HOLONOMY IS CURVATURE

DEANE YANG

1. CONNECTION ON A VECTOR BUNDLE

Let E be a vector bundle over a smooth manifold M and V a connection on E. If you
prefer, you can assume that E is the tangent bundle T, M and V is the Levi-Civita connection
of a Riemannian metric on M.

2. CURVATURE

The curvature of the connection is the section Q of A T*M ® End(E). In other words,
for any x € M, X,Y € T, M, the curvature tensor defines a linear map

QX,Y): E, — E,,
given by
(1) QX,Y)e=([Vx,Vy] = Vixy))e, for any e € E,

The curvature is an antisymmetric tensor with respect to X,Y € T, M. In other words, for
any X1, X, € T, M and a',a® € R,

Q((Ile + GQXQ, Y) = alﬂ(Xl, Y) + GQQ<X2, Y),
and for any X,Y € T, M,
QY, X) = —Q(X,Y).

3. PARALLEL TRANSPORT AND HOLONOMY

Given a smooth curve c¢: [0,1] — M, the parallel transport of e € E.() along ¢ is defined
to be the section f : [0,1] — E such that the following hold for each t € [0, 1]:

f(t) € Eqy
f(0)=e
va<t) =0,

where 7' = 0;. Denote P.e = f(1).

If ¢ is a closed curve, i.e., ¢(0) = ¢(1), then it is not necessarily true that P.e = e. The
difference is known as the holonomy of the connection around the loop c. It is well known
that the curvature tensor €2 is closely related to holonomy. In particular, curvature can be
viewed as an infinitesimal measure of holonomy. This note provides a rigorous way to express
this by showing that the holonomy around a loop is equal to the integral of curvature along
any disk bounded by the loop.
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4. HoMOTOPY

> S ¢
1

Let ¢: [0,1] = M be a C' closed curve such that ¢(0) = ¢(1) = z. If ¢ is null-homotopic,
then there exists a C' map C : [0,1] x [0,1] — M such that 3 sides of the square map to x
and the fourth side is c,

(2) C([0,1] x {0} U{0} x [0,1]U[0,1] x {1}) = =
C(1,t) = c(t).

5. PARALLEL TRANSPORT AROUND A LOOP

Given e, € E, the parallel transport of e, along the loop ¢ is defined to be the section
e(t) € Ecpy, 0 <t < 1, that is constant with respect to the connection V. In particular, it
satisfies

Vc/e =0.
Let P.(e;) = e(1) € E,. This defines a linear map
H.:E,— E,

ex — P.(e;) — eg,

which is called the holonomy map. It is a measure of the extent to which the Riemannian
metric is non-flat. In particular, if ¢ lies in a flat surface immersed in M, then the holonomy
Is zero.

On the other hand, curvature is an infinitesimal measure of the extent to which the
Riemannian metric is non-flat. A natural question is whether it is possible to define curvature
rigorously as a limit of the holonomy map as the curve ¢ shrinks to the point z. The dual
version of this question is whether it is possible to define holonomy in terms of an integral
of the curvature. This is demonstrated below.

A naive idea is to try something like this:

t=1 d t=1
P.(e;) — e, = / Ee(t) dt = / Vewe(t)dt = 0.
t=0 t=0
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This, however, is wrong. The fundamental theorem of calculus does not hold for the covariant
derivative of a section of a vector bundle. Instead, it is necessary to use parallel transport
to pull everything back to E,.

6. PARALLEL TRANSPORT USING THE HOMOTOPY MAP

For each point c(t), the curve C(-,t) goes from z to c(t). Given e(t) € E.q), its parallel
transport along C(-,t) is defined to be é(s,t) € E¢(sy) such that

é(0,t) =
&(1,1) = e(t)
Vgé(s,t) = 0,

where S = 0s. Observe that since C(s,0) = C(s,1) = z for all s,t € [0, 1],
€(0,0) = €é(1,0) = e,
é(0,1) =¢é(1,1) = P.(es)
e(0,t) € E,.
The fundamental theorem of calculus can now be used to say that
t=1
d
P.(e;) — e, = —NO,tdt
) —eo= [ Ge0n
The challenge now is to compute the derivative in the integrand. This has to be done with
care, since the map C' is not an embedding. It is necessary to pull both the bundle £ and
the connection V back to [0, 1] x [0, 1]. A rigorous but terse explanation of how to pull back
a vector bundle and connection by a map that is not an embedding can be found in this blog

post.
Let C*E be the pullback of E to the square [0,1] x [0,1]. Given e, € E,, let

e:0,1] x[0,1] - E
be the C? section of C*E that satisfies the following for all 0 < s,t < 1:

e(s,0) = e,
Vre(l,t) =0
Vse(s,t) =0,
where S = 0, and T' = 0;. In particular,
e(s,1) = Pee,.

Let E* be the dual vector bundle of E. Given ¢, € EX, let € : [0,1] x [0,1] — E* satisfy
the following for all 0 < s,¢ < 1:

e(s,t) € Ef s
e(0,t) = e,
£(s,0) = ¢,
e(s,1) =¢,
Vse(s,t) =0.


http://www.deaneyang.com/blog/blog/math/differential-geometry/riemannian-geometry/2021/04/01/PullbackConnection.html
http://www.deaneyang.com/blog/blog/math/differential-geometry/riemannian-geometry/2021/04/01/PullbackConnection.html
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It follows that
VT€<O, t) = 0.

Lemma 1.

(60, Pats — €4) = / (e(s,1), C*Qe).
[0,1]%[0,1]

Proof.
(ea; FPeea — €2) = (£(0,1),€(0,1)) — (£(0,0), €(0,0))

t=1

— [ 8(e(0,1), (0, 1)) dt

t=0

= /t:1<e, Vre(0,t)) dt

=0

- [ v - [ ot vaets.on as] a

t=0 s=0

t=1 s=1
= —/ / (e,VsVre(s,t))dsdt
t=0 5=0
t=1 s=1
:/ / (e, QUCT,C.S)e(s,t)) dsdt
t=0 5=0

= / (e,C"Qe).
[0,1]x[0,1]
U

Observe that neither side of this equation depends on the length of the curve parameterized
by ¢ or the area of the surface parameterized by C'.

7. CURVATURE IS HOLONOMY

The math.stackexchange.com post Holonomy is curvature - but how is curvature holo-
nomy? whether Lemma 1 can be used to give a formula for the curvature tensor at a point
in terms of the limit of the holonomy around a family of curves that shrink to the point.

Given the map C' defined above and 6 > 0, let Cs : [0,1] x [0,1] — M be given by

Cs(s,t) = C(s9,t0).

and ¢ : [0, 1] — [0, 1] be given by
cs(t) = Cs(1,1).

Similarly, let es be the section of Cy E' given by

es(s,t) = e(s0,t9)
and €5 be the section of C§E* given by

es(s,t) = €(sd,t0).
Observe that if in local coordinates, C(s,t) = (z'(s,t),...,2™(s,t)) and

Q = Qpda? A da,


https://math.stackexchange.com/questions/5091645/holonomy-is-curvature-but-how-is-curvature-holonomy
https://math.stackexchange.com/questions/5091645/holonomy-is-curvature-but-how-is-curvature-holonomy
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then

(C5Q)(s,t) = 5°C*Q(s6, 1)
= 021 (1(56,15)) 0527 (56, 18) D" (58, t0) ds A dt.

Therefore, by Lemma 1,

<6357P05e:v_€x> :/ <€5(S,t),C§Q>
[0,1],]0,1]
iy / (e(50,18), (55, 1)) D2 (55, 15) Dy (55, 15) dis A .
[0,1]%[0,1]
Taking a limit, we get

lim 0% (e,, Prye, — €,) = lim (€(56,168), Q1 (w(86,18)) 057 (86, 18)Dpa™ (56, t8) ds A dt

6—0 6—0 [O,I]X[O,l]
= / (€2, i (2)0527(0,0)0,27(0,0) ds A dt
[0,1]x[0,1]
= <€:E7 Q(x)(asa at>>7

where 0; = 0,C(0,0) and 9, = 9,C(0,0) = ¢/(0).
If we fix a basis (ey,...,e,) of E, with dual basis (¢',...,e"), then the curvature 2-form
at x can be written as

Q(z)e, = e,
where each ©F is a 2-form. We therefore obtain the following:

Lemma 2. Given S,T € T,M and and a C* map C : [0,1] x [0,1] — M that satisfies (2)
and

C(0,0) =z, 0;C(0,0) =S, 0,C(0,0) =T,
it follows that

(S, T) = lim 52", Pryey — e,),

where cs(t) = C(0,1).

A corollary of this is the Ambrose-Singer theorem [!]. An elegant presentation of the
above can be found in lecture notes of Werner Ballman|[?].

8. HOLONOMY WITH RESPECT TO A RIEMANNIAN METRIC

Assume M has a Riemannian metric. Assume that C': [0, 1] x [0, 1] — M is an immersion
and therefore, (C,0,, C,0;) is always linearly independent. Let (f;, fo) be an orthonormal
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frame on C([0, 1] x [0, 1]) and ( w?) be the dual coframe. For each ¢ € [0, 1], let
[0, 6] x [0, 0]) = C5([0, 1]) x C5([0, 1])

:/ X Ciw
1]><01]

[ eoa=[ @ fiCw A
Ss [0,1]x[0,1]

1
llmw/ (€,Qe) = (€, 2x)e,).

§—0 area

On the other hand,

and therefore,

It now follows by Lemma 2 that

1 <€a:aP65eI_ex>
(er, Uw)es) = lim area(Ss)

This shows that the OP’s conjecture in Holonomy is curvature - but how is curvature holo-
nomy? is correct.
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