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Susan Friedlander, Nathan Glatt-Holtz, and Vlad Vicol

ABSTRACT. We establish the anomalous mean dissipation rate of energy in the inviscid limit for a stochastic
shell model of turbulent fluid flow. The proof relies on viscosity independent bounds for stationary solutions
and on establishing ergodic and mixing properties for the viscous model. The shell model is subject to a
degenerate stochastic forcing in the sense that noise acts directly only through one wavenumber. We show that
it is hypo-elliptic (in the sense of Hérmander) and use this property to prove a gradient bound on the Markov

semigroup. April 2, 2014
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1. Introduction

Although there is a vast body of literature on Kolmogorov’s theory of turbulence, the dissipation anom-
aly, and the inviscid limit, at present there is no rigorous mathematical proof that solutions to the Navier-
Stokes equations yield Kolmogorov’s laws. On the other hand, considering these questions from a numerical
perspective is costly and indeed in many situations lies beyond capacity of the most sophisticated computers.
For this reason researchers have extensively investigated certain toy models, called shell or dyadic models,
which are much simpler than the Navier-Stokes equations but which retain certain features of the nonlin-
ear structure. One such model was introduced by Desnianskii and Novikov [DN74], to simulate the cascade
process of energy transmission in turbulent flows. See also [FP04, KZ05, KP0S, CLT07, MSVE(07, BM(9,
BFT10, BFM10, Rom11, BFM11, Tao14].

In this article we analyze statistically invariant states for the following stochastically driven shell model
of fluid turbulence. For j = 0 we take

dug + (vug + wouy )dt = cdW (1.1)

where W is a 1D Brownian motion and ¢ € R measures the intensity of the noise. For j > 1

d , , .
pray +v2%u; + (29 u41 — 2"’(371)7@,1) = 0. (1.2)

Here v > 0 and c lies in the range [1, 3].
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The main goal of the work is to establish that in the context of the stochastic dyadic model (T.1)—(1.2))
some primary features of the Kolmogorov ’41 theory of turbulence [Kol41a), Kol41b]] hold. More precisely:

(I) In Theorem we prove that for ¢ € [1, 3], statistically stationary solutions @” of the viscous
shell model (I.I)—(I.2) converge as v — 0 to statistically stationary solutions u of the inviscid
shell model. Moreover, the stationary inviscid solutions u experience an anomalous (or turbulent)
dissipation of energy: for any N > 0 we have a constant mean energy flux (cf. (2.12)) below)

2
E(Iy (7)) := B2V @3 ni1) = % —e>0. (1.3)

Moreover, we obtain that sup y~q 22°V/3El|ay|> < Ce*/?, where C is a universal constant. This
upper bound is consistent with the Kolmogorov spectrum, as described in Remark {.3|below.

(II) In Theorem we show that for ¢ € [1,2), and any v > 0, there exists a unique invariant
measure for the Markov semigroup induced by (T.1)~(T.2) on the phase space H = (2, which is
ergodic and exponentially mixing. Since (I.1)—(T.2) corresponds to a degenerate parabolic system,
the main step in the proof relies on establishing that (T.I)—(1.2) is hypoelliptic in the sense of
Hormander. Here, the locality of the energy transfer in the nonlinear term complicates the bracket
computations, and leads to a combinatorial problem.

(III) In Theorem we prove that for ¢ € [1,2), the mean dissipation rate of energy is bounded from
below independently of viscosity. More precisely there exists € > 0 such that

v (T ) o2
lim lim — u(t dt=—=¢€¢>0 1.4

v—0T—o00 /0 ‘ ( )|H1 2 ( )
for every initial data {u;(0)};>o of finite energy, where the convergence occurs in an almost sure
(pathwise) sense. In particular, the dissipation anomaly o2?/2 matches the inviscid anomalous
energy dissipation rate.

The manuscript is organized as follows. We begin our exposition with some further background from
turbulence theory that motivate the rigorous results established in Sections In Section[3|we briefly recall
the mathematical setting of the stochastic shell model (I.I)—(T.2)) and fix various mathematical notations
used throughout. Section {4is concerned with establishing v-independent bounds on statistically stationary
solution of (L.I)—(I.2). We then use these bounds to pass to a limit as » — 0 and establish the existence
of stationary solutions of the inviscid model. We then show that these solutions exhibit a form of turbulent
dissipation. As we already alluded to above, the results in Section ] are valid over the entire range of c¢. In
Section[5| we tackle the question of uniqueness, mixing and other attraction properties for invariant measures
of the viscous model in the more restricted range of ¢ € [1,2). The restriction ¢ < 2 implies that the
equations are morally speaking semilinear, which allows us to obtain Foias-Prodi-type bounds. The section
concludes by demonstrating that (I.1)—(1.2)) satisfies a form of the Hérmander bracket condition. With this
condition in hand the rest of the proof largely follows by using arguments similar to [HM06, HMO0S8, HM11},
FGHRT13]. Finally, Section[6]is devoted to proving the dissipation anomaly (I.4). Appendices detail how
a gradient bound on the Markov semigroup associated to (I.I)—(I.2) can be derived from the Hérmander
bracket condition. We then show how various attraction properties for invariant measures may be established
from these gradient bounds.

2. Physical Motivation

In this section we describe some further background concerning the Kolmogorov and Onsager theories
of turbulence which motivate the analysis of (1.1)—(1.2)) carried out in this work.

2.1. The Energy Flux, Dissipation Anomaly, and Anomalous Dissipation. The motion of an invis-
cid, incompressible fluid is typically described by the Euler equations

ou+ (u-V)u=—-Vp+ f, V-u=0 2.1)
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where w is the velocity field p is the scalar pressure. The viscous analogue of (2.1I), the Navier-Stokes
equations, are given by

o’ + (u” - V)u’ = —Vp” + vAu’ + f, V-u” =0. 2.2)

Here f is a (deterministic or random) force which is frequency localized to act only at large scales of motion
and v is the kinematic viscosity coefficient of the fluid. The fluid domain D is either R3 or T3.

Onsager [Ons49|| conjectured that every weak solution w to the Euler equations with Holder exponent
h > 1/3 does not dissipate the kinetic energy fD |u|?2dz. On the other hand, the conjecture states that there
exist weak solutions with smoothness less & < 1/3 which dissipate energy. Such energy dissipation due to
the roughness of the flow is called anomalous (or turbulent) dissipation.

The presence of energy dissipation in a viscous fluid with > 0 is clear. The mean energy dissipation
rate per unit mass for an ensemble of solution u" to the Navier-Stokes equations (2.2)) is defined by

¢ = v(||[Vu|3.) (2.3)

where the brackets (-) denote a suitable average of the putative statistically steady state of 1' Itis a basic
assumption of the classical theory of homogeneous, isotropic turbulence proposed by Kolmogorov [Kol41a)
Kol41b] in 1941 that

liminfe” =€ > 0. (2.4)

v—0

The positivity of the energy dissipation rate in the limit of vanishing viscosity is called the dissipation
anomaly. 1t is consistent with turbulence theory that the limiting value of € is the dissipation rate due to
anomalous dissipation in the Euler equations. There is an extensive literature on these subjects and the
connection between Onsager’s conjecture and Kolmogorov’s hypothesis. Several informative reviews are
given by [Fri95, [Rob03, [ES06], which contain abundant references to the development of the topic over
more than half a century.

The fundamental object of study in both the Onsager and Kolmogorov theories is the energy flux. For-
mally, one may define the energy flux through the sphere of radius 2/ in frequency space as

I1; = / u - VS?u -udx, 2.5)
D

where @ = ap(-277), and 1/ is a radial, smooth cut-off function centered at the origin. The total energy
flux is then given by

IT:= / (u-V)u-udx = lim II;. (2.6)
D J—00
The energy equation derived from (2.1)) is
- — der = —1I - fdx. 2.7
57 [ luPde =1+ [ w e @)

If w is sufficiently smooth, then since w is divergence free one may show that the energy flux vanishes.

See [CET94|| and more recently [[CCFS08] for the sharper condition u € Bg/ C?; which ensures that IT = 0

We note that to date there is no example of a weak solution to the Euler equations in the Onsager critical
space Bé/o?; for which the energy flux I # 0 and hence produces anomalous dissipation

IThis operation (-) is commonly defined as a long time average made of the observable, which may be seen as an implicit
invocation of an ergodic hypothesis: long-time averages and averages against an invariant measure associated to the equations yield
the same statistics. While significant progress has been made on providing rigorous justification for this hypothesis for the 2D
stochastic NSEs it is completely open in the three dimensional case.

Here the Besov space B;fci consists of functions such that lim;_,o 27| u; |35 = 0.

3For a discussion of results concerning the existence of weak solutions to the Euler equations, which experience anomalous
dissipation see [DLS13} Isel2, BDLS13||, and references therein.
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An upshot of the proof in [CCFS08] is that

oo
] < €3 272312 )
i=1
where u; = (S;+1 — S;)u is the ith Littlewood-Paley piece of u. The estimate shows that energy
transfer from one scale to another is controlled mainly by local interactions, which is one of the main
motivations for considering the shell model (I.1))—(1.2), as we shall discuss below.

We now turn to the energy flux through wavenumber 2/ in the Navier-Stokes equations (2.2), labeled
II7. As in Kolmogorov’s theory of turbulence, assume that the solutions w"” tend to a statistically steady
state, i.e. the statistical properties are independent of time and the solutions have bounded mean energy,
independently of v. In this case the average energy flux <H]”> satisfies

() = {985 ) + ([ £+ Syutdo). .9
D
In view of (2.9), upon passing j — oo we obtain

v(||[Vu’|2.) = lim v(||VS;u”|3:) = lim (/ [ Sju”dr) — lim (I17) = </ f-u"dz)  (2.10)
j—00 j—oo Jp Jj—00 D
since u” is sufficiently smooth for each fixed v. Thus, assuming that the Euler solution u is stationary in
time, one would obtain as v — 0

e = lim ¢ = lim v(||Vu"|3,) = </ [ udx) = (II). (2.11)
v—0 v—0 D

Here it is implicitly assumed that the turbulent statistically stationary solutions converge 4" — w in a certain
averaged L?(D) sense. The energy flux thus provides the putative connection between the Kolmogorov and
Onsager theories: the mean energy dissipation rate of turbulent stationary Euler solutions should match the
vanishing viscosity limit of the mean energy dissipation rate in a turbulent stationary solution of the Navier-
Stokes equation. For further discussion of the connection between the Euler equations and turbulence see,
for example [Fri95, FMRTO01], the recent articles [Shv09,CS11,/CS12|, and references therein.

2.2. Dyadic Models of Turbulent Flow. Motivated by the Littlewood-Paley decomposition of the ve-
locity field uw = ) j>0 Wj» Where u; = (Sj+1 — Sj)u, one may define the energy in the wavenumber shell

2 <k <2t asuf = ||luyf|7,. In view of the locality of the energy transfer iterations implied by (2.8)
one may thus define the flux through the shell at wavenumber k£ = 27 as

IT; == 29ufu 4 (2.12)

where c is an “intermittency parameter” such that 1 < ¢ < 5/2. The model energy balance equation that
mimics the Littlewood-Paley decomposition of the Navier-Stokes equation thus becomes

Ld , 25,2

iauj = —Hj + ijl —v2 uj + ijj (2.13)
which upon substituting for I1; the formula (2.12)), and setting the force to act only at the lowest wavenum-
bers, we obtain our dyadic model given by the coupled system of ODEs for {u;};>¢

d

gy o+ vuo +uouy = Jo, (2.14)
d . . .

S+ v2%u; + (29ujujq — 2903 ) =0, j>1. (2.15)

For a detailed discussion regarding the derivation of the shell model (2.14)—(2.13), we refer the reader
to [CFP07, [CF09,CFP10].
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At this stage we would like to briefly comment on the intermittency parameter c. The 1941-Kolmogorov
theory of turbulence produces a power law for the energy density spectrum given by

E(k) ~ 3kE75/3, (2.16)

in the inertial range. This power law requires that velocity fluctuations are uniformly distributed over the
three dimensional domain D. When taking into account that some spatial regions are more intensely turbu-
lent than others, the power laws become
8—-D

Ek) ~ Bk~ 5 (2.17)
where D is the Hausdorff dimension of the region of turbulent activity, and e is redefined in terms of D),
to have consistent units. This phenomenon is referred to as spatial intermittency (see, for example [Fri95,
CS12] and references therein). On the other hand, the energy density spectrum £(27) associated with the
Onsager critical norm H ¢/3 norm is consistent with

277 (u2) ~ E(27) ~ /3270275 (2.18)
which yields, upon identifying k& = 27 that
c— . (2.19)

In particular, the range 1 < ¢ < 2 corresponds to 1 < D < 3 with the end point ¢ = 1 corresponding to
D = 3 and the classical k—5/3 power spectrum. The range 2 < ¢ < 5/2 corresponds to 0 < D < 1 where
the regions of turbulence are concentrated on thin sets that degenerate to points at the extreme value D = 0,
¢ = 5/2. The analysis of the stochastic forced model that we will present in this paper is strongly sensitive
to the range of the parameter ¢, as we will discuss in detail in the following sections.

The properties of the system with a constant force f = (fo,0,...) and L? initial data were established
in [[CFP07,CF09,|CFP10]]. It was shown that both in the inviscid and the viscous model there is a unique
fixed point which is an exponential global attractor. In the inviscid case this is achieved via anomalous
dissipation. Onsager’s conjecture is verified in full with H/3 being the critical space. It is proved that as
v — 0 the viscous global attractor converges to the inviscid fixed point. Thus the average dissipation rate
of the viscous system converges to the anomalous dissipation rate e of the inviscid system. Kolmogorov’s
theory is thus validated for the dyadic model (2.14)—(2.13) with a constant in time deterministic force.

In this article we further adapt the dyadic model to the context of turbulence by studying a stochastically
forced version. Stochastic shell models have also been considered in a number of recent works, see e.g.
[(BM09, BFT10, BEM10, Rom11, BF12, BFM11]] and references therein. However, the model (I.1)—(1.2)
considered here is perturbed by a highly degenerate frequency localized additive noise. This degenerate
situation has so far been addressed only for linear shell models [MSVEQ7|]. The current work may therefore
be seen as a continuation of [MSVEQ7] to a nonlinear context, inspired by some aspects of the Kolmogorov
1941 theory, which we describe next.

2.3. Towards K41 for stochastic shell models. As discussed above, the basic elements of the Ko-
mogorov '41 theory are:

(i) For each v > 0 and any initial data uf, as ¢ — oo the corresponding solution u”(¢) approaches a
unique statistically steady state %" .
(ii) There exists € > 0 such that the statistically stationary solutions %" obey lim,, o v(|Va@"|?) > e.
(iii) The family {@"},~¢ is compact in the associated class of probability measures, and along subse-
quences it converges to a statistically stationary solution @ of the forced Euler equations. These
stationary Euler solutions experience a constant mean energy dissipation rate which is the same as
for the viscous equations, namely € > 0.

Proving (i)—(iii) directly from the Navier-Stokes equations, remains an outstanding open problem.

One common setting for studying (i)—(iii) is to consider a wave-number localized, gaussian and white
in time forcing to the governing equations. This serves as a proxy for generic large scale processes driving
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turbulent cascades. The stochastic framework has been used extensively both theoretically and numeri-
cally [Nov65, BT73, VKFE79, [Eyi96, [ES06, HMO06] and references therein. Here one may take advantage
of the tools and techniques of stochastic analysis in a regime where the injection of noise does not wash
out the intricate underlying deterministic dynamics of the Navier-Stokes and Euler equations. In this setting
invariant measures, i.e. statistically invariant states, are expected to encode the statistics of turbulent flow at
high Reynolds number.

Progress towards establishing (i) and (ii) has so far occurred in settings which are far from the 3D Navier-
Stokes equations. The uniqueness and attracting properties of the invariant measure for the 2D stochastic
Navier-Stokes equations on the torus has recently been established e.g. in [HMO6, HMll]ﬂ We emphasize
however that if the amplitude of the noise does not vanish in the inviscid limit, the sequence of Navier-Stokes
stationary solutions does not converge as ¥ — 0, in any norm whatsoever [KS12]. In particular, (iii) does
hold hereE] This is one of the main differences between the main conclusions (Theorems and
of our work and the results for the 2D stochastic Navier-Stokes equations: not only do our viscous solutions
obey a v-independent energy dissipation rate, but they also converge as ¥ — 0 to the solutions of the
corresponding inviscid model. Moreover the inviscid stationary solutions experience turbulent dissipation
due to a non-vanishing energy ﬂuxﬁ

3. Mathematical Setting and Preliminaries

In this section we set the mathematical framework that will be used throughout the manuscript.

3.1. Functional Setting. We begin by recalling various sequence space based analogues of the classical
Sobolev spaces. We denote the /2-type sequence spaces by

H® := {u € 2(N) : |u|%a = Zon‘ju? < oo}
Jj=0

and define /*°-based sequence spaces (the replacement of the usual Lipschitz classes) by

W = {u € L°(N) : |u|wae = sup 2*|u;| < oo}, W = {u € W™ : lim 2% |u;| = O}.
3>0 j—roo
Observe that H! ¢ W with continuous embedding for a < 1. We shall denote H° simply by H, and

the norm associated to « = 0 by | - |. Finally, since we will often restrict our attention to solutions which are
“positive” (away from the directly forced zeroth component), we take

Hy={uecl?:u;>0,j>1} (3.1

and note that H is a closed subset of H.
We define the operators

Au = (QQjUj)jZQ, B(u, 1)) = (QCjUjUj_H — QC(jil)Uj_lvj_l)jzo. (3.2)

Here and throughout the paper we use the convention that u_; = v_; = 0. We denote by Py u the projection
of w onto its first N + 1 coordinates, i.e. Pyu = (uj)o<j<n. Regarding the bilinear operator B observe

“#Note that in the two-dimensional case, instead of €, in (i) one should consider 7 the mean enstrophy dissipation rate.

3The tightness of the Navier-Stokes invariant measures when the noise scales as /v has been addressed e.g. in [KS12}
GHSV13|. These solutions however do not obey the Batchelor-Kraichnan spectrum. On the other hand the convergence (iii),
has been proven in the setting of the 1D stochastic Burgers equations [EKMS00]. This work makes fundamental use of explicit
representations of solutions through the Lax-Oleinik formula and furthermore subjects the equations to a space-time white noise.

6 Another situation where an inviscid stochastic dyadic model has been shown to evidence dissipative behavior is developed
in [BFM10, BEM11]. However, here randomness enters the equations as a formally conservative multiplicative Stratonovich noise.
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that foru € H ', v e H' andw € H

\(B(u, ’U), w) = Z <2Cj\ujvj+1wj\ + 2c(j_1)\uj_1vj_1wj]>

720
j 2(c-1)j, 2) /2 2\ /2
SC(sup2 ]vj\)<22 uj> (ij> < Clu|ge-1|v| g1 |w]. (3.3)
=0 >0 >0
As such, we have the cancelation property for u,v € H¢™!,
<B(u, ’U), U> = Z(chujvjﬂvj — QC(j_l)uJ;ﬂ}j’Ujfl) =0. (34)
Jj=0
In fact this can be improved to u, v € Wfo/ 3% 5 H1 when ¢ < 3. With this formalism we may now rewrite
(L.I)—(1.2) in the more abstract notation which will sometimes serve as a useful shorthand:
du + (VAu + B(u, u))dt = egdW, u(0) = u. (3.5)

To make the notion of solution rigorous, we next recall some well-posedness properties.

3.2. Existence and Uniqueness of Solutions. The existence and uniqueness of solutions of (T.1)—(1.2))
is recalled in the following proposition which is essentially due to [Rom11]] and follows along the lines of
[AFSO08] (see also the related works [[CLT07, BEM10, BMR11]]).

PROPOSITION 3.1 (Existence and uniqueness of solutions, statistically steady states). Fix v > 0 and
anyu € H.
(i) When c € [1, 3] there exists a martingale solution (u,S) solving (L.I)—(1.2)) relative to the initial
condition u with the regularity

u € L*(Q; L2 ([0,00); H) N L7,.([0,00); HY)), uj € C([0,00)) a.s. for each j > 0. (3.6)

loc

Here § = (Q, F,{F:},P,W) is a stochastic basis which is considered as an unknown in the
problem.

(ii) If w € H then, for any martingale solution (u,S), u(t) € Hy for every t > 0. Moreover, the
solution (u,S) can be chosen in such a way that the following moment bounds hold

¢
Elu(t)]* + 21// Elu(s)|3ds < |ul? + to?, 3.7
0

and for any k < g5

t
E exp </{ <\u(t)|2 + exp <—V2t> / |u(s)}2glds>> < exp <i + /ie_VZt|u|2> . (3.3)
0

(iii) For every v > 0, ¢ € [1,3] there exists a stationary martingale solution (u”,S) of the dyadic
model; there exist a stochastic basis S and time stationary process u” with the regularity (3.6) and
solving (LI)—(1.2). Moreover (u”,S) can be chosen so that

' € H', as. (3.9)
to so as to satisfy the moment bound

Eexp(r|a”[?) < exp(1/4) (3.10)

. v
valid for any Kk < g5.

(iv) In the case when c € [1,2] we may fix a stochastic basis S = (Q, F,{F:},P,W). Then, there
exists a unique (pathwise) solution u = u(-,ug, W) satisfying (L.I)—(1.2) and which has the reg-
ularity (3.6). Moreover u(t,ug, W) satisfies with an equality and depends continuously on
both uy in H and on W € C(]0,T]).
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The proof of Proposition [3.1] is somewhat technical but represents a standard application of existing
techniques. For brevity we omit complete details, sketching only the main points. For the existence of
Martingale solutions, (i) the proof follows precisely along the line of [AFSO08] using compactness argu-
ments around a Galerkin approximation of (I.1)—(1.2) and variants of the Aubin-Lions and Arzela-Ascoli
compactness theorems. Passage to the limit is facilitated Skorokhod embedding and by a Martingale repre-
sentation theorem from [DPZ92], or alternatively by including the driving noise in the compact sequence
(see [Ben95] or more recently [DGHT11]).

For the desired properties in (ii) observe that for u € H applying the Duhamel principle to (I.2)) for
each j > 1, gives

t
u;(t) =exp <—V22Jt + 29 /0 uj+1ds> u;

t t
—l—/ exp <—1/22] (t—s)+29 / uj+1dr> u?flds. 3.11)
0 s

The moment estimates (3.7)), are formally identical to well known moment estimates for the stochastic
Navier-Stokes equations (cf. [HM06, Deb13, | KS12])).

The existence of stationary solutions in (iii) follows from a Krylov-Bogolyubov averaging procedure,
implemented at the level or Galerkin approximations. Regarding the positivity of @, (3.9), by choosing
w € H for the Krylov-Bogolyubov averaged measure p we infer from (3.11) that ur(Hy) = 1. Then
since H is closed p(H4) > limsup; pr,(H4) = 1. The moment bounds, (3.10) are inferred from (3.8)
via standard argument making use of invariance and decay of initial conditions evident in (3.8)). See, for
instance, [Deb13, [KS12].

Regarding (iv) and the existence and uniqueness of pathwise solutions, since we are in the case of an
additive noise, we can transform to a random process as follows: Consider the Ornstein—Uhlenbeck
process dzg + vzg = odW, z(0) = 0 and take u = u — zeg. Then u solves

d_

%UO + vy + (g + 2z0)u1 = 0, (3.12)
d _ I _

i+ V220 + 29Uy — UE = 22070 + 28 (3.13)
d 4~ o 1) .

2+ V29 + 29004 — 2707V =0, j>2. (3.14)

With this transformation in hand we can then implement a Galerkin approximation procedure for the asso-
ciated transformed system. The necessary compactness to pass to the the limit can then be treated pathwise.
To show that the limiting object u = u + z is suitably adapted to the given filtration one also shows that
(3.12)—(3.14) depends continuously on z.

The continuous dependence of solutions on data can be established for ¢ € [1,2] in a direct fashion as
follows: Suppose that u) , u(?) are solutions of (relative to the same stochastic basis) and let v = uM—
u?). We have that v satisfies 4v + Av + B(v,uV) + B(u®,v) = 0. Since v € L2(; L2 ([0, 00); H'))
we can make use of (3:4) and (3.3) to infer 1 < |v|? + 2, < CluM | g1 |v]|v] 1. With e-Young and the
Gronwall inequality we infer

t
WO < o exp (c /0 |u<1>|§,1> 3.15)

Uniqueness of solutions and continuous dependence on initial conditions follows. When ¢ > 2, the equation
is quasi-linear and establishing the continuous dependence on data in the topology of H seems out of reach.

4. Uniform Moment Bounds and Inviscid Limits

In this section we establish a series of v-independent moment bounds for statistically stationary states
of (I.I)—(1.2). Note carefully that the forthcoming bounds are valid for ¢ € [1, 3]. These bounds allow us
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to pass to inviscid limit in this class of statistically invariant states and hence to establish the existence of
stationary solutions of the inviscid model, that is (I.I)—(I.2)) with » = 0. Such solutions are evidence of a
form of turbulent dissipation as we detail below. The v independent moment bounds we establish are:

PROPOSITION 4.1 (v-Independent moment bounds). For each v > 0 consider a stationary martingale
solution (u”,S) as in Proposition satisfying the positivity condition (3.9), and moment bound (3.10).
Then

sup sup2c"VE ((65)2) < 00 4.1)
ve(0,1] 720
and moreover we have
sup E|a”|3. < 0o 4.2)
ve(0,1]

foreach —1 < a < (¢ —1)/2,when c € [1,3].
In particular, for any ¢ € [1, 3] the above proposition implies

sup E|ﬂ”\]2q_1/2 < 00. (4.3)
ve(0,1]

Working from the uniform bounds (4.3)) we are able to derive the existence of stationary solutions @ of
the inviscid counterpart of the dyadic model (I.I)—(T.2)) namely

diig + ot dt = odW 4.4)

% + (29051541 — 220 Va2 ) =0, j>1 (4.5)
Motivated by the discussion in Section 2] we define the energy flux through the Nth shell by

Iy (u) == (PyB(u,u), Pyu) = 2°Nudiun (4.6)

for any u € H. We will see that statistically stationary solutions of (4.5) must exhibit a constant average
flux independent of N. Our results concerning (#.4)—(#.5) are summarized as follows:

THEOREM 4.2 (Stationary solutions of the Inviscid dyadic model). There exists a stationary martin-
gale solution (u,S) of @.4)-@.3) which satisfies the regularity

u€ Ly ([0,00); H*), an € C(]0,00)) for each N > 0, a.s.
forany a < c¢/3. Also, we have that the moment estimate

sup 22N3E(a3) < Co?/3 4.7)
N>0
holds, where C > 0 is a universal constant. Furthermore,

(i) Such solutions u may be obtained as an inviscid limit, namely, there exists Borel probability mea-
sures {j,, } and po on H such that

Hu; — Ho in H™ Y2 qs vi —0 (4.8)

where 1, (-) = P(a" € -) with u” stationary solutions of (II)-(1.2)) and jo(-) = P(u € ).
(ii) These inviscid stationary solutions u have a constant mean energy flux, i.e.
2

E(2Va2in41) = Elly (i) = % 4.9)
holds for any N > 0. In particular we infer that
lim 2°VE|ay|? > 0. (4.10)

N—o0
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REMARK 4.3 (Consistency with Kolmogorov and Onsager). In view of (4.9) the constant mean en-
ergy flux is € = 02/2, so that €2/3 ~ ¢*/3. As such, the estimate is an upper bound consistent with the
Kolmogorov power spectrum, in the case ¢ = 1, as described in (2.18)) above. Additionally, (4.10) indicates
that the inviscid steady state « has regularity below the Onsager critical space.

4.1. Uniform in v Bounds. Take {u"},~ to be statistically stationary solutions of (I.I)—(I.2)) whose
existence follows from the Krylov-Bogolyubov and a possible usage of Galerkin approximations with an
appropriate limiting procedure As we explain in Section [3) we can choose these elements %” so that
u¥ € Hy. We will make crucial use of this positivity condition in the forthcoming computations.

Working from (I.1)—(1.2) and using stationarity we immediately have that,

V2¥E (@Y) + 29E (aaY,,) = 2°U7VE ((@%_,)?), (4.11)

which holds for each 7 > 0. Here we are maintaining the convention that 4 ; = 0. Applying the It0 lemma
to (I.I)—(I.2)) we again infer from stationarity:

V2YE ((@4)%) + 29K ((@))*a%,,) = 2°U7VE ((aY_,)%ay) + 022 J (4.12)
for each j > 0. Summing ({.12) from j = 0,..., N we observe that
- 2j —1\2 cN —v\2-v o’
y;2JE((uj) ) +2°VE ((af)*uf11) = 5 (4.13)
In particular we infer that
E ((a% )5 4,) < o227V L (4.14)

We can also deduce from (#13) and the fact that @ € H* that E[a”|3,, < 0?/(2v) < oo and thus that
lim; o0 2% E|a|* = 0. This implies with ¢/3 < 1 that

0.2

v 2YE ((@5)?) = vEla"|jn < - (4.15)
=0
Rearranging in (4.11)) and using (4.14)
E ((#1)?) =v22C-9E (i) + 2 (ia..)
< V22U (a) + 2° (B ((a)Pafy)) ' (B ((@30)%)) "
1 . .
< B ((@0)°) + v2°2~VE (@) + Co*/32729/3 (4.16)

Note that the second inequality in this computation was justified by the fact that ¥ € H,. Multiplying
by 2(¢~1)J and taking the supremum for 1 < j < N + 1, we arrive at

(2°7h —27°76) sup 2" DIE((a})?)
0<j<N

<v2° sup (22jE((ﬂ5)2)) +Co?3 sup 2071723 L gme6 gyp 2(C_l)jE((a;)2)
0<j<N+1 0<j<N+1 N+1<j<N+2

1/2

< CV1/2 (V]E|ay|§{1)1/2

+ 00.4/3 sup 2(0—1—20/3)j + C2(c—3)N ( sup 22JE((Q_1,;/)2)> .
0<j<N+1 N+1<j<N+2

7In the case that ¢ € [1, 2] these stationary solutions are unique and correspond to the (mixing) invariant measures { i, }. >0
studied below in Section These additional uniqueness properties will have no bearing for the results in this section.
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For 1 < ¢ < 3 we have ¢ — 1 < 2¢/3 and thus arrive at

sup 2(‘3_1)jE((ﬁj’f)2) < Cv'%e + Co*3 4 C < sup QZjE((ﬂ”)2)> . (4.17)
0<j<N N+1<j<N+2
By (@.15) we have that limy_, 22VE((u%,)?) = 0, and upon passing N — oo in (@.17) we obtain
sup 2(0_1)jE((ﬂ;{)2) < Cv'%0 + Co3 (4.18)

Jj=0

which proves [@.1). Now, for —1 < a < (¢ — 1)/2, the above estimate implies

N N
Zz2ajE((ﬂ;/)2) < C(V1/20' +U4/3) 22(2a76+1)j (4.19)
j=0 Jj=0

which proves (4.2) upon passing N — oc.

4.2. Convergence to the Inviscid Model. Fix any c € [1, 3] and let {@" },~( be a family of statistically
stationary Martingale solutions of (I.I)—(1.2) satisfying (3.9)—(3.10). We obtain from the estimates in the
previous section the v-independent bound ({.2). Since we wish to consider the entire range ¢ € [1, 3], we
henceforth fix a = —1/2 in (@.2).

Fix any 7' > 0 and consider the measures

py =B € A) A€ BC(0,T); H)).
To obtain sufficient compactness to pass to a limit we would like to show that
@” is uniformly bounded in L?(2; L°(0, T; H~/%)). (4.20)
For this we borrow a trick from [BMR11]. Working from (T.T)~(T:2)) and using that ' € H" we infer
d(uy)? + 2v(a8)2dt = —(a8)*a? dt + odt + 20aldW,

d 1 : : .
257 @)+ w2 (@) = —2- 27V @))?ay, , + 2DV (@) ey

—

< =2 Vi(@y)?ay,, + 2D @y_ ) %ay.

Summing over j = 0, ..., N we obtain:

N t
1
S g @ 2(0) < [ (O 1ya + 10 + 2 / A dW.
§=0 0
With Doob’s inequality, we now conclude (.20).
In view of the compact embeddings

L*([0,T); HTY2) nw42([0, T H) € L*([0,T); H ),
WAS(0, T H*) + Wh2([0, T, H*) € C([0, T]; H™®),

and using the estimate

. 2 R
P /(uAu” + B(u"))dt > —
0 wi(org— 8
c
<P|C sup (|t"]%_ 1o +1)>VR| < —=E | sup |2"]% ., +1]. (4.21)
( te[O,T](| ‘H e ) ) \/R <t€[U,T]’ |H 12

along with IP)(‘O'W|W1/4,8([0,T];H74) > R) < % and (4.20) we one may deduce that
{1 b= is tight on L2([0, TJ; H™") 0 C(0, T); H™).
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See [DGHT11] for further details. We can infer with the Skorokhod embedding theorem as in [Ben95| that
there exists a probablhty space (Q .7-" IP’) and sequence of solutions stationary martingale solutions (uv”,S,)
with S, = (Q, F,P f;’,W") such that ¥ — @ almost surely in L2([0,7]; H~1) N C([0,T]; H~?) and
WY — W almost surely in C([0, T]).

These convergences are sufficient to show that limiting process (u,.S) is a stationary martingale solu-
tions of the inviscid shell model

dﬂj + (QCj’L_LjI_Lj+1 — QC(j_l)(ﬂjfl)Q)dt = 05j70dW 4.22)
with the convention ©_1 = 0. Moreover, we infer from «" that
u(t)e Hy  and  Eluf3, ., <C.

In fact, a simple argument shows that the uniform in v bound (4.1)) is carried to the limiting stationary
solutions %, namely we have

sup 2 VE(@?) < oo. (4.23)
7>0

To see this, fix any R > 0. Observe that by (4.1) there exists C' < oo, independent of v and j and R, such
that

2/(<=VE ((@¥)* AR) < C.
From the Skhorokhod embedding we have u} — u; a.s. for each j as v — 0, and therefore

2/(c=VE ((@;)? AR) < C

via dominated convergence. The monotone convergence theorem and the fact that ]E(af) < oo for any j
proves (@.23), upon sending R — oo. Similarly arguing from uniform in v bound (4.14) we obtain that

0.2

E (Qle_L?’L_L]’Jrl) < 7, (4.24)

which holds for every j > 0.

4.3. Enhanced Moment Bounds for the Inviscid Model. In this section we establish improved regu-

larity, (4.7), for the stationary solutions  of (.4)—(@.3).
Fix n > 0 to be determined later. For j > 1, since € H., upon multiplying (4.22) by 1/(u; + n) we

obtain,
2ci-UR (@31 (@ +m) ") = 29E (@j10;(a; +n) ") < 29E (@41). (4.25)

Now, for j > 2, since @;—1 > 0 we may use the Cauchy-Schwartz inequality in the above identity. With

#@.24) and (@.23)) to obtain
E(a3_1) < (E (a2 (a;+ )" (B @5 +m) )"
< C(0279" + [gE(a3_)]"?) (E (@j11))"?
< Coor2™" (B (u3,1))'"" (4.26)

where we obtain the last inequality by setting 7 = 02277, Note that the constant Cj is independent of j and
.
Working from (4.26) we may now apply the following iterative argument. Let b > 0, and assume we
know that
sup 2°E (u3) < G < 0. (4.27)
J=0
Let a > 0. Using (4.26) and we conclude

219 (i) < Coor2(=c/2 b/ <2b(j+2)E (ﬂ?+2)>1/4 < Coaz(afc/Zfb/4)jC;/4’
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and therefore, if a < ¢/2 + b/4, we arrive at
sup 29E (u?) < C, =: CooCy/". (4.28)
Jj=0

When b < 2¢/3 in (4.28) we have gained decay with respect to j in comparison to (4.27). This represents

an induction step. The base step of the induction argument is given by (#.23) above, for b = ¢ — 1. To
conclude, we define

ai=c—1 and ak+1:§+%,
let C; > 0 be the constant for which (4.23)) holds, and define the iteration
1/4
Chy1 = CooC/

where (| is fixed and independent of . By induction, it follows by and (4.28) that

sup 2““E( ) < C (4.29)
3>0
for all £ > 1. But note that
2 — 2
Qpr1 = (c—l4k 24]——0—72%?6 as k — oo.

Moreover, we have that
—k k=1 ,—3
ck+1 = Y (Coo)Z=0 4 5 (Coo)? as k — oo
Thus, passing k& — oo in ( we arrive at the desired estimate (4.7).

4.4. Anomalous/Turbulent Dissipation. We finally establish the claims concerning turbulent dissipa-
tion stated in item (ii) of Theorem Observe that, for any solution of {.4)—{@.3), we infer from the It6
lemma that

d

—E(|Pyul?) = 0% — 2E(ITx (u)) (4.30)
holds for each N. Given any stationary solutions @ of @.4)-@.5) we immediately infer (4.9) from (@.30)
and stationarity. We see moreover that @ satisfies the low regularity bound (4.10) since otherwise

hm E(HN( ))ds = hm E(2CNuNuN+1)ds =0, (4.31)

in contradiction to &.9). Th1s shows that stationary solutlons cannot be smooth and must exhibit anoma-
lous/turbulent dissipation of energy; the flux cannot vanish as N — oo, and the energy balance E(|ul?) =

o2 is violated.

5. Unique Ergodicity and Attraction Properties

In this section we address the question of unique ergodicity and attraction properties for the invariant
measure associated with (I.I)—(1.2) when v > 0 and c lies in the range [1,2). While the existence of an in-
variant measure follows from the Krylov-Bogolyubov averaging procedure (see item (iv) in Proposition[3.1)),
the uniqueness of statistically steady states is a more delicate issue. It requires a detailed understanding of
the interaction between the nonlinear and stochastic terms in (L.I)—(L.2) as well as a number of more in-
volved moment estimates. In Section [6] we make use of these results to establish the anomalous dissipation
of energy in the inviscid limit, for ¢ € [1,2).

Our analysis is carried out in a Markovian framework and makes essential use of the continuous depen-
dence on data (in the topology of H), which insofar is valid only for ¢ € [1, 2] As described in Section
below, the main step in the proof is to establish a smoothing condition for the Markov semigroup associated
to (I.I)—(1.2)), which leads to estimates reminiscent of those needed to bound the dimension of the attractor

8See however the generalized framework [Rom11]] which builds on [FROS].
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for dissipative dynamical systems [[CE'T8S,Tem97]. Here the restriction 1 < ¢ < 2 plays an important role;
the equations are semilinear in this range.

In comparison to previous works on the uniqueness of invariant measures for (semilinear) infinite di-
mensional systems, [HM06, HMO08, HM11, FGHRT13|], a new mathematical challenge arrises in verifying
an algebraic condition, the so called Hormander bracket condition. This condition describes the interaction
between the nonlinear and stochastic terms and its verification, depending on the structure of the equa-
tions, can require an involved analysis. It turns out that previous related works, [EMO01, [Rom04, HM06,
HM11, FGHRT13||, make significant use of non-local wave number interactions in verifying Hérmander’s
condition. As such the approach taken in these works can not be repeated here.

After reviewing a few standard preliminaries we introduce the main result Theorem[5.1] In Section[5.2]
we briefly recall some generalities which explain the connection between smoothing in the Markovian dy-
namics, Hérmander’s condition and question of unique ergodicity. Section [5.3]is then devoted to the ver-
ification of Hormander’s condition. The remainder of the proof of Theorem [5.1] while highly nontrivial,
is quite similar to previous works [HMO06, HMO0S8, HM11, FGHRT13]. Further details are postponed to

Appendix

5.1. Markovian setting; Summary of uniqueness and attraction properties of invariant measures.
Before stating Theorem we first recall some generalities and notations for the Markovian framework
associated to (L.I)—(1.2). For each v > 0 and any ¢ € [1, 2] we define the Markov transition function

P (u,A) =P(u(t,u) € A), we H AecB(H),

where u(t, u) is the unique pathwise solution of (I.I)-(L.2)) and B(H) are the Borel subsets of H. We then
we define the Markov semigroup

Pd(w) = E(ult,u) = /H () Py(u, du), 5.1)

for any ¢ € M;(H). Here M (H ) denotes the collection of real valued, measurable and bounded function
on H. We take P} (which is the dual of F;) according to

Pru(A) = /H Py(u, A)dp(u)

for elements ;o € Pr(H ), the collection of Borealian probability measures on H. An element o € Pr(H) is
an invariant measure of the Markovian semigroup if it is a fixed point of P;" for every ¢ > 0. Such elements
represent statistically steady states of (I.1)—(T.2).

Take Cy(H) to be the collection of real valued continuous bounded functions mapping from H. Recall
that P, is said to be Feller if P, : Cy(H) — Cy(H) for every t > 0. This property is needed for all that
follows and indeed some form of the Feller property is required even to prove the existence of an invariant
measure of (I.I)—(1.2). With this in mind, we now specialize to case ¢ € [1,2]. In this situation observe
that if ¥ — w in H then, in view of (3.13), u(¢,u™) — wu(t,u) a.s. in H. It follows from the dominated
convergence theorem that P,¢(u™) — P;¢(u) which establishes that P; is Feller when ¢ € [1, 2].

Beyond My,(H) and Cy(H ) we will make use of several further classes of test functions on H. Define

elly == sggexp(—'VIU\Z) (le(w)] + [Vo(u)?)
and take
B,:={pcCYH): 9|, <0}, G:={pecCHH):|¢|, < oo, foreachy >0}  (5.2)

We also consider the classes acting on higher regularity space with at most polynomial growth at infinity
namely

m + |V

for any m > 0 and any p > 2.
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With these preliminaries in hand we state main results concerning the uniqueness and attraction proper-
ties of invariant measures for P; as follows:

THEOREM 5.1. Suppose that ¢ € [1,2), v > 0 and consider solutions u(t,w) of the stochastic dyadic
shell model (1.1)—(L.2)) corresponding to any initial condition w € H. Then there exists a unique invariant
measure [, of the corresponding Markov semigroup which is ergodic. More precisely, for any t > 0, P; is
ergodic with respect the probability space (H, B, 1)) and this implies that, for any ¢ € L?(H; ),

T
%E /0 S(ut, u)dt — /H $(w)dp (u), (53)

for u,, almost every u. Additionally, the invariant measures [, obey the attraction properties
(i) (Mixing) For any n > 0 there exists positive constants y1,y2 > 0 (depending on v, c,n) such that

Eo (u(t, u)) — /H o)y, (u)

holds every ¢ € B.,, and any w € H. Moreover for any m > 0, p > 2 and ¢ € Pp,

< Cexp(—y1t + nlul*) ||l (5.4)

lim E¢(u(T,uw) /gb Yy, (u (5.5

T—o00

(ii) (Strong law of large numbers) For every ¢ € G and any u € H,

/ d(u(t,u dt—>/ d(u)duy, (u)  almost surely. (5.6)

(iii) (Central limit theorem) For each ¢ € Cl H), u € H define
2

moi= [ o), o= Jim 1E< / T(é(u(@u)—mwdt) ,

and let Fy, be the distribution function of a normal random variable with mean 0 and variance v .
Then, for any r € R

lim P (f/ Ul(t,Up)) — mg)dt < x) — Fy(x). (5.7)

T—o00

In other words ﬁ fOT(qb(U(t7 Uo)) — mg)dt converges in distribution to normal random variable
with mean 0 and variance vy.

5.2. Smoothing of the Markovian Semigroup in Infinite Dimensions. We turn next to describe the
key ingredients that we use to prove the Theorem[5.1] We follow a strategy going back to Doob [D0oo48]] and
Khasminskii [Km60]]. These results identify that uniqueness and attraction properties similar to Theorem[5.1]
hold when P, is strong Feller meaning that P, maps bounded measurable functions to continuous functions
and irreducible which says that from any starting point in the phase space there is a non-zero probability of
ending up in any other part of the phase space after a finite time.

Both the strong Feller property and irreducibility condition are too stringent for infinite dimensional
systems where the stochastic forcing acts directly in only a few directions in phase space, as is the case
with our model (I.I)—(I.2). Inspired by the insights of recent works [HMO06, HMO08, HM11]] Theorem
can be shown to follow from the following two weaker properties. The first condition, replacing classical
irreducibility, requires that only one point is universally reachable in phase space.

PROPOSITION 5.2. Forany € > 0, R > 0 there exist a time t* = t* (e, R) such that

sup  P(lu(t,u)] <€) >0 (5.8)
u€H,|u|<R

for every t > t*.
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The second estimate immediately implies a form of infinite time smoothing a la the asymptotic strong
Feller condition introduced in [HMO06]].

PROPOSITION 5.3. Forany v,n >0

IV P < Cexpolul) (VRGP ) + exp(—nt) v RVI2) () 5.9
for every ¢ € C’I} (H), w € H where the constant C = C(~y,n) is independent of t and ¢ and wu.

Proposition [5.2]is an expression of the triviality of the long term dynamics of the unforced version of
(T.I)—(1.2). This may be demonstrated precisely as in [EMO01, CGHV13]. Thus, the main step to estab-
lish Theorem is to prove the gradient estimate Proposition on the Markovian semigroup {P; }+>0
associated to (I.1)—(1.2)) via (5.1).

The estimate (5.9) establishes a form of smoothing for P;. Observe that ¢)(u) = Pi¢(u) formally solves
the Kolmogorov backward equation

2
Onb(u,t) = TR w,1) = Y (vA@) + Bw), ;) (w 1) $(0.w) = dlu).  (5.10)

J

which is a degenerately parabolic system. Following the analysis in [HMO06, HM11] which generalizes the
classical hypo-elliptic theory [H67|] we will therefore need to establish a form of the Hormander bracket
condition in order to expect the (asymptotic) smoothing required by (5.9).

In the next section we recall in our notations and framework the form of this condition introduced in
[HMO06, HM11]]. The verification of this condition is the main mathematical novelty in the proof of Propo-
sition Having established this condition the rest of the analysis leading to and hence Theorem
follows closely previous works [HM06, HM08, HM11, FGHRT13|]. We therefore postpone the rest of the
proof of Theorem [5.1] for the Appendix

5.3. The Hormander Condition. We introduce the infinite dimensional version of the Hormander
bracket condition as follows. If G; and G2 are Frechet differentiable maps on H we define the Lie bracket
of G1 and G according to

[G1, Go](u) = VG2 (u)G1(u) — VG1(u)Ga(u). (5.11)
Take e; = (0;—;)i>0 and let
F(u) = vAu+ B(u,u)
where we have symmetrized the bilinear form B so that
B(u,v); = 29 Yujy v 4+ 29 Yoy — 2207V quy . (5.12)

In our context the Hérmander condition states that we can approximate the phase space H with a sequence
of allowable Lie brackets staring from eg. We may then proceed to fill H by then taking successive brackets
involving either F' or ey with previously obtained vector fields. More precisely we make the following
definitions

DEFINITION 5.4 (Hormander’s condition). Let 7, := span {eo} and iteratively define

1,0 = span { [G(w), eol, [G(u), Fw)], Gw) - G €7, (5.13)

We say elements E € Up,T = are admissible vector fields which have been produced by an admissible
sequence of Lie Brackets. The system (1.1)—(1.2)) is said to satisfy the Hormander bracket condition if

for every N, there exists m = m(N) such that, D Hy. (5.14)
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Compared to previous analogous results which have been obtained for the Navier-Stokes nonlinearity
in [EMO01, Rom04, HM06, HM11] it would seem at first glance that the analysis of nonlinear structure in
B, cf. (5.5), leading to (5.14) would be easier to address. Indeed, observe that

—2%9¢;1, whenk =
B(ej,ex) = 2Cj_1ej, whenk = j +1 (5.15)
0, when |k — j| > 2.
Actually, it is this nearest neighbor only interaction that leads to new difficulties in comparison to these
previous works. Naively we may fill the phase space by iteratively taking Lie brackets of the form

[F(u),ex],ex] = 2B(eg, er) = —QCkHekH

Unfortunately, it is not clear that such brackets are admissible in the sense of Definition and a more
careful analysis of the interaction between F' and eg is needed to ensure that (5.14)) is satisﬁed
To overcome this complication, we consider the polynomials of the form

So(v1,v2) = B(vi,v2)
S1(v1, va,v3,v4) = So(B(v1,v2), B(vs,v4))
So(vi,...,v8) = S1(B(v1,v2), B(vs,vs), B(vs, v6), B(vr, vs))

Sm(vl, ce ,U2m+1) = Smfl(B(Ul, UQ), e ,B(U2m+1,1, U2m+1)>. (516)

By bracketing [F, e,,+1] repeatedly against F', 2™ times we will show that the resulting admissible vector
fields have the form

Cmt1(u) == [... [[F,emt1), F, ..., F](u) = CnB(em+1, Sm(u, - .., w)) + Em(u), (5.17)

where C,,, # 0 and &,, has an involved structure. Bracketing &,,,11(u) repeatedly against eg yields
further admissible vector fields and as we will see, Sy,(eg,...,€0) ~ €my1. On the other hand one
we will show that &,,(ep,...,e9) € span{eq,...,ent1} in order to avoid possible cancelations with
CmB(em+1,Sm(eo, ..., eq)) preventing the generation of new directions in H with this strategy.

With these motivating discussions in mind the rest of the section is devoted to proving:

THEOREM 5.5. The dyadic model (1.1)-(1.2) satisfies the Hormander bracket condition (5.14).
We begin by introducing some further notations. Let M7 = {A*u : k > 0}, and take
Mo = {ATB(A, A™u) = j,1,m > 0,1 > m},

and for k > 2 define iteratively:

My, = {B(E(u,...,u),u), B(u, E(u,...,u), B(B(u),u,...,u),...,Eu,...,u,Bu):
Be My, E€ My} (5.18)

Note carefully that M}, consists of k linear forms. Moreover, for any E € My, a simple induction shows
that E has the form

E(u) = B(Ey(u), Ex(u)) where By € M, Ey € M;,, B € Myandly + Iy = k. (5.19)
We also take Sy = My and for m > 1 define
Sm = {Sm_1(B*u),...,B*" (1)) : Sp_1 € Sm—1, B* € Sy} (5.20)

9For comparison in [EMO1] brackets of the form [[B(), e;], eo] are used to generate the phase space. As such this work
actually makes use significant use of the long range interactions (in wave space) present in the nonlinear terms.
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Observe that S,,, C Mam and that §m € Sp,. Also note that we can equivalently build
Sm={B(S} _|,82_):B€eSy,S | €Sm) (5.21)
We have the following lemma

LEMMA 5.6. For every m > 0 and each gm eSS,
Sm(eo) = Cg emi1 (5.22)

where C’~ is a suitable non-zero constant. Moreover, for every k > 2 and every E € M, such that
E, ¢ Sm for some m

E(eg) = Cge;  for somel < [logy(k)], (5.23)
for a constant C'g depending on E which may be zero.

PROOEF. The first identity (5.22)) follows from ( and (5.21)) with an induction argument on m.

The proof of (5.23) is an induction on m > 1 maklng use of G.13), (3.19), (3.22). The inductive
hypothesis is that the condition (5.23) holds for each k& < 2™. The base case follows from (5.13)) by
inspection. Suppose then that (5.23) holds for all k& < 2™ and consider any 2™ < k < 2™*! and any
E € My with E ¢ Spy1. By G.19), E(u) = B(E(u), B>(u)), B € My where, without loss of
generality E; € My with k < 2™. Two situations may arise. Firstly we may have that k = 2™ and
E, € S,,. In this case £y € Mj_9m and moreover it cannot lie in S,,, (or else we would contradict
that £ ¢ Sm+1). We infer, by the inductive hypothesis, that Es(ep) = ce; for some j < m and hence
with (3.13)) conclude E(eg) = C'B(em+1,€j) = Cej (where C’,C' may be zero). The second possibility
is that £y ¢ Sy, in which case, again with the inductive hypothesis Fi(eg) = Ce; where j < m and
Es(eg) = Ce; (where [ may indeed by greater than m). Combining these two observations we finally infer
E(eo) = C'E(ej,e) = Cex where j < m + 1. This completes the induction and hence the proof of
Lemmal3.6 O

With these preliminaries in hand we now show that (5.14)) is satisfied as follows.
PROOF OF THEOREM [3.3] Observe that, for any m > 0,
[F,emt1] = vAemi1 + 2B(em+1,u)

So that bracketing by [F), e;n+1] repeatedly against F', 2™ times we obtain a vector field &,,,11(u) of the
form (5.17) where the constant C};, is non-zero, and &,, is a polynomial which has the form

:i > CpBlemi1, Ew)+ > CpBlemi1, E(w))

k=1 EecMy EeMom\Sm

+ Z Z CE17E2B(E1(€m+17u)7E2<u))

k1+lz:2 =2"+1 ElEMk ,EgEMkz

+ Y > Cp, 5, 5B(Bi(emy1, w), Ea(u)) (5.24)
k1-&}-€k2<2m Ele./\/l,C JE2e My,
BeM>
where
ML ={E(w,u):HxH — H :
E € My, E(v,u) = E(v,u,...,u), E(u,v,u,...,u),...,E(u,...,u,v)}.
With (5.23), (5.15)) and a careful inspection of (5.24) we find that

Emleg) € span{eq, ..., emt1}- (5.25)
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Observing that taking Lie brackets of G,,,1 with eg, 2" times we obtain

[...[6Gm(u),e0],...,e0] = Gmlen) = Cmemsa + Emleon), (5.26)

where C,, is a non-zero constant. Arguing inductively we see that émeerg + Em(eg) is produced by
an admissible sequence of Lie brackets. Thus with (5.25) and we see that the Hérmander bracket
condition of the form given in (5.4) is satisfied, completing the proof of Theorem [5.5] (|

6. Dissipation Anomaly in the Inviscid Limit
In this final section we establish the dissipation anomaly in the inviscid limit. We prove the following:

THEOREM 6.1. Fix any c € [1,2) and let u” (-, u) be the unique solution of (1.1)—(1.2)) for any u € H.
Then

0.2

lim lim vE[u”(T,u)3n = —. 1
A, VER (Tl =5 o
Moreover, for any suchu € H
T 2
. . v v 2 _ o
gg%TlggoT/o [u” (t, )l dt = = (6.2)

PROOF. We immediately infer (6.1]) from (5.5)) and energy balance in (I.1)—(1.2)). Indeed let 4" be the
stationary solution corresponding to /1, Then vE|u”|%,, = /2 so, making use of (53.3) we conclude that

2
Bl (T v [ fulfpdu() = G

foranyu € H.
For the second item, take

N
YN (u) = 1/222]@]2- = v|Pyul?,
j=0
and notice that ¢ is in the set G is defined in (5.2). We infer from (5.6)) that for any u € H
T T
1
hTIgig;f;/o [u” (t, u) |3 dt > thijong/O Yy (u” (t,w))dt = /wN(u)du(u)
Now, by the monotone convergence theorem
. o . —v2 _ —v|2 _ 1
i [ on(dnte) = Jim vEIPya By = Bl =
so that
2

T
s s 4 v 2 9
hmlnfT/O [u” (t,u)|5 > >

T—o00
For a suitable upper bound observe that, due to the [to Lemma,

1 5 T 5 1 5 0T T
<\u<T,u>| o | |u<t,u>|H1dt>=<|u| + 7 w0 [ uOdw)
T ; T 2 ;

Thus, the second item (6.2) is proven once we establish that

1 T
— / ugdW — 0, a.s. (6.3)
T 0

For ¢ € (0,1) and n define

nd ok
Mn = / uodW, Xk = / ugdW
0 5(k—1)
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With the It6 isometry we have

ok ok
EX? = IE/ udds < / E|u(s,u)|*ds.
5(k—1) 5(k—1)

Now, since 4E|u|? + 2vE|[u|? < 02, we have that

2
Elu(t,u)| < exp(~2v)|ul” + -
v
With these observations we infer that
0o 2
EX? _|[u*+§ 2
< v k™
D GRS T 5 kT e
k=1 k
By the Martingale SLLN (see for example [KS12, Theorem 7.21.1]) we infer thus (6.3), completing the
proof of the theoremm g

Appendix A. Gradient Estimates for the Markov Semigroup

In this section we sketch some further details of the proof of Theorem [5.1 The approach closely fol-
lows the recent works [HMO06, HMO0S8, HM11, KS12, FGHRT13|] modulo the analysis establishing the
Hormander bracket condition which is carried out in Section In sections [A.THA.4] we describe and
solve a control problem which implies Proposition [5.3] The solution of this problem requires a Foias-Prodi
type bound for a linearization of (I.I)—(I.2) as well as an estimate on the spectrum of an operator (the
Malliavin covariance matrix) associated to this linearization. We describe how these bounds are achieved in
section[A.5]and [A.6] The final section explains how one derives Theorem [5.1]from Proposition[5.3]

A.1. Smoothing as a control problem. The first step in the proof of is to translate this bound
into a control problem. For this purpose we introduce some linearization operators around (3.5). Fix any
§&,u€ H,andany 0 < s <t < T take p = J;+£ to be the solution of

d
P T vAp+ B(u,p) + Blp,u) =0, p(s) =¢, (A.1)
where u = u(t,u) € C(0,T; H) N L?(0,T; H') obeys (3.3). For s < t and v € L?([s,t]) we let

t
Ag v = (7/ Trreov(r)dr, (A2)

where eg = (1,0,0,...) € H. The processes Jo+£ and A ;v represent infinitesimal perturbations of v in its
initial conditions and driving noise in the directions £ and v respectively. Using the Malliavin chain rule and
integration by parts formulas (see [Nua06]]) one obtains that, for any ¢ € H and any suitable v € L?(0, t

VP p(u)é =E <¢(u(t7u))/0 vdW> +E (Vo(u(t,w)(Jo& — Aov)), t>0.

Notice that p(t) = Jo+& — Ao v solves %,5 +vAp + B(u, p) + B(p,u) = —oegv, where p(0) = £. With
the Holder inequality we now see that the proof of (5.9) reduces to proving:

PROPOSITION A.1. For every ¢ € H there exists a corresponding v = v(€) € L*([0,00)) such that

sup  E(|Jo.4& — Aow(€)) =0 ast — oo, (A.3)
£eH,||€]l=1

10Actually this implies the F (T) = % fOT uodW goes to zero along any sequence on a dense subset of [1, c0). Since F(T)

is almost surely continuous this implies that this convergence occurs along any sequence.
HHere we do not require that v is adapted so that [ Ot vdW is in general only a Skorokhod integral. See [Nua06].
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and such that
2

t
sup sup E (/ v({)dW) < 0. (A.4)
t20 (e H,|€|=1 0
A.2. Defining the control. A suitable choice for the control v can be obtained in terms of the Malliavin
covariance matrix or control Grammian Mgy = Ay A%, : H — H. Here A%, : H — L*([s,1]) is the
adjoint of A, ; and satisfies

(A58)(r) = e, Jri),  forr € [s,1], (A.5)
where 7, is the adjoint of J; ; defined via (A.1)). J,€ solves the final value problem
d
—gp* + Ap* + (VB(u))*p* =0, p*(t)=¢. (A.6)

with the notation
VB(u)p = B(u, p) + B(p, u).

A formal solution of is obtained by taking v = Aj ;M ijo,tg , for some ¢ > 0. It is not expected
however that My ; is invertible for many infinite-dimensional problems. This difficulty is circumvented by
considering a regularization //\\/l/oﬂg in place of My ; so that the resulting control pushes p into small scales
(high wavenumbers). We then make use of the dissipative structure in (I.I)—(1.2) to induce a decay in
p. Specifically, we determine v and the resulting controlled quantity p according to the following iterative
construction. We start from p(0) = £ and, having determined p and v on an interval [0, 2n] for some integer
n, we define

Vn,2nt1] = Azn ont1(Man2nt1 + BI) " Tongni1p(2n),  and V2n+1,2n42] = 0. (A.7)

Here § is a fixed positive parameter that will be specified below according to (A.14)), (A.15)) and we have
adopted the notation vy, ;) as the restriction of v to the interval [s,t]. With v now defined up to the time
2n + 2 we can then determine p on this interval via

p(2n) — v fort e [2n,2n+1
plt) = {gz:if(tﬁ(;n —|—A12;7t for t 2 {Qn,—i— 1,+2n]—|— 2). (A-8)
Observe in particular that
p(2n + 2) = Tont1,2n+28(Man2ntt + BI) ™ Ton2ns1p(2n). (A.9)
Note that v and p have a ‘block adapted’ structure, that is, for each ¢ > 0
p(t),v(t) are F,; - measurable (A.10)

where, recalling the notation [¢] for the smallest integer greater than or equal to ¢,

oft) = {(ﬂ when [t] is odd,

t when [t] is even.

A.3. Decay estimates for p. We next show how v defined by (A.7), (A.8) induces the desired decay
(A.3). We start by demonstrating that for every p > 1,n > 0 and 6, > 0,
E(|p(2n + 2)|P|Fan) < 6 exp(n|u(2n)[*)|p(2n)[? (A.11)

holds for a suitably small choice of 0 < 5 = (3(d,7,p), independent of n. Splitting p into low and high
modes and using that || 3(Map2n+1 + BI) 71| < 1 for any 3 > 0 we hav

1p(2n +2)P < C(|| Tons1,2042@N]1F + | Tont 1,202 [P | P B(Mag 2ns1 + B HP) || Fan2n11 [IP|5(20) [P
= (T + Ta)|p(2n) P

12We use the notation || - || for the operator norm of bounded linear maps between the appropriate spaces (H, L*(s, t), etc.)
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which holds for any n and every 5 > 0. Since
E(T1|F2n) < CE(E(||J2n+1,204+2@N 1P| Font 1) | Ton2n+1 [P [ F2n)
and
E(T2|Fon) < CE(E(||Tant1,2n+2/P|Font 1) | PnB(Man a1 + B [P [|Tan 2041171 Fan),
the one step decay reduces to establishing that:
PROPOSITION A.2. The following bounds hold:
(i) For each p > 1 and each n > 0 we have
E||Jo,1 [ < Cexp(nlul?), (A.12)

where the constant C = C(n, p,v).
(ii) Forall ¢ > 1 and §,n > O there exists an N such that

E||Jo1Qn||? < 6 exp(]ul®) (A.13)
where Q is the projection onto span{eq, ... ,en} .
(iii) Finally, for every g > 1, N > 0 and n,§ > 0 there exists 5 > 0 such that
E(||PyA(Moa + BI) 7)< dexp(nful®). (A.14)

The first bound follows directly from and (3.8). The Foias-Prodi estimate expresses the fact
that if an initial condition is concentrated in sufficiently high wavenumbers then the diffusive terms in (A.1)
mostly dissipates the solution after one time step. The final bound shows that inverting Mg 1 + 81
approximately gives the desired control on the low modes. This step in the analysis is delicate and would not
be expected to be true in general. It relies on the fact that the Hormander bracket condition, Proposition [5.3]
is satisfied. We postpone further details for Sections below.

With in hand we establish as follows. For any ¢ > 1 and n > 0 define

B =TT (P ) expl-niz-lu2a)) and %, i= [T exp/2: fu(zn)l).
k=1 k=1

Note that |p(2n + 2)|9 := P,NR,. By making repeated use of (A.11), we have that (E(B,R,))"/? =
E(E(B2|F20))E(R,)? < SER2_)ER,)? < --- < §"E(R,)% On the other hand, from (3.8) we
infer that ERR,, < exp(n|u|? + Con) which is valid for sufficiently small 7 = 7(v) > 0 and a constant
Co = Cp(v) > 0. By taking 6 = exp(—2v — Cj) in (A.T1) and combining these two bounds we now
conclude

E(|p(2n + 2)|7) < exp(n\mz — 2n7). (A.15)
and hence (A.3).

A.4. Bounding the cost of control. To obtain the cost of control bounds (A.4) we observe that by
using the block adapted structure in (A.10) with the generalized Ito isometry (see [NuaQ6l) we infer

2n 2 2n n 2k+1  p2k+1
E </ vdW) = E/ |v|2dt + ZE/ / D0(r)D,v(s)drds. (A.16)
0 0 o 2k 2k

Here © : DP(H) C LP(Q), H) — LP(Q; L2([0,T)) ® H) is the Malliavin derivative operator. For the first
term in (A.T6) observe that

2n n—1
E/O 0] ds = B[ ASy g1 (Mo aks1 + BI) ™ Tok,21410(20) 172 (28,2041
=0

2 oo
B Topon 1 |2 (E(p(2k) 1)/ < CEPUD ™ oy a7y
k=0 k=0
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Here we have used that [|A3, 5, (Mag2k41 + BN V2| omr2(orort1)) < 1 and that Moy e +
/31)71/2” < l371/2‘

In order to address the second term in (A.16) we use the (Malliavin) chain rule and the fact that po,, is
Fon, adapted to compute

Devpn 2n+1) =Dz 201 (Manzni1 + B Tanans10(20)

+ A3 2011 D4(Man2n i1 + BI) ™ Tan2ni1p(20)

+ A5y on 1 (Mangns1 + BI) 7D Jon 2n110(20), (A.18)
for any ¢ > 2n. On the other hand

Dy(Manont1 + B~ A19)
= —(Mapant1 + BI) " (DeAonon 1145, 201 + A2n 20410043, 9041) (Man2ntr + B1) 7

In view of (A.T8)), (A.T9), we need more explicit expressions for D; Jon,2n+1, Dt.A2n 2nt1, and D A5, o, .
Forany &, ¢’ € H we take p = js(i) (€,¢) as the solution of %ﬁ+yA§+B(u, 5)+ BB, w)+ B(Tss, T b))+
B(Js,tf/a Js:&) =0, p(s) = 0. Using the properties ©; one may show that (see [HM11]])
jr(i) (ceo, Js7€) whens <,
js(,%)(jr,ser,ﬁ) when s > 7.

By making use of (A.20) one may verify the following additional moment bounds from (3.8), (A1), (A.2)),
(A20) and routine estimations (see [HMOG]).

D, Josb = { (A.20)

LEMMA A.3.
(i) ForanyT >0,p>1,n1>0

E sup |77l < Cexp(nlul?), E sup IIJ NP < Cexp(ful®)
te[0,T] te[0,T

for a constant C = C (T, p,v,n). Similarly for r <t andp >1
E[| AP < Cexp(nlul®), E[A7 [P < Cexp(nluf®).
() Forr < s <t ,p>1andn > 0we have
(), E[DsA P < Cexp(nlul®),  E[DAT,|P < Cexp(n|ul®),

for a constant C = C(p,t — r,v,n).

With these bounds in mind we now return to (A.16). The second term in this expression is bounded by
Ziio EH@UH%%[%,% +1)2)- We handle each of the terms in this sum using the expression (A.18), (A.19) as

190122 s 212y < (H© A o1 P12z 2 + 1D 0Asn 20 121 For 11

A 1 P01 Ton 2112 I (2m) (A21)

where we have used that [|A3; o, (Mo 2k+1 + B2 < 1, [[((Magaks1 + B "YV2 Agp o 41| < 1,
and ||(M2k72k+1 + BI)~1/2|| < p~1/2. Using (A.13) and Lemmawith (A21) we conclude that

2k+1 2k+1
/ / cv(s)drds < ZP 77'“’ Zexp (—vk|ul?) (A22)
2k 2k

Combining m and (A.22) with (A.16) we conclude (A.4).
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A.5. Foias-Prodi-type bounds. We turn next to establishing (A.13)), and prove (A.12)) along the way.
The importance of having a semi-linear system, ensured in our case by 1 < ¢ < 2, is directly apparent
in the estimates of this section. Recall the notation p = J; ;£ for the linearized flow around the solution
u(t,u) € C(0,T; H) N L?(0,T; H') of (3.3); that is, p solves (A.T).

From the L? energy inequality and using (3.4)), we obtain

d el 32
%lp\z +20]pl3 < 21(B(p,u), p)| < 20plger|ulmlp| < vlplip + v 75 o |ul

for all ¢ € [1,2]. After absorbing the v[p[%, term in the left hand side and multiplying the resulting
differential inequality by |p|P~2 we infer

d pv 2 _D T
1ot + 2ol ot < 2o (v S alfT ) < 1o (lulf + )

for any k > 0 and p > 2 and a suitable constant C' = C(v, ¢, k, p) that may be computed explicitly. Note
here that the final inequality requires that 1 < ¢ < 2. Letting k = 357 A, applying the Gronwall inequality,
taking expected values, and making use of (3.8)) we arrive at

t
BlOF + 5 [ E (o)l o)) ds < Je7 exp (nluf + €1 (A23)

for any p > 2,t > 0 where C' = C(v, 0, ¢, p). The bound (A.12)) follows immediately.
Recall that Py is the projection onto the first V coordinates of elements of H and Qx5 = I — Pn. We
denote by p; = Pnp and p, = Qnp as the low and the high components of p solving (A.1). Upon applying

Qn to (A.I) we obtain
Opn + Apn + QN (B(u, pr + pn) + Blpr + pp, u)) = 0.
Multiplying with pj,, using that 22V |pp, |2 < | pn|3;1, the cancelation property (3.4), and estimates similar to

(3-3) we obtain

d
ﬁlph\z + 22N o + vlpn T < 2[(B(u, pr), pu)| + 21(B(pr, w)pn)| + 2/{B(pn, u), pn)|

< Alulglpnllol*ClolSat 4 2\ul gl onlSat on>C

For k > 0 to be determined we infer that

d v 2(c—1 _ _
T lonl? + (V22 — slulip ) lonl® + Slonlin < € (1551029 + [pf2) < 22 DN P2, (A24)

where C' = C(v, k, ¢) but is independent of N and we have again used that 1 < ¢ < 2. For any p > 2, upon
multiplying (A-24)) with |p;,[P~2 and using the Grénwall and Holder inequalities we obtain

t
Elon (0 <IEPE (u(t,0)%) + 2090 [ (Bu(t, o) 2 Elp(s)) 05 (429)
0

where C' = C(v, k, ¢, p), independent of N, and
t
u(t,s) = exp (1/22N(t —s)+ Ii/ |u(7’)|§11d7> .
S

By letting x = pil(lg% A1) and using (3.8) we have
Epu(t,s)? < 2exp (—vp2*M(t — s)) exp (n|ul®) , (A.26)
for any 0 < s < ¢. Combining (A.23)), (A.25) with (A.26) we obtain

B B 1
Elon(t)P < exp (1lul?) (\5!” oxp (—p2?N M) + 2% 1)N’f‘2pwzwv>

for a constant C' = C(v, k, ¢, p, t) independent of N. By now taking ¢ = 1 and N sufficiently large we now

conclude (A.13).
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A.6. Analysis of the Malliavin covariance operator. The second crucial bound necessary to achieve
Proposition[A.T]is (A.14). This inequality is immediately inferred from the following probabilistic spectral
estimate on M 1 (see [HMI11l]]).

PROPOSITION A.4. For every a,y > 0 and every integer N there exists a § > 0 such that

P| sup M <e| <O exp(y|ul?) (A.27)
cetan €l

for every € > 0, where T, n = {£ : |Pn&| > €|} and the constants C = C(a,v,N) and 6 =

d(a, 7y, N) > 0 are independent of € and wu.

The proof of the estimate consists in translating each of the admissible brackets leading to the
condition (5.14) into quantitive bounds. This leads to what amounts to an iterative proof by contradic-
tion with high probability. One begins by showing that small eigenvalue, eigenvector pairs translate to a
smallness condition on linear forms related to successive Lie brackets as follows:

PROPOSITION A.S.

(i) There exists an €9 > 0 and collection of measurable sets ). o defined for each € < € such that
P(ng) < Ceexp(n|ul?) and so that on Q.

(Moa€.6) <elél® = sup [(F€ eo)| < €’lé], (A28)
te[1/2,1]
forevery £ € H.
(ii) Suppose that E € My, for some k > 0 where My, is defined above in (5.18) and we take My =
{eo}. Then there exist g = €o(E) > 0, ¢ = q(E) such that for every € < € there is a set Q¢ g s0
that P(QgE) < Ceexp(n|u|?) and so that on Q.

sup [(J&, E(u)| < €l¢]

te[1/2,1]

te[1/2,1]

= ( sup  [(J1& [E(u), F(w)])|+  sup !<J£‘1§7[E(U),€o]>!> < el¢], (A.29)
te[1/2,1]

forevery & € H.

The proof of Proposition is lengthy and technical. Here we merely hint at some details. The
complete proof follows exactly as in [HM11] and see also [FGHRT13|]. One obtains new brackets of the
form [E(u), eo] by expanding E(u) = E(u + cW) where & = u — oW and then using a bound on Wiener
polynomials from [HM11] to show that each of the terms in the expansion is small if £(u) is small. Here
may simplify the analysis by taking advantage of the smoothing estimate

E sup |u(t,u)l5,, forany 0 <ty <t < oc.
t€lto,t1]
Implications involving [E(u), A(u) + B(u)] in (A.29) are obtained by again changing variables, differenti-
ating in the expression (J;" &, E()) and making use of interpolation bounds involving Holder regularity in
time.

Iterating the chain of implications (A.29) starting from (A.28)) we may infer the smallness of any form
associated with a sequence of admissible bracket operations; cf. Definition Thus Theorem [5.5] and
Proposition imply

COROLLARY A.6. Forevery N > 0 there existsan ¢ = q(N) > 0, ¢g = eg(N) > 0 and sets Q). defined
for e € [0, eo] with

P(QF) < eC exp(n|ul?) (A.30)
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and such that on Qe we have the implication

N
(Mo&,8) <ele? = D (6en)” < ellef (A31)

k=0
which holds for every € € H.

We now infer Proposition from Corollary as follows. Observe that for £ € T, v = {¢ :
|PNE| > €]}
N
ale]? < |PnEP = (& en).
k=0
Therefore combining this bound with (A.3T)) we infer that, on the sets €2, given in (A.30) we have that

(Moa&,€) > el¢]?
for every e < €1(N, ) and each £ € T, . This completes the proof of Proposition

A.7. Consequences of the Gradient Estimates. We finally describe how Propositions imply
Theorem 5.1] In [HMO06, HMO8] the authors show that in the general setting of Markov semigroups on Ba-
nach spaces, the gradient bound in Proposition [5.3] the irreducibility condition Proposition [5.2] and certain
moment bounds satisfied by establishing (3.8)) imply the ergodicity and mixing properties of { P;} claimed
in Theorem The central limit theorem, (iii) follows from abstract results in [KW12]. Details of the
application for the stochastic Navier-Stokes equations are given in these works and are precisely the same
in our situation. See also [FGHRT13|] where these results are shown to apply to a different concrete infinite
dimensional stochastic system.

We prove the strong law of large numbers (5.6) following the strategy taken in [KS12]. This requires
some suitable modifications to the proof however since mixing occurs in a weaker sense, (5.4), than in
[KS12] where only a non-degenerate stochastic forcing is considered.

We will consider, without loss of generality, that | ¢(u)du(u) = 0. The proof (5.6) relies on the
stochastic process

My = /O " (E(6(ult, w)|Fr) - Eolu(t,u))) dt

Observe that, with the Markov property,

T ') (9]
My — /0 ot w))dt + /O Pu(u(T, w))dt — /O Pu(u)dt

T
- / o(u(t,u))dt + R(u(T, u)) — R(u). (A32)
0
We establish the convergence (5.6) using My in two steps. Firstly we show
T,u)) — e
Rulw) - Rly) _ 1 / o(u(t,w))dt — My ) =0 a.s. (A.33)
T T\ Jo
and then we establish that
M
TT —0 as. (A.34)

For the first convergence, (A.33), we infer from (5.4)) that

R(u(T,w)) _ Cexp(n/2u(T,u)?)
T - T ‘
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To show that the later quantity goes to zero fix any J > 0, and observe that

exp(n/2[u(dN,uw)|*) —1/4 E exp(n|u(dN, u)|?)
> p (SRR 5 o) < o 5 ERCTL),
N21 N>1

With the Borel-Cantelli lemma we infer that,

1 [ exp(n/2/u(6N, u)?) 1
AEJI{ SN <N1/4,f0reveryN2M

has measure one. Since this holds for all § > 0 we infer the first convergence (A.33).
We turn to the second convergence (A.34) which we address with the strong law of large numbers for
Martingales. Making use of (5.4)) we observe, for suitable 71, v2 that
2

ER(u(T,u))* <CE </OOO exp(—71t +n/2Ju(T, U)I2)||¢>||w2dt> < CEexp(n|u(T, u)|*)

<C exp(n|ul?) (A.35)

where C does not depend on 7" and where we have used (3.8) for the final bound. Similar bounds apply
for R(u) for the same reasons. With this bound in hand it is direct to verify that { M7 }7>0 is a square
integrable, mean zero martingale. It is therefore sufficient to show that for § > 0,

E(Msn — My(nv—1))?
3y e SN o, (A.36)

N>1
see for example [KS12]]. Using the bound (A.35) we have

SN 2
E(Msy — Ms(v-1))* =E (/ o(u(t,u))dt + R(u(0N,u)) — R(u(5(N — 1),u))>
S(N=1)
ON
<C <5/ E¢(u(t,u))2dt+exp(n\u|2)> , (A.37)
S(N—1)

for a constant C' independent of §, N. Now, since ¢ € G it is easy to see that ¢> € G; cf. (5.2). We there
infer from

B (u(t, ) < C + [ ¢*(udu(u) (A38)

where the constant C' = C(n, ¢, 0, ¢) is independent of ¢. Combining (A.37) and (A.38)) we infer (A.306)
and hence, since § > 0 is arbitrary, (A.34) follows.
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