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Flux Integral

» Consider:

> Oriented surface S
» Vector field F along S

» The flux integral of F through S can be written as

/ﬁ-d§
S

» There are two ways to calculate a flux integral

» If A is the positively oriented unit normal to S, and F - i is constant on S,
then flux integral is given by

=

[ £ 95 =(F - marea(s).
S

> If 7: D — S, where D is a domain in R?, such that 7 x Fi(s,t) is a
positively oriented normal, then the flux integral is given by

/ﬁ.d§:/ F(7(s,t)) - (% x Fi(s, t) ds dt
S D



Example

>

Consider
/(rzx +jzy) - dS,
s
where S is the upper hemisphere of radius R centered at the origin
oriented outward
The positively oriented unit normal of S at € S is
P v /T’X-I-JTE/-l-l?z

AT R

Here, F = ix —&—f;/ and therefore

. . . - g E 2 2
F-ﬁZ(izx+jzy).(’X+J’}é+ Z>:Z(X;—y)’
which is not constant on S

Therefore, we must parameterize S



Example: Parameterization of Sphere

» Use spherical coordinates to parameterize S

» Given

0<¢p< —-and 0<0O <27,

T
2
¢, 0) = R(rsin ¢ cosO + jsin¢sin 6 + k cos ?)

= R(Fcosgi)cos@ —|—fcos¢sin 0 — ksin ®)

fo = R(—fsin ¢sinf —&—fsinq&cos@)

Fp X Fp = R(Fcosqﬁcos@ + jcos psinf — ksin @) X R(—fsin $sin6 + j'sinpcosf
= R*(i{sin ¢)? cos  + j(sin ¢)? sin 6 + k(cos ¢ sin ¢)((cos 0)* + (sin 6)?))
= R?(sin ¢)(i'sin ¢ cos O + j'sin ¢ sin 6 + k cos )

2 . r
= R*(sin ¢) |/$\ )
= R(sin@)(ix + jy + kz)

o

> Since R?(sin¢) > 0 when 0 < ¢ <, 7 X 5 is pointing outward and
therefore has the correct orientation
» The vector field is

F =izx + jzy = R? cos ¢ sin qﬁ(fcose + j'sin 0)



Computation of Flux Integal Using Parameterization

Using the formulas we have,
R R 0=27 _'
/F-dS:/ / (rp x rp)dOde
s p=0 Jo=
0=27 . R .
:/ / (R cos ¢) (/X +Jy) R(sin¢)(ix + jy + kz) d¢ dO
p=0 Jo=
0=2m
= / / R?(cos ¢sin ¢)(x*> + y°) dp dO
p=0 Jo=

0=2m
= / / R*(cos ¢)(sin ¢)* do df
$=0 o=l

= 27TR4/ o du
u=0

%TFR3



Fundamental Theorems of Calculus
» (Fundamental Theorem of Calculus)
t=b
/ F(£) dt = £(b) — £(a)
t=a

» (Fundamental Theorem of Line Integrals) Given an oriented curve C from
Fstart to Fend,

/ VF - dF = F(Fona) — F(Foar)
C

» (Green’s Theorem) Given a domain D in 2-space with positively oriented

boundary 0D:
/ﬁxﬁdAz/ F.dF
D aD

» (Stokes’ Theorem) Given an oriented surface S in 3-space with positively
oriented boundary 0S:

/(6xﬁ)-d§: F.dF
S oS

» (Divergence Theorem) Given a domain R with positively oriented
boundary OR in 3-space,

/ﬁﬁdv:/ F.dS
R OR



General Form of Each Fundamental Theorem of Calculus

> Always a tradeoff between integrating a derivative or integrating over the
boundary

/ Some kind of derivative of a function or vector field
Domain
= / Function or vector field itself
Boundary of domain

» Integral is always over an oriented domain or its oriented boundary
» General facts about integrals
» The integral over a domain must always be an integral of a function
» The integral over an oriented curve in 2D or 3D space must be an integral
of a vector field
» The integral over an oriented surface in 3-space must be an integral of a
vector field



Towards Stokes's Theorem: Ampere's Law

oo]]

» An electrical current Jﬁpassing through a wire induces a magnetic field B

around the wire
/§~dF:/f- dS
c s

> Ampere's law:



Line Integral Around Boundary of Surface Parameterized By Rectangle

—Z -
. F Fo.
g o
Cy G
<« S
G

» Suppose (s, t), 0 < s,t <1, is a parameterization of a small surface S

» The boundary of S'is C = G U G, U G3 U G4, where the respective
parameterizations are

Along G, : f(s) = f(s,0), dr=ri(s,0)ds, 0<s<1
Along G : f(t) =r(1,t), dr=r(1,t)dt, 0<t<1
Along Gs: f(s) =l(s,1), dF=ri(s,1)ds, 1 >5s>0
Along G, : r(t) =r(0,t), dr=r(0,t)dt, 1 >t>0

» The line integral of F around C is

/l—:-dF:/ E.df+/ ﬁ~d?+/ ﬁ-df+/ F.dF
c G G (e} Cy



Line Integral Calculation

G G

The line integral of F around C is

/ﬁ-df:/ ﬁ-d?+/ F.dr+ ﬁ-d?+/ F.dr
C C G Cy

1

- [, Atson s oaes [ AGta ) e e

t=0

+/t:1 F(F(L 1) - A1, ) dt—|—/ F(70, 1)) - 7.(0, t) dt

=0 t=1

N / F(7(1, 1)) - A1, t) — F(70, 1)) - F(0, t) dt

0

[ AR ) 1)~ PR, 0) s 0)

=0



By the Chain Rule and the Fundamental Theorem of Calculus

t=1
| FG ) 70 - F(70.0) - 70,0 de

=0

‘ t=1 s=1 R
= / 85(F(F'(s, t)) - ri(s, t)) ds dt

s= 1
/ / (ﬁxs—i—Fyys—i—Fzs) fi+ F . Fsdsdt
t:

and

| AR s 1) - Fdts.0) - (5,00

— /s:1 T OF(Fls. 1)) - 7i(s. 1)) ds it

tl
/ / FXtJrFytJerf) 74 F - e dsdt



Subtracting

—

= Fo- (6fi — xes) + Fy(ysfi = i72) + Ful(zeFi — 2:7%) ds dit
s=1 t=1 N N R
= / / Fro - (J(xsye — xeys) + k(xsze — x¢25))
s t:
+ FJ ( (}/th }/th) + E(Yszt - }/tzs)) + :Ez . (f(zsxt — ztxs) + E(zsyt — Ztys)) ds dt
t=

— /ZZ /t:O ((F2)x - (Fl)y)(Xsyt — Xtys) + ((F3)y — (F2)Z)(yszt — }/tzs)
+ ((Fl)z - (F3)x)(Zth — Zth) ds dt

_ /S: @), = R+ T~ (F)) + R(F)-  (R),)

i{ysze — yez:) +f(zsxt — 2i%) + K(xsys — xeys)) ds dt

t=1
/ / 6 (rstt)dtdS_/(§><ﬁ)-d§
s S



Stokes’ Theorem For Surface Parameterized By Rectangle

» Suppose S is a surface in a 3D region R with a parameterization (s, t),
(s,t) €[0,1] x [0, 1]

> Given a vector field F on D,

/ﬁdf:/(ﬁxﬁ)-dsi
c s
where the orientation on S is given by r; x r; and C is the boundary of S

with the orientation corresponding to going counterclockwise around the
boundary of the rectangle [0, 1] x [0, 1]



Orientation of Surface With Boundary in 3-Space

» Suppose S is an oriented surface in 3-space with boundary C

» An orientation of the curve C is positive with respect to the orientation of
S, if it satisfies the righthand rule.
> If you walk along the curve with your head pointing in the direction of the
oriented normal to S, then the surface is on your left
» If you point the fingers of your right hand in the direction of the orientation
of the curve and curl them towards the surface, then your thumb points in
the direction of the oriented normal to the surface

> If you point the thumb of your right hand in the direction of the normal to
S, your fingers should point in the direction of the orientation of C



Stokes' Theorem for a Bounded Surface

VxF
n

» Suppose S is an oriented surface with positively oriented boundary C
» If we chop up S =51 U---U Sy, where
» Each Si can be parameterized by a rectangle
» The intersection of any two S; and S is either empty or a side of each
rectangle,

then



Stokes' Theorem for a Bounded Surface

Theorem
Suppose S is an oriented surface inside a 3D region R, whose boundary is C
with the positive orientation. If F is a vector field on R, then

/(ﬁxﬁ).ds*:/ﬁ.df
S C

In particular, if S is a closed oriented surface (i.e., it has no boundary), then

-

/Wxﬁyﬁ:o
S

Corollary
If S1 and S, are any two oriented surfaces that have the same positively
oriented boundary (i.e., 0S1 = 0S,), then for any vector field F,

- - — -

(VxF)-dS= [ (VxF)-dS.



Example of Line Integral Around Circle

» Want to compute

/ﬁ.d?,
C

where C is the circle of radius 3 in the plane z = 2 and centered around
the z-axis, and Lo .
F=1iy+2x+ kz*
» Could do this directly:
r(0) = (3cosb,3sin b, 2)
dr = (6)do
= (—3sind,3cos6,0) db
F = (3sin 0,6 cos 0, 9(2%))
0=2m
/ F.-dr= / —9(sin ) + 18(cos #)* df
c 0=0

» Need half-angle identities to calculate integral



Use Stokes' Theorem to Compute Line Integral
» Want to compute
/ F.dr,
C

where C is the circle of radius 3 in the plane z = 2, centered around the
z-axis, oriented counterclockwise, and

F= Fy +f2x+ kz*
» Try using Stokes’ Theorem:

/ﬁ.dr:/(ﬁxﬁ).ds*
C S

> Calculate curl of F:
VxF = i{(F)y = (F2)2) +i{(F)z = (Fa)) +k((Fa)x = (F)y) = k(2-1) = k

» Can choose any oriented surface S whose positively oriented boundary is C
» Simplest choice is disk in the plane z =3

S={+y*<9and z=2}
» By Stokes' Theorem,

/ﬁ-df:/(ﬁxﬁ)-d§:/(ﬁ.ﬁ)dA
C S S

:/E%dA:/dA:gw
S S



Application of Stokes’ Theorem

> But recall that the vector field F =

Suppose Co = {x* +9y> =9 and z = 5} and we want to compute

/ T g
o \ Xty
Computing this directly will be a mess

—iy + jx

2ty satisfies V x F =0

» Also, if Ci is the unit circle in the xy-plane centered at the origin and

vyvyy

oriented counterclockwise, then the line integral of F around C; is easy to
calculate

So let S be a surface whose boundary is C; U G,

Orient S using an outward normal

Orient C; and ( in the counterclockwise direction

The positive orientation for 9S is G; U (— &)



