MATH-UA 377 Differential Geometry:
Gauss-Bonnet Theorem

Deane Yang

Courant Institute of Mathematical Sciences
New York University

May 5, 2022



START RECORDING
LIVE TRANSCRIPTION



Rectangular 2-Manifold With Boundary
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> A rectangular 2-manifold M with boundary consists of a set
M and an atlas of coordinate charts ® : R — M, where
R =[0,1] x [0,1], such that if ® and W are coordinate charts,
then the maps

dlov U lod: R R

are bijective and C!
» The boundary of M is

oM = &(({0,1} x [0,1]) U ([0,1] x {0,1}))
=cagUoUcUag



Orientations of M and OM

» An orientation of M is an orientation on T,M for each p ¢ M

» A nowhere zero 2-form © uniquely determines an orientation
on M

> A basis (b1, bo) of T,M has positive orientation if
<b1 & b27 e(p)>

» If (u}, u?) € R denote coordinates on M, then du' A du?
determines an orientation, where (019, 9>®) has positive
orientation

» Any coordinate chart W : [0,1] x [0,1] — M preserves
orientation if the Jacobian of ®~1 oW has positive determinant
» Orientation on OM is compatible with the one on M if, given

a vector v; tangent to M and a vector v, that points into
M, (v1, v2) is a positively oriented frame for M



Stokes' Theorem

Theorem
If0 is a Ct 1-form on an oriented rectangular 2-manifold with

boundary, then
/ do = 0
M oM



Oriented Orthonormal Frame on Riemanian Rectangular
2-Manifold

» M be an oriented rectangular 2-manifold with a Riemannian
metric g

> Let (e1, &) be a positively oriented orthonormal frame on M
> Let (w!,w?) be the dual frame

> Let wl = —w? be the connection 1-form



Change of Frame on Local 2-Manifold
> Let (e1, e) be an oriented orthonormal frame with dual frame
(wh, w?)
» Let (f1, f2) be the frame rotated counterclockwise by angle «
relative to (er, &)

» Therefore,

fi = ejcosa+ exsina
f, = —e;sina + ey cos a,
> If (w!,w?) is the dual frame of (e, e2) and (0!, n?) is the dual
frame of (f1, ), then

1 2

(cos a)nt — (sina)ny

w =
w? = (sina)n* + (cos a)n?
» The connection 1-forms and the angle « satisfy

wy = +da



Change of Angle Along Curve

€2 €2
C/(O) d: C,(].)

= e1

> Let

ap = counterclockwise angle from e;(c(0)) to ¢(0)

a1 = counterclockwise angle from e;(c(1)) to ¢’(1)

» By the Fundamental Theorem of Calculus,

/w% = /77% +do
c ct:1
— / (n} + da, (1)) dt
t=0

— /tt_l(n%,c’(t) dt—I—/t_l o/ (t) dt

=0 t=0

t=1
:—/ . kgo dt + a1 — ag
t=



Change in Angles at Vertices

> Angles: For each 1 < k <4,
ako = angle from e (ck(0)) to c(0)
ak1 = angle from ey(ck(1)) to c(1)
0x = angle from ¢, (1) to ¢, 1(0), where cs = ¢;
» Therefore,

01 =ao0— a1

0 = a3z — an;1
03 = as0 — a3
94 = (27T + 04170) — 040



Integral of Connection 1-Form Around Boundary of M

/ w3 + kg ds
oM

= Q11 — Qo + Q21 — Q20 + (31 — Q30 + V41 — Q4

= —((20 — c11) + (30 — a21) + (a0 — a31) + (10 — 1))
—(01 + 02+ 03 + 04 — 27)

21 — (01 + 02 + 03 + 64)



Integral of Connection 1-Form Around Boundary

» Interior angle: B =m — 0y

/(w%+/<;gdt):27'r(91+92+93+94)

=271 — (47 — f1 — B2 — B3 — Ba)
=21+ P14+ P2+ P3+ s



Gauss-Bonnet Theorem for Riemannian Rectangular
2-Manifold
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» Given an oriented Riemannian rectangular 2-manifold M with
boundary,

/KdA—i—/mgdt:—27T+[31+ﬁ2+53+ﬁ47
S c

where K is the Gauss curvature, k4 is the geodesic curvature,
and (1, B2, B3, B4 are the interior angles at the vertices

» Although frame and connection form are needed for proof,
they do not appear in the theorem

» Everything in formula is defined globally on M



Shapes by Gluing Rectangles
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Triangle by Gluing Rectangles

R R>

T=RiURUR;



Triangulation of Sphere = Rectangulation of Sphere

e =N
N

S=TTUTLUT3UT,UTsUTgU T7 U Tg
S =10



Geodesic Curvature Independent of Orientation

» Let c:[a, b] -+ M be an oriented curve and ¢ : [b,a] — M be
the same curve with the opposite orientation

» If (f1, f2) is an adapted oriented orthonormal frame along c,
then the geodesic curvature of ¢ is

”g:f2‘f1,

» The frame (fl, f72) = (—f, —f) has the same orientation in M
as (f1, fz) and therefore is an adapted oriented frame along ¢

» The geodesic curvature of ¢ is therefore

Eg:é'ﬁ:(_ﬁ)‘(_ﬁ)l:@‘ff:’%

¢ c

» Therefore,



Closed Riemannian 2-Manifold

Ry B2
B 1
R> Ba

» Edge of a rectangular 2-manifold can be glued to an edge of
another rectangular 2-manifold if
» The edges have the same length
» The geodesic curvature, as a function of arclength, is the same
on both edges
» A closed 2-manifold is a finite collection of rectangular
2-manifolds satisfying the following:
» Each edge of a rectangular manifold is glued to another edge
of a rectangular manifold
» At each vertex, the sum of the interior angles is 2w

» An orientation on a closed 2-manifold is an orientation on each
rectangle such that each edge has two opposite orientations



Towards Gauss-Bonnet for a Closed Surface

Rl 52
5 1
R>
/ /64
Each edge is in boundary of Sum of angles at each vertex
=27

two rectangles

» Let M be a closed surface and

F = number of faces (rectangles)
E = number of edges

V = number of vertices
» Since each face has 4 edges, and each edge is counted twice,
2E=4F — F=F-E
» If B11,...,8n,4 are all interior angles, then

Biet o+ By =2mV



Gauss-Bonnet on a Closed Surface

» Consider a rectangulated closed 2-manifold M = Ry U---UREg

» Gauss-Bonnet for rectangular 2-manifolds —

N
K dA = /KdA
Jroa=2 ),

F
= Z </ kg dt + Br1+ Bro + Brk3z + Bra — 277)
k=1 7 OR«

=27V —2nF
=2m(V—-E+F)



Consequences of Gauss-Bonnet

» Given any two Riemannian metrics on a closed 2-manifold M,

/KldAl_/ Ky dA
M M

» Given any two rectangulations of a closed 2-manifold M,
Vi-BEE+h=Vo-E+FR
» Define the Euler characteristic of M to be

1
X(M):V—E+F:/ K dA
2T M

» |t depends on neither the Riemannian metric nor the
rectangulation

> It therefore is a topological invariant



Gauss-Bonnet Theorem for a Polygonal Surface

» Let M be a surface parameterized by a polygon P with N
edges

> Let 01,...,0y be the exterior angles at the vertices
» The interior angles are therefore 8j =7 —0;, 1 <j <N
» The Gauss-Bonnet theorem says:

/KdA:—/ K,gdt_|_27r_(01_|_+0N)
m oP
:_/‘%dHQW—W—ﬁrP~+W—ﬁm
aP

——/f%w+Q—NM+m+~AﬂN
oP



Decomposition of Surface into Polygonal Surfaces

> M =P,U---UPg, where
» P, is parameterized by a polygon with Ej sides
» Bk1,-.-, Bk E, are interior angles
» P;N Py is a union of edges and vertices of P; and Py

» The number of edges and faces must satisfy

F

» The sum of all interior angles of all vertices must satisfy

F Ex

) Bej=2rV

k=1 j=1

» The sum of the integrals of geodesic curvature along the
edges must add to zero



Gauss-Bonnet Theorem

» Gauss-Bonnet for a polygonal surface with N edges

N
/PKdA:—/apligdt—i-(2—N)7T+Zﬁj

j=1

» Therefore,

F
K dA = /KdA
F E,
Z /Kgdt+(2—Ek7T—|—Zﬁk’J

j=1

-1
=2rn(F—E+ V)



