Almost global existence for the Prandtl boundary layer equations
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ABSTRACT. We consider the Prandtl boundary layer equations on the half plane, with initial datum that lies
in a weighted H' space with respect to the normal variable, and is real-analytic with respect to the tangential
variable. The boundary trace of the horizontal Euler flow is taken to be a constant. We prove that if the Prandtl
datum lies within € of a stable profile, then the unique solution of the Cauchy problem can be extended at least
up to time T > exp(e~*/log(e ™)) . September 24, 2015.

1. Introduction

We consider the two dimensional Prandtl boundary layer equations for the velocity field (u, v¥)
ot — ajup + uPoul + vPayuP = —9,p” (1.1)
dpul’ + 9,07 =0 (1.2)

posed in the upper half plane H = {(x,y) € R?: y > 0}. Here p” denotes the trace at OH of the underlying
Euler pressure. The boundary conditions

ul|y—o = vF]y—0 =0 (1.3)
ul | ymoo = u¥ (1.4)

are obtained by matching the Navier-Stokes no-slip boundary condition 4™ = 0 on OH, with the Euler slip
boundary condition at y = oco. The trace at 9H of the Euler tangential velocity u, obeys Bernoulli’s law

o + uPo,uf + &cpE =0.
The Prandtl system (1.1)—(1.4) is supplemented with a compatible initial condition
uP =g = u. (1.5)

Our main result states that if the Euler data (u, p¥) is constant, and if the initial datum u{ of the Prandtl
equations lies within ¢ of the error function erf(y/2) (in a suitable topology), then the Prandtl equations
have a unique (classical in = weak in y) solution on [0, 7%], where T. > exp(e~1/log(e1)).

Theorem 1.1 (Almost global existence). Let the Euler data be given by u” = r and 9,p® = 0. Define

wo(,y) = uf (,y) =k erf (5)

where erf is the Gauss error function. There exists a sufficiently large universal constant C, > 0 and a
sufficiently small universal constant €, > 0 such that the following holds. For any given ¢ € (0, ¢,], assume
that there exists an analyticity radius To > 0 such that

C* < 7_3/2 < 1

logl =% T Cue¥’
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and such that the function

go(z,y) = Oyuo(z,y) + %Uo(%y)

obeys

2 m+ 1
90/l X010 = D | eXp(%)ango(iU’y)||L2(H)(2To)mT <e.
m>0 ’

Then there exists a unique solution u* of the Prandtl boundary layer equations on [0, T.], where

e 1
72 ()

The solution u® is real analytic in x, with analyticity radius larger than 7y/2, and lies in a weighted H?
space with respect to y. We emphasize that € and g are independent of k.

P

The precise function spaces, in which the solution «!” lies, are given in Theorem 2.2 below. The condi-
tion relating € and 7y stated above roughly speaking says that we think of 0 < ¢ < 1, and of 7p = O(1).
The stated condition is the sharp version of this heuristic.

Remark 1.2 (Initial vorticity may change sign). We note that the initial datum uéj is not necessarily
monotonic in y, i.e. we do not necessarily have wéj = 8yug > 0 or < 0 on H. Thus, the initial data

in Theorem 1.1 need not fit in the Oleinik [Qle66] sign-definite vorticity setting. To see this, one may for
example consider k = & > 0 sufficiently small and 79 = 1/4. We then let

up (z,y) = € (exp(~a?)n(y) + erf(y/2)) ,
with 7)(y) such that 1(0) = 0 and exp(y®/4)n(y) € L;°. Then

dyug (0,y) = e (0 (y) + exp(—y*/4)/V/'T)
can be designed so that
dyud’(0,0)>0 and  J,ud(0,1) <0.
This indeed shows that the initial profiles considered in Theorem 1.1 need not be monotonic in y.

1.1. The local well-posedness of the Prandtl equations. Before discussing the proof of our main
result (cf. Subsection 1.3 below), we present the history of the problem. The Prandtl equations arise from
matched asymptotic expansions [Pra04] meant to describe the boundary behavior of solutions to the Navier-
Stokes equations with Dirichlet boundary conditions

du) —vAuY) 4V vy L vp®™ =0, v.u =0, inQ, (1.6)
u) =0, on 0f)

in the vanishing viscosity limit » — 0. Here 2 C R? is a smooth domain. Formally, as v — 0 the Navier-
Stokes equations reduce to the Euler equations, for which the slip boundary condition u” - n = 0 holds on
9. Due to this mismatch of boundary conditions, uniform in  bounds for Vu(*) in e.g. the L' () norm,
on an O(1) time interval, remain an outstanding mathematical challenge.

One of the fundamental questions which arise is to either prove that the Prandtl asymptotic expansion

@), o) (t, 2, y) = (W, o) (t,2,y) + (W, Vo)t 2, y/ V) + o(V), (1.7)
can be justified rigorously [SC98, Mael4, GN14], or to show that it fails [Gre00a, GVD10, GN11, GVN12,
GGN14b, GGN14c¢, GGN14a]. Naturally, the answer is expected to depend on the topology in which (1.7)
is considered, and this is intimately related to the question of well-posedness of the Prandtl system. By
now, the local in time well-posedness of (1.1)—(1.5) has been considered by many authors, see e.g. [Ole66,
EE97, SC98, CS00, Gre00b, CLS01, HH03, L.CS03, GSS09, MW14, KV13, GVM13, Mael4, AWXY14,
KMVW14, LWY14, WXY14, LWX15] and references therein. However, the question of whether the
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inviscid limit «*) — u* holds whenever the Prandtl equations are locally well-posed, and are thus stable
in some sense, remains open. See [CKV14] for partial progress in this direction.

In [Ole66], Oleinik proved the existence of solutions for the unsteady Prandtl system provided the
prescribed horizontal velocities are positive and monotonic, i.e. u” > 0 and w? = 8yup > (0. From the
physical point of view, the monotonicity assumption has stabilizing effect since it prevents boundary layer
separation. The main ingredient of the proof is the Crocco transform which uses u! as an independent
variable instead of 3 and w!” as an unknown instead of . More recently in [MW14], Masmoudi and Wong
use solely energy methods and a new change of variables to prove the local in time existence and uniqueness
in weighted Sobolev spaces, under the Oleinik’s monotonicity assumption. The main idea of [MW14] is
to use a Sobolev energy in terms of the good unknown ¢*’ = w? — u® Oy log(w®), which may be done if
w? > 0. The equation obeyed by the top derivative in x of g* is better behaved than that of the top derivative
of either u” or w”. Although cf. Remark 1.2 this change of variables is unavailable to us, the idea of a good
unknown inspired by [MW14], plays a fundamental role in our proof. Recently, in [KMVW14], the local
existence and uniqueness for the Prandtl system was proven for initial data with multiple monotonicity
regions, as long as on the complement of these regions the initial datum is tangentially real-analytic.

For real-analytic initial datum, Sammartino and Caflisch [SC98, CS00] established the local well-
posedness by using the abstract Cauchy-Kowalewski theorem. For initial datum analytic only with respect
to the tangential variable the local well-posedness was obtained in [LCS03]. In [KV13], the authors gave an
energy-based proof of this fact, and considered initial data with polynomial rather than exponential match-
ing at the top of the boundary layer u” (¢, x, ) — u”(t, ) — 0 as y — co. The tangentially-analytic norms
introduced in [KV13] encode at L? level a full one-derivative gain from the decaying analyticity radius.
These norms play an essential role in our proof.

More recently, for data in the Gevrey class-7/4 in the tangential variable, which has a single curve of
non-degenerate critical points (i.e. w} = 0iff y = ag(z) > 0 with yw{’(x, ap(z)) > 0 for all x), the local
well-posedness of the Prandtl equations was proven by Gerard-Varet and Masmoudi in [GVM13]. Note that
this Gevrey-exponent is not in contradiction with the ill-posedness in Sobloev spaces established by Gerard-
Varet and Dormy in [GVD10] for the linearized Prandtl equation around a non-monotonic shear flow. Here

the authors show that some perturbations with high tangential frequency, £ > 1, grow in time as eVht, At
the nonlinear level this strong ill-posedness was obtained by Gerard-Varet and Nguyen [GVN12].

1.2. The long time behavior of the Prandtl equations. As pointed out by Grenier, Guo, and Nguyen
[GGN14a, GGN14b, GGN14c] (see also [DR04]), in order to make progress towards proving or disproving
the inviscid limit of the Navier-Stokes equations, a finer understanding of the Prandtl equations is required,
and in particular one must understand its behavior on a longer time interval than the one which causes the
instability used to prove ill-posedness. However, to the best of our knowledge the long-time existence of the
Prandtl equations has only been considered in [Ole66], [XZ04], and [ZZ14].

Oleinik shows in [Ole66] that global regular solutions exist, when the horizontal variable x belongs to a
finite interval [0, L], with L sufficiently small. Xin and Zhang prove in [XZ04] that if the pressure gradient
has a favorable sign, that is 8xpE (t,z) <Oforallt > 0and z € R, and the initial condition uéa of Prandtl
is monotone in y, the solutions are global. However these are weak solutions in Crocco variables, which
are not known to be unique or to be regular. The global existence of smooth solutions in the monotonic
case remains to date open. In the case of large datum, the assumption of a monotone initial velocity is
essential. Indeed, E and Engquist [EE97] take ubf = 8xpE = 0 and construct an initial datum ug which
is real-analytic in the tangential variable, but for which w[lf is not sign definite, and prove that the resulting
solution of Prandtl (known to exist for short time in view of [LCS03, KV13]) blows up in finite time. We
emphasize that for this blowup to occur, the initial datum must be at least O(1): indeed, for initial datum
that is sufficiently small, the conditions of Lemma 2.1 in [EE97] fail, and thus the proof does not apply.

In fact, for initial datum that is tangentially real-analytic and small, in a recent paper Zhang and
Zhang [Z.Z.14] prove that the system (1.1)—(1.5) has a unique solution on a time interval that is much longer
than the one guaranteed by the local existence theory. More precisely, for u” = ¢ and d,p” = 0 it is proven
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in [ZZ14] that if uOP = O(e) in a norm that encodes Gaussian decay as y — oo and tangential analyticity
in z, and if ¢ < 1, the time of existence of the resulting solution is at least (’)(6*4/ 3). The elegant proof
relies on anisotropic Littlewood-Paley energy estimates in tangentially analytic norms, inspired by the ones
previously used by Chemin, Gallagher, and Paicu [CGP11] to treat the Navier-Stokes equations with datum
highly oscillating in one direction (see also [PZ14] and references therein).

1.3. Almost global existence for the Prandtl equations. In [ZZ14, Remark 1.1], the authors raise the
following question: “whether the lifespan obtained in Theorem 1.1 is sharp is a very interesting question”.
That is, do the solutions of the Prandtl equations with size ¢ initial datum live for a time interval longer
than (’)(5*4/ 3)? In this paper we give a positive answer to this question, and prove (cf. Theorem 1.1 or
Theorem 2.2) that in 2D we have almost global existence (in the sense of [Kla83]). That is, the solution
lives up to time O(exp(e~!/loge™!)). Our initial datum uY’ consists of a stable O(x) boundary layer lift
profile, and an O(g) possibly unstable, but tangentially real-analytic profile. In particular, the total initial
vorticity is not necessarily positive (cf. Remark (1.2)). Whether solutions arising from sufficiently small
initial datum are in fact global in time remains open, and this may depend on whether x < € or € < K.

The proof of Theorem 1.1 proceeds in several steps. In order to homogenize the boundary condition at
y = oo, we write u!” as a perturbation u of a stable shear profile x¢(t, y), with 9, (t,y) > 0. In order to
capture the maximal time decay from the heat equation, and to explore certain cancellations in the nonlinear
terms of Prandtl, we choose the boundary lift (¢, y) to be the Gauss error function erf(y/+/4(t + 1)). The
equation obeyed by u (cf. (2.5)) contains the usual terms in the Prandtl equations, but also terms that are
linear and quadratic in . The lift ¢ is chosen so that the quadratic terms in ¢ vanish, and we are left to
understand the linear ones in . We note that until here a similar path is followed in [ZZ14], and that energy
estimates for the ensuing linear problem leads to the maximal time of existence O(e~%/3).

The main enemy to obtaining a longer time of existence is the term ~v0, in the velocity equation
(2.5) (respectively m}@zgcp in the vorticity equation (2.7)). As v = —0, 19,u, this term loses one tangential
derivative, and is merely linear in u, so that it is not small with respect to €.

The main idea of our paper is to introduce a new linearly-good unknown g = w — u0y(logdyep),
cf. (2.12) below. This change of variable is directly motivated by the one in [MW12] for the case w’ > 0.
The upshot is that g obeys an equation in which the bad terms xvdy¢ and m)agcp cancel out, cf. (2.20)
below. The solution of this new equation may be shown to be globally well-posed. Note here that we may
recover © = U(g) and v = V(g) via linear operators U and V that are nonlocal in y, cf. (2.23)-(2.24). Thus
g is the only prognostic variable in the problem, and the system (2.20)—(2.22) is equivalent to (1.1)—(1.4).

In order to take advantage of the time decay in the heat equation, it is natural to replace the y variable
with the heat self-similar variable z = z(t,y) = y/v/t + 1, and to use L? norms with gaussian weights in
the normal direction. The gaussian weights are useful when bounding » and v in terms of g, cf. Lemma 3.1.
Moreover, the gaussian weights allow us to deal with another technical obstacle; namely, that in unbounded
domains the Poincaré inequality does not hold. However, with the gaussian weights defined in (2.25),
we may use a special case of the Treves inequality (cf. Lemma (3.3)) as a replacement of the Poincaré
inequality. The need for a Poincaré-type inequality in the y variable comes from the desire to work with ?
norms, and still capture the full one-derivative gain from the decay of the analyticity radius. As was shown
in [OT01, KV11, KV13] this may be achieved by designing norms based on ¢! rather than /2 sums over the
derivatives. The one derivative gain inherent in these ¢!-based norms allows for direct energy estimates.

The main ingredient of the proof is the a priori estimate (3.23) below. The idea is to solve the PDE
(2.20)—(2.22) for g simultaneously with a nonlinear ODE (3.24) for the tangential analyticity radius 7. The
fact that the analyticity radius 7 does not decrease to less than 7(0) /2 on the time interval considered follows
from the time integrability of the dissipative terms present on the left side of (3.23) (see also [PV11]).

The proof of Theorem 1.1 is concluded once we establish the uniqueness of solutions in this class, and
show that there exists at least one solution to the coupled system for g and 7. While uniqueness follows from
the available a priori estimates, the existence of solutions introduces a number of additional difficulties. One
of these is proving existence of solutions to (3.24). This is a first order ODE in 7, for which the nonlinear
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forcing term is well defined (i.e., the infinite sum converges), only if the solution g already is known to have
analyticity radius 7. To overcome this difficulty, we consider a dissipative approximation of (2.20)—(2.22)
and for v > 0 add a —v92g term on the left side of (2.20). We prove that this regularized equation has
solutions ¢(*) in a fixed order Sobolev space, and a posteriori show that these solutions are tangentially
real-analytic, with radii 7®) that obey an ODE similar to (3.24). Here we essentially use that the initial
datum gg is assumed to have tangential analyticity radius 27y, while the solution is only shown to have a
radius that lies between 7 /2 and 79. We prove that these radii 7(*) are uniformly equicontinuous in v (in
fact uniformly Holder 1/2) so that they converge along a subsequence on the compact time interval [0, 7;].
To conclude the proof, we show that along this subsequence the ¢(*) are a Cauchy sequence when measured
in the tangentially analytic norms, and that the limiting solution g and limiting radius 7 obey (3.24).

Organization of the paper. The detailed reformulation of the Prandtl system is given in Section 2.
Here we also define the spaces in which the solutions lives, and reformulate Theorem 1.1 in these terms.
The a priori estimates are given in Section 3, the uniqueness of solutions is proven in Section 4, and the
details concerning the existence of solutions are given in Section 5.

2. The linearly-good unknown, function spaces, and the main result

Denote by
s=z(ty) = —2-,  where (t)=t+1 2.1)
<t>1/2
the heat self-similar variable. We consider the lift
ke = kp(t,y)
of the boundary conditions (1.3)—(1.4), where
p(t,y) = 2(2(t,y)) (2.2)
and the function ®(z) obeys
®(0) =0, lim ®(z) =1, d'(z) > 0. (2.3)
Z—00

We make a precise choice of ® in (2.18) below. We already note that by design 0, ¢(t,y) > 0 for y > 0,
i.e., the vorticity of the shear flow ¢ is positive, and thus stable (in the sense of [Ole66]).
We write the solution of (1.1)—(1.4) as a perturbation u(t, z, y) of the lift kp(t,y) via

uP'(t,2,y) = kp(t,y) + u(t, z,y)

so that the perturbation u obeys the homogenous boundary conditions

U|y:0 = u|y:oo = 0’ (24)
and satisfies the equation
O — aju + KpOzu + KvOyp + udyu + voyu = —kK(Opp — agcp), (2.5)
where v is computed from u as
Y
v(t,z,y) = — / Ozu(t, z,y)dy. (2.6)
0

Using (2.5), we obtain the equation for the perturbed vorticity w = 9yu,
Opw — ajw + KpOyw + /ﬂ)a;go + u0pw + vOyw = —K(0 0y — 82<p), 2.7
with the natural boundary condition

Oywly—0 = —KI;ply—o. (2.8)
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As we work in weighted spaces, at y = oo we impose the condition
Wlyoo = 0. (2.9)
2.1. The linearly-good unknown. As can already be seen in [ZZ14], the main obstruction for obtain-
ing the global in time existence of solutions comes from the linear problem for the velocity and vorticity
Oru — 85“ + kpOpu + KVOyp = —K(Opp — 8590) + nonlinearity, (2.10)
Opw — 85(4) + KpOyw + m)@;go = —r(0:0yp — 83@) -+ nonlinearity. (2.11)

Inspired by [MW12] (see also [GVM13, KMVW14]), we tackle this issue by considering the linearly-good
unknown

g(t,x,y) :w(t,x,y) —u(t,x,y)a(t,y) (212)
where
020(t,
a(t,y) = M. (2.13)
Oyep(t, y)
Note that one may solve the first order (in y) linear equation (2.12) to compute u from g explicitly as
Y 1 Y 1
u(t,z,y) = Oyp(t, / t,x,y) ———dyj = ®'(2(t, / t,r,y) ——————dy, (2.14)
(t,2,y) = 9yp(t,y) ; 9( y)ayw(t’y) y=o(2(t,y)) ; 9( y)q),(z(t’y)) U

where we have used the boundary condition of u at y = 0. Also, if g decays sufficiently fast at infinity,
this ensures the correct boundary conditions for w. The formula (2.14) is useful when performing weighted
estimates for w in terms of weighted norms of g.

The evolution equation obeyed by prognostic variable g is

Org — 8§g + (u + Kp)0zg + v0yg — 20yag + uL + vudya = KF, (2.15)

where the diagnostic variables v and v may be computed from ¢ via (2.14) and (2.6). The functions F' and
L are given by

F(t,y) = a(Bip — 050) — (0Dyp — D)
L(t,y) = Ora — 85@ — 2a0ya,

and a is as defined in (2.13). Moreover, in view of (2.4), (2.8), and (2.9), the linearly-good unknown obeys
the boundary conditions

(yg + ag)ly=0 = Oywly=o = _“aZ‘P|y=0» (2.16)
and
Gly=c0 =0, (2.17)
where the latter one comes from the convenience of vorticity that vanishes as y — oc.
2.2. A Gaussian lift of the boundary conditions. At this stage we make a choice for the boundary

condition lift ®. Our choice is determined by trying to eliminate the forcing term F' on the right side of
(2.15), and the linear term u L on the left side of (2.15). For this purpose, let ® be defined via ®(0) = 0 and
1

2
O'(2) = e <—1> (2.18)

where the normalization ensures that ® — 1 as z — oco. In the original variables, this means that

) \/17? /Oy/mexp <_f> dz = erf ( z<t>)
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where erf is the Gauss error function. With this choice of ®, we immediately obtain
z Y
a’<t7 y) = - = -
26)/%  2(t)

F(z)=L(z2)=0

and the boundary values
®"(0)=0 and  ®'(0)=1/y/7>0.

The evolution equation (2.15) for the good unknown

Yy
= 2 2.1
g=w+ 2<t>u (2.19)
thus becomes
1 1
g — 02 Og + v0yg + g — =vu =0 2.20
ygly=0 = gly=cc =0 2.21)
9lt=0 = go- (2.22)
As noted before (cf. (2.14) and (2.6)), © and v may be computed from g explicitly
v\ (Y Uk
u(t,z,y) = U(g)(t,x,y) := exp <—) / g(t,z,y) exp <) dy (2.23)
A(t) ) Jo A(t)
y
olts ) = Vig)t,w) =~ [ Uag)(t.. ) @.24)
0

and thus solving (2.20)—(2.22) is equivalent to solving the Prandtl boundary layer equations (1.1)—(1.5).

2.3. Tangentially analytic functions with Gaussian normal weights. Lastly, in view of (2.14) and
the choice (2.18) of @, it is natural to use the Gaussian weight defined by

2 2
Ou(t,y) = exp <az(t4,y)> = exp <Z(yzf>> (2.25)
for some
a€[1/4,1/2]

to be chosen later (e-close to 1/2).
In order to define the functional spaces in which the solution lies, motivated by [KV13], it is convenient
to define

M, = vm + 17
m!
and introduce the Sobolev weighted semi-norms
X = Xm(g,7) = [|0007' 9| 27" M, (2.26)
Dy, = Din(g,7) = 1100040, 9| 27" My, = Xin (0yg, 7), 2.27)
Zm = Zm(9,7) = ||20007 g\l 127" My, = Xin(29,7), (2.28)
By = Bml(g.7) = (1) * X (g, 7) + (1) * Zin(g,7) + (£)*/*Dpn (g, 7) (2.29)
Yin = Yin(9,7) = 0007 gl 27" ' m M. (2.30)

As in [KV13], we consider the following space of function that are real-analytic in x and lie in a weighted
L? space with respect to y

Xro = {g(t,z,y) € L*(H; 0,dydz): |g]|x,. < oo}
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where for 7 > 0 and « as above we define

gl =D Xm(g,7). 2.31)
m>0
We also define the semi-norm
gl = Yilg,7) (2.32)
m>1

which encodes the one-derivative gain in the analytic estimates, when the summation in m is considered in
¢* rather than in £2, as is classical when using Fourier analysis. Note that for 3 > 1, we have

HgHYT,a S T71||g||X/BT,Ot Sll>pl (m/@im) S CﬁTilH'gHXBT,a (233)
mz

In particular, g € X, o implies that [|g||y, , < 7 !||g| x,,... The gain of a y derivative shall be encoded in
the dissipative semi-norm

190D = D Dinlg,7) = 10491 X

m>0

while the damping in the heat self-similar variable z is measured via
19112 = D Zm(9:7) = ll29] s 0

m>0

For compactness of notation, for a function g such that g, zg, 9,9 € X, we use the time-weighted norm
4
lgll5.o =D Bulg. ) = () Ngllx.o + ) gl z,0 + 6 gl (234)
m>0

where as before 7 > 0 and o € [1/4,1/2]. Lastly, in order to obtain time regularity for the radius of
analyticity 7(¢), it will be convenient to use a hybrid of the £? and ¢! tangentially analytic norms, given by

=~ = Din(g,7)?
~ =S D,,, Dp=Dplgr1)=—-22""1 (2.35)
||9||Dﬂa ngo m m m(9,T) X (9, 7)
> 5 _z Zm(g,7)°
> =Y Zmy Zp=Zm(g,T) = , (2.36)
||9||ZT,Q mzzo m m m(9,T) Xn(g,7)
lglz,. =D Bn  Bm=Bulg,7) = )/ *Xun(g,7) + ()/*Z0n(9,7) + ()"/*Din(g, 7). (237)
m>0
‘We note that the bound
1/2 1/2
I9llz... <26 N9l llgll” (2.38)

is an immediate consequence of the Cauchy-Schwartz inequality.

2.4. The main result. Having introduced the functional setting of this paper we restate Theorem 1.1 in
these terms. First, we give a definition of solutions to the reformulated Prandtl equations (2.20)—(2.22).

Definition 2.1 (Classical in = weak in y solutions). For 3 > 0 define Hs 1 g to be the closure under the

norm
2 1 ‘ /ByQ
Il = 3 3 [ orojhte )l ex (2 )dydx

m=0 j=0
of the set of functions
D = {h(z,y) € C°(R x [0,00)): Oyh|y—o = 0}.
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Let o € [1/4,1/2], and 0,4(t,y) be defined by (2.25). For T > 0 we say that a function
g € L>([0,T); Ha1,0/0))

is a classical in x weak in y solution of the initial value problem for the Prandtl equations (2.20)—(2.22) on
[0,T), if (2.20) holds when tested against elements of C§°([0,T) x R x [0, 00)).

Theorem 2.2 (Main result). Assume the trace of the Euler flow is given by u¥ = x and 0,p" = 0. For

t > 0, define
u(t,z,y) = u? (t,z,y) — kerf ( i )
A(t)
and let
g(t,z,y) = Oyu(t,z,y) + %u(t, x,y).

There exists a sufficiently large universal constant C, > 0 and a sufficiently small universal constant e, > 0
such that the following holds. Assume that there exists an analyticity radius 7o > 0 and an € € (0, e,] such
that

* 3/2
<7<
logl =0 = Ce¥’

(2.39)

and such that the initial condition go = ¢(0, -, -) is small, in the sense that

190115, 1/» < & (2.40)

Then there exists a unique classical in x weak in y solution g of the Prandtl boundary layer equations
(2.20)—~(2.22) on [0, T¢] which is tangentially real-analytic, and the maximal time of existence obeys

e 1
72 ()

Moreover, letting 6 = Elog% and o = 1%‘5, the tangential analyticity radius 7(t) of the solution g(t)
satisfies
2/3
C.(t)°
(1) > (32— G >1 >0 (2.41)
2log < 2
and the solution g(t) obeys the bounds
l9@x, 0 < B4 (2.42)
t C* t 1
| (196 + 1665, ) ds < S 43
0 ’ T(s),x log 2
t <S>5/4—6
| S 106l s, s < Coc (.44)

forallt € [0,T].

It follows from the estimates in the next section (cf. Lemmas 3.1 and 3.5) that bounds on g, zg, and 0, g
in X o imply similar bounds on v and v in X ,, and thus (2.42)—(2.44) directly translate into bounds for
u” and v”. Moreover, when g(t) € Ha,1,a/()» then u(t) lies in Hy 5 oy and the Prandtl equations (1.1)
hold pointwise in « and in an L? sense in y. We omit these details. The proof of Theorem 2.2 consists of
a priori estimates (cf. Section 3), the proof of uniqueness of solutions in this class (cf. Section 4), and the
construction of solutions (cf. Section 5).
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3. A priori estimates

In this section we give the a priori estimates needed to prove Theorem 2.2. We start with a number of
preliminary lemmas, which lead up to Subsection 3.5, where we conclude the a priori bounds.

3.1. Bounding the diagnostic variables in terms of the prognostic one. We may use (2.14) to write

v ((1-a)
Oa(y)uly) = [ 9(9)0a(y)exp 7> —v) ) dy. (3.1
0 4(t)
On the one hand, it is immediate from the above that
10aullrse < [|0agllL- (3.2)

On the other hand, for p € [1, 2] we may estimate

a0 < Waallors [ o (L - 02)) dy)” ’

1/p
— 1180 gl s (8P (DawsonF[z(t, 9 Kpo] >

Kpo
where K, o, = y/p(1 —a)/2 and
) Yy
DawsonFly] = exp(—1?) [ exp(i?)dy = [ expl? — 1)y
0 0

It is not hard to check that

2
DawsonF[y] < T30
Y

for all y > 0. Because there exists a universal constant C' > O such that 1/C < K, , < C forp € [1,2] and
a € [1/4,1/2], it follows that

S S
(Lt 2(t.)) 77

for p € [1,2]. Using (3.3) and recalling the definition of v in (2.6) we may prove the following estimates.

6t y)u(t, z.9)| < C(OY ) [0agll 0 (3.3)

Lemma 3.1 (Bounds for the diagnostic variables). Ler 6, be given by (2.25) with « € [1/4,1/2], Define
u=U(g) and v =V(g) by (2.23) respectively (2.24). For m > 0 we have

107 ull 2 Lo < C) /16009l 12, (3.4)
105l 0, < C{O 0 amgum 10a05" 911" (3.5)
16a0g]l 1 < C(£)/*]0a 8mg\\1/2\|29 gl (3.6)

1600 ull 2, < C)*|6a amgu”z 160 amaygum + OO 210,07 gll 5 1262079l y B

1000 ull e 2 < C()*/|6a amgu”“ 16 am“gn”“ 10603y " 16207 Dyg1l}"
+C)"?||6q amg||”4 16 am“gul“ (B amg||”4 20007 gl 2" (3.8)

107 0] 220 < C#* 0007 gl 12, (3.9)

105l g, < c<t>3/4\\eaa$+lgr\1/2 100072911 (3.10)

for some universal constant C' > 0, which is independent of o € [1/4,1/2].
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PROOF OF LEMMA 3.1. From identity (3.1) we have
mg (1 - O‘) _9 2 _
y)o; )Iexp< 0 (¥"—vy7) ) dy
m \/g _ 1/4 m aZQ
SM@m@%@ywwn%@m@ﬁmp—jf
< () 020" gl 2

07 uy)l < 5

The bound (3.4) follows by taking the L? norm in 2 of the above, while the bound (3.5) follows upon
additionally applying the 1D Agmon inequality in the x variable,

£l < CUAIL 10uf Iy

To bound 6,0]"u, we note that for R > 0 we have

R 00
00 sl = | 10a )20y + [ a0 awlll "y
< RY2)06079 L2 + B2 (90207" gl 2
which upon optimizing in R yields
10605 gll1s < ClI6OT g, lyad g,y
<cw”weﬁwwﬂweywwﬂ
Upon taking L? norm in z, this proves (3.6). When combined with (3.2), we obtain from the above that
10087 ull g < O 102079, 1120007 9l 1
In order to prove (3.7), we use (3.3) with p = 1 and the 1D Agmon inequality in the y variable to obtain
16607 ul| 2 < C()"? (1000 gllge | (1 + 2(t, )" 12
m 11/2 m m 1/2
< P M0a02915 (10a020,9113 + 19,0a0291115)
m 1/2 m 1/2 m 11/2 m n1/2
< O 10207 911 5 102070,91 15 + C0) 1000915 126207 gl 5"

Taking the L? norm in x of the above yields (3.7), while an application of the 1D Agmon inequality in
gives (3.8). For the v bounds, we use (3.3) with p = 2 and obtain

107 0llzge < 107 ull 1y < (1607 ull oo 165 2y
< O 2110007 ull 1y
< O 16207 g]| 13-
Integrating in x the above implies (3.9). An extra use of the 1D Agmon inequality yields (3.10). O

Remark 3.2. The first two estimates in Lemma 3.1 also hold in the case when we don’t use the weight (i.e.,
when 6, = 1). Indeed, we use the relation

u(y) = /0 yg(ﬂ) exp <y24§>y2) dy,

1
(1+ 2)i/p

which implies that

[uy)| < COY* g o

for1 <p < oo.
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3.2. Weighted Sobolev energy estimates for the good unknown. Let m > 0. We apply 0" to (2.20),
multiply the resulting equation with #2097 g and integrate over H to obtain

1d m m 1 -2« m 2 -« m
10,07 g% + 1000, 9]% + L2 g a2, + 22 000 %

2 dt 4 240)
= Z (m) /8;”_%06,3%“99&3;”9 - Z <m> /8;”_%%03/8%99&8;”9
= \J =0 N
b i <m> / 000,07 I uba 0} g
20 = \i) ) T '
= Upn + Vin + T 3.11)

Here we have used the boundary conditions (2.21)—(2.22) and the cancellation
/ PO g0 gd = 0,
which follows upon integration by parts and the fact that 9, (062) = 0. Dividing (3.11) by ||0,97g|| 12,

multiplying by 7" M,,,, and using the notations (2.26)—(2.30) and (2.35)—(2.37), we arrive at
d a(l —2a) ~ 2—« T M,
— X D Z, X _—
e T B T R N VN T

In the next subsection we obtain lower bounds for the dissipative and damping terms on the left side of
(3.12), while in the following subsection we estimate the nonlinear terms on the right side of (3.12).

(U 4 Vin + T (3.12)

3.3. Bounds for the dissipative and damping terms.

Lemma 3.3 (Poincaré inequality with gaussian weights). Let g be such that 0yg|,—o = 0 and g|y—c = 0.
For o € [1/4,1/2], m > 0, and t > 0 it holds that

a m m
Ty 10ad2 gz < 620,097, (3.13)

where 0,(t,y) = exp (Z‘%)

PROOF OF LEMMA 3.3. The above inequality is classical, and it is a special case of the Treves inequal-
ity which can be found in [Hor83]. For simplicity, we give a short proof for the case m = 0. Note that

(0%
eaayg = 8@/(0049) - %9049

as can be checked directly. Using that (a — b)? = (a + b)? — 4ab it then follows that
/(eaayg)2 dy = / <ay(9 ay 9 9>2 dy
2
= / <5y(9 g> dy — (g 2y(0a9)0y(6ag) dy
2
-/ <ay(9 9ag> dy + (ﬂ JnR

> <t>/(9a9) dy,

upon integrating by parts with respect to y in the third equality. No boundary terms arise in this process. [l
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Using Lemma 3.3 we may bound the dissipation term in (3.11) from below as
16a0,05° 97> _ B 16adyOz'gllf 28 o'/
100079l — 2 [10a07gl| L2 2 ()2
B10a0,00912: o}/

T2 [10a07glle 2()Y/?

10a8,0;" 9]l 2

1_
|wa%a?muz+‘“<wﬁ”

1605 gll L2 (3.14)

where 3 € (0,1/2) is to be chosen precise later.
For the damping terms in (3.11) we have the lower bounds

: ol — 2a) mo2, L 2 m 2

1 a 2 1/2 m 2
= 1 _ 2 4 .
H%%MW<MMW 0)2? +47) 120,00 g |3 +
Oé(l - 20{) ||Z€aa;_ng||%2 0671/2(1 _ 20&)1/2
= 8t [10a9gll L2 A(t)

=02y
2= 0,071

Wleaa;”gup. (3.15)

1260a0;" gl L2 +

In the last inequality above we used that
(1 = 2a)22 4 4y)1/2 > 241/2
(1 —2a)22 +49)/2 > (1 — 20)Y/22

which holds for all z > 0, when o € [1/4,1/2] and v € [0,1/2]. In summary, in this subsection we have
proven the following bounds.

Lemma 3.4 (Lower bounds for the damping and dissipative terms). Fix o € [1/4,1/2], and let 3,7 €
[0, 1/2] be arbitrary. Then we have

~ a(l —2a) » 2—a
%(ijt 0 Zm + 10 Xm>

Ié] a(l —2a) al’?p ay2(1 — 2a)1/?
> 2 ~ ol Sl ) - -

2(t)1/?
1+a(l/2—~—p)
(t)

independently of T > 0.

PROOF. The lemma follows upon recasting (3.14) and (3.15) as

~ ~ / —
By . a8 a(l—p)

Z 5 + <t>1/2 + o)
_ _ - _ ~ 1/2(1 — 9q)1/2 _ _
2 aXm n a(l —2a) S a(l 2a)Zm ay/4(1 - 2a) . 1—a/2 a’me
2(t) At) 8(t) A(t) (t)
and summing over m > 0. |

3.4. Bounds for the nonlinear terms. In this subsection we bound the nonlinear terms on the right
side of (3.12) for every m > 0, cf. estimates (3.20), (3.21), (3.22) below. When summed over m > 0 we
obtain the following tangentially analytic estimates for the nonlinear terms.
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Lemma 3.5 (Estimates for the nonlinearity). There exits a universal constant C > 1 such that the bounds

Unlr™ My, _ C(0)*
< 9llx. . Ngllv-.. a1
mzzo 10a0mgll2 = T(t)1/2 5 l9llx. . llglly-,
Vi lrmM, )34
Z ’HQ gmghz = T(<t)>1/2 91D, o ll9lly.a a8
” 1/2
Z | Ton 7™ M _ Cot YW e Ct) Vs s o

_|_
 eomals < S Il ol + T ol ol .

hold for every 7 > 0 and o € [1/4,1/2].

PROOF. First, using (3.4)—(3.5), and the 1D Agmon inequality in the x variable we obtain

|Un| ke “ m

- . : i ,

e < ) <.)||3;n Tull L2 ree 10008 gl Lger + ) <.)||33? Tull e, 10205 gl 2

1009l — 4= \J v v j v
j=0 j=[m/2+1

[m/2]
m . . .
<omity ( j)ueaa;” Sgll 2 6a03 g2 6000 2g L2
=0

+omtt ( )He O || Y2000 gl 20000 g | 2
Jj=Im/2]+1

where C' > 0 is independent of o € [1/4,1/2]. Upon multiplying by 7" M,, and using the definitions
(2.26)—(2.30), the above bound implies

[m/2] m
Upn| 7™ My, C{)Y* 1/2+,1/2 1/2 1/2
dmal = o) | 2 Froiitin t 2, MusXasa¥im | G20
* j=[m/2]+1
Similarly, by appealing to (3.9) and (3.10) we have
7||9aamg”méz ; 107" vl 12 1001100y gIILmL2+ Z ; 10770 ee, 1000y gl 22,
* j=0 [m/2]+1

[m/2]
m L .
<oty ( ! ) 18005 g 21800, D91 /21600, g2
=0

romt Y ( .)neaa;: gl Y2 0,0 2g] V21608, g
j=[m/2]+1

where C' > 0 is independent of « € [1/4,1/2]. Upon multiplying by 7™M, and using the definitions
(2.26)—(2.30), the above bound implies

m/2)
V|7 My, C()%/* 1/2 ~1/2 12 1/2
Oudrglis = )2 | 2 YmesntD; Dy+1+ Z Vol YDy |- B2D)
L j=0 =[m/2]+
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For the last term on the right of (3.11) we appeal to (3.7), (3.8), (3.9), and (3.10) to obtain

T 1 [m/2] mY | s
Geapals < 20y 2 \j )10 10a02 i,

=0
1 = m ; M

T DI O PN

. J

j=lmy2+1

1 2[m/2} m i 1/2 1/2 1/2 1/2
<00 3 (") 1005 g 10,0101 10,0 0121 020,07

=0

[m/2]

(Y ()60t al 510005201 10,0 0112000 a2

+om'? N ( )ne DI gl 211000 g || 15" 1000 =T g 14!
j=[m/2]+1

< 110607 Dy 2 10207 0,911 2

m
ORI G [ X R e P
j=[m/2]+1
% 12020 gl | 005 g
where C' > 0 is independent of « € [1/4,1/2]. Upon multiplying by 7™M, and using the definitions
(2.26)—(2.30), the above bound implies
[m/2]

1/2v,1 2 1/2 1/2 1/4 1/4 1/4 1/4
Z Y]—KIYJ-1{2 / D/ + Z YJ+ X/ Xm/ ]—HD/ Drr{ Jj+1
=[m/2]+1

[ Ton| 7" My _ C(1)'/*
10007 gllLe — ((t))1/2
o't (14 1/24,1/2 4 1/2 ,1/2 14 w1/d /4 1/4
+ (T(t))l/Z Z YJ+1 J+2 m— JZm —Jj + Z YJ+1X Xm—j+1Zm—jZm—j+1
J=[m/2]+
(3.22)
The proof of the lemma is completed upon summing (3.20)—(3.22) over m > 0 and using the bound
m
PB) UMD 31ty Si
m>0 ;=0 j>0 k>0

for positive sequences {a; };>0 and {b;};>0. U

Remark 3.6 (Analytic product estimates). We note that the proof of Lemma 3.5 directly implies that the
following bounds hold

C
U(gM)a, ¢ «_ Y 4, (2)
10620 < i lle sl

C

(1) 2 = g@ (1)

VG0 P xS —llo@ g v
VU, . < =0 g, gDl
2<t> T,t — T(t)1/2 T, T,

for some universal constant C' > 0, independent of 7 > 0 and o € [1/4,1/2].
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3.5. Conclusion of the a priori estimates. At this stage we make a choice for the free parameters «, 3,
and ~y. First, we introduce

d=46(e) € (,1/10)
which is to be chosen at the end of the proof, where without loss of generality £ < 1/200. We set
1-6 ]
a=7=  B=y=3
With this choice of «, 3, v, we sum estimate (3.12) for m > 0, appeal to Lemmas 3.4 and 3.5, and arrive at

Dol + 2521
dt g XT,a <> g XToc

0

t o (20" gl xr0 + 0Nl 2. + O lgl 7., + O Mgl + 7 lgll5,.,)

< <+<t>+7<g‘i/2 (" lglx... <>1/4||g||zm+<t>3/4|rg|rDT,a)>|gr|ym

for some sufficiently large universal constants Cp, C; > 1 which are independent of « and J. Upon recalling
the notations (2.34) and (2.37), we can rewrite the above in a more compact form as

d 5/4—6 5 . Co
—_ L P— ~ < -

(3.23)

with Cp, C; > 1 are universal constants, that are in particular independent of the choice of § € (g,1/10).
We next choose the function 7(¢) such that

d
(1) +3Collg(®)15,,).. =0 (3.24)

The above ODE is meant to hold a.e. in time, since the time derivative of the monotone decreasing absolutely
continuous function (in fact Holder 1/2 continuous) is only guaranteed to exist almost everywhere. With
this choice of 7 in (3.24), we infer from the a priori estimate (3.23) that

d 5/4—6 ) ( > Co(t)>*~°

— ~ [ A <0

dt << > HgHXTa + ) HgHBT,a + ”g”BT,a + T(t)1/2 HgHBT,aHgHYT,a —
which integrated on [0, ¢] yields

5/4-6
B Nglx, . 0/ (oM + o5, )

4]
Ci(t)

<S>5/4 )
+CO/0 (172 19,195 o ds

< llgollxry.0 < llgollx,, .o < e (3.25)

From (3.25) it immediately follows that

aC
/ l9(3)5,0, s < 41

which combined with (3.24) shows that we have the lower bound

(62 > 73/2 - %@5 (3.26)
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for all ¢ > 0, where Cs = 6Cy('; is a universal constant that is independent of §. From estimate (3.26) we
see that the radius of tangential analyticity obeys

70
t) > —
r(t)> 7
on the time interval [0, 7], where
57’3/2
T.)" = —2 3.27
< 5> 502 ( )

and we recall that § = 6(¢) € (e,1/10) is yet to be chosen.

In order to see that the monotone decreasing analyticity radius is a Holder 1/2 continuous function of
time, we may use the bound (2.38), integrate (3.24) from ¢; to o, where 0 < t; < to < T} are arbitrary, and
use the estimate (3.25), to obtain

t2
(02 = 7% < 6o [0 gl ol

B
t T,Q
B 1/2 to B 1/2 to B 1/2
<oco s (07 lale.) " ([0 oz ) ([0 )
t€[0,T%] t1 ’ t1
600 C1E 1/2
< ——(ty — ¢
== (ta —t1)

by using that 26 — 1 < 0.
To conclude the proof, we let

1
6 =clog - (3.28)

which is a permissible choice if ¢ is sufficiently small. In that case, from (3.27) we obtain

1
3/2 1\ zlog L 3/2 1
log = \ sz 1 log L
T. = (Tocsg> _ 1= exp (dog log (TO ng E)) —1. (3.29)
€

It is clear from (3.29) that as long as Tg /2 log % > (Cqe?, which is ensured by (2.39), then we have that

1
TeZeXp< 1)
elog <

for all 0 < € < 1/200, which concludes the proof of the a priori estimates.

4. Uniqueness

Assume go € Xaz o With [[gol|x,,, .o < & Let g™ and ¢ be two solutions to the system (2.20)—~(2.22)

evolving from go, with tangential radii of analyticity 7(!) and 7(?) respectively, which obey the bounds in
Theorem 2.2. We fix § as given by (3.28).
Also, define 7(t) by

2C)
7(t)1/2

In view of the estimate (2.43) for g(l) and the lower bounds (2.41) for 71 and 7?), we have that

.
gV @®)ll5, 0, =0, T(0) =7 (@.1)

7(t) + 1

ind (1) ~(2)
<) < T0 < min{7") 7£)}

70 0
8 ~ 4 2

(4.2)

forall t € [0,T%].
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We consider the difference of solutions § = g™*) — ¢(2) which obeys

1
0rg — 079 + Kp02g + w7

= —(uMd,g + 10,9?) — (89,91 +v?8,3) + sull) v 7) (4.3)

1
20
and has initial datum gy = 0. Here we also denote @ = u(!) — u(? = U(g) and o = v — v(?) = V().

Using estimates for the nonlinear terms as in Remark 3.6, similarly to (3.23) we arrive at

d. 5/4—6

5
aHQ(t)HXT@ + TH IO, + =57z l19O 5,

C1(t)
s(dw+7muﬂﬁkﬂmm)Hmmmm+T@UgM>wmwmmmmﬁ> (44)

with Cy, C; > 1 being universal constants. Since 7(t) < 7()(¢) and the X, norm is increasing in 7, we

obtain from (4.1) that
: 2Co_, ()
#0) + —iale Ol <0

On the other hand, using (2.33), (4.2), and (2.42) we may bound

O)xy.0 < (ﬂw <mxwm>s@f@3ﬂw.

1
(2) <
197 (D)ly, ) < @ g

Combining the above two estimates with (4.4) we arrive at

d, _ 5/4—0 5 26Co(t)°
— -/ — - - < PN
170 + 00l + ol ®le < o lale g @9
To conclude we note that by the definition of T; in (3.27) we have that
1 1 1) 1)
6 elogz S 32eCy(t) S 2eCy(t) 4.6)

N I O
holds. From (4.5) and (4.6) we obtain

a0, + 2= la0l ., <0

which concludes the proof of uniqueness since gg = 0.

5. Existence

Throughout this section we fix « = 1/2 — ¢, where § = ¢ log % We assume the initial datum gy obeys
190l X5, 1/ < €, where the pair (79, ) obeys (2.39).

We first prove the existence of solutions ¢(*) to a parabolic approximation of the Prandtl equations, with
the term —vd2g present on the left side of (2.20). These solutions are shown to obey uniform in v bounds in
L X 0 1),0N LiB_q) (1), for a sequence of tangential analyticity radii 7). These radii obey 7(*) > /2
for all ¢t € [0,7;] and are moreover uniformly equicontinuous on this time interval, where 7 is given by
(3.27), i.e.

3/2
log
T.) =2 == 5.1
for a sufficiently large universal constant K. Moreover, g*) and 7(*) are shown to obey (3.24).

With these uniform in  bounds we then show that the 7(*) converge along a subsequence to an analyt-

icity radius 7(t) > 79/2 on [0, 7], and along this subsequence, the g(*) are shown to be a Cauchy sequence
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in the topology induced by L{°X,, o N Li By, . By the completeness of L>°(L2(0,(t,y)dydx)dt) the
existence of solutions to Prandtl in the sense of Definition 2.1 is then completed.

5.1. A dissipative approximation. For v > 0 we consider the nonlinear parabolic equation

1 1
dg") — Ggg(”) —v92gW) + (W) + kp)Dg™) + v(”)f)yg(”) 4+ — W~ ), = (5.2)

Il
3y y=0 = 9|y (5.3)
Y
u (y) = U(gW) = 9_1<y>_,€ ) (9)01(9)dy (5.4)
v (y) = V(g") == - / Y ) (5)dy. (5.5)
0

Our goal is to construct solutions ¢(*) with corresponding tangential analyticity radii 7(*), so that uniformly
in v > 0 we have the estimate

Te
5/, (¥) O [y w
swp (079 )+ | 19, ds
te[O Tg] = )(t),a K* 0 <$>5 ( )(s),a
T. 5/4 )
+K/ e AL DU AP PO RS 56)
where K, > 0 is a sufficiently large universal constant, and the radii 7(*) (t) obey the ODE

d 2K
AR () g™ = ®)(0) =
dtT (t)+ () (t)1/2 lg (t)HBT(y)(t)ﬂ 0, T(0) = 70. (5.7

For v > 0, estimate (5.6) and the ODE (5.7), correspond to (3.25) respectively (3.24) for the limiting
Prandtl system v = 0. Although the system (5.2)—(5.5) is parabolic, we detail the construction of ¢(*) and
7() since the first order ODE (5.7) has a nonlinear term which convergences only once the radius 7®) has
been constructed already to satisfy this equation. The method of constructing ¢(*) and 7(*) draws from ideas
employed [KTVZ11, IKZ12] for the hydrostatic Euler equations.

At this stage it is convenient to introduce some notation. Let N > 1. Similarly to (2.26)—(2.37), for
h: H — R and 7 > 0 define the weighted Sobolev norms

N
Bllxy = Xn(h,7), (5.8)
N N N
B B Dy, (h, 7)2 B ~
HhHD;V _mZ_:Dm(th)a HhHDy _mZ::O‘Xm(th) _m:ODm(h’T)7
N N N
Zm(th)Q >
Ihllzy =Y Zw(ho),  Nblgy = D S5 = D Zm(h,7),
m=0 ! m=0 Xm(h’ T) m=0
N
Il = 32 Yulhr), bl = ZxMhT
N o~
HhHBQ’ - Z Bm(h77—)v HhHgy - Z Bm(th)' (5.9
m=0 m=0

We will use frequently that the bound
1/4
Pl < 3 Il 17 g
holds independently of N > 1 and 7 > 0.
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5.2. A two-step Picard iteration for the dissipative system. We define
SW (t)hg = W) (¢)

to be the solution to the initial value problem to the linear part of (5.2)—(5.5), namely

ath(z/) _ 3§h(1/) _ Vagh(V) + mpamh('/) + <1t>h(1’) =0 (5.10)
8yh(”)|y:o =0 = h(u)|y=oo (5.11)
h))—o = ho. (5.12)

Solving (5.10)—(5.12) on H with the Neumann boundary condition (5.11) at y = 0 may be done using an
even extension across y = 0 and solving the problem (5.10) on R? with vanishing boundary conditions as
ly| — co. As such, an explicit solution formula for S) (¢) may be obtained, though it will not be essentially
used here. We note that if hg obeys the boundary condition (5.11), the solutions S ) (t)ho automatically lie
in Hy 1 g for any 8 < 1 (cf. Definition 2.1).

Next, we set up a two-step Picard iteration scheme. For n = 0, 1 we let

g ©(t) = (1) = 5 (t)g0

while for n > 2 we define ¢("*) to be the mild solution (obtained by the Duhamel formula for the semigroup
S®)y of the linear initial value problem

1
Brg™) — 92g) — paRg) 4 kB, g 4 o)

{t)

—a,V n—1,v n—1,v n—a,vV 1 n—1,v n—a,v
= —U(g" ) 0ug" ) = V(") 9" ) 4 eV (g ) U ) (5.13)

2(t)
9,9 |y = 0 = ¢ |, (5.14)
9™|—o = go. (5.15)
The pairing of ¢(®~1*) and ¢(»=2") in (5.13) is motivated by the bounds guaranteed by Remark 3.6.

5.3. Sobolev bounds and convergence of the Picard iteration. Let N be an integer such that N > %
For the remainder of this subsection we fix this value of N and we shall ignore the » and N indices for g
and 7. We claim that there exists 7. y > 0, to be chosen later, and a sequence of absolutely continuous
monotone decreasing functions

(5.16)

) O (0.7 ] [570 770}

44
with 7(") (0) = 779 /4 such that the bound

—51 (n 5 [Tenv 1 . .
sup <<t>5/4 ’llg¢ )(t)HXiv ( )+K/o P (Hg( Sy + 19" () g >d5

[0,T:,n] (") (1) (s () (s) (1) ()
VK [Ten 5/45(
N . (n-1)( 4 ™D ()] > (n) s
), (1, IOy, Ve,
v Te,N 5/4—5 (n)
2 [ g ) g ds
0 (1) (s)
<2 (5.17)

holds for all n > 1, and some universal constant X > 1.

We prove (5.17) inductively on n. For n = 1 this bound follows immediately from the assumption
llgo] Xary1/o < € and the dissipativity of .S (). In order to prove the induction step we proceed as follows.
Since M,,,—1/2 < mM,, < 2M,,—1 for all m > 1, and there are no boundary terms when integrating by
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parts in x, for all m > 0 one may use Remark 3.6 to derive an estimate similar to (3.23) for the system
(5.13)—(5.15) which is

d 5/4—6 5
@ (n) (n) (n) ()] -
dtllg IIXiv(n) @ g ||Xﬁn)+K<t>5/4 <Hg HBf(n)+||g IIBy(n)>
NK
(n—1) (n—1)| - n) Vi)
172 (Ilg IIBiv(n)+||g IIBiv(n)>llg ||yzg)+ ||g IIYW

NK
- (n) 1) n)
"+ 73/2 (IIg HBi\’( Tt g™~ IIBN ))) g™ IIYng)

+

K K n— n— n
t (T(n))1/2H9 HB Hg )HYT](Vn) + WHQ( Q)HBi\’(n)YN-i-l(g( R ))
+

12VK
- (n) (n—1) n—1)
< (#0+ 2 (1 iy, 400, ))) Iy,
2NK _ 2NK _ _
1/2 H )HBi\f(nil)Hg(n 1)HYT]\{H 1 1/2 H )HBﬁn71>YN+l(g(n 1)7 (n 1)) (518)

foralln > 2, where K is a sufficiently large unlversal constant (in particular §, N, n, 7-independent). In the
second inequality in (5.18) we have used several times that cf. (5.16) we have

m \’ i
max T < max Z §2N/2.
o<ljl<n \ 7(»=1) 0<[jI<N \ 5

The main difficulty lies in obtaining a v—independent bound for the last term on the right side of (5.18).

First we notice that since
Xm(h,7)  Yy(h,7)

T m

and Nv > 1 we may estimate
oON+2

19 ey, Ve (g7 0)
0 T
v (Y (n—l)’ 7.(n—l) 2 AN+3 |2
< 7( N+1(g _ _ ) g (n—2) ||BN XN(g( ) ~(n 1))
8 Xn (g(n 1)’ 7(n 1)) pr(n—1) (n—1)
v 4N+4K2
< D) gn=1) - (n—2)12 Y (n—1) (n—-1)
— 8”9 ||Y7—A(7:*11) + VN || || (n 1 N(g y T )
v 4N+5K2<t>1/4
< 2l g1~ (n—2) (n—2)| _ (n—1)
< gllg™ Vg =l ey g™y e vy
v
< Yt =12 N+4 g2\ 1/4)) (n=2) (n—2) || _ (n—1) ‘ 1
R S R el PN Pl PN Pl AR CA D)
At this stage, for n > 1 we chose 7(") to solve the first order ODE
: 12VK _ o
0 = (g Vg, 4™ Py ) =0, MO =7 (520
TS/Q Fn— H(n—1) 4
The key point here is that by the induction step, the functions ¢("~) and 7("~1) are known, and due to the

estimates (5.17) we have that

t 2K (t)°
/ D lx gDy ds < ZEET (5.21)
0 (1= (s) (=1 (s) 0
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for all t € [0, T:, ~|. Thus the existence of an absolutely continuous solution (") to (5.20) is immediate.

For n = 0 we may simply let (0 )( t) = 719/4. Moreover, from (5.21) we have that (5.16) holds at least on
[0, T; n], with T, n defined by

7 = ———(T: ). (5.22)

In fact we will a-posteriori show that the time interval can be chosen independently of N > 1/v, as the
factor 12% is superfluous. For the moment however, the bound (5.22) is good enough since it is independent
of n > 0 (recall that for now NV is fixed).

We now combine the bounds (5.18) and (5.19) with the choice for (") made in (5.20), integrate on
[0, t], and use the induction assumption (via the bounds (5.17)) to obtain that

07N Wy, + / s (197G, 16Ny, ) ds

+(n ) (s) T(n)(s)

7'< >(-5') T

T <s>5/“(ug< 1><s>HBN O P T I CTR
To 0 n () (s) ()
t
7 [ s gy ds
4 Jo (7 (5)

t
v =4y, (n—
<lally, +5 [ ©F Ul s

(n— 1)(S

4+ g2 (Sup <8>5/4—6Hg(n 2)(s) ” (n ), )) (sup <8>26—1>

o [0,¢]
t
5/4—08) (n—2) (N[ (n=1) d
X
[ IOl P el O
oN+2 ¢t 5/4—0
—5y (n—2) (n—1) d
T(:)l/z 0 <S> ||g (S)HBf_v(n—l)(é)Hg (S)HYT]\({"‘il)(‘S) ’

t
14 _
<er? [ g g, ds
0 r(n=1)(s)
8K Y, 545 (n—2) (n— (n=1)
n— n— d
+ o ) (1 2y, +18" 2y )l Dl ds

<2 (5.23)

holds for all ¢ € [0, 7 n]. In the second to last inequality above we have used that
max{84K57'&/2, 4Ny <1,

which holds if N > 2 and 7’8 / %¢ is less than a small universal constant (which was assumed in (2.39)). This
concludes the proof of the n-independent bounds (5.16)—(5.17) for the g(”) = g(”’l’).
In order to show that the Picard approximation converges, we next show that the difference

g™ = g — g(n=1)

contracts exponentially in a suitable weighted Sobolev space, of order N — 1 in z. For this purpose, for
n > 1 define the decreasing function 7(™) (£) by

d—n VK n— n— =(n
GO0+ 55 (0l + 19Ol ) =0 W= 62
7-0 5710/4

dt 570 /4
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which by the uniform in n estimate (5.17) obeys
5
M () > % for  tel0,T-n].

We measure the difference g™ by

_ v TE,N _ B
Ap = sup (<t>5/4 "llg™ ()l )+4 / ()Nl g™ () llgn  ds

[0,T¢,N] () (1) #(1) ()
/EN 5 (1976 + 15Oy )d
N- s)||zn- s
K g B?(n)l(s) g B;\En)l(‘s)
VK [Ten 5/4—5( (n—1) (n—1 >
s s o+ lg™ V) 5 “1 ds.

Ty (Ol 1 Wl )1

We claim that the sequence A,, contracts, and prove that
Ap 1+ A,
A, < % (5.25)
for all n > 2. In order to establish (5.25) we consider the equation obeyed by g™
atg(”) _ a§§(n) _ Uagg(”) + Kg@@xg(") + <7>§(”)

= —U(g" )05 — UG )82 = V(g )0,9 "D — V(g D)a, )
1 1
——_vy(gn—D (n—2) _— (=2 (g(n—2)
+ 2<t>V(9 JU(g™" ) + 2<t>V(g )U(G" ).
Using estimates that are similar to those in Remark 3.6, the bounds (5.18)—(5.23), and using the choice of
7(1) in (5 24) it then follows that

— 1) v
N7 Th5n) B I (D) B IO NI |~
Hg ”Xﬁnf + o) g szn; + PUEE <||9 ”Bf(nf +llg HB%;> +llg HY;J\(’n)

8VK
+ = (g™~ ”HBN L+ (g Y HBN 1 [ =
0/ 0/4 Yn)
d 8VK
< | L= (n—1) B (n=1)| .. =(n) B
= <dtT + 701/2 (Hg HBEJ)\LO;4 +1lg HBEJ,\LO/Z g HY;\(’n)l
INK v
—(n—2) (n—2) Y 1A(n—1)
0, by + gy

4NK
(n—2) N 1-2/0\1/4) (n—2) (n—2) _ —(n—1)
+< 1 s + 8" K2 gy ||Bg0;4> I3 s

70 #(n—1)
NoNHIK 5 v
2L g2 (n—2) V=)
e lg HBQ;Q) lg HX%H) + 16”9 Hygn_l)
1 (8VK
= (n—2) (n—2) _ _(n—1)
+ <To1/2 (Hg gy, + llg !\ng;4>> g™y (5.26)

for t € [0,7; n]. The proof of (5.25) now follows from (5.26) upon integrating in time, recalling that
§ = elog 1, that (e, 70) obey (2.39), and that the bound

NoNH K 4eN2NVK §  16eN2NK*(T. n)° B

75— lg < = : :
73/2 H HX (n—2) Tg,/2<t>5/476 4K<t>5/4 7_63/25 4K(t>5/4
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holds in view of the bound (5.17) and the definition of 77  in (5.22). Thus, we have proven (5.25), from
which it follows that

7-1\ 7+1)\
OSAn§a0<\/>78> +a1<\/>78+> —0 as n— oo

where ag,a; > 0 are determined from computing A; and As. This concludes the proof of convergence
for the Picard iteration scheme (5.13)—(5.14) on [0, 7. n]. The convergence holds in the norm defined by
A,,. Moreover, the available bounds are sufficient in order to show that the limiting function ¢(*) obeys
(5.2)—(5.5) pointwise in = when integrated against H'(6,dy) functions of y.

5.4. A posteriori estimates for the dissipative approximation. Having constructed solutions g™ of
(5.2)—(5.5) with finite Sobolev regularity in x (of order N > 1/v), we a posteriori show that these solutions
obey better bounds, and in particular, are real-analytic with respect to x.

For this purpose, we would like to perform estimates similar to those in the previous subsection, and
pass N — oo. The main obstruction to directly using the bound (5.17) and passing N — oo is that the
time of existence we have so far guaranteed for g is T¢ n defined by (5.22), and thus depends on [V itself.
Thus, the first step is to show that g*) obeys v-independent Sobolev bounds on a time interval 7, that is
independent of N (and v).

As before, let NV be such that Nv > 1 with the caveat that we will in this subsection look for bounds
independent of N. Let K be the constant from (5.18), and define T](VV ) (t) by

d 4K 5 ” v v
&+ (Hg< N, + gt >H§N<V>> 16K gy 19I5y =0, (5.27)
To ™N ™N ™~

N

with initial value T](VV ) (0) = Tr19/4. For each N, this is a first order ODE, with a degree N polynomial
nonlinearity in 7'](\;/ ). Due to the a priori bounds (5.17) inherited by g(”), at least on [0, 7 | the ODE (5.27)
has an absolutely continuous solution. We let 77" \; be the maximal time for which 7'](\;/ ) stays above 57 /4.
On [0, TE*, | all the estimates in the previous section are justified. We already have shown that T; N =T N,
and we now claim that T; n = 1% for the T > 0 defined in (5.1), which is independent of N and v.

With 7'](\;/ ) as defined above, and N > v~ ! arbitrary, we perform an estimate in the spirit of (5.18)—(5.19),
(v)

use the definition of TAI; in (5.27), and arrive at

d 5/4-9 0
d, w L 2A=0 +——=x [ 19Ny + 1915
dtHg HXiV](\,”) ) Hg HXiV](VU) K<t>5/4 <H9 HBiV](VV) g HBN(V)>

™N

K y
) W) ) Ylg®lo
T (Hg HB%) +llg HBNM> lg ”ng” + 5l lgra

To N T
d (V) (1/) (I/) (l/) 1% (l/)
< ~ v -
(dt + —1/2 <||g IIB%) +llg IIBN(V> lg HYTJI(\:;/) sllg Hyjj)l

™~ N
K )
+7 N Yy (V),T N
ETL A R QR U N

d (V) 3K . 1% v
<<dt + <||g oy, + 15, ))Hg Iy, = glo™ s

v 1/4
+ g \|;¢51+16K2<t>/|rg<”>||xzv<y)ug”uBN Hg v,
™N ™N ™

<0 (5.28)



ALMOST GLOBAL EXISTENCE FOR THE EQUATIONS 25

where K > 1 is a universal constant. Integrating the above on [0, 7] and using that ||gol| x,,, < ¢, for any
N > 1/v we obtain

sup [ (6470 g® ()] xn
te[0,T] W

) /T
+— [ 5 {1g”6)y  +19Y () 5x ds
K Jo <8>6< Bl B,

1
K (T sy @ ) )
s [ (16, Iy )16y,

7o @ (s (s
<e. (5.29)
Estimate (5.29) above implies that
AK2e(t)’  4K2(t)°
lg® HB ds < = (5.30)
1/2 / (s) 57‘&/2 1/2 log 2
16K3:2  16K3% _ 4K2(t)°
165 [ (9 0, 9y ds < RS I m u
0 (s ROTS! log < 10g

upon appealing to (2.39). Inserted in (5.27), the above bounds a posteriori show that

@) () > o M > 270 5T

™ ()= - 7 (5.31)

log 4
for all t < T, as long as T obeys

3/2 log

16K 2
It is clear that the 7. defined earlier in (5.1) obeys the above estimate if K, is taken sufficiently large. This
shows that TE*’ y = T foreach N > v~1. Moreover, the bound (5.31) which combined with (5.29) yields

(T.)’ <

£)5/4=0) () / ) ) ]
s (0710l ) ¢ oy |+ ool s
K [ o )
w5 [ (196 /4"‘”9()(5)H§év70/4> 19y
To
= (5.32)

for any V > 1, where K > 1 is a fixed universal constant. Note that upon passing N — oo in (5.32), and
using the Monotone Convergence Theorem, we also obtain the bound

5/4—48 (v) _
s (07 0ln) + 7 / (19 5) 13, + 9 ()5, ) s
K Ie 5/4—68 v v v
*im /0 ()7 (19" (5l 0 + |rg< (©)lg,, ) 19 ()i, uds
< A4e, (5.33)

for the real-analytic norms of g™). Due to the monotonicity of the norms with respect to 7, this proves (5.6).

In order to obtain a limiting analyticity radius 7(*) in the limit as N — oo, which obeys the nonlinear
ODE (5.7), we may first try to show that the sequence of absolutely continuous functions {T](\;' )} N>p-1 18
in fact equicontinuous on the time interval [0, 7;]. This seems however not possible due to the third term
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(v

on the left side of (5.27). We instead define a new sequence of radii 9 ) , for which the trick used to prove

uniqueness in Section 4 applies, and we are able to prove that {6 N) } N>p—1 is uniformly equicontinuous (in
fact uniformly Holder-1/2 in time). Let

d
dt N

2K v
&'+ Goale ey, =0 00) = (5.34)
N N

The existence of solutions to (5.34) is immediate since the nonlinearity is a polynomial of finite degree, with
coefficients that are integrable in time by (5.33). We next observe that in view of (5.30), by using a version
of (5.31), we arrive at

0V (t) > 2 forall tel0,Ti].

5

Now, similarly to (5.28) we have that

LTI +5/4 g Mw + —2 9Py + —2 (16 s
dt o) {t) o0 K ()54 o 2K (1) B
K v
o (v) A~
+ g N |9 N + g N+1
7 )1/2|| g ex)u HYG%) el Hyggv;)

< iemiu Oy ) 19y = ZlgPlones — —2[lg®]
EACRERTIZINE g, ) 19 Yo 8 g Y;gvvﬁl 2K (t)°/4 g BA()
K

N Yarer (6,09 1 ) )
(95\[ )1/2”9 ||B1\é) N+1(g N) (0%))1/2”9 HB;VE\?)HQ || N
d ) 2K K}
<[ Low 4 dMow + 147 = g oI
(dt Vo <H R ) L e L
16K2(t y ,
+#Hg“nﬂug Iy 19 vy
o)
KA gy = —2 ) 19l g
Norosa 2K (1) By
< 0. (5.35)

In the last inequality of (5.35) we have used the same trick as in Section 4: that by (5.32) we have

4 4.2
o (P10, ) < P < etog =
tejo,7:] \ 70 570/4 70 €

upon appealing to assumption (2.39).

Using the bound (5.35), we show that the sequence of absolutely continuous functions {HJ(VV)} N>v—15
is in fact uniformly bounded in cY 2(0,T:]), and thus uniformly equicontinuous. For this purpose, let
t1,ta € [0, 7] be such that |t; — 2| < (. Using the mean value theorem, the definition of 9](\1,') in (5.34), and



ALMOST GLOBAL EXISTENCE FOR THE EQUATIONS 27

the definitions (5.8)—(5.9) we arrive at

v v AK [t
68 (t) = 08 () < =75 [ N9 (g, ds
TO t1 on " (s)
AK (" V) (12 Wy nl)2
<5 [ OO e ) ds
To Mt 0§ () 60 (o)
16K2|t1 — tQ‘ t2 y Y
< 8Dl ok [ g ) 96y, ds
/=m0 t o) (s) o) (5)
16K2 16K¢e?
§< S )41/2 (5.36)
T0 5

Since ¢ € (0, 1) was arbitrary, it follows from (5.36) that the 9](\17’) are uniformly equicontinous. The Arzela-
Ascoli theorem guarantees the existence of a subsequence 05\';2 with N — oo as k — oo, and of a function
7(*) such that

95{;}3 — 7" uniformlyon [0,7.] as k — oo.

Moreover, we have that 7(*) > 70/2 on [0, T.]. By passing N = N — oo in (5.34) we obtain

d 2K
() g™ — ®)(0) =

i + CONE llg ”BT(U) 0, TW(0) = 79. (5.37)
In order to justify (5.37) we use that by (5.33) we have that | g(*) Bsry /s € L([0,T:]), and that the con-
vergence of T](\l,; ) — 7(®) is uniform. Moreover, using (5.33) and a bound similar to (5.36), it follows from

(5.37) that

2 2
\T(v)(tl) — T<v)(t2)y < (16K + 16?5 ) |t1 — tol/2
70

uniformly for ¢1, ty € [0, 7;]. That s, the radii 7) are uniformly (with respect to ) Holder 1/2 continuous.
This concludes the proof of (5.6)—(5.7).

5.5. Existence of solutions to the Prandtl system. It remains to pass ¥ — 0 and obtain a limiting
solution g of the Prandtl equations (2.20)—(2.22), in the sense of Definition 2.1, of a tangential analyticity
radius 7 which solves (3.24), such that the pair (g, 7) obeys the bounds (2.41)—(2.44).

We have shown in the previous subsection that the sequence 7(*) is uniformly equicontinuous, and thus
by the Arzela-Ascoli theorem we know that along a subsequence v, — 0, we have that 7%) — 7 uniformly
on [0, 7], with 7(0) = 79, and 7(¢) > 70/2 on this interval. Note that from the bound (5.33) it follows that
(5.6) holds with 7(*) replaced by the limiting function 7.

Without loss of generality, the above subsequence {v };>1 obeys
1 1 1

< —

0<

Vel Uk k2

We next show that the subsequence g is Cauchy in the norm induced by the left side of (5.6). For this
purpose, let

G = g(Vk) _ g(Vk+1)
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and define
s [T 1
Gy = sup (0> llgn(0)]]x, +/ —lgk(s)llB,, ., ds
sup (O lanOllx,0) + 5 - B s,
Te < >5/4 1)
+K/ (s )1/2“9 (5)”3570/4HngYfk(S)dS
where
d_ 2K 6r
— (k) — = _ b1
dthrT;/zllg By =0, Tw(0) = = (5.38)

Note that from the bound (5.33), upon choosing K, sufficiently large, we obtain that
T(t) > 19 forall ¢e0,T:].

We claim that

1
G < —=. 5.3
P (5.39)

To prove (5.39), we consider the equation obeyed by gy,
g — 079k + KOz gk + <1> — 107k
= (v — v 1)05g" ) = U(g") 0,5 — U(gr) g™
= Vi) = V@09 + 35UV @) + U@V (6 ).
Similarly to (4.4) we obtain that

i B/A—6 5 Vi, K o wor i1
%HgszX;k(t) + TH%HX;M,S) + ankn&km + ZHQkHﬁk(t) + ﬁ”g 187, 19kl v7, (0
k

d 2K Vi) _ (v ) K (v )

< (dtTk‘f‘ ;/QHQ k ||BT,€> 1Gkllvs, o) + Ve — v 1029V || x,, + ;/QHQkHB;ng Sy,
d _ 2K v K (1/ ) K2 - (V )

< <d157k+ 1/2”9 g ||B5TO/4> Hgk”YTk(t kzi_]?Hg i HX5T0/4 + ?Hgk”B;k | gt et ||X570/4.

(5.40)

In the last inequality above we used that (5.38) implies that 7, < 679/5 < 579/4, and thus

— m-+2 — m
T M, Th
su + ( su m| <K
<m>0 <57'0/4> Mm+2> (m>0 (570/4> )

upon possibly increasing the value of K. Using the definition of 7, we obtain from (5.40) that

gl o+ =00 o+ — Ngulls o + — g™ 5, 1761

0 2K 5/4 (k1) _
+ W <1 - W(ﬂ Hg k+1 HX5,_0/4 HngB?k(t)
K

2 gD
< szgHg B Xy 0 (5.41)
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At this stage, we use (5.33) and (5.1) which imply that

4K3

TS/QIOg%

4K3
x5 < —5c
T0/4 3/2
57’0

2K3
sup

()% 4| g¥e+) ()
te[0,7%] (57'3/2

<T8>6 = <TE>6 <1

if K, is sufficiently large. Then, again appealing to (5.33), upon integrating (5.41) in time we obtain

eK 1
G < — < ——.
k= k27'§ - k‘27'g

From here it follows that ¢(**) is a Cauchy sequence in the topology induced by Gy.

Thus, there exists a limiting function g € L ([0, T.]; X»,) N L*([0, T.); By, N By, ) such that g*) — ¢
in this norm. In particular, it immediately follows that g € L>([0, T.]; Ha 1 o /<t>) and thus g is a solution of
the Prandtl equations (2.20)—(2.22) in the sense of Definition 2.1.

Finally, using these bounds one may show that upon passing v = v;, — 0 in (5.37), the limiting
analyticity radius 7(¢) and the solution ¢(t) obey the ODE (3.24). This concludes the proof of the existence
of solutions to (2.20)—(2.22).

Acknowledgments. The authors are thankful to Igor Kukavica, Toan Nguyen, and Marius Paicu for
stimulating discussions, and to the anonymous referees for helpful suggestions. The work of VV was sup-
ported in part by the NSF grants DMS-1348193, DMS-1514771, and an Alfred P. Sloan Fellowship.

Conflict of Interest. The authors declare that they have no conflict of interest.

References

[AWXY14] R. Alexandre, Y.-G. Wang, C.-J. Xu, and T. Yang. Well-posedness of the Prandtl equation in Sobolev spaces. J. Amer:
Math. Soc., 2014.

[CGP11] J.-Y. Chemin, I. Gallagher, and M. Paicu. Global regularity for some classes of large solutions to the Navier-Stokes
equations. Ann. of Math. (2), 173(2):983-1012, 2011.

[CKV14] P. Constantin, I. Kukavica, and V. Vicol. On the inviscid limit of the Navier-Stokes equations. arXiv:1403.5748, Proc.
Amer. Math. Soc., 2014.

[CLSO01] M. Cannone, M.C. Lombardo, and M. Sammartino. Existence and uniqueness for the Prandtl equations. C. R. Acad.
Sci. Paris Sér. I Math., 332(3):277-282, 2001.

[CS00] R.E. Caflisch and M. Sammartino. Existence and singularities for the Prandtl boundary layer equations. ZAMM Z.
Angew. Math. Mech., 80(11-12):733-744, 2000.

[DRO4] P.G. Drazin and W.H. Reid. Hydrodynamic stability. Cambridge University Press, 2004.

[EE97] W. E and B. Engquist. Blowup of solutions of the unsteady Prandtl’s equation. Comm. Pure Appl. Math., 50(12):1287—
1293, 1997.

[GGN14a] E. Grenier, Y. Guo, and T. Nguyen. Spectral instability of characteristic boundary layer flows. arXiv:1406.3862, 2014.

[GGN14b] E. Grenier, Y. Guo, and T. Nguyen. Spectral instability of symmetric shear flows in a two-dimensional channel.
arXiv:1402.1395, 2014.

[GGN14c] E. Grenier, Y. Guo, and T. Nguyen. Spectral stability of Prandtl boundary layers: an overview. arXiv:1406.4452,2014.

[GN11] Y. Guo and T. Nguyen. A note on Prandtl boundary layers. Comm. Pure Appl. Math., 64(10):1416-1438, 2011.

[GN14] Y. Guo and T. Nguyen. Prandtl boundary layer expansions of steady Navier-Stokes flows over a moving plate.
arXiv:1411.6984, 2014.

[Gre00a] E. Grenier. On the nonlinear instability of Euler and Prandtl equations. Comm. Pure Appl. Math., 53(9):1067-1091,
2000.

[GreOOb] E. Grenier. On the stability of boundary layers of incompressible Euler equations. J. Differential Equations,
164(1):180-222, 2000.

[GSS09] F. Gargano, M. Sammartino, and V. Sciacca. Singularity formation for Prandtl’s equations. Phys. D, 238(19):1975—
1991, 2009.

[GVDI10]  D. Gérard-Varet and E. Dormy. On the ill-posedness of the Prandtl equation. J. Amer. Math. Soc., 23(2):591-609,
2010.

[GVM13] D. Gérard-Varet and N. Masmoudi. Well-posedness for the Prandtl system without analyticity or monotonicity.
arXiv:1305.0221, 2013.

[GVNI12]  D. Gérard-Varet and T. Nguyen. Remarks on the ill-posedness of the Prandtl equation. Asymptotic Analysis, 77:71-88,
2012.



30

[HHO3]

[Hor83]
[IKZ12]

[Kla83]
[KMVW14]
[KTVZ11]
[KV11]
[KV13]
[LCS03]

[LWX15]
[LWY 14]

[Mac14]
[MW12]
MW 14]
[Ole66]
[OTO1]
[Pra04]
[PV11]
[PZ14]
[SC98]
[WXY14]

[XZ04]
(ZZ14]

M. IGNATOVA AND V. VICOL

L. Hong and J.K. Hunter. Singularity formation and instability in the unsteady inviscid and viscous Prandtl equations.
Commun. Math. Sci., 1(2):293-316, 2003.

L. Hormander. The analysis of linear partial differential operators III, volume 257. Springer, 1983.

M. Ignatova, I. Kukavica, and M. Ziane. Local existence of solutions to the free boundary value problem for the
primitive equations of the ocean. Journal of Mathematical Physics, 53:103101, 2012.

S. Klainerman. On “almost global” solutions to quasilinear wave equations in three space dimensions. Comm. Pure
Appl. Math., 36(3):325-344, 1983.

I. Kukavica, N. Masmoudi, V. Vicol, and T.K. Wong. On the local well-posedness of the Prandtl and the hydrostatic
Euler equations with multiple monotonicity regions. SIAM J. Math. Anal., 46(6):3865-3890, 2014.

I. Kukavica, R. Temam, V. Vicol, and M. Ziane. Local existence and uniqueness for the hydrostatic Euler equations
on a bounded domain. J. Differential Equations, 250(3):1719-1746, 2011.

1. Kukavica and V.C. Vicol. The domain of analyticity of solutions to the three-dimensional Euler equations in a half
space. Discrete Contin. Dyn. Syst., 29(1):285-303, 2011.

I. Kukavica and V. Vicol. On the local existence of analytic solutions to the Prandtl boundary layer equations. Com-
mun. Math. Sci., 11(1):269-292, 2013.

M.C. Lombardo, M. Cannone, and M. Sammartino. Well-posedness of the boundary layer equations. SIAM J. Math.
Anal., 35(4):987-1004 (electronic), 2003.

W. Li, D. Wu, and C.-J. Xu. Gevrey class smoothing effect for the Prandtl equation. arXiv:1502.03569, 02 2015.
C.-J. Liu, Y.-G. Wang, and T. Yang. A well-posedness theory for the Prandtl equations in three space variables.
arXiv:1405.5308, 05 2014.

Y. Maekawa. On the inviscid limit problem of the vorticity equations for viscous incompressible flows in the half-
plane. Comm. Pure Appl. Math., 67(7):1045-1128, 2014.

N. Masmoudi and T.K. Wong. On the H® theory of hydrostatic Euler equations. Arch. Ration. Mech. Anal.,
204(1):231-271, 2012.

N. Masmoudi and T.K. Wong. Local-in-time existence and uniqueness of solutions to the Prandtl equations by energy
methods. arXiv:1206.3629, Comm. Pure Appl. Math.,, 2014.

O.A. Oleinik. On the mathematical theory of boundary layer for an unsteady flow of incompressible fluid. J. Appl.
Math. Mech., 30:951-974 (1967), 1966.

M. Oliver and E.S. Titi. On the domain of analyticity of solutions of second order analytic nonlinear differential
equations. J. Differential Equations, 174(1):55-74, 2001.

L. Prandtl. Uber Fliissigkeitsbewegung bei sehr kleiner Reibung. Verh. IIl Intern. Math. Kongr. Heidelberg, Teuber,
Leipzig, pages 485-491, 1904.

M. Paicu and V. Vicol. Analyticity and gevrey-class regularity for the second-grade fluid equations. J. Math. Fluid
Mech., 13(4):533-555, 2011.

M. Paicu and Z. Zhang. Global well-posedness for 3D Navier-Stokes equations with ill-prepared initial data. J. Inst.
Math. Jussieu, 13(2):395-411, 2014.

M. Sammartino and R.E. Caflisch. Zero viscosity limit for analytic solutions, of the Navier-Stokes equation on a
half-space. I. Existence for Euler and Prandtl equations. Comm. Math. Phys., 192(2):433-461, 1998.

Y.-G. Wang, F. Xie, and T. Yang. Local well-posedness of Prandtl equations for compressible flow in two space
variables. arXiv:1407.3637, 07 2014.

Z. Xin and L. Zhang. On the global existence of solutions to the Prandtl’s system. Adv. Math., 181(1):88-133, 2004.
P. Zhang and Z. Zhang. Long time well-posdness of Prandtl system with small and analytic initial data.
arXiv:1409.1648, 2014.

DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY, PRINCETON, NJ 08544
E-mail address: ignatova@math.princeton.edu

DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY, PRINCETON, NJ 08544
E-mail address: vvicol@math.princeton.edu



	1. Introduction
	2. The linearly-good unknown, function spaces, and the main result
	3. A priori estimates
	4. Uniqueness
	5. Existence
	References

