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Determinant of Matrix

>
>

Let (e1,...,en) be the standard basis of R”
There is a unique antisymmetric multilinear function

D:R"x---xR" R
with n inputs such that
D(ei,...,ep) =1,

The formula for D is

D(V]_, ey Vn) = Z 6(¢)b(::;(1) LR bg(n) = Z E(O‘)b;(l) R bg(n)

d)ETn UESn
where each v, = (b},...,bJ)
Let M be an n-by-n matrix with columns Cy,...,C,

The determinant of M is defined to be

det M = D(Cy, ..., Cp)
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Formula and Characterization of the Determinant

» The determinant function det : M, ,(R) — R is the unique
function such that
» det M is an antisymmetric multilinear function of the columns

of M
> det/ =1
> I
M M
M= ,

Mp o MD

then

det M= > (@)Mjy - My = 3 (0)Mpqa)- - M)

¢€Tn UGSn

» This formula can be useful in proofs

» To calculate the determinant of a specific matrix M, it is
usually easier to use the properties of an antisymmetric
multilinear function
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Multiplicative Property of the Determinant

A fundamental property of the determinant is that if A and B are
n-by-n matrices, then

det AB = (det A)(det B)
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Proof of Multiplicative Property

» Given a matrix A, define Dy : (R")” — R by
DA(Vl, RN V,,) = det(AI\/I),

where vy, ..., v, are the columns of M.

> If Cq,...,C, are the columns of B, then the columns of AB
are AGy,...,AC,.

» The function Dj is alternating and multilinear, so

det(AB) = DA(Cl, ce Cn)
= DA(el, ey e,,)D(Cl, ceey Cn)
= (det A)(det B).
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M Invertible = det M # 0

» |f M is invertible, then
(det M)(det M~1) = det(MM~1) = det/ = 1.

» Therefore,

1
det M #£0 det M1 = )
€ 70, € det M

» Contrapositively, if det M = 0, then M is not invertible.
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M Singular <= detM =0

» There are bases E and F such that
ME = Fl,

where k = rank M and /I, has k ones on the diagonal and all
other entries zero.

» Hence
M= FI,E™L.

» Therefore,

det M =0 <= rankM < n <= M is singular.
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Transpose of a Matrix

» If M € My, its transpose M7 € M,»m switches rows and

columns:
T _ pgpk
(M"), = M.
» In matrix notation,
-
My oo ML M}
My MR, M}

> If Ae Miym and B € M %, then

(AB)T = BTAT € M.
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Determinant of Matrix Equals Determinant of Its
Transpose

» Given any square matrix M,
det MT = det M

» Proof 1: Use the formula for the determinant

detM =" e(o)M7™M .. M7t

g€S,

= Z 6(‘7)/‘/’;—1(1) Mg
O'GSn

= e(o)Myqy - My
O'GSn

= detMT
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Determinant of the Transpose: A Second Proof

» Write M = PLU, where

» P is a permutation matrix,
» [ is lower triangular, and
» U is upper triangular.

» Transposition preserves the determinant of triangular and
permutation matrices:

det LT = detL, det UT = det U, det PT = det P.
» Therefore,

det MT =det(UTLTPT)
= (det U)(det L)(det P)
= det(PLU) = det M.
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Solving a system of n linear equations with n unknowns

» Consider a system of equations

atxt 4 4 alx" = bt

alxt 4 4 alx" = b"
» This can be written as
Ax=b
» If det A # 0, then given b € R", there is a unique solution
x=A"1b

» [f det A =0, then
» dimker A> 0 and dimA(R") < n
> A solution exists only if b € A(R") C R"
» |f a solution exists, there are infinitely many, because

Ax=bandvekerA = A(x+v)=b>b
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Pullback of multilinear function
» Consider a function

A Wx---xW—=TF,

» Givenamap L:V — W, the pullback of A by L is defined to
be the function
L*A:Vx---V—TF

given by

L*A(vy, ..y vk) = A(L(v1), ..., L(vk))
» If L is linear, then
» A multilinear implies L*A multilinear
» A antisymmetric implies L*A antisymmetric
> Let AKV* denote the vector space of antisymmetric k-linear
functions on V
» Given any linear map L: V — W, there is a naturally
associated map
L NCW* — AFv*

> AKW*, AKV* are vector spaces and L* is a linear map
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Oriented Volume Functions

» If n=dim(V), A"V* is the vector space of all antisymmetric
n-linear functions on V

> Let Ac A"V*\{0}
» Recall that for any B € A"V*, there is a scalar b € F such

that
B=cA
» In particular, if (e1,...,e,) is a basis, then
b B(e1,...,en)
A(et,. .., en)

» This implies that dim(A"V*) =1
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Determinant of Linear Endomorphism
» If U is a 1-dimensional vector space and F : U — U is linear,
then there exists a scalar ¢ such that for any u € U,

F(u) = cu

» If L:V — Vis a linear map, then the pullback of L is a linear

map
L* A"V — A"V

» Since dim(A"V*) = 1, there exists a scalar ¢ € F such that
for any A€ A"V,
L*A =06A

» The determinant of L is defined to be §
» |.e., the determinant of L is the unique scalar that satisfies

L*A = (det(L))A

for any A€ A"V*

15/20



Computation of Determinant

> Let (e1, e, €3) be a basis of V
> lLet L:V — V be the linear map given by

L(el) = 2e1 + 3 + 4e3
L(e2) = 562 — 663
L(e3) = 763
> Given any A € A3V*\{0},
L*A(el, €, 63) = A(L(el), L(GQ), L(e3))
= A(2e1 + 3ep + 4e3, 56 — bes, Te3)
= A(2e1 + 3e + 4e3, 56, 7e3)

= A(2€1, 562, 763)
= 70A(e1, e2€3)

» |t follows that det(L) = 70
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Determinant of Sparse Matrix

» Suppose we want to calculate

2

det

N O =
o O o1 O

» This is equal to
D(Mey, Mey, Mes, Mes)
= D(2e1 + e + 2e4,3ep — 2e4, —€1 + €2 + 3€3 + €4,5€)
= D(2e1 + 2e4, —2e4,—€1 + 3e3 + €4, 5€7)
= D(2e1, —2e4, —€1 + 3e3,5€)
= D(2e1, —2e4,3e3,5€2)
= —60D(e1, €4, €3, €2)
= 60D(eq, e, €3, €4)
=60
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Multiplicative Property of Determinant
» Recall that given D € A"V*\{0},
L*D = det(L)D,
i.e., forany vi,...,vp, €V,
D(L(v1),...,L(vy)) =det(L)D(v1,...,vpn)
» Given L1 : V=V, L,: V=V, DeANV*\{0}, and a basis
(e1,...,€n),
det(Lp o L1)D(e1,...,en) = D(Ly o Li(e1),...,Lao Li(en))
= D(La(L1(e1)), ..., La(L1(en)))
=det(L2)D(Li(e1), ..., Li(en))
=det(L2)D(e1, ..., en)
= det(L>)det(L1)D(e1, ..., en)
» Since D(ey,...,e,) # 0, it follows that
det(Lo o L1) = det(L1) det(L2)
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Determinant of Invertible and Singular Maps

» If L: V — V issingular (i.e., not injective), then there exists
v # 0 such that L(v) =0
» If we set e; = v and extend to a basis (ey,...,e), then

det(L)D(e1, e,...,en) = D(L(e1,...,en)) =0,

which implies det(L) =0
» If L: V — Vis a bijective linear map and L™ : V — V is the
inverse map, then L~1 is also linear and, since

Llol=Lol ™ =1,
it follows that

det(L™1) det(L) =1,
which implies det(L),det(L!) are nonzero and

1

det(L™) = D
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Determinant if Domain and Codomain Not Same

» If L:V — W is linear, then for each k > 0 there is a pullback

map
L* : AKwW* = ARV,

where for any A € AW* and vi,. .., v,
L*A(va, ..., vk) = A(L(v1), ..., L(wk))
» If dim(V) =dim(W) = n, then
L*: A"W* — A"V*

is a map from a 1-dimensional vector space to another

» Since domain and codomain are different, there is no way to
write L* as scalar multiplication

» Define the determinant of L to be the map det(L) = L*
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