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Dual Vector Space
> Let V be an m-dimensional vector space
» The dual vector space of V is the vector space

V* = { linear functions V — R}
» There is a natural function

VxV*—=R
(v, 0) — (L,v) = (v, 0) = {(v)

» There is a natural linear map

V — (VH)*
vif,,

where

» Easy to check this is an isomorphism



Dual Basis
» Given a basis of V,
B = [bl bm]

the dual basis is the basis

g1
B =1 :1,
gm
where
R

» Equivalently, for any v = a'b; +---a"b, € V,

(B%,v) = (B¥,a'by + - a"bp) = a*



The Dual Basis is a Basis of the Dual Vector Space
> If £ V" let

Ck = <£7 bk>
» Recall that if v = akby, then
(B, v) = a*

» Therefore, given ¢ € V*,
(€,v) = (¢, a"b)

= a (¢, by)
= (B, v)c
= (k% v)
» Therefore, ¢ and ckﬁk define the same function on V, i.e.,
0= ckB*
» Moreover, =0 ifandonlyifcs =---=¢,, =0

v

Therefore, (3%,...,3™) is a basis of V*



Evaluation Using Basis and Dual Basis

v = vkby and 6 = 6, 8%,
then
(v,0) = (V/bj, 0 3¥)

= Vj9k<bj7 ﬁk>
= vko,



Tensors
» A tensor on a vector space V is a multilinear function on V.
» A 1-tensor is a linear function ¢ : V — R and therefore a
covector.
» The set of all 1-tensors is V*.
» A 2-tensor is a bilinear function
7T:VxV =R
(Vl, V2) — 7'(V17 V2).

» Bilinear means linear with respect to each input:

T(vi + w1, v2) = 7(vi, v2) + 7(w1, v2)
(v, va) = c17(vi, vo)

T(vi, va + wa) = 7(vi, v2) + 7(v1, W)
T(v1, av2) = ca7(vi, v).

» The space of 2-tensors on V will be denoted

V* @ V*



Examples of 2-Tensors
» The dot product on a Euclidean vector space,
T(v,w)=v-w
is a 2-tensor
» Given a square matrix

My - My
M=1: Co s
Mpi - Mpm
the function 7 : R™ x R™ — R defined by
7(a,b) =a’ Mb

My - Mg bt
=[at - A" : ;
My - Mpm| | 6™

= Z ajbijk = ajbk/\/ljk is a 2-tensor
jk=1



2-Tensor as a Matrix

» Consider a 2-tensor 7 on an m-dimensional vector space V
» Given a basis (e1,...,en) of V, let

Mij = 7(ei, &)
> If
v=a'ei+--+a"e,and w=ble+ -+ bMep,
then

T(v,w) = 7'(3161 +--+a"ey, bleg + -+ b"em)
=abr(e,e)
My -+ Minm bt
=[a8 - am | : c | =a"Mb
Myi - Mpml| | 6™



Tensor product

» Given /1, 0> € V*, define their tensor product to be the
2-tensor, which we denote by /1 ® #5, to be

(41 ® £2)(v1, v2) = l1(v1)la(v2)

> If v = vkb, and w = wkby, then

(B @ ) (v, w) = B(v)B(w) = vViwk



Basis and Dimension of V* & V*
» Given 7 € V* @ V*, let
M = 7(bj, bx),
» Then for any v,w €V,
T(V, W) = T(ijj, kak)
= VjWkT(b_,'7 bk)
= (# @ BX)(v,2)Mj,
= (M @ 5*)(v, w)
» Therefore, as functions,
7= My ® gk,
and 7 =0 if and only if Mj =0 forall 1 <j,k <m
> It follows that 5/ @ 8%, 1 < j, k < m form a basis of V* @ V*

» Therefore,
dimV* @ V* = (dim V)?



Symmetric 2-tensors

> A 2-tensor T is symmetric, if
T(w,v)=7(v,w), Vv,weV.

> A 2-tensor 7 is symmetric if and only if the matrix M is
symmetric, i.e., MT =M

» The space of all symmetric 2-tensors is a linear subspace of
the vector space of 2-tensors

» The dot product is an example of a symmetric 2-tensor.



Exterior 2-tensors

> A 2-tensor T is antisymmetric or exterior, if
T(w,v) = —71(v,w), Vv,w e V.

» If 7 is antisymmetric, then 7(v, v) = 0.

> A 2-tensor T is antisymmetric if and only if the matrix M is
antisymmetric, i.e., MT =_—M

» The space of all antisymmetric 2-tensors is a linear subspace
of the space of 2-tensors

» An example of an antisymmetric 2-tensor on R? is

1

1.2 1 42\ 3b1_12_21
d((a*,a%), (b", b%)) = det 2 =ab°—ab.

b2



Exterior 2-Tensor on 2-Dimensional Vector Space

Let V be 2-dimensional

Let 7 be an exterior 2-tensor on V

Let (e1, &) be a basis of V

c=1(e, e)

Given any vectors v = ale; + a°e, and w = ble; + b?es,

vVvYyyVvyy

7(v,w) = 7(a'e; + a°ey, bley + b?er)
= albl7r(er, 1) + atbor(e1, &) + a°bi7(e2, €1) + a°b*7(e2,
= T(el, ez)(albz — a2b1)

= cdet a b
o a2 b

» The space of exterior 2-tensors on a 2-dimensional vector
space is a 1-dimensional vector space



Notation

vvyyy

The space of 2-tensors on a vector space V is V* ® V*.
The space of symmetric 2-tensors on V is S2V*.
The space of exterior 2-tensors on V is A2 V*,
Given a 2-tensor 7 and vectors v, w € V, we will write
T(v,w)=(r.vew)=(vew,T)
The symbol ® has the following rules:
(a'vi + ?w) @ w =al(vi @ w) + a°(v2 @ w)
v @ (b'wy 4 bPwsy) = bH(v @ wy) + b (v @ wo)

IMPORTANT: v ® w # w ® v unless v is a scalar product of
W or vice versa



Tensor product

> Given 0%, 0% € V*, their tensor product is the 2-tensor 1 ®@ 62
defined by

(v @ w, 0! @ 92) = <v,91><w, 92>.

» Note that 6% ® 0 # 6 ® 62 unless one is a scalar product of
the other

» The symmetric product of 8! and #? is the symmetric 2-tensor
0'00® =0"® 6% +6°® 0"
In particular, given any v,w €V,
(v® w, 0" 0 0%) = (v,6") (w, %) + (w, 6" (v, 6?)

» Note that 62 0 §1 = 61 0 62.



Wedge product of two covectors

» The exterior or wedge product of 8! and 62 is the exterior
2-tensor
' NO? =02 0% - 0?0

P In particular,
(vow,0t A% = (vow, ' 6% —6%206%
= <V701><W792> - <W7 01><V702>

> 92 A0 = —61 A B2,
> OANO=0.



Exterior 2-tensors With Respect To Basis

» Let £ =(e1,...,en) be a basis of Vand © = (61,...,6™)
the dual basis

» The exterior 2-form 6’ A # has the following properties:

AN, exDe) =00 —¢ @0, e, e)
=0, e ) (¥, e) — (¢, e) (0, &)
1 ifi=kandj=1
=<1 ifi=lendj=k
0 otherwise

= 618 — & 51



Dimension of /\2V
» Suppose T € /\2V and

Mij = (7, e @ &) = —M;;
> Givenv=ae;,w=>beg €V,
(rvew) = (r,(de) ® (V)
=ab(r,e®e) = M;a't
» On the other hand,
(Mi0" A0 v @ w) = M0 Ao, (a%ex) @ (bley))
= M;a"b' (0" A0 e @ e)
= M;(a'tl — db') = 2M;a' b/
» Therefore, 7 is uniquely determined by the matrix M,

1 . ,

2
1
> It follows that dim /\ V* = (’;) _ ”(”2)



