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Rectangular Surface in A3

» Let A3 be affine 3-space with tangent space V3

» A rectangular surface S is parameterized by a rectangle
» A rectangular surface consists of
» Open and closed rectangles

R = (a,b) x (c,d) C R=[a,b] x [c,d] CR
> A surjective C! map®: R — S C A3

» The restriction of ® to R is a coordinate map
®:R—-SNOCA3



Orientation on Parameterized Surface

» QOrientation on a surface can be specified by a basis
(b1(p), bo(p) of T, that depends continuously on p € S

» A coordinate map ® : D — S is nondegenerate and bijective

» Therefore, (b1, by) = (01®,0>®) is a basis of T,S, for each
p = ®(x, x?)

> If (019, 02®) is not the orientation we want, then we can
switch the order of the input variables



Working Definition of Pullback of a 2-Form
» A 2-form © on an open set O C R3 can always be written as
© =ady ANdz+ bdz A dx+ cdx Ady,

where a, b, ¢ are scalar functions on O
» Consider a C* map F: D C O, where D C R? is open
» Does not have to be a coordinate map

» We can write F(u,v) = (x(u, v),y(u,v),z(u,v))
» The pullback of © by F is the 2-form on D
F*© = ady ANdz+ bdz A dx + cdx A dy,,

where

a=a(x(u,v),y(u,v),z(u,v)
b = b(x(u,v),y(u,v),z(u,v)
¢ = c(x(u, v),y(u, v)
dx = Oyxdu + Oy x dv
dy = 0yy du+ 9,y dv
dz = 9yzdu—+ 0,z dv

,2(u, v)



Integral of a 2-form on an Oriented Rectangular Surface S

» Let &: R=a,b] x[c,d] = S be a coordinate chart, where
(019, D,®) has the correct orientation

» The pullback $*© is a 2-form on R

» If (u', u?) are coordinates on R?, then the pullback can be
written as

®*0 = p(ul, u?) du* A du?

where p is a scalar function on R

» The integral is defined to be

@:/(D*@
s R

/ p(ut, u?) dut A du?
(ul,u?)er

= / p(ut, u?) dut du?
(ut,u?)e

u’=b pul=d
= / / p(ut, u?) du? dut
ul=a Ju?=c



Example: Integral over cylinder
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Parameterization of Cylinder
» Use cylindrical coordinates
®(u,v) = (pcosu, psinu, v),
where —mr <u<mand 0<v <h

» Use orientation given by the basis (0,®, 0, )
» Therefore,

X = pcosu
y =psinu
zZ=V

dx = —psinudu
dy = pcosudu
dz = dv
» The pullback of y dx A dz is
®*(y dx A dz) = (psinu)(—psinu) A dv
= —p*(sinu)?du A dv



Integral Over Cylinder

> PUtting everything together, we get

/ydxAdz:/CD*(ydxAdz)
C R
:/ —p?(sinu)? du A dv
R

:/ —p?(sin u)? du dv
R

:/ / (sinu) 2 dv du
=—7 Jv=0
v=h
=—p / (sin u)? du/ dv
u=—m v=0

:—pzh/ B (sin u)? du

=—7



Stokes's Theorem for a Rectangular Surface

» Let w be a 1-form on O C R3,
w=pdx+qgdy+rdz

» Let S be a rectangular surface and ® : R — S be a coordinate
map

» Stokes's Theorem says

/dw:/w
S oS



Proof of Stokes's Theorem for a Rectangular Surface

» Key fact: If w is a 1-form on an open set O C R3 and
F:D — Oisa C! map, then

F*(dw) = d(F*w)

> Recall Stokes’s Theorem for a rectangle: If R C R?is a
rectangle and 6 is a 1-form on R, then

/Rdez/RH

» Therefore, if : R — S is a coordinate map for S, then

» Crucial assumptions

> (019, 0,9) is the desired orientation on S
» The orientation of S is consistent with the orientation of OR



Integration of a 2-Form over an Oriented Surface

» |dea: Chop S into rectangular surfaces S, ..., Sy, where
S= gl U---u g/\/

and 5N S =0forany 1 <j k<N

> If © is a 2-form on an open set O C R3 that contains S, then
we define the integral of © over S to be

N N
© = /@: /CD*@,

where each ¢, : R, — S is a coordinate map

» Crucial assumption: The orientations used for the rectangular
surfaces agrees with the orientation on S



Example: Integration over the Sphere

» Suppose S = {x? + y? + z2 = p?} and we want to calculate

/
S

®(¢,0) = (x,y,2)
= (psin ¢ cosh, psin ¢sin b, p cos @),

where 0 < ¢ <mand 0 <6 <27
» The integral is therefore

|e= e
s R

where R = (0, 7) x (0, 27)



