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Differential of Coordinates on Affine Space

» Recall that given pg € A™ and a basis (91,...,0m) of V", we
have the coordinate map

¢ RM 5 AT
O XM e po A+ Ot e X
= Bx,
where
Xl
B:[bl bm] and x =
m

» Conversely, the inverse of ® can be written as

o1 AT 5 R
p— (x*(p),...,x"(p))
» Recall that the differentials dx!,..., dx™ are constant 1-forms

on A™ and (dx?,...,dx™) is the dual basis of (01,...,0m)



The ldentity Map

» Let B = (by,...,by) be a basis of Vand B* = (3%,...,b™)
be the dual basis

» Recall that for any v = vkb, € V, (v, ) = v/ and therefore
V= <V76k>bk
» In other words, the map

1: V>V
V'_><ﬁkav>bk

is the identity map



Moving frame on Affine Space

» A moving frame on an open O C A™ consists of m vector
fields
ex:0—=>V" 1< k<m,

such that, for each x € O,
E(x) = (e1(x), ..., em(x))

is a basis of V™

» The dual frame consists of 1-forms
W0V 1< k< m,

such that E*(x) = (w!(x),...,w™(x)) is the dual basis of

E(x)
» For each p € A™, the map
1: V-V
v i e (wk, v)

is the identity map and therefore a constant map



Connection 1-forms
» The differential of e, : O — V at x € O is the map

dex(x): V=V,
where
_d o e(x +tv) —ex(x)
(v, dex(x)) = p » ex(x+tv) = tll_rlqo . ev
» Since (e1(x), ..., em(x)) is a basis of V, there are coefficients
ap(x,v),...,al(x,v)

such that
(v, dex(x)) = ar(x, v)er(x) + - --al'(x, v)em(x)

> Since (v, dex(x)) is a linear function of v, so is each ar(x,v)

» Therefore, there are 1-forms wf( such that
ajk(Xv v) = <V7WJ’:(X)>
and

dek = eij



Fundamental Equations on Affine Space

» We now have two fundamental equations for a moving frame
and its dual frame on an affine space:

I = ekwk
dek = ejwf(

» By taking the exterior derivative of these two equations, we
will obtain equations involving the 1-forms only



First Structure Equation of Affine Space

» Since / : V — V is constant,
0= dl = d(exw")
= dex A wh + ekdwk
= ejw{( Awk + ejdwj
= ej(w{( Awk + du),
» Since (e1,...,em) is a basis, each coefficient has to be zero

» This implies the first structure equation

dwj—i—w{(/\wkzo, forevery 1 <j<m



Second Structure Equation of Affine Space

» Treat each e : O — V as if it is a scalar function
» Therefore,

0 = d(dex) = d(ejw},)
= dej A wf( + ejdw{(
= e,-wJ’: A wf( + ejdw{(
= &(dwj +wl Aw)),

» This implies the second structure equation

dw{(erf:/\wL:O, forevery 1 <, k<m



Structure Equations for Moving Frame on Affine Space

» Let E = (ey,...,en) be a moving frame on an open O C A™
and E* = (w!,...,w™) its dual frame

» There exist unique 1-forms wL where 1 < j, k < m, such that
the following equations hold:

dx = ekwk
dey = ejw{(
dw’ +wj AWk =0
dw + Wi Awl =0
» The 1-forms wi are called the connection 1-forms and measure
the twisting of the frame as it moves around the domain O



Matrix Form of Structure Equations

If we write

E = [61 em]
o

E* =
_wm
_w% wl

r=1: s
Wy W

then the structure equations become

| = EE*

dE = ET
dE* +TAE* =0
dr +T AT =0,



