aj_L(0),J € [0, L(a)]) 7D (w; € Ai_ 1), > L(0))
= Z Z leP;P;(L(O-))'
0€X ) g1 TxEIK'
Let Z}C(’f’K, denote the paths in Y g that start at @ € K’ and end in y € JK.
By time reversal (we are dealing with random walk!), we have for o(-) € Zf(’f’K,,
Py =PY(wj =0(L(o) —j) € A_j,j €[0,L(0)], 7k > L(0)).
Therefore, for such o(+),
P127P2m = Py(w] € A—jvj > O;’U)j = U(L(U) - ])a] € [OaL(U)};wL(U) =T, TK = OO)
Summing the last expression over 2 and those o € X%, with o(L(0)) =y, we
obtain that the sum equals
PY(wj € A_j,j > 0;7x = 00).
Substituting in (14), we obtain that
Q=Y PV(wj € A_j,j > 057k = 00)PY(w; € Aj,j > 0),
yeoK
which equals
> PY(w; € Ay, j> 0l = 00)ex (yh(w; € Aj,j > 0) = Q(w; € A, j € Z),
yeIK
as claimed. 0O
It is easy to see from the construction that the measure v is translation invariant
and invariant under time reversal. It is a bit more delicate, but still true, that

its restriction to W* X [0, u] is ergodic with respect to spatial shifts. From this it
follows that, with P*“(-) := P(- x [0,u]), one has

P“(V* contains an infinite cluster ) € {0, 1}.
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With u, denoting the supremum of us for which the probability that 0 is in an
infinite cluster is positive, Sznitman showed that u. < oo (and that u, > 0 for
d > 7.) The proof that u, < oo involves a renormalization scheme, using a small
increase of u,, — ;41 (and independence coming with it) to overcome the long-
range dependence of the model.

We remark that Teixeira showed that the infinite cluster, when it exists, is
unique.

Let us sketch the main part of Sznitman’s proof of non-percolation for u large. He
starts with a sequence of scales growing fast, L, = L81+a)"7 with ¢, = Lp41/L, =
L%. Tile Z* with L,,-boxes, consider for each such box V,, its neighbors at scale L,,
let V,, denote this bigger box (of side 3L,,) and then consider the event

There exists a vacant crossing from V,, to OV, with intensity < uy,
and mark by p, (u,) the probability of that event. One now chooses the intensities
un = ug [[1 (1 + ¢/£42)" for some ¢ and 7 thd. The main estimate is

pulun) < COV/L,

which goes to 0 if the constants are chosen right, while u,, — @ < co.

To see the main estimate, one goes a level down, and notes that such a vacant
path must connect a point in V;, through a box at scale n — 1 on its boundary to
a box of scale n — 1 at distance 3L,,/2 to 8‘7,1, while staying inside the “annulus”
between these two. To start with, by an induction hypothesis there are not too
many such boxes in the u,,_1 intensity level that are crossed by a vacant path. The
union over the number of choices of the intermediate boxes gives the factor (£4-1)2,
and now we can fix two such boxes (picture!). Now use the increased intensity to see
that the event of having a crossing path between them is of low probability, about
1/L,. The actual computation is long and difficult and is beyond these notes.



