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Direct Sum of Two Subspaces

v

» Let S, T C V be subspaces
Orthogonal S, T are transversal if SN T = {0}
Subspaces and
Projections » If S, T are transversal, then if s € S and t € T satisfy

s+t=0,

it follows that t = —s € S and therefore s, t € SN T = {0}

» This proves that S, T transveral implies S, T are linearly
independent

» Conversely, if S and T are linearly independent, then for each
veSNT, thevectorss=v e Sand t=—v e T satisfy

s+t=0,

which implies that s =t =0, i.e., v=0
» This proves S, T linearly independent implies S, T transversal
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Projection Maps

» If S and T are transversal, then for any v € S & T, there are
unique vectors s € S and t € T such that

Orthogonal
Subspaces and v=s+t

Projections » We can therefore define maps
Ps:S®T—=S
Pr:SeT—T,
where forany ve S& T,
v = Ps(v) + Pr(v)

» These maps satisfy the following:

Ps+ Pr =1
Ps o Ps = Ps
ProPr=Pr

P_gOPT:PTOPs:O
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Orthogonal Complement

» Let V be an inner product space

» Given a subspace E C V/, define its orthogonal complement to
St be the subspace

Projections
Et={veV : VYecE(v,e)=0}
» E,E' are transversal because if

ve ENEL,

then
lv[* = (v,v) =0,

» The projection maps
Pe:E®Et - E
Pf =P E®E — E*

are called orthogonal projections
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Orthogonal Projection Minimizes Distance to a
Subspace

» Fact: For each v € E® EL and w € E, the distance from v to
w is minimized if w = Pg(v), i.e.,

Orthogonal

Subspaces and |V* W‘ > ‘V - PE(V)|

Projections
and equality holds if and only if w = Pg(v)
» Proof: Let v = v; + v, where
vi = Pe(v) € Eand vo = v — Pg(v) € E*
» Then for any w € E,
v —w]® =|vi +vo — w|?
=(vi—wH+wv,vy —w+ )
=(vi—w,vi —w)+ (vi — w,v2) + (v, vi — w) + (v, v2)
=i = wf* + vl
> i = wl v —u? > v —wf

and equality holds if and only if w = »;
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Orthogonal Projection Using an Orthonormal Set

(Part 1)
Orthogonal » Assume that the subspace E C V has an orthonormal basis
Subspaces and
Projepctions (Ul, ey Uk)
» For any v € E, there exist a',...,a* € F such that

v:alul—i—---—i—akuk
» Since, for each j € {1,..., k},
(v,uj) = (alul + oo afuy, uj) = 2,
it follows that

v=(v,u)uy + -+ (v, ug)ug
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Orthogonal Projection Using an Orthonormal Set
(Part 2)

» Consider the map Pg : V — E given by
Orthogonal PE(V) = (V7 U1)U1 T +(V7 Uk)uk
Proectons > Forany ve Vandje{l,... k}
(V - PE(V)’ uj) = (Vv uj) - (V’ uj) =0

and therefore
v— Pg(v) € E*-

» Therefore, Pg and the map Pé- .V — E* given by
Pg(v) = v — Pe(v),
are maps from V to V that satisfy
Pe+Pg =1

» They are also projection maps
» |t follows that, if E has an orthonormal basis, then

E®E-=V
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Any Inner Product Space has an Orthonormal Basis

Proof by mathematical induction
A 1-dimensional inner product space has an orthonormal basis
Let V be an n-dimensional inner product space

Let Ex be a k-dimensional subspace of V, with 1 < k < n have
an orthonormal basis (u1, ..., uk)

Since Ex C V, there exists w € V\ Eg
Let Ex.1 be the span of Ex and w

Construction of
Unitary Basis

vvyyvyy

Let v = Pg (w) and observe that it is nonzero
Set

vvyyvyy

v
U1 = m

v

The set {u1,...,ukt1} is an orthonormal basis of Ej 1

» By induction, V = E, has an orthonormal basis
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Gram-Schmidt Algorithm

» The Gram-Schmidt algorithm is a way to construct an
orthonormal basis from a given basis of an inner product space

» let (wy,...,w,) be a basis of V and, for each 1 < k < n, let
. . Ey = span of (wq,...,wg)
onstruction o
Yntary Bass > Assume there is an orthonormal basis (ui, ..., ux) of Ex and let

Virr = Pg, (Wies1)
= Wit+1 — Pe,(Wkt1)
= Wir1 — ((Wig1, un)ug + -+ + (Wieg, U ug)

» Since vk+1 # 0, we can set

Vk41
U1 = 77—
Vi1l
» (u1,...,Uks1) is an orthonormal basis of Eyq
» By induction, we obtain an orthonormal basis (uy, ..., u,) such

that for each k € {1, ..., n},

E = span of {uy,. . ug}
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Adjoint of a Linear Maps

» Let V, W be inner product spaces and L: V — W be a linear
g map
» The (Hermitian) adjoint of L is defined to be the map
L*: W — V such that for any v € V and w € W,

(L(v), w) = (v, L*(w))
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Adjoint of Linear Map (Part 2)

> Let
E = [el e,,]

be a unitary basis of V' and

F=[f ... £
Adjoint Maps and 1 m
Matrices

be a unitary basis of W

» A linear map L: V — W is uniquely determined by the matrix
M, where
L(E) = FM,

» We want to show that there exists a matrix N such that the
map L* : W — V given by

L*F = EN
is the adjoint of L
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Adjoints of Linear Maps and Matrices (Part 3)

» For any vectors
v=ea +---+e,a"=Faand w=Ffb+

we get

Adjoint Maps and
Matrices

(L(v), w))

LEa, Fb)
FMa, Fb)
fMPa, f,b)
fp, fq) MP & b
pgMP b

> wpaie
p=1

(
(
(
(f
B

I
Ms

j=1

s+ fb™ =

Fb,
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Adjoints of Linear Maps and Matrices (Part 4)

» On the other hand,
(v, L*(w)) = (Ea, L*(Fb))
(Ea, ENDb)
= (ejaj, ekNl’,‘b”)
Adjoint Maps and L
Matrices = (eja ek)a’ NFI,( bP
— S WP
DR
j=1 p=1
» Therefore, (L(v),w) = (v,L*(w)) forall v € V and w € W if
and only if - ' _
N= MP, e, NJ = WP,

or equivalently,
N = M*
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Adjoints of Linear Maps and Matrices (Part 5)

» If E is a unitary basis of V' and F is a unitary basis of W,

Adioint Maps and L:V — W is a linear map, and M is a matrix that satisfies
L(E) = FM,
then
L*(F) = EM*
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Basic Properties of Adjoint Map

» If L,Ly,Ly: V — W are linear maps and ¢ € F, then

(Lt L) = L+ 3
(cL)* =cL”
(LioLy)" =L5o Ly
(L) =t
(w, L(v)) = (L*(w), v)
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