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Kernel, Image, Rank of a Linear Map

» Consider any linear map P: Z = Y
> The kernel of P is defined to be

kerP={zeZ : P(z)=0}CZ

» ker P is a subspace of Z
> The image of P is defined to be

imP={P(z) : ze Z}CY

> Also, denoted P(Z)
» P(Z) is a subspace of Y

» The rank of P is
rank P = dim P(2)
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Example 0
» Define Z : R?2 — R3 to be

Z(x,y) = (x,y,0), for all (x,y) € R?

» |n other words,

» ker Z = {0}
> Z(R?) = {(x,y,0) : x,y € R} C R3

> A basis of Z(R?) is {Z(e1), Z(e2)} = {(1,0,0),(0,1,0)}
» Therefore,

dimkerZ =0
rank Z = 2
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Example 1
» Define W : R2 — R3 to be

W(x,y) = (v,0,0), for all (x,y) € R?

» In other words,

> ker W ={(x,0) : xR}

> A basis of ker W is {(1,0)}
> W(R?) = {(y,0,0) : y € R}

> A basis of W(R?) is {(1,0,0)}
» Therefore,

dimker W =1
rank W =1
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Example 2
» Define U : R? — R3 to be

U(x,y) = (0,0,0), for all (x,y) € R?

» In other words,

> ker U = R?
> U(R?) = {(0,0,0)}
» Therefore,

dimker U =2
rank U =0
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Example 3
» Define U : R3 — R? to be

U(X,y,Z) = (yvz)' for all (vavz) S R3

/()BT

» ker U = {(x,0,0) : x € R}
> A basisis {(1,0,0)}

> U(R3) = R?

» Therefore,

» In other words,

dimkerU =1
rank U = 2
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Example 4
» Define U : R3 — R? to be

U(x,y,z) = (2,0), for all (x,y,z) € R

() -k

» ker U= {(x,y,0) : x,y € R}
> A basis is {(1,0,0),(0,1,0)}
> U(R3) ={(z,0) : zeR}
> A basisis {(1,0)}
» Therefore,

» In other words,

dimker U =2
rank U =1
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Example 5
» Define U : R3 — R? to be

U(x,y,z) = (0,0), for all (x,y,z) € R3

» In other words,

> ker U =R3
> U(R?) = {(0,0)}
» Therefore,

dimkerU =3
rank U =0
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Rank-Nullity Theorem

> If L:V — W is a linear map, then

dimker L +rank L =dim V
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Proof of Rank Theorem

| 2

>
>

Let V and W be finite dimensional vector spaces, where
dmV =m

Let L: V — W be a linear map, where dim kerL = k

If kK > 0, then there exists a basis of V/,

(el,...,ek,ekH,...,em)

such that
> (ey,...,ex) is a basis of ker L C V
> (L(ext1),---,L(em)) is a basis of L(V) C W

If k=0 and (e1,...,en) is a basis of V, then
(L(e1),...,L(em)) is a basis of L(V)
Therefore,
dimker L + rank L = dimker L + dim L(V)
=k+(m—k)y=m
=dimV
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Fundamental Facts
» Consider a linear map L: V — W
» dimkerL=0 <= Lis 1-to-1, i.e., injective, because
L(v1) = L(vn) < L(v)—L(v)=0

— L(vn—v1)=0
< w —v; € kerL = {0}
= wn=w

» rank L =dim W <= L is onto because

rankL=dim W < dimL(V)=dmW < L(V) =W

> [:V — W an isomorphism if it is 1-to-1 and onto
» This holds if and only if dimker L =0 and rank L = dim W
» By the rank theorem, this implies that

dimker L+ rankL =dimV = dimW =dimV
» Therefore, L is an isomorphism if and only if

dimV =dimW =rank L and dimkerL =0
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Fundamental Example

| 2

v

Consider the linear map L : R™ — R" given by

L(er) =---=L(ex) =0and L(exky1) = f,..., L(em) = fm—k,
where [el em] is the standard basis of R™ and
[fl fn] is the standard basis of R”

In other words,

L<|: Xkx1 :|> :|: Om—kxk ‘ In—kxm—k :||: Xkx1 :|
Ym—kx1 On—(m—k)xk ‘ On—(m—k)><m—k Ym—kx1

Then

dimker L = k
rank L =m— k

If k=0, then dimkerL =0
If n—(m— k) =0, then rank L = n
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Abstract Linear Map

>

>

Consider linear map L : V — W, where dim V = m and
dmW =n

In proof of Rank Theorem, it is shown that there is a basis
E =(e1,...,em) of V such that

> (ey,...,ex) is a basis of ker L
> (L(ex+1),---,L(em)) is a basis of L(V)
It follows that there is a basis (f1, ..., f,) such that
[fl s fmfk] = [L(ek+1) e L(em)]
Therefore,
L([el em}): [01 A | PR fmik]
—[f - ) Om—kxk | Im—kxm—k

Onf(mfk)xk ‘ 0nf(mfk)><mfk
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Matrix Associated to an Abstract Linear Map

Given any abstract linear map L : V — W, there exists a bases
E= [el em] of Vand F = [fl f,,] of W
such that the matrix M satisfying
L(E)=FM
is the same as the matrix in the fundamental example

M= Om—kxxk | Im—kxm—k
0n—(m—l<)><l< ‘ 0n—(m—k)><m—k
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Example (Part 1)

» Consider the map L : R3 — R? given by

V1 V1

Ll 222 3] e = vi+2v2 433
3] |10 0 4] |5 4v3
v v

» ker L = {(v,v2,0) : vl +2v2 =0}

> A basis of ker L is {(—2,1,0)}

> A basis of R3 is {(—2,1,0),(0,1,0),(0,0,1)}
> A basis of L(R3) is

{L(0,1,0),L(0,0,1)} = {(2,0),(3,4)}
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Example (Part 2)
> If

-2

[el €2 63] !

00
JHELEREH
0 (01
» Then

[L(e)) L(e) L(es)]=[0 i K] =[h £] [O 1 0]

0 01
» And given any vector v = ejal + ea® + e3a°,
L(v) = L(e1)a" + L(e2)d” + L(e3)a’ = fia® + hra® = FMa,

where
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Linear Map With Respect to Basis (Part 1)
» Amap L:A— Bis linear if

L(clal + c2az) = clL(al) + c2L(az), Vel,c? eR, aj,ar € A

» Implies that A and B are vector spaces

» Let E = (e1,...,em) be a basisof Aand F = (f,...,f,) bea
basis of B

» ImpliesdimA = mand dimB =n
» There is an n-by-m matrix M such that

L(ex) = AM; + - + fM]
= 6M{( (using Einstein notation)
= FM,, the k-th column of M

» The matrix M depends on L, E, and F
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Linear Map With Respect to Basis (Part 2)

» Given any vector v € A, it can be written with respect to the
basis E,

v=ecl+ -+ enc™ = exck

= ekck
= Ec
» Therefore,
L(v) = L(erc" + - + emc™)
= L(er)c" + -+ L(em)c™
= (AMI 4+ M) o (AMY + - M)
= A(Mict + - MEC™) + -+ F (Mt + -+ MPc™)

My ME] [l
= - f] | : = FMc
Mp oo MP ™
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Basis of an Infinite-Dimensional Vector Space

» You can define a basis of any vector space V to be a linearly
independent set 5 C V such that any v € V is a finite linear
combination of elements in S,

v=als;+---+as,
» Example: P = {polynomials in x with real coefficients}
> S={1,x,x%--}

» Harder example: C(R) = {continuous functions f : R — R}

» Such a basis does exist, by Zorn's lemma, but no explicit one
can be written down

> New concept needed: topological vector spaces
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