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1 Chapter 2: Elliptic Operators on Compact Manifolds

We collect some important analytic lemmas for future use.

Theorem 1.1. Let Q C R"™ be a bounded set, and uy, : 2 — R a sequence of functions uniformly bounded in
C*e. Then there is a subsequence of uy, which is convergent in CY? for any 1, B such that 1 + 3 < k + o.

This is an easy consequence of Arzela-Ascoli.
From now on let L denote a uniformly elliptic second-order differential opeartor with smooth coefficients
on a bounded domain €2 C R"

0? 0
L) = Y s + X i +of
l

K

Uniform ellipticity means: there exists some A\, A > 0 such that

Mol? < Zajk(x)vjvk < Alv)?,
Jik

for all x € Q. Then we have Schauder estimates:

Theorem 1.2 (Local Schauder Estimates). Suppose Q' C Q is a smaller domain with d(Y',0Q) > 0. For
each k € N and a € (0,1), there is a constant C = C(k,«,Q,Q, L) such that if f,g: Q — R satisfies

L(f) =g,

then
1 llgrssaary < € (Igllorag + 1 flco ) -

Remark 1.3. More precisely, C depends on the C*®-norms of the coefficients of L and the ellipticity constants
A, A. Regularity theory ensures that if f € C2(Q) and the coefficients of L and g are in C*(f2), then
f € CF+22(Q), so that the local estimate above makes sense.

We can also control the C%-norm of f by the L'-norm of f and the C*norm of g = L(f). Hence,

Theorem 1.4 (Local Schauder Estimates). Under the same conditions as above,

1 losna@y < C (Igllorag + 1F s ) -

We now move on to compact manifolds. Let (M, g) be a compact Riemannian manifold. There are two
ways to define Holder spaces C*%(M, g) for tensor fields on M.
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First, we can fix a priori a finite cover of M by coordinate charts, and treat each tensor T locally as a
collection of component functions in each coordinate chart. The C*®-norm of 7T is then the supremum of
the C*“-norms of the components of T over each coordinate chart.

To avoid using coordinate charts, we can define C'*-seminorm of a tensor T as

T (z) - T(y)|
d(z,y)*
where the supremum is taken over all x # y € M that can be joined by a unique minimal geodesic, so that

|T(x) — T(y)| is the norm of the difference between T'(z) and the parallel transport of T'(y) to x along this
minimal geodesic. Then define

T o = Tl o + -+ [|[V*T|| o + |V*T| -

‘T|co< = sup
z,y

Indeed, these two definitions are equivalent: they define the same space C*(M,g) with uniformly
equivalent norms.
Using local estimates above and a suitably chosen coordinate chart cover, we get:

Theorem 1.5 (Schauder Estimates on Compact Manifold). Let (M, g) be a compact Riemannian manifold,
and L a second-order elliptic operator on M. For each k € N and o € (0,1), there is a constant C =
C(k,a,M,g,L) such that if f,g: M — R satisfies

L(f) =y,
then
1 losszaqany < € (Iglcran + 1l ) -

Remark 1.6. By compactness, L is uniformly elliptic once we fix a cover of M by coordinate charts. As
above, C' depends on the C**-norms of the coefficients of L, and the ellipticity constants A, A. By regularity,
f € CF+22 if we only assume that f € C?, and the coefficients of L and g are in %2,

Corollary 1.7. Let (M,g) be a compact Riemannian manifold, and L a second-order elliptic operator on
M. Then
ker L := {f € L*(M) | f is a weak solution of Lf =0}

is a finite-dimensional space of smooth functions.

Indeed regularity theory implies that any weak solution to Lf = 0 is smooth.

Proof. Suppose f, € ker L is a sequence with |[fi[l;2(yy) < 1. By Schauder estimates above, [ fi[c2.. < C

for some uniform constant C'. By Arzela-Ascoli (see Theorem , [ has a subsequence convergent in C?,
say to f € C?. Hence f € ker L and Hf||L2(M) < 1. We thus show that the closed unit ball in ker L is

compact (in L?(M)), so ker L must be finite-dimensional. O

We now consider the Laplacian operator on Kahler manifolds. Let (M™,w) be a compact Kéhler manifold.
Define the Laplacian with respect to metric w in any holomorphic coordinate as

1 -
AT := 56" (ViVi+ ViVi) T.
In particular, for functions we have
Af = gkinsz = g’“iakﬁyf = tr,, (i00f).

Stokes’ theorem shows that

/Afw”:/ niddf Aw" =0
M M

for any smooth function f on M. Conversely, any smooth function with total mass zero is the Laplacian of
some smooth function.
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Theorem 1.8. Let (M™,w) be a compact Kihler manifold. Suppose p : M — R is a smooth function such

that
/ pwn =0,
M

then there is a smooth function f: M — R such that Af = p.
More generally,

Theorem 1.9 (Elliptic Operators between Hélder Spaces). Let (M, g) be a compact Riemannian manifold,
and L a second-order elliptic operator with smooth coefficients on M. Fix any k € N and o € (0,1). Suppose
p € CH(M) and p L ker L* with respect to the L*-product. Then there exists a unique f € C*+2%(M) with
f Lker L such that Lf = p. Hence L is a Banach space isomorphism

L: (ker L)" N C*22 - (ker L*)" NP,

Compare this with Theorem 1.9 in notes on Calabi-Yau manifolds, where L is the Laplacian with respect
to a Kéahler metric. In particular, when ker L = {0} and L is self-adjoint, we get an isomorphism L :
Ck+2,ai>ck,a.
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2 Chapter 4: Extremal Metrics
2.1 The Calabi Functional

Let M be a compact Kahler manifold. We are interested in finding nice Kahler metrics representing a given
Kihler class Q € H?(M,R).

Definition 2.1. An extremal metric on M in the class €2 is a critical point of the Calabi functional
Cal(w) ::/ R2w™,  w e Q Kihler metric.
M

R,, denotes the scalar curvature of w.

Variational method characterize extremal metrics as the following.
Theorem 2.2. A metric w on M is extremal if and only if Grad™® R,, is a holomorphic vector field.
Recall that we define Grad' f to be (gf)#, which is a section of TVOM. Similarly, Grad®' f = (f)f)#,
so that Grad f = Grad"" f + Grad®! f = (df)* is the Riemannian gradient vector field of f.

Proof. Fix a Kéhler metric w and any smooth real-valued function ¢. Consider the variation
Wy = w + ti00p

inside the class [w] € H*(M,R). Then

n n
wi =Ap-wh,
=0

dt

Ric(w;) = —i00Ap,

t=0

dt
d

T Ru = —0p0q0 R — A%,

t=0

Using 2nd Bianchi VﬁRﬁkZ = V3R, 17, hence VERjE = ngVER, we get

d -
= Calw) = / (72R(A2<,0 + IR 0;0-0) + RQAgp) W
t=0 M

:/ 0 (—2A2R— 2V, Vr (RﬂR) +A(R2)) "
M
— 2 kv n
_/ ¢ (2828 -2V, (RFVER) ) w.
M
Since @ is arbitrary, extremality of metric w is equivalent to the condition
AR+ V; (RFVER) = 0. (2.1)
We now try to simplify. For any function v, compute

A%+ V; (RFVgp) = g "1, VeV, Yoy + V; (R Vp)

= IV, VeVt — ¢ g (R V) + V; (R0

q kp

= ¢ gP I,V Vg,
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If we define D : C*°(M,C) — C>°(M, Q%' M @ Q%' M) via
Dip = VV¢ = ViVqy - dz° @ dz,
then Stokes’ theorem yields its formal adjoint
DT = g* "1V, Ty

Thus condition ([2.1)) is equivalent to
D*DR = 0. (2.2)

Integrate its product with R to see its further equivalent to
DR=YV'R =0. (2.3)
Finally, a simple calculation shows that is equivalent to that Grad"® R = (vR)# be a holomorphic
vector field. More generally, for a tensor T' € C°°(M, Q% M),
T# is holomorphic vector field <= VT = 0.
O

We call the fourth-order operator D*D the Lichnerowicz operator. It follows from the proof above that
under the variation w; = w + tiddyp, the scalar curvautre satisfies

d — — . —
| Beo= —D*Dp + V;R* . Vip = —D*Dp + ¢’*V;R - Vip = ~D*Dp + ¢?*V,p - VR, (2.4)
t=0

using that the scalar curvature is real.

One important class of examples of extremal metrics are constant scalar curvature Kahler metrics (cscK).
If M does not admit non-trivial holomorphic vector fields (which is usually the case), then an extremal metric
is necessarily cscK by computation above. Notice that KE metrics are cscK. Conversely, suppose w is cscK
and ¢; (M) = Aw] for some A € R (this is necessary for w to be KE), then w is indeed KE. Indeed, write

Ric, = 2mAw + i00F
for some real-valued smooth function F'. Taking tr,, on both sides to get
R =27mAn + AF.
Thus AF is a constant, and by maximum principle, F' is constant. Therefore,
Ric, = 27 \w.

Theorem 2.3 (LeBrum-Simanca '93). Let M be a compact Kihler manifold. The set of Kdhler classes
admitting an extremal metric is an open subset of H>*(M,R).

Remark 2.4. The proof uses implicit function theorem to conclude the openness.
We now consider the relation between the Calabi functional, which is the L?-norm of the scalar curvature,
to L%-norms of other curvature tensors. Simple calculations are involved.

Lemma 2.5. Let «, 8 be real (1, 1)-forms. Suppose w is a Kahler form, then

1

na Aw" T =tr, o w",

nn—1aAp Aw'™? = (try, a - try, B — (@, B)o,) W™
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Lemma 2.6. Let M be a compact Kahler manifold. For each Kdhler class Q and each w € €,

/ Row" = 2nmey (M) U [w]™ 1,
M

/ R2uw — / IRicu |2 + 4n2n(n — 1)ey (M)? U [w]"2,
M M

/ |Ricw|iw" = / \me|iw" +n(n—1) [4n%c; (M)? — 87%co(M)] U [w]" 2.
M M

Proof. These are direct applications of Lemma[2.5] Recall that the Chern classes are defined via the curvature
tensor

F = QLR?' P CEN (dzi ® aa) € C®°(M, A" T*M @ End(T"°M)).
T Zj

Then easy calculations show that
1
tr F = — Ric € ¢1 (M),
27

<|Ricw|2 - |me|2) W =n(n—1) (FRZ R a2 NdZ AP A M> A w2
=n(n—1) (4n* tr(F?)) Aw" 2

€ n(n —1) [4r%c; (M)? — 872ca(M)] U [w]" 2.

From above, we can define the average scalar curvature

Ao 2n7rcl(]\[/;fd)]: [w]? 1 7

which is a constant depending only on the Kéhler class [w] and M. Thus writing the Calabi functional as

/ sz":/ (Rff:{)2w”+/ R2w™,
M M M

we can equivalently define extremal metrics as critical points of the functional

w / (R, — R,)*w", w e Q Kihler metric.
M
Also observe that if a cscK metric exists in a Kéhler class, then it minimizes the Calabi functional over this
class. More generally:

Theorem 2.7. Let M be a compact Kihler manifold. Extremal metrics minimize the Calabi functional in
their respective Kahler classes.
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2.2 The Futaki Invariant

Let (M,w) be a compact Kahler manifold. Let h denote the space of gradient holomorphic vector fields.
That is, each vector field X € b can be written as

; 0

where X are holomorphic functions and X? = gﬂé‘g f for some f: M — C. In other words,
b:={(@f)" | f: M = C with V' = 0}.
We call f a holomorphy potential for X. Recall from §2.1 that
Vf=Df=0 < DDf =0.

It is also useful to think of sections of T10M as real vector fields. This is achieved by defining the map
TYOM — TM, where TM denotes the real tangent bundle, mapping a vector field of type (1,0) to its real
part. In coordinates, we describe this map over an R-basis:

o 10 .9 10
92 20z 0 20y

Then under this map,
— 1
X = (6f)# =5 (Grad(Re f) + J Grad(Im f)),

where J is the complex structure and Grad is the Riemmanian gradient of a real function.

Remark 2.8. This identification TVOM — TM respects Lie bracket for holomorphic vector fields, up to a
factor of 2. We shall use this fact below.

By maximum principle, each X € § has a unique holomorphy potential up to adding a constant. We can
choose normalization condition that [, fw™ =0, so that

h~{f;M—><CV2f:0and / fw":()}.
M

Observe that b is independent of the choice of metric w in a fixed Kéher class [w]:

Lemma 2.9. Suppose & = w + i00¢ for some . If X € b has holomorphy potential f with respect to w,
then f + X () is a holomorphy potential for X with respect to ©.

Lemma 2.10. § is closed under the Lie bracket.
Proof. Indeed the space of holomorphic vector fields is a Lie algebra. Using holomorphicity, we find
(@F)" ., (@6)") = (@H)",
where _
H = {F,G} = ¢’* (V;GV%F — V,;FVG)
is the Poisson bracket of F' and G. O

Next we show that b is independent of the choice of Kéhler class, so that h is determined only by the
complex structure of M. Below are two ways to see this.
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Theorem 2.11 (Lebrun-Simanca).
b := {X holomorphic vector field | X = (0f)* for some smooth f: M — C}

= {X holomorphic vector field| X, =0 for some p € M}
= {X holomorphic vector field | a(X) = 0 for all holomorphic (1,0)-forms a}

Proof. Let X be any holomorphic vector field. We first show that if X is gradient, then X vanishes somewhere
on M. Let f: M — C be a holomorphy potential for X. Then

X(f) = g70:0,f = |X* = |0f]” > 0.
Define ¢ = miny X(f) > 0, and C = maxy |f| > 0. Let U,V € X(M) denote the real and imaginary
part of X, respectively. By holomorphicity of X, we know that U,V are real holomorphic vector fields, and
easily compute that [U,V] = 0. By compactness of M, each of U and V generates an R-parameter group
of biholomorphisms M — M, and any two of these biholomorphisms commute under composition since
[U,V] = 0. We can thus compose these biholomorphisms to get a holomorphic action C ~ M, sending d/dz
to U +1iV = X. Let F: C — M be an orbit of this action, and set g = f o F'. Then g : C — C is a smooth

function with dg/dz = X(f) o F > 0. If D,. C C is the closed disk of radius r centered at 0, Stokes’ theorem

yields
dg . [ dg
dz = —ZdzNdz=2 —Zdz A dy.
Amgz Awﬁz ’ Zéxhx /

1 [ enr?

o 1
— g(re®)e?df = —/ gdz > = cr.
2 Jo 2mir Jaop, mr

Thus

On the other hand

1 2w o io
_ K3 X3 < — .
5 /0 g(re )6 dG‘ C = max ‘ f |

p— — 2 —
Letting r — oo, we see that ¢ = 0. Now we know that X (f) = laf’ vanish at some point, hence X = (8f)#
vanish at the same point.

Next we show that X, = 0 for some p € M = a(X) = 0 for all holomorphic (1,0)-forms . Note that in
this case a(X) = a; X* is a holomorphic function on M vanishing at p, so a(X) = 0 by maximum principle.

Finally we show that o(X) = 0 for all holomorphic (1,0)-forms o = X is gradient. Let ¢ = X, a
(0,1)-form on M. Since dw = 0, an easy calculation shows that dp = 0. Let a € H%(M,w) be an arbitrary
harmonic (0, 1)-form, and 8 = @. Then da = 0, so that § is holomorphic (1,0)-form, and

(p,0) = praig”" = XFg,58,97" = X* B, = B(X) = 0.

Hence ¢ | H®'(M,w) with respect to the inner product on A%!(M) induced from w. Recall that Hodge
Theory gives orthogonal decomposition

AP (M) = 1O (M, w) @ DAY (M) & 9" A2 (M).

Therefore, dp = 0 and ¢ | H*'(M,w) implies that there exists a smooth function f : M — C such that
¢ =0f. Then X = o# = (gf)#. This completes the proof. O

We have thus defined h = h(M) for each compact Kahler manifold M.
Lemma 2.12. If ¢;(M) =0, then § = 0.
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Proof. By Calabi-Yau, we fix a Ricci-flat Kahler metric w. Let X € b be any holomorphic vector field with
potential f. Then

0=D'Df = A% + V; (RFVf) = A%,
Applying maximum principle twice, we see that f is constant, hence X = 0. O

Ezample 2.13. Let M = C™/A be a complex torus. The flat metric implies ¢;(M) = 0, so that h = 0.
Clearly there are non-trivial holomorphic vector fields on M, e.g. 9/9z;. Thus b in general does not contain
all holomorphic vector fields.

Lemma 2.14. If M is Fano manifold, i.e. c1(M) > 0, then b equals the space of all holomorphic vector
fields on M.

Proof. Recall that ¢1 (M) = ¢1(K3,), where KCpr = Q7F, is the canonical bundle of M. Thus K3, is ample line
bundle. Kodaira vanishing theorem yields

HY' (M) = H'(M,On) = H' (M, Q3 @ Kyy) =0,
hence H19(M) = H°(M,Qy) = 0. M admits no non-trivial holomorphic (1,0)-forms. Proposition ??
finishes the proof. O
Now define Lie sub-algebra £ C b by
£:={X € b | X is Killing vector field under identification T"°M = TM}.

Lemma 2.15. Let (M,w) be a compact Kahler manifold. Suppose X € h. Then X € ¢ if and only if X has
a purely imaginary holomorphy potential.

Proposition 2.16. Suppose w is a cscK metric on M. Then
h=¢tap JL.

Proof. Recall that
h= {f :M — C|D*Df =0 and / fw™ 0} =: kero D*D.
M

Under this identification, € is the subspace of kerg D*D of purely imaginary functions by Lemma Notice
that since w is cscK, Bianchi identity yields

D*D = A? + RI*V,V,

which is a real operator. Thus f € keroD*D if and only if Re f,Im f € kero D*D. This completes the
proof. O

Ezample 2.17. BlL,P? does not admit cscK metrics by Proposition m However, it does admit extremal
metrics in every Kéahler class.

More generally, Bianchi identity yields
(D*D —D*D) p = ¢* (V;RVzp — V;oVzR) .

Suppose w is extremal such that Xp = gjgagR is holomorphic vector field. Let X; € b be given by a
holomorphy potential f, then

Xk, Xf] = (0{R, £})7 = ¢""Vag’® (V,;f ViR — V;RVLS).
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Let hr C b denote the sub-algebra commuting with Xz. Observe that £ C hg since every Killing vector field
X preserves curvature: Lx R = 0. Then we can apply the same idea in the proof of Proposition (splitting
potential into real and imaginary parts, plus maximum principle and calculations above) to generalize it.
Indeed for cscK metrics, Xz = 0.

Proposition 2.18. Let w be an extremal metric on M. Then

hbr=t® JL

We can now define the Futaki invariant, which provides an obstruction to finding cscK metrics in a K&hler
class.

Definition 2.19. Let (M, w) be a compact Ké&hler manifold. Define the Futaki invariant F : h — C by

F(X):= [ f(R-Rw", Xeb,
M

where f is any holomorphy potential for X € b, and R is the average of the scalar curvature R.

Theorem 2.20. The Futaki invariant is independent of the choice of metric in each fized Kdhler class. In
particular, if [w] admits a cscK metric, then F = 0.

Proof. Suppose w + i00yp is another metric in the Kéhler class [w]. Then we have a family of Kihler metrics
wy = w + tid0yp. Let F; denote the Futaki functional with respect to wy. By Lemma and Lemma

Fi(X) = /M fi(R, — R)w?,

where
fr=f+tX(p).
Our goal is to prove that
d
— F(X)=0
i, P

Recall from ([2.4)) that

d

| Re=-DDp+ VR . Vep = —D*Dyp + ¢’*V,;R - Vip = ~D*Dp + ¢'*V ¢ - ViR,

t=0

and

n __ n
wi = Ap - w".
=0

dt

Then compute

d . - )
21 Rx) = / X(p)(R — R)w" + / f (—D*m + V0 VER) W+ / F(R— R)Agw™
dt|i_g M M M
:/ 9795 (1Vig)| (R R)w" +/ —D*Df - Guw" +/ 1 (V- VER) "
M M M
= [ aVr Vi)~ R [ 0590
M M
=0,
using that Df = 0 and Stokes’ theorem. O

10
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Remark 2.21. This definition generalizes the idea in Futaki’s original paper (1983), where the author considers
the Kahler class ¢; (M) > 0 of a Fano manifold. In that case we have seen in Lemma that b is the space
of all holomorphic vector fields. Writing

Ric = 27w + i00F,

for any w € ¢1(M), we have

/fR R /fAFw [ Xy

which recovers Futaki’s definition.

Corollary 2.22. Let w be an extremal metric on a compact Kahler manifold M. If the Futaki invariant
with respect to the Kdhler class [w] vanishes, then w has constant scalar curvature.

Proof. The scalar curvature R is the holomorphy potential of its (1,0)-gradient, since w is extremal. Thus

0:/MR(R—R)w":/M(R—R)Qw”:R:R

11
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2.3 The Mabuchi Functional

The Calabi functional gives a variational characterization of extremal metrics. We now focus specifically on
cscK metrics, which can be characterized as critical points of the Mabuchi functional.
Let (M,w) be a compact Kéhler manifold. Define the space of Kéhler potentials for the class [w]:

K :={p € C®(M,R) | w, :=w +iddp > 0}.

From now we give lower indices ¢ to objects associated with the Kahler metric w,,.
For each ¢ € K, the tangent space T,k at ¢ can be identified with C*°(M,R). Define a 1-form « on K
by

(1) = /Mw (R - R¢> Wi, pek, YeTK

Remark 2.23. Consider K as an infinite-dimensional smooth manifold, so that the formal calculations below
involving the tangent space motivate the rigorous definition of the Mabuchi functional.

Lemma 2.24. The 1-form a on K is closed.

Proof. We aim to show that for any 1,12 € T, K,

d

T Qpttapy (V2),

t=0

d
Qpttapy (V1) = o

t=0

so that the coefficients for da in components 12 A1)* and ¢! A)? are equal at each ¢ € K, and hence da = 0.
Compute

d . - N .
L1 i = [ o (D3t 0 ) 0 (1 1) ]
t=
- / DDy - ol + R / Aty - tprel’ — / U (RoBth + 955V 0 - ViR,
M M M
d
=@l et (12).
Notice that both time derivatives are real by definition of a. O

Note that K is convex and hence contractible, so « is exact. Let M : K — R denote the (unique) function
such that dM = a and M(0) = 0. We call M : K — R the Mabuchi functional or the K-energy.

We can compute M by integration of a. For any ¢ € K and any path ¢; in I joining ¢y = 0 and ¢1 = ¢,
we have p

&M(%) = g, (P1),

1

d ! , ! . (B
Mig) = [ GMpdt= [ ageod= [ [ e (R Ro)w
dt 0 0o Ju

0

Note that %M((pt) = 0 if ¢; is a constant function on M. Therefore, by maximum principle, M can be
identified with its descension onto the space of Kahler metrics in a fixed K&hler class [w].

Theorem 2.25. The critical points of the Mabuchi functional defined on the Kdhler class [w] are

{p € C®(M,R) | wy, := w+ i0d¢p is cscK }.

12
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We can equip K with a Riemannian metric such that M is convex. This provides more constraint on
cscK metrics. Define the Riemannian metric on IC by

(1,12}, / G, G €K, s € T,K.

Given this metric, let us first consider the geodesics in K. Recall that (constant-speed) geodesics are critical
points of the energy of a path with prescribed endpoints.

Proposition 2.26 (Geodesic Equation). A path ¢; in K is a (constant-speed) geodesic if and only if
.2 . ik - .
—|0¢1ly = ¢v — gi" 0504 05pr = 0.

Proof. Assume wlog that ¢ € [0, 1]. The energy of the path ¢; with respect to this metric is
E(pt) / / ‘Pt wi'd

o SZOE((pt +s) =0

for all closed curves ¥; with 19 =11 =0 € K. Compute

Then ¢, is geodesic if and only if

d ! L
R E(ps + s¢;) = / / <2<Pt¢t + @?Atlﬁt) wi'dt
S 0o JMm

s=0

1
= / / (—2@@/& — 2041 Ayps + At(@?ﬁﬁt) wi'dt
o Jm

! 2
0 M

and the claim follows. O

Ezample 2.27. Fix a Kéhler class [w] on M. Suppose X € h has real-valued holomorphy potential v : M —
R. Let Xy denote the real part of X, i.e. the image of X under the identification T*°M = TM discussed
in §2.2. We know already that

1
Xr = 3 Grad u,

and Xg is a real holomorphic vector field, i.e. the 1-parameter group of diffeomorphisms f; : M — M
generated by Xg preserves the complex structure J € C°(M,End (T'M)) of M:

Ly, =

This is easily seen using Cauchy-Riemann equations for holomorphic functions. Now that f;" preserves the
type, we are able to define the path of metrics

wy = fiw
It is easy to verify that (take time derivative of w; and integrate)
Wy = w + 100y,
where

wf:ffjkua SOOZO

13
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Then ¢, is a geodesic line in K. For example, at ¢t = 0,
. 2 .2
$o = Lxzu = [0ul, = |0¢olg-

The derivative of the Mabuchi functional along this geodesic is
%MWW = /M Pt (R - Rt) wy'
= /M I {u (R - R) w”}
= /M u ([:i - R) w™

= _F(X)7

where F' : ) — C is the Futaki invariant with respect to [w]. Thus the Mabuchi functional is linear along
this geodesic ;. More generally,

Proposition 2.28. The Mabuchi functional M : I — R is convex along geodesics.

Proof. Let ;s be any geodesic. Compute

%M(sﬁt) = /M D (-’% - Rt) wi',

using Proposition [2:26]

d—ZM(%) = /M [gét (R _ Rt) Ty (D:Dm _ g{EijtvE@) s (R . Rt> Atcpt] P

dt
= / |Dt¢t|fwf +/ ggkvj (Sbt <R - Rt) vE¢t> wy'
M M
:/ Dypewpt
M
>0

O

Example 2.29. Suppose wy,w; = wy + 109 are two cscK metrics in the same Kihler class on M, and there
is a geodesic path ¢, connecting po = 0 and ¢; = ¢ in K. Then we claim that there is a biholomorphism
f: M — M such that f*w; = wg. To see this, note first that

d
%M(@t) =0 fOI‘tZO,l,
as wo and w; are cscK. By Proposition we see that M (y;) is constant for ¢ € [0,1], and
Dtgbt = 0, t € [O, ].]

Thus ¢; is a real-valued holomorphy potential for its gradient vector field X; = g{ﬁaggbt € hfor all t. Asin
Example the real part of each Xy,

1
Xt,R = 5 Gradt Sbt
is a real holomorphic vector field. Let f; be the family of biholomorphisms generated by —X; g, that is,

d
fe: M — M, aft(P) = —X;r(ft(p))-
Then ffw; = wp is constant Kéhler metric, and hence f; is the desired biholomorphism, because
,CXt)th = 71859015,

d

o (ffwe) = f7 (L—x, pwi +i00¢¢) = 0.

14
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2.4 The Ding Functional

The Ding functional gives a variational characterization of KE metrics when M is Fano, i.e. ¢1(M) > 0.
The notations are ideas in this subsection are similar to the previous one.

Now suppose M is Fano and fix w € ¢;(M). For each Kéhler potential ¢ € K define the Ricci potential
hy, € C*°(M,R) to be the unique function such that

Ric(wy) = wy, + 100h,, (2.5)

/eh*"wg:/ We- (2.6)
M M

Lemma 2.30. Let p; be any curve in K. Then

with normalization

iLt +<pt+At§bt == Ct

for some constant function Cy on M for each t. Also,

n he, s, n
C’t/ wy :/ ety
M M

Proof. Take time derivatives of (2.5)) and ({2.6]. O

Lemma 2.31. Define 1-form a on K via

Then « is closed, and hence exact.
Proof. Use the lemma above and the idea in §2.3. We eventually get

-1
O (1) = / (1 Az — Pribaeh®) ol + ( / w:;> ( wle%z> ( / wze%g).
t=0 M M M M

4
dt

O

We can thus define the Ding functional F : I — R such that dF = «. The variation along any path is
d : p hy n
s =g (¢) = | & (" —1)wp. (2.7)
M

Clearly, the critical points of F are Kéahler potentials ¢ such that h, = 0, which induce KE metrics.
Lemma 2.32. If f € C*°(M,R) such that

feh“’wz =0,
M

2 h 2 h
/ Jretrwg §/ |6f|¢e Pw.
M M

Proof. For details consult Futaki’s paper, Kdhler Einstein Metrics and Integral Invariants, p.40. The essen-
tial idea is to observe that the operator

then

Ly : C®(M,C) — C*(M,C),
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Lou= —Aju — gﬁVZwV;u =—-ALu— <V907 Vﬂ>

is elliptic and self-adjoint with respect to the weighted inner product

(u,v), / uvefwy,
M
and _
(Lou,u), = (Vu, Vu)w > 0.
Hence L, has eigenvalues 0 = A\g < A\; < ..., tending to oo, and calculation shows that A\; > 1. The claim
now follows by considering (L f, f )90' O
Theorem 2.33. The Ding functional F : I — R is convex along smooth geodesics in IC.
Proof. Let ¢; be a geodesic in K. Using Proposition Lemma and ([2.7), compute
d? .
ﬁ]‘—(%) = / el (@t + pehy + SbtAtsbt) wy — / (@1 + Qe D) Wy
t M M
= / eht (|8S0t|t2 —+ Sbtht —+ SbtAtSbt> W?
M
= / |01lrelwp +/ (A
M M
= [ (100l ) g2 [ ur
M M
> 0.
O

Compared to the Mabuchi functional, the Ding functional can be defined for metrics with less regularity,
and the convexity of F along geodesics still holds in that case.
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