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Parameterized Curves

» Recall that a parameterized curve is a map from an interval into 2-space
or 3-space,
c:l —R" where n=2or3
> The velocity of c is V(t) = ¢/(t)

We will assume that the velocity is always nonzero

v

» The path of the curve is the image of ¢

» A path has many different parameterizations

» The parameterized curves

a(t)=(t,0), 0<t<1
o(t)=(t,0), 0<t<1
a(t)=(1-1t0), 0<t<1

have the same path



Same Path, Different Parameterizations

> ¢ :[0,1] — R?, where

a(s)=s
> ¢ : [~1,0] — R?, where
c(s)=-—s
> ¢ :[0,1] = R?, where
a(s)=1-s

> ¢ :[0,1] — R?, where
a(s) =+



Oriented Curve

end = c(b) start = c(b)

start = c(a) end = c(a)

» Orientation of a parameterized curve is direction of travel
» There are two possible orientations

» The direction of the velocity vector

» The opposite direction to the velocity vector
» Consider a curve ¢ : [a,b] — R"

> If the orientation is in the direction of the velocity vector ¢’(t), then c(a)
is the start point and c¢(b) is the end point

> If the orientation is in the opposite direction of the velocity vector ¢’(t),
then c(b) is the start point and c¢(a) is the end point



Vector Field

(i(x,y), va(x, y))

V(x,y)
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Oriented Curve in Vector Field
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Oriented Curve in Vector Field
» Chop interval [a, b] into N equal pieces
b—
N

Ar=2"2

a=t <b=t+At<- - <ty=t+(N-1)At < tys1 = t1+(N+1)At = b
» Linear approximation of curve

Ate) — A1) = 7 (t) (tc — te—1)
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Line Integral of Vector Field Along Oriented Curve

» Let C be a curve in a domain D with parameterization f(t), for each t
between a and b

> Let V be a vector field on the domain D

» Define the line integral of a vector field % along an oriented curve C to be

—

/C V- dF= V(AR)) - (Ft) — A(t) + -+ V(At) - (Atsa) — Altw))

~ V(A(t)) - 7 (t)(t — ta) + -+ + V(F(tw)) - (7 (tw)(tns1 — tw)
S [T ) P,

UCU

V(1)

V(F(t))

(t1)

r(ta)

» Does not matter whether a< bora> b



Line integral of a Vector Field Along an Oriented Curve

v

Let F(x,y,z) be a vector field on a domain D

v

Let C an oriented curve in D with start point Fart and end point Fend

v

Let 7(t) be a parameterization of C such that

F(tstart) = Fs’tart and F(tend) = '?énd

v

The line integral of F along the curve C is defined to be

/Cﬁ-dr*:/tt:te"d F(7(2)) - 7 (¢) dt

=tstart

—

> Here, F = F(7(t)) and d7 = 7 (t) dt



Examples
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Calculation of Line Integral in Constant Vector Field

> Consider a constant vector field F = iF; —|—f‘F2 + kF3, where Fi1, Fp, F5 are
scalar constants

> An oriented curve C with parameterization 7(t) = ix(t) + jy(t) +jz(t),
a <t < b, oriented in the direction of the velocity vector

> dF = 7(t)dt = (ix'(t) + Jy'(t) + kz'(t)) dt

» We want to compute the line integral of F along the oriented curve C

/ F.di— / R Py B (), (8), 2 (8)) dt
C t

=a

t=b
:/ Fix'(£) + Fay'(£) + Fs2/(t) dt
t:

Fx(t) + Fay(8) + Faz(e)| "=
— F(x(6) — x(2)) + Faly(b) — y(2)) + Fs(z(b) - 2(2)
_ F-(A(b) - &)



Example of Line Integral

> Vector field: F(x,y) = yi

> Curve C: A(t) = icos(t) + j(1 + sin(t)), —% <t < 7, oriented opposite
to the velocity

> dF = (—isin(t) + jcos(t)) dt

™

—

/Cﬁ.dfz /:  (sin(£)7) - (=Tsin(t) + eos(t)) dt

us
2

™

/i * _(sin(t))? dt = /t:_% —1Hcos(2t)

L4 _ 2
2 =2




Work Done By Gravity Along Helical Path

start = 7(0)
AT)
end = F(3T)

> F(t) = (Rcos (33), Rsin (34) , h(t)), 0 < t < 3T, where

T T
T = period and h(t) = height at time t (meters)

» Work done by gravity F = —gE

t=3T
= 27 R 2t 2 2t
Fd7 / —g - (- sin (—),R—cos(—),fh’t dt
/C t=0 < T T T T ( )>



Another Notation for a Line Integral

> Consider a vector F = 7F1 -|-_j_‘F2 + kFs and a parameterized curve
F(t) = ix(t) +jy(t) + kz(¢)

> dr = idx —|—de + kdz

F dr = F1dX+F2dy+F3dZ

» The line integral of F along an oriented curve C is

/fldF:/Fldx+F2dy+F3dz
C C

v

» Example: Suppose C is parameterized by
At)=(t, 5,6, 0<t<1

and we want to compute
/l-:-df':/xdx—i—ydy—i—zdz
c c

> SinceX:t,y:tz, z =1,
dx = dt, dy = 2tdt, dz =3t dt
» Therefore,

t=1
/xdx+ydy+zdz=/ tdt 4+ t*(2t dt) + £2(3t7) dt
C t=0

t=1
:/ (t+282+3t°)dt =2
t=0



Example of Line Integral in 2-space

» Suppose C is an oriented curve in 2-space with parameterization
A(t) = ix(t) +jy(t), a< t < b, and P(x,y), Q(x,y) are scalar functions

» To compute the line integral / Pdx + Qdy,
c

/C Pdx+ Qdy = /tt:b(P(x(t),y(t))X'(t) + Q(x(t), y(1))y'(t)) dt

=a
» Example: Suppose the curve C has the parameterization
F(t) = itcos(t) + jtsin(t), 0 < t < 2m, with orientation in the direction of
the velocity vector

> To calculate/—ydx+xdy,
c

/c_y dx + xdy = /t=27r —(tsin t)(cos(t) — tsin(t)) dt

t=0

+ (tcos(t))(sin(t) + tcos(t)) dt

t=27m
= / 2 dt = )
t=0




Properties of Line Integrals

> If C is an oriented curve and F is a vector field, then the line integral of F

along C is

o t=tend _,
/F-d?:/ F(F(t)) - 7 (t) dt,
C t=tstart

where 7(t) is a parameterization of C
» The value of the line integral stays the same, even if a different

parameterization is used

» Given an oriented curve C, —C will denote the same curve but with the
opposite orientation:



Gradient Field

> A vector field F a domain D is a gradient field, if there is a scalar function

f on D such that L
F=Vf
» Equivalently, a vector field F=iFR +J?F2 + kFs is a gradient field if there
is a scalar function such that
Fi=f, =1, 3=1
» The function f is called the potential or the energy potential of F
> F = (x,y,z)is a gradient field, because F = Vf, where

1
f(X,_y,Z) = §(X2+y2+22)

> G = (y,x) is a gradient field, because G = Vg, where

—

q(x,y,z) = xy

(y, —x) is not a gradient field, because if

(ys—x) = Vp = (px, py), then
px =y and p, = —x, which implies p,, =1 and p,x = —1

v
I
I



Test for a Gradient Field: Partial Derivatives Commute

> If F=iF, +jF = Vf = if. + jf,, then
O F = (£)y = (f)x = OxF2

> If F = iF + jFa + KFs = VF = if, + jf, + kf., then

OF = (f)y = (f)« = 0xF
8zl:lz(f) :(z)x:6F3
0.F> = (). =(f)y =0,F3

» BEWARE: The converse is not necessarily true: If F= rFl +J?F2 satisfies

Oy F1 = 0« Fo,

it does not necessarily imply that Fisa gradient field



Line Integral of Gradient Field

> Suppose 7(t) = (x(t),y(t), z(t)) is a parameterization of an oriented
curve that starts at Fiare = #{tstart) and ends at 7ing = (tend)

» Consider the scalar function ¢(t) = f(r(t))

» By the chain rule,

#(0) = 2 (F(7(0)
=fx' +ty +£7
= <f;<7 fys fl> : <X/vy/vz/>
= V(D) - 7(2)

» Therefore, by the definition of the line integral and the Fundamental
Theorem of Calculus,

/Cﬁf 7= /tt:te"d TF(F(L)) - 7 (1) dt

=tstart

-/ T () de

=tstart

(tend) - ¢(tstart)
((tena)) — F(Ptstart))
(Fénd) - f(Fs:tart)

¢
.
p



Fundamental Theorem of Line Integrals

> Let F = Vf be a gradient field on a domain D
Let C be an oriented curve in D with start point Rt and end point Feng
» We have shown that

v

/ IE dr= f(F;extend) - f(Ftextstart)
C

» If Cis a closed curve, then Fing = FKiart and therefore

/ﬁ.dfzo
C

» If Gi and G, are any two oriented curves with the same startand end

points, then
/ F.dr= / F.dr
a G



Path Independent, Conservative, Gradient Vector Fields

> A vector field F is path-independent on a domain D, if, for any two
oriented curves C; and G, in D with the same start points and same end

points,
/ﬁd?:/ F.dF
G G

> A vector field F is path-independent on a domain D, if, for any closed
curve C in D,
/ F-df=0
c

> A vector field F is gradient or conservative on a domain D, if there is a
potential function f on domain D such that Vf = F

» Any path-independent vector field on a domain D is conservative, and any
conservative vector field on a domain D is path-independent

» Gradient <= conservative <=> path-independent



