GRADIENT CATASTROPHES AND AN INFINITE HIERARCHY OF HOLDER
CUSP-SINGULARITIES FOR 1D EULER
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ABSTRACT. We establish an infinite hierarchy of finite-time gradient catastrophes for smooth solutions of the 1D Euler
equations of gas dynamics with non-constant entropy. Specifically, for all integers n > 1, we prove that there exist classical
solutions, emanating from smooth, compressive, and non-vacuous initial data, which form a cusp-type gradient singularity in

1
finite time, in which the gradient of the solution has precisely C' 03T Holder-regularity. We show that such Euler solutions

are codimension-(2n — 2) stable in the Sobolev space 2712, December 30, 2024.
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1. INTRODUCTION

One of the central problems in the mathematical theory of the compressible Euler equations, the canonical macro-
scopic model of gas dynamics, is the formation of gradient catastrophes from smooth initial data. The archetypal
singular solution contains a shock, a codimension-1 subset of spacetime across which the solution experiences jump
discontinuities. Compression in the initial conditions ensures that smooth sound waves steepen further and further,
until an infinite gradient is formed along a spacetime set of “first gradient singularities”, which we call the pre-shock.
For localized one-dimensional initial data, the pre-shock is a point in spacetime, along which the gradient of the Eu-
ler solution forms a Holder-type cusp singularity, in which the state variables remain Holder continuous, but with
gradients that blow up. It is only after the pre-shock, instantaneously, that the state variables become discontinuous,
resulting in an entropy-producing shock wave. As such, a detailed analysis of the formation of the gradient singularity
at the pre-shock is crucial to our understanding of the transition from smooth to discontinuous solutions of the Euler
system.

The goal of this paper is to prove that the one-dimensional Euler dynamics, starting from from smooth and non-
vacuous initial data, can attain an infinite hierarchy of finite-time cusp-type singularities at the pre-shock, with a Holder
exponent that is indexed by an integer n > 1. By a slight abuse of terminology, we shall refer to the Euler solution
at the time of the first gradient blowup as the pre-shock solution or simply as the pre-shock. Then, the n*" pre-shock
solution in this hierarchy corresponds to a cusp-singularity with Holder exponent !/(2n + 1). We analyze the stability
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of these singular pre-shock solutions and establish that the set of initial conditions leading to a C*27+1 cusp forms
1
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a (2n — 2)-dimensional Banach submanifold of the Sobolev space W2nt2,00. iy particular, for all n > 2, only finite
codimension stability holds.

The case n = 1, corresponding to the fully-stable 03 pre-shock, has been fully investigated in 1D and under
symmetry in [30, 18,27, 44,9, 6, 39], and in multiple space dimensions in [10, 11, 42]. The only prior result concerning
the formation of an unstable pre-shock was obtained in [8], which treats the special case n = 2 in the setting of
azimuthal symmetry, using a modulated stability analysis of an explicit self-similar blowup profile.

Herein, we simultaneously analyze all 0wt pre-shock solutions in the cusp hierarchy (meaning, all n > 1) with-
out making reference to an self-similar blowup profiles. We achieve this by taking a purely characteristic perspective,
in which the pre-shock singularity is characterized by the narrowing distance between the nearby fast-acoustic char-
acteristics. In this Lagrangian-like characteristic framework, we show that carefully designed differentiated Riemann
variables remain uniformly smooth up to the time of the first gradient singularity. In turn, this allows us to apply the
Implicit Function Theorem in a smooth setting, to precisely characterize the finite-codimension stability. Our method
of analysis for stable and unstable shock formation is sufficiently robust so as to easily generalize to more complicated
hyperbolic systems of conservation laws.

1.1. The 1D Euler equations. The one-dimensional Euler equations are given as the system of conservation laws

Owp + 0y(pu) =0, (1.1a)
Ai(pu) + 0y (pu® +p) =0, (1.1b)
OE +9y((p+ E)u) =0, (1.1c)

where the unknowns u, p, E, and p are scalar functions defined for (y,t) € T x R. Here w is the fluid velocity, p is the
(strictly positive) density, E is the specific total energy, and p is the pressure. To close the system, one introduces an
equation of state that relates the internal energy £ — %qu to p and p. For an ideal gas, the equation of state is

p=(y=1(E - 3pu?), (1.2)
where v > 1 is a fixed adiabatic exponent.

For the study of shock formation, it is convenient to express the internal energy and pressure as functions of p and
the specific entropy S, and to express the Euler evolution in terms of the variables (u, p, S). For ideal gases the specific
entropy S is defined by the relation

p= %pves. (1.3)

y—1
2

o=2\/=1ep, (1.4)

we can rewrite the one-dimensional Euler equations (1.1)—(1.2) in terms of the variables (u, o, S) as

Introducing the rescaled adiabtic exponent o := and defining the rescaled sound speed’ by

0po + u0yo + aoOyu =0, (1.5a)
Oru + udyu + aodyo = %0231,5 , (1.5b)
0pS +u0yS =0. (1.5¢)

Prior to the development of a discontintuous shock wave, the systems (1.1)—(1.2) and (1.3)—(1.5) are equivalent.

1.2. Prior results. The theory of shock wave solutions for systems of hyperbolic conservation laws in one space
dimension is well-developed. For a detailed exposition we refer the reader to [24, 28, 15, 25, 32] and the references
therein. Herein, we shall only summarize results concerning the finite-time formation of gradient singularities for the
Euler equations, from smooth initial conditions.

The fact that smooth Euler solutions generically have a finite lifespan is well-known [41, 29, 26, 31, 35, 43]; such
results rely upon a proof by contradiction argument to show that a finite-time breakdown of the smooth solution occurs.
While such arguments apply in great generality, they generally do not provide detailed information about the emerging
gradient catastrophe. We emphasize that a precise characterization of the first gradient singularity is crucial for solving
the physical shock development problem (see, for example, the discussion in [7]).

Recently, a number of constructive singularity formation results have been established for the Euler equations.
Constructive results show that for an appropriate class of smooth initial data, the very first gradient singularity can

IThe actual sound speed in a compressible fluid is ¢ = 1/9p/9p = e52p® = ao.
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be precisely described, either as being of shock-type” or as being an implosion®, and that no other singularity can
occur prior. Since in one space dimension neither implosion* nor vacuum formation is possible as a first singularity
from smooth solutions [14, 13], we henceforth focus exclusively on constructive proofs of shock-type singularities.
More precisely, when the fundamental variables (u, o, S) remain Holder continuous at the time of the first gradient
catastrophe, we refer to the emerging singularity as a pre-shock.

With the exception of the recent papers [8] and [38], all existing constructive blowup results for the Euler system
establish the formation of a C*3 Holder pre-shock as the first singularity. This is because the Cco3 pre-shock emerges
in a stable fashion from a large open set of smooth and generic initial data. A compendium is listed as follows:

e The paper [30] established both shock formation (as a s pre-shock) and shock development for the one-
dimensional p-system. Further refinements were obtained in [18] and [27]. For the three-dimensional Euler equa-
tions in spherical symmetry, [44] used similar ideas to construct solutions which form a 03 cusp (with respect to
the radial coordinate) in finite time, and to show that the resulting weak entropy solution instantaneously develops
a radial shock (jump discontinuity).

e Results similar to [44] have been established in [21], by using techniques originating in mathematical general rel-
ativity. More precisely, [21] appeals to part of the framework developed in [19]. The monograph [19] established
shock formation for multi-dimensional irrotational flows (see also [22]), by studying the second order wave equation
satisfied by the velocity potential. This framework was also used in [20] to analyze the restricted® shock develop-
ment problem for multi-dimensional irrotational and isentropic flows, and it was used in [33, 34] to prove shock
formation for the two- and three-dimensional Euler equations for initial data close to a plane wave, in the presence
of vorticity and entropy. We emphasize that the shock formation results obtained in [19, 22, 21, 20, 33, 34] do not
provide the precise Holder regularity of the Euler solution at the time of the very first singularity.

e An alternative approach to shock formation for the Euler equations was proposed in [9]. This approach employs
modulated self-similar analysis® to establish the stability of an explicit blowup profile. The paper [9] considers the
two-dimensional Euler equations in azimuthal symmetry and establishes the stable formation of a s pre-shock
(with respect to the angular variable) in finite time, from generic and smooth initial data. A more refined self-similar
approach was then used in [10, 11] to prove stable gradient singularity formation for the full three-dimensional
Euler system, in the absence of any symmetry assumptions. The papers [10, 11] establish the formation of a stable
point-shock from smooth and generic initial data. Point-shock solutions are multi-dimensional analogues of the
one-dimensional pre-shock solutions; they occur about a distinguished point in space-time and quantify how the
solution forms a C*'3 cusp singularity in one direction, while remaining smooth in the orthogonal directions. We
emphasize that while proofs of shock formation based on self-similar analysis provide detailed information about
the solution at the point of the very first singularity (the point-shock mentioned earlier), these methods are ill-suited
for resolving the physical shock-development problem.

e In [39] we have revisited the results of [9] from a characteristics-based perspective, adapted to the three distinct
wave-families present in the Euler equations. For the two-dimensional Euler equations in azimuthal symmetry, we
proved the stable formation of C%3 cusps in finite time, from smooth and generic initial conditions, in a more
general setting than [9]. A three-wave-family characteristics-based approach, was also used in [6] to resolve the
shock development problem for the two-dimensional Euler equations in azimuthal symmetry. By utilizing the C0s
pre-shock as new Cauchy data for the Euler evolution, the paper [6] shows that simultaneously to the discontinuous
shock, a weak-rarefaction and a weak-contact singularity emerge from the pre-shock.

e Recently, pre-shock formation past the time of the first singularity has been established in the context of the maximal
globally hyperbolic development (MGHD) of smooth and generic Cauchy data, for the multi-dimensional Euler

ZFor shocks the gradients of the fundamental variables (such as velocity and density) blow up, while the fundamental variables themselves
remain bounded, and even retain limited Holder regularity, which characterizes the type of cusp that forms.

3For implosions the fundamental variables (such as velocity and density) blow up themselves, along with their gradients.

4Smooth solutions that implode at the very first singularity have been recently constructed rigorously in multiple space dimensions, for the
isentropic problem in radial symmetry [36, 37, 5]. These results have been extended perturbatively to hold also outside of symmetry constraints [12],
and they have been used to establish the finite time blowup of vorticity [17, 16] for the multi-dimensional Euler system. We note however that all
known smooth implosions have only been proven to be finite codimensions stable, and that the dimension of the instability remains unquantified.

SIn the restricted shock development problem, the flow is artificially constrained to remain irrotational and isentropic even after the shock forms,
which violates the second law of thermodynamics and the Rankine-Hugoniot jump conditions.

SFinite-time blowup results for 2+1-dimensional second-order quasilinear wave equations, which do not satisfy the null-condition (akin to
irrotational isentropic Euler), were previously obtained in [3, 2]. The proofs in [3, 2] use a “blowup technique” which resembles self-similar
analysis, but without the modulation parameters corresponding to unstable modes arising from the Galilean symmetry of the equations.
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equations. In [42], the last two authors of this paper have constructed a fundamental piece of the boundary of the
MGHD, which is necessary for the local shock development problem. Specifically, [42] used a precise geometric
analysis of fast-acoustic characteristic surfaces and a new type of differentiated Riemann variables to smoothly
evolve the Euler solution up to the future temporal boundary of the MGHD, which is a singular hypersurface in
spacetime containing the union of three sets: (i) a codimension-2 set of first singularities all of which are 0z pre-
shocks; (i) a codimension-1 hypersurface emanating from the pre-shock set in the downstream direction, on which
the Euler solution experiences a continuum of gradient catastrophes; and (iii) a codimension-1 Cauchy horizon
emanating upstream from the pre-shock set, which the Euler solution cannot reach. We also mention the preprint [1]
which evolves the Euler solution up to a portion of the boundary of the MGHD, containing only the sets in (i) and
(ii) above, but not the Cauchy horizon. We note that the proof framework employed in this manuscript closely
resembles the one in [42], except that, in this case, we are not confronted with the geometric complexities inherent
in multiple space dimensions.

To reiterate, every constructive singularity formation result cited in the list above demonstrates the formation of a
stable C'0:3 cusp as the initial gradient singularity of a smooth Euler evolution. So far, only two the papers [8] and [38]
have established the formation of gradient singularity which is not a 03 cusp:

e For the compressible Euler equations in one space dimension, in [38] we have exhibited an open set of initial data,
such that the classical solution of (1.5) forms a C%® pre-shock as a first singularity, for any o € [1/2,1). Note that
these pre-shock singularities correspond to Holder exponents strictly larger than 1/3. Moreover, their formation is
stable with respect to small perturbations of the initial data in the topology of C' LI_TQ";, for any small 6 > 0. We
emphasize however that these exotic cusps (with Holder exponent larger that 1/3) do not arise from smooth initial
conditions; in fact, such initial data cannot lie in C?°.

e For smooth initial conditions, the only paper which constructed a non-C*3 pre-shock for the Euler equations is [8].
The authors of [8] have used modulated self-similar stability analysis of an explicit blowup profile to construct
solutions of the two-dimensional isentropic Euler equations in azimuthal symmetry, which form a 05 cusp as
a first singularity, and have proven that such a solution is codimension-2 stable with respect to C® perturbations.
The paper [8] builds on the self-similar analysis developed in [9], and uses information about the explicit smooth
unstable blowup profiles for the 1D Burgers equation (see also [23] and the discussion in § 2 below).” The result
in [8] corresponds to the special case n = 2 and Sy = 0 in our main result, Theorem 1.1 below. We emphasize
that the proof presented in this manuscript is fundamentally different than the one in [8]: instead of modulated
self-similar stability analysis, we appeal to the analysis of differentiated Riemann-type variables in the coordinates
of the fast-acoustic characteristics. We believe that this perspective is more robust (as seen also in [38, 42]), and
generalizes in a straightforward way to general classes of hyperbolic systems of conservation laws.

1.3. Main results. Our main result concerns the construction and the stability analysis of an infinite hierarchy of pre-
shock solutions which arise as the first gradient singularity for velocity and sound speed in smooth one-dimensional
Euler dynamics. The n'" pre-shock in this hierarchy (n > 1 is an integer) corresponds to a 0wt cusp-singularity,
and forms from initial data lying on a (2n — 2)-dimensional Banach submanifold of W?27+2:° A precise statement
of our main result is given in Theorem 9.1 below, while an abbreviated statement is given next in Theorem 1.1.

Fix n > 1 an integer. Let us introduce a function wy: T — R which has 2n + 2 bounded derivatives, whose
derivative W, attains a global minimum at a distinguished point in T, and such that at this global minimum the function
wj, exhibits flatness of order 2n, meaning that the functions {8;@6 }?’:Tl all vanish here, but 85"@6 does not. Using
the translation invariance of the Euler equations we may assume w.l.o.g. that w}, attains its global minimum at y = 0.
Moreover, using the hyperbolic scaling invariance of the Euler equations (see, for example, Section 1.3 in [10]), we
may assume w.l.o.g. that wj(0) = —1. The prototypical such function is given as

wy(y) = —1+y>", for y close to 0,

suitably smooth for y away from 0, T-periodic, and with zero mean on T; this last condition ensures that the function
wo(y) = wo(0)+ [, W (7)dy is T-periodic. The constant wg(0) is chosen such that wo > 0 uniformly on T, which is

"We mention here also the paper [40], which does not treat the Euler system, but instead considers dispersive and dissipative perturbations of

the Burgers equation such as fractional KdV, fractal Burgers, and the Whitham equation. Theorem 1.1 in [40] shows that for a codimension 2n — 2
1

subset of H2"13(T), the aforementioned models form a ORIzt cusp as the first gradient singularity. As with [8], the proof in [40] is based on

modulation theory, where the well-known smooth self-similar solutions to the inviscid Burgers equation (see [23]) are used as “profiles” in weighted
L?-based stability estimates. The proof approach taken in our paper avoids self-similar analysis, or knowledge of any explicit blowup profiles.
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a “no-vacuum’” assumption on the initial data. A precise definition of all permissible functions wy satisfying the above
properties is given in (8.1) below. We henceforth fix such a function wy.

Theorem 1.1 (Finite codimension-stable shock formation, abbreviated). Let n > 1 be an integer, and fix the
adiabatic exponent y > 1. Then there exists a codimension (2n — 2) Banach submanifold M,, of (W?"+2:°(T))3
which contains the point (g, o, So) 1= %(@o,ﬁo, 0), and an g = eo(n,vy) > 0 such that for all 0 < € < g the
following holds. For any initial data (ug, 0o, So) € M,, N B (U, 70, So) (the ball of radius ¢ is taken with respect
to the topology of W2 +2:2°(T)), the unique classical solution (u, o, S) of the one-dimensional Euler equations (1. 5)
with initial data (u, 0, S)|t=0 = (uo, 00, So) forms a first gradient singularity for u and o at time T, = 1+a +0,(e).8
The function S remains C L3t smooth uniformly up to time T.. Furthermore, at time T, there exists a distinguished
blowup point y, € T, such that away from y = vy., the variables (u,c,S)(-,T.) remain W?"t2°° smooth. Finally,
the gradient singularity experienced by the velocity and sound speed correspond to a Oz pre-shock, and the
corresponding cusp profile is given by

w(y, To) = u(ye, T) — b (y — y.) 771 + O u(ly — ya| 777), (1.6a)
oy, Te) = o(ya, Tu) — b (y — 4) T + O, |y — yu|757), (1.6b)
S(y,T*) :S(y*v )+5 S(y,h )(y y*)"‘Ov n( |y Yx |1+2"+]) (1.6¢)

for all y such that |y — y*|ﬁ < 1 and a constant b with the asymptotic b = (2n + 1)T+1 + O, n(e).

The precise statement of our main result is given in Theorem 9.1 below, where both the assumptions and the
conclusions are stated in terms of the Riemann variables (w, z, k) := (u + 0,u — 0, S) defined in (3.1). At this stage,
we make a few comments concerning the statement of Theorem 1.1:

(i) In the case n = 1, M is a codimension-0 submanifold of (WW*°°(T))3 containing the point (g, 7o, Sp). A
different way to state the codimension-0 property of M is to say that it is an open subset of (W*>°(T))3
containing (ﬂo,ﬁo,go). In this case the cusp structure described by (1.6) is that of a stable CY5 pre-shock,
which recovers the known results (see e.g. [9, 6, 39]). For n > 2, M,, is the graph of a Lipschitz function from
a codimension-(2n — 2) subspace to R?"~2,

(i) In the case n = 2, My is a codimension-2 submanifold of (1W%°°(T))? containing the point (o, 7o, So), and
the expansion (1.6) describes the cusp structure of a 03 pre-shock. This recovers (with a different proof) the
result in [8], under milder regularity and smallness assumptions on the initial data (e.g. W5 instead of C?).

(iii) The intuition behind the cusp-expansion (1.6) stems from an exact computation performed on the 1D Burgers
equation (presented in § 2 below) and the transport-structure of the evolution equation satisfied by the Riemann
variables (see § 3.1 below). At this stage we just note that if the initial data of the one-dimensional Euler equation
is precisely the smooth function (g, 79, Sp) := %(EO, Wy, 0), which corresponds to the limiting case & — 0
at fixed n > 1, then for all t € (0,7%) the solution (u, 7, S)(-,t) of (1.5) is given by % (w, w, 0)(-,t), where
w solves the 1D Burgers equation 9,w + £2wd,w = 0, with initial data wy. Now since wj(y) = —1 + y"
for y close to 0, and wy(y) > —1 + C for y far from 0 (for some C' > 0), the 1D Burgers equation develops
a gradient singularity at exactly time 7T, = 14-% at exactly the location y, = 1_%@0(0), and the Puiseux

expansion w(y, Ty ) = wWp(0) —2(2n+1) TrT (y —yx) AT 4 On(|y — x| TIH) holds for all y sufficiently close
to y.. For 1D Burgers these facts were established earlier in [23, Proposition 9] using self-similar techniques.

(iv) If further regularity assumptlons are placed on the initial conditions, such as W?2"+2+L:% for some L > 1,
then the O, ,, (|y — |27 7 ) term present in (1.6a)—(1.6b) and the O, ,, (e|y — y. | Ut o ) term present in (1.6¢)
may be further expanded as (y — y*)2n+1 , respectively (y — y.) o multiplied by an (L — 1)'" order
Taylor polynomial in the variable (y — y*)ﬁ (a truncated Puiseux series). In fact, our proof (see § 9 and
Appendix A) gives an algorithm for computing the coefficients of this truncated Puiseux series, resulting in
explicit expressions of these coefficients similar to that for b, up to an O, ,,(¢) correction. To sum up, if the
initial data is assumed to have L more bounded derivatives, then (1.6) may be expanded to L orders higher, with
controlled coefficients and error bounds. For conciseness, in this paper we choose not to pursue these higher
order expansions.

8Here and throughout the paper, the notation A < B is used to say that there exists a constant C' > 0, which is independent of 7y, n, €, such that
A < CB. We write A = O(B) when |A| < B. If the implicit constant C' in the < symbol also depends on a parameter F', we write A Sp B,
and respectively A = Op(B). See § 1.5 for details.
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(v) We have chosen to pay great attention to how the parameter n enters the description about the Euler solution
on the pre-shock; this is the main reason for the extended length of the paper. For instance, the estimate for
the blowup time T, = 2/(1 + a) + O,(¢) is independent of n. A much more subtle and delicate issue is the
description of the parameter b appearing in (1.6) — to leading order in ¢ it is given by an explicit formula,
(2n + I)TIH. Equally subtle is the description of the range of y (close to y,) for which (1.6) holds — the
implicit constant in |y — y.| Tt < 1is independent of n (the precise bound is < 1/c,, where Cy depends only
on the choice of wy). These n-independent bounds are important for Remark 1.2 below.

Remark 1.2 (The Riemann data and the infinitely unstable limit n — oc). Consider the limit as n — oo of
the function E,(y) := a — b, (y — y*)ﬁ where b, := (2n + 1)T1+1 and a > 0 are constants. In view of
item (v) in the above remarks, the function E,, precisely matches the cusp expressions (1.6a) and (1.6b) appearing in
Theorem 1.1. While the pointwise limit may be easily computed as lim,,_, o E,,(y) := a — sgn (y — y«), which we
recognize as the standard Riemann data of 1D gas dynamics (with left state a + 1 and right state a — 1), the constraint
ly — y*|#+1 < 1/c, present in (1.6) (see also item (v) above) means that the range of validity of this limit is trivial
(y = yx«). We thus highlight the fact that while formally the Puiseux series expansion at the pre-shock converges to the
Riemann data in the infinitely unstable limit n — oo, drawing a direct connection between the solutions of 1D Euler
constructed in Theorem 1.1 (as n — o0) and the solution of the classical Riemann problem for 1D Euler, remains to
date elusive.

1.4. Outline and new ideas. As we have already noted, the proof of Theorem 1.1 relies on the analysis of differ-
entiated Riemann variables in the coordinates of the fast-acoustic characteristics. When coupled to energy estimates
and geometric considerations, this perspective has proven itself to be fundamental in analyzing shock formation for
multi-dimensional Euler in [42]. The proof of Theorem 1.1 proceeds as follows:

e First, we change variables and study the 1D Euler system in differentiated Riemann variables (see § 3.1) which
allows us to include non-trivial entropy evolution without any derivative loss. Then, we change coordinates by
analyzing the system when the functions are composed with the fast acoustic characteristics 1 of the system (see
§ 4.1). In these new Lagrangian-type coordinates, the dominant Riemann variable is effectively “frozen”, analogous
to how the solution of Burgers equation is frozen along its corresponding characteristics (see § 2). By making this
change to Lagrangian-type coordinates, we are able to reduce the task of controlling the derivatives of the solution
to that of controlling the derivatives of the subdominant Riemann variable, and the entropy (see e.g. § 5.2 and § 5.4).

e Second, we show in § 4 that for a broad class of initial data the solution forms a singularity in finite time, and
that this singularity is characterized by the flow 7 of the fast acoustic characteristics becoming degenerate; that is
1z — 0 at a distinguished point in spacetime.

e Third, in § 5 we prove that in Lagrangian coordinates the solution stays as smooth as the initial data, uniformly
up to the time of the first singularity. To do this, we prove novel L? energy estimates for the time derivatives of the
system which are uniform in 1 < ¢ < oo, and then send ¢ — oo to obtain L bounds. After we have obtained L*°
bounds on the time derivatives, the fact that the wave speeds are uniformly transverse to one another (since we are
bounded away from vacuum) allows us extract bounds on mixed space-time derivatives from the time derivatives.

e Next, in § 6 we establish stability estimates for the Euler solution with respect to perturbations of the initial data.
For instance, if the initial data for the dominant Riemann variable is given by wo = wWg + Awy, for some parameter
A € R and with wy, wy fixed, we compute Jy of the resulting one-parameter family of solutions and establish
uniform-in-A bounds. In § 7 we bound the difference of two solutions in terms of the size of the difference of their
initial data in (W27 +2:°°(T))3.

o After this, in § 8 we use the implicit function theorem to show that for initial data in a given open subset of
(W?2n+2:50(T))3 there exists a solution (z, T%) of the system

Ne(s, Te) =0, O (x4, Ty) =0, 85”7177;8(1"*,T*) =0,

if and only if this data lies on a codimension-(2n — 2) Banach submanifold of (W?27+2:°°(T))3, Because this system
has 2n equations and only 2 unknowns, this is precisely what one would expect. For all such data where a solution
(x4, T) exists, the solution is then shown to be unique.

e Finally, in § 9 we invert the fast-acoustic flow map 7 at the site of the pre-shock using a Puiseux series, to obtain a
description of the solution in the original Eulerian coordinates. Because in coordinates adapted to the fast acoustic
characteristic, the solution remains as smooth as the initial data up to the time of the first gradient blowup, the

regularity of the solution (w, z, k) in Eulerian variables is determined by the regularity of the inverse flow map 7.



AN INFINITE HIERARCHY OF HOLDER CUSPS FOR 1D EULER 7

1.5. Notation. Throughout the paper we shall appeal to the following notational conventions:

e The notation A < B is used to say that there exists a constant C' > 0, such that A < CB. Here, the implicit
constant C' is assumed to be independent of the parameters «, n, e, independent of (z,t) € T x R, independent
of the constant Cy > 3 (appearing in (3.6)), and independent of our choice of (wy, 2o, ko) € Ay (g,Co) (defined
in (3.6)).

e The notation A <p B is used to indicate that there exists a constant C' = C(F') > 0, such that A < CB; that is,
the implicit constant depends on the parameter F'.

e We write A = O(B) when |A| < B, and A = Op(B) when |A| S B.

e We write “If A < B then X” to mean that there exists a constant C' > 1, independent of a, n, e, x,t,Cy and
independent of our choice of (wy, 29, ko) € An(e, Cp), such that “if C'- A < B, then X is true”.

e If f is a function defined on T x R, and 7 is a map defined on T x R, we will write “f o 1” to denote the function
fon(z,t) == f(n(x,1),t).

e We use the notation 1 4 to denote the characteristic function of a set A.

o We write 0y f, 0, f, 0, f to denote the partial derivative of a function f with respect to y, x, and ¢ respectively. If
f is a function of (x,t), and B = (B, ;) is a multi-index, we write 9° f to denote 97 8ftf. There are a few
exceptions where we will use subscript notation to denote derivatives: 1, := 0,1, 1)yt := 0z 01, Xy 1= 0y, Xy 1=
02, (aW)y = 0p(ne W), (271)y := 9p(271), (271, 1= 8,(X1). In § 6 we will also use subscript notation to
denote a derivative with respect to a parameter A introduced in § 6, except when x or ¢ is already being used as a
subscript; so, for example, we will write 9° K » to mean 9%« 8{3 ¢ 8,\10( but we will write d)n, to denote 0, 0\7.

e We write wy, 2, and k{, to denote the first derivatives of wy, zg, and ko respectively.

2. INTUITION FROM THE BURGERS EQUATION

This section aims to revisit some well-known aspects of the 1D Burgers equation from a specific perspective that
will inform our proof for the 1D Euler equation. Though the examples presented are not novel, they offer valuable
intuition; moreover, the 1D Burgers equation is embedded in the 1D Euler system. Indeed, upon inspecting (1.5), we
see that if S|;—¢ = 0, then S(-,t) = 0 for all times ¢ prior to the first gradient singularity. In this case, the remaining
equations (1.5a)—(1.5b) have a particular solution: if u|;—o = o|;=¢ and S|;=¢ = 0, then the relation u(-,t) = o(-,t)
holds for all times ¢ prior to the first gradient singularity. Denoting u + 0 = 2u = 20 by w, we see that in this special
case, (3.2) reduces to:

dyw + F2wdyw = 0, (2.1)
Rescaling time with ¢ — H?at, this becomes the classical inviscid Burgers equation
Orw + woyw = 0, 2.2)

the archetypal equation for shock formation and development.
Classically, (2.2) is solved by the method of characteristics. If w is a solution of (2.2) on R x [0, 7] and we define
the characteristics 7 to be the flow of of the scalar field w, namely as the solution of

%’I’](l‘,t) :w(n(xat)7t)7 77(3770) =,
then w must remain constant along the flow lines of 7. From this it follows that if wo(x) := w(x,0) then
n(x,t) = x + two(x). (2.3)

Thus, characteristics are straight lines in spacetime, and the line originating at the spacetime point (x,0) has slope
wo(x). Conversely, if we are given initial data wy and we define 7 via (2.3), then one can construct a unique solution
w via the implicit equation
w(n(% t)’ t) = wo(x)

at all points (y, t) such that the equation

(yv t) = (77(% t)v t) 2.4)
has a unique solution x € R. For initial data wq that is not monotone increasing in z, it is clear that (2.4) will not be
uniquely solvable for all (y,t) € R x [0, c0), resulting in a gradient singularity at some finite time 7, € (0,00). In
particular, when wy € CLL_(R), the maximal time of existence and uniqueness of the C'* solution w of (2.2) is

1 .
T .— _m lnf’lU(/)<O,
* o
400 infwjy > 0.
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Note that for all prior times 0 < t < T, we have
ne(z,t) =1+ tw)(z) > 0,
and hence 7(+, ) : R — R is a C! diffeomorphism, but at the point (z., T%) where 1, (z.,t) — 0 as t — T, we have
Oyw(n(wy, t),t) = wi(ws)(ne (24, t)) 1 — —oo. Therefore, the first singularity in a C'! solution of Burgers equation
is characterized by 7 ceasing to be a C! diffeomorphism, i.e. the function 7, attaining a zero.
Now suppose that wy is smooth, wy, attains its global minimum at a point x., and w{(z.) < 0. Our objective is

to give a precise description of the solution w near the pre-shock (y.,Tk) = (n(x«, Tx),T%). Generically, x, is a
non-degenerate local minimum of wy), i.e. the second derivative test of calculus applies:

Dpwy(xy) = 0, and  O%wph(z.) > 0.
In this case, from (2.3) we deduce
Ne (s, Ti) = 0, O (s, Ty) = ThOpwiy(z4) = 0, and  0%n,(z., Ty) = TL02wp(x,) =: 3lag > 0.

x

Therefore, assuming that wy € C*4, Taylor’s theorem yields
n(x, T.) = n(x., T) + az(z — 2.)°[1 + O(Jz — z.])].
If y = n(x, T,) and y. = n(x., T), then for y near y, we have

g\ 1/3
z -z, = (L2) 7+ O(ly — ),
and thus
w(y, T.) = win(e, T.), T.) = wo(e) = wo(w.) + “o (¢ — 2.) + O((x — 2.)?)
_yan1/3

= w(ye, ) + wh(@) (552) P + Oy — ). @)
Thus, the Taylor series expansion of the smooth function (w o 7)(+,T.) = wq(-) with respect to = — z., becomes a
fractional series expansion of the Holder continuous function w(-, T,) with respect to (y—1.)'/3. Since by assumption
we have that w{(z.) < 0, the expansion (2.5) shows that w(-, T) forms a C’O’%-cusp at (y«, T), resembling —yl/3.
The above described behavior is moreover stable under small W4 perturbations to wg, because all functions wy
close enough to our original function in %> are going to be such that w}, attains its minimum at a point nearby .,
the minimum will still be negative, and it will still be a non-degenerate critical point of wy,.

Consider next the case when wy, attains its global minimum at a degenerate critical point z.,., and the derivatives of

w6 do not vanish to infinite order at x,.. Then, necessarily there would exist some integer n > 2 such that

Olw)(z,) =0 forall i€ {1,...,2n—1}, and 92" wj(x.) > 0.

The integer n is sometimes referred to as the order of flamess of wy at the critical point x.. In this case, the same
arguments as before would imply that

J
vz = (L) T 4 Oy -y =),

a2n+1

where
1+ Towh(z.) =0, Tudpwh(zs) =0, ... T.02" ‘wh(z.) =0, T2 w)(zs) =: (2n+ 1)lag,+1 > 0.

The result is that w(-, T ) forms a COmrT -cusp at (y«, Ty ), resembling —yﬁ . Such a behavior, however, is unstable
under smooth perturbations.

For example, the prototypical function which attains a global minimum at a degenerate critical point x,, and whose
derivative exhibits flatness of order 2n at x, is given by

wo(r) = —x + 2n1+1:1c2"+1 , (2.6)
for which with z, = 0. When n > 2, the C'"°°-smooth and locally small (take 0 < ¢ < 1 small) perturbation
wo(x) := Wo(x) + $ea® represents a function which attains its global minimum at x, (¢) := 0, but now this global

minimum is non-degenerate since 92w} (z.(g)) = 2¢ > 0. A more interesting example is given by the C°°-smooth

and locally small perturbation wq(x) := wo(z) — %sx?’, which attains its global minimum simultaneously at two points

Zi(e) = j:(a/n)ﬁ, and each of these global minima are non-degenerate since 92w (x.(¢)) = 2¢(2n — 2) > 0.
These examples provide the simple reason behind the instability of Co’ﬁ-cusp singularities for 1D Burgers.

Next, we discuss the finite codimension stability of Co’ﬁ—cusp singularities for 1D Burgers dynamics, from a
perspective which will turn out to be useful when discussing 1D Euler. Recall the function wy defined in (2.6), and let
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w be the solution of 1D Burgers (2.2) on R with initial data wy. Since W}, has a unique global minimum at z, = 0,

and at this point wy(0) = —1, the solution w develops a singularity at time T, = 1. At the blowup time, we have
17(;177 1) = 2n1+1x2n+1 ,

and therefore if y = n(z, 1), so that y, = n(x., 1) = 0, then
1
= (2n+1)y)=T,

resulting in the precise and global description of the CO’TlJrl—cusp aty = O

W(y,1) = Wo(w) = —(2n + )= y=er 4y, 27)
The above scenario is in fact stable under suitable perturbations.
Proposition 2.1 (Stability and finite codimension-stability). Let n > 1 be an integer; let W, be defined as in (2.6), and
define for € € (0,1] the ball

U” = {wo H’wo — w0||czn+1 < E}

Then there is a codimension-(2n — 2) Banach manifold M, of initial data in U such that for all data wg € M., the
unique solution w has a first singularity at a unique point (y., Ty) = (0, 1) + O,,(g) and at that point w of (2.2) forms
a cusp resembling (2.7).

Proof. Since 82"w),(x) > (2n)! — e uniformly in z for all wy € U, there is a unique 7 in R such that 92"~ 1w (1) =
0, and Z satisfies |z| < (2#_5 In the case n = 1,  is the unique critical point of w(, and is its global minimum. In
the case n > 2, define the function f : U — R2n—2,

Oy wp ()
f(wo) = :
07" wp (&)
If f(wo) = (0,0...,0), then Taylor expanding w{, about z = & gives us w}(x) > wy(Z) + [(2n)! — €](x — )" for

all z € R, so z is the unique global minimum of w}. If we define M; = U}, and M,, = {f = 0} for n > 2, then it
is straightforward to show that at time —1/w{ () the solution w of (2.2) with initial data wy € M, develops a cusp
resembling —yﬁ.

When n > 2, we can observe that M,, is a Banach manifold using the Implicit Function Theorem. All wy € U}
can be decomposed as

wo(x) = wo(x) + (Tlx + :C + ...+ (;‘;n 12)'332"_1)9((55) + ()

where x is a C°° bump function with 1j_; 17 < x < 1j_3 5], the {}; }2” 2 are sufficiently small (with respect to &
and n) real numbers, and w0y is a sufficiently small (with respect to ¢ and n) C?"*! function satisfying 92w} (0) = 0

for j = 1,...,2n — 2. To see this, simply define \; := d2w{(0), and then declare wy to be the remainder in the
above formula; since 92w (0) = 0 forall j = 1,...,2n — 2, it is clear that wy will then satisfy 97w}, (0) = 0 for
j=1,...,2n — 2. Viewing the critical point = as a functlon of {)\ 2" 2 and @y, and differentiating the expression

8%”‘111)6(3:) = 0 respect to \;, taking into account that both wy, and % are implicitly functions of );, and using that
X' (Z) = 0, we deduce
93" wy (i)

g;_o forall j=1,...,2n—2.

From the positive lower bound 92"w/,(#) > (2n)! — ¢ it follows that % =0forall j =1,...,2n — 2. Therefore,
J o
writing the i*® component of the function f as f? = 92w} (&), and using that % = 0, we may similarly obtain
J
of; i+1— i S VR i1t oy OF _ AT
*j = 0wy (4) 8,\]- + %(Zk:i (kiki)!xk ) +ax+1w6(93)()87j = =t Lizis

it follows that

forall i, 7 = 1,...,2n—2. Since || <

g
(2n)!—e>
D)\f =1Id + On(E)
everywhere in Ul'. Therefore, for each choice of wy (lying in a sufficiently small ball, of radius related to ¢ and
n, in C2"*1) there is a unique choice of (A1, ..., Ao, 2) such that f(Aq,..., Aon_2,W0) = 0, i.e., such that the

corresponding wy lies in M,,. The Implicit Functlon Theorem yields that hlS choice of {}; }2” % is given by a C"*
function of wy (in the sense of Fréchet derivatives). O
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3. THE DIFFERENTIATED RIEMANN VARIABLES, THE INITIAL DATA, AND A BLOWUP CRITERION

Returning to the 1D Euler equations (1.5), in this section we introduce the classical and the differentiated Riemann-
type variables which are used in our analysis, we precisely characterize the set of initial conditions with which we
work with, and we give a characterization of the time T}, of the first gradient singularity.

3.1. Classical and differentiated Riemann variables. For many first-order hyperbolic systems in one space dimen-
sion, it can be fruitful to analyze the PDE in terms of Riemann variables, which in a sense diagonalize the system. For
the 1D Euler equations, the Riemann variables w and z are defined as follows:

wi=u+o, Z:=u—0, k:=S. 3.1

Above we have also introduced the notation k& for the specific entropy .S in order to distinguish the Riemann set of
variables (w, z, k) from the classical ones, (u,o,S). With respect to the (w, z, k) variables the 1D Euler equations
(1.5) become

AW + A30,w = %028yk, (3.2a)
Oz + MOyz = %JQayk, (3.2b)
Otk 4+ Mo0yk = 0, (3.2¢)
where
A i=u—aqo = PTO(U}—FIT&Z,
Ao i=u= %er%z,

A3 i=u+ao =12y + —1Eaz.

The functions \; are the wave speeds of the system. Most important to us will be A3 = u + co = u + ¢, which is the
fast acoustic wave speed. The fast acoustic characteristics are denoted by 7 and are as the solutions of the ODE via

On(z,t) = As(n(x,t),t),  n(z,0)=0. (3.3)

That is, 7 is the flow of the fast acoustic wave speed.

Because the 1D Euler equations have both Galilean transformations and additions of a constant entropy as symme-
tries, all of the essential dynamics of (1.5) are captured by studying o, ,u, 9,0, and 9,,S. Therefore, it makes sense to
study (3.2) in terms of o, dyw, 0y 2, and 9y k. If one takes J, of the system (3.2), and diagonalizes the system (omitting
terms which are quadratic or cubic in 9w, 0,2, and 9, k), one arrives at the differentiated Riemann variables (w, z, k),
defined via

W = Oyw — %U(‘)yk‘, (3.4a)
2= 0yz + 5500,k, (3.4b)
k= d,k, (3.4¢)
and which satisfy the evolution equations
O+ AsDyth = —by A3 + £ k(i + 2) = —b(20 + 1522 + £ok) + Eok(i + 2) (3.5a)
0% + MOyt = =20\ — Lok + 2) = —5(15%0 + 1522 — Lok) — Lok(i + 2) (3.5b)
Ak + Xodyk = kO As = —k(3i + 12). (3.5¢)

The differentiated Riemann variables will allow us to study the evolution of the system without derivative loss; indeed,
it is evident from (3.5) that these are three coupled transport equations with right hand sides which are polynomial
expressions of the unknowns (see also (4.5) below). The “ring super-index” in the notation of (3.4) is present to signify
that differentiation has taken place; this notation is chosen for consistency with [42].

For the remainder of this paper, we will study the Cauchy problem for the system (3.2) and (3.5). Next, we
describe the initial data for these systems, by specifying the set A, (e, Cy) where (wo, 29, ko) lies. The functions

(o, 20, ko) 1= (Wi — %aoké, 24 + %O’()k‘é, k() and og = %(wo + 2¢) are then defined as a consequence.
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3.2. Assumptions on the initial data. The domain of our functions will be T x R, where T := R/Z is the torus. We
will use the notation |z — 2’| to denote the distance between two points z, 2’ on the torus. We will often implicitly
identify the torus with the interval [—%, %) when describing functions in a neighborhood of the point 0 = 0+ Z € T.

Fix a constant Cy > 3 and an integer n > 1. Assume that the initial data (wy, 2o, ko) of (3.2) satisfies

% < og= %(U)O + Zo) <2, (3.6a)
—1l—-e< mjgnwé < —1+c¢, (3.6b)

aiJrlw oo .
%<C&(1+5) i=0,...,2n+1, (3.6¢)

O 20| oo .
%<Cfﬁ i=0,...,2n+1, (3.6d)

105 kol .

— = < Cje i=0,...,2n+ 1. (3.6¢e)

7!
The constraints listed in (3.6a)—(3.6e) define an open set

Ap(e,Co) C (W2H2°°(T))3 . (3.7)

We will show that the solution (w, z, k) emanating from data in this open set all form a gradient singularity at roughly
the same time, and we will prove uniform derivative estimates for all solutions with data in A, (&, Cp).

The definition of A, (e, Cy) does not require any zeroth order constraints other than (3.6a) because the Euler
equations have Galilean transformations and additions of constant entropy as symmetries (though they are not invariant
under constant perturbations to the mass density). The constraint (3.6b) is not strictly necessary for the formation of
the shock to occur, but is rather used to pin down the blowup time 7 (see § 3.3 for a definition of 7}); this follows
from the time-rescaling symmetry of the Euler equations. In § 8.4 we will impose additional constraints on the initial
data in order to say more about how the spatial location of the pre-shock is approximately determined by the initial
data; since the Euler equations are invariant under spatial translations, we will not need such specifications until then.

3.3. Local well-posedness and the Eulerian blowup criterion. The Euler equations (1.5) are locally well-posed in
H*(T) for s > % In particular, for ug, 09, So € H*(T) with oy > 0 everywhere, there exists a positive maximal time
of existence T, € (0, +00] such that (1.5) has a unique C,, ;-smooth solution (u, 7, S) on T x [0, T%), and furthermore

(u,0,8) € C([0,T.); (H*(T))*) n CH([0, T.); (H*~H(T))).

Additionally, T can only be finite if: (a) the solution (u, o, S) develops vacuum or implodes in finite time, meaning
that either minyer o(-,¢) — Oast — T. or || (u, 0, S)(-,t)[| Lo — o0 ast — T; (b) the solutions’ gradients blow up
in finite time, at a non-integrable rate, meaning that it satisfies the Eulerian blowup criterion

T
/0 (10 Ol + 18,0, Dll + 18,5 ()]l )dt = +00. (3.8)

These facts follow from the classical local well-posedness theory of symmetrizable quasilinear hyperbolic systems
(see e.g. [25, Chapter V], or [35, Chapter 2]).

For the 1D Euler equations (1.5), it is known that neither vacuum formation nor finite-time implosion is not possible
on T x [0, T}) (see [14, 13] and Proposition 4.1 for the initial data studied in this paper), for any choice of ug, o, S €
H*(T) with 09 > 0 everywhere and s > %; using this uniform upper and lower bound on the sound speed, one
can show that (u, 0, S) remain uniformly bounded on T x [0, 7). That is, option (a) above is not available to the 1D
Euler’ dynamics with smooth and non-vacuous initial conditions. Thus, the Eulerian blowup criterion (3.8) determines
whether a finite-time singularity occurs at a time 7}, < 00.

The Eulerian blowup criterion (3.8) simultaneously serves as a continuation criterion for smooth solutions, and as
a criterion for the propagation of higher regularity. Of relevance to this manuscript is the fact that if the initial data
ug, 09, S € W2nT2:°(T) C H?(T), oy is positive, and T, is defined via (3.8) as the maximal time of existence of
a C, ,-smooth solution, then for all ¢t € (0,T,) we have that ||(u, 0, S)(-,t)|lw2n+2e () < 0o (naturally, the upper
bound blows up as ¢t — T%).

9In multiple space dimensions, this is not the case: smooth finite-time implosions may be constructed [36, 37, 5, 12, 17, 16]. The formation of
vacuum in finite time, for smooth multi-dimensional Euler dynamics remains however to date open.
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The Eulerian blowup criterion may also be stated in terms of Riemann variables. If n > 1, then for all initial data
wo, 20, ko € W?272:°°(T) with wg — 2o > 0 there exists a positive maximal time of existence T, € (0, +oc] for
which (3.2) has a unique C} ; solution (w, z, k) on T x [0, T,) and if T\, < oo then

Ty
/O (10, )l + 182, ) [oe + 19y, Dl e ) dt = +00. (3.9)

For the initial data (wo, 20, ko) € A, (e, Co), we will prove that T, is finite, so we will refer to 7 in this context as
the blowup time.

4. INITIAL ESTIMATES ALONG THE FAST ACOUSTIC CHARACTERISTIC

Let 7 be the fast acoustic characteristics defined in (3.3). We will show that for all initial data (wo, 2o, ko) €
A, (g,Cp), the corresponding solution (w, z, k) of (3.2) stays as smooth as the initial data when precomposed with
7, i.e. the functions w o n, z o 7, and k o 7 stay as smooth as wy, 2o, and kg all the way up until its maximal time
of existence, T,. For all data in A,,(¢,C)), the maximal time of existence will be shown to be finite, and will be
approximately determined as

T, = 1%1 + O, ().
Furthermore, the time 7}, will be characterized as the first time when 7 ceases being a diffeomorphism. That is, T
will be equivalently characterized in terms of the Lagrangian blowup criterion
lim (mi%nm(x,t)) =0.

t—T, \z€

If (y,t) € T xR are the Eulerian variables which the functions w, z, k take as inputs, we will define the Lagrangian
variables (z,t) € T x R via the equation

(y,t) = (n($7t)7t)' 4.1)

We will spend the rest of the paper studying the Euler system in terms of functions of these Lagrangian variables
defined in § 4.1. In § 4.2, we prove that for all data in .A4,,(g, C) the solution exists up until a time T, = 14—% + 04 ()
at which point 1), must have a zero, which corresponds to 9, w diverging to —oo. Then in § 5 we will perform energy
estimates in LP for the higher order derivatives with respect to x and ¢. In § 6 we utilize similar energy estimates to

quantify the stability of solutions with data in A, (¢, Cy) with respect to small perturbations in wy.

4.1. The system in Lagrangian variables. With the differentiated Riemann variables w, z, k introduced in (3.4), we
define
Y :=oon, W :=won, Z = zon, K :=kon.
These are functions of the Lagrangian variables (x, t).
It is straightforward to compute that

S =—a%Z + £5°K, (4.22)
Lo = 30 W — 312 + £n. 3K, (4.20)
(S =a¥'Z - £K, (4.2¢)
Mot = S8, W + 1590, 2 + £, 2K (4.2d)
(W) = £EK (W + 1, 2). (4.2¢)

One can deduce from (3.2) that )
O¢(kon) = aZK.
Letting 0, act on both sides of this equation, we have that
8t(7)zf{) = aY0, K + aExIO(, = nxatf( = aX0, K + (aX, — nzt)fo(.
Plugging in (4.2b) and (4.2d) gives us
nxatf% = aZBmIO{ — %K%W — %anZ 4.3)
We can also derive a similar equation for Z. Since

O + A30,u = a0z,
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we conclude that
Ot(uon) = aXZ.
Letting 0, act on both sides of this equation and rearranging shows that
O (1:2) = 200,(2Z) — (W )y
Expanding this equation and using (4.2b) - (4.2e) gives us the identity
0.0 2 = 2050, 2 — 520, WZ — ﬁzf(m.w"/ —Lap 224 %nwzf(j 4.4)

For the rest of the paper, we will work with the variables 7, 3, an, Z ,and K, which solve the following system:

Y, = —aXZ + %221%, (4.5a)

So = 3mW — 3.2 + . SK, (4.5b)
(Y, =ax"Z - ﬂf( (4.5¢)
Mot = 52, W+ 1 2m2+%m2k (4.5d)
(W)t = 23K (W +n,.2) (4.5¢)
nmatf{ = 042895}0( — %K%W — %T]IIO{ZO (4.5f)
nmé‘tZD =2a%0,7 — 1_—“7111/%/20 — ﬁEf(mW — H‘—O‘anD2 + fanl%Zo. 4.59)

Notice that we are treatmg the product an as one of the basic variables rather than analyzing W on its own. This is
because the product 77$W will remain as smooth as the initial data while W does not.

4.2. Initial estimates and determination of the blowup time. We will show that ¥, X! ,nz, nwVT/ Z and K all
remain bounded as long as the solution exists, that the solution exists up until a time T}, = = +a + O,(¢), and that at
time T 7, must have a zero.

Proposition 4.1. Define the constants

B, = 6wwtia (24 1)e*,  and By = 6% (4.6)
Note that By, < B,. If € is chosen small enough such that
(1+B,ex 1,
then for all (z,t) € T x [0, T\ A 1_M(l +¢2)) we have that
layw<s, (4.72)
W\ <3, (4.7b)
Ne < 3, 4.7c)
|K| < Bye, (4.7d)
|Z| < B.e, (4.7¢e)
and
nW < —1 + da),. 4.8)
Proof. We will proceed with a bootstrap argument. Fix T' € [0, T A 1_%O‘(l + £2)) and pick a constant
B, < A<2B,.
We make the following bootstrap assumptions:
1<¥u<4 V (x,t) € T x [0,T),
[n.W| <2 Y (z,t) € T x [0,T7,
Ne < 4 V(x,t) € T x [0,T],
K| < Ae Y (z,t) € T x 0,71,
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|Z| < Ae V (x,t) € T x [0,T).
It follows from (4.2a) that

t
Y (z,t) = oo(z) exp (/ (—aZ + 3£ EK)(x,s) ds).
0
Since 7' < +2-(1+¢%) and 2 (1 + 2) < 2, it follows that

5 -1 < gpatA(l+2)e 262A(1+a%)s.

It follows that if ¢ < B, and € < 1 then
$<¥<3 vV (z,t) € T x [0,T].
To improve upon the second bootstrap assumption, plugging 3 < 3 and our bootstrap assumptions into (4.2e) gives
us the bound
(W] < 2Ae(2 + 44¢).

Since .
(0 )(a,1) = w(2) = ga@o(o) + [ (W )(a,) ds
it follows that
|0 W) (@, 1) — wh(2)] < Le+ 2o (1+22)2Ae(2 + 44e) . (4.9)
Therefore,
W] <1+e[l+2 4 (1+2)3A42+44e)] < 4
if B,e < 1 and € < 1. This proves our second inequality.

To prove the third inequality in (4.7), our identity (4.2d) for 7,; paired with (4. 9) gives us
t

¢ ¢
Ne =1 +/ Nee ds =1 + 1+atw0 + 1+O‘ (%W wp) ds + 52 an ds + 2 7 / 2K ds
0

=1+ Y2t + O(l%at(l + Ae)(1 + A)e)
=1+ 2w + O((1 + Ae)(1 + A)e)
provided that ¢ < 1. Therefore
Nt (2, ) — 1 — L% twg ()] < O((1 4 Ae)(1 + A)e) . (4.10)

From here it follows that
Ne <14 (14e2)(1+¢e)+O((1+ Ae)(1+ A)e) < 3
for all (z,t) € T x [0, 7.
Before improving upon the last two bootstrap assumptions, we will prove (4.8) fort < T. When 0 <t < T A ﬁ,
(4.10) gives us

Ne > 1+ 2 tw) + O((1+ Ae)(1 + Ae)
>1—1(1+¢e)+0O((1+ A4e)(1+ A)e).
Using this lower bound in conjunction with (4.9) results in
W <1+ 0((1+ Ae)(1 + Ae)
=1—dn, +4n, + O((1 + Ae)(1 + A)e)
< —1+4n, +O((1 + Ae)(1 4 A)e)
< —5 440,

The last inequality here is true provided that (1 + B.)e < 1. For — <t < Twehave 1+ a > 1 > 2(1 )
+e 3

the inequalities (4.9) and (4.10) imply that
W = 525100 = 1) + g5 1 (1+ S5 tw = na) + (W — wp)
§2nz_ 1 +1L%(1+1Tatw0_nz)+(na:ﬁ/—w6)
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=21, — Tleé +O((1 4 Ag)(1 + A)e)

SQT]I_%'

This proves (4.8) for (z,t) € T x [0, T]. We will now use this inequality to prove the last two inequalities.
For 1 < ¢ < oo and a constant § > 0 to be determined, define the quantities

QL) = / 50, | K7 da,
T

£9:4(¢) = / 09y 1 719 da
T

Using (4.5) we compute that
&0 = —oq [ FEoml Kl [ 2RI g [ 0K s (Koo

_ /z*éqnxu%maaq(é — LIK) + (1527 + £3K)]
+/E*5q|f<\q1+7anzvif+q/z*5Q|f(|qflsgn(f()nzatk

_ —dq - 1q 5 1 ” 1—a 7 « ” —38q| 1719 1+« X

—/E Nz K9 adg( —ZEK)—F(TZ—FZEK)]—F/E |K |75, W
va [ 50, (K + [ SR+ [0, K142

- /z—éqnw|f(|qa5q(z° - £3K) + (1522 + £ 3K))
+ [ mrmRsg W b [ R (e - VoW
+aldg=1) [ SmIRI-42 + 2R+ [ SORP- g+ [ =0 K142

— (552 4 §0g - 1) - 4) [ ToK|
+lada+ 5% — 360 - 1)~ 4] [ 2 RIZ + [ad +a+ (g - 1) [ 2 m R A K

= [goq— 254 [ ORI + (300 - 554 [ 5o K)oz

Performing analogous computations for £2:9, we find that

€00 — [a5y — a1] / 599 K|, W + [26q — %51] / 590, K92, @11a)
£ = [adg — 152 (g — 1)] / 500 7], 1 — g / 599| 29 Ysgn (2)S K, W
- 5e(g-1) [ S22 +ladg+ad - 1) [ S ZlE SR, (4.11b)

First, let us derive bounds on K. Choosing § = é and using (4.11a), (4.8), and our bound 71, < 3 gives us

& =4 [urdikim 4 [ S tnlkiz < -3 S8R+ @4 40l < (B + 40800

and thus
0,9/\1/q 0,9/ \1/q,L(3+4e)t Ly L(2Byden
&, (8) /1 < &77(0) e < 2% |[kollges .

Therefore, for any ¢ € [0, 7] we have that

||Eiéf(||L;o — qlggo gg,Q(t)l/q < hHLSUPQé ||%||Lg°€%(%+%6)t _ 2% ||k6||Lg°
q oo
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So
K| <65 [kpllLe, ¥ (x,t) €T x[0,7].

To bound Z, it is best to bound EYT 4 %4, 1f § is large enough that 25 — 45+ > 0and adg — 15%(g — 1) > 0,
then adding (4.11a) and (4.11b) together and using (4.8) gives us

£+ 809+ 41300 - 55%] [ S-IK|T + Yladg - 152 - 1) [ 52
<[26g — H (4 + Ae)EPT + (4ladqg — 5% (¢ — )] + %As[adq +a(d—1)]+ 2 (g —1)Ae)EX
a2 s (2)SKn, W
Since |21, W[ < 3- 4 = 4 we have
—ag [ s (22 < 2la-1) [z s [

and our bound on &9 + £%9 becomes

£+ £01+ Hgdg - 15 = 2] [ SRI 4 adg - 52— ) - 2(g - 1)) [ =02

< [§0q — G4+ Ae)EQ T + (4[adq — 15%(q — 1)] + 5 Acadq + a(§ — 1)] + 12 (¢ — 1) Ae) 2.

Now choose § =
and we get

m. This choice of § is large enough that the factors in front of the damping terms are positive,

EQT+ EX < 10max(1, a)q[l + SAe](E)T + £29).
Since T' < 1+ (1 + 52) we conclude that
(EQI(E) + EXU(1)/T < (£79(0) + £27(0)) /aetOmax(h el H3 Aclt
1
< 2wt (24 1) max(||kp s, |26 g o2 4

forall ¢ € [0,7]. If € is small enough that 20(1 + £2)(1 + B.e) < 21, sending ¢ — oo now gives us the bound
|Z| < B max(||ky||Le, [|20]/ o) in the same manner as before, which finishes our bootstrap argument. O
Proposition 4.2. [f ¢ is chosen small enough so that

(1+B.)’e < 1
then the blowup time T, satisfies

(1—e2)2 <T,<(1+e2):2 (4.12a)

14+ 14+a?

and in particular
T, = 1+a [14+O((1+ B.)e)]. (4.12b)

It follows immediately from (4.12a) that (4.7) holds for all (x,t) € T x [0, T).
Proof. Recall from the proof of the previous proposition that
W = wj+ O((1+ Bu)e),
e = 1+ 2wy + O((1+ B.)e)],

forall (z,t) € T x [0, T, A 1Jra(l + £7)). Since 1, > 0 for all ¢ < T, it follows from (3.6b) that

0<me <1—12[(1-¢)+0((1+ B.)e)]
forall (z,t) € T x [0,Tx A 1Jra(l + 7). Therefore,

1ta a 1 1

Since (1 + B.)%¢ < 1, we can conclude that

T. < 725 [14+ 0((1+ B.)e)] < 125 (1 +¢2).
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Therefore, T, = T, A 1J%a(l + ¢7), and the inequalities (4.7) are true on T x [0, T}).
It follows that

Ty
| (10,20l + 10,40l )t < T (B + (14 £) Bl

and

T Ty
4 1 3
/0 ”ayw('at)”Lgo dt < /0 3 minger 72 (D) + ﬂBkE dt.

Since T is finite, it follows from (3.9) that

li i t) = 0.
8, el )

For all t < T, our initial data assumption (3.6b) implies that
Ne >1— 241+ +O((1+ B.)e)].
Sending t — T, and letting (1 + B.)?¢ be sufficiently small gives us

dor, > =1+0((1+B.)e) >1—¢2.

1
= 14+40((1+B.)e)

5. HIGHER ORDER ESTIMATES

In this section, we will prove estimates on the derivatives of X, 1n,, nIW, VA , and K with constants that do not
depend on our choice of (wp, 20, ko) € An(g,Cop), and whose dependence on ¢, o, n, and Cy is explicit. For the
entirety of this section, we assume that ¢ is chosen small enough such that the results of the previous section hold.

5.1. Estimates at time zero.

Proposition 5.1. Let C, and C; and be constants satisfying

C. > 2630,

Co>1,

Ce > (1 + Oé)y

aC, < Cy.

Then if (1 + a)e < 1 the following inequalities hold at time t = 0 for all || < 2n + 1:

(18] + 120K | -

(5.1a)
Blic=cf
1)2)|0%Z|| oo
(181 + )[U : 1% < (141 (5.1b)
Ellegvs !
1)2)0°% || poo
(18] + )g 6t||Lz < Tae (5.1¢)
|B1ICE=cP
1)2(|0° 10t Lo
(181 +1) HB Zt“Lm < 101 4 2) (5.1d)
|B1Cz"Cy*
12108 (e W)e || oo
(18] + 1) ﬂ(’lﬁ )tllLs < 8o, (5.1e)
|8|1CcE=crr K

Proof. We will prove this via induction on f3;.
Base Case: Attimet =0
2 2 2 1
(m+ D07 Kllree _ (m+ 1107 kol e < (20)"e < o,
mlCm mlCm @

Since

m—1
’ 1 1 M\ hj+1 —1—j+1
6;”2 = a;n—&- zo + %006;"*' ko + % E (])8;4_ k08;” It 00,
j=0
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at time zero, our assumptions Cy > 3 and C,, > 2¢3C, imply that

(m+ 1)2”8;)12”[430 e2 m m—1 e m\ i1(m—1—7)
icm ()" + Y+ LG HeE ()" m 12 Y () A
e =0 J
m—1
m m
()" D+ EG ()" X T
j=0
< (204 + LG+l ()" (1 +logm)
— \2e Y 2y 12 {m>1}\3¢ g
1 1

Similar computations applied to nwVT/ at time zero also give us the bound

(m + 120" (0 W) | =
mlCm

S1+(1+2)e<1+2
forallm =0,...,2n + 1.
Since ¥; = —aXdyz o n, at time zero we have
¥ = —aooz.
Therefore
oMy
_ Yx At 08m+120+z< >8J+1Zam 1— J+1 o0
Q J
7=0
and computations analogous to those applied to 5‘;”20 and 8;”(77115[/) give us
(m + 1?1073 || Lo
mlCMoe
Let 0 <m < 2n + 1. At time zero
(e W)e = S o0kp(uwh + 24),

< 205)" 4 (5 + )5 lgmzy < 2

VO (W) =00 (T) B ™9 (w + o)
j=0
Z ( . m . )85;1_1“008%2“1@08%3“(11}0 + Zo).
J1J2J33

Jiti2+iz=m
Jjizl
(A VIO O WUl _ 1 oy a1yt 03201 iy 1

4y
o mlCme

Since

m

E (m+1) E %—

J1+]2+]3 m j=1
J1>1

our hypothesis that C,, > 2e¢3Cy and Cy > 3 now gives us

4 (m+1)2Ha;n(77xW)tHLw 30 (142¢)% 1 3C m — 1
gl I OWM <y sy 132 (07 5

201+ 26)(3)™ + Lim>1y

Lastly, since 7,; = %wo + 1_70‘26 at time zero, we compute that

(m + 1) ||81zn77:z:tHLgc 2 N -
mlCm - = (%)m(%(l—kg)_k%g)

:(H7a+max(1,a)5)(ech°)m Lo+ 2e) ()™

Jitj2tis=m
ji21

(5.2)

Ji’
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forallm = 0,...,2n 4+ 1. This concludes the base case.
Inductive Step: Now fix 0 < m < 2n and suppose our result is true for all multi indices 8 with |3| < 2n 4 1 and
Br < m.
Let 3 have |3| < 2n and 3; = m. Taking 0° of (4.3), setting ¢ = 0, and simplifying using the fact that
Oina(x,0) = big (5.3)
for all nonnegative integers ¢, we arrive at the identity
Pk = Y (ﬁ) et
et <y<p i
ta Y ( >metztaﬁ+ewﬁ<+ aogdPer i
et <’y<ﬂ
+ az ( ) opdP U De g Z (ﬂ‘w) & (. W)dP I K
=0 N7
S 5) PR (W) — 3 T (ﬂ> K057
et<v<a 7 0<r<p T
_ % Z ( s >871—etnwta'yzf(a'mz°_
_ o \ 717273
Yit+y2+y3=8
YiZet

Applying our inductive hypotheses, the inequality (5.2), Lemma B.2, and (B.2)—(B.3) yields

(18 + el + 1)*|0° K| e
B+ eiCi=cit e

18|
Ca 1B\ 181+2)2G-1)1(81+1
< g (B +20) + 2% 5)Z< |<m|+)1§J e

P
. 1 LR (Be (822G DBl 1)t | oy
+20E talz gy ;) R ()
j=1
. (181+2)%51(18]—3)! j
1 1 +2 J Co\J
+a(l+2e cZ( ) WHOGRe = (e)
7=0
8 181
4+ L 3a. 1B 4s1+2)2(181-9)'G— Dty (1+ 1)e Z 18] (181+2)*5'(18]=)!
5C7 1y j ) BFDWBFI-72 T 3 j ) T DIGHI2(B1-7)
7j=1 7=0
1ta 1)1 18] (18142)% (1 —1)1ja !
4 (1+2e)(1+ 7)6 c? Z <j1j2j3> (IB]1+1)152(j2+1)2(js+1)2
J1+J2+]3 18]
Jj1>
181 ‘ 18] .
1 /14« 2Cy +2
< (21 +2) +20° ) Y mgitayy 208 Tl +29)8 Y miatay
j=1 j=1
181 . 18| e 161 ;
1 +2 1 +2 +2
+ (1498 D Grorse o 4v€Z B Z(m 2(BTFT=7)?
j=0
14+ 1y, 1 \6\+2
+ 5t (1 +26) (1 + Jegz > PGt 1)2(s 1)
J1+je+i3=|B|
1
S elaC(l+as)+ (1+a)(1+e)(1+ &)

It follows that the bound (5.1a) holds for & +¢* K provided that C; > aCy, C; > 1 + a, and (1 + a)e < 1.
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The inductive step for (5.1b) works out in the same way: pick 3 with |3| < 2n and 8; = m; take 3° of (4.4); set
t = 0 and simplify; carry out the same type of computations as done above; if C; is large enough with respect to aC,
and 1 + o, then the right hand side of the inequalities can be made smaller than 1 + % provided that (1 + a)e < 1.

The inductive steps for proving (5.1¢)—(5.1e) will now utilize the fact that we have already proven (5.1a) and (5.1b)
for 8 with | 5| < 2n+ 1 and 8; < m+ 1. Pick 8 with |5] < 2n+ 1 and 5; = m + 1. Note that since 5; > 1, we must
have 3, < 2n. Taking 9° of (4.2a), setting ¢ = 0, and simplifying yields

105 = —000°Z + 030" K + Z (&) [~0)7" 000" 9% Z + Loy0i T 000" % K]

j=1
+ > () —075,0° 2 + Log0 5,07 K]
er<v<p
ﬁE ) j1—14+1 jo—141 j ”
_~_L ( T ) gn +l50992- 141, aBtEt-i-JgewK
J1,d2> >1
B ) a1 e T
+L < ) Hi—1+ 0067 tzaﬁ Y=jes |
v>er
j=1
DY ( b )a%etztmﬂfzta%k.
’Y71+72+’Y3:5 17273
Y1,V2>€t

Therefore, applying our inductive hypotheses, the fact that (5.1a) and (5.1b) have been proven for multiindices with
Bt < m + 1, and the inequalities in § B gives us

(18] + 1)? 19754 Lo
|81CE=CPt ae

Since C, > 1,C; > (1 + @), and € < 1, we have proven (5.1c¢) for our choice of .
The proof for (5.1d) is analogous: if |3| < 2n + 1 and 3; = m + 1, then taking 9° of (4.2d), setting ¢t = 0, and
simplifying produces

0w = 520°Z + $£000"K

AU (5) (5207 0P 2 + £000" 0 0° K]

2_2
<2+ 2 +0(5 +%+c%+cfét+7“c§ ).

er<y<p

.- b’x - 8 141 o
2&2 3] + 3B ]61K+ Z " M, 00 + 000K

=1 ’Yl+j€z+’73:/3 Y1J€zV3

Y12>€es,j2>1
+% Z ( B )8"/1—€tnzta’)’2—etzta’¥3k_
Y1+y2+v3=08 17273
V1,722 €t

Therefore,

(18] + 1)2||3577mt||L;° 1 1-q| 1+[1—q] 1 1
|B|‘C’B”C5t(l +a)e < m( (1+ ) %) +0( Cs + (I+a)Cs + C.Cy + %g)
1C°Cy

1+]1—«f 1 1
<1+ 0(=¢— + @rae T oe T &)

Since e < 1, C, > 1, and C; > (1 + «), this proves (5.1d).
The inductive step for (5.1e) works out in the same way as the inductive steps for (5.1¢) and (5.1d). If | 5] < 2n+1
and 5; = m + 1, then using (5.2) in addition to the same types of bounds as in the previous computations gives us

i 18]
(18] + 1)*[|0° (0 W) | .o a)e
1cy ﬂf"‘ <2(1+2) %Jro(snL H) +)
|BlICEC e JZZO
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< BT(1 4 2€) + Oe + L5224 L),
Our hypotheses on the relative sizes of C;, C,, €, and o now imply our desired bound on 6 (nxﬁ/)t. O

5.2. A Priori estimates for time derivatives. In this section, we will fix T € (0, T%], a function C; : [0, T}) — R™T,
and a constant 6 > 0. Suppose that Ay, > By and A, > B, are constants such that A, > 104, and

(m + 1?0707 K| 1=

miC < Age, (5.4a)
+ 122709 7 e
o+ DS D 5
mlC}"
forallt € [0,7], 0 <m <2n+ 1.
Proposition 5.2. If
o (1+a)3° < Cforallt €[0,T), and
o (1+A4)ex1],
then
41 2 Z—ém@m E_l - 1 2 E—Smamx -
o+ DSOS e (nF DAS OBl s
mlCy" mlCy"
(m + 1)?[[ 270" 0 1t | e > (m + D250 (0 W)illres _
oI < (14 a)(500m + 3A.¢), miC < g4k, (5.5b)

forallt € [0,T], 0 <m < 2n+ 1.

Proof. We prove our result via induction on m. The base case, m = 0, is immediate from (4.5), (4.7), and the fact that
Ak Z Bk and Az Z Bz-

For the inductive step, suppose that our inequalities are true up to m — 1 for some 1 < m < 2n + 1.

Applying 9" to both sides of (4.2c) yields

m

Lop=Y, =219z - amK+Z< )aﬂ Ym—heriz.

The bounds from § B now give us

(m + 1?[=7" 0 (5 el e 2 3 N~ (me1)
< 3Az + %Ak +4aA Z (m+1 )2

m!C"ae

<[B+ 5 307 T 1004 TO‘}A
< 4A,.
Here the last inequality holds because of our hypotheses (1 + A.)e < 1 and C; > 3°(1 + ).
Taking 0;" of (4.2a) gives us
Lops, = —X07"Z + £2°00'K — Z ( )aJ 'S,00 7+ zz (; )aﬂ 's0r K

j=1

+ 5 < >aﬂ1 'S0 TSP K.
ot Z J1J273 !

Jit+ja2+jgz=m
J1,j22>1
Therefore,
(m+1)?|27™0 % || 1 9 3% 404 3 "~ (m1)?
miCiraz <34+ Z A+ HERE (A 4 34 Y s
j=1

1 (3%4ad.e\2 4 - _(mt1)?
+ 2“/( Ct )" Ak 3353 (Gs+1)?
Jitje2+tjzs=m
J1,J22>1

< 3A. + L Ay + 25304 (4, 4 B Ay) + 66 (el g,
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2
<4A,.
Taking 0] of (4.2d) gives us
O et = 5%0:0" 2 + $=nu SO K
+ 55207 W)y + 50 mne 0] 2 + fmn 207
e az( )aJ S IR o (W)ag‘lnmza;"—jk
=2 j=2 J
m m . m—i o
+2‘°§Z(J)Wm5§ RUA S IEDY <] j2j )ah "0 S0P K.
Jj=1 J1tJ2+jz=m LJ2J3
J1,J22>1
Therefore,
+1 2 Efméam . o
(m )7l t 77ut||Lm < < 3li- a|A +9C’A + 1+a)3 (mm ) {21”214 + |1 a\A +3“Ak]

mlCJ"e
3%¢ | 3|1—a 2 | 9« a? - (m+1)?

to [ 7 L+ o)A + 501+ a)Ard: + 67‘4’“‘42] D Tty
=1

3 (3%ac)? 2 (m+1)?
T (fEE) (+a)dedl Y mEii
Jitje2+js=m
J1,j221
Applying our hypotheses on C; and ¢, as well as our bounds from § B, we obtain our inequality for 0},

Lastly, taking 0;" of (4.2e) gives us

%a{n( W)t_znaj amK—‘y-anZ(J)aJKam iy

7=0

Z( ) (20 (W) K + 0 S, WO T K)

p> <-m~)<nmazl1ztaz2f<azsz°+agllnxtzazv%az%
Ji1tj2+ji3=m J1J2J3
Ji1>1

+ 631 1 a]éf(aja—l IW
Z (]1]2]3) i e W),

Jitjz+jz=m
J1,93>1

m i1 o1 . ° . o
+ o 8.71 " a]z E 633K6]4Z
Z (]1]2]3]4) ¢ et o ¢

Ji+j2+jstja=m
Ji,g2>1

The same types of bounds as before give us

4oy (M4 D2[S0 (0, W) oo

@ m'CmAke
m-Q—l)2 15 u (171—1—1)2
<4494, 527@“ e+ & ( Ay + oéA)z:jig(mHﬂ.)2
=0 j=1
m+1) i 2 (m+1)2
LA Z e t3ta 31+ a) Tl Y e
j1+jg+j3:m

J1z1

50 30212 _ (m1)? 2(3%)2 o (mA)”
+ 22 ALAL( G, ) Z Tl ZE T ja(l+a)AZ (ct ) Z 75 (G5 +1)? (ja+1)?
Ji+je2+iz=m Jatistja=m—l
Ji,g3>1 j221
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3.(3%\2 (m+1)?
+12a(1+ @) A2 (57) > TGP
Jitjzt+jstja=m
J1,J2>1
<5.
]
Corollary 5.3. Under the same hypotheses as the previous proposition, we have
(m+ 1?5787 || oo (m+ D220 (W)l _

<3, <4, (5.62)

mlCm m!C"

4 1 2 E—&mamz - 41 2 E—Srnam 2—1 ) -

o+ DA Bl (nF DAEE Dl s

m!C}"? mlCy"?

forallt € [0,T], 0 <m < 2n+1and
(m+ 12|20 0, K | 1o
mlC™

forallt € [0,T], 1<m<2n+1.

(m+ 1)%|Sma 19, 2|
mlC"

IN

10 4, <lde ()

Proof. The bounds (5.6a) follow immediately from (4.7) in the case where m = 0, and the 1 < m < 2n 4+ 1 case
follows immediately from (5.5b) and our assumption that (14 «)3? < C;. The bounds on 9%, are proven by taking
O of (4.2b), applying (5.5), and using the bounds from § B along with our assumption that (1 + A,)e < 1. To get
our bounds on 9;"(X71),, take 9;" of the equation

(7, =-57%%, (5.8)

and apply (5.5) together with our bounds on 0}"%,.
The estimates (5.7) can be obtained by taking 8;”*1 of the identities

ad, K = X7, 0, K + 187 K, W + s, K Z, (5.9a)
00,7 = 27" 0,02 + 528 W) Z + E K, W 4 Hex 1, 27 — &y, K Z. (5.9b)
and then using (5.5), our inequalities from § B, and our assumption that (1 + A, )e < 1. ]

5.3. Energy estimates for time derivatives. Pick constants §, x with

& :=max(1l, a)(2 + 59) (5.10b)
and define the function C; : [0,7,) — RT,
Cy(t) := Cy(0)e™ (5.11)
where C4(0) is some positive constant to be determined.
Proposition 5.4. Suppose C;(0) satisfies
Ci(0) > (14 a)3°, C4(0) > max(1, a)2°Cy,
and ¢ satisfies
(1+a)*(1+B,)* e < 1.
Then
+ 12|20 K || poe
(m + 7] PRz g, (5.120)
mlC"
+ )220 Z | peo
(m + 7] Poles e, (5.12b)
mlC"

forallt € [0,T.) and 0 <m < 2n + 1.
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Proof. These estimates will be proven via L9 energy estimates similar to those performed in the proof of Proposition
4.1. Fix T € [0, T,) and pick a constants Ay, A, satisfying
B < A, <2B, < B, <A, <2B,.
Our bootstrap hypothesis will be that
(m+ 12| S0P K| 15 (m+ 12|50 Z]| e
mlC™ mlCy"
forallt € [0,7], 0 < m < 2n+ 1. Our assumptions on C;(0) paired with the fact that A, < 2B, and (1+ B,)e < 1

imply that the hypotheses of Proposition 5.2 and Corollary 5.3 are satisfied with our choice of 4, T', Ay, and A,.
Additionally, if we define C; := £27°C;(0), then our hypotheses on C(0) imply that C; > aCj and C; > 1 + « so

that Proposition 5.1 gives us
2 —dm am 1 2 —5m am 77
(m 2SO Ky b DS Ly 513
mlCm e mlCm -y
at time ¢ = 0. Therefore, our bootstrap hypothesis is true for 7' = 0.
For1l < g <ooand 1 < m < 2n + 1 define the energies

< Ak‘€7

< A,

IN

EM(t) ;:Az-émqnz|a;nf<\wx, EMma(t) ::Az-émqnﬂayz"wdx,

(m + 1167 (1)
(miyiCiltyma

(m+1)%Em9(t)

E(t) = (m1)aC, ()™

ET(t) =

Taking 9, of £, yields
c‘f,l"’q = —5mq/2 5mq2‘77 |8mK|q /Z“smqnwtw{”f(\q
+ [ oo Rt O Km0 &
= /E*‘qundé‘?loﬂq[(aqu + 1770‘)Z + (—admg + a)%EIO(]
s [ oomaop o+ [ 70mop K sen (0 K)ana 0 K.

Taking 0] of (4.3) produces the identity
1.0 T K = aX0" 0, K — [$0.W + 300 Z + mng Oy K

—Z( )aﬂ a0 JK+aZ< )aﬂ 5000, K
J

j=1

> (7 ebzor i - 4 ( )aJ )OI
=1 N =
_1 Z ( )6]1 177 8]2Ka]3 (5 14)
2 xt ‘
j1+j-2§j13:m J1j2Js
Ji1=2

This means that

/ 2 =0ma| g K |9 sgn (9 K ) qng O T K
= a/E“‘quax(\at’”ffIq) - q/E*‘;qu@Ff?lq[%mW+ 1002 + mn)
—a) (’;‘) / s 0majg K1 sgn (97 K)o~ w0 UK
j=2

+ag) (T) / SO K| sgn (0] K9] 5,0 0. K
=1
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m m ) .
~%ay ( j) / S0 a|o K |7 sgn (9 K 0. 0] 20" K
a0 () [ Rt o 00 o K

-3 > (m )/ £ 0ma| g K |9 sgn (9" K ) 0 Ko 2.

J1tjotgs=m 11273
Jji21
Since
a / 217099, (|07 K|7) = § (6mg — 1) / 2o K|, W — . Z + L0, TK],
we get

EMT = /Ef‘smqnﬂ@tmfﬂq[(aémq + 1_TQ)Z + (—admq + a)%EIO{]
1 [ S0 o R+ 5 (5mq 1) [ SO K9V — 0.2 + T SK)
— q/Z_‘qu|8;”IO(|q[%an + %nzZ + Mmnt]
—a 2 (11) [ e o 0l 0 R
j=2

wanY () [m o R 0 K00l w0y 0,

— %q (7;) /E_‘quwf"fﬂq_lsgn (8{"[0()779085anfb_jf(
1

1, (j‘) [ momlor & sen 0 )0k (V)07 K
1

m —ém g — . — o o
—30 ) <jjj>/ S 0ma g |9 g (9 K )00 052 K03 2.
j1+@'21§j13:m 1J2J3

Simplifying the first four terms on the righthand side of this equation gives us
£mi _ p, / S0ma| g KU, W+ (Dy + am) / S-tmay oM |12

—~ ﬂmq/E*‘smqm\a;”f(sz(

—a) (j‘) / = 0ma| g K9 sgn (O K ) npd K

=2
+agy <m) / 2 -0ma|gm i |- Lsgn (O K) I S0 0, K
; J
Jj=1
202 (m) [ ooy & tsen 0 Km0 207 K
; J
j=1

=

S (’]”) [ oo i s o 0] i 00 K

Jj=1
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-3 D (JT]?»)/ B K| sgn (0] K) 0] 00 KO 2,

where
Dy, = Di(m,q, ) := % +q[($6 — L2)m — 1].
Our lower bound (5.10) and the fact that ¢ > 1 gives us the bounds
1+ 3mgmax(1,a) < Dy, < 2mga (s — 1).
Since Dy, > 0, the inequality (4.8) gives us
(c/"]’:%q + %Dk / E—émq|a;nf{|q

< 4DpE™M + (B. Dy, + amq(B, + 3= By))e&;™
—qy (T) / 0ma| g K]0 sgn (97 K) 0] a0 T K
j=2

agy (M) [umep Ky sen (o K)ol i 0,
j=1

N[—=

(5)/
m —dmg|gm 77|1g—1 m 7 J 7 am—J I
(j) /E Yo" K| sgn (0" K)n,0{ Z0;" 'K

=1

<

D>

N

S (’j) [ o e tsen o k)07 a1 0 K

j=1

<

Sta X (1) [srmor it o K)ol o kop 2
Ji+jz+jz=m J1J2J3
ji=>1
Because

g _ myq y (mA1)2E
E7" = —mgrE, " + COTeHAEE

. . (m+1)%\q . .. . .
multiplying (5.19) by ( Yo ) and using our a priori estimates from § 5.2 gives us

(m+1)? 5570 K] g

q
EM+ 1D, [ Tleras I} < [-mgr + (4 + B.e)Dy, + amq(B, + %Bk))e]E,T’q

. —1
(m+1)?= "0 K 0 17 5
+ C]|: miCr L Ak:AZE ( . ')7

where
- (m+1)%(m+1— - m+1)2(m+1—j
() <@l-al+ 5a 3(mJ(rz +j 7t 50a(1 + ) ( j‘s(zw(rz—j)QJ)

Jj=2 j=1

3 -  (m41® | 503 < (m+1)2

+3 Z G+D)2(m+1—j5)2 + 8y Cy Z PBm+1—75)2
Jj=1 j=1

1 (1+a)3 Z m+1 + (|1 _ a| + 570()35,425 Z (m+1)?

(J+1)%2(m—j)? 2/ Cy 71 G2+1)2(js+1)2"

J1+jz+]3 m
Ji>1

Since (1 + a)3° < C;(0), A,e < 2B.e < 1, and

(m+1)*(m+1—j3) _ (m+1) (m+1 7) +1
> s - m+z (VL0 < p (1 2) Y i < mt 10m,
j=1 =

it follows from our bounds in § B that
() < (1+a)mO(1) + O(1).

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)
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Therefore,
£ 4 1D, [(m+1)2|i!;;32"khg } !
< [-mgr + (4 + B.e)Dy + amq(B, + %Bk))e]E;"’q
+qm [(m“)g'i;;a? Kllug } q_lo(u ) ARALe?) 4 g [(m“)?”i,_;;a? Kllug q_IO(AkAZE%

< [-mgr + (4 + B.e) Dy + amq(B, + %Bk))E]E;n’q +mO((1 + a)ApA,e%?)

q m 2|m—dmam K a
4 (m+1)(q — 1)eTa=D [( L K'L%] + O(ARAL?), (5.21)

Since € < 1 and q%l > 1, this can be rewritten as

m 1 m—+1 2 2_5’"'8;"'1? q g
B 4 éDk—(m+1)(q—1)€é:| [( )“m!ctm 'Lw}

< [=-mgk + (4 + B.e) Dy + amq(B., + %Bk))E]E,T’q +mO((1 4 a)ApA.e3/?)7 + O(ARAe3/?)1.
It now follows from the lower and upper bounds in (5.17) that
E < —mgmax(1,a) B + mO((1 4 ) ApAe¥/?) + O(A,A3/?)1. (5.22)
This implies (see Lemma B.1) that for all ¢ € [0, 7] we have

O((1+ a)ApA.e3/?)1  O(ALA.e%/?)1
gmax(1, o) mgmax(1,a) )’

E;(t) < max (E,T’q(()),
— E(t)"/7 < max <E£W(O)1/q7 O((1+a) "7 A4,A,6%%) + O(AkAzs?’/Q)).

Therefore, (5.13) and the fact that A, < 2By, A, < 2B,, now gives us

E;n,q(t)l/q < max (ﬁ7 O(Bz(l + 04)5%))31@5 Vite [O,T}
Sending ¢ — oo now yields
4 1 2 Zfémamf( o
i+ 720K (e O(BL(1 + a)e)) Bye, vte[0,7].

mlC"

Since (1 + «)?B?e < 1, m > 1, and By, > 1, (5.12a) now follows.
To obtain the bound (5.12b) for ¢ € [0, 7] and thus conclude our bootstrap argument, it is best to bound the sum
E71 + E;"? instead of dealing with E7*? on its own. The proof for bounding E7"9 4 E;"?, however, is essentially

the same as the computations that were just carried out to bound EZ]””“.
Taking 0] of (4.4) yields the identity

107" Z = 203000, Z — 1520 W + (L + @)ne Z +miey — 0. SK]00"Z — 280 Kn, W

5 (T) OI 2 4 20y (’7) oI 5,000, 7

=2 j=1

m—1 m
~ liay (T) RZOP 2+ 202y (T) HKO™ 7

J Jj=1

1
|50l WO Z 50l WP K+ 0 S WOP K

m . I .o .o
+ Z <j1j2j3>6g1 e~ 5002 HIOPK)0NZ
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+ ap, 8]1 12 8]2[(813
' Z <J1]293> !

Ji+j2+iz=m
ji>1

-2 ol T S0P Ko T (W
a Z (]1]2]3) (77 )

Jitj2tjs=m
J1,j3=>1

m . . . .
DY < iy .)821 00T SO0 KOj 2
v J1J2J3J)4

Jitj2+istja=m

J1,d2>1
Computations analogous to those performed above for E;"? give us the inequality

_ ) q
. 1)2=70mom Z| , q
m,q | 1 (m+ t “lrg
Ez + 2Dz |: mlC™ -

< [-mgk +4D, + O((1 + «) mq + 1)B.e)|ET"1

La (m+1)2\|27‘sm3§”2\|w
'yq m!C™

o o —1
+qm|:(m+1)2|2—5m8th|Lq:| O((1 + a)A%2) + q|:(m+1)2|2—6m8ln,Z|Lg q o2,
D

(erl ‘E (57?18771 K”Lq
m!C™

T TCm
m!C} m!C}

where D, is defined as
= 152 4 gl(ad — 152)m — 152].

The constant D, satisfies the bounds
— 2(qg—1) + 5mgmax(1,a) < D, < mgad.
Adding (5.21) and (5.24) together gives us

. . 1 m—+1 2 Zfsmatmf( q q
EM + E™ 4 |:%Dk -5 - (m+1)(q—1)5%} [( ) Hm!Ct" ILE}

N 1 ] [m+n2s—omarz) . |
+ {%Dz—(q—l)(v—k(m—kl)c’?)] [ ICT LI}

< [=mgk + 4max(Dy, D) + O((1 + a)(mq + 1)B.e)| (E,"? + EI)
+2mO((1 + o) A2e3/2)7 4 20(A%e3/2)1.
Using (5.17), (5.26) , and (5.10) gives us

EJT 4 B9 < —mgmax(1, ) (B + ET) + 2mO((1 + ) A2e3/%)1 + 20(A2%/2)4,

From here, carrying out the same ODE comparison argument as before and then sending ¢ — oo gives us

(m+ 1|07 K| (m+ 12 E°0 2|1
X z = < B,e.
m!C" mlC™

5.4. Bounds on the remaining derivatives. It follows from the definition (5.10) of « that C; satisfies
1
Ct (t) < Ct (O)eKZT* < Ct (0)62(1+5 2)(2+56)
forallt € [0, 7). Therefore, if we define the constant
ét — Ct(0)6(11+10g 3)6+5’
then
C, > 3°C, (1)
forall ¢ € [0, 7). It follows from Proposition 5.4 and (4.7) that
(m+ D07 Kl _ (m + 1?10 Z || e

Bye . < B,e
—m — ) — — zZ<
m!C m!C,

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)
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forallt € [0,7%),0 <m < 2n+ 1.
Proposition 5.5. Suppose the hypotheses of Proposition 5.4 are satisfied, and additionally C, is a constant satisfying
Cy > 1, aCy > C.
Then if (1 4+ o) B,e < 1 the following bounds hold for all t € [0,T,) and || < 2n + 1:

(18] + 12| 0° K | - (18] + 1)20°Z|| 1=

— < Bye, % < B, (5.30a)
Eifteiyes [lteisten
1)2(|08 35| oo D2)18% (271, || oo
(81 + )J;lmfﬁtt”% < laB.c, (18] +1) ”7[357& Jell < daB.e, (5.30b)
1BI!C," C, 1BI'C," C,
1)2(105n, || L 12108 (1. W)]|
1B'C," C |BI\C," Cy
1)210°%, || 1o 1)2|0%(2~ Y4l £oe
WA T2 el o, WA LIS el <o (5.300)

Proof. We proceed by induction on j,,.

Base Case: When (3, = 0, (5.30a) is implied by (5.29). The rest of the inequalities (5.30b)—(5.30d) in the case
B2 = 0 now follow by applying the a priori estimates of § 5.2 with A, = By, A, = B,,5 = 0, and C; = C,.

Inductive Step: Fix m with 0 < m < 2n and suppose that the estimates (5.30a) - (5.30d) are true for choices of 3
with |5] < 2n + 1 and 8, < m.

We first prove that (5.30a) is true for choices of 8 with |3] < 2n + 1 and 8, = m + 1. This needs to be done
first, because it will be used to prove that the rest of the bounds (5.30b) - (5.30d) hold for 8 with |3] < 2n + 1 and
By =m+ 1.

Fix a choice of 8 with |3| < 2n and 3, = m. We will prove that (5.30a) is true for 3 + e,. To do this, take 9° of
(5.9a) to obtain

aaﬁ+exf( _ Z_lnwaﬁ+6tlo( + Z ( ‘ 5 )85;—1(2—1)938%%873—&-&[%
jestraivs=p M ET2T3
j>

j=>1
+ > ( B )ml (D7), 072,07 K 4 15 12( )aw%aﬂ”(nmﬁ/)
Y1+v2+73=08 T7273 v<B v

Y12>et

DY < p )a%maw%a%z"
_ 5 \717273

Yit+v2+y3=8
+ % Z < 5 )(9%_1( ) asz(c)’)'s 7]1 i Z ( B )ai—l(z—l)ma’yznwa’ya;[%awzc
' _ o \J€z273 2 \JExY27374
jex+y2+v3=0 jex +72+"/3+7475

j>1 j>1

+ %Z < B >av1et( 1,012 Ko7 (n,W 1 Z ( h >a%et(zl)tawnma%kaﬂé.

T1tv2+v3=8 SENCEL J€£+"/2+'Y3+'Y4:ﬁ V1727374

Y1=>et Y12>et

Applying our inductive hypothesis and Lemma B.2 gives us

LBl e +1) 10° K | 1=

< 9S4 305 B2 S -
APz t+15Pt = C, c: 1B+l 33 (G2+1)2(Ja+1)?
‘/B_F "C Ct Bke Jitiz+is=|B8] '
ji>1
181 2 B2 181
1 +2 +2 9 +2
t el [24&3 €Y. mumven t QZ IR T 3B D GrrrOe G
Ji+iz+is=|B8] Ji+iz+is=|B8]

Jj1>1
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1 1B8[4+2| 20 _B+2 |8]+2
+ i [ 3 2. FGenrGee T 1B ) <j2+1>2<j3+1>2<j4+1>2}
Jitie+is=|B8] Jitie+is+ia=|B]
st =1
0B B4z 18142
+ 8 1{ 5> BGarD2Gar? T 3B:€ > jf<j2+1)2(j3+1)2(j4+1)2}'
J1+j2+373=|8] J1+j2+is+ja=|8|
Jj1=1 ji>1

The computations from § B now imply that
(18] + eal + 120K | -
8+ e.|'C, ) Bre
If aC, > C; and C,, > 1, then the righthand side is less than 1, which proves (5.30a) for dP*es K. The bound on
d%+e= 7 can be proven in an identical manner, so the inductive step for (5.30a) is complete.
We next prove (5.30b) is true for 5 with || < 2n+1 and 8, = m+1. Pick 8 with |3| < 2n+1 and 3, = m+1, and

take 97 of (4.2a). Using the the inductive hypothesis and the fact that (5.30a) has been proven already for multi-indices
with 8, < m + 1, our hypotheses on C', C',, and € imply that

(18] + 1)?]|0°S¢ | .= , o
o, S3tE oGt
1BIICCY aB.e S

(18] + D207 (" )ell e
1B1C T aB.e

Now we prove the inequalities (5.30c) are true for 8 with || < 2n + 1 and 3, = m + 1. We will do this via a
bootstrap argument. Fix a time T" € [0, T%), and suppose that

181+ 210 lez _, o B+ D2 W)l
BBt =% an BB
1BI'C,"Cy 1BI1CL"CY
for all ¢ € [0,7] and all B with|3| < 2n + 1,8, = m + 1 and. Taking 3° of (4.2d) and (4.2¢) and applying our

bootstrap hypotheses, our inductive hypotheses, and the fact that (5.30a) has already been proven for multi-indices
with B, < m + 1, we arrive at

U8+ V210"t _ 1iq B+ DN10% (W)l ee

< aB.e (1+Bza)]

L[Ci+ 2 + 1+ (1 +a)B,e + 1Pt 4 2Bl

Oé

) < 4,

<3+ HO(REE + 4) <4

<2,

—— < e —— =+ O((1+ a)B.e) < H5%(2+ O(B.¢)),
Eileisters ’ 1810} ’
21198 T
(18] +1) ||€B(z$;4/)t||L? < B.c,
|ﬁ|'0w10tt

forall ¢ € [0,7] and 8 with |3] < 2n + 1,8, = m + 1. Attime ¢ = 0, Proposition 5.1 and (5.2) imply that
(181 + 1210° (W)l L=

Bz =Bt
for all 8 with 1 < |3] < 2n + 1. Now the identities

t
867736 :/ 3B%t ds,

0 (W) = 07 (n, W), 0 /mm
together with (4.12a) and our hypotheses on ¢ imply
(18] + 12110 | Lee
Clesgery
(18] +1))10° (W) | e
Llleigert
This completes our bootstrap argument and proves (5.30c) for 5 with |5 < 2n + 1 and 8, < m + 1.

<

NO[—=

<(14¢2)(2+4 O(B.e)) < 3,

<1
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From here, one can prove that (5.30d) is true for 9°%, with |3| < 2n+1 and 3, = m + 1 by applying 9° to (4.2b)
and using the inductive hypotheses along with the fact that we have already proven (5.30a) for 8 with |3] < 2n + 1
and B, = m+ 1.

Lastly, our bounds on 9% (X71),, can now be proven by taking 3° of the identity (5.8) and using the fact that our
bounds on 9°%,, have been proven for 3 with |3| < 2n + 1 and 8, < m + 1. O

Corollary 5.6. Under the hypotheses of the previous proposition, we also have that
(18] +1)?10°%| g

<3 (5.31a)
—Bo P ’
2188 (e W)e | Lo
(181 + )ILﬁ(iﬁ Jillze <iB., (5.31b)
|B|'szctt
121087, — 298 (0, W)|| 1o
(18] + 12| nlﬁ 2 (W)l Lo < 20max(1,a)B.c, (5.31¢)
‘ﬂl'cwzctt

Sor |8l <2n+ 1.

Proof. The inequality (5.31a) follows from (4.7), (5.30b), (5.30d), and our hypotheses on C; and C,.. The inequality
(5.31b) follows from taking 9° of (4.2e) and applying the bounds from Proposition 5.5.
Taking 9P of (4.2d) and applying (5.30a), (5.30c), (5.31a), and Lemma B.3 gives us

i 18]
(18] +1)*10% 12t — 1J§aaﬁ(77wW)||L‘;° 3\1 a Z (18]+1)* 4 9a By Z (18]+1)*
Ye: = G+D2(B+1-4)2 T 2y B. (1+D)2(G2+1)2 (j3+1)2
‘Bl z Gt D2E J=0 J1+i2+i3=|B|
31—a| 422 | 9 1, 3zt
< el e g g

— 9721 — __9rla
=2r°|l —al + 8(2a+1)e?t

< 20max(1, a).

|
Corollary 5.7. Under the hypotheses of the previous propositions, we have that
10%n0e — 25205 w || Lo < 21 max(1, @) +1)2(1 B.e (5.32a)
forallt € [0,Ty),i=0,...,2n+1,
05 — (8i0 + 15205 wo)|| oo < 21 max(1, a)tﬁéiBza (5.32b)
forallt € [0,Ty],i=0,...,2n+ 1, and
10200t | o= < 21(1 + @) 725, Bee, (5.320)

forte€[0,Ty),i=0,...,2n
Proof. Since

Ot — 5205 g = Oimas — L5205 (W) — 142 L0 (ouk) + e / 0i (n, W), ds,
it follows from Corollary 5.6 that for ¢ = 0, ...,2n + 1 we have

i11)2]8° Ita gitt i
(i41)? 19wt — =5 05 wol| Lo i+1)2]|8% (cok}) || oo
S < 90 max(1, 0)Bue + g (IR EIIE |y oy sap

Since C,, > C; > 3°C4(0) > 6°Cy, it follows (see the computations in the proof of Proposition 5.1) that

(i+1)%[19; (o0ko) |l Lge
i'C’,

<e€

Therefore, we arrive at

. . 1 .
(i41)2]|0% nee — 5205 || L oo
ic

x

< max(1, a)B,e[20 + ﬁ +2(1+e 7)] < 21 max(1, ) B.e.
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This bound implies (5.32a).
To obtain (5.32b), integrate (5.32a) in time. The last inequality (5.32c) is a direct application of (5.31b) and
(5.31c). |

6. STABILITY ESTIMATES WITH RESPECT TO PERTURBATIONS OF wj

We will now quantify the stability of solutions with initial data in A,,(e, Cy) with respect to perturbations in wy.
Fix a specific choice of data (o, 2o, ko) € An (g, Cp). In this section, we will consider initial data (wy, 2o, ko) of the
form

wo = Wo + Awp , Z0 = 20, ko = ko,

where wy € W2n2:°°(T) satisfies

ol < L,

|95 o L

7!
for some positive constant L, and A is in a small enough neighborhood of 0 that (wy, 2o, ko) is still in A, (¢, Cy) for
all \ considered. Such initial data now defines a family of solutions K = K (x,t,\), Z = Z(x,t, \), etc. with initial
data in A, (g, Cy). Our goal is the estimate the partial derivatives (1, W)y, Zx, Kx, X, etc. and their derivatives in
space x and time ¢. In the end, we will obtain the estimates stated in § 6.4, which should be viewed as extensions to
the bounds obtained earlier in § 5.4. These estimates will be used in § 8.4. The results in this section and their proofs
will be essentially analogous to those found in § 5, with only minor differences. For this reason, less detail will be
provided; however, the key differences between the proofs in this section and the corresponding proofs in the previous
section will be highlighted.

Taking 0y of (4.5) gives us the system

< LG} Vi=0,...,2n+1,

Ny = aXy(—Z + EK) —aXZy + 4 EQKA, (6.1a)
OAnat = 52 (e W)x + Ovie (522 + £ 5K) + gnmEAf( + 1520, 20 + £ 02K, (6.1b)
AW = £(TAK + EKA)(%W +102) + £IK (0 W)x + 0anaZ + 122, (6.1c)
Ny = *(%W) — 3002 — $1e2n + 2= [0ANSK + XA K + 1, 5K, (6.1d)
N0 Ky = aX0, Ky — 7KA[%W + 02 Z] — OO K + aSa0, K (6.1e)
— I KZy — LK[(n,W)x + 0 Z),
1:01 25 = 2050, 25 + Zp[= 2520 W — (1 + ) Z + £ nu K] (6.1)
— ONeDZ + 20530, 7 + £ KOS 2 — 0, W)
+ Z[- 52, W)s — 20, Z + & = (Oame X + 1250 K.
Mulitplying (6.1¢) and (6. lf) by X! and rearranging gives us
ad, Ky = 0,27 0K\ + SK0S T W+ 0. 2] + 0 D10 K — a2, K (6.12)
+ A, K720 + 1T K (W) + 0w Z),
200,25 = 1,57 012y — Za[- 5257 (W) — (1+ a)neX 7' 2 + £, K] (6.1h)

+ 8>\77z§]_18tZ° —2a3,2719, 7 — ﬂfﬁ(mZo — nwW)

- ZD[_PTQE_l(nwW)/\ - HTaaAna: 'z + ((’Am + XX )K]
Notice that d(3~1) does not appear in any of the above equations; for this reason, we will not have to estimate
Ox(X71) or any of its derivatives.

6.1. Estimates at time zero.

Proposition 6.1. Let C, and C; and be constants satisfying
[ CaC Z 28300,
o Cp>1,
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L4 Ct > (1 + Oé),
o al, < Cy.

Then if (1 + a)e < 1 we have the following bounds at time t = 0 for all multi indices  with || < 2n:
(18] + D)210° K || e < (181 + D210° Za| =
|BIILCECP - |BIILCECP
(18] +1)?10°0x 3¢ | L (18] + 1)*[10° 03t g
|B]1LCECPr |BI1LCE=CP
(18] + 1?[10° 0 (W) ¢ | e -
|BllLCECP B

= <

< Tae

— )

<(I+a)

Proof. Our proof will be almost identical to the proof of Proposition 5.1. We will do induction on f3;.
Base Case: Recall from the proof of Proposition 5.1 that at time ¢ = 0

S=o00, m=1, W = wj — iaoka, 7 = 2+ 500k,
K= k{)v Y = —ao‘oz(l] Nat = 1+aw0 +1 Zoa (N ) Uoko(wo + Zo)~

Taking 0, of these equations gives

Sx=3Wo e =0, (W) = @) — 15 Wokp, Zy = 15 Woky,
K,\ = 0, 6>\Et = —%’&7026 6>\771-t = HTQ@(/), 8)\(77;5W)t = waok‘o(w() + 2’6) + 0’0]4}6{176],
(6.2)
at time ¢t = 0. Now take p]* of these equations for m = 0, ..., 2n and perform computations analogous to those in the

Bt = 0 step of the proof of Proposition 5.1 to conclude our base case. One can also compute the analog of (5.2),

D207 (e W) sl o
(m + 1)?107* (1. W) al| L2 <14,
mILCm iy

to use in the inductive step.

Inductive Step: The inductive step will also be analogous to the inductive step in the proof of Proposition 5.1: fix
0 < m < 2n — 1, and suppose our result is true for all multi indices 8 with | 3] < 2n and 8; < m.

We first do the inductive step for K » and Z »- Let |B] < 2n — 1, 8; = m. Take the identities for Pre K and
dP+et Z used in the proof of Proposition 5.1, apply 0, to each of these equations, and use (6.2) to simplify. From here,
use the inductive hypotheses and (5.1) to obtain bounds on of+e | \ and 9P e Z » via the same types of computations
as used in the proof of Proposition 5.1. Because C, > 1,C; > aC,, and C; > 1 + «, the computations go through
just like before.

The inductive step for the remaining three inequalities can be done using (5.1) and our inductive hypotheses in
conjunction with our bounds on 9° K and 8% Z, in a manner completely analogous to the corresponding steps in the
proof of Proposition 5.1. ]

6.2. A Priori estimates for time derivatives. In this section, we will fix a time 7' € (0,T%], a positive function
Cy : [0,T,) — R, aconstant § > 0, and constants A, M satisfying

A >10B,, M > max(1,5L),
and assume that

(m+ 12| S0P K [ 1 (m+ 12| S0P 2y | 1o

<A <A 6.3
mIMCy =4 mIMCy =4 ©3)
forall ¢t € [0,7T], 0 <m < 2n. We will furthermore assume that
m-+1 2 Ef5m8mk - m4+1 2 Zfémamzo o
(AP Ky A DRSO Ly 6

mlC" 7 miCy"

forallt € [0,7], 0 < m < 2n + 1. Note that the hypotheses (6.4) imply that the a priori estimates of § 5.2 all hold
with Ay = By, A, = B, for these choices of C; and §. We will use this fact throughout this subsection and the next.
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Proposition 6.2. If (1 + o) B,e < 1 and Ae < 1, then for all t € [0,T] we have

[N Oxmalle (e WAl Lo
M M - M
Proof. (6.1a) gives us a Duhamel formula for 3 from which it follows that

Sa(, 8)] < §|@o ()] + atM Ae[3 + ]

< <3, (6.5)

b

el

for all (z,t) € T x [0, 7). Since M > max(1,5L), if B.e and Ae are small enough we have ||S[ - < &
The remaining bounds follow from a bootstrap argument. Let 7/ € [0, T'] and assume that

103 |lzee ). (W) allLse
M - M
for all ¢ € [0,T"]. Then using (6.1b), (6.1c), and the equations

3
§Z+€7

¢ ¢
Ovis = [ O ds, ()2 = T — ok + [ 0a(0a17), ds
0 0
allows us to prove (6.5) for t € [0, 7], which concludes our bootstrap argument. |

Proposition 6.3. If the hypotheses of the previous proposition are satisfied, and C;(0), € also satisfy
(1+a)3° < C(0), (1+a)B.exl,

then
(m+ 1)2|S70m O 025 || Lo
mIMCy s Bade, 66)
(m—+1)2[|S°m 0 Ot || L (m + 1)2(| =099 (19, W )¢ | .20 '
2 < lta(s o+ 9A . < A
MOy < 5% (om +942), mIMCp e

SJorallt € [0,T],0 <m < 2n.

Proof. The proof of these estimates is analogous to the proof of Proposition 5.2: do induction on m; at each step, take

Oy of the identities (6.1), apply (6.3), the inductive hypotheses, and the estimates from § 5.2; then use the bounds
8

from § B and the fact that % is sufficiently small to conclude. ]

Corollary 6.4. Under the hypotheses of the previous proposition, we have

(m + 12|20 O ina || e (m + 12|Z =m0 (W) | 10

<1, <3,
mIMC™ - mlC" -4
(m + 1)2||Z—‘5m5{”8A2w”L3° <1
m!MC™ -
forallt € [0,T],0 <m < 2n and
2|y —dmagm—1g 7z 2|y —dmam—15
(m + DPIE7" " 0 KL _ 104, (m 4 VAR 0" OuZallee 5 4.
m!MC™ o mIMC™ o
forallt € [0,T], 1 <m < 2n.
Proof. This follows from Proposition 6.3 the same way that Corollary 5.3 follows from Proposition 5.2. ]
6.3. Energy estimates for time derivatives.
Proposition 6.5. Define the constant
= 3
B =2 . 9mmra .edt, (6.7)

Let 6, k be as in (5.10), and let C; and C; be defined as in (5.11) and (5.27) with these values of 9, k. If C;(0) and M
satisfy

M >5L, Cy0)> (1+a)3°,  Ci0) > al)
and ¢ satisfies

(1+a)’B% <« 1, B\CB.e < 1,
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then

+1 2 Z—émamf( - . +1 2 z—émamZD -
ot DO Rl o e DS Al

mIMC mIMO;
forallt € [0,Ty), 0 <m < 2n.

< B\C:B.e, (6.8)

Proof. The proof of these estimates is analogous to the energy estimates in the proofs of Proposition 4.1 and Propo-
sition 5.4. We will detail the keys steps of the proof and highlight the slight differences with the previous energy
estimates. We proceed as before with a bootstrap argument. Pick a time 7" € [0, T%.) and constant A satisfying

B,\éth <A< %B)\éth,

and assume that

(m+ 1?50 Kol (m+ 12505 23 e

m!MCP™ mIMC™

forallt € [0,7], 0 < m < 2n. Since ¢ and & satisfy (5.10), if C;(0) is chosen large enough and ¢ is chosen
small enough such that they satisfy the hypotheses of Proposition 5.4, we can conclude that (6.4) holds. Suppose that
B\C' B¢ is small enough that the hypotheses of Proposition 6.2 are satisfied with our choice of A. If (1 + «) B¢ is
small enough, these bootstrap hypotheses now imply that we can apply the a priori estimates of § 6.2 to our solution

with our chosen values of A and M. Just like in the proof of Proposition 5.4, our hypotheses on C;(0), M, and ¢ allow
us to apply Proposition 6.1 with C; := 2279C;(0) and get

< Aeg, < Ae,

(m + 1) | S0P Ky |15 (m + 12| S0 23|

<1lzt <le 6.9)
mlMCt (O)m — 5 2m> m'MC’t(O)m = Faom> (
attime ¢t = 0 forall 0 < m < 2n.
Form =0, ..., 2n define the energies
S [ » e g, ‘Gf(/\|q de m =0 Fma fo N dmm e g, Lj/\‘q dr m=0
F [p S0 o Kal9de  1<m<2n’ 7 Jp S0 |omZy7de 1 <m<2n’

and for 1 < m < 2n define the energies

2q om, Nm,
E;mq — (m+1)%&] ! E;n,q — (m + 1)2q52 1

(mhaMaC™’ (ml)aMaC™ "
We will prove (6.8) for t € [0, T separately in the case m = 0 and the case 1 < m < 2n, and since this strictly
improves upon our bootstrap assumptions our bootstrap argument will be complete.
N Cage 1 (m = 0): We will use our bootstrap hypotheses and the estimates from § 5 to perform energy estimates on
5,8"17 E%4 similar to those in the proof of Proposition 4.1. Since the parameter § does not appear in Sg 4 £94 et us

abuse notation and define § := m just for the m = 0 case.

Just like in the proof of Proposition 4.1, taking the time derivative of &l ,S "% and using our identities (6.1) gives us
=0,q 1 a1 o 1 _s o o
£~ [ggq_qT]/z q|K,\|qnzW+[%§q—qT]/E O K12
b [ SR s (B - 0304 -+ 00,50, K]
—q [ SR g () K 2y
—a [ SR s (R SR (W) + 0. 2],
- 0,q 1 a1 °
£." < ladg— 152~ V)] [ 57002t
4 [ ST 2] = 20 - D2+ [adg +a(} ~ D]EER

+ q/275qnz|Zo)\|qflsgn (ZDA)[fﬁAnrﬁtZo + 20455\2812]
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+ q/E_éqnlecxlq_lsgn(ZOA)ﬁI?AE(nzZO — W)
b [ S0 2 s (20) 2152 (W) - 552 0m. 2]

b [ S 2 s (2) 5 K 20T + 105,
The bounds (5.7) and (5.29) tell us that
10: K1 <
10K 1 <
Therefore, applying (4.8) as in the proof of Proposition 4.1 gives us

2CBie, ||0:2) 1= < 2CB.e,
1CBye, “8tZD||Lg° < 1CB.e.

IN

(6.10)

+0,q

€ + [%[&I LA = (g - 1)(F: + ;”Bks)} ”E_ék)\”%g - %BMHZ_(SZO,\Hng
< (44 B.e)[$0q — GHEYT + (3°MB.(8C, + £ + L1B.e)e)’,

&

z

—2(1+ §B.o) | Ka %, + [é[a&z — S = (g - D[2(1+ §B.e) + 31|15 214,
< (4fadq — 35%(q — )] + 152 (g — 1)Bze + £ [adq + a(§ — 1)]Bre) E2
+ (2-35MB (BT, + 2ol Hap oy Sope)e )q.
Since C; > €°C;(0) > 1 + q, it follows that if (1 + ) B,¢ is small enough then
2C+ 24 1B.e <30,
280, Bl Hap oy 52 Bye) < 4Ci.

Adding our inequalities together and using our choice § = ) implies that

3
min(1,c
0, 0.4 ~0 =0 9 3 — 4 3 —

Er +E&, <15max(l,a)q(E, 9+ &) + (5300 MOy B.e)? + (53=mte) MOy B.e)?.

ODE comparison now gives us

govq t _|_50,q t)) < go»(l 0 +§O,q 0)) + (%3mm(l’a)MCthg)q + (%Smm(lva) MCtBZE)q el5max(1,a)qt
k z — k z

15 max(1, a)q
for all ¢ € [0, T']. Taking gth roots of both sides, sending ¢ — oo, and using (6.9) and (4.12a) now produces

max (| ST K| e |87 2y 1) < Me [+z 37t O, B } o

forall ¢ € [0, 7. This gives us (6.8) form =0, ¢ € [0, T].
Case 2 (1 < m < 2n): Letm > 1. If D, = Dy(m, g, a) is the same constant defined by (5.16), then the same
computations as in the proof of Proposition 5.4 give us

g:w = Dk/z_émq@nf(,\\qnzﬁ/ + (Dy + amq)/z_émq%wylfofﬂqzo
~ gma [ SIIOP RIS — g [ S0P R s 0 K oan, 0 K
+qa / N0 9 Ky |9 sgn (O K ) SA0" 0, K
/ S=0ma g £y 9 sgn (9 K )0 K [2 (W) + m0a7ac]
—a [ SO R s (O )0 K 30wnaZ + a2

n m o . o ol o . ] — i 2
> (g) / S0ma |9 K| sen (0 K (0] 0y K+ 0 a0 K]
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+agy <m> / S0 g Ky |9 sgn (O K\ [0 S0 T 0, Ky 4+ 000,200 0, K

~ 1) <m> / 04|97 K |9 L sgn (O K [0ane 0 Z0™ K + 1008 200" T K + 1,08 20T K]

m m o o . o i . o i
- §QZ< ) /E_émq|3fLKA|q_1Sgn(E’Z"KA)[Q? Lo W) 0 K + 0] (W) 0) T K]

=1 \J
Y ( m ) [ oo Rl s (0 K)o} om0 K02
Jitiotgs=m \J1J2J3
ji1>1
0 X () [ o ook o2
Jiti2+iz=m J1J273
Jj1>1
m . . . L
3 ) ( j ')/EémqwthAqlsgn(aanA)agl N0 K0P 2.,
Jitj2tis=m J1J2J3
Jji>1

Just like in the proof of Proposition 5.4, applying (4.8) to the first term of the righthand side, multiplying through by
2
Guaror

)9, adding —nqu;n’q to both sides, and using the formulas from § B gives us

. —smgm g q
Em,q 1D (m+1)? IS0 Kl a
k 2k mIMC™

m,q

< [-mgk + (4 + B.e) Dy + amq(B. + £ By))e) B}

_sm am q-1 —sm gm+1 g
(m+1)? =707 Kall g (m+1)? |50 T K| g
+q mIMC] micy

o —1 -
o [T R g T (ma ) o 0, Kl
9 q m!MC™ m!Cy™

r _ o 7q¢—1

(m4+1)? =70 Kl La 3 1+a
+4q mIMC" (5 +m=3%)Bye

- -~ . 1q—1 m

(m+1)? =707 Kall g 15 2N\ (mF1)%(mt1—j)
+4q mIMC S (1+a)AB.e 73 (m+2—5)2

L - ]:2

- . 2g—1

(4?20 K llg 1777 0 By AR 2 = (1) (mt1—j)
+4q mIMCy a(l +255)AB;e Z 72 (m+2=3)2

L . j=1

r _ N 7q—1

(m+1)%||2 57”95"KA|\L3 2
+q m!MCtm O((l +Q)ABZ€ )

r _om am 79—1

(m+1)2|= 67”‘9:”KA”L3 9 o
+ q m!MC™ N O((l + a)Bzg )

Since m < 2n, Corollary 5.3 and (5.28) imply

(mA1)? 857070, K| o0 < 10 (m+1)°
m!C™ = a (m+2)?

m-+1 2 E—5m8n1+11"( o m 3 o
) I < 350, Bre < (m + 1)C1Bie.

3°CyBre < (m + 1)C,Bye,
(6.11)

Therefore, using (5.20) and the bounds from § B yields

. —6m gm q
Em’q+ ip (m+1)? |07 Kall g
k 2k mIMCT"

< [-mgk + (4 + B.e)Dy, + amq(B, + %Bk))s}f?;’”q
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ERSILIRE LY NP K
+(m+ 1)q|: oL ] (90, + gony + 72 552 (1 +942) By

. [(m+1>2|25’"a:"f<x|Lg

qg—1
mIMCT ] (1+ ) AB.e*(75 + 440(1 + 225 ) 1)

14+«

|:(m+1)2|26'malnk>\ HL‘;

q—1
m!MC™ :l O((l +a)ABZ€2)

(m4+1)? =707 Kall g
+a mIMCT

q—1
} O((1 4+ a)B2e?).
Since A > B)B.C; and By > €3, it follows that if (1 4+ a)B.¢ is small enough we have
_ 3 _ 3 1
19 m 14« 19 1+« 1

Therefore if (1 + «) B¢ is small enough we have

g (m+1)2 =007 Kl o |
1 t Ll
By 43Dk [ mlIC"

< [-mgr + (4 + B.e) Dy + amq(B, + %Bk))e}f?;"’q

smam q—1
(m+1)%(|2~°"a; Kallpg 1
100

+ (m+ 1)61{ T Loy

It now follows from the upper bound (5.17) on Dy, and the definition of « that if B, ¢ is sufficiently small we get

=mg (mH+1)? =707 Kl g | ?
B 400 = dta = m 1| | S s
< —mgmax(1, ) E7™ + (m + 1) ()" (6.12)

Analogous computations for 3 74 give us

-m

£, ‘o DZ/E“S”‘QWZ”ZDAW%W
+ 52 —g(52m + 1+ )] / E*‘smqnx|8[”Zo,\|qu
+ 3 [-1+q(3 +m(6 - 1)] / SO0y |9 2|18 K
— a [ OO 23] s (O 2) S0 W)OF K
—q [ S s 07 Z) om0 2
+ 20 [ S0P 251 s (07 22) 21070,
g [ SO 2,1 s (O 2.0y 2
- %q/ziémq‘wé”q*%gn (O Z2)O" K [SAn W + 2(1n. W),

= 25 [ 5oy 2 s (00 23) (200 2

m m o ° . - . -7 n .
qz<j)/25mq|aznZ)\|q1sgn(8{”Z>\)[ag 1athat +1 74 177mt8t +1 4]

+2aq ) (j‘) / $0ma|gm 7,319 Lsgn (O 2[00 8.0 0,7 4 000N, 00 0, 2]
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where D, is the same constant defined in (5.25) and the remaining terms referred to as “...” are bounded via
[W} N <q [(m - 1)1!2&23?2*'” ] q_lo(u +a)(A+ B.)B.&?).
Therefore, performing the same types of computations done for E,T’q gives us
E:W s {(m+1>2|j”;”;?£mkmg } !
n [;DZ (- Dlm+ 1)L + :ﬂ {(m-&-l)le!A;’;?mZoﬂLg q
< —mgmax(1, ) ET? + (m + 1)({54¢e)7. (6.13)

Using our bounds (5.17) and (5.26), we get
3Dk > 2+ (- D(m+1),

3D, > (q—1)(m+1)(& + 2),

so we can add (6.12) and (6.13) together to arrive at
m,q  am

a - -
E, +E., <-mgmax(l,a)(E""+ E)+2(m+1)(LAe)9.

Using ODE comparison (see Lemma B.1), raising both sides to the %, applying (6.9), and sending ¢ — co gives us

(mA+1)2 |0 Ka Lo (m41)2(|S ™0™ 07" Zx || Lo 1e 1 _ 1
max( mIMC]" ’ mIMCT < max | 5w, p4e ) = pde-

Since A < %6tB B, we conclude that (6.8) is true for ¢ € [0, 7. This closes our bootstrap argument. O

6.4. Bounds on the remaining derivatives. The results of this section are all analogs of the results of § 5.4. Their
proofs are also completely analogous. For this reason, they will be omitted.

Proposition 6.6. Suppose the hypotheses of Proposition 6.5 are satisfied, and additionally C,, is a constant satisfying
Cp > 1, aCy > Cy.
Under these conditions, if € is small enough such that
(14 a)B\CiB.c < 1,
then the following bounds hold for each t € [0,T,) and each B with |8| < 2n:
(18] + D20 Ky 0 (18] + 1)|0° 2| o=
BT, T BT, T
(18] +1)%10°0x ¢ | L
BT, Ty
(18 + 1)?[|10” Oxn | Lee
Ellhieigery
(18] + 12|07 O\ Zs | 22
BlMCTy

< B)\éthga < B)\éthga

< 8aB\C;B.e,

(18] + 1)?[10° (1. W) x| poe

@ =Bt

<1 —
[BIMC,"Cy

3
= 4 SZ?

<1.

Corollary 6.7. Under the hypotheses of the previous proposition, we also have that
(18] + 12|07l
BT Ty
(18] + D)?[10° 0 (0 W) e
BT Ty

1
Sga

< B/\éthga
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(18] + 1)2(10°0xmze — 50% (W)l 1=
—=Ba =Bt
BIIMC,"Cy
forallt € [0,T.) and B with |B| < 2n.
Corollary 6.8. Under the hypotheses of the previous propositions, we have that

< 185max(1,a)B\C;B.¢.

050N — 2O g || Lo < 190 max(1, a) 7y +1)2MC CB)B.e, (6.14a)
|020xm, — 5205 o[ Lo < 190 max(1, )t <+1>2MC C:B)\B.¢ (6.14b)

Sforallt € [0,T,),i=0,...,2n
7. SOLUTION CONTINUITY WITH RESPECT TO INITIAL DATA

In this section, we will show that solutions with initial data in \A,, (e, Cy) depend continuously on their initial data
with respect to the (1W272:°°(T))3 topology. For m = 0, ..., 2n + 1 define the seminorm'? on (T/2+2:°°(T))3
105 wollzee 105 20l 105" Kol 10

aci 0 ac; 0 dc

Note that || (wo, 20, ko) |lm.co < [[(wo, 20, ko) || (wm+1,0 ()3 We will estimate the difference of two solutions in terms
of the distance between their initial data with respect to these seminorms.

The methods and results of this section will be completely analogous to those in the previous two sections. For this

reason, we will only provide a sketch of the proofs. B
For the rest of this section, fix (wg, 29, ko), (Wo, 20, ko) € An(e, Cp) and let the corresponding solutions of (4.5)

(7.1)

A (I I

with initial data (wo, 29, ko) and (o, 2o, 7%0) be K, 7, Moy 2, an and K, 7, Mo ¥, ﬁxW respectively. Let their re-
spective blowup times be T and T.. Adopt the notation
MUm = ||(w0 — ’L’D(), Z0 — 20, ko — EO)Hm,CU m = 0, e ,2’/L.

It follows from (4.5) that the difference of the two solutions satisfies

(E-8)=a(S-D)-Z+ £ (S+D)K] - alZ - 2)E + 252K - K), (7.2)
Mt — il = 552 [, W) - (ﬁﬁﬂ 50, — )7 + 5002 - 2) (7.2b)
+ 2 (e — W) SK + £7.(5 - S)K + £ 5(K - K),
(W = W )i = (8 = DR (W + 0. 2) + 25K — K)o W + 1.2 (7.2

+ 2SR W~ 7W) + 25K (e — )2 + £5K7.(Z - 2),
(2= = LW = W) = L — )2 — Liia(Z - 2) (7.2d)
o (s — 7) 5K + (S~ S)K + £, 5(K — K).
We will also replace (4.3) and (4.4) with the identities
o0y (K — K) = aX0,(K — K) = L(K = K)(n,W) = L0, (K — K)Z (7.32)

— (N — T2)O K + (2 — £)0, K

~ 1K (W - m"m = §<n K7 - YK (Z - 7),
102 — Z) = 2050,(Z — Z) — S0, W(Z — 2) - Yon,2(2 - Z) + £n.3K (2 - Z) (7.3b)

(e — )2 + 2a(z _$)0,7

_ %(Z _i)f{nzﬁ/_ % (f(—f()nxﬁ/— %ik(nzﬁ/—ﬁzﬁ/)

- %(%W - ﬁxW)Zo

1011 is a seminorm because it doesn’t detect constant changes in ko; however our system (3.2) does not detect constant changes in ko either.
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o

- H?anm(zoi Zﬂ)Zf H?a(

~2

Nz — ﬁr)Z

+ 2K = K)Z 4 £0(S = S)KZ + £ (e — 1)SK 2.

Multiplying these identities by ¥.~! and rearranging gives us

00K = K) = 02 100K — K) + (s — )5 0K — aX (S — 5)0, K

(7.4a)

+ANTYE - K) (W) + 1n,S (K - K)Z

o

+ 3T KW = W) + 357 (e — 1)K Z + $S 'L K (Z - 2),

200,(7 — 7) = S 0,(Z — 2) + (e — 710) S0, 7 — 20571 ( — £)0,7

(7.4b)

+15eS T, W(Z - Z2)+ HeS T 2(Z2 - 2) - £X ' SK(Z - 2)

+L5en W -7, 27tW)Z

+ B0 SN2 = D)2+ e (e — ) SN2

o

2

— (K —K)Z - £, S (S - S)KZ — £ (n, — )57 'SKZ.

Notice that the system above doesn’t feature any terms with the difference ¥~ — ¥-1, so we do not need equations

for (7! =S D, or (71— 571,

If the constants C;,C;, and ¢ satisfy the same hypotheses as in Propositions 5.1, 6.1, one can prove an analog of
these propositions for the difference of our two solutions. In particular, at time ¢ = 0 one obtains

(18] + 12107 (K — K) |l
[Eileses

< 3|5

for all | 3] < 2n.

(18 + 1110°(Z = Z) 1
8llcs-cp

< 3ug)

Next, one performs a priori estimates similar to those in § 5.2, 6.2: fix T € [0, T, A ﬁ], a function Cy : [0, T A
T.) — R*, and a constant § > 0. Suppose that A > 1 is a constant such that

(m+ 12|29 (K — K)|[

mlC"
forall ¢t € [0,T], 0 < m < 2n. Suppose also that
(m+ 1) 20" K ||

< Apm,

™ S Bk57
m!Cy
m+ 12|20 K ||
( ) ”m‘Cm : HLT SBk&
St

(m + 1?2207 (Z — Z)| e

< Au,, 7.5
iC < Ap (7.50)
41 2 E—ém,@m,zo -
(A DS Ly
mlC"
+1)? SO Z | e
RV e ] TN
mlCy"

forallt € [0,T], 0 < m < 2n+1. These hypotheses (7.6) allow us to apply the estimates of § 5.2 to our two solutions,
the same way that (6.4) is used in § 6.2. If B,e < 1 and C; >> (1 + «)3° for all ¢ € [0, T, one obtains

IS = Sl pee < (14 164)p0,

IneW = W | < (3+ 2A)po,

and
+1)2|Zmm (S — B)y|| poe
(m+ 1) 7 ( )tllLe < Sadu,,
mlC"
(m+ D20 (W = W )il _ 5
p— = g Mma
m!C]
+1 2 E—émam a:_Nw g
(m+ D20 =)
mlC™

(7.7)

M2 — Nzllnee < (5 + 10A)po. (7.8)

(m + 1) 270" 0 (ot — Mat) || e

< 1 A ms
mlC" < 61+ a)dn

(m + 1S =m0 (W — 1. W)| e

< 5Apm,
mlCy = oAk
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(m+ 12|07 (2 — 5) |2z (m + 1?97 (£ = E) e

<17 Apu, < TApim,
mlCy = mlCy = a0
forallt € [0,T], 0 < m < 2n, as well as
+1 2 Z—&mamfl f( _ % ollnoe +1 2 E—(Smamfl ZO _ % ol oo B}
o DS Rl SRS Dl

mlC" @ mlC"
forallt € [0,7], 1 <m < 2n.
Next, we use these a priori estimates to perform L? energy estimates on the time derivatives of (K - K ) and

(Z -Z ), similar to those in Propositions 5.4 and 6.5.

Proposition 7.1. Define the constant

By = 2. gamtay 31, (7.10)
Let § and & satisfy (5.10) and let C; be defined by (5.11). Let C be the constant defined by (5.27). If C¢(0) satisfies
C:(0) > (14 a)3?, C4(0) > max(1, a)2°Cy,
and ¢ satisfies
(1+a)(1+B.)e? < 1, 3wt By(Cy + 1+ a)Bae? < 1,

then
(m+ 1)2|S =m0 (Z — Z)| 1
mlC™

(m + 1?80 (K — K)|ree
mlC™

Sorallt € [0,T, A i) and 0 < m < 2n.

< Bapim, < Buptm,  (1.112)

The proof of this proposition is analogous to the proof of Proposition 5.4 and Proposition 6.5. Fix T € [0, T\ A i)
and pick a constant A satisfying By < A < 2B4. Our bootstrap hypothesis will be that

(m+ 12| S0 (K — K) |1 (m+12|E" (2 = Z)||es
mlCm m!Cy
forallt € [0,T],0 < m < 2n. Proposition 5.4 implies that (7.6) holds with the J, x and C; we have chosen. Therefore,
all of the a priori estimates we have derived apply on [0, T for this choice of A.
Just like in the proof of Proposition 5.4, if we define C; := 127°C}(0), then our hypotheses on C(0) allow us to
apply our estimates at time ¢t = 0 and get

< Apin, < Apim,

(m+ 1)2”2757718?1(}'{ — K)HL? < Bfim (m—|— ]_)2||E*5matm(Z _ Z)”Lgo _ 3“m1 (7.12)
mlCm - e mlCm -
form = 0,...,2n,t = 0. Therefore, our bootstrap hypothesis is true for 7' = 0.
For 0 <m < 2nand 1 < ¢ < oo define the energies

gma . fwz_mnzl(k—f()lqu m =0
CT hEtrnop(k — K)frde 1<m<on

g _ ) XTI 0|2 = 2)|7dz m =0
fT 275qmnm|8F(Zo — Zo)|q dr 1<m<2n
and for 1 <m < 2n, 1 < ¢ < oo, define the energies
. (m 4 1)%2&1 (m + 1)24Ema
g (mhaCy™ (mh)aCi™
We prove (7.11) in the case m = 0 and 1 < m < 2n separately. In both cases, just like in the proofs of Propositions
5.4, 6.5, we take the time derivative of £,"¢ and £79, simplify and rearrange using (7.3a) and (7.3b), and use (4.8) to

m,g .
E =

produce damping terms which make é\:@’q + 5;”"1 satisfy
0

o~

4 20, 20 20 5= 1
& +&. <15max(1l,a)q(E? + ) + 2(Apo)?OB°(Cr + 1 + ) B.e2 )4,
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PNAY) ~m,
z

B, 1+ E. " < —mqmax(l,a)(B™ + B 4 2(Apn ) [mO([CB, + (1 + a)B.le?)? + O((1 + a)B.c4)1).

From here the bootstrap argument closes by using ODE comparison and (7.12), provided that ¢ is small enough.
After proving Proposition 7.1, one can deduce bounds on the rest of the derivatives of the difference via an induction
argument, just like in Proposition 5.5: if C,, is a constant satisfying

C, > 1, aCy > Cy,

e satisfies (1 + a)B,e < 1, and C;(0) satisfies Cy(0) >> 1, then the following bounds hold for all ¢ € [0, T, A T.)
and | 5] < 2n:

(1] + V2 (K — K)o (18] + V2002 — 2|11z

< Bapp|, < Bapg|,
BI!1C,"C |BIIC,"C,
+1)2)0°(2 = )|
U+ VI~ Dlsz g
1BI'C,"C,
+ 12185 (1 — 712 || oo + 12188 (e W — 1 W) || oo
3 (i o AL
+1)2)0°(2 - ), |
U+ D0 = Dol _ o0,
Our efforts culminate in the following bounds:
+ 1)2(|0° (Nat — Twt) || Lo
QAL+ 02000~ et _ (1 s 15
1BIIC,"C
forall ¢t € [0, T\ A i), |8] < 2n, and, as an immediate corollary,
105 (e = )| 2o < Gy 38(1 + )t Bapss (7.13b)

forallt € [0,T% A i),z =0,...,2n. We will use these bounds (7.13) in § 8.3.

8. FINITE-CODIMENSION BANACH MANIFOLDS OF INITIAL DATA
Recall that our aim (see Theorem 9.1 below) is to construct a codimension-(2n — 2) Banach manifold of initial

data (wo, 20, ko) € (W?2"+2:°°(T))3 for which the unique classical solutions (w, z, k) to the corresponding Cauchy

problem (3.2) form CO’#H pre-shocks. In this section, we will show that the initial data (wy, 2o, ko) in a particular
neighborhood of (W?27*2:°°(T))3 for which the system

nx(x*aT*) =0, aznm(x*yT*) =0, cee azn_lnz(me*) =0,
has a solution (z,,T%) is a codimension-(2n — 2) Banach manifold. In § 9 we will show that solutions (w, z, k) with

1
initial data in this manifold form cusps resembling —y2»+1 at their first singularities.

8.1. Assumptions on the initial data. Fix a positive integer n and a constant Cy > 3. Now fix a function wy €
W2n+2,50(T) satisfying

. 5 p2ntl
Wy(x) > —1+Cy 2", |z -0 > &, (8.1b)
01w || Lo .
wgc& Yi=0,...,2n+1. (8.1¢)
7!
Note that
i1 G (21 oni 1
Oy wo(x) = =80 + ]l{igzn}'b! ; x , |z —0] < oo
sothatfori=1,...,2n 4+ 1 we have

||3§:+1W0||Lgo(—i L
ilC§

oy 2
%%l n{mn}( .”)002” <1
- 2
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Therefore, our assumptions on w are consistent.
With wq chosen as above, define
B,.(g,Co) C (WnF2:20(T))3 (8.2)
to be the set of all (wo, 2, ko) € (W?2"+2:°°(T))3 satisfying

lwo — WollLe < e,

Iz0l[ L <'e,
O (wg — Wo) || Lo ;
105 (o.' ez _ o Vi=0,...,2n+1,
1.
8i+12 - .
%<C&E’ Vi=0,...,2n+1,
aiJrlk i X
w<0857 Vi=0,...,2n+ 1

i
2.
Since [|[wpl|Le = 1, we know that 2 < Wy < I everywhere in T. Therefore, if ¢ < 1 we have that 1 < o9 < 2s0
that B, (e, Cy) C A, (&, Cp). For the remainder of this paper, assume that & < § so that this inclusion always holds.

8.2. Preliminary Estimates along the Fast Acoustic Characteristics. For the remainder of this section, suppose
that ¢, C, and C',, are chosen such that the conclusions of § 5 hold for all initial data (wo, 20, ko) € An(e, Co).
Furthermore, we will restrict our attention to only solutions with initial data (wo, 29, ko) € B, (g, Cp).

Lemma 8.1. Foralli=0,...,2n+ 1,t € [0,T), the following approximate identities are true:
(|0%nae — 25205 w0 | oo < 22 max(1, a) .“ éi B.e, (8.3a)
100 — (510 + 52401 0) | oo < 22max(1, @)t HI)QC B.e. (8.3b)

As a result, for |x — 0] < C%?te [0,T,),i=0,...,2n+ 1 we have

Oyt (z,t) — 2 [ — 8i0 + Lii<ony! (i") :c%i] < 22max(1, @)y C B.e, (8.4a)

z+1)2

< 22max(1, a)t C' B.e. (8.4b)

(H-l)2

. - 2n n—i
0y (w,t) — [510 + 1J§at[ —di0 + ﬂ{igzn}ll( ; >x2 ]

Proof. The bounds (8.3) follow immediately from Corollary 5.7, the definition of 5,,(¢, Cy), and the fact that C',, >

e?Cyand B, > 1. O
Lemma 8.2. If
C3"B.e < 1,
then
ne(z,t) > 3C7%" V]z—0|> &, te [o T.]. (8.5)
It follows from this that 779:('7 T,) must have at least one zero in |x — 0| <&
Proof. For |x — 0] > &, using (8.3b) with i = 0, (8.1) , and (4.12b) gives us
e > 1+ H2[-14 C;?" + O(B.¢)]
> 1+ 2T, 1+ Cy?" + O(B.e)]
=1+ (14 O(B.e))[~1+Cy* + O(B.e)] = Cy*" + O(B.e).
Therefore, if C2" B¢ < 1 then we obtain (8.5).
Since mint 7, (-, T) = 0, 15 (-, T%) must have a zero in |z — 0] < C%) O

Now, define the function 77, : T x [0,00) — R,
_ (T, t t<T,
Tala,t) o= 4 1ol . (8:6)

7. extends 7, to a C2™1C} function on all of T x [0, c0) in a manner analogous to the way that for Burgers equation
the family of lines 1 + tw{,(z) extends 7, to all of T x [0, c0) (see § 2).
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Lemma 8.3. Foralli =0,...,2n,t € [0,00), the following approximate identities are true:
10472t — 205 W | oo < 22max(1, ) (1+1 C B.e, (8.72)
105772 — (Bio + 5285 o) || Lo < 22max(L, @)t iy C.B.e. (8.7b)
As a result, for |x — 0| < C%’t >0,9=0,...,2n, we have that
o 2 ,
0 e (2, 1) — H.Ta [ S ]1{i<2n}i!( Z”) xzn—z] < 22max(1, @) HI)QC B.e, (8.8a)
i (,t) — |6i0 + 12| — 610 + Lyiconrd! 2 pan=i|| < 99 (1,a)t; C.B. (8.8b)
2N\ T, 70 D) 20 {z§2n}7f~ i X >~ max(1l, « +1)2 g. .
In particular, if B, < 1 we obtain the bounds
_ 1
—5(1+a) < Tue(a,t) < -5 Iz -0l < & (8.9)

Proof. 1t is immediate from the definition of 7}, that
~ wt (T, 1 t< T,
(1) = § Y .
nmt(x;T*) tZT*

Taking 0! of 7,; and applying (8.3a) and (8.4a) gives us (8.7a) and (8.8a) respectively.
Integrating (8.7a) and (8.8a) in time gives us (8.7b) and (8.8b) respectively. (8.9) is an immediate consequence of

(8.8a) if 44B.e < 3. 0
Lemma 8.4. IfC' "B.e < 1, then for all |z — 0| < gandt > gﬁ we have the lower bound
aﬁnnz (x, t) > Zot (8.10)

It follows that 1, (-, T\) can have at most n zeros in T. In particulan when n = 1, 0, always has a unique zero in
T x [0, T%].

Proof. Apply (8.4b) with ¢ = 2n to obtain
0277, = Het(2m)I[1 + O(C2" B.e)] > 2(2n)![1 + O(C2" B.e)).

If 6? B, e is small enough, the lower bound (8.10) follows.

It now follows from (4.12a) that 82"771(3: T.) > @2 forall [« — 0] < A Therefore 32"~ 'n, (-, T. ) is a strictly
increasing function on the interval [— C ' o L] so it has no critical points and at most one zero in [— Co’ o L] This
implies that 92"~ 2n,.(-, T%) has at most one critical point and at most two zeros in [— C ' Oy L], Continuing inductively
in this manner, 7,,(-, T ) has at most 2n — 1 critical points and at most 2n zeros in [—C—, C—] However, we know that
Ne(+,T) >0 everywhere so it follows from (8.5) that all zeros of 7),,(+, T%) in T must themselves be critical points in
the interval |z — 0] < . In between any two zeros of 7, (-, %) must be at least one other critical point, so 7, (-, %)
can have at most n zeros ]

Proposition 8.5. Suppose (x.,t.) € T x [0, 00) is a point such that |z, — 0| < & and
N (Tas ) = Olln(Tas ta) = ... = 02" Mg (., *) =0. (8.11)
Then t, = T, and x, is the unique zero of 1, in T X [0, T*]. Furthermore, x. satisfies the bound
|z.|*" < B.e. (8.12a)
Proof. Since 7, (x4, ts) = 0, we know t, > T. Taylor expanding 7),.(+, ¢, ) about & and using (8.10) gives us
Mo(@,t) > §(x —2.)*", Vg —0] < & (8.13)
In particular, 77, (-, .) > 0. It now follows from (8.4a) that
e (2, Te) = N (@, 1) = (b = To)nor (2, T)

2 30— @) = (b - D)2 | — 140 4 O(B.e)
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N

(x— )" + (t — To) 12 {1—x2"+(’)(3z8)}

>z —2,)™ + (t, — T.) 2 [ —002”—1—(’)(32:5)}
for all |z — 0] < &-. We know from Lemma 8.2 that 7,.(-, 7%) must have a zero and all zeros of 7,(-, %) must be in

the interval {|z — O\ < —O} Since t, > T, this is only possible if ¢, = T, and the zero must be x = .
Since ¢, = T, plugging = = 0 into (8.13) and using (8.4b) and (4.12) gives us

. [* < 2[12(0, 1))
< 2[3eT, — 1| + 44 max(1, a) T, B.e

< B.,e.
O
Now define the function G : T x [0, 00) — R2,
82n 1 . t
G(x,t) == @ 72 (7, 1) (8.14)
1+aﬁz($ t)
Proposition 8.6. If
(1+a)Cy < Oy, 0" Be < 1,
then there exists a unique point (&, T) in a ball of radius m around the point (0, Hia) such that
G(&,T) = (0,0).
Proof. For |z — 0| < %’ the formulas (8.8) give us
DG(x,t) = <<2n>‘82n’7‘f(x »t) <2n>‘82n e t)>
1+aaw77w(xa t) 1+a77wt($7 t)
lta O(Cy" Be) l4a O(Cy" B.e)
= T T (8.15)
t[_an2n—l + O(ggnﬁze)] 1— $2n + O(ngnst)
For (z,t) in a ball of radius R := W around (0, 1+a) the fact that Cjy > 3 implies that
| — 1< Hep < L 2n|z*" Mt < 2nR* (2= + R)
Loz < HTO‘R < 15 = 12Cyn(R*)"™ + 2nR*"
|l’|2n S m7 S 12COR2 + 2R2
38
S BiGta?
Therefore,
’Id - DG(x,t)’ <i+ O(Gi"st) Y (2,t) € Br((0, 135))-

It follows that if@inBza is small enough we have ||Id — DG||Loot(BR(O7%)) <
Plugging (z,t) = (0

2

2.

; H%) into the formulas (8.8) yields

440" B, e
(2n)3C,

< 88B.¢.

8277, 1~ (O 2 )| S

| @n)! ' T+a

~ 2
|50, 75))]
Since C; > (1+ a)Cy, it follows that if éinBza is small enough we have |G(0, 1+a )| < £ R. Our result now follows

from Lemma C.1. O
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Notice that one always has the inequality T > T.,: indeed, if T < T, then
7]1’('%’ f) = ﬁx(i7 T) =0,
which means that T = T,.

Corollary 8.7. If (z, T) is the solution of G = (0,0) given by Proposition 8.6, then z, T satisfy the bounds

BT — 1] < &, (8.16)
7] < 2n)g,c €. (8.17)
It follows that if n > 2 and éinBza < 1 then
O3 (&, T)| < 15 oy (2m)1T," B, (8.184)
0377.(2, )| < 3%5(2n)1C," " Bee, (8.18b)

forl <i<2n-—2.

Proof. The inequality (8.16) is immediate from Proposition 8.6 and the fact that Cy > 3. Since 82"~ 17, (%, T) 0,
(8.10) gives us

2n)! .
Z 3

0
027 177,(0, )| = ‘/ 027 (2, ) da 3.
T

Pluggingi =2n — 1,2 =0,t = T, into (8.8b) now yields

|z] < %max(l,a)f@in_les.

Our bound (8.17) now follows from (8.16).
Now suppose n > 2. Since |z| < 1, we have

2n)! eo12n—i _ (2n)! o2 (2n)! 93 ~2n—1 2
(max ot | = S < S5 (Ol Bee)”

For 1 <4 < 2n — 2 the bound (8.8a) now implies

i~ o 2 —2n—1 2 — n !
0877, (2,T)] < 22 (2n)1C," B.e —;(9;;3)30" B.e +44§2 ),? .

Therefore, if éinBza is small enough we get (8.18a). The bound (8.18b) follows from analogous computations using

(8.8b). |
Now for n > 2 define the function f,, : B, (g, Co) — R?"~2,
0,77, (2, T)
(’%m(” T)

Jn(wo, 20, ko) := (8.19)

a2n 2773: (I T)
The zero set of f,, is precisely the initial data in B,, (&, C) for which the flow 7 forms an initial singularity of the form
0o (e, To) = O (24, o) = ... = 02" (2, Th) = 0, (8.20)

at a point z, € T, and whenever such a root ., exists it must be the only root of n,(-,T%). To see this, if
fn(wo, 20, ko) = 0 then it follows from the definitions of G and (&,7") that (z.,t,) = (&) solves (8.11), and
Proposition 8.5 implies that (z., t.) = (&, T) is the unique root of 1, in T x [0, T}] . Conversely, if z, € T is a point
solving (8.20) then Lemma 8.2 implies that [z, —0| < &~ ~ and Proposition 8.5 therefore implies that z is the only root
of 1. (-, Tx) and also satisfies the bound (8.12a). Slnce we are assuming that C’m B.eis small and (1 4+ a)Cy < O,
as in the premise of Proposition 8.6, it follows that |z.| < m and therefore (z,,T,) = (&,T).

We will now quantify the regularity of f,, so that we can apply the implicit function theorem and conclude that the

zero set of f,, is the graph of a Lipschitz function from a codimension-(2n — 2) subspace of (W?272:°°(T))3 into
R2n72-
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8.3. Stability of solutions. Now suppose further that C,, C; are chosen large enough and ¢ is chosen small enough
such that the hypotheses of § 7 are satisfied, and therefore the bounds (7.13) apply for all initial data in B, (¢, Cy).

Proposition 8.8. The blowup time, T, and the extensions 1, depend on the initial data in way that is Lipschitz with
respect to the W22 norm on B,, (g, Cy): i.e. if || - || m.c, is the seminorm on (W?"+2°°(T))3 defined by (7.1) and
(wi, 28, k}), (Wi, 22, k2) € By(e, Co) we have

‘T*(w(l)vz(%vké)_T (w07207k0)| = 11.?:243 H( w%vzé_z(%)ké _kS)HQCo’ (8'21)

and if CyB.e < 1 then for all (x,t) € T x [0,00),i =0,...,2n — 1 we have

1+ a)ilC.B
BB 2 = R~ )l 220

(1+ a)tilC" By
it 1

|07t (2, w5, 29, ko) — Olat (2, 8, Wi, 25, k)| < 45

|8;ﬁ£(x,t,w(l),zé,k(l)) - 8;7]I($,t,w3,287k‘8)| <45 ”(wé - w(Q)a Z(% - Zgak(% - kg)Hi,Co' (8'22b)

Here T, (-, -, w), 23, k) is the function 7, corresponding to the solution with initial data (w}, 2}, k3).

Proof. Let us adopt the notation 7Y := T, (w}, 2}, k}) for j = 1,2 and wi = ||(wd — w%,zé 22,k — k2)i.co-
Suppose without loss of generality that 7! < T2. There exists a point 1 € T with |21 — 0| <& such that

(30 Tl wOaZOakO) =0.
Since T2 > T, it now follows from (7.13) and (8.9) that
0 < nolay, T2, wh, 25, kg) < T0Bgpo — (T2 — T)).

The inequality (8.21) now follows immediately.
For t < T}, Corollary 7.13 implies

- 1+ a)ilC,B
(i+1)
for all x € T. For T} < t, (5.32¢) gives us

. i~ i 1+a)ilC. B
0Lt (., wh, 29, kg) — Ol (2,8, w3, 28, k)| < |05 0mar (W, 2, K3) | pes, (¢ A T2 = TH) + 38 EDEC D,

L0 )il
1

[21C,B.e(T? — T}) + 38241]

+ 1 +1
(1+ a)C.i! By — 40
< z’+—1‘“ [21C’tBZ{-: . H—QZ—O + 38].

Therefore, if C'; B.e is small enough we obtain (8.22a). The inequality (8.22b) now follows from using the fact that
din, is always constant at time ¢ = 0 with 921, (z,0) = ;o and integrating (8.22a) in time. O

One immediate consequence of Proposition 8.8 is that the function G defined in (8.14) is Lipschitz in (wq, 20, ko)
with

|Gz, t,wg, 2, ko) — Gz, t, w5, 25, k¢)| < 135Bd[ Gn)? "‘ 1+Q]H( —wp, 25 — 25 ko — k) ll2n—1,co

forall (z,t) € Tx [0, 2251, (wg, 25, k), (w§, 23, k3) € Bu(e, Co). As aresult (see § C), (<, T is a Lipschitz function
of (wy, 20, ko) with

‘(j:‘,T)(’LU(l),Zé,k‘O) (37 T)(wO’ZO’kO)l < 405Bd[ (2n)2 + 1+a} ”( w%vzé - Zgaké - k(Q))HQn—LCo'

It now also follows from Proposition 8.8 that f,, is a Lipschitz function of (wy, 2o, ko) as well.
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8.4. An implicit function theorem argument. In this subsection, we will further restrict our attention to the case
n > 2. Define the subspace

X, = {wy € W F2°(T) : 9w (0) = 0Vi=2,...,2n — 1}. (8.23)
Note that wg € X,,.
Pick functions @Y, ..., w%, o, € C°(T) such that
@} || 2o < L, (8.24a)
Ot wy (0) = b4, i=0,...,2n—2, (8.24b)
105 @7 [| e ; :
— = < LG, i=0,...,2n+1, (8.24c)
2.
027w} (x)] < (2n — 1)L, ()" e, z—0] < &, (8.24d)

for some constant L,,. For such functions, Taylor expanding about = 0 for z with |z — 0| < Cio gives us

Co\2n—
(2"*1)!1171,(70)2 15|x|2n717i
— (2n—1—1)!

2n—1 )
Si!Ln< ni )22&1085

< i!LnCés

7 ~n zI
0,y () — Ly G=i!

fort =0,...,2n.
For a concrete example of such a collection of functions, pick a smooth bump function x € C2°(R) satisfying

Ity Sx <1 _c c
=" %"

and then define the Z-periodic functions w; via

~ j+1

wj(x) = 7(?11)%(0096) for |z| < 1.
One can check that for any n > 2 if we define the functions w7, ... w3, _, to be w} := wyj, then these functions
satisfy (8.24) with

L. —Co(2 10" x|l Lge
n==0Co(2n+2) max ——=.

0<k<2n+2
Note, however, that in this example L,, must diverge to oo as n grows.
Since W2 +2:0(T) = R} @ --- & Rwy,_, & X, and Wy € X, we have the affine change of coordinates
Xn % RQn—Z — W2n+2,oo(']1*)
(’EUV(), )\) —— W,
wo = Wo + Wo + MWy + ... + Aap_2Ws,, o,
)\j = 85;4—111}0(0).
This extends to an affine isomorphism X,, x (W?2"+2:5°(T))? x R?"=2 +— (W?2n+20(T))3
(@07 20, kOa )\) — (w07 20, k0)7
wy = Wp + Wy + MWT + . .. + A2p_2Ws, o,
)\j = O;JFIU)()(O)
This change of coordinates for (W27+2:°°(T))3 will allow us to characterize the zero set of f,, as a codimension-
(2n — 2) Banach manifold in a neighborhood of the point (W, 0,0) € (W?2+2:°0(T))3.
With this choice of coordinates in mind, define the open set

2n—2

An(e, Ln) i={XAeR™2: L, Y |\ < 5}, (8.25)
j=1

and define the open set
Un(e,Cp) C X, x (W2H220(T))?
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to be (W, 20, ko) € Xy, X (W2nT2°(T))? satisfying

wollLe < 5, (8.26a)
20l < e, (8.26b)
O @o || e
% < Cit, i=0,....2n4+1, (8.26¢)
ai+1 - )
% < Cle, i=0,....2n41, (8.26d)
O kollie
18" kollzz= Cie, i=0,....2n+1. (8.26¢)

1!
Note that if (@0,20, /{io,)\) S Un(E,CQ) X An(€,Ln) and wg = wWg + wg + /\112]? + ...+ )\gn_gzﬂgn,% then
(wo, 20, ko) € Bn(e,Cy). For this reason, we can treat the functions z, 10“, and f,, defined in § 8.2 as functions of
(wo, 20, ko) € By (g, Co) as functions of (wo, 2o, ko, A) € Un(g,Co) x Ay (g, Ly,) by identifying (wo, 2o, ko, A) with
the corresponding (wo, 20, ko) € B, (e, Cp) via the affine change of coordinates. We will make this tacit identification
for the rest of this subsection.

We will further assume for the rest of this section that Cy, C, and ¢ are chosen to satisfy the hypotheses of the
propositions in § 6 with L = L,,, M = 5L,,. Therefore, for all solutions with initial data (wy, zo, ko, A) € U, (g, Cp) X
Ay (e, Ly,), the partial derivatives Zc,\j ; Ox, M, etc. exist for j = 1,...,2n — 2 and the solution satisfies the estimates
from § 6.4.

It follows from (8.21) thatif j € {1,...,2n—2}, (wo, 20, ko) € Bn (e, Co), and (wo+AN;w7, 20, ko) € By (e, Co)
for some scalar A); we have

T (wo + ANW}, 20, ko) — Tu(wo, 20, ko)| < 152 Ly BaA;.

Therefore, for each (o, 20, ko) € Uy (g, Co) the map A € A, (g, Co) — T (o, 20, ko, \) is %L Bg-Lipschitz in

each \;. It follows that the map A — T (Wo, 20, ko, A) is a (2n — 2)% %L,LBd-Lipschitz map of A\ € A, (e, Cy) for
each (wy, 29, ko) € U, (g, Cp) and therefore is differentiable at almost every A € A, (e, Cp) with

||a)\jT*‘|L§c(An(87Ln)) 1+aL Bd V] = 1,...,2’)7,—2. (827a)
Since By > 4By, (8.27a) implies
H6>\T||Loo 5L))—1+aL B Vi=1,...,2n—2. (8.27b)

Lemma 8.9. For all (W, z0, ko) € Up(e,Co), i1 =0,...,2n — 1, j =1,...,2n — 2, and (z,t) € T x [0,00) we
have that

10205, 772 (2, 1) — 52405 @ (2) | L (, e.00)) S (1+ )til L, CoCi BB, (8.28a)
and for values of © € T with |x — 0] < C—O we have that

||8;8>\j7~]w(x,t) — HTat]l{igj}é%;;gHLT(An(s,Co)) < (1 + Oz)t’i!Lné?vétBABZE. (8.28b)
It follows that

10505, 12 (i, T) — 59753 | e (a, (e S 2T (™" 4 0L, CL0,By) Bie. (8.28¢)

Proof. The inequality (8.28a) is an application of Corollary 6.8 and (8.27b). The bound (8.28b) follows from (8.28a)
and the identity

O (2) = Lseyy iy + O (I1LnCiie) -0l < g i=0,....2n ~1

derived earlier in this section. The last inequality (8.28¢c) follows from plugging (z,t) = (4, T) into (8.28b) and
applying (8.17). (]

Proposition 8.10. Let n > 2 and let f,, be the function defined in (8.19). If

0L, O ' CBrB.e < 1
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then there exists a function \. : Uy (e2,Co) — A, (g, Cy), Lipschitz with respect to the (W?"+2:°°(T))3 norm, such
that

{(wo,zO,ko,A) € Un(2,Co) % Aule,Co) & fo = o} _ {(@0720,7?07)\*(@0720,790)) : (@0, 20, ko) € Un<e,co)}.

Proof. First, we apply 0,; to the equation G(z, T) = (0,0) and get

0 1 2n—17 (&
ij = —pG(ed)t [ O el D)
8)\J-T —maAjnz(iU’T)

We know from the proof of Proposition 8.6 that ||Id — DG(z, 10“)||0pmtOr < [ld — DG(&,T)| < 2, so it follows (use

Neumann series) that | DG(z, 10“)_1 l|operator < 3. It therefore follows from (8.28c) that

y arf Val —2n—1
105, 2| 5= (A (2,000 S F2T 35 (14 LnCiBA) T, Bee,
o o — —2n—1
103, Tl ez (nie.con S 52T 55 (14 LaCiBA) O, Bee.

Using these bounds for 9, % and 8,\jf“ in conjunction with the bounds (8.18a), (8.18b), and (8.28c), we compute
that fori,j = 1,...,2n — 2 we have that
of: 0 i o
= —|0in. (2, T
aN; O (02732, 7)]
= 0,00, 108, 1) + 0510 (2, )0, & + il (&, T)0, T

= L2705, + 5L 0((20)IC," Boe) + 0L, C,C B B.¢)]

—2n—1 —2n—1

+ L2 0(20)10," Boe)O (55 (14 LnCiB)) T, Bee).

It follows that if (2n)!L,C" Oy By B.e is small enough we have that

105, F1. = 2T 0ijl L5 (Anie.00)) < 15 52T @y
forall?,7 =1,...,2n — 2. Therefore,
||D>\fn —1d ||L§°(An(s,Co)) < %

If (wo, 20, ko) € Un(g2,Cp) and X = 0, then (wo, 20, ko) = (Wo, 20, ko) € Un(e2,Co) C B (g%, Cp). It follows
from (8.18b) that

(2n)1L, 0" ' B.e

. £
' (w k < —_—.
‘fn(w()vz()a 0a0)| = 50 (271) Ln

fori=1,...,2n — 2, (W, 20, ko) € Un(g?, Cp). Therefore, if (Qn)!Lnéin_lee is small enough we have
|fn(iUVO?Zka07O)| S ﬁ V(@O,Zo,ko) € Un(82700)'
It now follows (see § C) that we can apply the implicit function theorem to f,, and conclude our result. (]

Another way of phrasing Proposition 8.10 is as follows: if we define the open neighborhood

2n—2
Bn(e,Co, Ly) = {(@Wo + »_ AW} + o, 20, ko) : (o, 20, ko, A) € Un(€%,Co) x An(e, Ln)} (8.29)

Jj=1

of (wo, 0,0) in (W?27+2:2°(T))3, then the zero set of f,, in B, (g, Cy) is a codimension-(2n—2), C°! Banach manifold.
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9. A DETAILED DESCRIPTION OF THE CUSP STRUCTURE AT THE FIRST SINGULARITY

We will now prove our main theorem, which will imply Theorem 1.1.

Theorem 9.1 (Finite-codimension stable shock formation). Fix an integer n > 1, a value of o = 77_1 > 0, and
a constant Cy > 3. Define Wy as in (8.1). Then there exists a codimension-(2n — 2) Banach manifold11 M, C

(W?2n+2:5°(T))3 containing (wy, 0, 0) and a constant
€0 = 50(”7 «, CO)
such that if € < eq then for all initial data (wy, 2o, ko) € M., satisfying
[wo —WollLee <,
ol <,
195 (wo — o)l e
7!
195 20l Lge
7!
195+ Koll e

il

<Cle, Vi=0,....2n+1,

<Cle, Vi=0,....2n+1,

<Cle Vi=0,....2n+1,

the unique locally-well posed solution (w, z, k) to (3.2) with initial data (wy, 2o, ko) satisfies the following:

(i) (w,z, k) exists as a classical solution up until a finite time T, with
T = 1351+ Oa(e)];

(ii) the functions z and k remain uniformly Clmt on T x [0, T.] with

[ay 2] o [ay k] o

<
1 n,o g
Cy Cy’2n+1 ~1h ’CU ’

ke Smae,Co
but w has a gradient blowup at a unique point (y.,Ty) € T x [0, Ty] with y. satisfying

|y* - %| Sn,a,Co g;

(iii) away from (y.,Ty), w, z, and k remain locally C*+Llin T x [0,T%] ;
(iv) for all y in the interval |y Yi| < pEragETT We have

2n+2)(2n+1)
w(y, To) = bo + b1 (y — y) 777 + Oy |y — | 777),
yw(y, T2) = 5kgb1(y = 9) 7 + Onaciolly — v 7571),
where by and by are constants satisfying
bo = 5 4 On,a,0,(),
by = —(2n 4+ D)FF 1+ Oy 0.0 (€)]-

Proof. Recall that the constants By, B,, By, B are determined by « via the definitions

By := 6%, B, := 6m(ra) (2 4- L)
Bd ;:Q.Gmesl7 B)\ :%gm@ﬂ
Choose
0= m and k :=max(1l, a)(2 + 59)

so that § and  satisfy (5.10). With this choice of ¢ and , choose the positive constant C;(0) to satisfy
C(0)> (1+a)3’,  Cy(0) > max(1,)2°Cy,

©.1)

9.2)

(9.3)

9.4)

(9.52)
(9.5b)

where the implicit constants here are those given by the hypotheses of Propositions 5.4, 6.5, and 7.1. Now define

Cy = Cy(0)e(t1H1o83)0+5

Hn the case n = 1, M is simply an open subset of (W4°°(T))3. When n > 2, it is the graph of a Lipschitz function.
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in accordance with definition (5.27), and pick a constant C, large enough that
C, > 1, aCy, > Cy+1, Cr > (14 a)Cy,

where the implicit constants are sufficient to satisfy the hypotheses on C', in § 5-7 and Proposition 8.6.
Now choose ¢ > 0 small enough that

(1+a)?B2% < 1, 3wmte By(Cy + 1+ a)Boe? < 1,
CiB\B.e < 1, CY'B.eg < 1,

so that B,,(g,Cy) C A, (g, Cp) and the hypotheses of §4-8.2 are satisfied for any choice of ¢ < gq. If n > 2, pick a
choice of functions wY, ..., ws, _, with a corresponding constant L,, as described in §8.4 and add the constraint

(2n)1L,C " T BaB.ey < 1,

so that the hypotheses of Proposition 8.10 are satisfied for any € < ¢¢. Lastly, if R,, and M,, are the constants defined
in § A, we will add the constraints that € is small enough that

93C-"B.eo < 1,

1
22(1+e3) /1 1 \A2ntl
(n_;’_l)% (Cio + 671361 )C’E BZ€0 < 1,

1
88(14¢e2 —2n+1

1
88(1+e2 ) M, =2n+1
TR, Ca o Befo <L,

1
44(1+e2 ) ~2n+1
Q Ca:

1) BZEO < 1.

These last constraints (9.6) will be used in some of our computations below.
With the constants C',, C, L, and €9 now chosen, define M,, C (W?2"2°(T))3 to be

M. B (g0, Co) n=1
" {(U)(),Z(),ko) GBn(éfo,Co,Ln) an(wo,Zo,k()) :0} TLZ2’
where B1(eg, Co) C Ai(eg, Cp) is the open set defined by (8.2) when n = 1, f, is the function defined by (8.19),
and B, (e, Cy, L,) is the open set defined by (8.29). We know from Proposition 8.10 that when n > 2, M,, is a
codimension-(2n — 2) Banach submanifold of (W27*+2°°(T))3, i.e. it is the graph of a Lipschitz function from a
codimension-(2n — 2) linear subspace of (W?27+2:°(T))3 into R?" 2,
Fix ¢ < ¢ and a choice of initial data (wq, 20, ko) € M, satisfying (9.1). According to Proposition 4.2, the
blowup time 7 is finite and satisfies (4.12a)—(4.12b). Since
Og(won) = %EQIO{, dy(zon) = 2a%Z — %221%, 9y (kon) = aXK,
it follows from (4.7) and our assumptions on wy, zg, ko that
won = Wy + O(Bye), zon=zy+ O(aB,e), kon=ko+ O(aBge). 9.7)

We know (see the discussion at the end of § 8.2) that because (wy, 2o, ko) € M., 1), has a unique zero in T X [0, T]
at a point (x,, T%), that

8mnz(m*,T*) =...= 3§7L_177x(33*7T*) =0, 9.8)
and that x, satisfies the bounds |z, — 0] < m and (8.12). (8.17) and (9.6) also imply that
93 —2n—1

The estimates in § 5 prove that the map n(-,7) : T — T is a C?"*1! homeomorphism. It follows from (9.8) that
n(-, T) lifts to a map x — y from R to R with a Taylor expansion

2n+1 2n+2

+ azn 2 (2)(x — .)

In what follows, we will continue to abuse notation and use x to refer both to the Lagrangian variable x € T and
to the lifted variable z € R. Additionally, we will abuse notation and use y to refer both to the Eulerian variable
y = n(z,Tx) € T and the lifted variable y € R. So, for example, when we show below that the zeroth order term

Y= Ys + a2ni1(T — 74)
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Y« € R of the above Taylor expansion satisfies y, = % + On.a,0, (€) we can conclude that the corresponding Eulerian
variable y, = n(z.,T,) € T = R/Z satisfies |y, — 3| Sna.co &

Because
_ 92" ne (2, T)
A2n+1 = Dl
it follows from (8.4b), (4.12b), and (8.10) that
—2n
agnt1 = 5[l + O(C, B.e)], (9.10a)
Ani1 > m (9.10b)
Using (8.4b) and (4.12a), we obtain
1 62n+le
|aznr2(2)| < 44(1 +e2) 2555, vz < & (9.11)
The inequalities (9.9),(9.10b), (9.11) together with the hypotheses (9.6) allow us to apply Lemma A.3 with r = C%)
and obtain
1 Ly a2
(x —zy) — (ﬁ)”“ < | &A= Yzl < Cio (9.12)
Lemma A 3 and the fact that &= — |2.| > 52 lets us conclude that {y : (z, T.) = y, |z < Z-} contains the ball
1
Yy =4l < G @y
Taylor expanding w o n(-, Ty ) in z about x, gives us
won(z,Ty) = won(z,, Ty) 4+ 0y (won) (z., Ti) (z — ) + O(||02(won) (-, T+ || oo (z — 24)?).
(9.7), (9.9), and our hypotheses on W imply that if we define BY := won(x., T}) then
5 63,"71B25
won(z., Tv) = 5 + O(Zgpr—) + O(Be).
Since
t o o
0. (won) = wh = ook + | (1) ds + 0 K,
our derivative estimates from § 5 tell us that
i+ 1)2)|05  (won) — 05wy || oo
(4 D105 o) = 9 Tl o3
i1C,
fort € [0,T4],4=0,...,2n + 1. Therefore, if we define
BY := 0, (won)(z+, Ti) = —1 4 22" + 0, (won) (x4, T.) — Wy () (9.14)
then (8.12a) and (9.13) give us
BY = -1+ O(B.e). (9.15)
Our assumptions on C,, and g imply that C, B,eq < 1, so (9.13) also yields
102(won) (-, Tu)|| 2 < Co + O(CyBye) < Co. (9.16)

We thus arrive at the expansion
won(e,T.) = BY + B (z — 2.) + O(Co(x — 2.)?)
for all z. Plugging (9.12) into this equation gives us

ﬁ)]+@(00 Y—Yx ﬁ)

a2n+41

w(y,Ty) = By + Blﬂ’( Y=Y )ﬁ[l + @(‘ Y=Y

a2n+1 a2n+1

:Bé“+Blw(M)ﬁ +O((1+ Co) | 2t TZ-H)

a2n+1 a2n+1
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forall |y — y.| < (2n+2)(2n+11)22n+zc§“+1 . If we define

bo:= By = 5+ O(C," Bze),

b= By 5T = —[1+ O(B.2)| () 7711+ 0(C" B.o)) "7 17
~(2n+ )1+ O, Bae)),

then, using (9.10b), we arrive at our expansion (9.5a) for w(-, T%).
Taylor expanding 7,,(+, T ) about z, and using (9.8), (8.4b), (4.12a), and (9.6) gives us

ne(z,T) = (2n + Dagny1(x — 2)*™ + hopy1(z)(z — 2,)*" (9.18a)
2n-+1
|honi1(z)| < 44;1713”0 Be< i Vel < &. (9.18b)

We know from (9.16) that
O (won) (x,T.) = BY + O(||82 (won) (-, T.) | = (z — 2.)
= By 4+ O(Co(z — z4))

1

(2n+2)(2n+1)22n+2C2F1 we have

for all z. Therefore, it follows from (9.12) that for all y in the interval |y — y.| <
that
Ou(won)(x, T)

N2 (7, T)
. [Biu + O(Co(l‘ — Z‘*))]
B (2n + 1)azn+1

8yw(y, T.) =

2n+1

(z —x,)72" [1+0(C, " B.e(z —x,))]

w Y=Y«
_ B + O(C()'az n+41 ) (y_y* ) 2n+1 [1 4 O(O2n+1Bz€ Y—Yx Thrl)}
(2n + 1)a2n+1 a2n41 a2n+1
=L b(y—y,) =T +0O == —73211)
on+171 Yy Y n,a,Co azn+1

which gives us (9.5b).
To approximate the location of y., using (4.12b), (9.7), and our bounds on |z, | gives us

T,
y*:n(x*,T*):x*—l—/ Azon(xy, t) dt = *+%+O((1+O&)B €).
0

This implies (9.4).
0, 3t

Ligms .. . . .
To prove C,,'>" " estimates on z and k, we will first show that n=1(-,¢) is uniformly C,
particular, we will show that

up to time 7. In

|z1 — z2| < 227T1+16’§"|77(x1,t) - n(xg,t)|ﬁ le,xg e T,te[0,Ty]. (9.19)
We will prove (9.19) by bounding |z1 — x2| separately on the segments [z — 0] < &~ and [z — 0] > Ci
We know from Lemma 8.2 that
nm > éc—?n
for |z — 0] > Cio Therefore, for all 21, 25 in this segment we have the bound
1 — ] < 202"|n<x1, ) = (2, >| < 203" (w1, £) = (s, )| 7 vte 0.1
Now consider 21, z2 with — - < 21 < 22 < &-. We know from (8.4a) that 1, (z,¢) < Oforall [z —0] < &-,t €

[0, T], and therefore,

02, 1) — (a1, )'/m

for all ¢ € [0,T.]. Therefore, it suffices to bound |n(x2, Ty) — n(x1, Ty)| below. In the case where z, < x1, (9.18)
and (9.10b) imply

Z2 T2

ne (2, 1) do > / ne (@, T2) de = In(z2,T.) — (@1, T)|

x1

z2

n(e2, T.) — (a1, T.) = / ne(e, T.) de

1
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To 2o
> G2n+1 / 2n+1)(z —z.)* dz — % / (z — 2,)>" dz

1 T
= Gopi1 [(33‘2 _ x*)2n+l _ (1,1 _ x*)Qn—o—l] _ m [(372 _ x*)2n+2 _ (1,1 _ x*)2n+2]
1 2n+1 2n+1
> [a2n+1 = q@asm Bags) (@2 — 20)™

2n+1

Y

1
sy (72 — 1)
The same argument works for the case where xo < x.. In the last case where x1 < x. < Z2, (9.12) gives us the bound
1 2
Y2—Y1 ‘m ’yzfy* 2n+1

2
2l ‘ Y1—Yx
a2n 1 A2n+1

a2n+1

|zg — 1| S’

1
Y2—Y1 ‘ 2n+1
- a2n41

<3220+ 1) 75 [yp — g 7T,
where y; = n(x;, Ts). Therefore
1
w2 — 21] < 6|n(w2,t) — nlzy, 1)
for all z1, xo with |z;| < C%) t € [0,T,]. Putting this together with our bounds for |z — 0| > C%)’ we conclude that

(9.19) holds.
It now follows from our estimates in § 5 that

o o o J— 1
|0yk(y1,t) — Oyk(ya, t)| = | K(z1,t) — K(22,t)] < ||8:,3K||L;<3t|x1 — 29| < C3"C,Brelys — y2| 751,
. . . U S
Analogous computations also give us uniform C,,"*"*" estimates on 0, z.
It is also straightforward consequence of our estimates from § 5 that w o 7,z o ), and k o 7 are C’i?ﬁm on

T x [0, 7] and the inverse map (z,t) — (y,t) is locally C’i’?l’l away from (x,,Ty), so w, z, and k are locally

bl on T x [0, 7]\ {(ye, T2} O

APPENDIX A. POLYNOMIAL INVERSION

This section generalizes the results from the appendix of a previous work of the authors [39]. Let C((z)) denote
the field of formal Laurent series in the variable z with coefficients in C, i.e. the field of formal power series with
coefficients in C that also allow for finitely many terms of negative degree. The field of Puiseux series in the variable
z with coefficients in C is then defined to be the union [, C((x'/7)), which is itself a field. The Puiseux-Newton

theorem states that ;. C((x'/7)) is in fact an algebraically closed field. We will now introduce a useful special case
of the Puiseux-Newton theorem:

Theorem A.1 (Analytic Puiseux-Newton). If C{x} denotes the ring of convergent power series in x, and f(x,y) €
C{z}y] is a polynomial of degree m > 0, irreducible in C{x}[y|, then there exists a convergent power series y €
C{z} such that the roots of f inJ; C((2'/7)) are all given by

m—

) m=1
y(xl/m))y(e%m/mxl/m)).”7y(e27rz po J,‘l/ )

It follows that in general if f(x,y) € C{x}[y] then for each Puiseux series solution y of f(x,y(x)) = O there exists
some § € C{z} and m < deg f such that y(z) = y(z/™).

Proof of Theorem A.1. See [4, Section 8.3]. O

Now, fix a positive integer n. Recursively define the sequence

Y —
cy =1,

no._ noLL el _ 1 E oL e
Cm = Z 2 Clapia 2n+1 Ci1 Ciantrr

L4 lonpr=m—1 Jitodanpr=m
0<j;<m—1

and then define the formal power series

_ —1)7 .
Yn(2) 1= Z (2(n+)1)j ¢’
§=0
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One can check that
1 1
yo(ﬂf) = xantl yn(‘r 2ntl )
is a Puiseux series solution of the algebraic equation
—z -yt gt =0.

It follows from Theorem A.1 that 7,, is a convergent power series with some positive radius of convergence

o +1
R, = nt 0.

limsup;_, . |c}[1/J

If agpt1 € R* agpnt2 € R one can check that

Vo) = () o (2222 ) )

a2n+1 A2n+1 *A2n+41

oo

, 1 —aon i , #
= ()7 ) (@) & (G5 7
J=0

solves
—2 + 21"+ agngoy® T2 =0
for all x satisfying
|azn2 " | < agp T RE

Since ¥,, is holomorphic, if 0 < r < R,, then Cauchy’s estimate gives us

|(2nc—&];1)j | < rd ‘H‘laX ‘yn( )|

for all nonnegative integers j. It follows that for 0 < r < R,, and N > 0, we have

N 1y 4 E N+1
9, (2) — CIERYE ;7] < 1T H max |7, (2)| Ve <1
= o |z|=r
Therefore, if we define
M, = max |g,(2)], (A.1)
|z]=2En
then for any N > 0 we get the bound
N
1 —asn J dasn N+1 N2
|y(a:) — (a2:+1)2n+1 ((2n+12)a‘;i+1) c?((m:ﬂ 2n+1 | < 3M,, (3a2:+:'12% ) |a2n+1 ko= (A2)
j=0

2n42
Vast |asno 2| < agnti(Ee)?n
Lemma A.2. Let n be a positive integer, let I C R be an interval, and let y € C*"*11(I). Suppose y has a Taylor
series expansion about x,. € I of the form

Y(@) = Yo + azni1(z — )" + azppa(2) (@ — 20) "

where agy+1 > 0. Define J C I to be

T = o € 1t Jagmaa(@) P lyle) — | < aBpIRRY, Gl 5 ),

and define J to be the connected component of J containing x.. Then for all x € J we have

o0 .
_ (y(@) =Y.\ 7 E: —G2nt2(z) \J (2) =y« \ T T
(x 7‘%‘) o (%)2 o ((2n-i-21)+1122n+1) C?(ya‘zn-f—? )2 o (A3)
Jj=0

Proof. Without loss of generality, 2, = y. = 0 . For (y,a) € R? satisfying
"y < a3z RI

define the function 7 via the series

) )

i(y,a) = (5%5)
j:0
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which we know to converge. For (y, a) in the domain of Z, Z(y, a) solves

-y + a2n+1g(y7 a)2n+1 + af(y, a)2n+2 =0.

Forall € J, (y(z), agn+o(x)) is in the domain of ¥ and we have

2 agp o (2)T(y (@), asni2(x)) T = 0. (A4)

y(r) = a2n11Z(y(), azni2()))

For z € J, define the bootstrap hypothesis and conclusion

H(x) o= < G2l gt (@) o

C(x) := “T(y(x), azny2(r)) = =
We note that
(i) H(O) is true,
(ii) the set of x € J where C'(z) is true is a closed subset of J because x — Z(y(z), azn+2(x)) is continuous, and
)

(iii) the set of z € J where C () is true is in the interior of the set where H (z) is true, by virtue of the definition of
J and the fact that z — Z(y(z), a2n42(x)) is continuous.

Lastly, the set where H () is true contains the set where C(x) is true. To see this, for (z, z) € I x R satisfying

(2n+2)azn42(x)z N
(2n+1)[aznt1] > -1

define the function

2n+1 22n+2.

f(z,2) = azny12 + agni2(z)

For all (z, z) in the domain of f we have

0.f(z,2) = (2n 4+ 1)agn 1221 + W]

so that f is a strictly increasing function of z everywhere in its domain. If x € J is such that H (z) is true, then
Z(y(x), agn42(x)) is in the domain of f and (A.4) implies that

[, 2(y(x), agny2(2))) = y(2) = f(z,2).

Since f is a strictly increasing function of its second argument on its domain, we conclude that C'(x) is true. This

completes our bootstrap argument, and since J is connected we conclude that C(x) is true for all x € J. |
Lemma A.3. In the context of the previous lemma, if we further assume that I = [—r,r] and r satisfies
(2n+2)llazn+2llnge
(2n+1)azn+1 (’I’ + |‘T*|) <1, (A.523)
llazn+2llnge 1
Ry (r+z«l) < 7, (A.5b)

then for all x € I we have

T (A.6)

1
(z—x,) — (y(m)*y* ) nd1 | < AMnllazniallLge ‘y(aj)fy*
* a2n 41 — aznt+1Rn a2n41

Furthermore, the range of y contains the ball

r—\z* ‘)2n+1

ly — yo| < C2nnrllz N0 (A7)

Proof. 1t is immediate from (A.5a) that

az2n+1

|y(x) - y*‘ 2 2n+2 |:C -

z*|2n+1

for all z € I. This implies that the range of y contains the ball defined by (A.7). Furthermore, (A.5) implies that
J = I and therefore J = I. Lemma A.2 therefore implies that (A.3) holds for all x € I. Now our assumption (A.5b)
allows us to apply (A.2) with N = 1 to obtain (A.6). O
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APPENDIX B. FREQUENTLY USED COMPUTATIONS
The following lemmas are straightforward exercises:
Lemma B.1. [f A > 0and f € R are constants, and z : [0,T] — R satisfies
< Az + f
forallt € [0,T), then
z(t) < z(0)e A + (1 — e_At)£ < max(z(0), %) vVt elo,T].
Lemma B.2. If § is a multi-index and j1 + . .. + jm = |6,

Y= ()

Vit tym =8
[vil=3s

Lemma B.3. For all positive integers m, £ and all p > 1, we have the bound

( , 00 -1

m+1) 1+p 1

> <o (L)
Jit...+je=m Jj=1

In particular, for p = 2 and £ = 2,3 we have

(m+1)2 A2 (m+1)2 3nt
Z GIDZont =77 < 3 Y. GEmGaer < (B.2)
J1+je+ijz=m

Many variants of the inequalities (B.2) can be proven via similar computations:

m

m m
m-+42 2 m—+2 m-+41
> ot < 5 DT <8 > Fty <61,
j=0 j=1 Jj=2
m ) m—1 )
(m-+1) (m+1)*2 1671' (m+1)”
> Fmaiy < 25, GFZm—77 < 73 > FGetr < 163
j=1 j=0 Ji1+je2+iz=m
j1>1
m+2 (m+1)* (m+1)*
Z 33 G2 +1)2(j3+2) <2l Z 3333 (Ga+1)? < 66, Z 7333 (Gs+1)%(ja+1)2 < 641
Jitjz+js=m ]1+]2+33 m Jitje+is+ja=m
Jj1>1 J1,d2>1 J1,j2>1

(B.3)
These inequalities (B.2)—(B.3) are used throughout § 5-6. Note that the righthand side of the inequalities (B.2)—(B.3)
is always independent of m.

APPENDIX C. IMPLICIT FUNCTION THEOREM

In this section, suppose that X is a Banach space, U C X is an open set, and V' C R¥ is an open, convex set with
B, (y0) CV C Br(yo) forsomeyg € RN, 0 <r < R.Letf: U x V — RV,

Lemma C.1 (Existence of unique solutions). Suppose that f is Lipschitz in y and that there exists a constant 6 € [0,1)
such that for all x € U we have

[1d — D fy(z,-) Lee(v) < 0, (C.1a)
|f (2, y0)| <7 —OR. (C.1b)

Then there exists a function g : U — V such that
{enevxv: e =of = {@an:cecv],

Proof. For each z € U, define the map ¥(z) : V — RN, ¥(x)(y) := y — f(x,vy). Since V is convex, it follows from
(C.1a) that ¥(z) is -Lipschitz for all z € U. Therefore, (C.1b) implies that
V() (V) C Bor(¥()(y0)) C Br(yo) C V-

Thus ¥(x) is a contraction mapping for each = € U. Define g(x) to be the unique fixed point of ¥ (x). O
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Lemma C.2 (Lipschitz implicit function theorem). In the context of the previous lemma, if we additionally assume
that f is uniformly Lipschitz in x with
|f(@1,y) — f(22,y)] < Llz1 — 22 Vay,zaeUyeV, (C2)

then the function g is 1f g -Lipschitz.

Proof. Recursively define the sequence of functions

go(z) ===
Int1(x) == V() (gn (7))

It is immediate that [gn+1] o017 < 0[gn] 01 (qr) + L for all n. Therefore, we have

n
- L
J
[gn+1lcor ) < LZH <1_¢
7=0
for all n. Since g,, converges pointwise to g, our result follows. (]
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