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Alternating Tensors
I Let V be an m-dimensional vector space

I A 1-tensor is a linear function θ : V → R, i.e., an element of
V ∗

I A 2-tensor is a bilinear function Θ : V × V → R
I A 2-tensor Θ is alternating if for any v1, v2 ∈ V ,

Θ(v2, v1) = −Θ(v1, v2)

I A k-tensor is a multilinear function of k vectors,

Θ : V × · · · × V → R

I A k-tensor Θ is alternating if for any permutation σ ∈ Sk
and v1, . . . , vk ∈ V ,

Θ(vσ(1), . . . , vσ(k) = ε(σ)Θ(v1, . . . , vm)

I Let ΛkV ∗ denote the space of all k-tensors, which is a vector
space
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Differential Forms

I Let Λk
xO = ΛkT ∗xO and

ΛkO =
∐
x∈O

Λk
xO

I A differential k-form is a map

Θ : O → ΛkO

such that for each x ∈ O, Θ(x) ∈ Λk
xO
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Tensor and Wedge Product
I The tensor product of θ1, θ2 ∈ V ∗ is the 2-tensor θ1 ⊗ θ2,

where
(θ1 ⊗ θ2)(v1, v2) = 〈θ1, v1〉〈θ2, v2〉

I The wedge product of θ1, θ2 ∈ V ∗ is the alternating 2-tensor
θ1 ∧ θ2 ∈ Λ2V ∗ given by

θ1 ∧ θ2 = θ1 ⊗ θ2 − θ2 ∧ θ1

or, equivalently,

(θ1 ∧ θ2)(v1, v2) = 〈θ1, v1〉〈θ2, v2〉 − 〈θ2, v1〉〈θ1, v2〉

I The wedge product of θ1, . . . , θk ∈ V ∗ is the alternating
k-tensor θ1 ∧ · · · ∧ θk , where

(θ1 ∧ · · · ∧ θk)(v1, . . . , vk) =
∑
σ∈Sk

ε(σ)〈θσ(1), v1〉 · · · 〈θσ(k)vk〉
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Basic Properties of Wedge Product

I If τ ∈ Sk , then

θτ(1) ∧ · · · ∧ θτ(k) = ε(σ)θ1 ∧ · · · ∧ θk

I If for some 1 ≤ i < j ≤ k, θi = θj , then

θ1 ∧ · · · ∧ θk = 0

I If θ1, . . . , θk are linearly dependent, then

θ1 ∧ · · · ∧ θk = 0

I If θj = Aj
iφ

i , then

θ1 ∧ · · · ∧ θk = (det(A))φ1 ∧ · · · ∧ φk
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Pullback of Tensors

I If Θ ∈ Λ2W ∗, then L∗Θ ∈ Λ2V ∗ is defined by

L∗Θ(v1, v2) = Θ(L(v1), L(v2))

I If Θ ∈ ΛkW ∗, then L∗Θ ∈ ΛkV ∗ is defined by

L∗Θ(v1, v2, . . . , vk) = Θ(L(v1), L(v2), . . . , L(vk))
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Pullback of Wedge Product

I If θ1, . . . , θk ∈W ∗, then

(L∗(θ1 ∧ · · · ∧ θk))(v1, . . . , vk)

= θ1 ∧ · · · ∧ θk)(L(v1), . . . , L(vk))

=
∑
σ∈Sk

ε(σ)〈θσ(1), L(v1)〉 · · · 〈θσ(k), L(vk)〉

=
∑
σ∈Sk

ε(σ)〈L∗θσ(1), v1〉 · · · 〈L∗θσ(k), vk〉

= ((L∗θ1) ∧ · · · ∧ (L∗θk))(v1, . . . , vk)

I Therefore,

L∗(θ1 ∧ · · · ∧ θk) = (L∗θ1) ∧ · · · ∧ (L∗θk)
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Wedge Product of 1-Forms

I Let θ1, . . . , θk be 1-forms on O

I For each x ∈ O,

θ1(x), . . . , θk(x) ∈ T ∗xO

I Therefore,
θ1(x) ∧ · · · ∧ θk(x) ∈ Λk

xO

I θ1 ∧ · · · ∧ θk is the differential k-form such that for each
x ∈ O,

(θ1 ∧ · · · ∧ θk)(x) = θ1(x) ∧ · · · ∧ θk(x) ∈ Λk
xO
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Pullback of Wedge Product of 1-Forms

I Let F : O → P be a smooth map

I If φ1, . . . , φk are differential forms on P, then

F ∗(φ1 ∧ · · ·φk) = (F ∗φ1) ∧ · · · ∧ (F ∗φk)
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Differential Forms in Coordinates (Part 1)
I Let (x1, . . . , xm) denote coordinates on O

I For each x ∈ O, (dx1, . . . , dxm) is a basis of T ∗xO

I For each x ∈ O,

(dx i ∧ dx j : 1 ≤ i < j ≤ m)

is a basis of Λ2
xO and therefore

dim(Λ2
xO) =

1

2
m(m − 1)

I For each x ∈ O and 1 ≤ k ≤ m,

(dx i1 ∧ dx ik : 1 ≤ i1 < i2 < · · · < ik ≤ m)

is a basis of Λk
xO and therefore

dim(Λk
xO) =

(
m

k

)
=

m(m − 1) · · · (m − k + 1)

k(k − 1) · · · (2)1
=

m!

(m − k)!k!
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Differential Forms in Coordinates (Part 2)
I Any differential k-form on O ⊂ Rm can be written as

Θ =
1

k!

∑
1≤i1,...,ik≤m

ai1···ikdx
i1 ∧ · · · ∧ dx ik ,

where each ai1···ik is a smooth scalar function on O and for
any σ ∈ Sk ,

aσ(i1)···σ(ik ) = ε(σ)ai1···ik

I Any 2-form on O can be written as

Θ =
1

2

∑
1≤i1,i2≤m

ai1i2dx
i1 ∧ dx i2

=
1

2

∑
1≤i1<i2≤m

(ai1i2dx
i1 ∧ dx i2 + ai2i1dx

i2 ∧ dx i1

=
∑

1≤i1<i2≤m
ai1i2dx

i1 ∧ dx i2
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Pullback of Differential Form in Coordinates
I Given any differential k-form on P ⊂ Rn

Ω =
1

k!

∑
1≤p1,...,pk≤n

bp1···pkdy
p1 ∧ · · · ∧ dypk

and smooth map F : O → P, the pullback of Ω by F is

F ∗Ω =
1

k!

∑
1≤p1,...,pk≤n

bp1···pkdy
p1 ∧ · · · ∧ dypk

=
1

k!

∑
1≤p1,...,pk≤n

bp1···pkdy
p1 ∧ · · · ∧ dypk

=
1

k!

∑
1≤p1,...,pk≤n

bp1···pk

(
yp1

∂x j1
dx j1

)
∧ · · · ∧

(
ypk

∂x jk
dx jk

)
=

1

k!

∑
1≤p1,...,pk≤n
1≤j1,...,jk≤m

bp1···pk
yp1

∂x j1
· · · y

pk

∂x jk
dx j1 ∧ · · · ∧ dx jk
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Example: Polar Coordinates (Part 1)
I Let

O = {(r , θ) : r > 0 and − π < θ < π} ⊂ R2

P = {(x , y) ∈ R2}
I Let F : O → P be given by

F (r , θ) = (r cos θ, r sin θ),

i.e.,
x(r , θ) = r cos θ and y(r , θ) = r sin θ

I Consider the 2-form
Θ = dx ∧ dy

I Then

F ∗dx = d(r cos θ)

= dr cos θ − r sin θ dθ

F ∗dy = d(r sin θ)

= dr sin θ + r cos θ dθ
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Example: Polar Coordinates (Part 2)

I If
Θ = dx ∧ dy ,

then

F ∗Θ = F ∗(dx ∧ dy)

= (F ∗dx) ∧ (F ∗dy)

= (dr cos θ − r sin θ dθ) ∧ (dr sin θ + r cos θ dθ)

= r dr ∧ dθ
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Example: Spherical Coordinates (Part 1)
I Let

O = {(ρ, φ, θ) : ρ > 0, 0 < φ < π, −π < θ < π} ⊂ R3

P = {(x , y , z) ∈ R3}

I Let F : O → P be given by

F (ρ, φ, θ) = (ρ sinφ cos θ, ρ sinφ sin θ, ρ cosφ)

I Therefore,

F ∗dx = d(ρ sinφ cos θ)

= dρ sinφ cos θ + dφ(ρ cosφ cos θ − dθ(ρ sinφ sin θ)

F ∗dy = d(ρ sinφ sin θ)

= dρ(sinφ sin θ) + dφ(ρ cosφ sin θ) + dθ(ρ sinφ cos θ)

F ∗dz = d(ρ cosφ)

= dρ(cosφ)− dφ(ρ sinφ)
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Example: Spherical Coordinates (Part 2)

I If Θ = dy ∧ dz , then

F ∗Θ = F ∗(dy ∧ dz)

= F ∗dy ∧ F ∗dz

= (dρ sinφ sin θ + ρ(cosφ dφ) sin θ + ρ sinφ cos θ dθ)

∧ (dρ cosφ− ρ sinφ dφ)

= (−ρ(sinφ)2 sin θ − ρ(cosφ)2 sin θ) dρ ∧ dφ

− ρ sinφ cosφ cos θ dρ ∧ dθ + ρ2(sinφ)2 cos θ dφ ∧ dθ

= −ρ sin θ dρ ∧ dφ

− ρ sinφ cosφ cos θ dρ ∧ dθ + ρ2(sinφ)2 cos θ dφ ∧ dθ
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Example: Parameterization of Triangle

x1

x2

1
y1

y2

1

I (y1, y2) = ((1− x2)x1, x2)

I The differentials are

dy1 = (1− x2) dx1 − x1 dx2

dy2 = dx2

I Therefore, the pullback of dy1 ∧ dy2 is

dy1 ∧ dy2 = ((1− x2) dx1− x1 dx2)∧ dx2 = (1− x2)dx1 ∧ dx2
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