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ABSTRACT. It is shown that the product of the Rényi entropies of two independent
random vectors provides a sharp lower bound for the expected value of the moments
of the inner product of the random vectors. This new inequality contains important
geometry (such as extensions of one of the fundamental affine isoperimetric inequalities,
the Blaschke-Santalé inequality).

INTRODUCTION

Vitale (1996a, 1996b, 2001) presents evidence of a surprising connection between
probability and analytic convex geometry. In this paper we contribute additional
evidence of this unexpected link between these subjects.

It will be shown that the product of the Rényi entropies of two independent random
vectors provides a sharp lower bound for the expected value of the moments of the
inner product of the random vectors. Our new inequality encodes important geometry.
For example, a non-technical version of the Blaschke-Santal6 inequality for compact
sets is but one special case.

This paper deals with random vectors in Euclidean n-space, R". For vectors x,y €
R™ let x-y denote their inner product. If ¢ € GL(n), then we use ¢ ¢ to denote the
inverse of the transpose of ¢.

If X is a random vector in R™ with density f, then for A > 0, the A-Rényi entropy
of X is defined (see e.g., Cover and Thomas (1992) and Gardner (2002)) by

—x10g [ f(@) de  A#£1,
— Jan f(x)log f r)der =1
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The A-Rényi entropy power of X is defined as

Na(X) =P with  Ny(X) = lim Ny (X).

A—00

A random vector in R", with density function f, has finite pt* moment provided
that

[ lalr e < .
where |z| denotes the ordinary Euclidean norm of = € R™.

For ¢ € GL(n), and p, A > 0, define densities ¢, x: R — R by

b(1+|pzP)~T A<1,
dp(w) =  be 1" A=1,

b(L—|pal?)TT A> 1,

where (2)4+ = max{0, z}, and in each case b = b, » is chosen so that ¢,  is a density.
We shall prove an extended version of:

Theorem. Suppose realp > 1 and real X > n%_p are fixed. If X andY are independent
random vectors in R™ that have finite p* moment, then

E(IX - Y[P) > 1 [Nx(X)NA(Y)] ",

where the best possible ¢y is given by

2 p+1 n+p\~l_./n 1432 9
St () ) TGy
“ 1\ 2 2 2" “

n n(l A) A % n 1 n
;( > (mf_x)—l) B(%,t5—3) A<l
o= ()

n n(A—1 % n
k5<1+( )) (e +1) B2 ) A1,

ﬁlﬁ

) A=1

Equality occurs if and only if X has density a.e. ¢, x andY has density a.e. (ap™")p.x,
with a > 0.

If K C R™ is a compact set with volume (i.e., Lebesgue measure) V(K) and X has
density 1x/V (K), then trivially Noo(X) = V(K). Now if K, L C R™ are compact and
we let X, Y have densities 15 /V(K),15/V (L) then letting A — oo and p — oo in the
theorem gives the following inequality.
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Corollary. If K,L C R" are compact, then

2 ™ > V(K)V(L).
wnxer;l(%lx y|" > V(K)V(L)

Here w, = 7"/2/T'(1 + n/2) denotes the volume of the unit ball in R™. If K is
an origin-symmetric convex body and L is the polar of K, then the above inequality
is the classical Blaschke-Santalé inequality, with sharp constant. See e.g., the books
of Gardner (1995), Leichtweifl (1998), Schneider (1993), and Thompson (1996) (and
also the article of Bourgain and Milman (1987)) for references regarding the Blaschke-
Santal6 inequality.

0. DUAL MIXED VOLUMES OF RANDOM VECTORS

Each non-negative p € L,(S™ ') defines a star-shaped set K = K, C R" by
K={ru:0<r<p(u) withue S" '}

The set K is called the L,-star generated by p and the function p is called the radial
function of K (and is often written as p, to indicate its relationship to K). We will
not distinguish between L,-stars whose radial functions are a.e. equal.

It is convenient to extend the definition of the radial function from S™~! to R™\ {0}
by making it homogeneous of degree —1. Thus, for an L,-star K C R", the radial
function p, : R™\ {0} — [0,00) can be defined by p, (z) = max{r > 0:rz € K }.
From this it follows immediately that if ¢ € GL(n) then the radial function of the star
oK = {¢x: x € K} is given by p,, (z) = p, (¢~ z) for all z # 0. From this, and the
homogeneity (of degree —1) of the radial function, it follows immediately that F is
an origin-centered ellipsoid of positive volume if and only if there exists a ¢ € GL(n)
such that 1/p, (z) = |¢z|, for all = # 0.

Elements of the dual Brunn-Minkowski theory of L,-stars were studied by Klain
(1996, 1997). Other extensions for the dual Brunn-Minkowski theory have been con-
sidered by Gardner and Vol¢i¢ (1994) and Gardner, Vedel Jensen, and Vol¢i¢c (2002).

An L, -star whose radial function is both positive and continuous is called a star
body. A star body that is convex is called a convex body. Note that throughout, convex
bodies are assumed to contain the origin in their interiors.

If K is a convex body in R", then the polar, K*, of K is defined by

K'={zeR":z-y<1 foralye K}.
It follows immediately from this definition that if ¢ € GL(n), then (¢K)* = ¢~ K*.

From this we see that pp, ps are radial functions of polar reciprocal origin-centered
ellipsoids if and only if there exists a ¢ € GL(n) such that

1pi(z) =gz,  and  1/pa(x) =|¢"2], (0.1)

for all x # 0.
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Suppose p > 0. Define the dual mixed volume V_p(K, L) of an L, ,-star K and a
star body L by:

V) =5 [ e @ =" | @ (02

n n

where in the left integral the integration is with respect to Lebesgue measure on S™~!
and in the right integral the integration is with respect to Lebesgue measure on R™.
Obviously, for each star body L,

V_,(L,L)=V(L). (0.3)

From (0.2) and the Hoélder inequality we see that if K is an L,,4,-star and L is a
star body, then we have the dual mixed volume inequality:

V_,(K,L)" > V(K)""PV(L)7?, (0.4)

with equality if and only if there exists a ¢ > 0 such that, a.e., p,, = cp,. Thus for the
volume of each L, ,-star, K, we have

V(K)" =Inf{V_,(K, Q) : Q is a star body with V(Q) = 1}. (0.5)

If X is a random vector in R", that has finite p™ moment and L is star body in
R™, then define the dual mixed volume V_,(X, L) by

D) =" [ @) e da, (06)

where f is the density function X. It will be on occasion convenient to write V_,(f, L)
rather than V_, (X, L).

For p, A > 0, define p): RT — R™ by

(1+sp)ﬁ A< 1,

pa(s) =< e A =1,
_1

(1-s)TT A1

—S8

We shall use:
Lemma 0.1. Suppose K is a star body in R™. For real a,p, A > 0, with A\ > n/(n+p),

/ P (@)pa(a/py (7)) dr = o " V(K),
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where
n n+ A n
ay = n/ s"TP1py(s)ds = %F(%p) A=1, (0.1.1)
0 np(nte Ay A> 1
p p -1 :

Proof. Rewrite the integral over R™ as an integral over S"~1 x (0, )

/n P(x)pa(a/py(z)) de = /Sn 1/ (ru)pa(a/p, (ru))r™ tdrdu,

and observe that the inner integral is easily evaluated. Specifically, for fixed u € S*~ !,
make the change of variable s = [a/p, (u)]r = a/p,. (ru) and observe

| ereumalo oy tdr =a ) [y s)ds
0 0

=aia ("J’p)lpﬁ(u). O

Thus, if K is a star body and b is chosen so that bpy(a/p,. ) is a probability density
and a > 0, then

V_p(bpa(a/py), K) = ba™ "o, V(K).
We shall need:

Lemma 0.2. Suppose K is a star body in R™. For a,p, A > 0, with A\ > n/(n + p),

[ ps(@/p(a)) do = a "oz ()

where e .
. TB(L, = — ) A<l
Qg = n/ s"Ipa(s)ds = ¢ FT(5) A=1, (0.2.1)
0 n n oA

The proof is similar to that of Lemma 0.1.
We shall also use:

Lemma 0.3. Suppose K is a star body in R™. For a,p, A > 0, with A > n/(n + p),

[ pae/p()) do = a e (),

where o .
- 2B(L 25— ) A<,
az = n/ s"Ipa(s)tds = ¢ 3T(%) A=1, (0.3.1)
0 n n A
nB(2, 2141 A1

The proof is similar to that of Lemma 0.1.
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1. CONSTRAINED MAXIMUM RENYI ENTROPY

The following lemma presents the solution to the problem of maximizing the \-Rényi
entropy when the value of the dual mixed volume of a random vector is fixed.

n

Lemma 1.1. Suppose K is a star body in R™ and real p,A\,c > 0, with A > .
Consider the problem of finding

max Ent ) (X),

subject to the constraint that X be a random vector in R™, with finite p'® moment,
such that
V (X, K) =
Then, the unique mazximum is achieved by the random vector whose density function
18 a.e.
bp}\ (a/pK)7

where b > 0 is chosen so that bpx(a/p, ) is a probability density and a > 0 is chosen
so that

V—p(bpk(a’/p;{)’ K) = C.

Proof. Suppose f is a probability density on R™ such that f/_p( fLK)=c.
For the sake of notational simplicity let M denote

n
n—+p

M =

V0K = [ pride

and let
g)\7p = bp)\(a/pK>7

where b > 0 is chosen so that bpy(a/p,. ) is a probability density and a > 0 is chosen
so that

M:b/ p;ppx(a/pK)dx:/ p;pgA,pdx:/ p L fdz. (1.1.1)
n Rn n

(I) Case A = 1.

From the fact that g1, = be~ " /Pk . and the fact that f and g1 are probability
densities, together with the last identity in (1.1.1), and the definition of Ent;, we have

/floggl,p/f /flogfdw+/ flog g1, da
:—/ flogfda:+/ (logb —afp P)f dx

:_/ flogfdgH-/ (logb —afp P)g1,pdz
= Ent;(f) — Ent1(g1,p).
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From the strict concavity of the log function, we see that

log g1, dx < log/

g1,pdx =0,
Rn

n

flog(grp/f) da < /

RTL

with equality if and only if a.e. f = g1,,. Thus

Ent (f) < Enty(g1,p),
with equality if and only if a.e. f = g1 .

(II) Case X\ # 1.
From the fact that g, ) is a density function, Lemmas 0.2, 0.3, and 0.1, we have

1= / grpdr =ba "aV(K)

/ g/’\\p dr = bAa_”a;»,V(K)

M= | pPgrpde=ba~"PaV(K).
Rn
Thus
- a3 o1
b A/n gf\‘,p dr = o and a? M = o (1.1.2)

We now divide the case A # 1 into two subcases, sub-case A < 1 and sub-case A > 1.

(I11) Sub-case X < 1.
The Holder inequality and the fact that f and gy, are probability densities, shows

that
1-X A
/ g}\z‘f}‘ dr < (/ Irp dm) (/ fdx) =1, (1.1.3)

with equality if and only if a.e. f = gy .
From the definition of g, , and the definition of py, for A < 1, we see that g}\;’\ =

b= —aP pr g/l\_pA. From this and the Holder inequality, again, we have:

/ g}\;’\f’\ de = p1=* A dx —/ app;pg/l\z‘f)‘
Rn Rn n

1—X A
e B ( / P Inp dw) ( / p 0 f dw)
R™ R™ R™

== [ fAdz—dPM.
R»

This together with (1.1.3) shows that

VA | A de < aPM 41, (1.1.4)
Rn
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with equality if and only if a.e. f = gy ).
In this sub-case (1.1.2), together with (0.1.1), (0.2.1) and (0.3.1) give:

A

1-\ A - I b
b /gmjdaj—a =X &
" 2 1-X\ P

n
M=t r
A _n
a2 1-X p

It follows that
a?M +1= bl_)‘/ gf\‘yp dx.

n

This and (1.1.4) gives the desired result that

Ade < / g§ »dT,
Rn R*
with equality if and only if a.e. f = g p.

(I12) Sub-case X\ > 1.
From the the Holder inequality we have

1-1/X 1/X
/ gr, fdz < (/ I p da:) (/ 2 dq:) , (1.1.5)
R~ R n

with equality if and only if a.e. f = gy p.

From the definition of gy, and the definition of py, for A > 1, we see that in this
case gj\\;l > b1 —aP pP). This and the fact that f is a probability density gives:

/ Grp fdx > (1 - ap/ pPf dx) =11 — a? M). (1.1.6)
RTL n
In this sub-case (1.1.2), together with (0.1.1), (0.2.1) and (0.3.1) give:

A
_ a3 A—1
bt ’\/ gﬁ,pd:ﬁ:—:—)‘
n

az 2+

o n

1
oM=—=F"0

R A

These identities yield
V1 —aPM) = / gi’p dz,

n

and thus from (1.1.6) we have:

[ otz [ 9, an
n Rn
This and (1.1.5) gives the desired result:

fAdZUZ/ g dx,
Rn n

with equality if and only if a.e. f =gx,. O
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2. INEQUALITIES BETWEEN DUAL MIXED VOLUMES AND RENYI ENTROPY
Lemma 2.1. Suppose real p > 0 and \ > niﬂ). If K is a star body in R™ and X is a
random vector in R™ that has finite p* moment, then

Vop(X, K) = (14 ) col Na(X) V()

with equality if and only if X is a random vector with density function a.e. proportional
to paa/py ), with some a > 0.

Proof. Abbreviate
M = p .l fdx = "

Vo, (f, K).
- —— p(f K)

Let
9rp = bpr(a/py),

where b is chosen so that bpy(a/p, ) is a probability density and a is chosen so that

M = b/ prpa(a/py)dx. (2.1.1)
]Rn
First note that from Lemma 1.1 we know that

Nx(grp) = Na(f), (2.1.2)

with equality if and only if a.e. g) , = f.
From (2.1.1) and Lemma 0.1, we see that

M = ba~"*P o,V (K).

From the fact that gy, is a density function and and the fact that g, = bpa(a/p,),
together with Lemma 0.2 we see that

1= / grpdr =ba "V (K).

Thus, we have:

P = ajzlw (2.1.3)
an
b —_— O{QT(I{). (2.1.4)

From Lemma 0.3, together with (2.1.3) and (2.1.4), we have

n(iA—1)

1 o P
A D P _ 1 1-\
/ngkypdx—b a aBV(K)_a_é\ <a2M) asV(K) .
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Thus, for A # 1,

y2) %} ﬁ Q2 y2)
Nx(grp)™ = (;) a_lMV(K)”' (2.1.5)
2

Suppose A = 1. From the definitions of g; ,, p1, Enty, and the fact that bp;(a/p,)
is a probability density together with Lemma 0.1, (2.1.4), and finally (0.1.1) together
with (0.1.2) we have:

n

Enti(g1,) = —/ be*app}p(logb —aPp P)dx

——togt [ tn(alp )+ [ mialp,)da
n Rn
= —logb+ba "y V(K)

= —logb+ﬂ
2

= —logb+ L
p
This and the definition of Ny, together with (2.1.3) and (2.1.4), and finally (0.1.1) and
(0.1.2) gives
D ep 2 2

N1(91,p) = a3 MV(K)~. (2.1.6)

Therefore, from (2.1.2) and (2.1.5), (or from (2.1.2) and (2.1.6) when A\ = 1), we
have
MYP = o [NA(F)/V (E)™,

with equality if and only if f = gy ,, a.e., where ¢ is given by

1 1
n(A—1) re) _1
@3 a1 n
(32)777 (&) @ A1

1
(p)ray ™ A=1
By using (0.1.1), (0.2.1), and (0.3.1) one now obtains the inequality of the lemma. [

A simple limit argument shows that the inequality of Lemma 2.1 holds when A\ = oo.
However, in order to obtain the equality conditions we shall proceed in a different
manner:

Lemma 2.2. Suppose p > 0. If K s a star body in R™ and X is random vector in
R™ that has finite p™ moment and bounded density, then

Vop(X, K)7 > [Noo(X)/V (E)] 7,
with equality if and only if there exists an a > 0 such that the density function of X
is, a.e., 1o /V(aK).

Proof. Let f be the probability density of X, and let ||f|l.. denote the essential

supremum of f. We are assuming that [|f|. < oo, and for convenience let a =
1

[ fllooV (E)] ™5
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From the definition of a radial function (and the fact that K is a star body) it
follows immediately that « € int aK if and only if a > p'(x) or equivalently int aK is

precisely the set on which the function (a? — p”)4 is positive. This observation and
the fact that f is a density function, together with definition (0.6), shows that

/n(ap —pg )+ fdr > /n(ap — ) f da

n
n +pV—P(f7 K)7

:a,p—

with equality if and only if f(x) = 0 for almost all x ¢ intaK.
Again from the fact that int aK is precisely the set on which the function (a? —p ")+

is positive, together with (0.2), the fact that f/_p(-, K) is homogeneous of degree n+ p,
and (0.3) we have:

[ @ =p)sar<ifl [ @ =) da
1l [ (" =) da
R Ry

n+p

— L) fll V(K
L f V()

with equality if and only if f is a.e. constant on int a kK.
Combining the above inequalities, and recalling that a = [|| f||c V (K)] ™=, gives

V(£ K) = o — Lot £ v ()
= [/ -V (K)] %,

with equality if and only if f is a.e. constant on int a/K and 0 on its complement.
This, and the fact that Noo(f) = 1/ f]|oo, gives the desired inequality and the fact
that equality holds if and only if, a.e., f = 1,x/V(aK). O

3. A STAR BODY ASSOCIATED WITH A RANDOM VECTOR

Suppose p > 0, and f: R® — R is a density function that has finite p'" moment.
Define the Borel measure ps on S"~! by letting

| awdnst) = [ r@atalal)ap do

for each ¢ € C(S™™1). Since the measure s is absolutely continuous with respect
spherical Lebesgue measure, there is an essentially unique function f € L1(S™ 1) such
that f > 0 and

» [ atwi de= [ f@ato/fal)ap de,
Snfl R™
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for each ¢ € C(S™~'). Thus, from f we get a unique L, -star, T, f, defined by
p"P = f such that

Tpf

V(T f,Q) = | f@pq (@) Tde, (3.1)

for each star body Q. Note that 0 < V(T},f) < oo (since V(T f) = = [gu s f7+7), and
define S, f = V(T, f )%Tp f. The homogeneity (of degree n) of volume now immediately

gives V(S,f)™7 = V(T,f)7. But V(S,f) 755, f = T,f and the fact that V_, (-, Q)
is homogeneous of degree n + p, lets us rewrite (3.1) as

V(S0 QUV(S,H) = [ Fa)pa(a) 7o (3:2)

or by (0.2) equivalently

nip “Pdr = x x) Pdx :
s Jo @ = [ 1@a) v (33)

for each star body Q.

If X random vector in R™ with density function f, that has finite p'® moment, then
we will often write S, X rather than S, f. Thus, from (3.2) and (0.6) we see that S, X
can be defined by simply requiring that

Vop($,X.Q)/V(5,X) = (1+ ) 7,(X. Q). (3.4)

hold for each star body Q.

Observe that if f € C2°(R™) is positive in a neighborhood of the origin, then the
Ly, star, Spf, is in fact a star body, and it follows that from (0.2) together with
(3.2) that its radial function pg , is given by

1

n+p _ > n+p—1d )
P e 07 = [ gt ar

If f € C*(R") is positive in a neighborhood of the origin, then by taking @ = S, X
in (3.4) and recalling (0.3) we see that

Vo, (X,8,X) =1+ %. (3.6)

As will now be shown, the volume of the star associated with a random vector can
be bounded from below by the A-Rényi entropy power of the random vector. Although
the inequality of our next lemma is stated without equality conditions, it is sharp.
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Lemma 3.1. Suppose p > 0 and A > #_p. If X is a random vector in R™ that has

finite p*™™ moment, then

V(S,X) > cl/PNy(X).

Proof. Let f denote the density function of X. First note that if f € C°(R") is
positive in a neighborhood of the origin, then from (3.6) and Lemma 2.1,

P~ n n/p
(14 2)" =V (X, 8,07 > (14 2) 7 /P NA(X)/V (8, ). (3.1.1)
n n
This establishes the desired inequality for the special case where f € C°(R™) is
positive in a neighborhood of the origin.
To handle case for arbitrary f when \ # 1, choose a sequence of probability density
functions f; € C2°(R™) that are positive in a neighborhood of the origin and such that
lim [ fi@)pg (@) Pdr = [ f(x)py(a)Pda, (3..2)
71— 00 Rn Rn
for each star body @, and
limsup Nx(f;) = Na(f)- (3.1.3)
Now suppose @ is a star body such that V(@) = 1. From (3.1.2) and (3.2), followed
by the dual mixed volume inequality (0.4), then (3.1.1), and finally (3.1.3), we have

Vop(Spf, Q)/V (Spf) = lim V_,(Sp.f1,Q)/V(Spf:)
> limsup V (S, fi) "

> co limsup Ny(f;)
> coNA(f)".

This together with (0.5) now completes the proof for the case of arbitrary f when
A # 1. The case of arbitrary f when A\ = 1 now follows from the case \ # 1 by taking
a simple limit. [J

3

It will be convenient to re-define ¢y so that it is defined not only for positive A but
for A = oo as well. To this end, define

’ 1 n
n n(l—=X)\ -1 A p n n
5(1—7) (n(f—)\)_l) B(Z. 5 —%) A<l
PN (™ -
Can/p: (%) F<p+1) A=1,
1 n
n n(A—1)\ 1 A » n A
(1428 (R +1) "B ) A>1,
[ (14+2)7 A= .

Taking A — oo in Lemma 3.1 (and noting that limy ., co = (1 +p/n)~1) gives:

Lemma 3.2. Suppose real p > 0 and X is a random vector in R™ that has finite p*"
moment, then
V(S,X) > /PNy (X).
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4. MOMENTS OF RANDOM VARIABLES

Suppose p > 1. If K C R™ is an L,,4,-star that is of positive volume, then its polar
Ly-centroid body, I'; K, is the convex body whose radial function is given by

prs « i (w) / lu - z|Pdx. (4.1)

From this definition, it is easily seen that if E is an ellipsoid centered at the origin
then
[ E is a dilate of E™. (4.2)

Definitions (0.2) and (4.1) and Fubini’s theorem show that for positive-volume L,, -
stars K, L C R"™ we have

Vo (K, T3 L)V (K) = V(L T3K)/V (L), (43)
Take L = '} K in (4.3), and from (0.3) get: If K C R™ is an L, ,-star, then
V(K) =V_p(K,T;TK). (4.4)

For p = 1 and a more restricted class of bodies identity (4.3) was first given in Lutwak
(1990).

Lemma 4.2. Let X and Y be independent random wvariables in R™ that have finite
p moment, then forp > 1

Vo,(X,T:5,Y) = E(|X - Y|P) = V_, (Y, 55, X).

Proof. Let f,g be the density functions of X Y.
First note that an obvious limit argument in (3.3) shows that for each x € R",

n-+p / » / »
—_— x-ylPdy = g(y)|x - yPdy. 4.2.1
Wisy Jo el eyl (12.1)

By using (0.6), (4.1), and (4.2.1), we have
VL (XTSY) = (14 8) [ @)@
n+p / / »
= ——— x z-yPdydz
VS, fon T . leeylrdy

=/n/n|x yI" f(@)g(y) da dy

= BE(X-Y).

To complete the proof observe that E(|X - Y'|P) is symmetric in X and Y. O
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Define ¢, by

Cy =

We shall use the following result of Lutwak and Zhang (1997) (see also Lutwak, Yang,
and Zhang (2000) as well as Campi and Gronchi (2002)): If K is an origin-symmetric
convex body, then

V(TLK)V(K) < e, (4.5)
with equality if and only if K is an ellipsoid centered at the origin.

Theorem 4.3. Suppose real p > 1 and \ € (n+p oo|. Let X and Y be independent

random variables in R™ that have finite p** moment (and are also of bounded density
if A\ =o00), then

SI’B

E(X - Y[P) > ey ™ (14 2)[NA(X)NA(Y)]%,

with equality for X < oo if and only if there exists an ¢ € GL(n) with X having density
a.e. dpn andY having density a.e. (ap™"), n, with a > 0, and equality for X\ = oo if and
only if the densities of X and Y are a.e. proportional to the characteristic functions
of dilates of polar-reciprocal origin-centered ellipsoids.

Proof. With i # j, let {X;, X;} = {X,Y} and let f;, f; denote the density functions
of X;,X;. From Lemma 4.2, (3.4), the dual mixed volume inequality (0.4), Lemma
3.2, (4.5), (0.4), (4.4), and Lemma 3.2, we have
E(|X -YP) =V_p(X;,I},9,X5)

EYWV_p(SpXi, T35, X;)/V (S, X,)
[V (S,Xi)/V (T3S, X))
co[ NA(X:)/V (T} S, ;)] =
nV (r*r*s X;)

o (Sp X5, TETES, X)) IV (S, X )
V(S,X;)n
cgpCsy "N,\(XZ)nN,\(X )n.

P
i n

ﬁl‘@

(Xi)
CoCQ_”NA(Xl)
(Xi)

3l

CoCy nN)\ i

)
)
Jcocs " Ny
)
)
)¢5

SR IR I I OSB3I

Suppose there is equality in the inequality of the theorem. Obviously, this implies
equality in all of the inequalities above. Equality in the first inequality, by the equality
conditions of the dual Minkowski inequality (0.4), implies that there exist d; > 0 such
that, a.e.,

pSpXi = dipF;SpXj . (431)
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The fact that V_p(Xi,F;SpXj) = (1+ B)eo[NA(Xy)/V (TS, X)) and the equality
conditions of Lemma 2.1 (or Lemma 2.2 if A\ = co) shows that there exist a;,b; > 0
such that, a.e.,

i =

bipA(@i/Prrs «.) A < oo,
{ "o (4.3.2)

Lo,rss,x;/V(al'pSpX5) A= oo.

From the equality conditions of (4.5), we see that equality in the third inequality
implies, that there exits an origin-centered ellipsoid, Ej;, such that

r:S,X; = Ej. (4.3.3)
But (4.3.3) and (4.3.2) show that a.e.,

bipx(ai/pg. A < 00,
ﬁz{ palai/pz,) (4.3.4)
laiEj /V(CLZEJ) A = o0.
But (4.3.1) and (4.3.3) show that p, . = dip, ; a.e., and hence by (4.1)
T35, X; = d, B, (4.3.5)
for some d; > 0.
Note that (4.3.2) shows that, a.e.,
Pl bjp,\(aj/przspxi) A < o0,
’ Lo,rzs,x./V(a;159,Xi) A = oo,
and when combined with (4.3.5) we see that, a.e.,
bipala;/p, ,.) A< oo,
7Y 1 v ,é* \— (4.3.6)
a;.E;.‘/ (aj j) = 00,

for some a}; > 0. When (4.3.4) and (4.3.6) are combined with (0.1), we get the desired
equality conditions. [

A comment regarding the above proof: Two extra steps were needed in the proof
of the inequality of Theorem 4.3 because inequality (4.5) had not been established for
the class of L, ,-stars. The class reduction technique that is used to overcome this
difficulty was introduced in Lutwak (1986).

Suppose K, L C R"™ are compact. In Theorem 4.3, with A = oo, let X and Y be
random vectors with density 15 /V(K) and 1 /V (L) and get:
Corollary 4.4. If K and L are compact sets in R™, then for real p > 1,
| [ aeupdedy = S v
KJL n+p

with equality if and only if K and L are, up to sets of measure 0, dilates of polar-
reciprocal, origin-centered ellipsoids.

The limiting case p — oo of Corollary 4.4 gives:
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Corollary 4.5. If K and L are compact sets in R™, then

3=

. > ;%
L o oy| > wn " [V(E)V(L)

If K is an origin-symmetric convex body and L is its polar, then the above inequality

/n

is the classical Blaschke-Santalé inequality (and wy, 2/ is the precise constant that

makes the inequality sharp).
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