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Topology of R?

» We will denote a point in R? sometimes by (x!, x?),
sometimes (x, y), sometimes (s, t), sometimes (u, v), and
sometimes something completely different

> An open ball or disk in R? with center (x}, x3) € R? and
radius r > 0 is the set

B((x0:%0): 1) = {(x", x*) € R? & (x'—x5)*+(x*~x§)* < r*}

> A set 0% C R? is open if for each point (x},x3) € 02, there
is a ball B((x},x3),r) C 0?
» r > 0 might have to be very small



C! Map and lts Partial Derivatives
> Amap ®: 0% — A3 is Ctif for each B((x3,x3),r) C O? the

maps
ca:(—r,r)—=A
t s OO+ t,53)
e (—r,r)— A
t i O(xg, X3 + t)
are C1

» The partial derivatives of the map ® at a point (xp, yo) € O?
are defined to be

O(xg +t,x3) € V3
t=0

(xg, x5 +t) € V3
t=0

d
al(b(x(}? Xg) = E

da
dt

a2¢(x(}a Xg) =

» Each partial derivative is a map 9,® : 02 — V3



Jacobian of a map & : 0? — A3

» The Jacobian of a C! map ® : 0> — A3 is defined to be the
matrix of partial derivatives

00 = [0 0,0]
> For each (x3,x3) € O?, the Jacobian defines a linear map

O0(x¢, x3) R? — V3

v= (v, v?) = 00(xF, x3)v
V1

= v o (xg, x3) + v d (5, x3)



Jacobian of a map ¢ : 0? — R?3
» A map ®: 0% — R3 can be written as
d(x1, x?) = (¢1(xh, x?), 9?(x1, x?), d3(x1, x?)),

where each ®* is a scalar function on 02
» The Jacobian of ® can be written as
ol 9l
0P = [01® 9.0] = [0:9% 9,92
Hd3 9,3

» For each € 02, the Jacobian defines a linear map

)
oP(x3,%3) : R? - V3
v= (v} v?) = 00 (x¢, x3)v

1
Xy %
1

= 0,02 0,02
D3 9,03

= VI o (xg, x3) + v d (5, x3)



Nondegenerate Map

» A C! map ®: O — A3 is nondegenerate if for each

(x},x?) € O, its Jacobian, which is a linear map

ad(xt, x%) : R? = V3,

has maximal rank (equal to 2)

» Equivalently, ® is nondegenerate if for each (x!,x?) € O, the
vectors
N D(x, x?), ,d(xt, x%) € V3

are linearly independent

» Equivalently, ® is nondegenerate if for each (x!,x?) € O, the
image of the linear map

Od(x, x?) : R? = V3,

is a 2-dimensional subspace of V3



Parameterized Surface in A3

>

| 4
>

Recall that a parameterized curve is a C! map ¢ : | — A3 that
has nonzero speed ¢(t) for every t € |

The 2-dimensional analogue of nonzero speed is nondengeracy
The 2-dimensional analogue of an interval in R is an open set

in R?
A parameterized surface is a nondegenerate injective map C!
map ¢ : O — A3
Example: Paraboloid
O(x,y) = (x,y,x* +y?)
Bad parameterization of paraboloid
®(s, t) = (53,13, + 19)
Bad surface: Cone

S(u, v) = (02,03, (u® + v0)'/?)



