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Integration Over All or Part of Circular Region
y

X
> Suppose we want to integrate

/R f(x,y)dA

R={1<x*+y?><4andy >0}

where

P> R is not easily written as the region between two graphs



Polar Coordinates
Y+ (va)

1 2
r?=x?+y?
x = rcosf R={(rcosf,rsinf) : 1<r<2and0<6<m}
y =rsinf

» Ranges of values for polar coordinates

r>0
0<O<2rmor —mw<O<nm



Calculation of Integral Using (Reverse) Substitution

» Calculate

X
— 2 V4—x2
» If x = 2cosf, then

> —2<x<2correspondstonm >80 >0
> dx = —2sinfdo
> 4 — x?2 =2sinf (nonnegative if 1 > 6 > 0)

» Therefore, the integral can be rewritten as
/X: / —2sinf d6b
o VE—x2 ~ 2sinf

- _/ do
0=m

=—0—-m)=m



Calculate Double Integral Using Substitution

y

» Suppose we want to calculate using polar coordinates

/ydA:/ / rsinf(...)d0dr
R r= 0=

» IMPORTANT: dA # dfdr
» Using xy—coordinates, it is the area of a small rectangle
formed by a small change dx in x and a small change dy in y

dA = dx dy

» Using polar coordinates, it is the roughly area of of a small
region formed by a small change dr in r and a small change
df in 6



dA in Polar Coordinates

Y

Ar
AA
Af r/Af
R
" Arc of circle
of radius r
9 €T

» In polar coordinates
dA = (rdf)(dr) = rdrdf

P> dA gets bigger as r increases



Double Integral in Polar Coordinates

Use x = rcos@, y = rsinf, dA = rdr do:

/ydA / / (rsinf) rdrdo
r 6
6=2
= (/ r? dr) (/ sm0d0>
r=1 6=0
r3 r=2
0=n
= (3 > (—cos@\ez(,)

r=1



Example of Double Integral in Polar Coordinates

-1

» Compute /(x2 + y2)3/2 dA using xy coordinates
R

» R is the region between the graphs x =0 and x = /1 — y?2,
where —1 <y <1

> Integral is therefore

y=1 x=4/1—y2
/R(X2 +y?)32dA = / 1 (/ . (x2 4 y?)3/2 dx> dy
y=— X=



Example of Double Integral in Polar Coordinates
y
1

-1

> Compute /(x2 + y2)3/2 dA using polar coordinates
R

» R={(rcosf,rsinf)

0<r<land -3 <0< 7}
| 2

r=1 ==
/(X2 +y2)3/2 dA :/ (/ ’ rr dQ) dr
R r=0 0=—7%



Cylindrical coordinates in 3-Space

Pir.6,z)

(r.@.0)

» Use polar coordinates for x and y, and keep z unchanges
» (x,y,z) =(rcos@,rsind,z)
» Convert (3,3,5) to cylindrical coordinates:
> r2:x2—|—y2:32—|—32:18, sor=+/18
> x =y implies = 7 and cosf =sinf =
> z=5

1

N



Calculate Triple Integral Using Cylindrical Coordinates

.
|+ L
—_

> CaIcuIate/de
R

> R={0<r<4,0<0<2m 0<z<1}
» dV =dxdydz =dAdz =rdrdfdz

» oo [ () )
(z )z “) (L) (UL #)
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Example of Triple Integral Using Cylindrical Coordinates

w/2

o

» Let R be the shape shown above

» Assume the flat vertical sides are in the xz and yz planes and
the base is in the xy plane

» In xyz coordinates, R = {x*> + y?> <4, x,y >0, 0< z < 4}

> CaIcuIate/xyde
R



Example of Triple Integral Using Cylindrical Coordinates
w/2
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» R={0<r<2,0<0<73, 0<z<4}
» Therefore,

z=4 r=2 =%
/xyz dv _/ (/ (/ i (rcosf)(rsinf)z d@) rdr> dz
R z=0 r=0 6=0
z=4

r=2 9:%
= zdz/ r3 dr/ sinf cos 6 db
z= r=0 6=0

0
16 /2% u=1
= <>/ udu =8,
4 u=0

4
where u = sin6 and du = cos 0 df



Cone in Cylindrical Coordinates

Z

Sy
<
» Horizontal slice at height z is circular disk with radius
proportional to z
» Thie means the region is given by \/x2 + y2 < cz for some

constant ¢
» Since (2,0,4) is on the boundary, equality holds

1
VX2 +y2=2=cz=4c — c=3

» Therefore, R={/x2+y? <3 and 0 <z < 4}
» In cylindrical coordinates,

R:{ogegznogzgmogrgg}



Spherical Coordinates in 3-Space

Consider a point (x, y, z) with position vector = (x, y, z)
p = distance from origin to P = \/x2 + y2 + 22

¢ = angle from ktoF

z="7-k=|FA|k|cos¢ = pcos

0 = angle from i to (x,y,0)

Same as polar coordinates in xy-plane

x =rcosf, y = rsinf, where r> = x> + y?

Since p2 = x?>+y2 + 22 =r? + 72,

P = VP =2 = /21— (cos6) = psing

VVVYyVYVYVYYVY




Spherical Coordinates in 3-Space

» Spherical coordinates consist of (p, ¢, 6), where
RP=xXP 2+ 2=+
z = pcos ¢, x = rcosf = (psin @) cosf
r=psino, y =rsinf = (psingp)sinf

» (x,y,z) = (psingcosh, psinpsinb, pcosb)
» Example: For the point (1,1, —v/2),

p=V1I+1+2=2
(21 = (V22 = o=

(x,y)=(1,1) = 9:%



IMPORTANT: Range of Values for Spherical Coordinates

P =(z,y,z2)

> p=>0
» REMEMBER THISONE: 0 < ¢ <7
> 0<O0<2mror —7m<O0<nm



Integration Using Spherical Coordinates

2 psin ¢ AP

» dV = (dp)(pdo)(psing db) = p?>sinpdpdep do

> 0<p 0<op<m0<0<27(or—7<O<m)

» Example: If B is the ball of radius R centered at the origin,
then

/ f(x,y,z)dV
B

p=R b= 0=27
:/ / / f(psingcosb, psingsinb, pcosd) db do dp
p=0 »=0 6

=0



Volume of a Ball

» B={0<p<R 0<¢p<m 0<0<2n}
» Volume of B is

p=R P=m =27
/ldV:/ / p2sinddpdodf
B p=0 =0 6=0
R

([ o) ([ o) (o)

_ 27r3R3 (7COS¢|£23)

- 47 R3
3




Example of Integration Using Spherical Coordinates

}

> Region Q={0<p<1,0<¢<%, 0<0<

INE

» Suppose we want to calculate xyz, dV
Q

/ xyzdV = / /¢> / . (psin ¢ cosB)(psin @sin 6’)(pcos<;$),o2 singpdfddodp
p=
,1 o—=

:/ p dp/ B (smgzﬁ) cospdo ’ cosfsinf db
p=0 $=0 0=0
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