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Dual Vector Space

> Let V be an m-dimensional vector space

» The dual vector space of V is the vector space
V* = { linear functions V — R}

» Given any v € V and ¢ € V*, denote

(t;v) = (v, f) = (v)



Dual Basis
» Given a basis of V,
B = [bl bm]

the dual basis is the basis of V*,

,81
B =|:1,
Bm
where
1 ifj=k
B by =3 7
0 ifj#k

» Equivalently, for any v = alby +---amb,, €V,

(B, v) = (B ,a'by + -+ a"bp) = a*



Evaluation Using Basis and Dual Basis

v = vkby and 6 = 6, 8%,
then
(v,0) = (V/bj, 0 3¥)

= Vj9k<bj7 ﬁk>
= vko,



Tensors

» A tensor on a vector space V is a multilinear function on V.

» A 1l-tensor is a linear function ¢ : V — R and therefore a
covector ¢ € V*.

> A 2-tensor is a bilinear function

T:VxV—=>R
(Vl,VQ) — T(Vl,VQ).

» Bilinear means linear with respect to each input:

T(vi + wi, v2) = (V1,V2)+T(W1,V2)
T(avi, va) = c17(vi, vo)

(v, vo + wp) = (V1,V2)+T(V1,W2)
T(v1, @v2) = 7 (v1, v2).

» The space of 2-tensors on V will be denoted

V* @ V*



Examples of 2-Tensors
» The dot product on a Euclidean vector space,
T(v,w)=v-w
is a 2-tensor
» Given a square matrix

My - My
M=1: Co s
Mpi - Mpm
the function 7 : R™ x R™ — R defined by
7(a,b) =a’ Mb

My - Mg bt
=[at - A" : ;
My - Mpm| | 6™

= Z ajbijk = ajbk/\/ljk is a 2-tensor
jk=1



2-Tensor as a Matrix

» Consider a 2-tensor 7 on an m-dimensional vector space V
» Given a basis (e1,...,en) of V, let

Mij = 7(ei, &)
> If
v=a'ei+--+a"e,and w=ble+ -+ bMep,
then

T(v,w) = 7'(3161 +--+a"ey, bleg + -+ b"em)
=abr(e,e)
My -+ Minm bt
=[a8 - am | : c | =a"Mb
Myi - Mpml| | 6™



Tensor product

» Given /1,0> € V*, define their tensor product to be the
2-tensor, which we denote by /1 ® £, to be

(41 ® £2)(v1, v2) = £1(v1)la(v2)
» Note that if /1 # ¢5, then

1 @ly # L ®



Basis

If v = vkbe and w = wkby, then
(@ B)(v,w) = F(v)B*(w) = Vw*
If 7 is a 2-tensor, then
(v, w) =7(viby 4 - + vTbm, whby + - wbpy,)
= v w*r(bj, by)
= Mi(# @ B)(v, w)
= (M @ 5) (v, w)

Since this holds for any v, w, it follows that, as functions of v
and w,

7= Myp & g
If Mjk,Bj X ,Bk =0, then
0 = (Mup’ © B*)(bj, bi) = My
and therefore 5/ ® %, 1 < j, k < m, are linearly independent

> {3 ® Bk 1<j,k<m}isa basis of V* @ V*



Dimension of V* @ V*

> If
(b1,...,bm)
is a basis of V
» And (3',...,™) is the dual basis of V*
» Then # ® B, 1 < j,k < m, is a basis of V* ® V*

» Therefore
dimV* @ V* = (dim V)2



Symmetric 2-tensors

> A 2-tensor T is symmetric, if
T(w,v)=7(v,w), Vv,weV.

> A 2-tensor 7 is symmetric if and only if the matrix M is
symmetric, i.e., MT =M

» The space of all symmetric 2-tensors is a linear subspace of
the vector space of 2-tensors

» The dot product is an example of a symmetric 2-tensor



Symmetric product
> Given /1,4, € V*, denote
1
{104y = E(fl ®€2+€2®€1)
> (1oly =1Flr0/l;
> If v,w €V, then
1
(b2 @ L)(v,w) = S (G (v)la(w) + L2(v)lr(w))
= (l1 ® £3)(w, v)

» Therefore, ¢1 0 {5 € S2V*
> If (BL,...,B™) is a basis of S2V*, then

BioBk, 1<j<k<m

is a basis of S2V*
» Therefore, if m = dimV, then

dim S?V* = %m(m +1)



Antisymmetric or exterior 2-tensors

> A 2-tensor T is antisymmetric or exterior, if
T(w,v) = —7(v,w), Y v,w e V.

» If 7 is antisymmetric, then 7(v, v) = 0.

» The space of all antisymmetric 2-tensors is a linear subspace
of the space of 2-tensors

> An example of an antisymmetric 2-tensor on R? is

1

5((at, 2%, (b, b%)) = det {:2

1
22] = a'bh? — a°bt.



Exterior 2-Tensor on 2-Dimensional Vector Space

Let V be 2-dimensional

Let 7 be an exterior 2-tensor on V

Let (e1, &) be a basis of V

c=1(e1, e)

Given any vectors v = a'e; + a’e; and w = ble; + bey,

vVvYvyyvyy

(v, w) = 7(ate; + a’es, ble; + b’ey)
= a'b'r(er, 1) + a'bot(er, &) + a°bi7(e2, €1) + a°b°7(e2,
= 7(e, e2)(alb2 — azbl)

= cdet a b
o a2 B

» The space of exterior 2-tensors on a 2-dimensional vector
space is a 1-dimensional vector space

» The space of all exterior 2-tensors will be denoted A2V*



Notation

> If e V*®@V* and v,w €V, then we will write
T(v,w)=(vew,T) = (T,vQw)
> If 7 € S2V*, then
vaw,7)=(wev,T)
> If 7 € A>V*, then

(vew,7)=—(w®v,T)



Wedge product of two covectors

v

The exterior or wedge product of ¢1, % € V* is the exterior
2-tensor
O'NO? =0'® 0% - 0> ® 0"
OL N 6? = —62 N OL
ONO =0

In particular,

(vow,0t A0 = (vo w0t @0 - 0?0t
= <V701><W702> - <W501><V702>
= —(w®v,0 A3

Therefore, 01 A 62 € N2V*



Wedge products of dual basis covectors

» Let £ =(er,...,en) be a basis of Vand © = (61,...,6™)
the dual basis

> If 1 <i,j,k, I <m, then

(e @ e, 0K NO"Y = (ei @ e, 0F 20" — 0" @60%) = (e;,0%)(e;,0' — (e
= 678] — 6;0F

> If i =jor k=1, then
(ej @ e, 0 NO"Y =0
» If i #j and k # I, then

1 ifi=kandj=1
(e @ej, 0K N0y =4 -1 ifi=/andj=k
0 otherwise



Basis of A2V*

» Suppose 7 € A%V and
Mij = (1, ei ® ej) = —M,;;
» Given v = vie;, w = erj eV,
(rovew) =(1,(Ve) o (We))
= Vin<7', e ®e) = I\/I;J-viwj
» On the other hand,
(M N0 v @ w) = M (0K A6, (Vi) @ (w/e;))
= l\/lk,vkwl<9k AN e @ &)
= Muv*w' (53] — 5/5F)
= M (vip™ — v'wk)

= 2Mjv'w’

1 . .
» Therefore, 7 = EI\/I,-J-G’ NG



Dimension of A2V*

» If (e1,...,em) is a basis of V and (#1,...,0™) is the dual
basis, then .
PAOK1<j<k<m

comprise a basis of A2V*
» Therefore,

m

dim A°V* =
m <2

) = gmtm =1



