Homework 1

Question 1

By Holder
D_IFE)T <Py B

(2

< CPHY(X) + CPe
and so
inf{: H?(X) =0} <inf{B: H*’(Y) =0}

= éinf{m :H™(Y) =0}

Question 2

folz) ==
0.5, (3) [0,1/3]
frp1(x) = 0.5 [1/3,2/3]
0.5+ 0.5f,(3z —2) [2/3,1].

Therefore, we obtain by recursion

1
’fn<x> - fn(y)’ Sg‘fnfl(?’x) - fn71(3y)‘
3
< (=
< (3
Therefore, the convergence rate is:

1
f@)~ h@] <2775

Thus, since points in the Cantor set satisfy: # <l|lz—y| < 3% we obtain

7(2) ~ F)| < 2277+ 1ula) — uly)

5 3
Zo-n 4 (2
327+ (5

)"z —yl. =

< )" =y



< C|SC _ y|1093(2)_

where we used that

1 o 1
on+1 < |:E - y|l 93(2) < Q_n

The other direction dim(C) < logs(2) is easier:

for all 8 > logs(2)

Z ‘[Z’B < ek(logZﬁBlogB) 0.

Question 3

For the Minkowski

M, (E) :=#{Qn : @n N E}

M(E,e) := min{k : AE; covering E with |F;| < ¢}
Each E; with |E;| < v/d2™" can intersect at most 2¢ cubes and so

M,(E) > M(E,Vd2™") > %MH(E).

For Hausdorfl dimension

H}, < Hp,
since the covering is arbitrary for the lhs. On the other hand, consider cubes {Q;} that
contain {F;} and with diameter 2|E;|, then

Z Qil* < QSZ 123K
and so

Hj, < H, < 2°Hj,.

Question 4



We have

logl,
0< °9 < log2 =
n
loﬂ”—)Léb:: e L.
n

So for large n, [,, ~ b=". We have upper bound dim/(C) < log,2? from

Z ‘L’S < Qd*n<\/é_iln>s < ds/2€n(log2d+s%).
We have lower bound dim(C) > log,2¢ by considering u assigning weight 27"¢ to each cell

at the nth step. Then B(x,¢) intersects at most 2¢ cells for [,,,; < e <[, and so

((B(z,e)) < 2927 < el 4 o(1/n).

H;, >0

For Hj, > 0 choosing h s.t. ¢ := lim2"@h(l,,) > 0 then 27" ~ h(l,)c and so.

w(B(z,e)) <2927 < h(l,)c < ch(r). (0.1)

mp < o0

For my, < oo choosing h s.t. lim2"?h(l,) < co. Since
mi, =inf Y hig): K C | JK;, K| < (0.2)
we upper bound by cover with |K;| = [,, and thus
m5, < N(L,)h(l,) < eN(1,)27" < oo, (0.3)

since for B(z,¢) intersects at most 2¢ cells for l,,,1 < e < ,,.

Question 5

One one hand cover F by radius 26 balls
vol (F3) < ¢(20)*N(F).
on the the other hand, by radius ¢ disjoint balls

c(0)N(F) < vol(Fy).
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limsup Z rf = limsup Z r?‘rf_a

< limsupe”~*P* — 0.

By taking disjoint B; with |B;| = ¢ then for N.(K) the largest number of such balls we

obtain
N(K)e® < Py <

and so Mdim(K) < s.

Let 6 := 272 and consider disjoint balls B; with |B;| < ¢ and s.t.
D IBil* > Pa(K) /4.
Next let ny be the number of balls with 271 < |B;| < 27% then

> m2 e s p(K) /4.

Let t < dimp(K). Note that there exists k. s.t.

g > (Pa(K) /402K (1 — 207y
otherwise

Po(K)/4 <Y g2 0 = P (K) /4.
Therefore, for N(K,25*1)

N(K, 2—(k+2))2—(k+2)t Z nk2—(k+2)t 2 2—2t(1 _ 2(15—0())‘
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Thus,

lim N(K, §)6" > limy, oo N (K, 277)27% > 0.
—

Thus, Mdim(K) >t for all t < dimp(K).

Monotonicity and empty set follow. For P,(AUB) = P,(A)+ P,(B), we use the ¢ packings
of A,B to cover AU B and vice-versa. Let A4; C |, By with Y P (Ei,) < P5(A:) + 5
then

The upper bound dimp(K) < Mdim(K): using dimp(|J K;) = sup;dim(K;) we obtain
dimp(K) < dimp(U K;) = sup;dimp(K;)

because P*(K) < Py(K)
< sup;dim p(K;)

from previous exercise




For lower bound dimp(K) > Mdim(K): consider t < dimp(K), then P{(K) = 0 and so
Pl(K;) < oo for some K C |J K;. By taking disjoint B; with |B;| = ¢ then for N.(K) the
largest number of such balls we obtain

N.(K;)e' < P{(K;) < oo.

and so Mdim(K) < t.

Because | K;| = | K;|.

d

Follows from Mdim(K) > Hdim(K).

Since Pdim(K) = Mdim(K) we want set K s.t. Mdim(K) > Mdim(K).

Let k, := 10": remove 1/3 if kg, < k < ko,+1 and 3/5 on the next step ko1 < k < k.

So we have upper bound by taking 37% < § < 37k+!

. logNs
lim
logd

= logs2
and we have lower bound because any d—sized cover intersects at least one interval

(3/5)7F size, and so at least 2% are needed to cover K

—logNs
lim

logd

—— log2*
> lim————
= log(3/5)t

= logy 52 < logs(2).



