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ABSTRACT. We address the inviscid limit for the Navier-Stokes equations in a half space, with initial datum
that is analytic only close to the boundary of the domain, and has finite Sobolev regularity in the complement.
We prove that for such data the solution of the Navier-Stokes equations converges in the vanishing viscosity
limit to the solution of the Euler equation, on a constant time interval. April 10, 2019

1. Introduction

We consider the Cauchy problem for the 2D incompressible Navier-Stokes equations

ou—vAu+u-Vu+Vp=0 (1.1)
divu =0 (1.2)
uli—o = U (1.3)

on the half-space domain H = T x Ry = {(z,y) € T x R: y > 0}, with T = [—m, 7|-periodic boundary
conditions in x, and the no-slip boundary condition

uly=o =0 (1.4)

on OH = T x {y = 0}. Here v > 0 is the kinematic viscosity. Formally setting v = 0 in (1.1)—(1.3) we
arrive at the 2D incompressible Euler equations, which are supplemented with the slip boundary condition
given by us|y—o = 0.

A fundamental problem in mathematical fluid dynamics is to determine whether in the inviscid limit
v — 0 the solutions of the Navier-Stokes equations converge to those of the Euler equations, in the energy
norm L>(0,T; L*(H)), on an O(1) (with respect to v) time interval. A classical result of Kato [30] relates
this problem to the anomalous dissipation of kinetic energy: A necessary and sufficient condition for the
inviscid limit to hold in the energy norm is that the total dissipation of the energy in a boundary layer of
width O(v), vanishes as v — 0. To date it remains an open problem whether this condition holds for any
smooth initial datum.

In this paper we prove that the inviscid limit holds for initial datum ug for which the associated vorticity
wo = V= - g is analytic in an O(1) strip next to the boundary, and is only Sobolev smooth on the comple-
ment of this strip. In particular, our main theorem (cf. Theorem 3.2 below) both implies the seminal result
of Sammartino-Caflisch [53], which assumes analyticity on the entire half-plane, and also the more recent
remarkable result of Maekawa [44], which assumes that the initial vorticity vanishes identically in an O(1)
strip next to the boundary.

The fundamental source of difficulties in studying the inviscid limit is the mismatch in boundary condi-
tions between the viscous Navier-Stokes flow (no-slip, u1|y—o = u2|y—o = 0) and the inviscid Euler flow
(slip, ua|y—o = 0). Mathematically, this prohibits us from obtaining v-independent a priori estimates for
solutions of (1.1)—(1.4) in the uniform norm. The main obstacle is to quantify the creation of vorticity at
OH, which is expected to become unbounded as v — 0, at least very close to the boundary.

1



2 I. KUKAVICA, V. VICOL, AND F. WANG

Concerning the validity of the inviscid limit in the energy norm, in the presence of solid boundaries,
for smooth initial datum, two types of results are known. First, we have results which make v-dependent
assumptions on the family of solutions u of (1.1)—(1.4), and prove that these assumptions imply (a-posteriori,
they are equivalent to) the L$°L2 inviscid limit. This program was initiated in the influential paper of
Kato [30], who showed that the condition

v—0

T
lim// v|Vul|?dzdydt — 0 (1.5)
0/ {y<v}

is equivalent to the validity of the strong inviscid limit in the energy norm. Refinements and extensions based
on Kato’s original argument of introducing a boundary layer corrector were obtained for instance in [3, 6,
7, 31, 33, 46, 54, 56]; see also the recent review [45] and references therein. These results are important
because they yield explicit properties that the sequence of Navier-Stokes solutions must obey as v — 0 in
order for them to have a strong L°L? Euler limit. On the other hand, verifying these conditions based on
the knowledge of the initial datum only, is in general an outstanding open problem. We emphasize that to
date, even the question of whether the weak L?L?2 inviscid limit holds (against test functions compactly
supported in the interior of the domain), remains open. Conditional results have been established recently
in terms of interior structure functions [9, 11], or in terms of interior vorticity concentration measures [8].

The second class of results are those which only make assumptions on the initial data ug, as v — 0.
In the seminal works [52, 53], Sammartino-Caflisch consider initial data ug which are analytic in both the
x and y variables on the entire half space, and are well-prepared, in the sense that ug satisfies the Prandtl
ansatz (1.6) below, at time ¢ = 0. Sammartino-Caflisch do not just prove the strong inviscid limit in the
energy norm, but they in fact establish the validity of the Prandtl expansion

~ P Y
u(z,y,t) = u(zr,y,t) +u (:):, ﬁ,t> +O(Wv) (1.6)
for the solution w of (1.1)—(1.4). Here % denotes the real-analytic solution of the Euler equations, and u?
is the real-analytic solution of the Prandtl boundary layer equations. We refer the reader to [1, 10, 17, 28,
35, 36, 37, 39, 47, 51, 52] for the well-posedness theory for the Prandtl equations, to [14, 26, 18, 38] for the
identification of ill-posed regimes, and to [19, 20, 21, 22, 23] for recent works which show the invalidity of
the Prandtl expansion at the level of Sobolev regularity. In [52, 53] Sammartino-Caflisch carefully analyze
the error terms in the expansion (1.6), and show that they remain O(y/v) for an O(1) time interval, by
appealing to real-analyticity and an abstract Cauchy-Kowalevski theorem. This strategy has been proven
successful for treating the case of a channel [40, 34] and the exterior of a disk [S]. Subsequently, in a
remarkable work [44], Maekawa proved that the inviscid limit also holds for initial datum whose associated
vorticity is Sobolev smooth and is supported at an O(1) distance away from the boundary of the domain. The
main new device in [44] is the use of the vorticity boundary condition in the case of the half space [2, 43],
using which one may actually establish the validity of the expansion (1.6). Using conormal Sobolev spaces,
the authors of [55] have obtained an energy based proof for the Caflisch-Sammartino result, while in [12, 13]
it is shown that Maekawa’s result can also be proven solely using energy methods, in 2D and 3D respectively.
More recently, Nguyen-Nguyen have found in [S0] a very elegant proof of the Sammartino-Caflisch result,
which for the first time completely avoids the usage of Prandtl boundary layer correctors. Instead, Nguyen-
Nguyen appeal to the boundary vorticity formulation, precise bounds for the associated Green’s function,
and an analysis in boundary-layer weighted spaces. In this paper we use a number of estimates from [50],
chief among which are the ones for the Green’s function for the Stokes system (see Lemma 3.4 below).
Lastly, we mention that in a recent remarkable result [16], Gerard- Varet-Maekawa-Masmoudi establish the
stability in a Gevrey topology in x and a Sobolev topology in y, of Euler+Prandtl shear flows (cf. (1.6)),
when the Prandtl shear flow is both monotonic and concave. It is worth noting that in all the above cases
the Prandtl expansion (1.6) is valid, and thus the Kato-criterion (1.5) holds. However, in general there is a
large discrepancy between the question of the vanishing viscosity limit in the energy norm, and the problem
of the validity of the Prandtl expansion. It is not clear to which degree these two problems are related.
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Finally, we mention that the vanishing viscosity limit is also known to hold in the presence of certain
symmetry assumptions on the initial data, which is maintained by the flow; see e.g. [4, 27, 32, 41, 42, 45,
48, 49] and references therein. This symmetry implies that the influence of the Prandtl layer to the bulk flow
is weak, and thus in these situations the vanishing viscosity limit may be established by verifying Kato’s
criterion (1.5). Also, the very recent works [15, 25, 24, 29] establish the vanishing viscosity limit and the
validity of the Prandtl expansion for the stationary Navier-Stokes equation, in certain regimes.

The main goal of this paper is to bridge the apparent gap between the Sammartino-Caflisch [52, 53] and
the Maekawa [44] results, by proving in Theorem 3.2 that the inviscid limit in the energy norm holds for ini-
tial datum wp which is analytic in a strip of O(1) width close to the boundary, and is Sobolev smooth on the
complement of this strip. Evidently, this type of data includes the one considered in [44, 52, 53]. Informally,
one expects analyticity to only be required near the boundary in order to control the catastrophic growth of
boundary layer instabilities, and we confirm this intuition. To the best of our knowledge, our result estab-
lishes the inviscid limit in the energy norm for the largest class of initial data, in the absence of structural
or symmetry assumptions. Theorem 3.2 is a direct consequence of Theorem 3.1, which establishes uniform
in v bounds on the vorticity in a mixed analytic-Sobolev norm. In order to prove Theorem 3.1, we use the
mild vorticity formulation approach of Nguyen-Nguyen, which avoids the explicit use of Prandtl correctors,
and instead relies on pointwise estimates on the Green’s function for the associated Stokes equation [50,
Proposition 3.3]. The main technical difficulty we need to overcome is the treatment of the layer where the
analyticity and the Sobolev regions meet. It is known that analytic functions are not localizable, and that
the Biot-Savart law is non-local. Thus, one cannot avoid that the analytic and the Sobolev regions commu-
nicate. In order to overcome this difficulty we consider an analyticity radius with respect to both the = and
y variables, which vanishes in a precisely controlled time-dependent fashion at an (O(1) distance from the
boundary. Moreover, since we cannot afford a derivative loss in the Sobolev region, this estimate is carried
over using an energy method, with error terms arising to the spill into the analytic region. Compared to [50],
we employ several simplifications which provide additional information on the solution of the Navier-Stokes
equations in the boundary layer. First, we remove the need for the time dependent weight function, thus not
allowing time dependent bursts of vorticity in the secondary boundary layer of size /vt from [50]. Second,
since our solutions are no longer analytic away from the constant sized strip, we no longer require them
to decay exponentially as y — oco. Lastly, the approach considered here allows a wider choice of weights
functions in the analytic norm (cf. Remark 2.1 below) which may be used to provide a detailed information
about the degeneration of the vorticity as ¥ — 0 in a suitably defined boundary layer.

This paper is organized as follows. In Section 2 we introduce the analytic norms X and Y and the
Sobolev norm Z used in this paper. Section 3 contains the statements and the proofs of our main results,
Theorems 3.1 and 3.2. For this purpose, we also recall there the integral representation of the vorticity
formulation of the Navier-Stokes equations, and we collect in Lemmas 3.7, 3.8, 3.9, and 3.10 the main
analytic and Sobolev estimates needed to establish our main results. These lemmas are then proven in
Section 4 for the X -norm, Section 5 for the Y-norm, Section 6 for the nonlinear terms, and Section 7 for
the Sobolev norm.

2. Functional setting

2.1. Notation.

e We use f¢(y) € C to denote the Fourier transform of f(x,y) with respect to the = variable at
frequency £ € Z, ie. f(2,y) = D ¢ey fe(y)et™s. We also use the notation u; ¢(y) or (u;)¢(y) for
the Fourier transform of u; in x for¢ = 1, 2.

e Re z and Im z stand for the real and imaginary parts of the complex number z.

e For ;1 > 0 we define the complex domain 2, = {z € C: 0 <Rez < 1,|Imz| < pRez} U {z €
C:1<Rez<1+py,|[Imz| <1+ u—Rez}, which is represented in Figure 1. We assume that
p < po, where pg € (0,1/10] is a fixed constant.
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FIGURE 1. Representation of the complex domains €2, and Q for 0 < p < fi.

e For y € ), we represent exponential terms of the form eco(I+n—Rey)+[€] gimply as eo(1TH—v)+[¢],
That is, in order to simplify the notation we write y instead of Re y at the exponential.

e We assume that v € (0, 1] and ¢ € (0, 1] throughout.

e The implicit constants in < depend only on g and 6y (cf. (3.10)), and are thus universal.

2.2. Norms. In this paper, we use norms which capture the features of a solution that is analytic near
the boundary and is H* smooth at an O(1) distance away from it. We include two types of analytic norms:
the L™ based X norm and the L' based Y norm, defined in (2.3) and (2.4) respectively. Before these
definitions we introduce some notation.

For a sufficiently large constant v > 0 to be determined in the proof, which depends only on 1y and the
size of the initial datum via the constant M in (3.1), throughout the paper we let ¢ obey

Ho
te (0,27> . 2.1

In order to define the weighted L°° based analytic norm X, we introduce the weight function w: [0, 1+
wo] — 10, 1] given by
Vo 0<y <\
w(y) =gy WVr<y<l 2.2)
1 1<y <1+ po

and use it to define a weighted analytic norm, with respect to y, as

1fllzge, = sup w(Rey)|f(y)]
yEQu

for a complex function f of the variable y € €2,. Throughout the paper, in order to simplify the notation we
write w(y) instead of w(Rey).

Let g € (0,1) be a sufficiently small constant to be determined below, which only depends on the
parameter 6y in (3.10). Moreover, let o € (O, %) be a fixed constant. Using the £7°, norm, we define

1fllx, = 2”660(1+u*y)+\5|f£||cﬁ?y ,
ez
and then, with ¢ as in (2.1), we define the analytic X norm as
[fllx@ = sup ( > 0L flix, + D (wo—p— vt)l/%"‘llf?i(y@y)ijIXM) . (23)
H<po=7t \g<i i<t itj=2

We state in Lemma A.3 a useful analyticity recovery estimate for the X, norm.
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REMARK 2.1. Throughout the paper, the following properties of the weight are needed:
(@) w(y) Sw(z)fory <z,

~

(b) w(y) Sw(z)for0<y/2<z<1+ g,
© v Sw(y) S 1fory € 0,1+ p,
(d) y S w(y) fory € [0,1 4 po]

Yy

(e) w(y)e 7 < /v fory € [0,1 + o] where C' > 0 is sufficiently large constant, depending only
on 6 in (3.10).

It is easy to check that the weight w in (2.2) satisfies (a)—(e). We justify (e) by simply distinguishing the
cases y < /v and y > /v separately.

Note that, by the above statement, there are other weights for which Theorem 3.1 holds. For instance,
we may take

w(y) = min{yre®7, 1}

for a sufficiently large universal constant C'. Note that this weight is larger than (2.2), up to a multiplicative
constant, and that it satisfies (a)—(e) above.

Next, we define the analytic L' based norm. For a complex valued function f defined on s let

fllzr = sup ||fll L2 a0,) -
[palyst e (520)

Using £, we introduce

1flly, =D lletrm+ Rl g
3
and then for ¢ as in (2.1) we define the analytic Y norm by

1y = sup < Y lloswa)’ sy, + Z(Mo—M—’Vt)aHai(yay)ijy). 2.4)

H<to=7t Ng<i <1 =2

Note the different time weights when comparing the highest order terms in (2.3) and (2.4). We refer to
Lemma A .4 for a useful analyticity recovery estimate for the Y}, norm.
We also define a weighted L? norm (with respect to both = and ¥) by

Hf”% = H?Jszﬁ(yzuz) = ZH?Jf&H%z(yzyz)
3

and a weighted version of the Sobolev H?> norm as

Ifll, = > [[05a5fl -

0<i+5<3

Further below, it is convenient to also use a weighted L? in 3, ¢! in £ norm S,, given by

15, =D Ny fell2gorp -
:

Lastly, for fixed 10,y > 0, and with ¢ which obeys (2.1), we introduce the notation

lwlle = llwllx ) + llwlly @ + [wllz

for the cumulative time-dependent norm used in this paper.
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3. Main results

We denote by w = V= - u the scalar vorticity associated to the the velocity field u, where V+ =
(—0y, Oz). The following is the main result of the paper.

THEOREM 3.1. Let pg > 0 and assume that wy is such that
Z H@jc(yaz,,)]woHXM0 + Z Ha;(yay)fonY% + Z H@;(yay)JwOHS <M < oo. 3.1
i+5<2 i+j<2 i+j<4
Then there exists a vy > 0 and a time T > 0 depending on M and pg, such that the solution w to the system
(3.4) satisfies

sup [lw(t)]l < CM. (3.2)
te[0,7)

The above result immediately implies the following statement.

THEOREM 3.2. Let wqg be as in Theorem 3.1. Denote by u” the solution of the Navier-Stokes equation
(1.1)—(1.4) with viscosity v > 0, defined on [0,T], where T is as given in Theorem 3.1. Also, denote by u
the solution of the Euler equations with initial datum wg, which is defined globally in time. Then we have

lim sup |[u”(t) —a(t =0.
finy s 1) = 7)o

The proof of Theorem 3.1 is given in Section 3.4, while the proof of Theorem 3.2 is given in Section 3.5.

REMARK 3.3. Note that the condition on the initial datum in both theorems depends on v since the first
norm in (3.1), the X norm, depends on it. However, it is easy to find sufficient v-independent conditions
which guarantee the bound. For instance, by using w(y) < 1 we see that a sufficient condition for

A A M
Z Ha;(yay)]WOHXuo S ?
i+5<2
to hold is that
eo(1+uo—y)+1€| 5t J M
2 2| supfe Aela (40, Yene(w)] ) < (33)
i+j<2 cez Yo

for a sufficiently large universal constant C' > 0. A sufficient condition for (3.3) is

S

3=/ yEQﬂO
where fig > po.

3.1. Vorticity formulation. In this paper, we use the vorticity formulation of the Navier-Stokes equa-
tions (1.1)—(1.4). Taking the curl of the momentum equation (1.1), i.e. by applying V- to it, gives

wt+u-Vw—vAw =0, (3.4)

where u is recovered by the Biot-Savart law u = V+A~lw. The boundary condition in this setting was
introduced in [2, 43, 44] and is given by

v(0y + |0:)w = 0y A (u - Vw)ly—o - (3.5)

The condition (3.5) follows from dyu1|,—o = 0, the Biot-Savart law, and the vorticity equation (3.4).
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3.2. Integral representation of the solution to the Navier-Stokes equations. For £ € 7Z, denote by

N{(S,y) - _<u ’ vw)ﬁ(say)

the Fourier transform in the x variable of the nonlinear term in the vorticity formulation of the Navier-Stokes
system. Also, let

Be(s) = (0,07 (u - Vw))e(s)ly=0 = —(9yA¢ " Ne(s))ly—o ,
where
Ag = —52 + 8;
is considered with a Dirichlet boundary condition at y = 0. After taking a Fourier transform in the tangential
x variable, the system (3.4)—(3.5) may be rewritten as

Oywe — VAgwe = Ne
v(0y + [§])we = Be , (3.6)

for & € 7. Denoting the Green’s function for this system by G¢(t,y, z), we may represent the solution of
this system as

o] t proo t
we(t,y) = /0 Ge(t,y, 2)woe(2) dz + /0/0 Ge(t — s,y,2)Ne(s, z) dzds + /0 Ge(t — s5,y,0)Be(s) ds,
3.7

where w¢ (2) is the Fourier transform of the initial data. A proof of this formulation can be found in [50].
The next lemma gives an estimate of the Green’s function G¢ of the Stokes system. For its proof, we
refer to [50, Proposition 3.3 and Section 3.3].

LEMMA 3.4 ([50]). The Green’s function G¢ for the system (3.6) is given by

G = He + . G.3)
where
2| 1 (=) (y+2)? 5
He(ty,z) = —— (e mt e wi ) et (3.9)
Vt

is the one dimensional heat kernel for the half space with homogeneous Neumann boundary condition. The
residual kernel R¢ has the property (0y — 0;)Re(t,y, z) = 0, meaning that it is a function of y + z, and it
satisfies the bounds

k < pk+1,—6ob(y+2) 1 _gywEn? el
|8ZR§(t,y,Z)| SV e + W@ vt e 8 k € Ny, (3.10)

where 0y > 0 is a constant independent of v. The boundary remainder coefficient b in (3.10) is given by

b—b<s,u>—r§\+$

The implicit constant in (3.10) depends only on k and 0.

REMARK 3.5. Based on (3.10), the residual kernel R satisfies

9,)F Re (t < b ((yb)* + 1)e boby+2) Y 1 1 ,go(ytif)z u.s;t
W y) §( 92| 50 (Gh) Je * Vit * vt ¢
20 z 2 v 2
< po- Db+, L fEa? e o

~ \/;t

for k € {0, 1,2}, pointwise in y, z > 0.
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REMARK 3.6. As explained in [50], the Duhamel formula (3.7) holds not just for real values of y, z €
[0, 00) but in general for all complex values y,z € §, U [1 + p,00). In this case, for y € 2, we may
find 6 € [0, 1) such that y € 9Qy. If Imy > 0, the integrals from 0 to co in (3.7) become integrals over
the complex contour v, = (9 N {z: Imz > 0}) U [1 + 6,00). A similar contour may be defined for
Imy < 0. Moreover, the Green’s function G¢(t, y, ) from Lemma 3.4, which appears in (3.7), has a natural
extension to the complex domain €2, U [1 + p, 00), by complexifying the heat kernels involved. Since for
y € Q,, we have [Imy| < pRey, for ;1 small, we have that |y| is comparable to Rey. Therefore, the upper
bounds we have available for the complexified heat kernel H ¢ and for the residual kernel B¢ may be written
in terms of Re y, Re z > 0. Because of this, as in [50], when we prove inequalities for the analytic norms X
and Y we provide details only for the case when y and z are real-valued. The complex versions of (3.7) and
Lemma 3.4 only lead to notational complications due to integration over complex paths, and due to having
to write Re y, Re z at the exponentials in all upper bounds. We omit these details.

3.3. Main estimates. We denote

1

pr =t (o — p—s) (3.12)
1

p2 =+ 5 (o — p—7s) (3.13)

and observe that
0<p<pr<pg<po—2s.

LEMMA 3.7 (Main X norm estimate). With p; and po as in (3.12) and (3.13), the nonlinear term in
(3.7) is bounded in the X, norm as

(mo —p—7s) Y
i+j=2
+ >

9 (y0, )’ / Gt — 5,9, 2)N(s, 2) dz
<1 0 11

. , 1 L
S 10 (y9y)? N ()]l x,,, + 1020)N (s)|s,., - (3.14)

afzﬂ(yay)J/O G(t_ S, Y, Z)N(S,Z) dz

Xy

X

The X, norm of the trace kernel term in (3.7) is estimated as
(o —n—ns) D [|0.(y0, ) G(t —5,5,0)B(s)|
i+j=2
+ 3 [0 waY Gt 5,9,00B(s)]|
i+j<1
1
Vi—s

Lastly, the initial datum term in (3.7) may be bounded in the X, norm as
i+y<2

S Z Ha;(yay)jWOHXqu Z aniaiw(JgHL"o(yZlJru)‘

i+j<2 i+j<2 ¢

S D NNy, + 1N ls,, | + D[N G)] ., - (3.15)
i<1

i<1

9% (y,)’ / G(t,y, 2)wo(2) d
0 X,

The proof of Lemma 3.7 is given at the end of Section 4.
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LEMMA 3.8 (Main Y norm estimate). Let 111 be as defined in (3.12). Then the nonlinear term in (3.7)
is bounded in the Y,, norm as

(o —p—7s) >
itj=2
+ >

ai(y(?y)j / G(t —s,y,2)N(s,z)dz
i+5<1 0

S ) @A) NSy, + Y 025N (3]s, - (3.16)

i+j<1 i+j<1

0% (y, )’ / Gt — 5,9, )N (s, 2) d
0 Y,

Y# 1

The Y, norm of the trace kernel term in (3.7) is estimated as
(o = =78) Y 0.0V G(t = 5.5,0B()|y, + Y 020, Gt~ 5,9.0)B(s)]|,
i+j=2 1+j<1
S (10N (), + 19N (9)]]s,,) - (3.17)
i<1
Lastly, the initial datum term in (3.7) may be bounded as
> ooy [ Gty 2l dz
i+j<2 0

SO 0L woy Y wollyv, + D D € H woell iy 1p - (3.18)

i+5<2 i+i<2 €

Yy

The proof of Lemma 3.8 is provided at the end of Section 5. The next lemma provides inequalities for
the nonlinearity.

LEMMA 3.9 (The X, Y, and S, norm estimates for the nonlinearity). For any i € (0, jig — ys) we
have the inequalities

> 0w N(s)llx, S (10wwly, + 10wlls,) Y 19540, Y wlx,

i+j<1 i<1 i+5<2
+ 3 (0iwlly, + 10iwlls,) S 10540,V wlx,
i<2 i+5<1
+lwllx, > 1050y wlx, (3.19)
itj=1
and
ST 0LwaY Ny, £ 3 (10iwlly, + 10iwls,) S 1054d,) wly,
i+i<1 i<1 145 <2
+3 (0iwly, + 10iwlls,) > 1105y, wlly,
i<2 i+j<1
+ lwllx, Z 105 (y0y Y wlly, -
itj=1
For the Sobolev norm we have the estimate

S ooV Glg, £ bl Y 050l 320)

i+j<1 i+5<3
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The proof of Lemma 3.9 is given at the end of Section 6. Lastly, the following statement provides the
estimate of the Sobolev part of the norm.

LEMMA 3.10. Forany 0 <t < ’2‘—0 the estimate

5 IR0z S (10 s B E)eC 000 O S 00l
i+j<3 S i+j<3

3.21)
holds, where C' > 0 is a constant independent of .
This statement follows from Lemma 7.2 below.

3.4. Closing the a priori estimates. In this section, we provide the a priori estimates needed to prove
Theorem 3.1.

PROOF OF THEOREM 3.1. Define
M=) 119.(ydy) wollx,, + Y D _100)wngllzo (10

i+5<2 i+5<2 ¢
and
M=) 1105(ydy) wollv, + > D 1050wl 10 -
i+5<2 i+j<2 ¢
Note that by (3.1), (6.23) below, and Lemma A.1, we have
M+M<M.

Lett < ’5—2, s € (0,t), and p < po — yt. First we estimate the X (¢) norm of w(¢). From the mild
formulation (3.7), the estimates (3.14)—(3.15), and the bounds (3.19)—(3.20) for the nonlinear term, we
obtain

: : ' Jloo ()2 1 Jloo () U2 v
0% (ydy )Y w(t §/< 2 + z )ds—i—M
zgiz“ AP, o \(uo—p—ys)¥2re =t —s (no — p—ys)'+e
<swm<ww( : + 1 )+M
~ w
0<s<t "\ (o — p = At)/2e Ao — p— t) /2
su wi(s 2 —
< Po<s<t flw( )1|k+a M,
V(o — p—71)
where we used Lemma A.2. Similarly, we obtain

Jleo(s)112 1 Jleo(s)112 v
Z H@ (y0y) Tw(t qu /((NO—# 73)1/2+°‘+\/E(uo—u—’)/s)a>d8+M

1+5<1

(3.22)

< SUPo<s<t lw(s)II3

~ \//_7
where we again used Lemma A.2. Combining (3.22) and (3.23), we obtain

< SUPg<s<t |||°J(5)”|g

Val
Next we estimate the Y (¢) norm of w(t). From the mild formulation (3.7), the estimates (3.16)—(3.18),
and the bounds (3.19)—(3.20) for the nonlinear term, we obtain

+M, (3.23)

oo ()] o) +M. (3.24)

I3

Z Ha;(yay)]w(t)uy 5 /t( |||w(5)”|§ dS—i—Mrg SUPg<s<t mw(3> s
" 0

+M. (325
52 po — pp = ys)tte (o — p—t)*
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For the lower order derivatives we obtain

i( t w(s)]? — _ supg<<t Jw(s)lE | —
S optwopeoly, 5 [ oA gy ar g MmOy g
i1 0—H—=7 v

By combining (3.25)—(3.26), we arrive at

2
oo () lly ) S o=t Ol | 57 (3.27)

v

To conclude, let

M Z ||axayw0HL2(y>1/4) S M.
i+5<3

Recall that the Sobolev estimate (3.21) yields

sup,epo g lw(s) I3 C (14sup,e o g o))
w(t < |1+ s€[0,¢] M (3.28)
lw(®)]l ( A

and this inequality holds pointwise in time for ¢ < ‘2‘—}; The constant C' and the implicit constants in < are
independent of ~.
Combining (3.24), (3.27), and (3.28), and taking the supremum in time for ¢ < 5—2, we arrive at

2
C'supye, 2o [l ®)ll7

sup [lw(t)[l < C(M + M) +
t€[0,5% V4l

3/2
. SUP,crp 20 [|w(t Cuo
cenr 14 tE[O,QS\}Fﬂ/‘ @)z . (14sup, . o, 0,40 llw@®)le) |

where C' > 1 is a constant that depends only on /. Usmg a standard barrier argument, one may show that
if 7y is chosen sufficiently large, in terms of M M, M , o, We obtain

sup [lw(t)[ls < 2C(M + M + M),
telo, “0}

concluding the proof of the theorem. O

REMARK 3.11. In order to justify the above a priori estimates, for each 6 € (0, 1], we apply them on
the approximate system
wi+ 1’ Vw — vAw =0, (3.29)
where u’ is a regularization of the velocity in the Biot-Savart law (6.2)-(6.3). The boundary condition
(3.5) becomes v(d, + |9;|)w = 9yA™ (u® - Vw)|,—o, and the initial condition is replaced by an analytic
approximation. The regularized velocity u® is obtained from w by a heat extension to time J, using a
homogeneous version of the boundary condition (3.6), and then computing the Biot-Savart law for this
regularized vorticity. Now, in order to justify our a priori estimates, we approximate the initial datum wy
with an entire one wg. We may show using the approach in this paper that the system (3.29) with entire
initial data has a solution which is entire for all time. Then, we perform all the estimates in the present paper
on (3.29), obtaining uniform-in-d upper bounds for the norm || - |, for all ¢ € [0, ’2‘—2) thus allowing us to
pass those bounds to the limit § — 0.
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3.5. Inviscid limit. This section is devoted to the proof of Theorem 3.2.

PROOF OF THEOREM 3.2. LetT" > 0 be as in Theorem 3.1. In view of the Kato criterion [30], we only
need to consider

T T
y// \Vu|2dxdyds:y// |w|? dzdyds
0JH 0JH
T T
—V// |w\2d:cdyds+v// |w|? dxdyds
0/{y<1/2} 0J{y>1/2}

T T
< ﬁ/o Z ”eeo(l—ym&lw(y)wg(s)||Loo(y§1/2)||eeo(1—y)+|§\w£(s)||L1(y§1/2) ds + 1//0 ||w(8)\|?9 ds
13

g T
SV [ ) (@)l ds v [ o)l s

<SVvCM.
Here we used that /v < w(y) and have appealed to the bound (3.2). By [30] it follows that the inviscid
limit holds in the topology of L°°(0, T’; L*(H)). O

4. Estimates for the X analytic norm

Throughout this section we fix ¢ > 0 and s € (0,¢) and provide the X norm estimate of the three
integrals appearing in (3.7). We first consider the kernel

1 (y—2)?2
He(t.y.2) = e "o,

In the following lemma, we estimate the derivatives up to order one of the integral involving the nonlin-
earity.

“4.1

LEMMA 4.1. Assume that p and ji obey the conditions

~ ~ 1
0<p<p<po—7s, M—M25(uo—,u—’78), 4.2)
for some constant C > 1. Then, for (i,j) = (0,0), (1,0), (0, 1), we have

8;(y8y)j/0 H(t —s,y,2)N(s,z)dz

Xu

S 10:(w0y) N (s)lx; + IN(s)llx; + E ZH(‘W NMirzgzrem - @3)

(u’ys

REMARK 4.2. Inspecting the proof of Lemma 4.1 below, we note that only the following properties of
the kernel He(y, z,t) are used. First, we use that either 0y H¢(y, z,t) = 0.H¢(y, 2,t) or OyHe(y, 2,t) =
—0,H¢(y, z,t), the property allowing us to transfer y derivatives to z derivatives. For the terms /; and I
we use

Lerr S 1, (4.4)

w Yy
HX{ogyg1+u}X{ogz§3y/4}wE$(|H£(t7?/, 2)| + [ydy He(t, y, 2)|)

for the term I3 we need

OV F (1, y, 2) H <1, (4.5)

~Y
LgL}
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while for the term I, we additionally use

_ 1
"X{OSySl—i—u}X{zEl-{-ﬁ}eEO(z y)+|§IH€ (tv Y, Z) HL°°L2 S = (4.6)
vz w—=p
~ 2
Observe that the kernel H¢(t,y,2) — He(t,y,2) = ief(yzut) e~€" also obeys these three pro erties,
3 3 N y prop

and thus Lemma 4.1 holds with H (¢, y, z) replaced by H(t,y,2).
PROOF OF LEMMA 4.1. Lety € €,,. For simplicity, we only work with y € R; an adjustment for the
complex case is straight-forward and leads only to notational complications.
We start with the proof of (4.3) in the case (i,7) = (0,1). Let¢): RT — R™ be a smooth non-increasing
cut-off function such that ¢)(z) = 1 for 0 < z < 1/2, and ¢(z) = 0 for x > 3/4. We first decompose
o
yay/ He(t — s,y,2)Ne(s, 2) dz
0
o
= —y/ 0. He(t — s,y,2)Ne(s, z) dz
0

= —y/o P (;) azHg(t - S,yjz)Ng(S,Z) dz

_ y/ooo (1 — <;>> 0. He(t — s,y,2)Ne(s, ) dz

3y/4 3y/4
— _y/ ! 0 <Z> 0. He(t — s,y,2)Ne(s, 2) dz —/ ! Y <Z> He(t —s,y,2)Ne(s,z)dz
0 Yy ]

/2 Y
1+p > 00
+y/ <1—w <>> He(t —s,y,2)0.Ne(s,z)dz +y He(t — s,y,2)0.Ne(s, 2) dz
y/2 Y I+p
=hL+DL+I3+1. 4.7)

The first three terms represent contributions from the analytic region and the last term from the Sobolev
region.
In order to bound I, we compute the derivative of H¢ as

2
yO:He = —ydyHe = y2(yy( t__zi) = (2_ S)eme—”fz“—s) : (4.8)
By
ly| < 4ly — z|, ngg% (4.9)
we arrive at
WO He| S e e << Y (4.10)
V(t—s) 4
and therefore
2
FEIpS 039/4 \/ﬁe_me_”g(t_s)\]\fg(s, z)|dz . 4.11)
Next, we claim that the weight function obeys the estimate
y=2)? 3
w(y) < w(z)edvi=s), 0<z< R (4.12)
In order to prove (4.12) we use that t — s < 7" < 1 and estimate
_ =% ¥ R __y_
w(y)e S <w(y)e T <w(y)e =6 Sw(y)e OV SV, (4.13)



14 I. KUKAVICA, V. VICOL, AND F. WANG

where we used (4.9) in the first and Remark 2.1(e) in the last step. Then (4.12) follows from /v < w(z) by
Remark 2.1(c). Using (4.11), (4.12), and

ecoltr—y)+lgl < 660(1+M—2)+\§|’ 0<z<uy, (4.14)
we obtain
3y/4 :
|eeo(1+u—y)+|£\w(y)m </y/ eeo(1+u—Z)+I£|¥e 1(&@)5)6 Vg2 (t—s) w(z)|Ne(s, 2)| dz
0 Vr(t—s)

(y—2)?2

< [ Ne(s) e T d

H /001

< INE(3)ll e,

Summing in € yields the bound

1llx, <IN (), - (4.15)
Next, we consider the term I on the right side of (4.7). Since ||¢/|| < 1, we directly obtain
s [ LS e I (s, ) e

y2  (t—s)

which shows that Is obeys the same estimate as I (cf. (4.11) above). Since the regions of integration also
match, the same proof as for (4.15) gives

[L2]lx, < IN(s)l|x, -
The term I3 in (4.7), which we recall equals
1+p >
I3 = y/y/2 <1 — ) <y>> He(t —s,y,2)0.Ne(s, 2) dz , (4.16)

is treated slightly differently. Since z > y/2 we may trade a power of y for a power of z, and we also have
w(y) < w(z) for z > y/2 by Remark 2.1(b), where the implicit constant is independent of v. Therefore,

113]|x, = Z sup w( eo(l+u*y)+\€|’]3’
g Ve

144
S Z sup / 650(1"'“_?’)*'5‘}[5(75 —5,y,2)w(z)|20;Ne¢(s, 2)| dz .
¢ Ve Jy/2

Now, we use

e0tr—y)+lEl < geo(ltn—2)+[¢l geo(z—y)+[¢] < efo(l-ﬂl—zh|E\560(11—2)2/2'/(75—5)e€oVE2(1ﬁ—5)/27 4.17)

which follows from

€2a|§| < eaQ/c€c§2 (4.18)
with suitable a, ¢ > 0. Choosing € sufﬁciently small, we obtain
L (y—2)
|‘[3HX;L N Z Seugg) //2 t s e T 8u(t— s)e*ljg (t—s) 60(1+M z)+€| ( )|282N£(S,Z)|d2’

yeion Jy -
12N, [ e
= z S X 76 v(t—s Z,

’ " Jo v(t—s)

whence
113]x, S [120:N(s)x, - (4.19)
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It remains to estimate the term I, in (4.7), which we recall equals
o0
L=y He(t —s,y,2)0.Ne(s, 2) dz.
T4p
Using Remark 2.1(a) and (c), the bound (4.17), and choosing ¢, sufficiently small, we obtain

00t r=9)+1Ely ()| 14

1+p 1 (=22
5/ _ L ol o ) e0UFH=2)+18ly (2)]28, Ne (s, 2)| dz
L VA 9) ”C

Yy—=z 2
o)+ Il i ¢ vE-9) |9, N (s, )| d=

1
b e
147 \/V(t—s)
1—‘1—}7 1 (y 7z)2

< |20, Ne(8)]] oo —¢ &9 dz
|| z 5( )H[:ﬁ,u i \/ﬁ

(y—2)2

(E—w)?
6 T T6v(t—s) g IOV(t S)|8 Ng(s Z)|dZ

*° 1
14+ Vvt —s)

A—p 1/2

e T 16v(t—s) oo (y*Z)Q

< H28 Ng )‘|£oo + m . t S e T Bu(t—s) (z ”82N§<372)HL2(321+17)
i —

1

m [10-Ne(s, 2)|[ 12

N ||z3zNg(S)||£%?U + (z>1471) *

Taking a supremum over y € €2, summing over £, and recalling the definition of /2 in (4.2), we deduce

1
Hallx, S [120:Ne(s)ll x, + N/ 25: 10=Ne (8, 2)|| 1225 147) -

This concludes the proof of (4.3) with (7, 5) = (0, 1).

Next, we note that the estimate (4.3) for (7, j) = (1, 0) follows from the bound (4.3) with (4, j) = (0, 0),
by applying the bound to 9, N instead of N. Therefore, it only remains to establish (4.3) for (7, j) = (0,0).
With ¢/ as above, we decompose the convolution integral into three integrals as
oo
/ He(t — s,y,2)Ne(s,z) dz
0
3y/4 p 14+-p Py
:/ P () He(t — s,y,2)Ne(s, 2) dz+/ <1—1/1 ()) He(t — s,y,2)Ne(s,2) dz
0 Yy y/2 Yy
oo
+ He(t — s,y,2)Ne(s, 2) dz
1+p
=J1+Jo+ J;3. (4.20)

Upon inspection, J; may be bounded in exactly the same way as the term I; earlier, which gives the bound
I llx, S 1IN,
On the other hand, J5 is estimated exactly as the term 5 above, and we obtain
1 2]l x, S IN(s)llx, -
Lastly, J3 is bounded just as I, by splitting the integral on [1 4 , 00) into an integral on [1 + u, 1 + ;2] and
one on [1 + fi, 00). This results in the bound

1
HJ:%HXM S HNé(S)Hxﬁ + \/ﬁ Z HN§(37Z)HL2(221+,7) )
3



16 1. KUKAVICA, V. VICOL, AND F. WANG
concluding the proof of the lemma. O
LEMMA 4.3. Let pu < ji obey (4.2). For (i,7) = (0,0),(1,0), (0, 1), we have

kmwwl Rt — 5,1y, )N (s, 2) dz

X
1

(o — p— s

S 195 (50, N () x; + IN ()l + e > 1929 Nell 2117 - (4.21)
3

PROOF OF LEMMA 4.3. In order to establish (4.21), it suffices to verify the assumptions in Remark 4.2
for the kernel R¢(t,vy, z). We recall that 0y Re(t,y,2) = —0,R¢(t,y, z), which is necessary to change y
derivatives to z derivatives. First fix y € [0,1 + p] and z € [0, 3y/4]. Then, since w(z) 2 /v, from (3.11)
we have

1 1 Z2 l/2
SO Ret 20| + o et 2)) £ B (e o e 50

w(z) w(z) vt
< w(y) (be‘?b(wz) n 169201,2;,-42) , (4.22)
N2 vt
Next, we use b > ﬁ_l and thus by Remark 2.1(e) we have
]
L e s D (4.23)

N
provided that C' is sufficiently large (in terms of 6p). Similarly to (4.13), using Remark 2.1(e) and the fact
that ¢ < 1 we have

0gbz 022
Using that ||be™ 4 |22 < 1and ”Tlite_% 21 < 1, the condition (4.4) for R follows.
In order to verify the condition (4.5), we use that b > |¢|, and provided ¢ is sufficiently small in terms
of 8y, we obtain from (4.18) that

e€°(zfy)+|g‘]R5(y,z,t)| < ec0(z—y)+ €] <be€0bz I P

Vvt
1 00 22 et 1 6y 22
< pem2%0b7 4 e0lll =P ) e R
Vit
1 1 (4 z2
< pe20%00% 4 et
Vvt

and (4.5), for this kernel, follows by integrating in z. Finally, we check (4.6). For this, lety € [0, 1 + u] and
z > 1+ . Then

0V €| R (y, 2, 1)) S e0lz—)+ I <be—90b(y+z) n 16—95’%6—”%%)

Vit
2\ 1/4
< b@_%eobz + 71 e_%)é < be_%eobz —+ 1 c 6_%%
~ Vvt ~ (vt)1/4 \ vt
2
<pl2e—toorsy 1 e (4.24)

(Vt)1/4 €
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where we used z > 1 + i > 1 in the third inequality. Finally, note that the L? norm of the far right hand
side of (4.24) over [1 + 1, 00) is less than a constant. O

Next, we consider the trace kernel.

LEMMA 4.4. Let ji € (0, uo — vs) be arbitrary. For (i,j) = (0,0), (1,0), (0, 1), we have the inequality
1
Vt—s

10 (y0y) G(t = 5,5, 0)0:A7 N (s, 2)| =0, < (10N (), + 105N (s)lls,) + [|05N ()| ., -

(4.25)

PROOF OF LEMMA 4.4. For { € Z, the kernel G¢(t — s,y,0) is the sum of two trace operators

~ 2 2
Tt = 59) = At = ,0) = — s Rt (4.26)
1% — S
and
T2(t - Say) = Rf(t - 5>y70) .
Recall that
1 y? 2 y? 1 y? 2
Yo, T1(t — 5,y)| = ———=e P9 % (t=s) < e = ¢ VE ) (4.27)
V=) (=)~ ot =)
and
1 _% _u® ve2(t—s)
Tyt — s,9)| + |yd, Ta(t — 5,)| < be 3% 4 = PR (428)
1% — S

We first prove (4.25) in the case ¢+ = j = (0. Similarly to the equation (6.2) in Lemma 6.1 below, we
have the representation formula

(OZA_INg(s,z)) |z=0 = —/0 e_mzNg(s,z) dz

1+up 00
= / e KIZN(s,2) dz - / e CEN(s,2)dz =1 + I (4.29)
0 14+p

First we treat the 77 contribution. Using (4.13) and choosing ¢ sufficiently small, we have

‘660(1+H*y)+|£|w(y)T1 (t - S, y)‘[1|

1 v e Lu
< cc0(1H =) 4 €]y~ 5=y o2 (1—5) / e8| N (s, 2)| d2
~ t—s 0
L [T lelzgeole=u) il eo1umz) e
< e IS1Fef0FTYI ISl g0 THTZ)HISH N (5, 2)| dz
so—| [Ne(s, 2)
1 1+,u
< / eeo(1+u72)+|£\|N£(S )| dz
~ t—S Y )
0
leading to
1
T (t—s,y)l < N 4.30
ITa(t = 5.0y, § =N @)y, (430
upon summing in £. For the integral /5 in (4.29), we similarly use (4.13) and obtain the inequality
1 oo
et Bl () Ty (1 - 5,9)I2| S ﬁ/ [ Ne(s, 2)| dz
t—=5Ji4p ¢
1
S m ||ZN§(S7Z)HL2(Z21+M) ’
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implying
1
Vit—s

For the T contribution, appealing to (4.23) and using by/v = 1 + [£{|\/v < 14 [€|w(z) for any z > 0,
we have

ITh(t = s,9)2llx, S IN(s)lls,. - 4.31)

|e€0(1+;u7y)+|£‘w(y)beiéeobyfl’
14u
< ecoll+uy)+lély. /7 /0 e~ €5 | Ne (s, 2)| dz
14u
S / e~ Klzeotzmv)lelgcolltn=2)+l8l| N, (5, 2)| dz
0
14+p
+ / €| Eecolmu) el ol elelyy ()| Ne (s, 2)| dz
0
14u
</ e0WHn=2)4 ]| N (s, 2)| d
0

~

1+p
+/ me*%\&Izeeo(lwfznlé\w(z)|N£(S,Z)| dz .
0

The first of the above terms is estimated using the Y, norm, while the second one is bounded using the

1 . . .
X, norm. Here we use that H |Ele 2 €12 o < 1. The above estimate, combined with the fact that the second

z

term in the upper bound for 75 (cf. (4.28)) is estimated just as 11, leads to the bound

1
IV + IV, 432)

For the contribution from 75 to the second integral in (4.29) we use (4.23) and the bound /vb < 1+ [£], to
obtain

[T2(t = s,y) Nl x, <

‘eeo(1+u—y)+\Elw(y)be—éﬁobyb| < ecolltn=y)+ el /ppeIEl(1+1) /oo |Ne(s, 2)| dz
14p

S HZNS(S)HL2(2'21+;L) .

Again, since the second term in the upper bound for 75 (cf. (4.28)) is estimated just as 77 we obtain

1
HTQ(t - Say)IQHXH S m“yN(‘g)HLQ(yZl-‘r#) : (4.33)

Combining (4.30), (4.31), (4.32), and (4.33) concludes the proof of (4.25) when (i, j) = (0,0). For (i,5) =
(0,1), we use the fact that the conormal derivative of the kernel obeys similar estimates as the kernel itself,
which holds in view of (4.27) and (4.28). Lastly, for (4, j) = (1,0), the 0, derivative simply acts on the N¢
term in (4.29), and the above proof applies. (|

Finally, we estimate the first term in the mild representation of the solution (3.7).
LEMMA 4.5. Let u € (0, o — ~ys) be arbitrary. Fori + j < 2, the initial datum term in (3.7) satisfies
i+5<2

<D 0L woy Y wollx, + D D M€ 0wl o(yzip - (4.34)

i+5<2 i+j<2 ¢

%@%VAMGGWJMM@&

Xu
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PROOF OF LEMMA 4.5. Let: + j < 2. We recall from (3.8), (3.9), and (4.1) that
Gf(ta Y, Z) = Hf(t’ Y, Z) + Hf(tv Y, _Z) + Rf(t’ Y, Z) . (435)

Accordingly, we divide

(2" [~ 6t 2hen(e)a

¢
:/0 (if)i(yay)jﬂﬁ(tayaZ)Wo,g(z)dz+/0 (i) (yOy ) He(t,y, —2)wo e (2) dz
* /m(if)i(yay)jRé“(ta Y, 2)woe(2) dz
0

=J1i+Jo+ J3. (4.36)
We first treat the term J;. Using that

(y0y) =70 + 11—y,
and y < 1, we have, similarly to (4.7),

3y/4 . .
FARS /0 (99, He (t, 9, 2)| € |wne (=) d=
3y/4
e (e ()]
y/2 Yy
3y/4 e
s [ () \ He(t, . 2)[|0.00.6(2)] d
y/2 Yy

14+p o0
4 [ty e e+ [ |Hety.2)0une()] dz
y/2 I4u

¥ (y) D He(t,y, 2)| € [woe (=) d2

[e o]

1+p
4 / \He(t,y, ) ||0sw0.e(2)| dz + / |He(t,y, 2)||0swn. ()| d=
y/2 1+p

1+p .
* s [l 1 ()
Y

ey / He(ty 2l oo ()] dz
m

=Ju+Ji2+ Jiz+ Jia+ Jis + Jie + Jir + Jig + Jig . (4.37)

The terms J11, J12, and Jy3 are bounded in the same way as the term [; in (4.7) (see (4.11)—(4.15)), leading
to the first term in (4.34). The terms J14, J16, and Jig are estimated in the same way as the term I3 in (4.7)
(see (4.16)—(4.19)), and are bounded by the first term in (4.34). It is only the Sobolev contributions Jis5,
J17, and J1g which need to be treated differently than the term I, in (4.7), because here we do not wish to
increase the value of j to zi. These Sobolev terms are treated in the same way. For instance, for J15 we use
(4.17) and obtain

_)?
eOFR=Y)+1El ()| J 15 §/ 1 e€o(zfy)+|£\e*(y4%e*%’/fzt]agwog(z)] dz
1+p \/77t ’

[e.o]

(y

o1 _ )2
< ——e  wi |Pwye(2)]dz < ||02woe(2)|], o .
N/wm 0206(2)] d2 5 [|0%0.(2) | e o

(4.38)

Thus, the terms Jy5, Ji7, and Jig contribute to the second term on the right side of (4.34).
The second kernel in (4.35) is treated the same as the first. Likewise, the third kernel in (4.35) is a
function of ¥+ 2 and we may write the analog of the inequality (4.38) and the proof concludes similarly. []
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We conclude this section with the proof of Lemma 3.7.

PROOF OF LEMMA 3.7. Given p € (0, up—~t) and s € (0, t), recall that 11 and pz are given by (3.12)
and (3.13). By the analyticity recovery for the X norm, cf. Lemma A.3 below, the bound for the first term
on the left side of (3.14) is a direct consequence of the bound for the second term. Indeed, we have

Z 8;(y8y)3/0 G(t—s,y,2)N(s,z)dz
1

i+j=2 Xp

< -

o —p—s z.;l
The bound for the second term on the left side of (3.14) follows from Lemma 4.1, Remark 4.2, and
Lemma 4.3, applied with ;1 = pq and 1 = ps.

Concerning the trace kernel, the estimate for the first term on the left side of inequality (3.15) is a con-
sequence of the bound for the second term in (3.15), the analyticity recovery for the X norm in Lemma A.3,
and the increase in analyticity domain from g to p1. The bound for the second term on the left side of (3.15)
is a consequence of Lemma 4.4 with p = py.

Lastly, the initial datum term is bounded as in Lemma 4.5, which concludes the proof of the lemma. [J

0L0,P [ Gt sy N (s, dz
0

Xuq

5. Estimates for the Y analytic norm

LEMMA 5.1. Let i € (0, o — 7ys) be arbitrary. For (i,j) = (0,0), (1,0), (0, 1), we have
5i(yay)j/0 H(t—s,y,2)N(s,2)dz| < 105(y9y) N(s)lly,, + IN(s)ly,, + 10,09 N (5)]ls,. -

(5.1

Y

REMARK 5.2. Similarly to Remark 4.2, we emphasize that in the proof of Lemma 5.1 we only use
several properties of the heat kernel H¢(t,v,2). Examining the proof below, one may verify that these
properties are: The kernel should be either a function of y + z or y — z, and it should obey the estimates

| Xgo<y<1+pu X{o<o<ay/ay ([ He(t,y, 2)| + [y He (¢, y, 2)]) HL%/L;X) S (5.2)

It is direct to check that the kernel ﬁg(t, y,2) — He(t,y,2) = He(t,y, —2)

these two properties. Therefore, the bounds stated in Lemma 5.1 hold with H (¢,
kernel H (t,y, z).

0=+ IE F (¢, Z)‘

< 1. (5.3)

~

LiLg

_ (y+2)?
vt e

T V€% obeys
y, z) replaced by the full

PROOF OF LEMMA 5.1. Lety € €,,. For simplicity, we only work with y € R; an adjustment for the
complex case is straight-forward and leads only to notational complications.

We start with the proof of (5.1) in the case (¢,7) = (0, 1). Let ¢ be the cut-off function from the proof
of Lemma 4.1. The first conormal derivative is given as in (4.7) by

0y [ et = 5., )Ne(s. 2) dos
0

3y/4 3y/4
— —y/ ! ) <Z> 0. He(t — s,y,2)Ne(s, 2) dz —/ ! Y <Z> He(t — s,y,2)Ne(s,z)dz
0 Yy Yy

/2 Yy
1+p P 00
+y/ <1—w <>> He(t —s,y,2)0.Ne(s, 2) dz—l—y/ He(t —s,y,2)0.Ne(s, 2) dz
y/2 Yy 1+p

=L+Ih+I3+14. (5.4)
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Using the bounds (4.8), (4.9), (4.10), and (4.14), we obtain

3y/4 _2)2
eeo(1+u—y)+\§|ul| < / A B v
0 V(t—s)

Integrating in y, changing the order of integration, and using

LeL)

we arrive at

cco(1Hu—y)+[¢] Il(

NG

< 860(1+M_Z)+|£|N§(5)’

~

Lh

Summing over ¢ yields the bound

ally, <IN (3)lly, -

e =) o V&2 (t—5) peo(1+p—2) 1 [¢] |Ne(s, 2)| dz.

I+p r3y/4 —2)2
</ 1 6_%650(14’“72)-“5'”\]6(87Z)|dzdy
et~ Jo 0
i

21

(5.5)

(5.6)

(5.7

The term I3 in (5.4) is treated in the same way, by using ||?)|| ;- < 1, leading to the same upper bound as

~

in (5.7). For the term I3 in (5.4), we use (4.17), the fact that £ is small, and the bound (5.6), in order to

conclude

_ eo(1+p—y)+[€]
1131y, _25: e * 13‘ o
Ip 1 (y=2)

7efmeeo(l+“_z)+m|Zasz(5> z)|dz
2\ =w

Z eeo(1+u—Z)+\§|‘ZaZNg(s”‘
3

N

1
L},

N

g, = 120Nl -

(5.8)

In order to estimate the term I, in (5.4) we appeal to (4.17), use that € is chosen sufficiently small, and the

bound y < 1+ p < 2z, to obtain

2
ccoltn—y)slel| 7, | < 0418l e~ HTR) ¢~ 3E2-9) 9, N (s, 2)] dz

> 1

L /V(t—s)
_ (=22

oo e 8v(t—s)

< L
R TR )

Upon integrating in y, using (5.6), and summing in £, the above estimate yields

|0, Ne(s,2)| dz .

ally, S D 10:Ne($)ll prasrgpy S 10N (), -
¢

This concludes the proof of (5.1) with (¢, 5) = (0, 1).
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The estimate (5.1) for (7, j) = (1,0) follows from the bound (5.1) with (7, ) = (0, 0), by applying the
estimate to 0,, N instead of N. In order to prove (5.1) for (i, 7) = (0,0), we decompose, as in (4.20),

/ He(t — s,y,2)Ne(s, z) dz
0

3y/d I+p 5
:/ W () He(t — s,y,2)Ne(s, 2) dz+/ <1—1/1 ()) He(t — s,y,2)Ne(s,2) dz
0 Yy y/2 Yy

+ He(t — s,y,2)Ne(s, z) dz
1+p
=Ji1+Jo+ J;3.

Upon inspection of the proof for (7, j) = (0, 1), we see that using (5.6) we obtain
1 lly, + 1 elly, S IN(S)]ly, -
On the other hand, the term J3 is estimated exactly as the term 14 above, and we obtain
1slly, S IN(s)lls, -
This concludes the proof of the lemma. (|
Next, we state the inequalities involving the remainder kernel R¢.

LEMMA 5.3. Let p1 € (0, o —y$s) be arbitrary. For (i,j) € {(0,0), (1,0), (0, 1)} we have the estimate
3;(yay)j/0 Re(t—s,9,2)Ne(s,2) dz|| S 110:(y0,)' N(s)lly,, + IN(s)lly, + 020N (5)]ls, -

Yu
(5.9

PROOF OF LEMMA 5.3. In order to establish (5.9), we only need to verify that the kernel R¢(t,y, )
obeys the conditions stated in Remark 5.2. According to Remark 3.5, in order to obtain (5.2)—(5.3), we only
need to prove that

1
HX{OS?JSHM}X{OSZSi’)y/‘l} (b67§90b(y+Z))‘ L1Lco S (5.10)
y-z
e€0(z=Y)+[€l p—Oob(y+2) <1. (5.11)
Lire ™

Indeed, the second term in the upper bound (3.11) for the residual kernel is treated in exactly the same way
[0}

as He(t,y, —z), but replacing % with -3, and this term was addressed in Remark 5.2.
In order to establish (5.10), lety € [0,1 + p] and z € [0, 3y/4]. Then
lbe™ 2P w2 1y < e %0y <1,
and (5.10) follows. For (5.11), let ¢ < 6y, and observe that e0(z=Y)+ [l pe—0ob(z+y) < be—%bY  The
inequality (5.11) then follows upon integration in y. ([l

Next, we consider the Y norm estimate for the trace kernel contribution to (3.7).
LEMMA 5.4. Let i € (0, uo — 7ys) be arbitrary. For 0 < i+ j < 1, we have the inequality
10, (50, ) G(t = 5,9,0)0:A7 Ne(s, 2)|z=olly, < 102N (5)lly,, + 19N ]]s,, - (5.12)

PROOF OF LEMMA 5.4. First, we note that the case (7, j) = (1,0) follows from the bound (5.12) with
(i,5) = (0,0), because the 9, derivative commutes with the operator G(t — s,y,0)0,A™1|.—g (see also
the formula (5.14) below). Second, we emphasize that the case (i,7) = (0, 1) is treated in the same way
as the case (4,j) = (0,0), because the conormal derivative y0, of G(t — s,y,0) obeys the same bounds
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as G(t — s,y,0) itself (see the bounds (4.27)—(4.28) above). Therefore, we only need to consider the case

(i,4) = (0,0).
As opposed to the proof of Lemma 4.4, we do not split the kernel G¢(t — s,,0) into two parts. The
only property of the kernel which is used in this estimate is

”Gi(t_svgﬁo)”[,?ll S 17 (513)
which follows directly from (4.26) and (4.28).
Using (4.29), we have
oo
;AT Ne(8,2)| 0 = —/0 e_|£|ZN§(s,z) dz (5.14)
and thus, since ¢y may be taken sufficiently small, we obtain

eeo(1+ufy)+\€|(;£(t — 5,9,0)0, A7 Ng (s, Z)\zzo‘

< Gel(t — sy, 0)/ eflé\zeeo(zfyh\£Ieeo(1+u*Z)+l£||N§(87 2)| dz
0

1+p
< Ge(t — 5,1,0) /O e 0TI N (5, 2)| dz + Ge(t — 5,9, 0) /1 |Ne(s,2)| dz.
+n

Using (5.13) and summing over &, we arrive at
|Ge(t = 5,4,000:A7 Ne(s, 2)|==ol|y, S IN(s)lly,, + [N ()]s, ,
which concludes the proof of the lemma. ([
Next, we provide an inequality corresponding to the initial datum.
LEMMA 5.5. Let i € (0, ug — yt). For i+ j < 2, the initial datum term in (3.7) satisfies
> |oiwany [ Gty 2t ds
i+5<2 0

S Y 0L WY wollve + Y Y € Dwo el - (5.15)

i+j<2 i+j<2 €

Y

PROOF OF LEMMA 5.5. Let¢ + j < 2. Then we have the decomposition of the kernel (4.35). We start
with the first kernel in (4.35) and consider the inequality (4.37), where J is as in (4.36).

Now, the terms J11, J12, and Jy3 are bounded the same as the term [ in (5.4) (see (5.5)—(5.7)), giving
the first term in (5.15). The terms Jy4, J1g, and Jig are estimated in the same way as the term I3 in (5.4),
cf. (5.8), and are bounded by the first term in (4.34). It remains to consider the Sobolev contributions Jis5,
J17, and J 19.

For J5 we use (4.17) and write

_ 2
eolHn=y)+lel| g 0| < eeo(zfy)+|£|e—%gévg(tﬂ)’33w075<2)| dz

oo 1

1u V/V(t—s)
o 1

& /1+u V(t—s)

Upon integrating in ¥, using Fubini, the estimate (5.6), and summing in £, we obtain

1 15lly, S D N10200¢ll 111y -
¢

_(w—2)? 9
e 3707wy e(2)] dz .

With a similar treatment of Jy7 and J1g we obtain the second term on the right side of (5.15).
Since the other kernels in (4.35) are treated completely analogously, the proof is concluded. U
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PROOF OF LEMMA 3.8. By increasing the analyticity domain from p to 11, which is defined in (3.12),
and using the analyticity recovery for the Y norm in Lemma A.4, we obtain

>

i+j=2

00, [ Gty 2)N (s dz

<44;L47§:

o= p =78 =)

Y

ailﬂ(yay)J/O G(t_ 5 Y, Z)N(sz) dz

Y,

Therefore, the bound for the first term on the left of (3.16) is a direct consequence of the estimate for the
second term in (3.16). The bound for the second term on the left side of (3.16) follows from Lemma 5.1,
Remark 5.2, and Lemma 5.3, with p replaced by 1 € (0, o — s).

Similarly, using analytic recovery for the Y norm and increasing the analytic domain from p to p1, we
see that the bound for the first term on the left side of (3.17) is a direct consequence of the estimate for the
second term. For this later term, the estimate is established in Lemma 5.4, with u replaced by u. Lastly,
the bound (3.18) is proven in Lemma 5.5, concluding the proof of the lemma. O

6. Estimates for the nonlinearity

In this section we provide estimates for the nonlinear term

Ne = (u-Vw)e = (u10,w)e + <7;2y8yw> (6.1)
3

and its 8; (yay)j derivatives, with 7 + j < 1, in the X,, Y,;, and S, norms. We first recall a representation
formula of the velocity field in terms of the vorticity.

LEMMA 6.1 (Lemma 2.4 in [44]). The velocity for the system (3.4)—(3.5) is given by

m,g(y) :% <_ /Oy 6—|§|(y—2)(1 _ 6_2|£|Z)w§(2) dz + /oo e—|§\(z—y)(1 + 6—2|§\y)w§(z) dZ) (6.2)
Y

and

—7 Y 00
u2.¢(y) :2|2€| (/0 e lEllv=2) (1 — 6_2‘5|Z)w§(z) dz +/ e 161w (1 — e—2|§|y)w§(z) dz> . (6.3)
Y

where 1 is the imaginary unit.

As in Remark 3.6 above, the Biot-Savart law of Lemma 6.1 also holds for y in the complex domain
QU1+ p,00). If y € 0Qg for some 6 € [0, 1), and say Imy > 0, then the integration from 0 to y in
(6.2)—(6.3) is an integration over the complex line 92y N {z: Im z > 0, Re z < Re y}, while the integration
from y to oo is an integration over (02 N {z: Imz > 0,Rey < Rez <1+ 6}) U [l + 6, 00).

Moreover, we emphasize here that while (6.3) immediately implies the boundary condition w2 ¢(0) = 0,
from (6.2) it just follows that u; ¢(0) = [;~° e~ 1€120e (2)dz. To see that this integral vanishes, one has to
use that it vanishes at time ¢ = 0, and that its time derivative is given using the vorticity boundary condition
(3.6) as Opu1 ¢(0) = (—ayAgl(u Vw)e)ly=0 — fo° e~l82(u - Vw)¢(2)dz = 0. In the last equality we have
used explicitly that the kernel of the operator (—%Agl)\y:o is given by e~ /é12. Thus, (3.6) ensures that
u1,¢(0) = 0 is maintained by the evolution.

The main estimate concerning the X,, norm is the following.

LEMMA 6.2. Let i € (0, uo — 7ys) be arbitrary. We have the inequalities
INOIx, S D (10wl + 10iwls,) D 10: vy wllx, (6.4)
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and
> 0L (ydy N (s)lx, < (Ilwllxu + > (l10kwlly, + ||3iw||su)> > 10k (ydy ) wl|x,
i+j=1 1<i<2 i+j=1

+> (105wl + 195wlls,) D 105(ydyYwlx, - (6.5)

i<1 i+j=2

Before the proof of Lemma 6.2, we analyze the first order derivatives of the nonlinear term. By the
Leibniz rule, for i + j = 1, we have

. ) . . g
91(y0,) Ne = (9. (yO, Y ur By + (<yay>ﬂ ( y“) yayw)
13

(WA (gD, ) + (fauyayv‘“w)
13

Using the triangle inequality we have e +t#=v)+l < geo(ltu—y)+Inlgeo(ltu—v)+l¢=nl and thus, by the
definition of the X, norm and Young’s inequality in § and 7, it follows that

105 (50, ) N (5)||x,, < 10xw]lx,, Z sup et €l (35 (4, )y )e]
+ [lyoywllx, Z sup eoTr=y)+l¢l

I3 yEQ,
(o (%=2))
¢ yeQ, Yy 13

+ 105 () wlix, Y sup 00wl () |

¢ yeQy,
<U2>
Yy 13

Thus, in order to prove (6.5), we only need to estimate the above norms of the velocity terms. These
inequalities are collected in the next lemma.

+ "a;(yay)j+1w”Xu Z sup @60(1+N*y)+|§‘
5 yEQu

(6.6)

LEMMA 6.3. Let iu € (0, o — 7ys) be arbitrary and let 0 < i + j < 1. For the velocity uy and its
derivatives, we have

Sup e (G (0, ) e| S 05 wlly, + 105w, + 7 llwllx, (6.7)
I3 yell,

while for the second velocity component us the bound

(0o (%52)),

PROOF OF LEMMA 6.3. First we prove (6.7), starting with the case (i,j) = (0,0). We decompose the
integral (6.2) for u; as

1 Yy
wel) =5 (= [0 = (s,

1+p 0
4 (/ +/ > e—lﬁ\(z—y)(l + e‘2|§‘y)w§(s,z) dz>
Y T+p

=L+ 1+ 1.

sup efo(1+n—y)+ ¢

<05 wlly, + 1105 wlls,, (6.8)
¢ yeN,

holds.



26 I. KUKAVICA, V. VICOL, AND F. WANG

Note that we have
ety 1€l g=ly—2llE] < geo(ltp—2)1|¢l geo(z=) 11l o—ly—2llE] < ceo(l+n—2)+[¢] (6.9)

provided ¢y < 1. Hence, we obtain

1+p
eOUHn=V+El (11| + | Iy]) < / e0Hr=2) el (5, 2)| dz < Heeo(1+u—y)+|£|wH% . (6.10)
0
For the term I3, using (6.9) we have
o
e ot HHmnEl 1y) S /1 we(s, 2)| dz S llzwell L2214 - (6.11)
+u

Summing the bounds (6.10) and (6.11) in £, we conclude the proof of (6.7) when ¢ + j = 0.
The case (i,j) = (1,0) amounts to multiplying by #&, and thus the assertion follows by the same proof
as for (¢, 7) = (0, 0). Consider now the case (7, j) = (0, 1). Taking the conormal derivative of (6.2) gives

U( Y olelw=2) (1 _ -2k
YOy e =3 </ V(1 = e )€ |we (s, 2) dz
/ I (1 4 e 21) []we (s, 2) dz
Yy

o0
- 2/ e"f‘(Z_y)e_2|§‘y\§|w€(s, 2) dz) — ywe(y) - (6.12)
Yy
The first three terms in (6.12) are treated as in the case i + j = 0. The presence of the additional factor |¢]

causes w to be replaced by J,w in the upper bounds. For the last term in (6.12), we have

sup eeo(1+u—y)+lﬁ\y’w£<y)’ < Z sup eEU(H”_y)”f‘w(y)]wg(y)] < HWHXW
¢ IS oM ¢ ISOM

where we have used Remark 2.1(d). This concludes the proof of (6.7) for (i, 7) = (0, 1).
Next, we prove (6.8), beginning with the case (7, j) = (0,0). Using (6.3) we decompose

» y
Uzg _ fl(/ e lEl=2)(1 — 6—2‘5|z)w§(s,z) dz
0

y €12y
14+p 00
+ (/ +/ > e lEIG=y)(1 — e_2|§‘y)w§(s,z) dz>
Y T+p

=J1+Jo+ J3.
Using the bound
1 — e2l¢lz
67 5 |£‘7 z S Yy,
Yy
we arrive at
Y 1+p [e'S)
w28 < / e 1E1=2) ¢ |we (s, 2)| dz + (/ +/ > e K1Yl lwe (s, 2)| dz . (6.13)
Yy 0 y 1+p

Using (6.9) and the same bounds as in (6.10)—(6.11), we obtain the inequality (6.8) for ¢ + j = 0. The case
(4,7) = (1,0) follows from the same argument, by adding an extra = derivative.
It remains to consider the case (¢, 7) = (0, 1). From the incompressibility we have

U2,£>_
9 —
Y y( y

The bound for the second term on the right of (6.14) was established in (6.13), whereas the bound for the
first term follows by setting (7, ) = (1, 0) in (6.7). O

D28 ey — 225 (6.14)
y

Having established Lemma 6.3, we return to the proofs of (6.4) and (6.5).
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PROOF OF LEMMA 6.2. In order to prove (6.4), we use (6.1) and similarly to (6.6) we obtain

HN(S)HXM 5 HawaXM Z sup eeo(l+#—y)+‘§|‘(ul)f|

¢ yey,
+lydywlix, Y sup e®l vkl (“2> . (6.15)
¢ yeQy Yy 13
Using Lemma 6.3 with i 4+ j = 0 we get
IN()x, S (lwlly, + lwlls,) 10zwllx, + (10:wlly, + 10z]ls,) lydywllx,, ,
and (6.4) is established.
For (6.5), we use the bounds of Lemma 6.3 in (6.6) to obtain
S 11w, N (s)1x, < 19wl (1sly, + [9se]ls, + ]l )
it+j=1
+ 0yl (0 el + 105wl
i<l
+ (2 1oLy, ) (i, + lls,)
itj=1
(3 1ol ) (10l + 1ossls,)
itj=1
and (6.5) is proven. ]

Next, we estimate the term 9% (yd,)’ N(s) for 0 < i+ j < 1 in the Y norm.

LEMMA 6.4. Let i € (0, o — ys) be arbitrary. For the nonlinear term, we have the inequalities

IN)ly, D (10iwlly, + [105wlls,) Y 10440, wlly, (6.16)

<1 i+j=1

and

> 18:wd, Y N($)lly, < <IIWI|XM + Y (l05wlly, + ||5§;WIISH)> > 192y0,) wlly,

i+ji=1 1<i<2 i+ji=1

+_ (l0wwly, +195wlls,) > 119540, |

i<1 i+j=2

v, - (6.17)

PROOF OF LEMMA 6.4. By writing the nonlinear term as in (6.1), and using the definition of the Y,
norm, we obtain, similarly to (6.15),

HN(S)HYM < ||axWHYu Z sup eeo(lﬁ“*y)-&-\f”(ul)d + HyayWHYH Z sup 660(1+uy)+|§’ (u2> '
¢ yeEQ ¢ yeQ, Y /¢

Using the bounds in Lemma 6.3 with ¢ + 7 = 0, we arrive at (6.16).
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For i + j = 1, by the definition of ¥, norm and Young’s inequality, we have as in (6.6)

105 (y0y) N(s)ly,, < 10zwlly,, Z sup e 00T+l (4, Yuy )]
+lydywlly, D sup ectTumml

¢ yEQu
(o (%=2))
¢ yeQy, Y 13

|05 0y Y wlly, Y sup e 4y |
13 yeQH
Yy ¢ .

To conclude this section we consider the Sobolev norm estimates for the nonlinear term.

+ Hai(yay)j-&-lwnyu Z sup e0(THy) 1]
13 yGQH

The proof of (6.17) is then concluded by an application of Lemma 6.3.

LEMMA 6.5. Let pu € (0, o — ys) be arbitrary. We have

ING)s, S (lolly, + lolls, ) > 10505lls,
it+j=1

and

Yo NaaN$) s, S > (19:8wlly, +10:05wls,) > 10:0)wlls,

i+j=1 i+5<1 1+y<1
+ (lolly,, + lwlls,) > 10585ells, -
i+j=2
PROOF OF LEMMA 6.5. In order to prove (6.18) we write
y(u - Vw) = u1y0,w + ugyOyw
and thus from Holder’s inequality in y and Young’s inequality in £ we deduce

o
Z (lurellzoo o140 + vz gllio@=14m) S Z/o we(2) dz S llwlly, + llwlls, -
3 1

For (6.19), when ¢ + j = 1, by the Leibniz rule we have
Y050 (u - Vw) = 0,0u1ydew + u1ydyt 0w + 0L uzydyw + ugyds ) w

and therefore from Holder’s inequality in y and Young’s inequality in £ we deduce

10205V ()5, S 10als, D N1EFO 1]l poyor o + 100N, D EFO Ul o1

3 3

(6.18)

(6.19)

(6.20)

+ Haﬁrlazj/'w“su Z H“Lf”Loo(yZHu) + H@;@flwﬂsu Z Hu?éHLw(yZHH) '
13 13

For the last two terms in the above inequality we appeal to (6.20). For the first two terms, when (¢, j) = (1,0)

the L°° bound on the velocity field is again given by (6.20) with an additional derivative in z, i.e.,

> (0su) el

3
On the other hand, for (i, j) = (0, 1), we use incompressibility and the definition of w to write

Loo(y>14p) T H(awu)lﬁ”L"o(yZlJru) S H&UWHYu + Haz@’”sﬂ .

Oyu1 = —w + Ozun and Oyug = —0uq .

(6.21)

(6.22)
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For the L°° bound on 0, u we again appeal to (6.21) whereas for the L°° norm of w we use the fundamental
theorem of calculus and Holder’s inequality to estimate

ZHWEHLOO(yzHu) < ZH?J%%HL%QHM = [[0ywllg, - (6.23)
3 3
The bound (6.19) now follows by combining all the estimates. U

7. The Sobolev norm estimate

In this section, we provide an estimate on the Sobolev part of the norm

1/2
o _ o _ .
Z 0205w g = Z Hya;alj,leL%y(y21/2) - Z Z||ygzag/“’§||m(yzl/2) ' (7.1)
i+5<3 i+5<3 ’ i+5<3 \ ¢
For a given norm ||| it is convenient to introduce the notation
A o
ID*ull = (|10505ul -
i+j=k
We first state a lemma which estimates v in terms of w.
LEMMA 7.1. Let t be such that vt < j19/2. Then we have
1D u(t) || oe, y=1/2) S 11€]° e (8) | Lo (y1/4) S Newlls (7.2)
'Y
0<k<2 i+j<2 ¢
and
3
HD ’U,(t) HL%,y(yZIM) 5 |||Ld”’t . (73)

PROOF OF LEMMA 7.1. The first inequality in (7.2), in which the L> norm in z is replaced by an ¢!
norm in the £ variable is merely the Hausdorff-Young inequality. It thus remains to establish the second
inequality in (7.2). The case j = 0 follows by the same argument as (6.20). Indeed, we only replace the
norm L*>(y > 1+ p) with the norm L*°(y > 1/4), which has no bearing on the estimates, to obtain

> 1@iw)1ell e =174y + 1(0hw)a gl poo(ys1/a) S H@inYW + Hafcst#/g (7.4)
3
forany ¢ < 2 and pz > 0. In particular, we may take
po — vt
=—. 7.5
10 (7.5)

Note that since vt < p/2 we have 1 > p/20. To replace the S, /2 norm, which is ¢Yin ¢, with the S
norm, which is £2 in &, we pay an additional price of 1 + |¢] (cf. Lemma A.1 below). Additionally, in (7.4)
we further appeal to the analyticity recovery for the Y norm, cf. Lemma A.4 below, and obtain

DN @) ell oeyz1/a) + 1Oaw)2ell Lo 1/a) S Iwlly, + D |105w]l g S ol
i<2 ¢ i<3

This concludes the proof of (7.2) when j = 0 and ¢ < 2. For the case 7 = 1, we use (6.22) to convert the
0y derivative into a J, derivative, at a cost of an additional term involving w. Similarly to (6.23), appealing
to Lemma A.1, using that w(y) = 1 fory € [1/4,1/2], and with p as in (7.5) we get

> Mgl welloooryay S 3 Mlw(@)e MR iwe|| o1 /acy<yz) + D _IY0ylE well p2(y>1/2)
3 3 3

S gl + 1020yl s + |02 0yl < e (7.6)
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for i < 1. The above estimate gives (7.2) for j = 1. It only remains to consider the case (4, j) = (0, 2). For
this purpose, note that

a§u1 = —Oyw — agul and 3§u2 = 0w — 8§u2 , 7.7)

which follows from (6.22) and incompressibility. The terms with two = derivatives were already estimated
in (7.4), whereas 0w was already bounded in (7.6). Lastly, for the term dyw, we have, similarly to (7.6),

> N0ywellpoez1/ay S D lle@MH 4w (y)ydywe | oo (1jazy<1y2) + D Ilydwell2(yz1/2)
¢ ¢ ¢

S lyoywlx, + (|00l + 10:05w] g < llwlle.

which gives (7.2).

In order to conclude the proof of the lemma, we need to establish (7.3). For this purpose, fix (i, j) such
that ¢ + j = 3. To avoid redundancy, we only consider the cases (i,j) = (3,0) and (7,j) = (0, 3). First,
using Lemma 6.1 and Young’s inequality, we have

Hagu”%z(y21/4) S ZHKP%H%Q(@U@

13
[ee}
<y H |7 e el () a2
¢ 11J0 L2(y>1/4)

S Z|H§\S/2|W€|||%1(z§1/2) + Z|||5|2|W£|||%2(z21/2)
3 3

2

_ _f0
S D lle @D e 12 Ly oy 1617221 l218 P e 17 2212
¢ :

< llwl}, + (0205 < lwl?

with 4 as in (7.5). In the last inequality above we used ||-|[,2 < ||||,;. Thus, we have proven (7.3) for

(i,7) = (3,0). For the other extremal case, we apply the y derivative to (7.7) and obtain
Bgul = 8Zw + 830‘) — 82’1@ and 63UQ = —0,0yw + 8§u1 )

The velocity terms 93u; and d2us were already bounded above. Clearly, we have HD%}H £2(
HDQwH s S llwlle. On the other hand, similarly to (7.6), we have

y>1/2) S

|* D D%y, 5 ol

wHL2(1/4§y§1/2) S| wHL°°(1/4§y§1/2) S|

In the last inequality we used that  in (7.5) is bounded from below by 1io/20. This concludes the proof of
the lemma. n

The remainder of this section is devoted to an a priori estimate for the norm > ;. .5 H@;@iwﬂs. For this
purpose, denote

o(y) = yo(y), (7.8)

where 1) € O is a non-decreasing function such that ¢) = 0 for 0 < y < 1/4and ¢ = 1 fory > 1/2. In
order to estimate the norm in (7.1), note that

191l 2, (y>1/2) < DSl L2y

so that it suffices to estimate this larger norm.



THE INVISCID LIMIT FOR THE NAVIER-STOKES EQUATIONS 31

LEMMA 7.2. Forany 0 <t < % the estimate

> 190050 () 72w

i+j<3

(l 4+t sup |Hw( )m ) Ct(14supgeo,g llw(s)lls) Z H¢ 613“0”%2(]}}1)
s€[0,t] i3

holds, where C' > 0 is a constant independent of 7.

PROOF OF LEMMA 7.2. Let o € N2 be a multi-index with || < 3. We apply 9° to the vorticity form
of the Navier-Stokes equation and test this equation with $?0®w to obtain the energy estimate

Heﬁao‘wl!m ) F V19V W

(a) / OPu - Vo Pudwe? — 21// 'O Wiy we . (7.9)
H H

2 dt
= 2/ Uz P|0%w|* — Z
H 0<p<a
Using the pointwise estimate
16" ()| < 6(y) + Xq1/a<y<1/2}

on the first and the third term, summing over |«| < 3, and absorbing a part of the third term in (7.9) we
obtain

d .y .y
S d Z H¢8x81]/w”%2(]}]1) S <V+ Jwl oo (yz1/0) + Z HDkUHLg?y y>1/4)> Z Hqﬁaxaf/“f”%%m

i+j<3 1<k<2 i+j<3
+ HDguHLE (y>1/4) H¢vw”L°°(H) Z H(Zsaézag];wHLQ(H)
Y i+j<3
+ <V+ HU2||L°°(H)) Z ||8;6§W||%§,’y(1/4§y§1/2)- (7.10)
i+5<3

Next, note that we have the analytic estimate

Z H@;@JwHLz L, (1/4<y<1/2) S Z Z H&Z(? waL2 (1/4<y<1/2)

i+5<3 i+j<3 ¢
o(+n/2=9)+ gl () J%H
z+]<3 3
< Y lonwayelly
i+j<3

uniformly in g > 0. In particular, we may take p = £ 10 . Here we used essentially that the weight w(y)
is comparable to 1 (independently of v) in the region {1/4 < y < 1/2}. Since p > 0, we may further use
the analyticity recovery Lemma A.3, and estimate

2
S N050wl3s ajasy<rs S lwllk, .11
i+7<3
Note that we used that L__10_ <2 20 <1.
Ho—7t

For the second term on the right s1de of (7.10), we appeal to (7.3) and to the estimate

||¢VWHLO<>(H) S IV( ¢W)HL0<>(H) + ”¢>WHL°<>(H) + ”WHLooy(1/4<y<1/2)
S Z Haiaf)(qu)HLz(H) + Hw”xu

i+7<3
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Here we have used the Sobolev embedding H?(H) C L°°(H), the previously established bound (7.11), the
Leibniz rule, and the definition of ¢ in (7.8). The resulting inequality is

1D%ull 2 (o 1ym) 10Vl ooy D 1605050l < Nl Y 16050502 + Beolle ol

1,+g <3 i+5<3
Combining (7.10)—(7.11), and Lemma 7.1 we deduce
1d o 9
2dt D 1605050l 72) S L+ @)l D 116050501720y + (1+ @) lw®)]%, -
i+5<3 i+75<3
Upon applying the Grénwall inequality, the proof of the lemma is concluded. (|

Appendix A. Proofs of some technical lemmas

Here we list some technical lemmas. The next lemma converts an /! norm in ¢ to an 2 norm, which is
necessary when converting S, norms to an .S and hence a Z norm.

LEMMA A.l. Let pp € (0,1). We have
> 0oy wls, S > |0k, wl g + (|05 (0w -

i+j<2 i+j<2
PROOF OF LEMMA A.1. We have
1/2
St 5 (S0 + lelee?) (1)
g ¢
for every v for which the right side is finite. The inequality (A.1) holds since >, (1 + [¢ 1)~ < o0 O

LEMMA A.2. Assume that the parameters (i, [, 7, t > 0 obey u < po — ~yt. Then, for o € (0, %) we
have

1 c
ds < (A.2)
0o VE—s(po—p—ys)tte VAo — pu — yt)1/2+e
and .
/ ! 1 ds < g, (A.3)
0 Vt—s(po—p—ys)® Vai

where C' > 0 is a constant depending on o and 1/2 — c.

PROOF OF LEMMA A.2. Changing variables s’ = s, t' = ~t, and letting pig — p = g/ > 0, the left
side of (A.2) is rewritten and bounded as

/t/ VY 1 ds’< 1 /tl ds’'
o V= (W =8ty T AW =) o V=S (0~ )

2arctan< %)
w'—t < 1 1

VA — )2 Y (= ) T (g — p— yt) /2 re
In order to prove (A.3), we proceed similarly and use ' > t’ to deduce

t t/ /
el 1 </ 4y 1
o V=W =5 v T TSy (=) ey

where the implicit constant may depend on y and 1/2 — «. U
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LEMMA A.3 (Analyticity recovery for the X norm). For ﬁ > 1 > 0, we have

> 10k (ydy) fHXHN~ 1l

i+j=1

PROOF OF LEMMA A.3. First, let (i,j) = (1,0). According to the definition of the X, norm, and
using that the bound (11 — p)|¢|ec0lél((+pr—v)+ =(+i-y)+) ,S 1 holds on €2,,, we have

102l x, = ZH&EO(H“ Y)+ |§|f§”£W < — ZHeEO(Hu Y)+ |§‘f§”£fﬁy
3

Next, consider (i, ) = (0, 1). By the Cauchy integral theorem, we have

_ fe(2)
Oy fey) = /C T (Ad)

where C'(y, R,) is the circle centered at y with radius R,,. Hence, we have

|0y fe(y )INR sup [ fe(2)]-

y 2€C(y,Ry)

By taking R, = C~! (it — p)Rey, for a sufficiently large universal constant C' > 0, we obtain

1Yoy fllx, = ZHeeo(Hu v+l€lya, fellese, S = ZHQEO I+p—y +|£|f5H£;:;ju
3
S 660(1+ﬁ—y)+|£\f£H£? S
concluding the proof. ([l
LEMMA A.4 (Analyticity recovery for the Y norm). Let pg > i > p > 0. Then we have
> 10 (ydy) fllvi, S e LR (A.5)

i+7=1

PROOF OF LEMMA A.4. By the same argument which yielded the X norm estimate in Lemma A.3, we
obtain

_ 1 T
10511, = Solleeo 40 Kl ey € == S0 E 0+ e
13 13

1 ~ 1
< = |,6e0(1+u—y>+\s|f = =——Iflly. -
MM; S T g

In order to prove the estimate (A.5) for (¢, 7) = (0, 1), we use (A.4) to bound

Y0, fell :/ / dz dy</ /
190y fell L1 (o00) Ctyry) Y 2) 2 99 JC(.R,)

Qg y
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for any 0 < 6 < . By taking R, = C~*(fi — p)Rey for a sufficiently large universal constant C' > 0,
using that |y| is comparable to Re y in this region, and applying Fubini’s theorem, we obtain

1 |f§(z)|
ol < / / YET dzdy
|0y fell (099) b= ooy Jewr,) Ry

1 2T )
St [ [ ety Rye®) dody
= 00 JO
1
S = sup 1 fell 21 o,
~ 7 — - _ (0%25)
n—=p e(6— Q(HC—M) O+ 2(u5u)) 0
1
S = fellzr
i—p
which proves the claim. Since eco(1+n—y)+ ¢ < eco(1+r—y)+[¢ |, for every y € (1, the lemma follows. O
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