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Change of Variables Formula for Single and Double
Integrals

I The change of variable formula for a single integral is also
known as substitution,∫ u=u(b)

u=u(a)
f (u) du =

∫ x=b

x=a
f (u(x))u′(x) dx .

I The change of variable formula for a double integral is more
complicated:∫ x=...

x=...

∫ y=... )

y=...
f (x , y) dy dx

=

∫ u=...

u=...

∫ v=...

v=...
f (x(u, v), y(u, v))| det J(u, v)| dv du,

where

J(u, v) =

[
∂ux ∂vx
∂uy ∂vy

]
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Change of Variables Formula for Multiple Integral

I The change of variable formula for an m-dimensional integral
is: ∫ x1=...

x1=...
· · ·
∫ xm=... )

xm=...
f (x1, . . . , xm) dxm · · · dx1

=

∫ u1=...

u1=...
· · ·
∫ um=...

um=...
f (x1(u), . . . , xm(u))| det J(u)| dum · · · du1,

where

J(u) =

∂1x
1 · · · ∂mx

1

...
...

∂1x
m · · · ∂mx

m
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Inconsistency Between Single and Double Integrals

I If f (x , y) is always positive on a rectangle R = [a, b]× [c , d ],
then ∫

R
f =

∫ x=b

x=a

∫ y=d

y=c
f (x , y) dy dx > 0

I If f (x) is always positive on an interval [a, b], then∫ x=b

x=a
f (x) dx = −

∫ x=a

x=b
f (x) dx

I For a single integral, the direction of integration matters

I We do this, so that the Fundamental Theorem of Calculus,∫ x=b

x=a
f ′(x) dx = f (b)− f (a)

holds, even if a > b

4 / 21



Tangent Vectors
I Let O ⊂ Rm be open

I Recall that a tangent vector at x ∈ O is the velocity vector of
a parameterized curve

I Let TxO be the space of all tangent vectors at x

I Given a tangent vector v ∈ TxO, there is a smooth curve
c : I → O such that

c(0) = x and c ′(0) = v

I Recall also that a tangent vector defines a directional
derivative of functions

I Given a tangent vector v ∈ Rm at x ∈ O and a smooth
function f : O → R,

Dv f (x) =
d

dt

∣∣∣∣
t=0

f (c(t))
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Coordinate Tangent Vectors

I Given x = (x1, . . . , xm) ∈ O and 1 ≤ k ≤ m, let ck : I → O
be the curve such that

ck(t) = (c1k (t), . . . , cmk (t)),

where for each 1 ≤ j ≤ m,

c jk(t) =

{
x j if j 6= k

t if j = k

I For each 1 ≤ k ≤ m, let ∂k ∈ TxO be the velocity vector

I Then ck(0) = x and
∂k = c ′k(0)
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Tangent Space is a Vector Space
I Let v ∈ TxO and c : I → O be a curve such that c(0) = x

and c ′(0) = v
I If c(t) = (c1(t), . . . , cm(t)), then

v = c ′(0) = ((c1)′(0), . . . , (cm)′(0)) ∈ Rm

I For any a ∈ R, the curve c̃ : I → O given by

c̃(t) = x + t(av)

has velocity c̃ ′(0) = av
I Given x ∈ O and v1, v2 ∈ TxO, if c1 and c2 are the curves

given by

c1(t) = x + tv1 and c2(t) = x + tv2,

then the curve c : I → O given by

c(t) = x + t(v1 + v2)

satisfies c(0) = x and c ′(0) = v1 + v2
I TpO satisfies all of the properties of a vector space
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Tangent Bundle

I We will let
T∗O =

∐
x∈O

TxO,

which is called the tangent bundle of O
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Coordinate Tangent Vectors are a Basis of Tangent Space

I Any v ∈ TxO can be written with respect the coordinate
tangent vectors (∂1, . . . , ∂m) as

v = ∂ka
k = a1∂1 + · · ·+ am∂m

I I.e., there is a linear isomorphism

Rm → TxO

(a1, . . . , am) 7→ a1∂1 + · · ·+ am∂m
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Pushforward of a Tangent Vector

I Let U ⊂ Rk and F : U → O be a smooth map

I Let t = (t1, . . . , tk) denote the coordinates on U

I Recall that the differential of F at t ∈ U is the linear map

∂F (t) : TtU → TF (t)O

τ 7→ DτF (x) =
d

dt

∣∣∣∣
t=0

F (c(t)),

where c(0) = t and c ′(0) = τ

I The tangent vector ∂F (x)(τ) is called the pushforward of τ
by F

I The pushforward map at x is also denoted

F∗ : TtU → TF (t)O
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Cotangent Space and Bundle

I For each x ∈ O, denote T ∗xO = (TxO)∗

I And denote
T ∗O =

∐
x∈O

T ∗xO
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Differentials of Functions

I Let O ⊂ Rm be open and f : O → R be a smooth function

I Recall that the differential of f at each x ∈ O is a linear map

df (x) : TxO → R,

where, for each v ∈ TxO,

〈df (x), v〉 = Dv f (x) =
d

dt

∣∣∣∣
t=0

f (c(t)),

where c : I → O is a smooth curve such that c(0) = x and
c ′(0) = v
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Differentials of Coordinate Functions
I Let (∂1, . . . , ∂m) denote the standard basis of Rm

I For each 1 ≤ k ≤ m, there is the coordinate function

xk : Rm → R
(a1, . . . , am) 7→ ak

I Let v = ∂kv
k ∈ TxO

I Letc : I → O be a curve such that c ′(0) = v
I Then, if c = (c1, . . . , cm), then for any 1 ≤ j ≤ m, differential

of x j at x ∈ O is dx j ∈ T ∗xO, where

〈dx j(x), v〉 =
d

dt

∣∣∣∣
t=0

x j(c(t)) = (c j)′(0) = v j

I In particular,
〈dx j , ∂k〉 = δjk

I Therefore, (dx1, . . . , dxm) is the basis of T ∗xO that is dual to
the standard basis (∂1, . . . , ∂m) of TxO
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Differential of Function With Respect to Coordinates
I Recall that if f : O → R is a smooth function, then its

differential is given by

df = ∂k f dx
k ,

where for each x ∈ O, df (x) ∈ TxO

I For any v = ∂kv
k ∈ TxO, let c : I → O be a curve such that

c(0) = x and c ′(0) = v

I Then, by the chain rule,

〈df (x), v〉 = Dv f (x)

=
d

dt

∣∣∣∣
t=0

f (c(t))

= ∂k f (c(0))(ck)′(0)

= ∂k f (x)vk

= ∂k f (x)〈dxk , v〉
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Differential 1-Forms

I A differential 1-form or just 1-form is a map

θ : O → T ∗O,

such that θ(x) ∈ T ∗xO

I I.e., for each x , θ(x) is a linear function on Rm,

θ(x) : Rm → R
v 7→ 〈θ(x), v〉

I Since (dx1, . . . , dxm) is a basis of (Rm)∗, it follows that for
each x ∈ O, there exist coefficients a1(x), . . . , am(x) such that

θ(x) = a1(x) dx1 + · · ·+ am(x) dxm

I θ is a smooth 1-form if the functions a1, . . . , am are smooth
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Pullback of 1-Form
I Recall that a linear map L : V →W induces a natural map

L∗ : W ∗ → V ∗,

where for each β ∈W ∗, L∗β = β ◦ L ∈ V ∗, i.e., for each
v ∈ V ,

L∗β(v) = β(L(v))

I L∗β is called the pullback of beta by L

I Let O ⊂ Rm and P ⊂ Rn be open

I Let F : O → P be a smooth map

I The pushforward map at x ∈ O is a linear map

F∗ : Rm → Rn

I The pullback by F is a linear map

F ∗ : (Rn)∗ → (Rm)∗
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Pullback of 1-Form (Part 2)

I For any 1-form β on P and y ∈ P, β(y) ∈ (Rn)∗ is a linear
function

β(y) : TyP → R

I By definition, the pullback F ∗β at x ∈ O is the linear function

(F ∗β)(x) : Rm → R

given by (F ∗β)(x) = β(F (x)) ◦ F∗
I I.e., given a tangent vector v ∈ Rm at x ∈ Rm,

〈(F ∗β)(x), v〉 = 〈β(F (x)) ◦ F∗〉
= 〈β(F (x)),F∗v〉
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Pullback of Differential of Function

I Let f : P → R be a smooth function and F : O → P be a
smooth map

I Recall that for any v ∈ TxO, and c : I → O such that
c(0) = x and c ′(0) = v ,

Dv (f ◦ F )(x) = 〈d(f ◦ F )(x), v〉

=
d

dt

∣∣∣∣
t=0

f (F (c(t)))

=
d

dt

∣∣∣∣
t=0

f ((F◦)(t)))

= 〈df (x), (F ◦ c)′(0)〉
= 〈df (x),F∗v〉
= 〈(F ∗df )(x), v〉
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Coordinate Vectors and 1-Forms
I Let (x1, . . . , xm) denote coordinates on O

I Let (y1, . . . , ym) denote coordinates on P

I Denote the coordinate basis of TxO by

(∂x1 , . . . , ∂
x
m) =

(
∂

∂x1
, . . . ,

∂

∂xm

)
I Denote the coordinate basis of TyP by

(
∂y1 , . . . , ∂

y
m

)
=

(
∂

∂y1
, . . . ,

∂

∂ym

)
I Each coordinate on P can be viewed as a function

ya : P → R

I The differentials (dy1, . . . , dyn) are the basis of T ∗y P dual to
the coordinate basis of TyP
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Pullback of Coordinate 1-Form
I For each x ∈ O, denote

F (x) = (y1(x), . . . , yn(x)) ∈ P

I For each 1 ≤ a ≤ n, denote

(ya ◦ F )(x) = ya(x)

I Then, for each v ∈ TxO and 1 ≤ a ≤ n,

〈(F ∗dya)(x), v〉 = 〈d(ya ◦ F ), v〉
= 〈dya, v〉

I With respect to coordinates on O, if v = v i∂xi ∈ TxO, then

〈(F ∗dya)(x), v〉 = 〈dya, v〉
= 〈∂xi ya dx i , v j∂xj 〉

= v j
∂ya

∂x j
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Pullback of 1-Form in Coordinates

I F ∗dya = ∂jy
a dx j

I The pullback by F of the 1-form

β = ba dy
a

is

F ∗β = ba
∂ya

∂x j
dx j

I Here, ba = ba ◦ F and ya = ya ◦ F
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