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Oriented Basis of R?

» A basis (f1, f) of R? is called positively oriented, if the vector
f» is f; rotated counterclockwise by an angle less than

» Otherwise, the basis has negative orientation

» If (1, f2) has positive orientation, then

» (f, ), (—f, f), (fi,—f) have negative orientation
» (—fi,—f), (f,—f), (—f, 1) have positive orientation
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Facts About Oriented Bases of R?
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» The standard basis ((1,0), (0,1)) has positive orientation

» |If E and F are bases, then there is an invertible matrix M such
that F = EM.

» If det M > 0, then E and F have the same orientation
» If det M < 0, then they have opposite orientations



Oriented Bases of an Abstract Vector Space V"

» There is no standard basis of V2
» If E and F= EM are bases, then we say they have the same
orientation if det M > 0.

» The set B of all bases of V? is the union of two disjoint

subsets,
B=DB1UDBy,

where E and F = EM are in the same subset if and only if
det M > 0 and in different subsets if and only if det M < 0

» An orientation on V™ is choosing one of the two subsets and
saying that the bases in that subset have positive orientation

» An orientation of an affine space is defined to be an
orientation of its tangent space



Oriented Bases of V?
» Suppose the basis
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has positive orientation
» The following bases also have positive orientation:
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» The following bases have negative orientation:
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Orientation of a Curve in A™

» Suppose c: [a, b] — A™ is a parameterized curve

» An orientation of c is a choice of direction along the curve,
either cor —c

» This is equivalent to choosing which endpoint, c(a) or ¢(b), is
the start of the curve and which is the end

» Standard orientation:

» The direction ¢
> If a < b, then c(a) is the start and ¢(b) is the end



Frenet-Serret-Frame along Unit Speed Curve in 2

» Choose an orientation on 2

» Suppose ¢: | — E? is a unit speed curve with the standard
orientation
» For each se |,
> Let fi(s) = &(s)
> There is a unique vector f(s) such that (%(s), %(s)) is a
positively oriented orthonormal basis of V?
» (%, %) is called an adapted positively oriented orthonormal
frame along the curve ¢
» (f,%) is also called a Frenet-Serret frame



Oriented Curvature of an Oriented Unit Speed Curve in E?

?2(52) fi(s2)

fo(s1) c(s2)
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> Let (%, %) be a Frenet-Serret frame along an oriented unit

speed curve c¢: [ — [E?
~ A d ~ ~ ~ ~
Recall that since 1 -1 =1,0= Zs(fl -h)=2fR"-f

./(s) must point in the same or opposite direction to f(s)
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Therefore, there is a scalar function & such that

~

f/(s) = A(s)Fa(s)
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R is called the oriented curvature function

v

In picture above, &(s1) > 0 and A(s2) <0



Frenet-Serret Equations of Unit Speed Curve in E?

> Let (?1,;‘2) be a Frenet-Serret frame along an oriented unit
speed curve c¢: [ — [E?

> If we differentiate the equations
h-h=h-h=1and f-h,
we get
fi'h=0
h'-h=0
A'h+h-B'=0
» By the definition of curvature and equations above,
> 1/ = kb

> Afz'A: aj‘l for some scalar function a
» (kh) -t + f - (afi) = 0, which implies a = —&



Frenet-Serret Equations of Unit Speed Curve in E?
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> Let (7’1,?‘2) be a Frenet-Serret frame along an oriented unit
speed curve c¢: [ — [E?
» The Frenet-Serret equations for a unit speed curve in E? are

>
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» Equivalently
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Frenet-Serret Frame for Parameterized Curve

(s M)

fa(s1)

tl C( [} )
1(s1) er(t1)

» Let E? be oriented Euclidean space
» The Frenet-Serret frame of a C? parameterized curve

c: 1 — E? is the unique positively oriented orthonormal frame
(f1, f2) such that

d
=
|
> Ifei
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s the unit speed parameterization of the same curve and
(f1, f2) is the Frenet-Serret frame for ¢, then

c(t) = ¢(s(t)) and F(t)

= F(s(1)),
where s(t) is the arclength function



Frenet-Serret Equations for Parameterized Curve

» Since §(t) = o(t) and using the chain rule,
c(t) = ¥(s())s (1)
= a(1)A(s(t))
o(t)hi(t)
/(s(1))s'(1)
= a(2)A(s())(s(t))
= o(t)r(t)h(t)
h'(t) = B'(s(1))s (1)

= —oi(s(t))h(s(t))
= —O‘/i(t)fl(t)a

f'(t)

where k(t) = R(s(t)) is the curvature at ¢(t) =

c

(s(2))



Frenet-Serret Frame and Equations for Parameterized
Curve in E?

» The Frenet-Serret frame for a parameterized curve ¢ : | — E?
is an adapted oriented orthonormal frame E = (f1, f2) along ¢
such that

d=o0f

» The Frenet-Serret equations are

sl 8=l [0 ]



Example: Frenet-Serret Frame of a Circle

» Given a point p € E? and an orthonormal basis (er, 2) of V?,
a parameterization of the circle with radius R and center
peE2?is

c(t) = e1(Rcos t) + ex(Rsin t)
> |ts velocity is
&(t) = R(—e1sint+ ey cos t)

and its speed is
oc=|¢e=R

» The Frenet-Serret frame is
fi(t) = —— = —eisint+ excost

f(t) = —ejcost— epsint



Frenet-Serret Equations for a Circle

» Differentiating the Frenet-Serret frame, we get

1d 1d _ _
gjt[l 2}:7?&[—615'nt+e2cost —elcost—egsmt]
:lR[—elcost—egsint eysint — ey cos t
1
=5lh —fi
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» The curvature of a circle of radius Ris k = lR



Example: Spiral

» Given p € E2 and an orthonormal basis (e1, &) of V2,
c(t) = er(tcost) + ex(tsin t)

is a spiral
> lts velocity is

c(t) = eg(cost — tsint) + ex(sin t + tcos t)

and its speed is given by

02 = (cost— tsint)? + (sint+ tcost)® =1+ £



Frenet-Serret Frame of a Spiral

c(t)
h(t) = 00|
_ er(cost— tsint) + ex(sint + tcost)
a 1+ 2
—ey(sint+ tcost) + ex(cos t — tsin t)
fa(t) =

V1412



Curvature of a Spiral

>

‘L ei(—2sint— tcost) + e(2cost —tsint) t .
Lo V1Tt (1+)"

» Therefore,

1.
k=—h-fi
g
_ (sint+ tcost)(2sint+ tcost)
N (1 + 2)3/2
(cost — tsint)(2cost — tsint)
(1+ 12)32

2+ £
(1+ &)
=(1+2)32 4 (1+2)7H?



