EXISTENCE LOCALE ET UNICIT E DE SOLUTIONS DE L' EQUATION D’EULER
HYDROSTATIQUE DANS UN OUVERT BORN E AVEC DES DONNEES ANALYTIQUES

IGOR KUKAVICA, ROGER TEMAM, VLAD VICOL, AND MOHAMMED ZIANE

ABSTRACT. We address the question of well-posedness in spaces oftiarfainctions for the hydrostatic
incompressible Euler equations (inviscid primitive eduag) on domains with boundary, with a novel side-
boundary condition.

RESUME. On étudie le caractére bien posé dans les espaces deéfenanalytiques de I'equation d’Euler
hydrostatique pour un fluide incompressible (équatiomsifives non-visqueuses) sur des domaines a bords,
avec une nouvelle condition de bord.
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1. VERSION FRANCAISE ABREGEE

Plusieurs modeles ont été proposés pour I'etude delefligéophysiques en équilibre hydrostatique:f. [
9, 12, 19]. Dans cette Note nous considérons le modele hydros@sans viscosité qui est classique dans
la literature géophysique, voir par exemple2]f voir aussi P.-L. Lions 8, Section 4.6], ou la question
d’existence et d’unicité des solutions a été posée. &estions sont obtenues formellement a partir des
équations d’Euler des fluides incompressib&sg]. Le probleme posé est de trouver un champ de vitesses
u = (v1,v2,w) = (v, w), Une pressiop, et une densit@ qui vérifient

o+ (v-Vv+wdv+V(p—gh)+ fol=0 (1.1)
op+ (- Vp+wd,p=0, divv+d,w=0, d.p =0, (1.2)
vie.zt) = [ ol 0y, @9

dansD x (0,T), pour unT > 0. Ici D = M x (0,h) = {(z1,22,2) = (z,2) ER? : 2 € M,0 < z < h}
est un cylindre de hautedr, ou M C R? est un domaine bidimensionnel de frontiere analytiquelae
Pour les notations voir la version anglaise. Les conditiams limites sur le haut et le bas du cylindre
', = M x {0, h} etsur la frontiére latéralg, = 9M x (0, h) sont

h
w(z,z,t) =0, surl’, x (0,7), et/ v(z,z,t)dz-n =0, surl'y x (0,7), (1.4)
0

ou n est le vecteur unitaire normal &1. On note que nous n'avons pas d’équation d'évolution pour
w, qui est determiné par (4) et la condition d'incompredisébiqui donne par intégratiomw(z, z,t) =
— [y divo(z, ¢ t) dc, et

h
/ divo(z, z,t)dz = 0, (1.5)
0

pour toutr € M et0 < t < T. Nous considérons des données initiales qui sont agabsi reelles
v(z, z,0) = vo(x, 2), etp(x, z,0) = po(x, z) dansD et qui satisfont les conditiond @) et (1.5).

Le probleme de I'existence locale de solutions pour l&mn d’Euler hydrostatique est encore ouvert
a notre connaissance (c8]]. Les difficultés principales sont liees aux conditians< limites (cf. [LE]), et
au phénomene de perte de derivée qui ne permet pas diotdesnestimations dans les espaces de Sobolev
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classiques (cf.4, 13]). Le seul résultat d’existence connu des auteurs al@#na dans le cas de la dimen-
sion deux d’espace par Breni&] gous une hypothése de convexitézeet de périodicité dans la direction
x. Notons par ailleurs les progres obtenus dans le casnaeec des conditions aux limites non-locales
dans [14, 15].

Dans cette Note, nous introduisons la condition aux lin{ited), et nous montrons I'existence et l'unicité
de solutions del(1)—(1.4) dans le cas de la dimension d’espace 2 (c-&dckt (u, p, p) indépendants de
x2), et dans le cas de la dimension 3, avecun demi-plan ou un domaine périodique. La solution que nous
construisons est analytique réelle jusqu’a la froetiétrelle est unique dans cette classe.

Nous énoncons a présent les deux résultats princigawette Note pour les dimensions deux et trois et
nous renvoyons le lecteur a la version anglaise pour legtioos et les demonstrations.

Theorem 1.1. Supposons que les fonctioasp, p sont incdependantes de,, et soitr > 2. Supposons que
vp, po € Xq,, POUr unmy > 0, et supposons quey satisfait les conditiong1.4) et (1.5). Alors, il existe
T, = Ti(r, g, 70, || (vo, po) | x.,) > 0, et une solution analytiqueeelle uniqug(v (-, t), p(-, t)) du probeme
(1.D)—1.4) avec un rayon d’analytic& 7 (¢), telle que

t

I(w(t), p())]1x,, + Co /0 A [CONCMNANES
+C’||(’vo,po)HXT0€gt/0 (L+772() (v(5), p())lv, ) ds < (w0, po)llx ”s  (1.6)

pour toutt € [0,7}), ou C = C(D) est une constante positivedix De plus, le rayon d’analytiétde la
solution,r : [0, T}) — R, peutétre calcué explicitemené partir de I'équation(4.12) ci-dessous.

Dans le cas de la dimension trois d’espace, la condition imoikek (L.4) nous permet de calculer la
pression comme la solution d'un probléme elliptique deetijeumann (cf.18]). Nous avons alors

Theorem 1.2. Nous supposons que > 5/2 et que M est le demi plan suieur {x; > 0} ou bien
le domaine priodique (0,27)2. Nous supposons aussi que, po € X.,, pour unty > 0, et quevy
satisfait les conditiongl.4) et (1.5). Alors il existeT. = T(r, f, g, 70, || (vo, po)l x,,) > 0, €t une solution
analytique Eelle uniqugv(-,t), p(-,t)) du probbme(1.1)—1.4) avec un rayon d’analytici 7 (¢), tel que

t
I(0(0) ol + Ca [ € w(s).p(5), s
t
+cu(v0,po)|rxme0”/0 (1+772(9)) (v (), p()) v, ) ds < (w0, p0)l|x,, €7 (1.7)

pour toutt € [0,7%), ou C = C(D) etCy = C1(f, g) sont des constantes positives fixes. De plus, le rayon
d’analyticité de la solutiony : [0, 7%) — R, peutétre calcué explicitement.

2. INTRODUCTION

Several models have been proposed to study incompressitiedeneous geophysical flows in the hy-
drostatic limit; cf. B, 9, 12, 19] and the references therein. In this note we consider thsdid/hydrostatic
model which is classical in geophysical fluid mechanics;fee@stance 12] and also P.-L. Lions§, Sec-
tion 4.6], where the author raises the question of existandeuniqueness of solutions. These equations are
formally derived from the 3D incompressible Euler equati¢h 8]. The problem is to find a velocity field
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u = (v1,v9,w) = (v, w), a pressure scala; and a density scalarsolving

v+ (v-Vv+wdv+V(p—gp) + for =0 (2.1)
divev + 0,w = 0, (2.2)
9.p =0, (2.3)
vz = [ ol (2.4
op+ (v-V)p+wd,p=0, (2.5)

inD x (0,7), for someT" > 0. HereD = M x (0,h) = {(z1,79,2) = (7,2) € R® : 2 € M,0 < 2z < h}
is a cylinder of height,, whereM C R? is a smooth domain with real-analytic boundary. Denotdivy V,
andA the corresponding 2D operators acting:or (1, x2), while 9, = 9/0z. Also, letvt = (v, —v1)
be the first two components of x es, f is the strength of the rotation, apds the gravitational constant.
It follows from (2.3) and @.4) that the full pressuré(z, z,t) = p(z,t) — g (x, z,t) satisfiesd, P = —pg.
The boundary conditions at the top and bottbm= M x {0, h} and at the sid&, = oM x (0, h) of the
cylinderD are

h
w(z, z,t) =0, onT, x (0,7), and/ v(x,z,t)dz-n =0, onl; x (0,7), (2.6)
0

wheren is the outward unit normal toV1. Note that there is no evolution equation for Instead, the
incompressibility condition implies that(z, z,t) = — foz divo(z,(,t)d¢, forall0 < z < h,and0 < t <
T, which combined withZ.6) shows that the vertical averagedit v is zero, i.e.,

h
/ divo(z, z,t)dz = 0, (2.7)
0

forallz € Mand0 < ¢t < T. We consider a real-analytic initial datéz, z, 0) = vo(z, z), andp(z, z,0) =
po(z, z) in D, which satisfy the compatibility conditions arising fro@€) and @.7).

The local well-posedness of the hydrostatic Euler equati®an outstanding open problem (&])[ The
main difficulties are to find a well-posed set of boundary d¢omas (cf. [16]), and to deal with the loss of
derivatives which prevents the estimates to close in Swetspaces (cf.4, 13]). The only local existence
result available for the nonlinear problem was obtained Ink® Brenier B] under the assumptions of
convexity in thez-variable and of periodicity in the-variable. Progress in the linearized case with a
nonlocal boundary condition has been achieved.th 15].

In the present note we introduce the side-boundary comdfficd), and prove the existence and unique-
ness of solutions ta2(1)—(2.6) in the 2D case (that is witiM and(u, p, p) independent of:), and the 3D
cases whergM is a half-plane or the periodic domain. The solution we aquoastis real-analytic (up to the
boundary) and is unique in this class. To the best of our kadgé this is the first local well-posedness
result for the hydrostatic Euler equations in 3D, and in theeace of convexity, even in 2D. For results on
analyticity of solutions to the dissipative Prandtl bourydayer equations cf.1[1, 17], and for the classical
Euler equations cf.], 2, 6, 7, 10Q].

3. MAIN THEOREMS

In the following,a = (a1, az, ) € N3 denotes a multi-index, whedé = {0, 1,2, ...} is the set of all
non-negative integers. The notatiéfi = 9% 92 = 02109202+, whereo/ = (a1, az) will be used through-
out. We denote the homogeneous Sobolev semi-norhs, for m € N, by [v] = -, =, 1070l L2 (D).

In the 2D case we hav&1 = (0,1) andD = (0,1) x (0,h). Forr > 0 andr > 0 fixed, define the spaces
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of real-analytic functions
h h ot r.m
1
X, = {v € C®(D): / vlp, dz -n = 0,/ divedz =0, [Jv]x, = ) |v|mw < 00
0 0 m.

m=0

(3.1)
and similarly, denot&’, = {v € X,, vy, = Yooo_; [Vlm(m + 1)t /(m — 1)! < oo}. We write
pe X, if pe C®MD)and|pllx, < oo, andp € Y, if p € X, and|p|ly, < oo. Let|[(v,p)lx, =
lvllx, + llpllx., and||(v, p)|ly. = l|vllv. + ||plly,. Using the Sobolev embedding theorem it is clear from
(3.9 that if v € X, thenw is real-analytic with radius of analyticity. Conversely, ifv is real-analytic with

radius (and satisfies the boundary conditions), thea X, for anyr’ < 7 andr > 0. The following is
our main result for the 2D case.

Theorem 3.1. Let the functionse, p, p be independent afz, and letr > 2. Assume thabg, py € X, for
somer, > 0, and suppose thai, satisfies the compatibility conditions arising frqgh6) and (2.7). Then
there existd’, = T.(r, g, 70, [|(vo, po)| x,,) > 0, and a unique real-analytic solutiofv(-, ), p(,¢)) of the
initial value problem associated wii2.1)—2.6) with radius of analyticityr(¢), such that

t

wwwm@m&@+cvﬂe”*WwQLM@wm@%

t
+ Cll(vomo)meﬁgt/O L+ 772 W) p(Nlly, ., ds < (w0, po)llx,, " (3:2)

forall ¢t € [0,T}), whereC = C(D) is a fixed positive constant. Moreover, the radius of aneitytiof the
solution,r : [0, 7}) — R4, may be computed explicitly frofd.12) below.

In the 3D case, the boundary conditich®) allows us to find the pressure implicitly as the solutionof a
elliptic Neumann problem (for details, sek8]). The following theorem is our main result in 3D.

Theorem 3.2. Letr > 5/2, and let M be either the upper half-plangzr; > 0} or the periodic domain
[0,27]2. Assume thavg,py € X,,, for somery > 0, and suppose thab, satisfies the compatibility
conditions arising fron(2.6) and (2.7). Then there exist®. = T.(r, f, g, 70, [ (vo, po)llx,,) > 0, and a
unique real-analytic solutionjv(-,t), p(-,t)) of the initial value problem associated wifA.1)—2.6) with
radius of analyticityr(¢), such that

I000) o), +C [ 0l oDl s

t
+ CH(Uo,po)HXTOeC”/O (1+772(5)l(w(5), p(5)) v, ds < (w0, po)l1x, €, (3.3)

forall t € [0,7T%), whereC = C(D) andC, = C1(f,g) are fixed positive constants. Moreover, the radius
of analyticity of the solution : [0, T%) — R may be computed explicitly.

4, THE TWO-DIMENSIONAL CASE

In this section we give tha priori estimates needed to prove Theorér These estimates will be made
rigorous in Sectiorb. Letr > 2 be fixed throughout the rest of the section, and assume(that), p,
andp arexs-independent smooth solutions @ {)—(2.6), with vy, pg € X,,, for somery > 0. We denote
Or = Oz, andA = 0,, 4, . Itis convenient to write4.1)—(2.6) in component form

Opv1 + v10,v1 + wO,v1 + Opp + fvo = 9027, (4.1)
Orv9 + 010,09 + wO,vg — fug =0, (4.2)
Op 4+ v10,p +wd,p =0, (4.3)
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wherey(z, z) fo x, () d¢. Additionally, 0,v; + 0,w = 0 andd,p = 0 hold. The boundary conditions

for w andv; arew = 0 onTI',, and fo vidz = 0 onT,, wherel', = {0,1}. We note that there is
no boundary condition fops. Integrating the incompressibility condition iy and using the boundary
conditions we obtain

h
/ vi(x,z)dz =0, forallx € M. (4.4)
0

The boundary condition faw, and identity 4.4) give (cf. [5]) the pressure explicitly as

h z1 rh h
p(z) = —]g v%(x, z) dz—f/o ][0 vo (2], 2, 2) dz da’y + g]g P(x,2)dz. (4.5)

Also, we have the cancelation propet&).0*p, 0%v;) = 0 for any multi-indexa € N3, In (4.5) and in the
following we use the notatiogfoh ¢(x,z)dz = (1/h) fo (z, z)dz, for any smooth functiom.
Proof of Theoren8.1. From (3.1) it follows that

d o (m+1)"r(t)™

o ®lx,, = 7Oy, + > ) Al PP lAL R (4.6)

m=0|a|=m

Given a multi-indexa € N2, we estimatg(d/dt)||0%v(t)| ;= by applyingd® to (4.1)—(4.2), taking the
L%(D)-inner product-, -) with 9%v, and usingl0®vt, 9*v) = 0. The pressure term arising in this process
vanishes sincéd, 0%p, 0%v1) = 0. Upon summing over: € N2, the Schwarz inequality and ) give

d .
Fvlx. < 7lvlly, +U(v,v) +V(w,v) + gll0:9llx,, (4.7)

where for vector functions, v € X, we have denoted

D)=> > > > <g>\|a%.vaa—%\|p%, (4.8)

m=0 =0 a|=m |8|=j,6<a

and
o m 1 - m
H=3>3 Y () pPwo.onsa. TV (4.9)
» , B m!
m=0j=0 |a|=m |B|=j,8<a
In (4.9) we letw(x, z) = — [ divw(z, ¢) d¢. The convection termi and) are estimated as

U(v, ) + V(w, ) < Co(1+772)||vllx, [|Blly;, + Co(t +77)2]x, o]y, (4.10)

for some sufficiently large positive constary = Cy(D). To bound the last term on the right side 4f{) we
note that by 2.4) we havel 0, [, < Colplm+1+|plm, and thereforg |0, v | x, < Cogliplly, +gllpllx, . We
fix Co = Co(D) as in @.10). The growth of||p| . is controlled by(d/dt)|pllx. < #lplly. + U(v, p) +
V(w, p), and the right side of this estimate is bounded similarly4d@. After some computations we

obtain

d . -
1@ P)lx, < (7 + Cog +3Co(1+ 772 (v, p) 1) | (@, p)lv + gl P)]I - (4.11)
Define a decreasing functiar(t) by
7+ 20 Cog + 20 Co(1 + 772)|(vo, po) | x,, ¥ =0, (4.12)

and7(0) = 7p; this uniquely determines in terms of the initial data. L€ef, be the maximal time such that
7(t) > 0. By construction, we havg(v(t), p(t)) x,,, < [[(vo,po)llx,, edt for all t < T, and by ¢.11),
we obtain that the solution & priori bounded in.>(0, T}; X, ) N L(0, Ty; (1 4+ 72) Y;) in the sense that
(3.2 holds for allt < T, with C' = 10C. See p] for details. This completes the proof of the theorem]
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5. CONSTRUCTION OF THE SOLUTION AND UNIQUENESS FOR THE TWXDIMENSIONAL CASE

The formal construction of the solution is via the Picardat®n. Letv®) = vy andp® = py, where
vy satisfies the compatibility conditions arising frot and @.7). Forn € N, we definew™ (z, z,t) =
— J§ divo™ (2, ¢, t) d¢ andy™ (z, z,t) = [ p™(z, ¢, t) d(. The density iterate is

t
(41 4y — () (). ™) (5)0.) o™ (s) ds, _
PmD(8) = po /o(” () ¥+ w (5).) o) (s) ds (5.1)

and using 4.5) we define the pressure iterate by

h v rh h
P (2 ) = — ][ W2 (2, 2, 1) de — f/ ][ o§ (2], 9, 2, 1) dz day + g][ P (2, 2,1) dz.
0 o Jo 0
(5.2)

Lastly, the velocity iterate is constructed as
t
v t) = vy — vV -V 4w vV (s) + s) — s)+ fou s)ds .
@00 =g [ (174 w0) o(s) + VpH(s) — g7 o) + o) ds, (63)
0

for all n € N. By construction, the compatibility conditiorfél div v%")dz = (0 and the boundary condition

Oh v&" Ir,dz = 0 are conserved for all € N. We definer(t) by 7(0) = 7o and7(¢) + 20 Cog + 20 Cp(1 +

T2t DI (vo, po) x,, e = 0, where the constartty = Co(r, D) is fixed. The sequence of approximations
v™ is bounded in.> (0, T'; X, ) N L*(0, T; (14 72)Y;) for some sufficiently small’ > 0, and moreover,
the mapv(™ — (1) is a contraction in.>°(0, T; X, ) N L*(0, T; (1 4+ 7~2)Y;) (cf. [5)).

In order to prove the uniqueness, assume that there existdintions(v®, p(9), i = 1,2, to (2.1)—(2.6)
evolving from initial data(vy, po), with (v®, p) € L®(0,T; X,) N L*(0,T; (1 + 7 2)Y;) fori = 1,2.
We denote the difference of the solutionsdy= v — v@ andp = p(M) — p). Similarly to thea priori
estimates of Sectiof, we obtain

d .
Z 1P, +10C0og]| (v, p)llv: + 10Co]l(vo, po)llxr, e (1 + 72w, p) -

< gll(v, p)llx, +3Co(L + 7 )l Vlly, + 0P [y, )ll(v,9)x,. (5.4
It is straightforward to check thab(4), the a-priori bound or]fot(l + 772) [0 |ly. ds, and Gronwall’s
inequality imply that| (v, p)||x, = 0 forall t € [0,T}), thereby proving the uniqueness of solutions.
6. THE THREEDIMENSIONAL CASE

In the periodic case we hawet = [0,2x]?, and the boundary conditior2.@) is replaced by the pe-
riodic boundary condition in the-variable. Similarly to estimate4(7), we have(d/dt)|v(t)| x,,, <

T(t)[[v(®)ly,q, +U(v,v) +V(w,v) + P +g|[VY| x,, whereld (v, v) andV(w, v) are defined by4.8) and
(4.9) respectively, while

o m—l—l o m+1)" 7™
P> Y 90l T S S 90l T (6

m=1|a|=m m=1 |a|=m,a3=0

To estimateP, we use the fact that the pressure may be computed expfictty the velocity as

h h h
p= Rij][ (vj’l)k) dz + f(—A)_l/zj[ (Rlvg — RQ’Ul) dz + g][ Pdz, (62)
0 0 0

whereR; is the 7' Riesz transform. The proof of Theoredr? follows in analogy to the 2D case (cf. Sec-
tion 4). The construction of the-periodic solution is similar to Sectid but instead op(™ being defined
by (5.2), we define the:'” iterate of the pressure to respegid].
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For the caseM is a half-plane, let = {z € R? : z; > 0}, so that the side boundary conditidh) is
foh v1(0, 22, z) dz = 0. The main difficulty is to bound the pressure tePnThis is achieved by noting that
the vertical average of the full pressyrer) = foh P(z,2)dz =p(z) — g foh (z, z) dz satisfies

N h
“Ap = ak][ ('Uj dju + Vg 8j'Uj> dz + f][ (81112 - 32111) dz (6.3)
0 0
o [h "
8_2 = ]é (m(‘?j?’j + vjaj’l)l) dz + f]ﬁ v dz, (6.4)

wherej, k € {1,2}. We refer the reader t&] for details.
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