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Integration over a rectangle in R?
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» Consider the rectangular region
R = {(X17X2) ©a; <x'<b;and ap < x*>< by}
= [a1, b1] X [a1, bo].

» The integral of a continuous function f : R — R over R is
defined to be

x1=b1 Xxo=bo
/ f(x)dx = / </ f(x, x?) dx2> dxt.
R x1=ai x2=ap



Fubini Theorem

» The order of itegration over a rectangle does not matter.

>
xl=p x2=by
/ / f(xt, x?) dx? | dx?
x1:a1 X2=az

2 1

x“=by x'=b;
= / / f(x, x?) dx! | dx?.
X2=az Xlzal



Integration over a rectangular region in R3

» Consider a 3-dimensional rectangular region,
R = [a1, b1] x [a2, bo] X [a3, bs]

» The integral of a continuous function f : R — R over R is
defined to be

S

f(x) dx

x1=b1 xp=bp x3=b3

/ </ </ f(xt, x?, x3) dx3) dx2) dx?
x1=ai x2=ap x3=a3
xo=b x1=b1 x3=bs3

/ (/ (/ f(xl,xz,x?’) dx3> dx1> dx>
Xp=ap X1:al x3:a3
xo=by x3=b3 x1=b1

/ </ </ f(xt, x?, x3) dxl) dx3) dx?
Xo xl=a3 xl=ay

R



Example

(<21 — o(1,1)
> 1
(-2,-1) (1,-1)

> Let R=[-2,1] x [-1,1]
» Consider the integral

x=1 y=1
/ 4xy — 3y? dxdy:/ / 4xy — 3y? dy dx
R x==2Jy=-1

=t 2 31y=1
= /X:_2 2xy< —y y=—1 dx

x=1

:/ (2x —=1) — (2x+ 1) dx

=2

x=1
= / —2dx
x=-—2

=6



Oriented Parallelogram

» Given a point p € A2 and a basis (v, v2), we can define a
parallelogram

P(pa Vi, VZ){PJF tlvl + t2V2 :0< t1, &2 < 1}

» The cornersare at p,p+ vi,p+vo,p+vi + vo

» An oriented parallelogram is the parallelogram P together
with the orientation of (v, v»)



Integral of a Constant 2-Form on an Oriented
Parallelogram

» Let (01,02) be the standard basis of R2
> Let (dx!, dx?) be the dual basis
» The integral of a constant 2-form

© = cdx! A dx?
over an oriented parallelogram P(p, v, w), where
v =9 + V20, w = wld + w?ds € R2

is defined to be

/RG) (vew,0)
= (cdx! A dx®, v w)

(dx, v)(dx?, w) — (dx?, v)({dx!, w)
2 1)

o
c(viw? —
—

signed area of R)



Integration of a 2-form over a small oriented rectangle

P> A positively oriented rectangle is a parallelogram
P(p, a0y, bdy)

» Chop R into small rectangles Pj = P(pj;, ajO1, bj02),
1<ij<N.

/R O ~ (O(ai, by). (1) © (502))

= (f(aj, bj)dx* A dx?), €60 ® D)
f(aj, bj)ed{dx* A dx?)
= f(aj, bj)(area of Ry)



Integration of a 2-form over an oriented rectangle

» The integral of © over a rectangular region R is defined to be

foim T L0

1< J<N

= I|m Z /f(a,,b)area(R,J)

1<l J<N

/1 l+a/2p+b
— )dx dx?



Integration of 2-form on a rectangle in practice

> Let © = f dx! A dx?.
> Let R = [31, bl] X [82, b2].

>
/ / / f(x1,x?) dx? | dx?
1_31 2_32
x2=h, x1=b;
:/ / f(x1, x?) dxt | dx?
x2=ap xl=a;

» Higher dimensional integral over a rectangular region
(Cartesian product of intervals) is defined similarly



Order matters!

» Before you do the integration, you must write the m-form

with the dx!,..., dx™ in the correct order.
| 2
xl=h; x2=by
/ f(x, x?) dx! A dx? = / / f(x, x%) dx? | dx*
R xl=a; x2=ap
x2=by x1=p;
= / / f(xt, x?) dx! | dx?
x2=ap xl=a;
> But

/ F(xt, x?) dx® A dxt = —/ f(xt, x?) dx! A dx?
R R

2__

xl=h x“=bp

_ / / FO, x2) b | dit
X1=al x2:32
x2=by x1=p

_ / / Fxt, x2) dxt | dx?
X2=az Xlzal



Example

» Suppose R = [—4,1] x [0, 4].

= —((2+8) - (32-32)) =10



Example
» Suppose R = [0,1] x [0, 4].

» Suppose § = xdx + ydy and ¢ = y dx — xdy.

/HAng:/(xdx—i-ydy)/\(ydx—xdy)
R R
:/—X dx A dy + y? dy A dx

(x> 4+ y?) dx A dy
R

Ry
(o) o
/fo< )

+yx

W<

y= 3
ydy——( +Z
~0 3

y=4

y=0

>:

4

3

64

3



Orientation of the boundary of a rectangle

» Consider a rectangle with standard orientation
y
(0. y0+b)|  (x0+b,yo+b)

(%0, ¥0) (%0 + 2, y0)

» The oriented boundary of R is the boundary with the
orientation where R lies to the left of the curve



Line integral of 1-form around boundary of rectangle

The line integral of § = P(x,y) dx + Q(x, y) dy along the oriented
boundary OR is

x= X0+3 y=Yo+b
/ 9—/ P(x, yo dx+/ Q(x0 + a,y) dy
OR x= Y=Y0
Xo

X= Y=Y0
/ P(X7YO+b)+/ Q(X07y)dy
X=xp+a

y=yo+b



Fundamental theorem of calculus on a rectangle

X= Xo+a y=Yo+b
/ 9—/ P(x, yo dX—I—/ Q(xo + a,y) dy
OR X= Y=Y0
X=X

Y=Y0
/ P(x,yo+ b) + / Q(x0,y) dy
X=Xp+a

y=Yo+b

y=Yo+b
:/ Q(xo + b,y) — Q(xo,y) dy
y=Yo

x=x+04+a
—/ P(x, yo + b) — P(x, yo) dx

=X0

y=yo+b p,x=xo+b
/ / 0, Q(x. y) dx dy

x=xp+a pry=yo+b
/ / 0y P(x,y)dy dx

:/GXQ—adexdy:/GXQ—(?deX/\dy
R R



Exterior derivative of a 1-form
» Given a 1-form
0 = P(x,y) dx + Q(x,y) dy

on an open domain D C R?, its exterior derivative is defined
to be the 2-form

db = (0«Q — 0, P)dx N dy
» Another way to write the definition is
df = dP N dx + dQ A dy
because

dP A dx +dQ A dy = (0xP dx + 0, P dy) A dx
+ (0xQ dx + 0, Q dy) A dy
=0,Pdy Ndx +0,Q dx A dy
= (0xQ — 0, P)dx A dy



Fundamental theorem of calculus on a rectangle

» Let OR be the boundary of R, oriented so that R lies to the
left of the boundary.

> Let 6 be a 1-form on an open set containing R.

» Since the formulas match, we get the Fundamental Theorem
of Calculus on a rectange:

/ df = 6.
R R

» If 6 = Pdx+ Qdy, then this is

/(QX—Py)dx/\dy:/ Pdx + Qdy,
R

OR

which is also known as Green's Theorem for a rectangle



Integration of 2-form over a surface parameterized by a
rectangle

> Let ®: D — A™ be a coordinate map, where D is an open
subset of R?

» Let S = (D) be the surface parameterized by ¢
» Let R C D be a rectangle
> If © is a 2-form on D, then

/ o- / 0.
®(R) R



Integration using Polar Coordinates
» Let D = (0,00) x (—,m) C R?
» Let ® : D — R? be the coordinate map given by polar
coordinates:

®(r,0) = (rcosf,rsin@) or (x,y) = (rcosf,rsinf)
> If © = f(x,y)dx A dy, then
®*© = f(rcosf, rsinf)d(rcos@)Ad(rsinf) = f(rcosf,rsiné)rdr/

» Therefore, If R C (0,00) X (—m, ) is a rectangle and
S = ®(R), then

/@:/f(x,y)dx/\dy
S S

- [ e
R

:/ f(rcos@,rsin@)rdr A df
R



Example

> Iff R =[r,n] x[0.6:] C D,S=®(R) and
© = (x2 + y?) dx A dy, then

fe= e
S
0=0,
/ / (rdrAdf)
0=
r=n 0= 92
= / / r3drdo
0=
r=nr 0=06-
= / r3 dr/ do
r=n 0=061

1
= Z(fg —r1)(62 — 61)



