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Differential of Identity Map
> Let /: A™ — A™ be the identity map

» Given v € V™ and a curve c¢ such that ¢(0) = p € A™ and
c'(0) = v, the directional derivative of | at p € A™ is

d

DyI(p) = dat
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v
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» On the other hand, we know that if (eq,..., en) is a moving
frame and (w!,...,w™), then

v = el(wl, V)4 4 em(w™, v)

> So

dl = ekwk



Structure Equations for Moving Frame on Affine Space

» There exist unique 1-forms w{( where 1 < j, k < m, such that
the following equations hold:

dl = ekwk

dek = ejw{(
dwl +wl Awk =0
dw) + Wl Awl =0
» The 1-forms w{( are called the connection 1-forms and measure
the twisting of the frame E as it moves around the domain O



Matrix Form of Structure Equations

If we write

E = [61 em]
o

E* =
_wm
_w% wl

r=1: s
Wy W

then the structure equations become

dl = EE*
dE = ET
dE* +TAE* =0
dr +T AT =0,



Orthonormal Moving Frame on Euclidean Space

> Let A" =E™, so V™ now has an inner product

» Let E = (ey,...,en) be an orthonormal moving frame on
OCE™
» Recall that this means e; - ¢ = J;;, which can be written as
e,
E1'L . E = . [el e em]
_em
_el.el PR el-em
_em.el €m " €m
1 0 --- 0
01 --- 0
= = I
0 0 1




Dual Orthonormal Moving Frame

> Let (w!,...,w™) be the dual frame

» Since ¢ - ex = 0jk,

0= d(ej . ek)
:dej-ek+ej-ek
= (e,-wj’-) ekt € - (e;wL)
= wj’-'(e,- . ek) + w;'((ej . e,-)

» Therefore, _
wf‘—i—w’ =0orF+Tt=0



Structure Equations of Orthonormal Moving Frame in E™

» Same structure equations as for A™ and two more:
dx = ekwk
dey = ejw{(
dw’ +wj AWk =0
dw{( + w{ Awl =0

€ - ex=0j;
o.)i—&—cuj-‘zO
» In matrix form:
dx = EE*
dE = ET
dE* =T NE*
dl +TAT=0
Et E=1

r+rt=0



Example: Constant Orthonormal Frame on E™

» Fix a point pg € E™ and an orthonormal frame
Eo = (e1,...,em) on V™
> We can define the constant moving frame E, where for any
peEm™
E(p) = Eo
» The dual frame Ef = (w!,...,w™) is also constant
» Therefore, de; = 0, which implies wj’: =0, which implies =0

» The structure equations are therefore

dx = EoE}
dE =0
dE* =0

=0



Structure Equations of Orthonormal Moving Frame in E3
> (e1, e2, e3) orthonormal moving frame on [E3
> (w!,w?,w3) dual frame
» Inner product on V3:
w'@w + W @w? +wP @ W = (W) + (W) + (W*)?

» Structure equations

dx = elwl + e2w2 + e3w3
€ - €k = (5,J
. K

dek:ejqu(

dw! +wh AWK+ Wi AWk =0
dwf'(-kw;'/\wf(zo



First Fundamental Form of a Surface in Euclidean 3-Space

» Let S C E3 be a surface

» For each p € S, the dot product on V restricted to 7,5 is a
dot product on T,S

» It therefore defines a symmetric 2-tensor field g, where for
each p € S, g(p) is the dot product on T,S

> g is called the first fundamental form



Orientation of a Surface S C E3

by

» Let (b1, by, b3) be a positively oriented basis of V

» Given a unit vector e3 normal to 7,5, there is a unique
orientation of T,S such that if (e;, &) is a positively oriented
orthonormal basis of T,S, then (ey, e, €3) is a positively
oriented basis of V



The Gauss Map of an Oriented Surface

by

bs

» Let E3 be Euclidean 3-space with a positively oriented basis
(b17 b27 b3)
» Let S C E3 be an oriented surface

» Each T,S has an orientation, which depends continuously on
peS

v

At p € S, let (e, e2) be a positively oriented basis of T,S

» There is a unique vector v(p) € V3 such that
> ~(p) is a unit normal to 7,5 C V3
> (e, e,7v(p)) is positively oriented

» -~ is called the Gauss map of the oriented surface S



Adapted Oriented Orthonormal Frame on S C [E3

by &

» An adapted oriented orthonormal frame on S is an
orthonormal frame (e1, e, €3), where, for each p € S,
> (e1(p), e2(p), es(p)) is a positively oriented orthonormal basis
of V3
> (e1(p), e2(p)) is a positively oriented orthonormal basis of T,S
» In particular, e3(p) = v(p) is the Gauss map



Orthonormal Moving Frame and Dual Frame on Surface

by

by

» Let ®: D — SN O be a coordinate map
Let (w!,w?, w?) be the dual frame of 1-forms
» We can pull a moving frame (e1, e2, €3) to D using ® to get

maps

v

exo®:D— Vv,
and 1-forms (®*wl, ®*w?, d*w3)
> d*w3 =0, because
(®*w?,0,) = (W*,8,0) =0

> ¢, will denote either e, : SNO - Voreod:D—V
> wk will denote either the 1-form w¥ on S or its pullback-®*wk



Structure Equations for Adapted Moving Frame on Surface

The structure equations for the moving frame and dual frame are

dl = e;w! + epw?
de; = egw% + eg;o.::{J
dey; = elw% + egwf
dey; = elw% + egwg’
do/ +wl AWk =0, j=1,2
AWl +wiAw?=0
dwl +wl Awp=0,1<j,k<3
wh+wk=0,1<j,k<3



