A direct approach to Gevrey regularity on the half-space
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ABSTRACT. We consider the inhomogeneous heat and Stokes equations on the half space and prove an instan-
taneous space-time analytic regularization result, uniformly up to the boundary of the half space.
February 19, 2018

1. Introduction

We consider the Dirichlet problem for the inhomogeneous heat equation

Ou — Au=f, in €, (1.1)
u =0, on 052, (1.2)
with the initial condition
u(z,0) = ug(z), in €, (1.3)
posed in the half space
Q={z=(21,...,24) € R*: 24 > 0}. (1.4)
Throughout the paper we denote by O the vector of tangential derivatives 0 = (91, ...,0q_1).

In this paper we prove that from an initial datum of finite Sobolev regularity, the solution to (1.1)—(1.4)
instantly becomes real-analytic, jointly in space and time, with the analyticity radius which is uniform up to
the boundary of 0€2. The result holds under the assumption that the force is real-analytic in space-time. In
order to state the main result of the paper, we introduce first some notation. For r > 1, define the index sets

B={(i,j,k):i,j,k €No,i+j+k=>r}, B¢ = N3\ B. (1.5)

Fix T > 0,let 0 < €, € ¢ < 1, and define the sum

e GG R)EFIE i i o k
P(u) —ZB: Gt h) [t 0,050 U‘Li’t([O,T}XQ)—i_;”atada 22 ,(0,71x)

= ¢(u) + ¢o(u).

We note that ¢o(u) is the H"1([0,T] x Q) norm. In particular, it is well known (see e.g. [20, 5]) that
for smooth and compatible initial datum which vanishes on 92, for instance ug € Ha () N H2"—1(Q) is

sufficient, and force f € thg_Q)*((O, T) x Q) we have that

(1.6)

Bo(6) S 1ol a1y + 1 2211 (0790 (17)
The following is our main result.

THEOREM 1.1. Let T > 0 and r > 1. Then there exist €, €, € € (0, 1], which only depend on T, r, and d,
such that for any ug € H}(Q) N H 2r=1)(Q) which satisfies the compatibility conditions, and f sufficiently
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smooth, the solution u of (1.1)—(1.3) satisfies the estimate

z (Z +.7 +k+ 2)T ' j+26k tz+]+k+2 Taz

$(u) S do(u) +

i k> (r—2)4 (i+j+k+2) L3 ((0,T)x9)
+ Z (Z +k+ 2)T ' k+ t1+k+2 Tazak
k> (r—2) 4 (i +k+2)! (0,1)x9)
(Z+ 1) i+1-—r o
t A>Zl(+1Ht+ afHL2 ((0,T)xQ) * (1.8)

Here we assume on f that the norms in (1.7) above and (1.8) below are finite.

REMARK 1.2. It is clear from the proof of Theorem 1.1 that the Gevrey-s regularization, jointly in space
and time, also follows. For this purpose, simply replace (i + j + k)! with ((i + j + k)!)*, where s > 1,
throughout the paper.

Combining (1.7) and (1.8), we conclude that for an initial datum wg of finite Sobolev regularity, and
real-analytic force f, the solution u of (1.1)—(1.3) becomes real-analytic, jointly in space and time, for any
t € (0,7, with an analyticity radius that is uniform up to 9€2. This latter fact concerning the analyticity
radius which does not vanish as one approaches 0f2 is the main result of the paper. For a direct method for
proving analyticity in the interior, see [1, 11].

The method used to prove Theorem 1.1 extends easily to the case of the inhomogeneous Stokes system
on the half space

Owu — Au+ Vp = f, in Q

V-u=0, in (1.9)

with the Dirichlet boundary condition
u=0, on 0€2. (1.10)

For T" > 0, smooth and compatible initial datum ug, and sufficiently smooth force f, it is known (see
e.g. [25, Chapter III]) that ¢g(u) is a priori bounded in terms of uy and f, similarly to (1.7). With the
notation of Theorem 1.1 we have that

THEOREM 1.3. Let T > 0 and r > 1. Then there exist €, ¢, € € (0, 1], which only depend on T, r, and
d, such that for any sufficiently smooth ug which satisfies compatibility conditions, and sufficiently smooth
f, the solution u of the Cauchy problem for (1.9)—(1.10) satisfies the estimate (1.8).

The motivation for treating the inhomogeneous linear heat (1.1) and Stokes (1.9) equations comes from
the study of nonlinear semi-linear problems (i.e. f = f(¢,z,u, Vu)) for the heat and Stokes equations on
domains with boundary, with Dirichlet boundary conditions. These nonlinear problems will be addressed in
our forthcoming work [4].

In the absence of boundaries, analytic and Gevrey-class regularization results are well-known, even
in the context of nonlinear problems (see e.g. [8] for the Navier-Stokes equations and [16, 21, 23] for
other models). On domains with boundary, analyticity up to the boundary was obtained in the fundamental
works [13, 14] (see also [9, 15]). These classical works achieve real-analyticity based on an an induction
scheme on the number of derivatives. In comparison, our proof is based directly on classical energy in-
equalities for the heat and Laplace equations on 2. Moreover, Theorem 1.1 obtains the analyticity in the
time variable concomitantly. We believe that this transparent proof is going to be useful in establishing real-
analytic and Gevrey regularization results for PDEs with different types of boundary conditions for which
the methods of [8] work in the absence of boundaries. In fact, our motivation for the present paper comes
from the simplicity of the approach in [8] in the case when the boundaries are not present. For other works,
using the Gevrey regularity method of Foias and Temam, see [2, 3, 7, 22] (cf. [10, 17] for an alternative
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approach to analyticity in domains without the boundary, to [9, 12, 16, 18, 23] for some other results on
analyticity, and to [6] for some applications).

The main idea in the proof of (1.8) is to split the sum defining ¢(u) into several sub-sums, and on each
one perform a derivative reduction estimate, as specified in Section 3. These estimates follow from the
classical maximal regularity of Laplace’s equation in €2 (cf. Section 2), and an energy estimate for solutions
to (1.1)—(1.3). These reduction estimates are used in Section 4 to conclude the proof of Theorem 1.1.

2. Preliminaries

We use the following notational agreement: If the domain in the Sobolev space is not indicated, it is
either  or 2 x _(0, T), where T' > 0 is a fixed parameter, depending on the context. Also, definition (1.6),
the meaning of 9* for k € Ny, is that

Joieital , = 30|

aGNg_1,|a|:k
We recall (cf. [19]) a simple statement on interpolation, which asserts that

i 0%

5
Lz,t

IVull 2y S lull g lul g, + lllz2) @.1)

holds for u € H?(£2). The proof uses a Sobolev extension operator and the interpolation inequality in R
Besides (2.1), we shall also use the H? regularity for Laplace’s equation

Au=g, in €. 2.2)
For the problem (2.2), we have
lull g2y S N9l 2 + ngHHl(Q) + [lull 2@y - (2.3)
If, in addition, u‘ 90 = 0, then we have
lull 2y S 19l 2@ - 2.4)

The estimate (2.4) follows from the H? inequality for the odd extension of u to R%, while the bound (2.3)
follows from the H? regularity for the problem (2.2) (cf. [19]), the trace theorem, and the interpolation
inequality (2.1) as follows

lull 2 S llgllzz + llull gsrzo0) S lgllze + ngHHl/z(aQ) < llgllze + 19ull g

1/2

A A 1/2
S lglze + 19ull g+ lullzn S gll e + 13ull o+l 2 + lull 257l

H2 -
The estimate (2.3) follows from the e-Young inequality.

3. Derivative reduction

In this section we give the proofs of the normal, tangential, and time derivative reduction estimates
which are the main ingredients in the proof of Theorem 1.1.

Let u be a smooth solution of (1.1)—(1.3). Throughout this section we require that the nonnegative
integers i, j,kobey i+ j + k > 7.

3.1. Normal derivative reduction. For j > 2 we claim that
"ti+j+k_T8§8£5ku||Li,t
SN TR | 4 [EHITR 0,057 0 e+ 6T 0[O0 R

[0 20 u o+ (TR O[0Y T2 0R £ (3.1)
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This inequality allows us to reduce the number of vertical derivatives (9,;) in the Gevrey (analytic) norm.
On the other hand, for j = 1 and k£ > 1 we have

Hti+l+kfraéad5kUHLi . g ‘‘tiJr1Jrl<:fr(f9z-i-1(791:71uHL2 t + Hti+l+kfr8;'5kflf”Li - (3‘2)
while for j = 1 and k = 0, we claim
i i 012 ] il 112 i i
1642 94l gz, S 16 Gl 16 Ol + 16 Dl g2+ N0, B3)
whenever ¢ > r. The remainder of this subsection contains the proofs of (3.1)—(3.3).

PROOF OF (3.1). We first use (1.1) to compute
AR 1002 0Ru) = TR 91902 0k A
= (HIthorgitl gl T2 gky gtk gl T2 gk f. (3.4)
Using the H2-regularity estimate (2.3), we get
||ti+j+k—r8§8§g)ku”m < “tz’+j+k—r8§a£—25ku||m
< Hti—&-j—i—k—raerlaCJl?QékuHLQ + ||ti+j+k—ra§8$—25kf”m
n ||tz‘+j+k—ra§a§—25k+1u||m + ||ti+j+kfraza;—2gku”l/2'

and (3.1) follows. ]

PROOF OF (3.2). Let k > 1. First, set j = 2 in (3.4) and replace k£ with £ — 1. We obtain

A(t””k_’"@fék_lu) — ti—i—l—l—k—ratigk—lAu

_ ti+1+k7r8§+15kflu o ti+1+k77’8§5k71f

Since 8§3k_1u’ aq = 0, we may apply (2.4) to this equation, leading to

||ti+1+k_T8§8d5ku||Lz < ||ti+1+k_T8Z5k_1u||H2
5 ||ti+1+kfraz+15kflu”L2 + ||ti+1+kfr8§'5k71f”L2’

and we obtain (3.2). ]

PROOF OF (3.3). First, we have
A(ti+1_r(9§u) = t”’l_r@ZAu = ti“_T(’)ZHu - ti“_r(?ff.

Using that the /! norm may be interpolated as in (2.1), and applying the H? regularity estimate (2.4), which

may be used since dju|,, = 0, we get

E " Ol g < IEH Ol 2 16T O 2+ (16T O e
< ([0 ) o + ([ 00 fl o) 0| M2 ([ O o
< O | L O[3+ [Tl f | e 4 T e

The inequality (3.3) then follows. l
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3.2. Tangential derivative reduction. In order to reduce the number of tangential derivatives, for k >
2 we claim that

(650 ull z | S 600" 2l p + 0052 2 (5)
while for k£ = 1, we use
141 0fDul z , < N Ol 2 IO w1 Ol e O 2, B6)
forall: > r.
PROOF OF (3.5). We first set j = 2 in (3.4) and obtain
AR 90 ) = TR 9108 A
— i Rhr gL gy _ git2tkorgigh ¢
Since t+2+k="9i 9k vanishes on OS2, we have by (2.4)
2R g2y |y < ([T 9I5|
< [T L 4 2T IR f e

for £ > 0. The bound (3.5) follows upon replacing k + 2 with k. U
PROOF OF (3.6). This inequality is obtain by replacing V with 0 in the inequality (3.3). U

3.3. The time derivative reduction. Here we claim that for all # > r + 1 we have
17 08ull2 , S G — )70 Ml + 6705 e (3.7)
PROOF OF (3.7). For the system (1.1), we have the energy inequality
0cull 2, + IVl 2|, _p S Vullzz|,—g + 1f122 . (3.8)

which is obtained by testing (1.1) with d;u (which obeys the homogeneous Dirichlet boundary condition
(1.3)). We apply the estimate (3.8) to the equation

(O ) — AT T ) = (i — )t T T e+ O
If¢ > r+1, then ti””@f_lﬂ 0 = 0, so that the initial value term in (3.8) vanishes, and we obtain
106" )2 S NG =)= 70 Ml o + 16T f e

The inequality (3.7) now follows from the product rule. (]

4. Proof of Theorem 1.1

With the notation of (1.6), our goal is to establish an inequality of the type

H(u) < Coolu) + 50(u) + C ] @

where || f|| denotes a suitable (semi)-norm of f. Adding ¢(u) to both sides of the above estimate, and
absorbing the ¢(u)/2 term on the left side yields

P(u) S ¢o(u) + [l

which concludes the proof, in view of (1.7) and the assumed regularity of the force f.
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We split the sum ¢(u) according to the values of 4, j, and k, so that the inequalities in Section 3 may be
applied. Recall the definition of B in (1.5). We split the first sum in (1.6) as

kg o
Sy where &:§:“+1+)666Wﬂ%*m%Mw@w (=1,....6,

S
&
I
~
I M@
I

e (iR

and
={@%)€B j =2}
:{(Zjv) J:Lkzl}
:{(Zjv) j:1,k:0}
By={(i,j,k) € B: j =0,k > 2}
:{(Zjv) j:O,kZl}
:{(Zjv) j:O,k:O}.

The above sums are bounded according to (3.1), (3.2), (3.3), (3.5), (3.6), and (3.7), respectively.

4.1. The S term. We start with S;, which may be estimated using (3.1) as

(i +j+k)yeeer .o 9=
< i+j+k—r i+l k
S8 A g,

(i+j+k)eee yitik—r 15kt
818] or T
+Z Z+]+k) H uHLi,t

(i 4+ k)T ik ini—25k42
W ele) " g

(l+]+k) Eiee i+j+k—r i 24k
+%: @+j+@!|uﬂ 0,00 ul| 2,
1

71+] +k 6 E 6 k— —2 5k
# 3 LIRS jsehrgjof 20t ),
B J

By relabeling, we obtain

ik )re-laek o
S < Z (t+j+k+1) e eTee i+ i

G+j+kT1) ullrz,

(i—1,j+2,k)EB;

Z (i+j+k)eetieh! it+j+k—r i af Fk
+(‘ i+1,k—1)€B (i +Jj+k)! It 01940 ulez,
,J T

(i + k) €22 ik
: (i '+2kZQ)EB (i+7+k)! I? %00 ulrz,
(2% yvT— 1

Z (i+j+k+2)reet2e
(i+j+k+2)!

+ th-i—j—i—k+2 razajakuHL2

(i7j+27k)€Bl
§: (i 4+ k +2)reet2ek

+ —
(i+j+k+2)

||ti+j+k+277'8§agl'ékf”l% g
(i.i+2,k)EB ’
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Therefore, since t < T, we get

Té? i+j+k+1)reder .
s<@ ¥ ((Hﬁkjl) £ g8

(i—1,j4+2,k)eB1

~ . . '~',k
+ € Z (Z +J+ k)rezeje Hti—&-j-i—k—raiajgkuu )

€ (i+j+k) trd” TG,
(4,j+1,k—1)€B;

é (i+j+Ek)yeees o
ta (i+j+Fk) [ g0 ul e,
(g2 k-2)EBy Ik

L7282 Z (i+j+k+2) e £ i 93 |
odRen, Crarbean AT,
2% ) 1

(i+j+k+2)reeer oo
> 6452 51050 2

~2
+ € - -
(i+j+k+2)

(i,j+2,k)€B1

and thus

€

2
S < <T 45 +T2~2> ()
4.2)

} (i+j+k+2)reeer oo
+€2 Z th+]+k+2 TatlacjlakaLit

— ,
(i,j4+2,k)€B1 (i+j+k+2)

4.2. The S5 term. Next, we use (3.2) to treat So (note that j = 1 and k£ > 1) and write

(i + 14+ k)€€ kit s (i + 14+ k) €& g imh
Sy <Z S [g IR it gh Ly, ull gz +Z T £+ 515 1f||L§,t

and then, by relabeling,

(E+1+k) e e ™ i
s (i-1 '%;1)63 (i+1+k) It Oi0ullzz,
=17

i+ 24 k) eeer , -
Z ( ) ||tz+2+k raiakaLi,t'

+ G 2+h)

Therefore, we obtain

Tee Z (i+1+k)rete”

851
~ . |
€ (i1jarnes, (1R

— (Z +k+ 2) i+k+2—r qi ak
+fi”g%dg T Ht 010" fll 1z,
2,75 2

Hti*k-razékuu@,t

from where

Tee (i +k+2)reer . r i
Sz S ——o(u) + > (Z.MMFQ)!Ht*"“+2 90" fl 12 - 4.3)
( J,k+1)EB2



8 I. KUKAVICA AND V. VICOL

4.3. The S5 term. For S3, we use (3.3) and write (note that j = 1 and & = 0)

) ] g
Z (’L+J+k>7ﬂ€l€j€ ”ti—l—l—razunl/? ”tz—l—l raerl ||1/2

S3 <
N — '
Gimen, (IR
(i+j+k)yeee i+1—7 o (i+j+k)eees o
t ot tz—i— ot
. kZ T " %IEB ol A 7Y
2,75 7, 3
which implies by the Cauchy-Schwartz inequality that
1/2 1/2
<T1/2€ . / (Z+1)rz s /
S3 S 2 Z ] tUHLi,t Z G ||t atuHLQ
(iilaj7k‘)€B3 (’i,j,k)EBg
_ (G+1)re 5 (41"
+Te > ml!tl "Opullpz, +€ > WWH "0 fl 2,
(i7j»k)€BS (i,j,k)eBg
Thus we get
T2 N G+ 1)re
SsS | tTE)ow +e Y IOl 4.4)
‘ (imen, (L ’

4.4. The S; term. Using (3.5) for Sy (note that j = 0 and k > 2), we have

3 (i+j+k)eee R oL gk

S1 < T ul| 2
Gimes, (G HITR) "
(i+j+k)yeeer
S Dl o~ A i P9
(ivjvk)EBél )

By relabeling, we have

- : k 1) i—1zk+2 L
S4 5 Z (Z+] + R+ ) € € ||tz+k+1—r8§ak

+j+k+1) ullzz,

(i~1,4,k+2)€Bs

i+j+k+2)eet?
+ Z ( .7 ) ||tz+k+2 razakaLZ

(i,5,k+2)EB4 (i+7+k+2)

and thus
eT ; i+ k4 1) efer . o
sis— ¥ (’(fj — ) S,E [y
(i—1jkt2)eBs TR L) ’
+€2 Z (Z+]+k+2) th-&-kz-ﬁ-Z razakaLQ )
(i AP)eBa (i4+j+k+2)

‘We obtain

eT i+j+k+2) e I
Sy < < 7¢( ) &2 Z ( J ) ”tz-i-k-i—Z TazakaL%t' 4.5)

(i AiDEBs (i+75+k+2)!
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4.5. The S5 term. For S5 (note that j = 0 and k = 1), we use (3.6) and write

. . Jrk r Z
S5 5 Z (ZJVJ ) e 6 Ht1+1 rat ”1/2 Ht1+1 r81+1 ||1/2

(i,5,k)€Bs (7 + k)t
(i+j+k)eees (i+j+k)yede
+ oy — [E Ol e+ Y — 1E70 Nz,
' x, | T,
A eeBs (i+j+k)  iimess (i+j+Ek) ¢
We again relabel and use the Cauchy-Schwartz inequality to deduce
1/2 1/2
< T1/2€ irei i—7 ot / (Z + 1) i—7 o /
S5 S Yo =TSl > %!\t Oyull 2,
€ .~ 7! @, o (14 1)!
(i—1,j,k)E€Bs (4,5,k)€Bs
1 1
rre 3 UL g ve 3 CE S gy
1
( 1,5,k €B5 ( j,k’)EB5
We conclude
T/2¢ _ _ ('L + 1) i+l—r
(ivjvk)€B5

4.6. The Sg term. Lastly, for Sg (note that j = k = 0), we use (3.7) and write

i—1)(i+j+k)ETE i+ j+ k)t
o5 3 USnURIHRICIE gy, o Y UEIEREES gy

— ' JT '
(i.3.)€Bs (i g+ h Gimes, IR
ZT(Z —r+ 1)6i+1 L (Z + 1)T6i+1 o
L G TR G 2 VD Dl e o LA R 2
(i+1,5,k)€Bg (i1 7€ B
whence
1+ 1
56 5 €¢(U) + € Z Qut’b-‘rl TaZfHL (47)

(i+1)!

4.7. Conclusion of the proof. Combining the ¢ bounds (4.2), (4.3), (4.4), (4.5), (4.6), and (4.7), we
conclude

~ T(2 1 & ) Tee TV2(c4+€
¢(u)§<(€:_6)+i+;+T2€2+:€+655;6)—1—T(€+E)+6)¢>(u)+¢0(u)

3 (i+j+k+2)eet2e

+ : i ” Z+]+k+2 razajakaLQ
. (t+7+k+2)
(4,j+2,k)eB1
(i + k + 2)releektt rrim
+ Z (Z +k+ 2) Ht R atakf”L?th

(4.4,k+1)€B2

(i + 1)T€ig i+1—rqi (Z + k; + 2)T ekt i+k+2—7r z Nk
E t E t
(27]7k+2)€B4

(Z'—|—1)7"ei€ o (i+1)r€i+1 o
+ D Wllt’+1 O fllz, D Wﬂt”l "0 fllzz, (4.8)
5 (i+17j7k)€BG
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Denote by C' the implicit dimensional constant in the < symbol in (4.8). Let 7" > 0 be arbitrary. First,

choose a sufficiently small € = ¢(C) > 0 such that

< 1
€< —.
- 6C
Next, we choose a sufficiently small € = (¢, T', C') = €(T',C') > 0 such that
Te?  TY% 1
-° Te < —
€ €2 Thes 6C"
Finally, choose € = €(€,¢,T,C') = €(T, C) > 0 such that
T & o Te T2 1
T P2 i T <
€+€+€2+T€+ €+61/2 +T6_6
For convenience, in addition to (4.9)—(4.11) we may also ensure that
e<e<e<l1

Upon reorganizing the terms in (4.8), the choices (4.9)—(4.12) imply that

(i+j+k+2)eet2e
(i+j+k+2)

Bu) < So(w) + Coolw) +C Y

(i7j+27k)€B1

i+ k4 2)7 izk o
+C | e Z +€2 Z <(Z+ + )66 th+2+kra§akf”l/iyt>

v
(ij:k+1)€B2  (ij,k+2)€Ba (i +k+2)!

Ht'L+J+k+2 raza]akaLz

1)l .
S ove ¥ owe > ) (SE e, )

(i.j:k)EB3  (i.j,k)EBs @+L$M€B'
E: (i+j+k+2)reeit2e
(i+j+k+2)!

+C th+]+k+2 razajakaLQ

(izj+27k)€Bl

(4.9)

(4.10)

4.11)

(4.12)

(4.13)

1 (i+7+k+2) &2 o s
< — 2 tz J+k+2—r qiqJ ok
< 360+ Coo(w) +2C > T 030" f |12,
i+j+k>(r—2)4+
+2C : |[tHE T2 0108 £ 2
i+k>(zr—2) (i+k+2) t e
w30 3 LT pin "SIz,
i>(r—1)+

The estimate (4.13) is precisely the desired bound (4.1), thereby completing the proof of the a priori esti-
mates. These a priori estimate may be made rigorous by working with truncated sums in ¢(u), such that
1+ 27 + 2k < N, which is allowed by parabolic regularity, and passing N — oco. We omit further details.

5. Derivative reduction for the Stokes problem and the proof of Theorem 1.3

The proof of Theorem 1.3 is identical to the proof of Theorem 1.1, except that the derivative reduction
estimates in Section 3 need to be adapted to the case of the Stokes system (1.9). To avoid redundancy, for

the Stokes system we only present the arguments for these reduction estimates.

The reductions are mainly based on two H? inequalities. Namely, for the stationary Stokes system

—Au+Vp=g
V-u=0,

G.D
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we have

lull gy + 121l S Ngll 2y + 10ull g + lull 2 - (5.2)
If also (1.10) holds, i.e. u‘ 90 = 0, then the above estimate becomes

lull 2y S 19l 2@ - (5.3)

5.1. Normal derivative reduction for the Stokes operator. In all the inequalities next, we require
i+ 7+ k > r. We first claim
[ R0 ) + £ 010 0
< ‘|ti+j+k77~a§+18§/—26kUHLi’t + |’ti+j+kfraza§—1gk+luHLiJ + Hti+j+kfraza$—26k+2u"Lg t

+ ||ti+j+kfraza§—28kuHLgt + ”ti+j+kfra§8(]i'—25kaLgt’ j>2 (5.4)

which allows us to reduce the number of vertical derivatives (Jy) in the Gevrey (analytic) norm. On the
other hand, for j = 1, we have

Hti-&-l-&-k—ragadékuHLi’t + Hti—l—l-ﬁ-k—raggkaLi’t

) N ) o (5.5
S T o+ [T e k> 1
For j = 1 and k£ = 0, we claim
1l e, S TSl 1T O 4 T T Ol + T O N, iz
(5.6)

5.2. Tangential derivative reduction for the Stokes operator. In order to reduce the number of tan-
gential derivatives, we claim

T P Tl 1P

4 o : _ (5.7)
SN Rl e BT, k> 2
while for k = 1, we use a special case (replace V with 0) of the inequality (5.6):
o N N S o .
[ 0 ull 2, S N Ofull s 67Ol 6 Bl e + N0 gz, iz
(5.8)
5.3. Time derivative reduction for the Stokes operator. Here we have

167l pz, < =0 e+ 1070 e, i1 (5.9)

The proofs of the inequalities (5.4)—(5.9) are the same as for those in Section 3, except that instead of
appealing to (2.3)—(2.4), we use (5.2)—(5.3). Moreover, the energy inequality (3.8) is the same for the Stokes
system, since V - v = 0. Further details are omitted.
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