ON THE LOSS OF CONTINUITY FOR SUPER-CRITICAL DRIFT-DIFFUSION EQUATIONS

LUIS SILVESTRE, VLAD VICOL, AND ANDREJ ZLATOS

ABSTRACT. We show that there exist solutions of drift-diffusion equations in two dimensions with divergence-
free super-critical drifts, that become discontinuous in finite time. We consider classical as well as fractional
diffusion. However, in the case of classical diffusion and time-independent drifts we prove that solutions satisfy
a modulus of continuity depending only on the local L' norm of the drift, which is a super-critical quantity.

1. INTRODUCTION

We study the continuity of solutions to equations with divergence-free drift and fractional or classical
diffusion. We prove that in supercritical regimes, there are solutions which become discontinuous in finite
time. However, we also prove that in two dimensions, a solution to a drift diffusion equation with classi-
cal diffusion stays continuous if the drift is only locally bounded in L! (which has supercritical scaling),
provided the drift is time-independent.

Equations with drift and diffusion appear in numerous places in mathematical physics. In many cases, the
drift depends on the solution and the equation is nonlinear. A successful understanding of well-posedness
of the problem in each case depends on the a priori estimates that can be established. In most cases, these
are based on the linearized drift-diffusion equation, which provides the motivation for this work.

We consider the problem of continuity of solutions to the Cauchy problem

Wl +u-VOo+(—A)¥0=0 (1.1
6(0,-) =6y (1.2)

where s € (0, 1], and u is a given divergence-free vector field.

For each s > 0, the equation has a natural scaling: if (¢, z) is a solution of (1.1) with drift u(¢, z), then
Ox(t,x) = A\25710(\?5t, Az) is a also a solution of (1.1), but with drift given by uy (¢, 7) = A2~ tu(\?5t, Ax).
A Banach space X, with norm || - || x, is called critical with respect to the natural scaling, if ||uy||x = ||u| x
for all A > 0. If on the other hand, |ju)|x — oo as A — 0, the space is called supercritical. In the
supercritical cases, when one zooms in at a point (i.e., sends A — 0), the bound on the drift becomes worse,
so that regularity of the solutions cannot be inferred from linear perturbation theory. In view of the scaling
described above, for s € (0,1/2) a critical space for (1.1) is the Holder space C' =25, for s = 1/2 it is the
Lebesgue space L>°, while for s € (1/2,1] itis L%/ (2s=1),

In the context of fluid mechanics, the case of divergence-free drifts is of special importance due to in-
compressibility, while (fractional) diffusion is a regularizing term, for instance, in the well known surface
quasi-geostrophic (SQG) model [13, 15]. The possibility of finite time blowup for the SQG equation with
supercritical fractional diffusion is an outstanding open problem. One could speculate that the divergence-
free character of the drift plays an important role in the well-posedness of the problem. In fact, blow up in
finite time does not seem to be known to hold not just for SQG, but for most (if not all) of the supercritical
active scalar equations with divergence-free drift currently in the literature (see, for example [7, 8, 10, 22]).
In contrast, for some drift-diffusion equations with non-divergence-free drifts, a blow up scenario is possi-
ble, and well understood. For example, this is the case in Burgers equation with fractional diffusion [1, 26],
the Keller-Segel model [21], and many other equations [12, 17, 29]. Even self-similar blow up may be
sometimes obtained, since there is no mechanism which prevents mass-concentration.
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Indeed, the divergence-free condition on the drift is known to imply some qualitative properties of the
solution. For pure transport equations without diffusion, the flow is well defined almost everywhere just
assuming that the drift is in the Sobolev space W ! instead of the classical Lipschitz assumption of Picard’s
theorem (see [2] and [20]). Also, certain type of singularities are ruled out for divergence-free drifts, as
in [18]. We give another example of this phenomenon in Section 5, where we prove that, in two dimen-
sions, non-vanishing continuous divergence-free vector fields (not necessarily Lipschitz or even Holder)
have unique trajectories (see also [4]). For equations with drifts and diffusion, the divergence-free condition
has been used to obtain some estimates which are independent of the size of the drift, e.g. first eigenvalue
estimates [3], mixing rates [11], and expected exit times [24].

For scalar equations with drift and classical diffusion (s = 1 in (1.1)), if the drift » is assumed to be
divergence-free and in the critical space L>°(BMO™!), then one can obtain a Holder estimate on the so-
lution # by extending the methods of De Giorgi, Nash, and Moser (see [23] or [31]). If the drift were not
assumed to be divergence-free, then one would obtain Holder continuity of the solution under the stronger
assumption u € L (L™). Note that the space L>°(BMO™1!) is larger than L>°(L™), but it has the same
scaling. Therefore, the divergence-free assumption only provides a borderline improvement in this result.

In their celebrated paper [6], Caffarelli and Vasseur were able to prove well-posedness of the critical
SQG equation based on an a priori estimate in Holder spaces for (1.1) when s = 1/2 and u is divergence-
free and in L>°(BMO) (well-posedness of SQG was also proved independently by Kiselev, Nazarov, and
Volberg [27]). Other proofs of this result were given in [25] and [14]. For non-divergence-free drifts, the
same type of Holder estimate was obtained in [33] by a different method assuming v € L (L>°). Again,
the divergence-free assumption only provides a borderline improvement in the regularity result since BM O
and L°° have the same scaling properties.

In [16], Constantin and Wu investigated lower powers of the Laplacian in the diffusion using techniques
from [6] and [5]. They obtained a priori estimates in Holder spaces for the equation (1.1) where s € (0,1/2),
u is divergence-free and in L>°(C'~2%). Using the ideas from [33], the result was generalized to non
divergence-free drifts in [32]. These estimates do not suffice to show well-posedness of the surface quasi-
geostrophic equation in the supercritical regime. One might wonder whether the result in [16] could be
improved using the divergence-free condition in a stronger way. In fact, in [9], it was suggested that the
solution of (1.1) for any s € (0,1/2) would be Holder continuous just assuming that u € L>°(BMO) and
is divergence-free. We disprove this last statement here. We show that the result in [16] is in fact sharp by
proving that for any o < 1 — 2s, there is a divergence-free drift u € L>°(C®) for which the solution of (1.1)
develops a discontinuity starting from smooth initial data.

We now state our main results. In this paper a modulus of continuity will be any continuous non-
decreasing p : [0,00) — [0, 00) such that p(0) = 0, and we say that  : (tg,t;) x R? — R breaks
(satisfies) p at time ¢ if there are (no) x,y € R? such that |0(¢, z) — 0(t,y)| > p(|x — y|). Although we will
restrict our considerations to the case of two dimensions d = 2 here, several of our results extend to more
dimensions.

Our first result shows that the result of Constantin and Wu [16] is sharp, even for time-independent drifts.

Theorem 1.1 (Case s < 1/2). Let s € (0,1/2) and o € (0,1 — 2s). There exist a positive time T
and a smooth function 0y with ||0o|c2m2y < 1 such that for any modulus of continuity p, there exists a

smooth divergence-free time-independent vector field u with |ul|ce g2y < 1 such that the smooth solution
of (1.1)—(1.2) breaks the modulus p before time T

For the case s > 1/2, a critical assumption on the drift can be given in terms of Lebesgue spaces. It
is conceivable that the method of Caffarelli and Vasseur [6] can be extended to s > 1/2 in dimension d
assuming that u € L‘X’(Ld/ (23_1)), although this has not been written down anywhere, to the best of our
knowledge. We prove that no weaker assumption on u could assure continuity of the solution.

Theorem 1.2 (Case 1/2 < s < 1). Let s € [1/2,1) and p € [1,2/(2s — 1)). There exist a positive time
T and a smooth function 0y with ||0y|| o2 ®2) < 1 such that for any modulus of continuity p, there exists a
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smooth divergence-free time-independent vector field u with ||ul| rr(r2y < 1 such that the smooth solution
of (1.1)—(1.2) breaks the modulus p before time T

The results obtained in Theorems 1.1 and 1.2 for smooth drifts can be used to prove that there are
divergence-free time-independent u € C (with @ < 1 — 2s, if s € (0,1/2)), respectively v € LP (with
p<2/(2s—1),if s € [1/2,1)), with distributional solutions of the initial value problem (1.1)—(1.2) evolv-
ing from smooth initial data, which fail to be continuous at any ¢ > 0. Indeed, the drifts for different ps
are constructed from a p-independent non-smooth drift using p-dependent cutoffs near the origin (where p
will be broken) to ensure smoothness. Removing this cutoff at the origin will result in a (limiting as cutoff
area shrinks to the origin) distributional solution which breaks any modulus p in finite time. Moreover, this
is true for any time ¢ > 0 thanks to infinite speed of propagation of diffusion. We believe that by following
the ideas in [2, 20], one can show that these distributional solutions are unique whenever the divergence free
drift lies in L' (BV) (and all the drifts considered in our Theorems 1.1—1.3 have this regularity).

One might ask what happens in the endpoint case of classical (and local) diffusion s = 1, and the answer
is quite intriguing. First, we show that if we allow the drift to be time-dependent, then the above results
continue to hold. (We note that the remark after Theorem 1.2 also remains valid in this case, this time after
the removal of the temporal cutoff near the “blow-up” time ¢, > 0 from the proof, albeit with breaking of
all moduli guaranteed only by time #,.)

Theorem 1.3 (Case s = 1: time-dependent drifts). Let s = 1 and p € [1,2). There exist a positive time
T and a smooth function 0 with ||0o || c2r2) < 1 such that for any modulus of continuity p, there exists a
smooth divergence-free vector field u with || sup, |u|[| Lpw2) < 1 such that the smooth solution of (1.1)—(1.2)
breaks the modulus p before time T

In the case of time-independent drifts, however, Theorem 1.3 is surprisingly false! We prove that the
solution 6 has a logarithmic modulus of continuity which depends on u via its local (supercritical) L'
norm only and, in fact, continuous distributional solutions exist for non-smooth locally L' drifts. This is a
remarkable property which holds in two space dimensions only.

Theorem 1.4 (Case s = 1: time-independent drifts). Let s = 1 and assume that v € Ll (R?) with
||uHL11OC(R2) = SUD,cR? HUHLl(Bl(x)) < 00 is a divergence-free time-independent vector field. If 0y €
C?(R?%) N W*L(R?), then there is a distributional solution of (1.1)=(1.2) which is continuous and at any
time t > 0 satisfies a modulus of continuity given by
oy = SOl Jollczcurss (147
)=
Pt v—logr

forr € (0,1/2), with some universal C > 0.

(1.3)

We remark that if instead of u € LllOC we assume u € L', then one may lower the regularity assumption
on the initial data to 6y € C% N W?>! (see the proof).

We note that the last claim in Lemma 6.2 shows that for each ¢y > 0, this solution satisfies the (spatio-
temporal) modulus p;, on (tg,c0) x R? as well. Moreover, the result in fact holds for any distributional
solution which is a locally uniform limit of smooth solutions with drifts converging to w in Lll0 .- Inparticular,
if u is smooth, the (unique) solution of the Cauchy problem satisfies the modulus of continuity (1.3), which
depends on the drift via the super-critical norm ||u| L. only.

An analogous result in the elliptic case was provéa in [31]: the elliptic maximum principle plus an a
priori estimate in H!, which hold for solutions of the PDE, suffice to show that a function has a logarithmic
modulus of continuity. This idea can, in fact, be traced back to Lebesgue [28]!

In the parabolic setting the situation is somewhat different. The parabolic maximum principle plus the
energy estimates do not suffice to show the continuity of the solution. The following example illustrates
the difficulty: if 6(¢,z) = o(x) for some ¢ € H'(R?)\ C(R?), then § € C°(H"') and it satisfies the
parabolic maximum principle, without being continuous. In order to overcome this difficulty, we need to
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use the equation to prove that for each time ¢, the elliptic maximum principle holds modulo an error that we
can control (see Lemma 6.8). A crucial ingredient will also be that 0;0 solves the same equation as ¢, which
allows for some important bounds on this quantity (see Lemmas 6.2 and 6.3). Of course, this only holds
when w is time-independent.

Inspired by [19], we also explore a slightly supercritical equation. This is the case in which the fractional
Laplacian is replaced by an integral kernel which is logarithmically supercritical.

Theorem 1.5 (A slightly supercritical case). Let m : R™ — R™ be a smooth non-increasing function such
that
* m(r
/ L dr < oo (1.4)
0 147
and rm(r) is non-decreasing on (0,1). There exist a positive time T and a smooth function 6y with
100]lc2(r2y < 1 such that for any modulus of continuity p, there exists a smooth divergence-free time-
independent vector field u with |[u| Lo g2y < 1 such that the smooth solution of

(9(:,;) 9z + y)) myl) 4, _ (1.5)

RQ

with initial condition 0y breaks the modulus p before time T

This result suggests that in order to hope for continuity of solutions to (1.5), one should not depart from
the critical case m(r) = 1/r by “more than a logarithm”. It would be interesting to show that for generic
divergence-free L°° drifts, solutions to (1.5) are continuous if the integral in (1.4) diverges. In fact, for the
dissipative Burgers equations it was shown in [19] that when (1.4) holds, shocks develop in finite time, while
if the integral in (1.4) diverges, global regularity holds.

The article is organized as follows. In Section 2 we present informally the main idea behind the loss
continuity in finite time of solutions to (1.1) (for simplicity we take v € L° and s < 1/2). Section 3
contains the proofs of Theorems 1.1 and 1.2, while Theorem 1.3 is proven in Section 4. Sections 5 and
6 contain the proofs of the positive results in this paper, both for divergence-free time-independent drifts:
uniqueness of particle trajectories for the transport equation with a continuous drift (Theorem 5.1) and
Theorem 1.4. We conclude by proving Theorem 1.5 in Section 7.

LS was supported in part by NSF grants DMS-1001629 and DMS-1065979, and an Alfred P. Sloan
Research Fellowship. AZ was supported in part by NSF grants DMS-1056327, DMS-1113017, DMS-
1147523, and DMS-1159133, and an Alfred P. Sloan Research Fellowship. VV was supported in part by
NSF grant DMS-1211828.

2. LOSS OF REGULARITY FOR BOUNDED DRIFT AND SUPERCRITICAL DISSIPATION

In this section we give a brief outline of our method of proving loss of continuity of solutions to drift-
diffusion equations. In order to emphasize the main ideas, we present here the simplest case: the time-
independent divergence-free drift is bounded and dissipation is super-critical with respect to the natural
scaling of the equations (i.e., « = 0 and s € (0,1/2)). For the sake of simplicity of exposition, we will
not require here the drift to be smooth and simply assume that we have a unique solution to (1.1)—(1.2). In
the rigorous treatment in Section 3, we shall consider a smooth version of the drift defined below (and its
generalization to other «) so that we need not worry about global existence and regularity of solutions.

Define the stream function
¢(£L'1,.’E2) _ ]wl — xg‘ ; ‘1'1 + $2|
and let u = V+, where V& = (—0,,,0;,). Then u € L®(R?) is divergence-free (in the sense of
distributions) and may be written explicitly as Let us consider (1.1)—(1.2) with this drift, s € (0,1/2), and
some smooth initial datum 6.
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,—1) if xo9 > ‘ZE1’,
w(zr, ) = if xg < —|x1],
b if x> ‘xg’,

—1,0) ifr; < —’1‘2|.

—~~ A~

Theorem 2.1 (Loss of continuity in the supercritical regime). Let s € (0,1/2) and let p be any modulus
of continuity. If 0y is non-negative in the upper half-plane, larger than 1 in B (0,1), and odd in x2, then
the solution of (1.1)—(1.2) breaks the modulus p at some time t, < 1.

Since p was arbitrary, it follows that solution loses continuity in finite time, which may be viewed as a
blow-up in L>=((0, 1); C(R?)).

Before proving Theorem 2.1, let us observe two key properties of the system (1.1)—(1.2) (again, these
hold in the smooth case and we assume them to hold in the case at hand as well).
Symmetry: If 6y is odd in x2, then so is the solution (¢, -) for ¢ > 0 (because u(Rz) = Ru(z), where
R(fL’l, .TQ) = (561, *.TQ)).
Comparison principle: If § is odd in 5 and a super-solution of (1.1) on the upper half-plane (and so a

sub-solution on the lower half-plane) with sgn(x2)0(0,z) > 0, then for ¢ > 0 we have sgn(x2)0(t, z) > 0.
With these in mind, the intuition behind the proof of Theorem 2.1 is as follows. Instead of (1.1)—(1.2),

consider a pure transport equation with drift u, no dissipation, and odd-in-z5 initial condition satisfying
o > xB, /2(0,1) ON the upper half-plane. Then the function

O(t,) = XB_p)2(0,1-t) = XB(i_gy2(0,61)

is a sub-solution, because the radius of the two discs forming its support decreases at the same rate as they
approache the origin, so that the support stays in the set || > |21]. So if @ is the actual solution, then 6 — 6
is an odd-in-x3 super-solution on the upper half-plane. The comparison principle (which also holds for the
transport PDE) now shows that the oscillation of § on B1_;(0, 0), is at least 2, so that any modulus is broken
before time ¢ = 1. Adding now dissipation will decrease the supremum of 6(t,-) on B(;_4)/2(0,1 — ).
However, as the proof below shows, the latter will stay bounded away from zero on any finite time interval
as long as the equation is supercritical.

Proof of Theorem 2.1. Let n € C*°(R) be an even function, supported on [—1, 1], positive on (—1,1),
non-increasing on R*, and with 1(0) = 1. For some r € (0,1/v/2), we let

¢(z1,22) = (|(z1, 22 = DIr™) = n(|(z1, 22 + 1)|r ),

so that ¢ consists of a positive smooth bump centered at (0, 1) and with radius r, and a similar negative
bump centered at (0, —1). Then for any s € (0,1/2) there is ¢, s > 0 such that

(=AY’ (w1, 22) < ¢ sp(21, 22) 2.1)

holds in the upper half-plane {z2 > 0} (the proof of this is given in Lemma 3.4 below).
We now let 6y = ¢ and

O(t, 1, 22) = exp <—cm /Ot ()72 dT) ¢ CE) j(?f)) 2.2)
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fort € [0, 1), where
2(t)=1-t. (2.3)
Notice that z is the solution of the ODE
(1) = ug(0,2()) = =1, 2(0) =1,

which is the position of the original center (0, 1) of the positive bump, transported by the drift w. It is clear
that § > 0 for 75 > 0 and is odd in z2. The support of f(t, -) consists of two discs whose centers (0, +-z(t))
are transported towards the origin with the drift u, and have radii rz(¢). That is, the support shrinks at the
same rate it approaches the origin (and lies in the set |z2| > |z1| because r < 1/1/2).

We now claim that 6 is a sub-solution of (1.1) in {z2 > 0}. By scaling and (2.1) we have

(=A)*0(t,) < crez(t)720(t, )
in {z2 > 0}, so it suffices to prove

010 +u- VO + crsz(t) 250 <0 (2.4)
in {3 > 0}. From the definition of , it is clear that we just need to verify

(21, 22 — 2(1))]
rz(t) )
The point now is that ¢ is transported by the vector field v(¢, ) = —x/z(t), that is, it satisfies
Op+ +v-Voi =0,
as one can see by a simple computation. We therefore only need to show (v — u) - V¢4 > 0 which, due
to ¢4 being supported in zo > |x1[, radially symmetric, and radially non-increasing with respect to center
(0, 2(t)), is equivalent to
0 < (w1, 22)2(8) ™ + (0, 1)) - (w1, 22 — () = 2(6) (@1, 22 — 2(1)) 25)

on the support of ¢ . This clearly holds, so @ is a sub-solution of (1.1) in {x5 > 0}.
To conclude the proof, note that by the comparison principle, (2.3) and (2.2), we have

t
osc O(t,) > osc O(t,-) =2exp (—cm/ (1—71)72 dT) > 2exp (_%) :
0

O+ +u-Voyr <0, where ¢4 (t, 21, 72) :77<

B.(1)(0) B.)(0) 1—2s
if s € (0,1/2) and t € [0,1). Thus, if the solution 6§ of (1.1)—(1.2) obeyed the modulus of continuity p for
all t € [0, 1), then we would have p(0) = lim;_,1 p(2 — 2t) > 0, a contradiction. O

3. THE CASE s € (0,1) WITH SUPERCRITICAL DRIFT

The main ideas for finite time loss of continuity of solutions to (1.1)—(1.2) in the case of bounded drifts
and s < 1/2 were presented in Section 2. Here we extend those arguments to treat all values of s € (0,1)
and corresponding supercritical drifts. For o € (—1,1) we denote

C(R?) fora € (0,1),
X*:={L>®R?)  fora=0, (3.1)
L*1*(R?)  for a € (—1,0).

In view of the natural scaling of the equations, for any o € (—1,1 — 2s) the above Banach space X, is
supercritical.

Theorem 3.1 (Finite time blow-up in supercritical regime). Let s € (0,1), o' € (—1,1 — 2s), and let
p be any modulus of continuity. Then there exist a smooth divergence-free time-independent vector field u
with [|ul| xor < 1 and a smooth function 0o with ||0o|| c2(r2y < 1 such that the smooth solution of (1.1)—(1.2)
breaks the modulus p in finite time, bounded above independently of p.
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Notice that this result contains Theorems 1.1 and 1.2. It does not directly cover the case p € [1,2] in
Theorem 1.2 but this follows from the case p € (2,2/(2s — 1)). This is because our vector fields will be
supported in B4 (0, 0) and because the bound ||u|| yor < 1 can be replaced by ||u|| yor < ¢ forany ¢ > 0 due
to M in (3.4) being arbitrarily large.

Let us now turn to the construction of the drift u. For a € (—1, 1), define the stream function

|o1 — 2o — |21 + 2|1TY (14
z/}cv,s,p(xhx2) = 2(1 T a) K ;2 Hays,p (‘xD (3.2)
where the last two factors are smooth cutoff functions (x is also even) designed to remove singularities at
|z1| = |x2| and |z| = 0. Specifically, &, a5, € C§°(R) are such that

X[-1/2,1/2] < K < X[-2/3,2/3]
and
X[20,0.02] < Hays,p < X[easp,3]>
with k even, €45 , > 0 to chosen later, and also

3
M50 (2)] < Tl (3.3)
(which is possible for any choice of €45, > 0). Here s removes the singularities at |z1| = |2 (except

the origin) but does not alter the fraction in (3.2) on the union of two cones given by |21| < 3|z2|. The
subsolution we will use, similar to that in (2.2), will be supported in this set, so x will not affect the argument.
Likewise, fiq,s,, removes the singularity at the origin and will make our drift compactly supported. Since
the subsolution will also be supported in the annulus B2 (0) \ Ba,, , ,(0) at all times until p is broken, fiq,s,,
will also not affect the argument from the previous section. In fact, €, s , will be chosen so that the modulus
p will be broken before the support of the subsolution reaches Bz, , ,(0).

We now let, for some M > 0,

1
U s.p = Mvwa,s,p, (3.4)

which is smooth and compactly supported because so is 1)q,s,,. Then (3.3) ensures that for any given
a € [0,1) there is M > 0 such that ||uqa,s,|xe < 1 for all s, p, while for any given o € (—1,0) and
any o/ € (—1, ), there is M > 0 such that |[uas | yor < 1 forall s, p (the latter because if o < 0, then
[VE0a,5,0(2)| < Colz|® with C,, independent of s, p). If now s € (0,1) and o € (—1,1—2s) are given, we
either pick @ = o/ and the M associated with « (if & € [0, 1)) or pick some « € (o/, min{1 — 2s,0}) and
the M associated with o, @’ (if o/ € (—1,0)). In either case, the drift from (3.4) will satisfy [|tq,s ol yor < 1
for any p (and M = M, s is independet of p).
We also note the explicit formula

sgn(z
Ua,s,p(T1,T2) = gQJ(WQ) (=1 — 22| + |1 + z2|%, —|z1 — 22|* — |21 + 22]%) (3.5)
forall # € Cos,p = {x € R?||21] < §|22| and [z] € 224,55, 2]}. In particular, we have
Uq,s,p(0,22) = M0, —x5) (3.6)

for zo € [2e4.4,p, 2].

Finally, note that since s , is smooth and compactly supported, the solution 6 of (1.1)—(1.2) will be
smooth and decaying at spatial infinity uniformly in ¢ € [0, 7] for any 7' > 0 as long as 6 is smooth and
decaying at infinity. We will assume this from now on. In what follows, we will also drop the subscripts and
denote u = Uq,s,p, € = Ea,s,p> ANA C = Co 5, p-

Lemma 3.2 (Symmetry). If 6 is odd in 2, then so is the solution 0(t, -) of (1.1)—~(1.2) fort > 0.

Proof. This follows from uniqueness of the solution and from u(Rxz) = Ru(z), which is due to ¢, s , being
odd in z9. Here and throughout the paper we denote R(z1, z2) = (z1, —2). O
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QIO JUBAS[OLIL DIE 1 JO SIN[BA Y,
QIOY JUBAS[OLIL D18 1 JO SIN[BA I,

The values of u are irrelevant here
The values of w are irrelevant here

FIGURE 1. Velocity field for « = —1/2. FIGURE 2. Velocity field for a = 1/2.

The symmetry of u also shows that if an odd-in-z2 function 6 is a sub(super)-solution of (1.1) in the
upper half-plane {x2 > 0}, then it is a super(sub)-solution in the lower half-plane. In view of Lemma 3.2,
it is therefore natural to compare odd-in-x> solutions with odd-in-z2 functions that are sub(super)-solutions
on {x2 > 0} only. From now on we will call such functions odd-in-zo sub(super)-solutions, and for them
we have:

Lemma 3.3 (Comparison principle). If 0 is smooth, decaying at spatial infinity uniformly in t € [0, T for
any T > 0, an odd-in-zo super-solution of (1.1), and satisfies sgn(x2)0(0,x) > 0, then for t > 0 we have

sgn(z2)d(t, x) > 0.

Proof. Due to oddness in x5 and smoothness, we have 0(t, z1,0) = 0 for ¢ > 0. Assume, towards contra-
diction, that for some 7" > 0 we have

inf G(t, xl,xg) < 0.
z1€R,z2>0,t€[0,T

Since 6 is smooth, odd in x5, decays at spatial infinity uniformly in ¢ € [0, 7], and (0, ) > 0, the above
infimum must be attained at some point (¢, z), with ¢ € (0, 7] and x5 > 0. We then must have 9;0(t, ) < 0
and VO(t,z) = 0, hence (—A)*6(t,x) > 0.

On the other hand, oddness in z2 yields

(—A)0(t,2) = s /

R2

. /{y2>0} <e(t, z) — 0(t,y) N o(t,x) +é(t,y)> d

|x_y‘2+25 ’x_Ry’2+2s

e(tv .’E) — 0(t7 y)
o

(recall that Ry = (y1, —y2)). For any y in the upper half-plane we have |z — y| < |z — Ry| because x2 > 0,

and since the minimum of § occurs at z, we also know (¢, ) — 6(t,) < 0. Hence

O(t,z) —0(t,y) N 0(t,z) + 0(t,y) < O(t,z) —0(t,y) n 0(t,x) + 0(t,y) 20(t, )

‘x_y‘2+2$ !x—Ry!2+25 - ’.’L’—Ry’2+25 |.%'—Ry|2+25 - ‘x _Ry‘2+2s

and therefore (—A)*0(t, z) < 2¢,0(t, ) Jippsoy 12— Ry|~%7%5 dy < 0, a contradiction. O



ON THE LOSS OF CONTINUITY FOR SUPER-CRITICAL DRIFT-DIFFUSION EQUATIONS 9

The above lemma will be applied to the difference between an odd-in-xo solution 6 and an odd-in-z»
sub-solution 0, s of (1.1), so that § — 0, s is an odd-in-z2 super-solution. If the latter is non-negative in the
upper half-plane at ¢t = 0, it follows from Lemma 3.3 that at all later times, the oscillation of 8 over any disc
centered at the origin is no less than the oscillation of 6, s over the same disc.

We now turn to the construction of 6, s, in the spirit of the argument in Section 2. Let n € C*°(R) be
an even function, supported on [—1, 1], positive on (—1, 1), non-increasing on R™, and with n(0) = 1. For
some 7, € (0,1/4) (to be chosen later), we let

Sa(w1,22) = 0(|(z1,22 = Dlrg") = n(l(z1, 22 + Dlrg?) (.7)

be a smooth approximation of xp, (0,1) — XB,, (0,—1)- As in Section 2, we shall use ¢, to build 6, s, but
first we give a measure of the effect of (—A)® on ¢,.

Lemma 3.4 (Control of dissipation). Let o € (—1,1), 7o € (0,1/4), and ¢, from (3.7). Then there exists
Ca,s > 0 such that

(_A)S¢a($) < Ca,sqsa(x) (38)
holds in the upper half-plane {x2 > 0}. The constant c, s depends only on ., s, and 1.

Proof of Lemma 3.4. We start with z € {z2 > 0}\ B, (0, 1). Due to the definition of 7, we have ¢, (z) = 0,
and using oddness in x5 we obtain

ba(y)
“ Ao (x) = —cq _Fod)
O N M=
n(1(y1,y2 — Drg!) / n(|(y1, 2 + Drat)
= — dy + dy
/Bm (0,1) |z — y|>H2s Brg (0,~1) |z — y[2+2s
1 1
=— , —1r;1< — )d. (3.9)
) e ey e K

Now we notice that for z, y in the upper half-plane we have |x — y| < |z — Ry|, and hence the integrand
in (3.9) is positive. It follows that (—A)*¢,(x) < 0 for all x € {x2 > 0} \ B, (0,1). Since 9B, (0,1) is
compact and ¢, € C®, it follows that there is ¢; = ¢1(7q, $,7) > 0 such that

(—A)Yda(x) < —c1 <0

for all z € 0B,,(0,1). Hence there exists § = §(rq,s,m) € (0,74/2) such that (—A)*¢4(x) < 0 for all
x € {zg > 0} \ B,,—5(0,1), implying (3.8) for these = (with any ¢, s).

It is left to verify (3.8) for all z € B, _5(0, 1). in view of the monotonicity of 7, for each such z we have
that ¢ () > n(1 — dr, ') > 0. Therefore, for these = we have

(—A)pa(x) < C27"c:2SH77||C2 < Ca,sn(l - 5T;1) < Ca,8¢a(x)

for a suitably chosen ¢, s > 0 (depending on r,, s, d,n), which concludes the proof. (|

From homogeneity of the kernel associated with the fractional Laplacian (—A)® and from Lemma 3.4 we
directly have the following.

Corollary 3.5 (Effect of dissipation under rescaling). For X\ > 0 let ¢y x () = ¢o(x/N). Then
(—A) da(7) < CasA P dan() (3.10)
holds on {x4 > 0}.

Having established Lemma 3.4 and Corollary 3.5, it is clear from the argument in Section 2 how we
will proceed. We will build an odd-in-zo sub-solution to (1.1) by adding an appropriate exponentially
decaying prefactor (chosen using (3.10)) to an odd-in-z5 sub-solution of the pure transport equation (9, +
u-V)o(t,z) = 0 with initial condition ¢,,. This sub-solution will be a time-dependent rescaling of ¢, that
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will depend on the vector field © = uq s , defined in (3.4). Note that it is easier to build a sub-solution then
to find the actual solution because the disks on which ¢,, is supported deform when transported by u.
LetT =Tyhs, = M(1— (4¢)17%) /(1 — ) (recall that e = &5 ,) and for [0, T let

2alt) = (1= (1= a)M—1t) /07 (3.11)
Recalling (3.6), we find that z,, is the solution of the initial value problem
2t) =uz(0,2(t) = =M '2()*,  2(0) =1, (3.12)

because it is decreasing and 2z, (7") = 4e > 2¢.

Lemma 3.6 (Subsolution of the transport equation). The function ¢ (t,z) = ¢o(x/24(t)) is an odd-
in-zo sub-solution of (0p + va,s,p - V)¢ = 0 on the time interval (0,145 ), provided ro € (0,1/4) is
sufficiently small.

Proof of Lemma 3.6. By the definition of ¢, it suffices to prove
Op+u-Vo <0

where

t,105) = (1222200

is the component of ¢, (/24 (t)) which is supported in the upper half-plane. Let
(t, @y, w9) = =M 20 (1) (1, 22)

be the vector field that advects ¢, so that we have 0;¢ + v - V¢ = 0. Hence, in order to prove the lemma it
suffices to show

(v(t, 21, 22) — u(x1,22)) - V(t, 21,22) > 0
which, since 7 is non-increasing on R, is equivalent to

(u(ml,xg) + M_lza(t)o‘_l(:rl,xg)) (1,2 — 24(t)) > 0. (3.13)

It suffices to prove (3.13) for t € [0, 7] and 23 + (22 — 24(t))? < (raza(t))? (notice that such (x1, z2) then
lie in the domain C because r, < 1/4 and z(t) € [4e, 1]). By a-homogeneity of u in C (see (3.5)) and after
scaling by z,(t) ™!, it is sufficient to verify that

(Mu(xy,x2) + (21,22)) - (1,22 — 1) >0 (3.14)

holds for 22 + (z2 — 1)? < 72. Since (3.5) holds for these z, the left-hand side of (3.14) there equals

1 1
f(z1,m9) = —5(:1;2 —x1)%(x2 —14+21) — 5(%2 +21)*(w2 — 1 — 1) + 2o(T2 — 1) + 27,
After an elementary computation we obtain

f(07 1) = fl’l (07 1) = fm (07 1) = fac1a:2 (07 1) =0, (3.15)
fo121(0,1) =21+ @) >0,  fr,2,(0,1) =2(1 —a) >0, (3.16)

and therefore (0, 1) is a local minimum of f for any o € (—1,1). Since f is C? near (0, 1), there exists
To € (0,1/4) such that f(z1,72) > 0 for 22 4+ (x9 — 1) < 72, which proves (3.14), and hence the

OC’
lemma. O

Proof of Theorem 3.1. We now let

t
Yoslt) = [ Casza(r) P dr = {
0

CasM(1 —a—2s)71 (1 — za(t)1*“*2s) a+2s <1,

3.17
—Ca,s M In 24 (t) a+2s=1, G40
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where ¢, is from (3.8), and ¢ € [0, T']. Finally, we define a rescaled modulated version of ¢4:

Oa,s(t, r) = cexp (—Ya,s(t)) Pa (%) : (3.18)

where ¢ = ||¢q Ha% Again, 0, s is a function supported at any time ¢ on two discs whose centers (0, £z,,(t))
are transported towards the origin with the drift u and whose radii are r,z,(t), that is, they shrink at the
same rate as they approach the origin.

Lemma 3.6 and Corollary 3.5 together show that 6, , is an odd-in-z5 sub-solution of (1.1) for ¢ € [0, 7]
because then

(&g +u-V+ (_A)S) Ha,s < ;Ya,s(t)ea,s + CT,Sza(t)i%H%S =0

holds on {xzp > 0}. If 6 is the odd-in-z solution with initial condition 8y = ¢ (= 0a,s(0,-)), Lemma
3.3 shows that sgn(x2)6 > sgn(w2)0,s for t € [0,77]. We now only need to pick € = 45, > 0 so that
fla,s (and thus also 6) breaks p at the origin at time T" = T}, 5 ,. This will be possible because if we picked
e = 0and thus 7' = M/(1 — o) (recall that o 4+ 25 < 1, 50 2,(M /(1 — a)) = 0), then we would obtain
Ya,s(T') < 00, s0 § would become discontinuous in finite time.

Of course, we will need € > 0 to ensure smoothness of the drift u and the solution . Welete = €45, > 0
be such that

p(82) < 2cexp(—Ya,s(M/(1 — @))) = 2cexp (—cas(l — a —25)71) (>0) (3.19)
and consider the corresponding 7' = T4, 5 , < M /(1 — «). Then we immediately obtain

osc O(T,-) > o0sc bas(T,-) > 2cexp (—Ya,s(T)) > 2cexp (—cas(l — a — 28)_1) > p(8e)
B4E(O) B4E(U)

because 0, 6, s are smooth. Thus p is broken at time 7" < M /(1 — «), with M independet of p. O

Remark 3.7 (On bounds for the critical case). In the critical case o + 2s = 1, the above proof fails
because if 7" is such that z,(T") = 0, then ,,5(T") = co. However, (3.17) does yield

osc  O(t,:) > 2cexp (—7a,s(t)) = QCza(t)C“’SM
By, 1)(0)

fort € [0,T,, s,p]. Thus, the solution € cannot have Holder modulus of continuity C#B for any 8 > cq,sM,
so it becomes less regular as M decreases. In particular, for s = 1/2 and o = 0, we cannot have a Holder
modulus better than C||u|| /%, with a universal C > 0.

The procedure described in this section may be summarized in one abstract theorem, which we shall use
later in Section 4 to obtain blow-up in the case s = 1, and in Section 7 for the case of a nonlocal operator £
which generalizes the fractional Laplacian, and is slightly supercritical.

Theorem 3.8 (An abstract loss of regularity result). Assume that the drift-diffusion equation
O +u-VO+LO=0 (3.20)

on (0,T) x R%, with u a continuous divergence-free vector field with u(t, Rr) = Ru(t,z) and L a dissi-
pative linear operator acting on ., satisfies Lemmas 3.2 and 3.3. Further assume that uy(t,0,z2) = 0 and
sgn(z2)ua(t,0,22) < 0 forxe # 0. Let v € (0,1), n be a smooth bump function as above, define
$(a1,w2) = n(|(z1, 22 — D|r™h) = (| (@1, 22 + 1) r™),

and let z solve the ODE

2(t) = u2(t,0,2(¢),  2(0)=1 (3.21)
on (0,T). Assume that for A > 0 and ¢»(x) = ¢(x/\) there exists H(\) > 0 such that

Loy < H(\oy (3.22)
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on R x RY. Finally, assume that for each t € (0,7,
(u(t,azl,xg) — u2(t, 0, z(t))z(t)_l(xl,xg)) (z1,20— 2(t)) >0 (3.23)

holds on the disc 23 + (12 — 2(t))? < rz(t). If 6 is the solution of (3.20) with initial condition 0(0, -) = c¢
for some ¢ > 0, then 0 breaks at time 'I' any modulus of continuity p with

p(22(T)) < 2cexp (_ /O " He0) dt) . (3.24)

Notice that if z(7") = 0 (which can only happen if « is not uniformly Lipschitz in x) and fOT H(z(t))dt <
o0, then 6 breaks any modulus of continuity at time 7', so we have finite time blow-up in C(R?).

It is clear that Theorem 3.1 is a particular case of Theorem 3.8, with £ = (—A)® and u = uq,s,, from
(3.4). Lemma 3.4 and Corollary 3.5 merely verify (3.22), while (3.23) is verified in the proof of Lemma 3.6.
Finally, super-criticality o + 2s < 1 guarantees condition (3.24) for any given modulus p and an appropriate
T ="Tus,.

Proof of Theorem 3.8. This follows as above because ¢(t,z) = ¢(x/z(t)) is again an odd-in-zo sub-
solution of (0; +u - V)¢ = 0fort € (0,T) (see the proof of Lemma 3.6 up to (3.13)), and so

¢
d(t, z) = cexp (—/ H(z(7)) d7> ¢ <$> (3.25)
0 z(t)
is an odd-in-z sub-solution of (3.20) for ¢ € (0, T) with §(0, -) = c¢$. Hence again

T
osc O(T,-)> osc O(T,:)>2cex —/ H(z(T d7'> > p(22(T)),
B.(1)(0) ) B.(r)(0) () p( 0 (2(7)) p(2z(T))

so 0 breaks p at time 7. O

4. FINITE TIME BLOW-UP FOR NON-AUTONOMOUS DRIFT-DIFFUSION

In this section we prove Theorem 1.3. The argument in Section 3 fails for s = 1 when the drift velocity
u is time-independent. In fact, as we shall prove in Section 6 that the result is simply not true in this case:
the solution has a very weak modulus of continuity, globally in time, even if the time-independent drift is
supercritical. In this section we prove that by allowing the drift velocity to depend on time, finite time loss
of regularity can still be obtained in the supercritical regime. We recall that for s = 1 the critical space is
L?(R?).

Proof of Theorem 1.3. The proof is an application of Theorem 3.8. We first let ¢ € (p, 2) and let z(¢) be the
solution of

Ht)=-M"12(t)7%, 2(0) =1, 4.1
with M > 0 to be chosen later. That is,
9 q/q+2
2(t) = <1 . ‘”M%) 4.2)
q

forall t € [0,¢,], where t, = Mq/(q + 2) is the time when z reaches 0.
Next, we consider the vector field

o) = v (I =l () ). @3)

2 T2

where &, p are smooth with x as in (3.2) and

X[1/2,2] < 1< X[1/3,3]-

That is, @ is a smooth and compactly supported version of the vector field in Section 2.
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Finally, we let u be any smooth time-dependent divergence-free vector field with
1 z
t,x) = u 4.4
60 = 3 (505 49

for t € [0,T),] and reasonably behaved for t > T),, where T), € (0,t,) will be chosen later. We now pick
M > 0 large enough so that || sup, |u|||z» < 1. This is possible because

C
sup |u(t,x)| < ——=—

(for some constant C'), and the left hand side vanishes for |z| > 3.

Then v and £ = —A satisfy all the hypotheses of Theorem 3.8, with 7" = T}, any r € (0,1/4), as well
as for instance 7(|2|) = exp(1 — (1 — |z[) ") xo,1(|#]) and ¢ > 0 such that then ||c¢||c2 < 1. In particular,
comparison and oddness in x5 follow; (3.21) holds because %(0,1) = —(0, 1) and (3.23) is just (2.5) (both
fort < T)).

It remains to check that (3.22) holds with H()\) = CA~2 for some C' > 0. By scaling, we only need to
check it for A = 1. Since we are in the case s = 1, which is local, only one of the terms in the definition of
¢ affects A¢ in the upper half plane:

A¢(x) = An(r~|(z1, 22 = 1))).

We start checking (3.22) for z sufficiently close to 9B,.(0,1). For x with d = r~!|(z1, 22 — 1)| close to 1,
we have

~Ad(x) = —r7 (n"(d) _ n’;@)

1 2 1
- <(1 —dy T (1—ap  di- d)2> exp(l=(1=d)7) <0

The last inequality holds for d > 1 — dy if &y is a small constant, since the first term (1 — d)~* controls the
other two. For x such that 7~ 1|(z1, 29 — 1)| < 1 — &, we have

—Ag(x) < r72| Al < Cn(l — &) < Co(x)

by the monotonicity of 7, if C' is chosen sufficiently large.

Since H(z(t)) = Cz(t)2, the right-hand side of (3.24) is strictly positive even if 7' is replaced by t,
(because —2¢/(q+2) > —1). Thus one only needs to choose 7}, sufficiently close to ¢, so that (3.24) holds.
The proof is finished. U

5. UNIQUENESS OF PARTICLE TRAJECTORIES FOR DIVERGENCE-FREE TIME-INDEPENDENT DRIFTS IN
TWO DIMENSIONS

In this section we show that when the velocity of a transport equation is both divergence-free and time-
independent, a seemingly unexpected regularity result for the associated Lagrangian trajectories holds.
Given a time-independent vector field « which is divergence-free and does not vanish on a two-dimensional
domain, we let X (a, t) be the flow map associated to u, i.e. the solution of the ODE
dX (a,t)

— = u(X(a,t)),  X(a,0)=a. (5.1

Although w is not Lipschitz, since u is divergence-free, we will show that the flow map X (a, t) is unique,
as long as |u| stays away from 0. More precisely, we have the following:

Theorem 5.1 (Uniqueness of particle trajectories). Let u: R? — R? be a divergence-free continuous
function such that |u| # 0 on a domain D C R2. For any a € D, the solution of (5.1) is unique (forward
and backward in time) as long as it stays in D.
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Proof of Theorem 5.1. Existence of solutions is standard because u is continuous (Peano’s theorem). We
prove uniqueness by contradiction. Modulo changing the direction of time (i.e., replacing u by —u), we
can assume that there exist @ # b € D and a minimal time 7" > 0 such that X (a,T) = X (b,T'). Here
T is assumed to be small enough so that X (a,t), X (b,t) € D forallt € [0,T]. Let up = u(X(a,T)) =
u(X (b, T)). Since u is continuous, for small ¢ > 0 we have X (a,T —t) = X (a,T) —ugt+o(t). Therefore,
for any small € > 0, we can find ¢; and ¢ small such that

(X(a,T) = X(a, T —t1)) -up = (X(b,T) — X(b, T —ta)) - up = €.
We define the paths
\{f(a,T —t)

73

m={X(a, T —t1+5s): s€[0,t1]}
v2 ={X(,T —s): s €[0,ta]}
v3 = {sX (b, t2) + (1 — s)X(a,t1): s € [0,1]}.

X(a,T)
=X (b, T)

X(b,T — t2)

/4

Due to the minimality of 7', it follows that v = v; U 2 U 73 is a piecewise smooth simple closed curve
(let us orient it positively). Call €2 the region enclosed by v and let n be the outward unit normal vector to
0N2. Note that on y; U y2 we have v - n = 0, and hence, applying Green’s theorem in €2 yields

Oz/v-u:/u.n:/ u-n <0.
Q vy 3

In the last inequality we use that on v3, n = —ug/|ug| and, since ¢ is small and u is continuous then u is
close to ug along ~ys. O

Remark 5.2. Note that Theorem 5.1 immediately implies that the transport equation
O +u-VO =0,

has a continuous solution 6 if the initial data 6 is continuous and the drift « is time-independent, continuous,
divergence-free, and non-vanishing.

6. A MODULUS OF CONTINUITY FOR AUTONOMOUS DRIFT-DIFFUSION

In this section we prove Theorem 1.4. That is, we consider the equation
Ol 4+ u(z) - Vo — A6 =0 6.1)
0(0,) = by (6.2)
1

in the full space Rt x R?, with a divergence-free vector field u € Li.. . It is important here that u is
time-independent, and it will be used in the proof that 0,0 satisfies the same equation.

We say that such u is divergence-free (in the distributional sense) if [, u(x) - Vé(z)dx = 0 for each
¢ € C§°(R?), and § € L= (R x R?) is a distributional solution of (6.1)~(6.2) if

/ O(t,x)(o(t, x) +u(z) - Vo(t,x) + A¢(t, x))dtdr = / Oo(x)p(0, x)dx (6.3)
R+ xR2 R+

for each ¢ € C§° (R?). Note that it is enough to prove the a priori estimate in Theorem 1.4 for smooth v and
smooth classical solutions. Indeed, the result of the theorem then follows by a standard approximation of the
drift « in the Lilo . horm by smooth divergence-free drifts u,, for instance, via a mollification. The uniform a
priori modulus of continuity for the associated smooth solutions 6,, (spatial from (1.3) and temporal from the
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last bound in Lemma 6.2) and the maximum principle for 6,, show that #,, converge (along a subsequence)
locally uniformly in Rt x R? to some § € L>®(RT x R?) satisfying the same modulus of continuity.
Despite this modulus blowing up as ¢ — 0, since all the (6,,, u,,) are uniformly bounded in L>° x LllOC and
¢ is compactly supported, it follows that the right-hand sides of (6.3) for (6,,,u,,) converge to the right-
hand side of (6.3) for (6, u). Thus 6 is a distributional solution of (6.1)—(6.2). Note that we do not claim
that the weak solution of the problem with u € LlloC but not smooth is unique, and there might be other
distributional solutions, which could be discontinuous if u is not in L. If u is not at least in L{ _, the
definition of divergence-free fields and distributional solutions is questionable.

In the rest of this section we will assume that v is smooth and hence so is f. The idea of the proof is as
follows. It was noted in [31] that any function in R? which satisfies the maximum principle on every disk
and belongs to H! has to be continuous, with a logarithmic modulus of continuity depending on its H! norm
only. The H' estimate, which comes from the energy inequality, is a critical quantity in terms of continuity
of the solution, since any estimate in H'*+¢(R?) would imply a Holder modulus of continuity from classical
Sobolev embeddings. It is well known that a function in H!(IR?) is not necessarily continuous. However, if
the function solves some elliptic PDE, the maximum principle can be used to bridge that gap and obtain a
logarithmic modulus of continuity.

For the case of parabolic equations, we have two difficulties in carrying out this scheme. The first one
is that the energy inequality only gives us an estimate in L2(H'), which is far from implying continuity.
However, by differentiating the equation in time (and using that u depends only on x) we can get that the
solution is actually bounded in C'(H') and Lipschitz in time. The other difficulty is more severe, and it is that
the parabolic maximum principle is quite different from the elliptic one. For example, if we fix any function
f € H'(R?) and extend it as constant in time, this function belongs to C(H?), is certainly Lipschitz
in time, and satisfies the parabolic maximum principle without necessarily being continuous. In order to
overcome this second difficulty we prove that at each fixed time ¢, the solution approximately satisfies the
elliptic maximum principle (Lemma 6.8). In order to obtain this approximate maximum principle at each
t, we need to use the equation again, applying a non-trivial result due to J. Nash (see Theorem 6.1 and
Corollary 6.6).

6.1. Energy estimates. We start by discussing some estimates on the fundamental solution G of (6.1).
Recall that G is by definition the solution of the equation

0G(t,z,y) +u(z) - V.G(t,z,y) — A:G(t,z,y) =0,
with lim;_,o G(¢, -, y) = J,. With respect to y, it solves the dual equation

Gt z,y) —uly) - VyG(t,z,y) — AyG(t,z,y) = 0,
with lim;_,0 G(t, x, ) = d,.

The fundamental solution is used to compute the solutions of (6.1) via the formula

0(t,2) = / G(t, 2,900 (y) dy.

It is a simple consequence of the maximum principle that GG is nonnegative and f G(t,z,y)dy = 1 for all
z and t. The following is a result by J. Nash on the size of the fundamental solution. The remarkable fact of
this estimate is that it is independent of u, as long as it is divergence-free.

Theorem 6.1 (J. Nash [30]). If u is divergence-free in R?, then the fundamental solution G(t,z,y) of (6.1)
satisfies the pointwise bound

0<G(t,x,y) <CJt,

where C'is a universal constant (independent of u).

The theorem was not stated explicitly with these assumptions by Nash, therefore we include the proof
below. It is a straight-forward adaptation of the proof in [30] to our setting.
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Proof. We compute the evolution of the L? norm of G. For any fixed y, let E(t) = ||G(t,-,y)||3. (which is
finite for £ > 0). We have that

E)=2 [ Gt.z,9)(—u- VoG + AG) da = —2/ V.Gt y) 2 de < —C—EB(1)2.
R2 R2

for some universal C' > 0. In the last inequality we used the interpolation inequality (Nash’s inequality)
1+2/d 2/d
A < e I,

together with the fact that ||G(¢,-,y)| ;1 = 1 forall ¢ and y.

The ODE E'(t) < —E(t)?/C implies that E(t) < C/t. Thus, we have shown a universal bound
|G(t,-,y)||3. < C/t. Since the estimate does not depend on u (in particular it is the same if we replace u
by —u) we also have ||G(t,z,-)[|2, < C/t.

The pointwise estimate now follows from the energy estimate via the semigroup property of G:

Glt.ay) = [ Glt/2.2.2)G(/2 2,) 4 < |G/ 22 | Gt/ )2 < O
The proof is finished. ([l
Lemma 6.2. Let 0 be a smooth solution of (6.1) in Ry x R2. Then
16CE, )1 r2) < [[6oll L1 (m2)
16CE, )l Lo 2y < (160l oo (m2)
1900t Mgy < (14 Nl o)) 100]lwea e
18:6(t, )| oo m2) < 160llc2m2) + O Hlull s @) llfollw @2)
for some universal C > 0.

Proof. The first two estimates are just the maximum principle for parabolic equations, which also holds for
all LP norms with p < oo because u is divergence-free.
Since the drift is time independent, 0;0 solves the same equation

The third estimate follows now directly from 0;0(0, ) = —u - V8y+ Afy and the maximum principle, using
also

- Vool < llullzy, > 1V60ll (o)

nez?
< cllullzy (1900121 + 9%60l12) < el Mollws 64

Note that if instead of u € LllOC we assume that . € L', then one may lower the regularity assumption on

the initial data to 6y € C2 N W21, Finally, if G is the fundamental solution, then
0f(t,x) = /G(t, x,y)0:0(0,y) dy
— [ Gt )(~utw) - T0(s) + Aol dy

< | Abol|~ + / G(t,2,y) [uly) - Voo(y)| dy
< ollcz + Gt )| = 1 - V8o 11
< Wollcz + C Ml gy, Mol s,

where in the last inequality we applied Theorem 6.1, and in the one before we used (6.4). U
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By Lemma 6.2, both § and 9;0 are bounded in L' N L> for positive time, and in particular, they are
bounded in L? for every ¢ > 0. The following lemma can then be applied to obtain estimates in space-time
norms.

Lemma 6.3. Let 0 be a smooth solution of (6.1) in Ry x R2. Then
1811 L2 ((to,00), 1y < 10(F05 )| 2
19:01 L2 (19,00), 211y < 190:8(t0, )| 2
11 oo ((20,00), 111y < € (10(E0, I 2 + [|0:0(to, )| £2)
for some universal C' > (.

Proof. The first two estimates are the classical energy estimates for the equations for 6 and 0,6 respectively.
Note that since « is divergence-free, the drift term has no effect on the energy estimate. The first and second
inequalities can be interpreted as that § € H'((0, 00), H'). The third inequality follows therefore from the
one dimensional Sobolev embedding H' — C'/2. O

Remark 6.4. The bounds on w in L _and 6 in C? N W*! (alternatively, on u € L' and 6y € C?> N W21)
are only used to obtain estimates on 9,0 in L>((tg, 00); L°°(R?)) and on V@ in L>((tg, 00); L?(R?)) for
any tg > 0. These estimates can also be obtained in terms of, for instance,

HGOHL? = A1 < o0 and Hu-V&o—Aﬁng = Ay < o0.
Indeed, from 9,0(t,z) = [ G(t,x,y)d,0(0,y) dyand |G(t, z,-)|| 2 < Ct~ /2, itfollows that [|0,0(t, -)|| L
Ct=1/2A,. Also, the maximum principle for the equation obeyed by 9,0 implies ||0,0(t,-)|| 2 < Asg, and

from the energy inequality we get an estimate on ;6 in L?((to, c0); H'(R?)). The bounds in Lemmas 6.2
and 6.3 follow, and they depend on the (smooth) drift « only implicitly through As.

6.2. A maximum principle on time slices. In this sub-section we denote B, = B,.(0) C R,
Lemma 6.5. There exists h > 0 such that for any smooth divergence-free u on By, the solution of
Op+u-Vo—Ap=0 in (—h,0) x By
¢(=h,) =1 in By
¢=0 in (—h,0) x 0By
satisfies supg, ¢(0,-) < 1/2.

Proof. The function ¢ is nonnegative, so if we extend it by zero outside of B; for all times ¢ (and extend
in any way we like), we obtain a sub-solution of the equation (6.1) in space (—h, 0) x R?. Therefore, by the
comparison principle, it has to stay below the actual solution with the same initial values at {—h} x R?:

6(0,2) < [ Glh ) (v) dy < 17,
where we applied Theorem 6.1 in the last inequality. So h = 2C works. U
Corollary 6.6. With h from Lemma 6.5, we have that for any a > b, the solution of
Ohp+u-Vo—Ap=0  in(—hr?,0) x B,
d(—hr?, ) <a in B,
$<b in(—hr%0)x dB,
satisfies supg_ ¢(0,-) < (a +b)/2.
Proof. Compare ¢ with b+ (a — b)$(rt, rz) /2, where ¢ is the function from Lemma 6.5. O

We recall the maximum principle for parabolic equations:

IN
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Proposition 6.7. For any parabolic cylinder Q) = (—h,0) x By, we have that

supf = supd,
Q hQ

where 0,,() denotes the parabolic boundary
0pQ = ({—h} x B,)U ((—h,0) x 0B,).

The following lemma gives a relation on each time slice which approximates the maximum principle for
elliptic equations.

Lemma 6.8 (A maximum principle on time slices). Let h be the constant from Lemma 6.5 and assume
that 6 is a solution of (6.1) in [T, 0] x B\/TT, with 040 bounded. Then for any R < \/T/h we have

sup (0, -) < sup 6(0, ) + 2||0:0|| = hR?,

Br OBRr
i 3> i Y — «hR2.
nge(o, ) = 5g£9(0, ) —2[|0i0||L=hR

Proof. We only prove the first claim, the second follows by considering —6 instead of 6. Leta = supp,, 9(—hR2?, ")
and b = supyp,, 0(0,) + ||0¢| L hR?. Then obviously b > max(_pgr2,0)xaBy 0- If a < b, the maximum
principle immediately yields supg,, 6(0,-) < b so let us assume a > b.

On one hand, from Corollary 6.6 we have that

0(0,-) + [|0¢]| L~ h.R?
sup 0(0,-) < a+b < a+ supyp, 0(0,-) + 161 .

On the other hand, from boundedness of 9,0 we also have
a < sup6(0,-) + ||6;| < h R?.
Br

Combining the last two inequalities, we obtain the first claim. O

6.3. A local modulus of continuity and the proof of Theorem 1.4. From Lemmas 6.2 and 6.3, we have
that the hypotheses of Theorem 1.4 imply that ||6|| o, ||0:0(t, -)|| o<, and ||0(¢, -)|| 1 are bounded on any
time-interval [to, co) with g > 0. The proof will be finished by using the following local result. It applies
Lemma 6.8 on each time slice, so that we can now more or less follow the idea from the proof in [31].

Theorem 6.9 (Local continuity with supercritical drift). Let u be a smooth time-independent divergence-
free vector field on B1(0) C R? and assume that the solution 6 of (6.1) on (to,t1) x Bi(0) satisfies
10:0(t, )| Lo (1 (0)) < D VO, )l 2By 0)) < o and ||0(L, )| oo (B, (o)) < F uniformly int € (to,t1).
Then 0(t, -) restricted to B j5(0) satisfies a modulus of continuity given by

(r) = C(D+ E+ Fy/log_(t—toy)) 65)
S V- logr '

forallr € (0,1/2) and t € (to,t1), and some universal C > 0 (with log_ s = max{—log s, 0}).

Proof of Theorem 6.9. Fix x € By/5(0) and t > to, and let T' = min{t — o, h/4}, with h from Lemma 6.5.
Let also ¢ = 2h.D. We now apply Lemma 6.8 to 6 shifted by (¢, z) and get for any s < /T'/h < 1/2,

sup 6(t,-) > sup 0(t,-) — cs?,

0Bs(x) Bs(x)
inf 0(t,-) < inf 6(t,-) + cs>.
OBs(x) Bs(x)
In particular
osc 6(t,-) > osc O(t,-) — 2cs>. (6.6)

OBs(x) " Bs(x)
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We first prove that

AT E
(%%(39 =) Bgs(g) (t,-) < max {407", \/—ﬂTgr} (6.7)

holds for any » < T'/h (< 1/4), after which we proceed to all » < 1/2. To prove (6.7) we just need to
consider the case when oscp, 0 > 4cr. Let R = \/r < \/T'/h and estimate

R R

E? > / \Vﬂzd:p://|V9|2dad52//|90|2d0d5,

Bgr\B:» T OBs r OBs
since |V0|? = 02 + 62 where 6, is the tangential derivative and 6, is the normal one. We rewrite the integral
on the right using polar coordinates (s = o), and use Cauchy-Schwartz to obtain

R R

1 1
2 ~\ 2 1~ 2
E 2/5 / |05 (s0)| dadsz/ﬁ(gjsgfﬁ) ds.
r 0B1 r

Applying estimate (6.6), and noticing that 2cs®> < 2¢R? = 2cr < 1 oscp, 0, we get

R
1 1 -l
m?E? > / g(%STCH —2¢s5%)%2ds > (log R — log7) <2 0sc 9> > ;gr(%src 6).

T
r

Thus (6.7) holds for € (0,7/h). On the other hand, we have that

holds for € [T'/h,1/2). Thus, in order to prove (6.5), we only need to combine (6.7) and (6.8) with the
fact that r < (—logr)~1/2 for r < 1/2. O

The proof of Theorem 1.4 now follows by fixing any 2 € R? (without loss take z = 0) and ¢ > 0, then
letting ¢y = ¢/2 (with h from Lemma 6.5) and ¢; = co. Lemmas 6.2 and 6.3 imply that

D < C(L+tYullg )bollczrwan
E <O+ |lullyy +t ullge )l6ollczawss
F < |00l e

which combined with (6.5) implies the estimate (1.3) of Theorem 1.4. Lastly, by Lemma 6.2, 6 is uniformly
Lipschitz in time on [tg, 00) x R, for any to > 0, and hence continuous on R x R2.

7. LOSS OF REGULARITY IN THE SLIGHTLY SUPERCRITICAL CASE

Motivated by [19], in this section we address the regularity of solutions to the drift-diffusion equation
O +u-VO+L0=0 (7.1)

with smooth initial condition §(0,z) = 6yp(z) and a bounded divergence-free drift u. Here £ is a nonlocal
dissipative operator which is slightly less smoothing than (—A)'/2. More precisely, let m: R? \ {0} —
(0, 00) be a smooth radially symmetric, radially decreasing function, that is singular at the origin, decays at
infinity, and satisfies the below properties:

> m(r)
/0 T dr < o (7.2)

rm(r) is non-decreasing for r € (0, 1). (7.3)
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We abuse notation and write m(y) = m(|y|) for y € R? \ {0}. Condition (7.3) can be relaxed, to r’m(r)
is non-decreasing on (0, 1) for some < 2. Associated to this function m we define the nonlocal operator

m

LO(z) = P.V. /2 (0(x) — 0(x +y)) ]y(\z) dy (7.4)
R

for all smooth functions 6. Condition (7.2) is the only essential one, and shows that we may take m(r) ~ r~

for any s € (0,1/2), but also m(r) =~ r~'(log(2 + 1/r)) " for any B > 1. We informally say that L is less

smoothing than (—A)I/ 2 by at least a logarithm, or that £ is slightly supercritical with respect to the scaling

induced by L drift (for which (—A)/? is critical).

S

Proof of Theorem 1.5. The proof consists of applying Theorem 3.8 to the drift-diffusion equation (7.1).
Since we wish to consider drift in L°°(IR?) it is natural to take the same drift as in Section 2, but which we
smoothen as done in Section 3. The main difficulty arrises in proving condition (3.22) in Theorem 3.8. The
issue is that by considering £, we have lost the homogeneity of the associated kernel. Most of the analysis
is devoted to finding a constant H (a) such that (3.22) holds for all a > 0.

Since we work with bounded drift, we set u,(x) = ug,(x), which is defined by letting o = 0 (and
ro = 1/4) in (3.4). In particular, u is divergence-free, has L°° norm independent of p (which we normalize
to be less than 1), is globally smooth and vanishes in a ball B, (0), where ¢, ,, will be chosen later on
depending on p and m. In addition, for z € C, = (B100(0) \ B:,,,(0)) N (Co U C)) we have the explicit
formula

Up,m (1, 22) = sgn(x2)(0, —1) (7.5)

where Cy is the cone centered at the origin which is tangent to By /5(0, 1), and C|, is the reflexion of Cy about
the origin. In particular

w(0,29) = (0, —1) (7.6)

for all 3 € (£5,m,100). Thus u, ,, satisfies the conditions of Theorem 3.8.

As in Section 3, since the above drift obeys the symmetries of the problem and is smooth, we have that
(7.1) has a comparison principle on the upper half-plane, and solutions are odd in x».

Let n € C*°(R) be a radially non-increasing, cutoff function supported on |z| < 1, with n(x) > 0 if
|x| < 1,and n(z) = 1if |z| < 1/2. We set

d(z1,22) = n(4|(x1, 22 — 1)|) — n(4|(z1, 22 + 1)]). (7.7)

Without loss of generality, we may assume that 6y > ¢(x) in the upper half-plane {x2 > 0}. As outlined in
Theorem 3.8, we define z(t) as the solution of

2(t) = u2(0, 2(t)) = (0,—1), z(0) =1,
which is given explicitly as
z()=1—t (7.8)
forall ¢ € [0, tmm]. Here ¢, = 1 — €, 1s the time it takes z(t) to reach the value €p,m (We need to work
in this time interval in order to use the explicit formula (7.6)). Since the vector field considered here is the
same as for &« = 0 in Section 3, condition (3.23) of Theorem 3.8 automatically holds by (3.13) in the proof
of Lemma 3.6.
For any a > 0, we define ¢,(z) = ¢(z/a), where ¢ is defined in (7.7). We now need to quantify the

effect of £ on ¢,. Verifying that condition (3.22) of Theorem 3.8 holds for some constant H(a) is more
delicate than in Section 3, so we state this in a lemma, which we shall prove at the end of this section.

Lemma 7.1 (Effect of dissipation). For any a € [0, 1] we have that
Log(x) < H(a)pq(x) (7.9)
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holds in the upper half plane {xs > 0} where

H(a) = ¢ <a12 /Oa rm(r) dr + /a1 mff) dr + 1) (7.10)

for some positive constant co which may depend on n and m, but not on a.

We conclude the proof of Theorem 1.5, and then return to prove Lemma 7.1. It is left to verify condition
(3.24) in Theorem 3.8. For this purpose we first prove that

tp,m

H(z(t))dt < C < oo, (7.11)
0

for some constant C' that is independent of €,m (and hence independent of p). Note that once (7.11) is
proven, we have that at time T" = ¢,,,, = 1 — €,

T
PLRA(T)) = p(22pm) < exp(-C) S exp (— [ (et )

by choosing €, sufficiently small, thereby proving condition (3.24) in Theorem 3.8.
We now prove (7.11). By (7.8) and (7.10), since ¢y does not depend on €, and since t,,, < 1, it is

sufficient to estimate
tp,m 1 2(t) 1
/p 2/ rm(r)dr+/ Mdr dt
0 z(t)* Jo FORRA

1 1 1—t 1
§/ <(1 t)2/ rm(r) dr+/ mir) d?“> dt.
0 - 0 1t
First, using Fubini we have

1 1 1
/ / m(r) —2drdt = / m(r)/ 1dtdr:/ m(r)dr < oo.
1-t o T Ji-r 0

Second, cf. 7.3 we use that sm(s) is non-decreasing on (0, 1), and obtain

1 1 1=t 1 1 1—t 1
/0 M/o rm(r)drdtﬁ/o (1_75)2/0 (l—t)m(l—t)drdt:/o m(1l —t)dt < co

which concludes the proof of (7.11).
This concludes the proof of Theorem 1.5 modulo Lemma 7.1, which we prove next. (|

Proof of Lemma 7.1. The proof is similar to that of Lemma 3.4, but several difficulties arise because we lost
the homogeneity of the kernel of L.

Recall that supp ¢ N {z2 > 0} = B,;4(0,a) =: ,. We prove prove that on 9¢2,, we have that
Lpg < —64 < 0 for some §, > 0. The reason this holds is that point on 02, are local minima of ¢,, and
the positive contribution from the lower half plane is dominated by the negative contribution from the upper
half plane. Let z € 0f2,. By the definition of ¢ in (7.7) we have that ¢, (z) = 0 and therefore

Lol / 6u)" 2'> dy

_ /an (4(?/1,12 - a)l) ﬂiiw_—mg!) dy+/an <4I(y1,@(/lz +a)|> myfg'x__yfé‘) dy
- [ (Mol (sl

where for y = (y1,y2) we have denoted Ry = (y1,—vy2). For z € 0Q, and y € Q,, we have that
|x — y| < |x — Ryl, and hence due to the monotonicity of m, the integrand in (7.12) is positive. Coupled
with the fact that 7 > 0, this already shows L@, (7) < 0. Note that for z € 0B,/4(0,a) and y € B, /4(0, a),
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by the triangle inequality we have |x — Ry| > 2|x — y|. This can be seen by drawing a picture. Therefore,
since m is decreasing we obtain from (7.12) that

4|(y1,y2 — a)|\ (m(z — Ry) m(x — Ry)
“fba(“f)S‘/Ba/S(o,a)”( p )( -y 4|w—y|2>dy

3 / m(3a)2 dy < _mBa) _ (7.13)
Ba/S(O,a) |x - y| 8

and (7.9) holds for z € 99,,.

Similarly, since |z — y| < |r — Ry|, whenever both z and y are in the upper half-space, on the set
{za >0} N Qg we have L¢, < 0, so that (7.9) trivially holds.

By smoothness of 7, there exists p, € (0,a/4) such that on the annulus B, /4(0,a) \ By/4—p,(0,a) we
have L$, < 0. We have to estimate p, from below, as this will be needed later on. Let z € B,/4(0,a) \
Baja—p, (0, a) for some p, > 0. From the mean value theorem, setting

da a
,=mind o ¢ 7.14
o= o e

ensures that Lo, () < —d,/2. In addition, we have

V6@ < [ [90ule) = Touta+ )| T dy

< C’V¢aHCl/ m;y)derc!V%HLoo/ m(y) d

i<t 1Yl MR
1 00
el [ gy e [0 e 215
a 0 a 1 T a
in view of (7.2). It follows from (7.14) and (7.15) that
1 _4 1 1
B > za > §min{c;}nm(3a), 1} > imin{cyﬁnm(?)), 1} =ic3 (7.16)

since m is monotone decreasing and a < 1. Here c¢3 < 1/2 is independent of a.
Lastly, if * € B, /4, (0, a), then since 7 is radially non-increasing, by (7.16) we have

4 — 4
da(z) =1 <W2a)|> > (1 _ Pa> > ¢y >0 (7.17)
a a
where ¢, is independent of a. Therefore, to ensure that Lo, () < H(a)pq(x), we just need to verify
L o0
H(a) > [£alle (7.18)
n

Similarly to (7.15) we may bound (but this time we split the integral domains at |y| = a not at |y| = 1, and
we exploit the P.V. in the definition of £ to write the nonlocal operator in terms of double-differences)

[L¢a(2)]

IN

1 m(y)

3 [, 1200(0) = (e ) = oula =) T

clinlc armr r+c 1M r+c  mlr) r
/0 (r)dr + / dr + /1 d

IN

a? r r

a 1
< o <c32/0 rm(r)dr+/ n17€7“)dr+1> (7.19)

for some ¢y > 0 independent of a. Combining (7.18)—(7.19) completes the proof of the lemma. ]



(1]
2]
3]
[4]
(5]
(6]
7]
18]
[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

(28]
(29]

ON THE LOSS OF CONTINUITY FOR SUPER-CRITICAL DRIFT-DIFFUSION EQUATIONS 23

REFERENCES

N. ALIBAUD, J. DRONIOU, AND J. VOVELLE, Occurrence and non-appearance of shocks in fractal Burgers equations, J.
Hyperbolic Differ. Equ., 4 (2007), pp. 479-499.

L. AMBROSIO, Transport equation and Cauchy problem for non-smooth vector fields, in Calculus of variations and nonlinear
partial differential equations, vol. 1927 of Lecture Notes in Math., Springer, Berlin, 2008, pp. 1-41.

H. BERESTYCKI, F. HAMEL, AND N. NADIRASHVILI, Elliptic eigenvalue problems with large drift and applications to
nonlinear propagation phenomena, Comm. Math. Phys., 253 (2005), pp. 451-480.

F. BOUCHUT AND L. DESVILLETTES, On two-dimensional Hamiltonian transport equations with continuous coefficients,
Differential Integral Equations, 14 (2001), pp. 1015-1024.

L. CAFFARELLI AND L. SILVESTRE, An extension problem related to the fractional Laplacian, Comm. Partial Differential
Equations, 32 (2007), pp. 1245-1260.

L. CAFFARELLI AND A. VASSEUR, Drift diffusion equations with fractional diffusion and the quasi-geostrophic equation,
Ann. of Math. (2), 171 (2010), pp. 1903-1930.

A. CASTRO, D. CORDOBA, F. GANCEDO, AND R. ORIVE, Incompressible flow in porous media with fractional diffusion,
Nonlinearity, 22 (2009), pp. 1791-1815.

D. CHAE, P. CONSTANTIN, D. CORDOBA, F. GANCEDO, AND J. WU, Generalized surface quasi-geostrophic equations
with singular velocities, Communications on Pure and Applied Mathematics, (2012).

D. CHAMORRO, Remarks on a fractional diffusion transport equation with applications to the dissipative quasi-geostrophic
equation, arXiv:1007.3919v5 [math.AP], (2010).

P. CONSTANTIN, G. IYER, AND J. WU, Global regularity for a modified critical dissipative quasi-geostrophic equation,
Indiana Univ. Math. J., 57 (2008), pp. 2681-2692.

P. CONSTANTIN, A. KISELEV, L. RYZHIK, AND A. ZLATOS, Diffusion and mixing in fluid flow, Ann. of Math. (2), 168
(2008), pp. 643-674.

P. CONSTANTIN, P. LAX, AND A. MAIDA, A simple one-dimensional model for the three-dimensional vorticity equation,
Comm. Pure Appl. Math., 38 (1985), pp. 715-724.

P. CONSTANTIN, A. MAJDA, AND E. TABAK, Formation of strong fronts in the 2-D quasigeostrophic thermal active scalar,
Nonlinearity, 7 (1994), pp. 1495-1533.

P. CONSTANTIN AND V. VICOL, Nonlinear maximum principles for dissipative linear nonlocal operators and applications,
Geometric and Functional Analysis, to appear. arXiv:1110.0179v1 [math.AP], (2011).

P. CONSTANTIN AND J. WU, Behavior of solutions of 2D quasi-geostrophic equations, SIAM J. Math. Anal., 30 (1999),
pp. 937-948.

——, Holder continuity of solutions of supercritical dissipative hydrodynamic transport equations, Ann. Inst. H. Poincaré
Anal. Non Linéaire, 26 (2009), pp. 159-180.

A. CORDOBA, D. CORDOBA, AND M. FONTELOS, Integral inequalities for the Hilbert transform applied to a nonlocal
transport equation, J. Math. Pures Appl. (9), 86 (2006), pp. 529-540.

D. CORDOBA AND C. FEFFERMAN, Behavior of several two-dimensional fluid equations in singular scenarios, Proc. Natl.
Acad. Sci. USA, 98 (2001), pp. 4311-4312.

M. DABKOWSKI, A. KISELEV, L. SILVESTRE, AND V. VICOL, Global well-posedness of slightly supercritical active scalar
equations, arXiv:1203.6302v1 [math.AP], (2012).

R. J. DIPERNA AND P.-L. LIONS, Ordinary differential equations, transport theory and Sobolev spaces, Invent. Math., 98
(1989), pp. 511-547.

J. DOLBEAULT AND B. PERTHAME, Optimal critical mass in the two-dimensional Keller-Segel model in R?, C. R. Math.
Acad. Sci. Paris, 339 (2004), pp. 611-616.

S. FRIEDLANDER, W. RUSIN, AND V. VICOL, On the supercritically diffusive magneto-geostrophic equations, Arxiv preprint
arXiv:1110.1129, (2011).

S. FRIEDLANDER AND V. VICOL, Global well-posedness for an advection-diffusion equation arising in magneto-geostrophic
dynamics, Ann. Inst. H. Poincaré Anal. Non Linéaire, 28 (2011), pp. 283-301.

G. IYER, A. NOVIKOV, L. RYZHIK, AND A. ZLATOS, Exit times of diffusions with incompressible drift, SIAM J. Math.
Anal., 42 (2010), pp. 2484-2498.

A. KISELEV AND F. NAZAROV, A variation on a theme of Caffarelli and Vasseur, Zap. Nauchn. Sem. S.-Peterburg. Otdel.
Mat. Inst. Steklov. (POMI), 370 (2009), pp. 58-72, 220.

A. KISELEV, F. NAZAROV, AND R. SHTERENBERG, Blow up and regularity for fractal Burgers equation, Dyn. Partial Differ.
Equ., 5 (2008), pp. 211-240.

A. KISELEV, F. NAZAROV, AND A. VOLBERG, Global well-posedness for the critical 2D dissipative quasi-geostrophic
equation, Invent. Math., 167 (2007), pp. 445-453.

H. LEBESGUE, Sur le probleme de dirichlet, Rend. Circ. Mat. Palermo, 1 (1907), pp. 371-402.

D. L1 AND J. RODRIGO, Blow up for the generalized surface quasi-geostrophic equation with supercritical dissipation,
Comm. Math. Phys., 286 (2009), pp. 111-124.



24 LUIS SILVESTRE, VLAD VICOL, AND ANDREJ ZLATOS

[30] J. NASH, Continuity of solutions of parabolic and elliptic equations, Amer. J. Math., 80 (1958), pp. 931-954.

[31] G. SEREGIN, L. SILVESTRE, V. SVERAK, AND A. ZLATOS, On divergence-free drifts, Journal of Differential Equations,
252 (2012), pp. 505 — 540.

[32] L. SILVESTRE, Holder estimates for advection fractional-diffusion equations, arXiv:1009.5723v2 [math.AP], (2010).

[33] L. SILVESTRE, On the differentiability of the solution to the Hamilton-Jacobi equation with critical fractional diffusion, Adv.
Math., 226 (2011), pp. 2020-2039.

DEPARTMENT OF MATHEMATICS, THE UNIVERSITY OF CHICAGO
E-mail address: 1uis@math.uchicago.edu

DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY
E-mail address: vvicol@math.princeton.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF WISCONSIN—-MADISON
E-mail address: andrej@math.wisc.edu



	1. Introduction
	2. Loss of regularity for bounded drift and supercritical dissipation
	3. The case 0<s<1 with supercritical drift
	4. Finite time blow-up for non-autonomous drift-diffusion
	5. Uniqueness of particle trajectories for divergence-free time-independent drifts in two dimensions
	6. A modulus of continuity for autonomous drift-diffusion
	6.1. Energy estimates
	6.2. A maximum principle on time slices
	6.3. A local modulus of continuity and the proof of Theorem 1.4

	7. Loss of regularity in the slightly supercritical case
	References

