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1. Introduction

In this paper we consider the incompressible Navier-Stokes equations in a bounded domain € in R¢
with analytic boundary 052, and homogeneous Dirichlet boundary conditions

ou—Au+u-Vu+Vp=f, in Q,
V-u=0, in €, (1.1)
u =0, on ).

The forcing f is assumed to be analytic in space and time, and the system (1.1) is supplemented with a
Sobolev smooth initial condition

u(z,0) = up(x), in (2. (1.2)

For simplicity we assume d € {2, 3}; higher dimensions can be treated in the same way.

The main goal of this paper is to establish the immediate gain of space-time analyticity for solutions
to (1.1)—(1.2), using a direct energy-type method, in the case of a domain with curved boundary. Our
main result is Theorem 2.8 below, which shows that from a Sobolev smooth initial datum the solution
instantaneously becomes space-time analytic, with analyticity radius which is uniform up to the curved
analytic boundary. The direct energy-type approach utilized in this paper was presented in [33] for the
Stokes system and in [12] for the Navier-Stokes equations on the half space. This method is robust and
easily expendable to the case of non-analytic Gevrey-classes, jointly in space-time, provided the boundary
belongs to the same Gevrey class.

Analyticity and Gevrey-class regularity have proven to be important for studying the vanishing viscosity
problem for the Navier-Stokes equations in bounded domains [45, 46, 37, 30, 14, 50, 41, 19], and for
establishing nonlinear inviscid damping near the Couette flow [3, 4, 5]. Moreover, the analyticity radius
provides a measure of the minimal scale in a turbulent flow [24].

Analyticity and Gevrey-class regularity for the Navier-Stokes equation is a classical subject [13, 49].
Initially, interior analyticity for the Navier-Stokes system in d > 2 space dimensions was proven by Ka-
hane [25], using an iteration of high order Sobolev norms. The problem of interior space-time analyticity
was then addressed by Masuda [39], and then by Kato-Masuda [26], assuming that the external force is ana-
lytic. Analyticity up to the boundary of the domain was established by Komatsu in [28, 29], based on earlier
work by Kinderlehrer and Nirenberg [27] for parabolic type equations. Subsequently, Giga [20] developed
a semigroup approach for analyticity up to the boundary for the Navier-Stokes system.

On the other hand, in the absence of boundaries, Foias and Temam [18] introduced an alternative ap-
proach to analyticity and Gevrey-class regularity which is based on L? energy estimates and Fourier anal-
ysis (cf. [17, 13] for an earlier energy approach for the time analyticity). This method has proven to be
a powerful tool to establish analyticity as well as to estimate the analyticity or the Gevrey radius. The

Key words and phrases. Real analyticity, Gevrey regularity, bounded domain, Stokes equation.

Date. August 27, 2019.
1

This is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.



2 GUHER CAMLIYURT, I. KUKAVICA, AND V. VICOL

method of Foias and Temam [18], which was based on L? energy estimates was extended to LP by the
second author and Gruji¢ [22, 23], taking advantage of the mild formulation (cf. also [10] for the lo-
cal variant). An elegant Fourier variant of the approach using the mild formulation and Fourier analysis
was then introduced by Lemarié-Rieusset in [34]. For other results based on the Foias-Temam method,
see [6,7,8,9, 16, 15, 21, 31, 34, 36, 42, 43] and references therein.

The main motivation for the present work is to provide a direct energy approach to analyticity for the
Navier-Stokes and related systems for domains with boundary. As it is well-known the main difficulty is
the presence of normal derivatives in the diffusion term and its non-vanishing due to Dirichlet boundary
conditions. For a finite Sobolev regularity, this is typically overcome by the Agmon-Douglis-Nirenberg
approach to parabolic/elliptic regularity. For the analyticity, this requires a carefully designed iteration
based on this parabolic regularity and binomial inequalities (cf. [28] for instance).

Recently, there have been two works where a variant of this has been employed in the case of the half
space. In [50, 14], the authors provided an interior analyticity approach for the half space, using conormal,
rather than normal, derivatives (cf. [38]). Recently, in [12] the authors of the present paper have found
an alternative method based on a derivative reduction estimates and ellipticity; the main idea is to use the
elliptic regularity to find a Gronwall type inequality for a simple series consisting of Taylor coefficients.

The main difficulty for curved domains is the non-commutativity and possible vanishing of tangential
and normal derivatives (e.g. the singularity of the polar coordinates used for a disc). We overcome this by
Komatsu’s system of tangential vector fields, which was in turn inspired by an earlier work by Nelson [40].

As in the case of our previous paper which treated the half-space [12], the main idea is to use derivative
reductions by means of the global elliptic regularity. While the method is technical, it is also robust and
we believe it is going to be applicable in other settings. In particular, we hope that it will be useful for the
vanishing viscosity problem in a curved domain.

There are several difficulties when trying to extend the results from the half-space setting [12]. Since
there is no analytic partition of unity, the energy approach requires working with global tangential and
normal vector fields. However, there is a possibility of vanishing of the tangential or normal derivatives in
the interior. To overcome this problem, we use Komatsu’s system of tangential vector fields, which in turn
is based on earlier work by Nelson [40], with the main idea of allowing the number of tangential derivatives
to be higher than the space dimension d. The analytic vector field setting is recalled in Section 2 below. An
important aspect of this analytic theory is that the iterated tangential derivatives form high order tensors. To
deal with this, we use summation of all the norms (rather then, say, the Euclidean or the sup convention).
Regarding the Stokes problem in the case of half-space, it was not necessary to include the pressure in the
energy as we were able to recover the pressure from ellipticity. However, in the case of the curved domain,
three pressure commutator terms arise which thus require inclusion of the pressure space-time analyticity
norm. For the case of the Navier-Stokes equations, the main problem is the product estimate for the term
u - Vu. While the leading terms have been treated in [12], the Leibniz rule is more complicated here and the
high order commutators require special care.

In the case of Euler equations, one cannot expect instantaneous gain of analyticity; however, it is possible
to obtain a lower bound on the uniform radius. On the other hand, the difficulties arising from the Laplacian
are absent. Thus the above mentioned energy methods have already been employed to obtain rather precise
bounds on the analyticity decay (cf. [31]). In the case of Euler equation, it is actually possible to use
the partition of unity due to finite speed of Lagrangian trajectories [32]. Analyticity results for the Euler
equations are classical; see the work by Bardos-Benachour [2] and Bardos [1]. For other applications of
analyticity for the Euler equations, cf. [48, 11, 3].

The paper is structured as follows. In Section 2, we recall the analytic vector field setting for bounded
domains with an analytic boundary, and the necessary commutator estimates. The three main theorems
address separately the non-homogeneous heat equation, the non-homogeneous Stokes equation, and the
Navier-Stokes equations. The next two sections contain the derivative reduction estimates and the proof of
the analyticity for the heat operator. Section 5 contains the derivative reduction estimates for the Stokes
operator. Finally, Section 6 contains the proof of the space-time analyticity for the Navier-Stokes system.
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2. Analytic vector fields in a bounded domain and the main results
Assume throughout the paper that €2 is a bounded domain in R? with analytic boundary Of2.

2.1. Analytic vector fields. Denote by § = J(z) the distance function to the boundary OS2, taking
positive values inside €2 and negative outside 2. For §p > 0, we set

Qs ={zeQ:6(x) <}, Q0 =0\Qs,.

A vector field X is said to be rangential to 02 if X§ = 0 on 9f). Such X may be restricted to 02 by
Xf= (Xf)‘ag2 for f € C°°(0N), where f € C*(Q) is an arbitrary extension of f.

Existence of global analytic vector fields in the following proposition is due to Komatsu [29]. For the
convenience of the reader, we state it next.

PROPOSITION 2.1 ([29, Section 2]). For any sufficiently small 6o > O there exists a finite number of an-
alytic vector fields Xo, Th, ..., Tn', TN 41, . . ., Ty defined globally on §) having the following properties:

1. Ty,..., Ty are tangential to OS).
2. On ) there are global expressions
P N

with analytic coefficients &, (x) and 11 ().
3. 0On Q%, we have

o <
a—MZZgjk(x)Tj, k=1,....d,
j=1

where (;,(x) are analytic functions on Qdo,

REMARK 2.2. The vector field X is a non-tangential vector field to 92 in the sense that Xod # 0 on
the boundary.

EXAMPLE 2.3. For Q@ = B;(0) C R2?, an example of a system of the vector fields postulated in
Proposition 2.1 is as follows: Xo = 10, + 220, = -V, T} = 2104, — 220y, = 2+ -V, T =
(1-22—22)0,, = (1—|z|*)0s,, and T3 = (1—22—22)0y = (1—|2|?)0s,. Indeed, 9,, = x1 Xo—x2T1+ T,
and 0., = 1 X9 — 2211 + T3.

REMARK 2.4. We use the letter T' to denote the endpoint of the time interval [0,T], and we use the
notation T = (T4, ..., Ty) to denote the vector of tangential differential operators T} from Proposition 2.1.

REMARK 2.5. Denote by I = {1,..., N} the index set for the tangential vector fields 71,...,Tn
given by Proposition 2.1. We adopt the following agreement for the iterated derivatives &) and TF. The
symbol T, where k € N, is understood in tensorial sense, i.e., it denotes the list Qf all the possible operators
Tg, ---Tp,, where B = (B1,...,0k) € I*, with an analogous agreement for 8%. On the other hand, when
the symbol occurs inside a norm, it has the following meaning. For j € Ny and k£ € N, we define

ik

N3 a2, = D0 02T ul g2, (2.2)
aENg,|a|:j
perr

and
j ok
00T ull e, = > 109T ul es,,
aeNd |a|=j
perk
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where 07 = 9g - -- 03¢ and TP =Tp, --- Tp, with 8 = (B1,..., k) € I*. In the same way, we define
ik _ i+1mpk
04Tl a5y = 1047 Tl 2 @3)

and
ik j k
04T ull 2 o = (|02 T |2 . (2.4)

2.2. Main results. Fix 7" > 0 and let

0<e<e<e<l. (2.5)
In order to explain the main ideas of the proof, it is convenient to first consider the inhomogeneous heat
equation
Oy —Au=f inQ (2.6)
u=0 onof) 2.7
with the initial condition
u(x,0) = up(z) in Q. (2.8)

For r > 3, define the index sets
B={(i,j.k):i,j,k € No,i+j+k>r}, B® = N3\B. (2.9)
For the system (2.6)—(2.8), we define
S -
P(u) = ZB: mEigjgkHtHHk_raiTkagu||L§7t(9x[o,T]) + ; Hagjc‘TkazuHL%t(Qx[O,T}) 2.10)
= ¢(u) + do(u).
We refer the reader to [33] for the same problem posed on the half space. Both on the half space and in a
curved domain, the sum ¢(u) is based on Taylor-like coefficients. We note that in general domains it is more

convenient to use the full gradient 0, instead of the normal derivative X in the analyticity norm (2.10) as
the former commutes with the Laplacian.

THEOREM 2.6 (Heat equation). Let O < T' < 1 and r > 3. Then there exist 0 < € < € <€ < 1,
which depend only on r, d, and the analyticity radius of the tangential vector field T such that for any
ug € HY(Q)NH?* ~L(Q) which satisfies the compatibility conditions, and f sufficiently smooth, the solution
u of (2.6)—(2.8) satisfies the estimate

d(u) < go(u) + Mp(f) + |Juol| grar—1

where
i+ +h+2) &2 o ik
Mr(f) = > (Tt kt2) [t BT 0 fll 12 ,(x(0,1))
i+j+k>(r—2)+
(i+k+2) et o
+ > ik [0 £l 2 o)) (2.11)

i+k>(r—2)+
(i +1)rett
+ Z N [Gas "0z @x 01y
i>r—1

In an analogous way, we adapt our result to the case of the Stokes system with the Dirichlet boundary
condition
Ou—Au+Vp=f inQ
V-u=0 inQ (2.12)
u=0 ondf.
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Firstly, we need to adjust our analyticity norm for the Stokes system (2.12). For r > 3, define the index set
B={(i,j,k) eN3:i+j+k>r—1,j+k>1}

and

(t+j+Fk)" il k| pitith—r gik g
Wlp) =3 e eI T Gl axiorn)

B
G+ h+ D) itk ok g
+ S @t g ||p IR =T gI TR gl 1 o
> ESEw] | 2 T0pll 2, (xpo,m) o)
+)° Hayjc'TkazuHLi’t(Qx[O,T]) + Y ”a:%Tkazp”Liﬁt(Qx[O,T])
be Ben{j+k>1}

= ?E(U,p) + ¢0(U,p),
where 1 (u, p) and 9o (u, p) consist of the first and the last two terms, respectively.

THEOREM 2.7 (Stokes equations). Let 0 < T' < 1 and r > 3. Then there exist 0 < € < € < e < 1,
which depend on r, d, and the analyticity radius of the tangential vector field T such that for any divergence-
free ug € HE(Q) N H?"~Y(Q) which satisfies the compatibility conditions, and f sufficiently smooth, the
solution u of the Cauchy problem (2.12) satisfies the estimate

1?(“:]9) S wO(uap> + MT(f) + HUOHHQT*h (214)
where My (f) is defined in (2.11).

The essential ingredients in the proof of Theorem 2.6 are the derivative reduction estimates in the nor-
mal, tangential, and time components, which are provided in the next section. The proof of Theorem 2.7
follows by the same method and we outline the modifications in Section 5.

Using the result on the Stokes system with the force —u - Vu, we may address the Navier-Stokes system
with the Dirichlet boundary conditions (1.1).

THEOREM 2.8 (Navier-Stokes equations). Let d € {2,3} and r = 3. Then there exist 0 < € < € < e <
1, which depend on the analyticity radius of the tangential vector field T, such that the following statement
holds: For any divergence-free ug € Hg () N H(SY) which satisfies suitable compatibility conditions, and
a space-time real-analytic f € L™(0,1; H3(Q)) N W12°(0,1; H(Q)) N W2>(0,1; L2(Q)), for which
M (f) < oo, there exists Ty € (0, 1] such that the solution u of the Cauchy problem for (1.1) satisfies the
estimate

Yr(u,p) S 14+ Mr(f) + [luol g
forany T € (0,T], where My (f) is given in (2.11). The implicit constant depends only on Q.

The dimension is restricted to d € {2,3} for simplicity of computations. With this choice, we also
fix the index » = 3 in the definition of ¢(u) and v(u,p). In order to obtain boundedness for the lower
part of the energy norm 1o (u,p), we appeal to the local existence theory for the Navier-Stokes system,
cf. [47, 13, 49, 44] for instance. Since we need to set r = 3, we require the data to belong to H° (note that
then 27 — 1 = 5). However, due to the regularizing effect, we might also assume that the data lie in H.

3. Derivative reductions for the heat operator

Here, we state the normal, tangential, and time derivative reduction estimates for a smooth solution
u of (2.6)—(2.8) in terms of the vector fields introduced in Section 2. The same discussion on the half
space, splitting the gradient operator into tangential and normal components, was provided in detail in [33,
Section 3]. Here, we outline these ideas and deal with the additional commutator terms. Throughout this
section we require ¢ + j + k > 7.
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6 GUHER CAMLIYURT, I. KUKAVICA, AND V. VICOL

3.1. Normal derivative reduction. Here we consider (2.6)—(2.8).
LEMMA 3.1. For j > 2, we have
ey T Pl Ve A/ PN R st 1
4 th‘+j+k—r8%72Tk+18§u||LgHé i Hti+j+k—r8£72Tka§uHLi’t
(O (T, Al
Similarly, for 5 = 1 and k > 1 we have
||ti+1+k_rakaa§“HL;t < th‘+1+k—er—1aZ'+1uHLi’t + Hti+1+k—er—1a§f”L;t
[ Aol 2
while for j = 1 and k = 0, we get

[ 0,0l 2, S ISl IOl + 1T T Ol 2, 6T, gz,
, z,t x,t ? ’

3.1

3.2)

(3.3)

Before the proof, we recall the H? regularity for the Laplace equation which, combined with the trace

theorem (cf. [35]), yields the estimate
lull ) S AUl L2@) + 1wl msz@o) S 1A L2@) + 1 Tull 17200y + [ull 17200
from where
lull a2y S 1Aullr2i0) + I Tull g1 + [lull 2
If, in addition, u,, = 0, then we have
ull 2y S 1Aullr2(q)-
Besides (3.5)—(3.6), we recall

1/2
IVl a0y S lull oy 102l ot + lullr@)-

PROOF OF LEMMA 3.1. Using (2.6), we compute
INUARRL e WA
— ti+j+kfr8£72Tk8Z+lu o ti+j+k7Ta£72Tk8§f o ti+j+k77“a%‘72[rrk7 A]az,u
for j > 2. By the H? regularity estimate (3.5), we get
[T AT O] 2 S R T D | 2
S TR TR O | o - ([T 0L AT, £ 12
IS AT G+ ([T O e
+ [T SRR, Aldful| 2,

and (3.1) follows.
For (3.2), let £ > 1. We have

A(ti+1+k_TTk_laZU) — ti+1+k—er—18Z+lu - ti—l—l—l—k—TTk—la;'f _ ti—l—l—l—k—r[Tk:—l7 A]az,u

(3.4)

(3.5)

(3.6)

3.7

(3.8)

Since Tk_18§u‘ 80 = 0, the H? regularity estimate (3.6) leads to (3.2). In order to prove (3.3), we use the

equation

A(ti-l-l—ragu) _ ti-i-l—raz‘—i—lu - ti-i—l—razf.

Using the interpolation inequality (3.7) and the H 2 regularity estimate (3.6) we obtain (3.3) (cf. [33]).

This is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.
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ANALYTICITY FOR THE NAVIER-STOKES SYSTEM 7

3.2. Tangential derivative reduction. The following lemma allows us to reduce the number of tan-
gential derivatives.
LEMMA 3.2. For k > 2 we have
| TRl o S TSR0 2+ R TT 200 2 o
[T, Aoz |

while for k = 1, we have
1" T0jull 2, < Bl 2 O A 6 Bz, + 60, (3110)

foralli > r — 1.

PROOF OF LEMMA 3.2. Setting 5 = 2 and replacing k with k£ — 2 in (3.8), we have
A(ti+k7TTk728zlu) — ti+kfer72azi+1u _ ti+k7TTk728tif _ ti+k*T[Tk727 A]atzu

fork > 2. As Tk_Qaf = 0, the rest of the proof is obtained following the arguments in [33]. U

“‘aQ

3.3. Time derivative reduction. In this part, we consider the expressions of the form ||t:~"9}u]| ;2 e

which do not involve spatial derivative operators. Therefore, the time derivative reduction estimate on the
half space [33] is still applicable here. For completeness, we recall the statement.

LEMMA 3.3. Fori > r, we have
[ Tﬁiﬂllm S@E—r)t= o 1u||L2 + |t 1fIIL2 + Liey | VO] u(0) | 22 (3.11)

The proof follows from the energy inequality for the system (2.6); cf. [33]. In particular, for i = 7, we
apply 0 ~1 to (2.6) and test the resulting equation with ofu

3.4. A Leibniz type formula. Having a nice analytic expansion as in (2.1) comes with a cost of losing
the equality of mixed derivatives. Below, we recall the Leibniz formula for k-folded commutator terms
(cf. [40]). Given two linear operators Y, Z, the adjoint operator ad Y (Z) is defined as

adY(2)=[V,Z]=YZ - ZY.

LEMMA 3.4 ([29, 40]). Let k > 1. Given a differential operator Z, we have
k

[1%,2) =) (Z)((ad T)™(Z))TF™. (3.12)

m=1

In addition, when Z = Z1Zs, a similar formula is given by

k 2
=2 X a.(kk_'m), [[((@a ) (zp)r=. (3.13)
j=1

m=1 a€N37\a|:m

PROOF OF LEMMA 3.4. Formulas (3.12) and (3.13) follow from an induction based commutator ex-

pansion fact. If Y7,...,Y,, and Z are linear differential operators, then
[ Yy, Z Z Z ad Y -ad YT(m)(Z))YT(erl) T YT(’C)?
m=1ren(k,m)
where 7(k, m) denotes the set of all ( ) permutations 7 of 1,...,k such that 7(1) < --- < 7(m) and
7(m 4+ 1) < -+ < 7(k). Noting our notational convention on T"C given in Remark 2.5, we treat the

permutations of the same order equal and rewrite the above formula in the tensor form to deduce (3.12).
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Similarly, when Z = Z; Z5, the expansion given above becomes

Vi Y Z1Z0) = ) > t1rat2raYr(jalr) Yo
|o|=1,a€N 7€ (k)

where 7 is a permutation of {1,...,k} with 7(1) < -+ < 7(a1), 7(an +1) < -+ < 7(ag + 042)
and 7(a1 + ag + 1) < 7(k). We drop the respective monotonicity restrictions on 7 in case ay = 0,
ag = 0, or aq + ag = k. The coefficients above read a1 - = ad Y, (1)---ad YT(al)(Zl) and ag ;o =
ad Y (q 41 -ad Yo (4, 40,)(Z2). When a1 = 0 or az = 0, the coefficients become a; . = Zi,
a2,r.o = 43, respectively. ]

If Y; and Z are vector fields, then so is (ad Y} - - -ad Y7)(Z). Regarding the analyticity properties of the
latter vector field, we recall the following result from [29].

LEMMA 3.5 ([29)]). LetY:...,Y,, and Z be analytic vector fields defined on a domain in RY such that

d
Yj = ajai,
i=1
where

lm‘a}zwg‘aﬂikllff, i1=1,...,d, j=1,....,m
oal=

for some K1 > 1. Then there exist K1, Ky > 1 such that

(ad Yy, ---ad Y1)(Z) = Zn: bt 0;,
where

maxe 050, 5 (k-+ m)! KKy’
fori=1,...,d.

Note that in the above formula the constants K and Ko give the radius of analyticity for the vector field
adY,, --ad Y.

In the following two lemmas, we derive upper bounds for the commutators with the Laplacian. Formu-
las, which are close to these but different, were stated in [29] for the case of the double gradients.

LEMMA 3.6. Fori+ k > r — 2, we have

3
. , k!
||tz+k+2—r[Tk’A]azu”LgJ 5 Z WKIC ”tz—i-k+2 7"82Tk 14 8tu||L2
"“Zlk (3.14)
k' / !
+> T KX K[t 9,1 | 2
k=1
for some K > max (Ko, f(g), where Ko and Ko are given by Lemma 3.5.
PROOF OF LEMMA 3.6. By Lemma 3.4, we have the expansion formula
[TkvA] - T a]] Z Z N — I\ k k/ ad T)al (aj)(ad T)a2 (ai)Tkik . (3.15)
k'=1 aeN3 o '
loo|= e

This is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.
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Using Lemma 3.5 with m € Ny, we obtain

(ad T)™ sz i (3.16)
where
max |05b), | < (k+m)! K5 K™ (3.17)

|81=k

for some Ko, Ko > 1 depending on the vector field T.
The vector field expression in (3.15) gives

Zza;k k/[alja2jala Tkk/JFZZa.k k/|a1jalb212]aTkk

k'=1 aeNZ k'=1 aeN2
la|= k’ o= k'

Using the analyticity bounds in (3.17), we then obtain
[ A]é’ZuIIL2

Y 2 a k. T e R et gl [T O G

k'=1 €N2
Ia\ ¥

+Z > - k ST R el ol (e £ DT N D

k'= 1a€N2
la|= k'

Bounding the terms involving o and setting K > max (Ko, K2) we get (3.14). U

Next, we examine the operator (93; [Tk , Al for j, k > 1. We use the binomial formula for multi-indices in
order to sum up the coefficients that results from the Leibniz rule. Recall that for multi-indices /3, 5’ € Nj

with m = ||, we have
B\ _(m
E <5/> = <l> (3.18)

B'<B,|B'|=l
LEMMA 3.7. For (i, j, k) € N3 with j, k > 1, we have

[EF 2T OITE, Alojull 2,

J k=K GVEY ik ikt 2—r a2
52 Z( , >33kava i g

=0j"+j3=j
for some K > Q.

PrROOF OF LEMMA 3.7. Differentiating both sides of the equation (3.15) and using the Leibniz rule,

we get
OJ[T*, A] = 3% [T*, Ou)
i\ . , . N
= 071 (ad T)*'(9y)022(ad T)*2(0y) 022 T .
S Y i () s @poraany=oon
K'=1 aeN3 J1,52,J320
|a|= k’ Jitje+iz=j

This is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.
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Analogously, the analyticity of the vector fields (ad T)*'(J) and (ad T)*2(0,) gives the upper bound

[E 2T IR, Aol 2,

J! . ,
< Z Z a! k‘ k’) Z (,',','(j1+a1)!(j2+a2)!
k'=1 aeNg J1,32,J320 J1-J2: 73
la|= k:’ Ji+i2+js=j

J1tar 17 Jetaz it j+k+2—r qjs+2mk—k’ Qi
x Krtes fgyiatos ity i+ GtuHLit)

for KQ, KQ > 0.
Applying the binomial formula (3.18) for multi-indices 8 = (j; + a1, jo+az) € N?and 5 = (j1,J2) €
N? we find that
Z Z (1 + a1)!(j2 + a2)! <j1+j2+041+a2>:(j,+k,>
Jilaa! jol as! J1+J2 J

a€N? j1+j2—j
lo|=K' §'=7—173

for fixed integers &’ and 0 < j3 < j. This yields
#4H2 BITE, AJoful

k .
S S D A e [ e S
~ T t th

. - ) A ,
2 g3l (k — k') (3.19)
k—1 it "\ j
< FARZEN LB pehtd |t 2 i+ 20K iy
N J’ Js! k'] ) N
k'=0 j'+j3=j

for K > max(Ks, K»). O

We use Lemmas 3.6 and 3.7 when estimating the commutator terms appearing in the derivative reduction

estimates (3.1), (3.2), and (3.9).

4. Proof of the analyticity result for the heat operator

We recall the analyticity norm as given in (2.10):

(C4+7+K)" iy itith—r ajpk i ok i
d(u) = ;(iﬂwe et T 0l 12 (x o, %; 102 T 0ull 2 (x(o,1))

= ¢(u) + do(u).

PROOF OF THEOREM 2.6. In order to apply the derivative reduction estimates, we split ¢(u) as

6
— Z S,
=1

where
(P47 4K i vitither vk ai
Sezzme’eje ||t "o.T 8§u\|L§7t, f=1,...,6
L
and
By ={(i,j,k) € B:j>2}, By ={(i,j,k) € B:j=1,k>1}

Bz ={(i,j,k) € B:j=1k=0}, By={(i,j,k)€B:j=0,k>2} 4.1)
B5:{(17j7k) GBJZ()?k:]-}v BGZ{(Z)]HI{:) EBj:Oak;:O}

This is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.



ANALYTICITY FOR THE NAVIER-STOKES SYSTEM 11

We start with the two main sums S; and S4, which are estimated using (3.1) and (3.9), respectively.

4.1. The S, term. First, we check the sum S; which consists of terms with only tangential and time
derivatives with j = 0 and k£ > 2. By (3.9),

i+ 7+ k) etedek ,
S4 < Z (Z +J+ ) eee th-i—k—er—2a§+1

~ . . Ul r2
Gamen,  TITR) Iz,
(i4+j+ k) et o

o3 S T,

(i.d.k)€ ’
k X )

> iy 445 (142, AJoju
(i,j,k)eB (47 +k) o
sJs 4

By relabeling, we get

gt
4 < Z (i+j+k+1)€e" th+k+1 rkg;

u
(i+j+k+1)! lzz,

(i—1,5,k+2)€ By
Z (’L +] + k+ 2)7‘ i =k~
(i+J5+Ek+2)!

+ th+k+2 eratfHLQ

(z+y+/~c+2)”’“ ko
+ Z (Z +] +k+2) ”tz—i-k-‘r2 T[Tk’

Alojullyz
(i,j,k+2)€By
= I4 + Iyo + Iy3.

We utilize the shift in the indices to estimate I4; and 49, leading to

eT Z (i+7+k+1)ee

I+ 1 < - . . t’H—k—TTk
a2~ T (i+7+k+1)! |

%
atUHLg,t
(1717j7k+2)€B4

i+ +k42)reet? _ ,
T DR e S

- ,
g titkT2)
er (i+j+k+2)eet? | :
S 7¢( )+ Y [T TR f g
Gikimen, O HITEE2) !

For I,3, we use the bound (3.14) on ||t tF+2=7[TF A|9jul| , and we obtain

. k 2rifk—|—2 ) )
L S UERERICET ik Ao,

1 |
i€Np,keN (Z tht 2>’
_ - 4.2)
(Z+k+2)r2k+2 k' ’ o
P> (i + Kk +2)! /.ka S R Oullpz -

(i,0,k+2)E€By
k>1

Note that we only kept the first term from the equation (3.14) as the coefficient k£ in the second term is
compensated by the decrease in the total number of derivatives. Also, the terms in the sum with k£ = 0 are
excluded above as there is no commutator term appearing. Changing the order of summation, the sum I3

This is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.



12 GUHER CAMLIYURT, I. KUKAVICA, AND V. VICOL

can be further estimated as

oo
(i+ K +2)reeed . o, '
< i+k'+2—r 92k’ i
D S s T AN )
i,k'=
(i,k")#(0,0)

X

(i +k+2)" G+ K+ 2K ,
}: %(¢+/+) Q+ *_),(Kaﬁ* _
W € (C+ K +2)" (i +Ek+2) k!

Note that the sum in & in (4.3) is dominated by

2 = (i+k+272 kK (i4+K)
= 2

Kel) =+ <1
(t+k +2)r206G+k)! K ( )

k=k'+1

4.3)

4.4)

uniformly for all > 0, whenever 7' < min(1/Ké€, 1) . From here on, we assume 0 < 7" < 1 and reduce

the range for € to 0 < € < 1/K to assure convergence.
Therefore,

Iis < KT 2¢( u) + KT& po(u)

for0 < e<1/K.
Adding the estimates for 11, 140, and I3, we obtain

G I eT
Sy S KTZQCf)(U) + KTe ¢go(u) + TQS(U)

; i k4 2Vt )
TR = RLEw Kaay RS VP
aiiDen (i4+j+k+2)! at
sJy 4

4.2. The S; term. Next, we consider S7. By (3.1),

(i 45+ K) €T b nim2mha
s, <Z o It 07T 0 f 12,

(4 +R) & ki At
trtIthergi—2rkgit
+Z (i4+7+k)! | v ¢

UHLgyt

Z (i+j+k)ede ¢k gi =2k g

(i+j+Fk) i
B
Z H—] + k)"elele |t I =2 TR 9|
B (i+j+Ek) ' S
2 7’+J+k O v rroi T, Alojulz
< (i4+7+Fk)! h

We then relabel to obtain
3 (i+7+k+2)reeit2ek

S, <
b (i+j+k+2)

[achnas TailkaszL?t
z,
(ij+2,k)EB1

i+j+k+1)etdte
T SRR A= AL 154 BT
o1 en (i+j+k+1) i
— ) 1
(i+ 7+ k+ D) reat2eb=—t ik
+ ) [ TR O 2

— |
(142 h1)EB, (t+j+k+1)

This is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.
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i+ itk relgitlgh—1 . .
+ > (itith) , [T QI TR O 2
(i.j+1,k—1)EB) (i+7+k)! "

Z (Z+]+k)7” b ]+26k 2
(i4+7+k)

+ Ht”“’“”"aiT’“%UIIL;J

(4,7+2,k—2)€B1

Z (i +j + k + 2)rteit2ew
(i+7+k+2)

+ e T S

(’L,j+2,k‘)EBl
§: (i+j+k+2)reeitie

+ ——
(i+j+k+2)

z+]+k+2 rajrrk )
It O4(T*, Alojul 2,
(1,j+2,k)EB1
= I+ Lo+ L3+ I1a + I1s + 16 + I17.
Firstly, using the definition of the norm ¢(u) the non-commutator terms can be bounded from above
I+ Lo+ Lis+ Ly + Iis + 1is
=2 2 = =2
§<T6+T6+6+2+T%ﬁ¢w)
€ €E € € (4.6)

+ ” 1+J+k+2 TakaaszLQ )

§: (i 4+ k +2)"eleit2ek

(2 mEB: (i+j+k+2)

Next, we estimate the sum ;7. In order to do this, we use the estimate (3.19), and then change the order
of summation. Note that k¥ > 1 as I7 is a commutator term. That results in

i+ i+ k+2)" o (i k=K jlE
his X E: 2 (z+]+k+2)€é ‘ ") sk

(4,5+2,k)EB1 k'=0 j'+jz= J

% Kj/+kfk’ ‘|ti+j+k+277’8{]p'3+2rrk’a§u”L?c t>

. ro . o L
z+g+k+2ﬂ Gl K

(i,j3+2,k") € BiUBC k=k'+1 j=j3 J—J3

4.7

% Kj—j3+k—k’ ||ti+j+k+2_’”8i3+2Tk/8§u||Lz >
x,t

Next, we split up the first sum in the equation (4.7) into two parts—over B; and B¢. Then, rearranging the
coefficients according to our analyticity norm we obtain

) ] k' +2\ . , . , . ;.

117 S, Z (Z, + ].3 + /+ )' z€]3+2€k Al ”terjerk +27r8‘%3+2Tk a;uHLQ

(i.j3+2,k") € By (i js + K +2): o

Y AT g
(i7j3+2>k/)€Bc

where the coefficients A1 and Ag enclose the second sums due to the Fubini Theorem. Explicitly,

E: 22 (i+js+k +2)! (i+j+k+2)" jlk! G—Jg+k—k>

k=k'+1 j=j3 (i+Jj+k+2) (G+j3+k+2) 3l k! =i
x KITIsThR ()i =is (Te)kH 4.8)
0 o (i+js+k +2—r) G+ (k+ED) 5+ k) N L
: KTeY (KT
NZU (i+j+js+k+k+2—1) sl k'K ( €)' ( €)

This is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.



14 GUHER CAMLIYURT, I. KUKAVICA, AND V. VICOL

for (i, 73, k') € N3 withi + js + k > r — 2, and

A = i (itjt+k+2)" (j—gst+hk—k) jk! KI—dstk—K rpitjtht2—r izj+2k
e (i+7+k+2)! Jj—7Js g3l k!
itjHk>r—2

for (i, j3, k') € N3 with i + j3 + k' < r — 2. We omit the dependence on 4, j3, k', and T'. The coefficient in
front of (KT¢€)/(KTe)¥ in (4.8) is bounded above by

() ()

(i+js+k+2-r)  (G+i3)! (F+E)G+E) j

(i+j+is+k+k+2-1) ja! K1 k! (R

i+73) (E+KY . . . .

UV s+ K421 (G+js+k+E) 4.9)
TR (jz + K')! (i+j+j3+k+k+2—7)
<(z'+j3+k'+2—7“)! G+ +k+E)

(ja + k')! (i+j+gs+hk+k+2—7)

fori + j3 + k' + 2 > r. Note that when 7 + 2 > r, the far right side of (4.9) is bounded above by 1. On the
other hand, when 0 < i < r — 2, it is bounded by a constant multiple of (j 4+ k)" ~*~2. Combining this with
our assumption 7' < 1, we arrive at

o0 o0
sup A1§ZZJ+/€T 2(KTe)Y (KTe)* < KTe,
(i,j3+2,k/)€Bl k=1 j=0

when max(€,€) < 1/K.
Likewise, the coefficients appearing in the sum Ay obey

(G+j+k+2) UK [(§—js+k—k (j+k)! G k! (j—js+k—FK)
<
(i +7+k+2)! g3l k! Jj— 73 (it rk+2-r) (G FR) IR (5 —g3)! (B — )
G G G4k
(i+j+k+2=n) (J) s+ k)~ (@+j+k+2-1)
(4.10)

Similarly to (4.9), the right side of (4.10) is bounded by 1 when 42 > r. Otherwise, the bound is a constant
multiple of (j + k)"~¢~2. Thus, Ay is also summable whenever max(¢, €) < 1/K , and is bounded by

o0
sip Ao S (k2K (KF S
(4,53+2,k’)€B° 4,k=0
i+j+k>r—2
‘We then conclude that
I < E¢o(u) + KTep(u). 4.11)

Combining the estimates (4.6) and (4.11), we obtain

o = & e & & .,
S1 < €¢o(u) + KTep(u) + T7+TT+1+T2+T€ ¢(u)

4.12)

Z (i+j+k+2)reet2ek

(Z+j+k+2). ”tH—J-‘rk-&-Q rakaaZfHL2 )

+
(i»j+27k)€Bl

This is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.
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4.3. The S5 term. Next, we estimate So. Using the tangential derivative reductions, given in (3.2), we
write

Z+1+k eeer o (i 414 k)releer . o
S < Z IR (Mg 18§+1“HL§¢ + Z G ¢+ 1Rk 18§fHL§,t

(Z+1+k’) E-ggk it1+k k—1 , 9
E . th T[I ’ ] ;uHL2
| z,
- (14 1+k)! t

and then, by relabeling

(i+1+k)reteett o, ,
< § : i+14+k—rmpk 5i
s (i—1,1,k+1)€B> (i+1+k) It Totul.z,
=11,

(i+2+k)€ e i+2+k—rmk gi
E t T"0;
Jr(‘11@+1)eB (i 42+ 5) H ez,
l’ b

24k ;
n Z (i+2+k)e'eert ||tz+2+k—r[Tk’

(Z+2—|—k) A]atuHLi’t

(i,1,k+1)€Bs2
= Io1 + Iz + Ia3.
Once again, we start with the first two terms Io; and Io9. Fort < T', we get

Te (i + 2+ k)releer ~ _ ;
T Ton < 2= tz+2+k eraz ]
21+ I S —¢(u) + | > (i +24k) ” i fllz,
(Z,l,k+1)€BQ

Next, we treat the commutator term I53. Note that multiplying I3 with an €/€ prefactor yields a sum-
mation over By whose terms are identical to those of 1,3. Therefore,

€ (i +k+2)re 2 o
T < tz+k+2 r Tk
P 23 Z H [ )

(Z+k+2) A]atuHLi’t

(3,1,k+1)EBs
E>1

-1
Z (Z+k+2)mk+zzk fe—k' || yith+2—7 52k’ i
(i,1,k+1)€B (i +k+2)! i It T Guliz,
2,1, 2
>1

(4.13)

~

for K > 0 as determined in Lemma 3.6. Changing the order of summation as in (4.3)—(4.4), we arrive at
)
Iy < KTS ¢(u) + KTeeo(u)
€

for T <1land0 < € < 1/K. Therefore,

=2
Sy < KTéepo(u) + KT <6~ + 6) dplu)+ >
€ €

(4,1,k+1)EB2

(i + 2+ k)e'eer
(i+2+k)!

||ti+2+k_TTkagf”L;t ]

(4.14)
4.4. The S5 term. Using (3.3) for S3, we have
: : k)" =7
D R e T e
(iiReB (i4+j+k)!
sJs 3
(i+7+kreder i, (i+j+kreded .
+ > — [ Ol + Y — [0 f N e -
. (i+7+k) Bt (i+7+k)! =t
(4,4,k)E€B3 (i,5,k)€B3
4.15)
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16
We note that j = 1 and k& = 0 for (i,j,k) € Bs. Using the Cauchy-Schwarz inequality in (4.15) and
relabeling in one of the sums, we immediately get
1/2 ' 1/2
(7 —|— 1 € e i ai
SsS | Te > IItZ "Ojull 2, E > T Opull gz,
(i_lmj k‘)EBg

(4,3,k)€B3

Z—"_l i—r Z—"_l 3 (AFAY
e 3 C ol +e 3 DL,

( ’]’ ( 7j7k)€B3
Therefore, we obtain
T1/2g R ) i1 Z )
S3 ,S < 61/2 +T€ qb(u)—i—e Z ((_|_:)l)||t +1— atf”LQ ) (416)
(1,],k)€B3

4.5. The S5 term. For S5, we use (3.10) and write

. . k)" =7
Z (l _:ZJ_:']_})—Z; ek ||tz+1 Tat H1/2 ||tz+1 raz-i-l H1/2

S5 <
(4,5,k)€Bs

+ Z (Z +j + k)reigjgk Hti—&—l—razun 5 + Z (7‘ +j + k.)reigjgk H i-l—l—raz'f” )
B (i+j+k) Lz, e (i+j+k) 8L

Note that j = 0 and k = 1 for (i, j, k) € Bs. By using Cauchy-Schwarz inequality on the first term and

then relabeling the indices on the right side, we get

_ i+ 1) i 12 e 12
S5 < <T€ > m”tz "Oyullrz, > It ol e,
’ (i—1,j,k)€eBs

(szzk)EBS

[N

_ GG+ 1) _ i+ 1)"€ i1
+Te Y |t "Ojullpz, +€ > WWH "0z -

1!
(irj:k)€B5 (Z+ ) (i,j,k)€B5
We deduce that
Te = (’L + 1) i+1—r
S5 S ( 7 +T6> P(u) + € Z m||t atfHLz . 4.17)
(Z,],k)€B5

4.6. The Ss term. Finally, for S we use (3.11) and obtain

(i—r)(i+j+k)yeae
S5 S0 e
(i.5,k)€Be ‘
(i +j+k)yeee r’ _
+ Z Gtj+h) [t7"0; 1fHL;t+g6T||V3§ "u(0)]] 2
(i,j.k)EBs ' '

1) (i — 1)t )
SEED DR S e Vg
(i+1..K)€Bs (i+1) "
; 1)reitl ) r
S CE T gy, + L vy u(o) e
(i+1,5,k)€Bs (2 + 1)! o "
since for any triple (i, j, k) € Bg we have j = k = 0. Therefore,

Z+1 7 T 9
S S s, + ol

_.|_

(4.18)

Se S ep(u) + €
(Z+17J7k)€BG
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4.7. Conclusion of the proof. Combining all the estimates (4.5), (4.12), (4.14), (4.16), (4.17), and
(4.18), we write

— _3 —2T ~2 ,,2 ~ ~2
P(u) S <KT;+€+KT6+T€+T€+E+E2+T2g2
€ € € € € €
-2 = T1/2 Et+E )
-+KT<?+‘) S26)+T@+@+f)am
€

€ €
+ (KT& + 1+ KTée*)go(u)

3 (i+Jj+k+2) et
(i+j+k+2)!

+ ||ti+k+2_TTk8§f”Li t
(i,j,k+2)€By ’
T (i+j+k+2) eet2et

(i+j+k+ 2). [T, f s, (4.19)

_|_

(i,j+2,k)EB)

(i + 2+ k)"e'ee” 424 k—rrpk A
E t T"0!
+('1k+1)63 (i +2+ k) H tfHLg’t
2,1, 2

. (Z + 1)T€i i ler i B (Z + 1)7‘6i el
+6(‘ '%:GB m”t 8tfHLan,t +5( '%:GB m”t 8tfHLi,t
2,7, 3 .7, 5

i+ 1) i
E |t o} 1.
+E(i+1jk)€B S efllzz , + ol
sJy 6

Denote by C' the implicit constant associated with the symbol < in (4.19). Recall that we already fixed
0 < T < 1. Next, we set our radii of analyticity ¢, €, € in order to keep the coefficient of ¢(u) on the right
side of the equation (4.19) sufficiently small. Starting with e = ¢(C') > 0, we enforce

< 1

e —.

- 8C

With this choice of €, we choose 0 < € = €(K, C) < min(e, +) such that
T2 KTé KT T2 € | Te<
+ €+ + 17/2 +Te< 70

Since T' < 1, it suffices to take 0 < € < 6/82KC. Next, we pick 0 < € = é(€, ¢, K, C') < € such that

(4.20)

4.21)

&2 2 ¢ & P
oo L peo L
T —I—T + = —|— +T6 +T 61/2—|—T€_80.
Once again, setting 0 < € < E/ 82C is enough. Finally, we require that
e e 1
KT|=+—) < —. 4.22
<€2 + €> - 8C (4.22)

Note that the conditions (4.20)—(4.22) hold with the choice ¢ = ¢/8*C%K, € = ¢/82CK, and ¢ = 1/83C?
without any extra requirement on the size of 7.

Using the selection (4.20)—(4.22) we made for 0 < € < € < € < 1, we rewrite (4.19) as
. 1 (z—i—j+/~c+ )”eJ+

< = C C tz+]+k+2 Ta]Tkaz
Bu) < 5000+ Coolu) +C 3 SIS iz,

(1,5+2,k)€B1

ce : S
P e <( T [T )
(ijk+1)EBy  (ijkt2)EBs (i+k+2)! 2,
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S e Y e Y (%nt’“ 0iflz, )

(17]ak)€B3 (17]7k)€B5 (l+17]7k)€BG

(i+j+k+2)eet?e fitith2—r gipk
¢<u>+c¢o<u>+2ci+j+§_2) R ET e AT O f 2,

k 27“7,]6
IR DI e P

i+k>(r_2) (i+k+2)!
+3C Z ||t’+1 "0, fllzz, + Clluoll 2,
>(r—1)+
and the proof is concluded U]

5. Derivative reductions for the Stokes system

In this section, we adapt the derivative reduction estimates in Section 3 to the time-dependent Stokes
equations. Analogously to the heat equation, the method is based on the H? inequalities for the stationary
Stokes system

—Au+Vp=f inQ

V-u=0 in{,
which read
lull 2y + Pl 5 @) S N1fll22) + 1Tullgro) + [ullL2@)- (5.1)
If also u 90 = 0 holds, then the above estimate becomes

lull g2y + 2l g @) S I llzz@)- (5.2)

Next, we state the normal, tangential, and time reduction estimates for the Stokes operator. Assume 7 + 7 +
k>r.

5.1. Normal derivative reductions for the Stokes operator. For j > 2, we claim
[T QI S 2 |+ ([T T O 2,
SEHITETOIETR G f || o, + TR TR O 2
IO Gl gy + [T OL T Gl

ORI, Al + 1T TR V10l e

5.3)

Similarly, for j = 1, we have
HtHHk_TaszanHLg’t I Hti+1+k_er8§p”Li7t
< Hti+1+k—er—16§+1uHL%t 4 Hti+1+k_er_laszLi,t (5.4)
T N (LR G P
For j = 1 and k = 0, we obtain

|67 a0l 2, < 167 Ofull g 160l 16Tl + (6O Sz

x,t

(5.5)

The equations (5.3)—(5.5) constitute the analogues of (3.1)—(3.3).
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5.2. Tangential derivative reductions for the Stokes operator. We claim that, for £ > 2, the tangen-
tial derivatives may be reduced using

T T PR Tt el ey
< TR0 o TR0 (5.6)
a L N P T R LT
while for £k = 1, we have

641 0l , S I Ol 16Ol 161 Dz, + 160, 5

for all ¢ > r — 1. The equations (5.6)—(5.7) represent the analogues of (3.9)—(3.10).

5.3. Time derivative reductions for the Stokes operator. For i > r, we have
1" Oull 2, S (0= )l 70 ll 2, + Limg VO] T a0 g2 + 1770 fll 2, (5.8)

In order to prove the inequalities (5.3)-(5.7), we follow the ideas in Section 3 by appealing to the H?
inequalities (5.1)—(5.2). Since the proofs are completely analogous, we omit further details. For the equation
(5.8), note that the energy inequality for Stokes equation is the same with (3.11), as the integral with the
pressure term vanishes due to V - u = 0.

PROOF OF THEOREM 2.7. Instead of considering v (u, p) in (2.13) directly, it is more convenient to
introduce an alternate norm 1)1 (u, p), which is larger than 1 (u, p), modulo a multiplicative constant. The
function ¢/; is defined as follows. Fix T" > O and let 0 < € < € < € < 1. Using the index sets B and B¢ as
in (2.9), we define

¢1(U,p) = 1;1(U,p) + wO(uvp)

where 91 (u, p) = 22:1 Sy with

: : k.ri~j—k
SgZZ<Z+]+ )GEERg, {=1,...,6

B (t+7+k)!
and
Ry = [0 T I gl a4 (|60 TRl G > 2
Ry = [0, T ull 2, k> 1
Rg = ||ti+1_T(9x8§u||Li?t
Ry = 5T 0l z, + 65T il e B2

Rs = ||ti+1_TTatiU||Lgvt

_ 1—T 9%
R = ||t Oyullr2 -

Recall that the sets B1—Bg were defined in (4.1). First, we sketch an argument showing that

»(u,p) < P1(u,p).
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It is easy to verify that the terms containing u are the same, so we only need to check that

. . ]{7 1 r—1 .
> (P45 kb D™ it gy gieirhri= "OLT gl 2 ¢

(i+7+k)! +(x[0.T])

(LT +K)" iy itk i1k i
<Z Gt iR C eI Tl (xpory (5.9)

(L7 +K)" iy itith—rmk—1 a0
ﬁ‘%:(i+j%kﬂgé€|ﬁlj TR0l xfo. -
4

The sum on the left side equals

. . k? 17‘_ .
S GEIHEE U gmgtpiritieni—rgimeojp| 1o

s , (Qx[0,T])
Brial) (i4+j+k)!
(+j+k+1)1, .
+ ] Z (tj+h) AR A 8J'I‘k8tl’||L2 L(Qx[0,77)
Bn{j=0}n{k>1} e k)T_l (5.10)
tT)] i~j =k || pitjHk—T qj— i
= > T ETE=h Fek||ertitherol 1Tk8tpHL§Yt(Q><[O,T})
{@.5.k)i+j+k>r,j>2}
(+5+k)" iy, .
+ > T A A PR

{(i,5,k):3=0,i+k>r k>2}

where we changed j to j — 1 in the first sum and k to k£ — 1 in the second; we also used that j + %k > 1 on B.
It is now easy to check that the right hand side in (5.10) is dominated by a constant multiple the right hand
side of (5.9) by using € < €.

The rest of the proof is identical to that of Theorem 2.6. Namely, we follow the arguments in Subsec-
tions 4.1-4.6 and appeal to the derivative reduction estimates (5.3)—(5.8). The only difference is due to the
pressure terms appearing as the last terms in (5.3), (5.4), and (5.6).

First, we estimate the term ||¢+*+2=7 [Tk, V]aprLg .- By Lemma 3.4, we have

k

, L .
[T%, 0glofp = > <m> (ad T)™(9,)TF™dip (5.11)

m=1

for k > 1. Using (3.16)—(3.17), we express the term (ad T)"™ () as

k
i ki —m g
.00k = 3 (1 )t 0 "ol

m=1
with coefficients that obey
max |bf'n7£| <m! K.

This yields

k
7 —r A k! [~
[Gasas [Tkvv]atpHLit < Z sz

m=1

[tirRr2mralh—mgip|| L2, (5.12)
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Therefore, the last term in (5.4) is bounded as

k—1
i+k+1—rmpk—1 7 (k B 1)' om || pi+k+1—r k—1—m i
T 00, S S e BT g

m=1 (5.13)
Ké: k’—lth+k+1 9 TklatpHLZ .

HMPT

k"

changing the variable k' = k — 1 — m. Similarly, the last term in (5.6) is estimated as

k=3

itk—rpk—2 i <
[T, V10jlle S S
k'=0

k—
( o 2)! KE=W =2 pitk=rg TV angLz ) (5.14)

In order to bound ||t/ 58072 [T* V]dip]| 2 . appearing in (5.3), we differentiate the formula (5.11)
and apply the Leibniz rule, which gives 7

k j—2 .
j— i k J=2\ i m j—2—j1pk—m 50
0572 T", 070jp = ) <m> > ( i )a; (ad T)™(9y) &4 ~2=I1TF=mdip.
m=1 j1=0

Taking the L? norm and using (3.16) and (3.17), we get

[T =2 (T8, 00y 2,

k 72 .
k J—2 i r ! i
SN (0) (57w and ot s o K g

k'=13'=0
k—1 j—2 .
k -2 y b ) L, (5.15)

S (k k/) <] ) >(]/ +k— k/)!K] +k—k thJerrkfra%flfj Tk 3§p||L2 t

k’:Oj’:() N J ’

k—1 j— .
< ( + li k > ﬂ[@ +k— k/th—l-j—i-k Taj 1—j' k! 8Zp||L2

k'=0 j'=0 J (.7 —2- J )

for K > max(Ks, K»).
Now we show that the pressure terms in (5.13), (5.14), and (5.15) may be absorbed in v, starting with
(5.15). For this purpose, we need to bound

Z (i+7+k)eee

(I FeBs (i4+j+k)!

152

< +k k)( (]22) )k Kj '+ k— k’|’tz+j+k raj 1— ]Tk 81pHL2
’— j - .]

—0=0 (5.16)

k—
X
B Z (i+j + 2+ k)reeit2ek

isioTen  GritZER)

' ke K\ g K A b
xZZ( )G o T
'=0
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Observe that the right side of (5.16) is the same as (4.7) except that 6%3” needs to be replaced by 8£3+1,
and v with p. Therefore, the right side of (5.16) is bounded, up to a constant, by

3 (i + js + K + 2)reieiat2et

KTe
(i +js + k' +2)! 2

(i1j3+27k/)€B1
<R TR gl 4 YD @ TN O, G40
" (idst2k)eBe ’
S KTe((u,p) — ¢(w)) + & (to(u, p) — do(u))-

Note that the upper bound in (5.17) contains only the pressure terms in the norm ) (u, p).
Similarly, we point out a comparison between (5.14) and (4.2). We have

k-3
(i + k)reeh =k — o ke g
> > e 0T Ol 12,
(4,0,k)E€ By (i + k). k'=0 K

k>3

(Z—f—k‘—l—Q)T ) k+2 k! Y . ,
= K titkt2=ry TV 9 .
('Ok+z2)€B (i+k+2)! Z k'l H il
2,U, 4
k>1

(5.18)

Changing the order of summation as done in (4.3), the right side of (5.18) may be bounded above by

i (i + K +2) e th-l—k-i—? ro, TV

oip|l 2
/ t Lz,t
v (i + K +2)!
(i,k")#(0,0)
y < i E(i+k+2)7 (i+K +2)kl (KET)"’"“’) (5.19)
72 / r(; 1 .11
W i+ K +2)" (i +k+2)!E!
=3

< KT 5 (0(up) - 6(u)) + KT (vo(u,p) — do(u),

where at the last line we recall the definition of the norm %) in (2.13) and note the bound in (4.4).
For the pressure term in (5.13), we check the sum

. et k—2
(i+ 1+ k)eleer (k=1 1. _ ' i
Z Z i Kk k 1||tz+k+1 Talec angL;t

(i,1,k)EBa (0 +1+k) k=0
= (5.20)
(i + 2+ B) e xR ks
> . L T PR
LB (i4+2+k)! k:
k>1
Once again, noting the similarity between (5.20) and (4.13), we obtain
> G LR kar i, v,
iiwen, UGT1+E) P e
1’7 )
2 (5.21)

<KT (@Z)( p) — d(u)) + KTEE (Yo (u, p) — do(u)).
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Finally, we combine the estimates (5.17), (5.19), and (5.21) and add them to those obtained in Section 4 for
¢(u). Selecting €, €, € € (0, 1] according to the conditions (4.20)—(4.22), we arrive at the estimate

=3 22
9(u,p) < () < 30(wp) + Coolu,p) + Co(KTe + KT + KTS) (W, p) — 6(w)

+ Ci(o(u, p) = do(u)) + CMz(f) + Clluol| g2r-1,

where C'; > 0 denotes the implicit constant associated with the symbol < throughout this section, and
My (f)is given in (2.11). By (4.21) and (4.22), we have

3 2 1
KT KT KT < —.
€+ 5 T+ TS

Dividing our choice of radii e, €, and € fixed in Subsectlon 4.7 by C' if necessary, we conclude that

$0,p) < 33(u,) + Coho(u,p) + CM(f) + Cllu] -+

which concludes the proof of Theorem 2.7. ([l

6. Analyticity for the Navier-Stokes equations

In this section, we apply Theorem 2.7 to the Navier-Stokes equations. Writing the equations (1.1) as a
forced Stokes system, we have
Oou —Au+Vp=—u-Vu+f, in Q

V-u=0, inQ, 6.1)

where 2 is a bounded domain 2 € R? with analytic boundary 952.

6.1. The Stokes estimate. Applying the estimate (2.14) in Theorem 2.7 to the Stokes system (6.1), we
obtain

w(fuﬂp) 5 wO(u7p) + MT(f) + HUOHH27‘71
s (rirheoyeasd

+ : / |’ti+j+k+2—raka8§(u . VU)HLQ
] z 2, (Q2x(0,7))
RS r—2), (i4+Jj+k+2) ‘
(+k+2)rlk i+k4+2—rmpk i

+ > (z+k+2) 1t T°0;(u - Vu)llrz (ax(0,1) (6.2)

i+k>(r—2)4

Z + 1 et i rai

+ ) Ht 0 (u- Va)llzz @x0m)

i>r—1

= Yo(u,p) + Mr(f) + |luol| g2r—1 + My + M + Ms,

where My (f) is given explicitly in (2.11). The parameters ¢, €, € are determined according to (2.5) and the
equations (4.20)—(4.22). As stated in Theorem 2.7, these parameters depend on the choices of  and d.

Before we start with the proof of Theorem 2.8 we recall that any smooth vector field X on a differential
manifold M satisfies

X(fg)=X(flg+ fX(9),  f.geC™(M). (6.3)
For the vector fields X and T on Q introduced in Section 2, the Leibniz rule (6.3) holds, i.e., forany 8 € I,
we have

Tg(u-v) =Tsu-v+u-Tg.
We then check the product rule for || 7% (u - v)|| ;2 . with the notation given in (2.2)~(2.4).
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LEMMA 6.1. Foru € HY(0,T; H**2(Q)) and v € H*(0,T; H**1(Q)), where k € N, we have

1T o)z, < Z( )HT’”uHLw 7m0l

Similarly, for u,v € H'(0,T; H*(Q)), where k € N, we have

k
k
k fo—
T o)laz, £ 3 (0 )T w7 ol (6.4
m=0
The issue with this Leibniz rule, even in two space dimensions, is that the above norms are represented

by sums and thus the inequalities need to be checked directly.

PROOF OF LEMMA 6.1. First, we write

k
1T (u - 0)ll g2, = > T (u-v ez, = > ITg, - Tp,, (w02,
Belk (B1;-.-,Br)EI*

k
=> > > IMs, T uTs T ol

gerk m=0 rex(k,m)

(6.5)

Using the Cauchy-Schwarz inequality, we arrive at the upper bound

k k
k E—
S5 X Ty Tl T ool € 0 (0 )17l 1T,
m=0

gerk m=0rex(k,m)

Similarly, the inequality (6.4) follows from (6.5) and the Cauchy-Schwarz inequality. U

Lemma 6.1 is applied below on the sums Ml, Mg, and Mg with v = Vu.

The proof of Theorem 2.8 parallels the proof of Theorem 2.3 in [12] in which we considered the same
problem in the half space Q@ = {z = (21,...,24) € R? : x4 > 0}. In both cases, the bulk of the proof
comprises of bounds on the sums M, Mo, and M appearing in (6.2) in terms of the analyticity norm. In
order to avoid repetition, we shall frequently refer to the proof of Theorem 2.3 in [12].

6.2. Space-time analytic estimates for the nonlinear term. We use the notation | (4, j, k)| = i+j +k,
which indicates the length of the multi-index, and denote

. {Niwel‘aek|rti+ﬂ‘+k—ra£T’faz‘u||L§ oGk =
Jk = ”

X . 6.6
AT 0jull 2 . 0< (k) <71, ©©

with Niy ok = (4,5, k)" /14,5, k)|' = (¢ + j + k)" /(i + j + k)!. From here on, we set = 3, which is a
suitable choice for the space dimensions 2 and 3. Using the definition of ¢(u, p) in (2.13), we obtain

Plu,p) > Y Uijr and to(u,p)> > Ui
i+j+k>r 0<i+j+k<r—1

6.3. Gagliardo-Nirenberg inequalities. We recall the space-time Gagliardo-Nirenberg inequalities
from [12] that are frequently used below in order to bound the nonlinear term appearing on the right side of
(6.1). For u € H%(2), we utilize the following estimates:

1-d/4
loll ooty S el el iy + Il 2200 ue H¥(Q), ©7)
H2(Q)
d/4 1— d4 .
loll ety S Il oy Nl 2 we H(9), withulyy =0,
1— d4
lull sy S Nl el / o+l 2o we H'(Q), (638)
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d/4 1-d/4 .
e A we HVQ), withul,, =0, (69)
For v € H'(0,T) such that v|;—¢ = 0, we use Agmon’s inequality
1/2 1/2
loll oy S 10l ot 1 10e0 1l ot 7y (6.10)

while in the case v|;—¢ # 0, a lower order term is needed in the above estimate, namely,
1/2 1/2
ol Loy S 10l 550 1000l g 7y + 10 20,1 (6.11)
Together, the estimates (6.7)—(6.11) imply that for u € H'(0,T; H%(Q2)), we have

1/2 1/2
lullzzs, < 10l il s + lulls iz + 10kl 2, + el 2, (6.12)

Similarly, for u € H(0,T; H(Q)), we may bound

1/2 1/2

Vol zze s S 190l Il oy + el g + okl + Il 2, 6.13)

Next, we rewrite (6.10) and (6.11) for a function of the form t’f+n+mangafu. The inequality (6.11)

becomes
Ht@-ﬁ-n—i—mangafu”Lg?t _ Z Htﬁ-{-n-ﬁ-m@gT[j@tKUHL;ﬁt
aeNd |a|=n,Belm
p) VTRV R, ¢, (112
< Y (Il PO )| [ O T 3t“”L/gHg)

aEN%Ja\:n,BEI’"

b (IO afull g OO |+ AR T Oz )

a€Ng,|al=n,pelm

1/2
Htﬂ—l—n-‘rmangatéuH 1/2

o (#emmormofu)) i

L3
+ [T ORT Ol oy + 10 (ET T O )| 2, + IEF O T O 2 .

With the notation (2.4) and (6.6), we simply write

é~n+2€m “t€+n+m—1aZTmat€

UZ,nJrQ,m = N€+n+m+2€ € UHL?H%

for |(¢,n,m)| > 1. This allows us to express [12, Lemma 4.2] as follows.
LEMMA 6.2. Foru € H'Y(0,T; H*(Q)) and all multi-indices |(¢,n, m)| > 1, we have
Negnyme @€t TR 0| Lex,
S UL mianUisomT 260 m) P2 4 Ugg 2|6, m) /2
+ Up1nm (TLogntm=1 + T*Leynim>2) |(€,n,m)]
o Usgn (T g mes + Tz ) [(6 )|

Analogously, the equation (4.13) in [12] is preserved when using the notation (2.2)-(2.4). We then
rewrite [12, Lemma 4.3] as follows.

LEMMA 6.3. Foru € H'(0,T; H'(Q)) and all multi-indices |(£,n,m)| > 2, we have
o _ 1/2 1/2
N£+n+m6€€n€m”t€+n+m 18£1m8téu“Lf°L;§ S U5117n+1,mU£7{1+17mT1/2‘(év n, m)|3/2
+ Ur 1, T30, m) P2 + Uyt T (€, 1, m)|

+ UZ,n,m (ﬂ€+n+m:2 + Tﬂ€+n+m23) |(£7 n, m)‘
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6.4. Terms with only time derivatives. In this section, we estimate Mj in (6.2). Since we do not have
any tangential or normal derivatives in this case, the arguments in [12, Subsection 4.2] apply without much
change. The only difference arises from the treatment of the term Vu. Instead of splitting the gradient
V = (0, 9;) into normal and tangential components as in [12], we keep it as a gradient, i.e., 3., and switch
the order with 0;. Then, applying the Leibniz rule, we have

<Y Z (Z) Nepré 6200 - 910 ull 3 .
i>2 £=0
Next, we show that the estimate for M3 in [12, (4.15)] stays valid for Mg as well.
LEMMA 6.4. For solution u of the Cauchy problem (6.1), we have
M; S ¢o(u)2$(u)*? + T2 p(u)? (6.14)
for0<T <1

PROOF OF LEMMA 6.4. Analogously to the proof of Lemma 4.4 in [12], we split M into sums Ms;
and Mss corresponding to ¢ = 2 or ¢ > 3, respectively. By applying the product rule and switching the
order of V and 0;, we have

Mz1 € llull e 10,07 ull 2, + |10cull ge 14 1020pull 2 13 + 107 ull 2 £ 1Ozl o 1

Noting the similarity of the estimates above with those in [12], we point out that the upper bounds on the
expression 9 Oqu in [12] may be used on 919/ u exactly with the same norms. Therefore, following the
same strategy in [12] we apply (6.12) and (6.13) on M3; to conclude that

M1 < do(w)® + do(w) 2o (u)*/?.
Using the notation |z | = [z] and [z] = [z] + 1, we get

i/2] .
~ 1 1l Al o ) . . .
W < 0 () Monrcleofulz 20200l + 3 Nowre ez, 620304l
>3 (=1 >3

i—1 .
v i || 10—2 50 i—0 51 oi—¢
£ 3 (§) Neaculgugle 0300wl
>3 0=[i/2]

+ Y Niwa€[[#7200ull 214 gl e 1
>3

= M321 + M322 + M323 + M324-
(6.15)

First, we check the boundary terms M99 and Mioy. Using (6.12), we see that we get the same upper bound
as on the term M3o9 in [12]. Therefore,

Wiz S 7 Nogre' (100l + Il s + 190l 2, + gz, ) 1620805l 2,
>3

< (Gol) + 60(w)/6(u) %) 3 Nesae' [0} 0ullz
i>3
S do(w)(w) + do(u) 2o(u)*"*

Likewise, we proceed with the Gagliardo-Nirenberg inequalities (6.8)—(6.13) for M. 394 and write

) T
Mot § 3 Nivae® (16 200ull ), 16-205u) 13"
i>3 e ot
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1/2 1/2
 (1080nul iy V0bul 108l + 020wl + 0kl ).

Expressing the estimates in terms of U; ; ;. and recalling the notation (2.3)—(2.4), we note the slight change
|t 20¢ul| ;21 = Usn,0 and write
tTx

Y , d/4d rrl=d/4, 7/ \1/2 1/2 (i +1)! )d/4 <i!T>1_d/4
Mzaa ;Nzﬂe Uz 1 OU10 0 (o(u) “go(u)* + do(u)) ((z +1)3¢ 3¢t
S T4 (G ()Y 2o ()2 + o (u)) d(u)
ST Ao (u)p(u) + T g () /2 (u)*/2,

where we haveused 0 < e < e <e < 1.

For M3;, we express ||t ¢~2010!~ KUHLz = U;_y4,1,0 and write
li/2) : 2 0
- +1)%€
Mso1 < t'0fu|| oo (Z—
321 S i§>3 ;_1 1t 0y ull Lge, Ui LG 1)

Following the steps used in [12], we utilize Lemma 6.2 to bound Mss;, where we express 1t 10| L2h2 =

Uy 2,0 by the notational agreement (2.4). Despite this notational difference, the essence of the inequality stays
the same and we still obtain the same estimate with the term M3o; in [12, Equation (4.21)]:

M1 S go(u)(u) + T 2(u)?.
Lastly, we estimate Msos. By appealing to (6.9), we obtain
' _ d/4 1—d/4\ || i i
TSRS ( ) o (1206l 8, 18208l 5 1440305 ul s
i3 (=1i/2]
Applying Lemma 6.3 on ||t/ (919! u| Leo L4, We have

d/4 1 d/4;,1/2 1/2 1/2 d/4 1 d/4 1/2
M323<Z Z 2,1,0 zoo Ui—€+1,20 i— K,Q,OT/ "‘Z Z 2,1,0 eoo Ui—&?,OT/
i>3 (= 1/2 i>3 (=[i/2]

N d/4 ;71—d/4
+ Z Z Ue,{,oUz 0 0/ Ui—&LO(ﬂi—Z:l +T1i—¢>2).
i>3 (=[i/2]
Once again, applying the discrete Young’s inequality and selecting the maximal prefactors in 7', we get
Msas S go(u)(u) + TH2p(u)?.

Combining all the estimates on the terms given in (6.15) and selecting the maximal prefactors in 7" and
¢o(u), we get the desired bound (6.14). O

6.5. Terms with no normal derivatives. In this section we estimate Mg.
LEMMA 6.5. For solutions u of the Cauchy problem (6.2), we get
Ny S do(u)*2¢(u)!/? + Tp(u)? + T2~ (u)? (6.16)
forO<T <1

For MQ, we use the estimates obtained in [12, Subsection 4.3].
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PROOF OF LEMMA 6.5. Separating the terms with ¢ + & = 1, we split the estimate of M> sum into
three parts as

i+k

Z Z ( )( > Y ekth+k 1Tmaé kamaz—ﬁvu”Lit

i+k>2|(¢,m)|=0

(6.17)
- [18u(u - V)2, + [T (- Va2
= My + Mo + Mag.
We use the Holder’s inequality on the lower order terms and write
Mo + Moy S 1100l e 14 |Vl 310 + ull e, 100kl 2
I Tullpgera IVull 2 pa + lullzee ITVull g2 -
Recalling the definition of ¢(u) and ¢g(u), we obtain
My + Moz S d(u) o (u)*? + o (u)®. (6.18)

Now, we split Mo into two parts as

L(i4+Fk)/2]

s 2 8 () (2

i+k>2 |(¢,m)]|=0
« Ht (i+k) _(Z+m)_1Tk_maz_€UHL§°L§c ||tﬁ+meafVU||Lng

i+k .
k , (6.19)
P8 S () (e

i+k>2 |(€,m)|>[(i+k)/2]
« Ht (i+k) f(Zer)kamaZ—éuHL;?t ”t@rmfleafvu”Li’t

= MQH + Mzm-

Note that the inequality (6.19) is similar to the estimate (4.27) in [12]. In order to keep the commutator
terms simpler, we took advantage of the symmetry in the binomial coefficients and switched the indices
(¢,m,0) and (i — £, k — m, 0) of the operators on u and Vu (cf. compare (6.17) and (6.19)). Therefore, the
term MQ]_]_ corresponds to the term Ma2 and Mglg here corresponds to Moy;.

First, we start with the second term M 212. Switching the order of V with the tangential vector field T™,
we obtain an upper bound with a commutator sum

i+k

Y i k i—f-k—m |1 (3 —(l4+m —m gi—
My $ ) > <€> <m)Ni+k+26 ehm| |y —(EEm)phmgi—ty | o

i+k>2 |(£,m)|>[(i+k) /2]
x eem||tttm 1aleafu||L2

i+k

v k 1—0-k—m || (% —(l+m —m 9i—
L I S 1 [ e

i+k>2|(6,m)|>[(i+k)/2]
m2>1

x | T, Vol 2

= Ma191 + Mayaa.
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In order to have a nontrivial commutator, we take m > 1 for the seg:ond term. For legl, we follow the
same steps in [12] for the term Mas;;. By applying Lemma 6.2 on Ht(”k)_(“m)Tk_m@;%uHLgot, we get

eifégkfm Hti+k—(€+m)T’€*m8§_£uH L,

1/2 1/2 12l(i = £,0,k —m)[>/?
5 Ui7€+1,2,k7mUif€,2,k7mT / Ni—ﬁ-‘,—k—m
i — 0,0,k —m)[?/?

U._ 3 T1/2 |(Z s Uy

+ U £,2,k—m Ni—ﬁ+k—m (620)
1—0,0,k—m
+ Uit41.0-m(TLicosb—me1 + T*Li_p1k—m>2) I N )
i—l+k—m
(i —£,0,k —m)|

—tph—m—1 2
+ Ui—t,0,-m(T" T pkem<e + T L k—m>3) N :
i—l+k—m

Also, expressing Ng+m+1€e£€’"||t€+m_18;TmaquLgt = TUp 1 for [(£,0,m)] > 2, we see that the

binomial coefficients coming from the two norms in M2121 obey the bound

Nariall Lk om0 (1) O ¢
Nepma1(i — 0+ k—m)/2\¢) \m/) ~ (z+k) Sl (6.21)

for |(¢,m)| > [(i + k)/2]. Using the bound (6.21) on the binomial coefficients and applying the discrete
Young’s inequality on the upper bounds for Ms12; as performed in [12] for Ms11, we obtain that the estimate
for M511 dominates the term Ms191. As a result, we get

Maio1 S Too(u)d(u) + To(u)*d(w)*/? + T*2¢(u)?. (6.22)
We utilize the same strategy for Ma;29. Denoting by Ai_¢ —m the right side of (6.20), we get

i+k .

- ) k\ N; _

M1 S ) > <€) (m) 7Nl+k+2 Ai—phm Negmar € @™t HT™, V]anHLg,t-
i+R=2 | (6;m) | [(i+k) /2] frmt

(6.23)

In the same way, we first bound the binomial coefficients using (6.21) and then apply the discrete Young’s
inequality on (6.23). Using the definition of A;_; ;_,, and the norm ¢(u), we obtain

B % (9o(u) + TV20(w) Y Newmard @[T, Viofull 2. (624)
[(€;m)|=2,m>1

We are now reduced to estimating the commutator sum on the right side of (6.24).
Using the estimate (5.12) derived for the commutator term in Section 5 with » = 3, we get

m—1

! / ’
HtZerfl[Tm’ v]atéu”L%’t 5 Z %Kmfm Ht@+mfla‘%Tm afu”L%t (6.25)

m'=0
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for K > 1. The estimate (6.25) yields a bound on the commutator term on the right side of (6.24) . Applying
the Fubini Theorem on the double sums, we obtain

m—1
' ’ /
Z N€+m+1€€€m Z ﬂ/"Kmfm HtZerflaiTm 85““@ t
[(£,m)]|=2 m/=0 me ’
m>1
’ E +m + 1)3 m' _ o
< ale 88 ( " gmpm 1Km m
- I(Zmz':)KlH ' tUHL%’t m%—i—l (t+m+1) 't (6.26)
oo
+T Y Nepmre @™ [t 20,17 0ful| 12
|(¢,1,m")|=3
— € .
o (L+m'+1)3 (L+m+ 1) m
m=m

For the two geometric sums in m, we note that

(€+m+1) '—m m—1 g-m—m’ m
2 Cxmeiimtt 1K <Zm (K" S 1

m=m’'-+1 m=1

for [(¢,m")| < 1, and similarly for |(¢,m")| > 2,

(eTK)™™™ <eK <1

Z ((+m+1)% (C4+m'+1)! m!
L+m'+1)2 (L+m+1)! m/

m=m’+1
provided 0 < € < 1/2K, as 0 < T' < 1. Therefore, the right side of (6.26) is bounded above by ¢o(u) +
T'¢(u). Using this bound in (6.24), we get
Moror S (do(w) + T2¢(u))(¢o(u) + Td(w)) < do(w)? + Td(u)?.
Next, we treat the term Mgn in (6.19). Starting with a commutator argument, we have

[E TVl 2 g S IEH 0T Opul| 2 + [ (T, V)07l 124 6.27)

Using (6.27), we write Mgll as

L(i+k)/2]

k ek i
T D D (1 R e S P LR S
i+k>2 |(£,m)|=0

[(i+k)/2]
>, D ()( ) AR G GOl o N Tl iR 2 [

i+k>2 |(¢,m)]|=1
m>1

= Ma11 + Mopga. (6.28)

The first term Mglll may be estimated in the same way with the term Mbs199 in [12]. Following the same
arguments as in [12], we conclude that

M2111 N ¢0(U)2 + T1/2¢0(U)¢(U) + T3/2¢0(U)1_d/4¢(u)1+d/4

+ T¢o(u)2fd/4¢(u)d/4 + T3/27d/4¢(u)2. (6.29)
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For M. 2112, we first use the Gagliardo-Nirenberg estimates and write

d/4 1-d/4
[, V10l s S 6 T, VI0ful o, 1 (™, V10 ull 5

Tl T Vol e

(6.30)
d/4 1-d/4
S e oy, Viogull ! ¢, vioful 5
+ [T V)0l 2 -
Recall that by (5.15), we have
[t o [T, Voful 2, < Z ( ) m’ + DU [ T Ol 2
- (6.31)

+ Z( > m/\K™ [ 2T 0|2

By the discrete Young’s inequality, we note that the bound given above controls both of the terms on the
right side of (6.30). By changing the summation index to 1 = m — m’/, we get

[T, V10ful 2 S Z m) K™ mut“’naleaquLg
m=0 ™ (6.32)
— | _ _
+ Z %Km-mut“mangafuuLi’t.
m=0
Going back to (6.28), we apply Lemma 6.3 on the first factor. Fori + k — ¢ — m > 2, we get
Eifﬁgkfm "t(i+k)f(f+m)flkamai—funLOOL4
1/2 1/2 (i+k—L—m) .,
< U —L+1,1,k— mUz —£,1,k— m(l + k: Y m)g/zT /
Ui—p1 k- T U; T
+ Uik m(+k 7= m)3/2 + Viet41,0k— "Gtk —C—m)?
i+k—0—m
+ Uz‘—é,(],k—m(( iy )) (Ligh—t—m=2 + TLitk—t—m>3)-
Denote
Bu =~ it ot
G (0 m)! ViGlinas-

By separating the term ¢ 4+ k = 2 from the rest of the sum and using the notation By ,,, we rewrite M>i15 as

Mona € (ITull ens + 100l ) LT, el 20
LGHk)/2] ) k
+ > > <€> <m)Ni+k+2(£+m)! (6.34)
i+k>3 |(£,m)|=1

% €~ ng m‘|t(i+k)7(€+m)flkam8;ﬁ—€uHL§OL§:Bg’m7

where the binomial coefficients are bounded above by

() <2>Ni+k+2(€+m)!((i+k€m)! <O o

¢ itk t=—m)¥ " ()
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Bounding the binomial coefficients from above by 1, we then apply Young’s inequality on (6.34). Noting
(6.33), we deduce

Monz £ (d0(u) + 60(w)?6(w)/?) Too(w) + (o(w) + T26(w)) Y. Brwm-  (639)
|(6;m)[=1

Next, we deal with bounding the sum on the right side of (6.35). We recall the definition of By ,,, and appeal
to the formulas (6.31)—(6.32). We have

o0 [e's) m—1
Z B < Z ﬁ'ﬂ(m o m)Km—antf—i-maleaZuH 9
Lm S 4 —'(g_i_m)' T t Lz,t
|(€:m)|=1 [(£,m)|=1 Mm=0
o] m—1
+ Z Jeele—mHtf—&-maQTmaéuH )
- m' (E + m)' z t Lz,t‘

Next, we separate the case m = 1, and then apply the Fubini Theorem to change the order of the summation.
We get,

Z Bom S ¢o(u) <Z m(TEK)m> + 177 Z BoUpijm +T Z By Ur2,m,

|(¢;m)|=1 m=1 [(6;m)|>2 |(¢,m)|>2

where the coefficients By and B; are given respectively as

+m)! (m—m)m!, o
Bo= mzﬁz:-i-l ((ﬁ + m))2 ((6 + m)? i (LEE)

and
o0

£+ m)! ml
Bi= ) (£+(m)(€—|)—m)!m!(T€K) :

m=m+1

Note that the factorial terms for By are bounded from above by

m! (€ 4+ m)! _ _
Al @y < (m )
and likewise for B; we have
| 7))
m! (£ +m)! -1
m! (+m)! —

Using the bounds above we obtain that the two geometric sums in m above are finite for 0 < 7' < 1 and
0 < € < 1/2K. Therefore,

Y Bew S Too(u) +TPh(u) + T?¢(u),

|(¢,m)|=1
which implies
May1z < Tho(u)? + Th(u)?. (6.36)
Finally adding the estimates (6.18), (6.22), (6.29), (6.36), and selecting the maximal coefficients in 7" and
¢o(u), we obtain (6.16). O
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6.6. Terms with mixed derivatives. In this section we estimate M- 1.
LEMMA 6.6. For solutions u of the Cauchy problem (6.2), we have
My S go(u)*?p(u)'/2 + T2 60 (w)o(w) + T2 p(u)’
forall0 <T < 1.

PROOF OF LEMMA 6.6. By the Leibniz rule we have
. I E NN K N . A
m< Y YY Y ( 6) (J) ( )Niﬂ%ﬂe’?ekﬂt”ﬁk18;”Tkm8§_€u T2
i+j+k>1 £=0 n=0m=0 nj\m ’

Following the program in Subsection 4.4, [12], we separate the case |(¢ + j + k)| = 1 from the sum and
split the rest into two parts

WS S (el 1000 Vul 2, + 8T 0ful oo a1Vl 1214 )
i+j+k=1
i+j+k

AVEAVE"
PN SN 1169
i+j+k>2|(6n,m)|=[(i+j+k) /2]

« Ni+j+k+2€i€j Ek Ht(i+j+k)—(Z-i-n-i—m)a%—nTk—maZ—ZuHLZ% ”tf-i-n-i-m—langathu”L%t

[(i+5+k) /2]

2.2l D06

i ~j =k i+j+k)—(£ —1qj— k— i—L 4 V4
X Niyjyhpo€ @ e |[t0HTHR=Erntm) =L gl mnph=m ity | oo pa |t 00T 0 V| 210
= M1 + Mo + Mi3s.

The estimate above on Ml is similar to the one on M7 in Subsection 4.4, [12]. Note that we switched
the indices (¢, m,n) and (i — ¢,k — m,n — j) of the operators acting on u and Vu to in order to keep
the commutator terms simpler. Due to the symmetry in the binomial coefficients, we may still follow the
corresponding estimates given in [12].

Analogously to [12], the contribution from |(, j, k)| = 1 stays bounded by

M1 < ¢o(u)? + do(u)®2p(u)/? (6.37)

since the number of derivatives on v and on Vu does not exceed three.

For M, we start with switching the order of V with the tangential vector field T™ and obtain an upper
bound with a commutator sum

y i+j+k i j k
Mo <
LIRS S v 16
PR ()| <G4 +K) /2]

% Ni+j+k+2€i€j Ek ||t(i-i—j-‘rk)—(E-‘rn—‘rm)ag;—nTk:—maszuHLg?t Ht“”*m_l@;}“Tmaf

i+j+k i ,7 k
i+ j4+k>2 | (6n,m)|=[(i+j+k)/2]

X Nip ji o€ @ [fHHR = (Cmbm) gimnphomisty|| o ¢ sm=1gnm, G]oful 2
x, €,

UHL;ZM

= Mm + J\Zf122-
(6.38)
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Noting the symmetry of the coefficients once again, we see that the sum M1 above corresponds to the term
M5 in [12]. Therefore, following the same steps in [12] to bound M2 we arrive at the conclusion that

Mz S ¢o(w)® + T 2¢o(w)d(u) + T2 p(u)?. (6.39)
Next, we treat the term M 122 in (6.38). By the equation (5.15), we get

||t£+n+m—18n [Tm V]an”L2

n —|—m m'\ nlm! __, / '
+m—m' || +n+m—1 qnz+1pm’ of
23> (7 ) e e S T o

ng! m/!
m/=0n'+n3z=n

for K > 1. Applying Lemma 6.2 on the factor [|¢(i+7+k)=(trntm) gl=nph—mgi=t, | L%,, we obtain, with
a=(i+j+k)— (£+m—+n), that
ei—fgj—ngk—m||ta8£—nTk—maz—£uHL:?t

1/2 1/2 1/2 a®/? 1/2 a’/?
S Ut jont2k-mUilejoni2p-mT N, + Uit j-nt2k—mT N, (6.40)

a _ a
+Ui—t41 j-np—m(TLla=1 + TQﬂazz)ﬁ + Uit jnp—m(T* o< + T2ﬂa23)ﬁ'
a a

We write M99 as

itk N
Wiy < Z Zi: i\ I\ [ Fk\ Nitjrrs2 (i—lgi—ngh—m
~ £)\n/)\m

N,
it E>2 | (n,m) =] (i+j+k)/2] fntm+1

o A . elenem
X [t ) gk gty e, VIoful 2,

ot N2+n+m+1

and note that the factorial terms obey

<Z> (]) <k) Nigjireo |0 =0, —nk —m)[>/?

) \n)\m) Noinim1 Ni—t4j—ntk—m
<(z>(]>(kz> i+jtk (Cntm) (i—C+j-ntk-m! _,
~\l)\n (i+7+kNUl+n+m)2GE—L+j—n+k—m)/2 ~

as |(¢,n,m)| > [(i+ j + k)/2]. This gives

i+j+k
~ 5.k ¥ V4 1 4
Mg S Z Z Ag%m € N [t ORI, Vidpull gz ,,
i+ +k>2|(6n,m)|=[(i+5+k)/2]

where A@’{l’km denotes the right side of (6.40) multiplied by /2 /N,. Applying Young’s inequality we bound
the sum on Azjnkm by
oo

i 5 (000 + T2600) (30 O st [ ORT, Vloful ).
[(;n,m)|=2
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Next, we estimate the second factor above. Using the bounds on the commutator sum, we have

o0
Con ¢ 1 ¢
S Ny [T, VIO 2
[(€;m,m)|=2
n,m>1
o @]
n+m m’"\ n!m! P (6.41)
S DENCEOTANTD SED DI (il B S
ng! m'!
|(Ln,m)|=2 m/=0n'+n3=n
nm>1

x et T o

Changing the order of summation by the Fubini Theorem, the right side of (6.41) becomes

Z Z Z n—n3+m m ) ntm! (0+n+m+1)>

(n—mng)! (m—m)ng!m! ({+n+m+1)!
(¢,n3+1,m’)e BcUB; m=m’'+1n=n3 3 ) 3 ( tnAmt )

« annngmfm Ht@+n+mfla;3+1rrm/8fu”Li,t

3
g Z (E +m/ + n3 + 1) eégng—i-lgm’AlHté-}-ng—&-m’—Qagg—i-le’af

ull g2
(¢,n3+1,m')eBy (€+m,+n3 + 1)' ! @t

/
+ Z AgllageriTm an”Lgyt
(¢,n3+1,m’)eB*

where
Z Z n—ng-l-m m ) nlm! (L+n+m+1)3 (+ng+m +1)!
vy 0 Pl n—ng)! (m—mH)ng!m!(l+ns+m' +1)3 l+n+m+1)!
X C(TER)™"s(TeK )" ™
and

(o] / 3
n—nz3+m-—mH) nlm! l+n+m+1
A Z ( ) ( )

l+n+m—1 -n—ng+m—m' £~n-m
(n—ng)!(m—m’)!n3!m’!(€+n+m+1)[T K eerem.

n,m=1
We recall the computations in Section 4.2 and note that

sup Ao ST and sup A S T2
(£,n3+2,m’)eB° (¢,n3+2,m")EB

We recall the definition of ¢ and qz§ and using the bounds above for Ay and A; we conclude that

Mz 5 (¢o(u) + T2 (w)) (T o (u) + T*(u)). (6.42)
Next, we estimate M 3. Recalling the change of indices in the operators acting on u and Vu, we note

that M3 corresponds to Mi3. We follow the same program we applied in the previous section to bound
Mo511, and write

L(i+5+k)/2] i . k .
z+]+k>2 |(£,n,m)|=0 " m

> “t€+n+m8;+1Tmatéu“L?Lg

L(i+i+k) /2] :
v J k 1~j = i+J —(l+n+m)— j—nrmk—m 5i—
SIDIEEDY @( )(m)mwe e R P

n
i+j+k>4 |(6n,m)|=2
n,m>1
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X [t T, V10gul| 2 1

= Mz1 + Miss.
Analogously to Mglll, the first term M 131 is dominated by the estimates on M3 in [12]. Therefore,

Mz S ¢o(u)? + To(u)?~ ¥ p(w)¥* + TV o (u)p(u)

B B (6.43)
+T3/2¢0(’U,)1 d/4¢(u)1+d/4+T5/2 d/4¢(u)2'
For M30, using the Gagliardo-Nirenberg estimates we first write the commutator term in L%t norm
[ (T, V10full aps S 60T, VIOfully ¢ T, V]ofull
+ [[tErmtman ™, V]aquLg . (6.44)

S [T V]l 2, + [T O T, V)0l 2 -

Also, we estimate Ht(”j*k)_(””*m)_l8,%_”Tk*m0§_€u||LgoLg by Lemma 6.3. Puttinga = i + j + k —
{—n—m > 2, we get

ei—Egj—nEkz—m ||ta_18%_nTk_m8ti_£u”L?oL%

al

1/2 1/2 al 1/ 1/2
< Ui—€+17j—n+1,k—mUi—é,j—n—i—l,k—miag/gT P4 Uigjnsth-m ag/QT / (6.45)
al al
+ Uz’—ﬁ—}—l,j—n,k—mﬁT + Ui—e,j—n,k—maﬁ(]laﬁ + T1,>3).
Denote
= ﬂut“nmanﬁm V]0ful| 2 (6.46)
Lm0 4 m)! A ’

Then, we rewrite M732 in this notation as

L(i+7+k)/2]

~ i i\ [k
M3 S Z Z <€> <iL> <m> Ni+j+k+2 (f +n+ m)' Bg’m

i+j+k>4 |(4n,m)|=1
« Ei—fgj—ngk—m "t(i+j+k)_(€+n+m)_18%_nTk_m8§_€

(6.47)
UHL;»L;%-

Similarly, the factorial and the binomial terms appearing on (6.47) and on the right side of (6.45) are bounded

from above by
i\ (7 k) (t+j+k—0—n—m)!
Niiitiro (L 4+n+m)! <1
<€><n)<m ratk2 { )(i—l—j—{—k:—E—n—m)?’/2

With the estimate for ¢! ~¢&/—ngh—m||¢(i+i+k) = (thntm)—1 gl =nph—mgi=t | Lsor4 given in the equation (6.45),
we bound the factorial terms in (6.47) from above by 1, and then apply Young’s inequality on the resulting
double sum. This yields

Mg < (¢o(u) + Y 2&5(u)) S Buam (6.48)

|(Z,n,m)|:2,n,m2 1

This is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.



ANALYTICITY FOR THE NAVIER-STOKES SYSTEM 37

Before we bound the sum in (6.48), we recall the expansion (5.15) for the commutator term and combine it
with the estimate (6.44)

IIt””J””@” [T, V]0pull 214

m—1 n+1

1 ! ! ! 7 ! !

Z Z n' +m—m/ (n + ) ,m ) K Am—m Htﬂ-{-n-{-ma;z-f—Q—n ™ anHL?

=i (n+1—n")'m w5t
m—

,_.3

n I'm)
Z Z <7’L +m — m> (n n.m. K" "+m—m' ||t€+n+m8n+1 nTm atuHL2 )

n' —n/)!'m/!

Recalling the definition of By, ,, in (6.46) and using the inequality above, and changing the indices to
n=n+1,n =n+1—n"and ny =n —n', we obtain

L=n—1-m n — —+ —m/\ alm!
€€ € n niy m m n:m! s —m/
< 7Kvn ni+m—m
E BZ,n,mN § : (E 7 m 1 | Z Z ( 77L—7’Ll )nllm/!

[(€,n,m)|=2 [(£,7,m)|=3 m/=0n1=
n,m>1 n>2,m>1
l+n+m—1 gni+1pm/ of
T ol
N Z etenem Z Z n—ng+m-—m"\ nlml Jen—natm—m’
{+n+m)! n—n ng)! m/!
|(Ln,m)|= 2( m/=0n2=0 2 ( 2)
n,m>1

% ||t€+n+ma;lz+1Tm/at€uHL?M )

(6.49)
We then change the order of the sums on the right side of (6.49) by the Fubini Theorem, and obtain
Z i i <’FL — N +m — m’) ’FL‘ m' Kﬁ—n1+m—m/
n — n —1)! I'm/!
(s iV EBLUB® e 1 2 n—ny (L+n+m—1)n!m!
> efen 1 mHté—i-n—i-m 18n1+1Tm 85““L2 t
o o © (6.50)
Z Z Z <n — N9 +m — m/> n' m' Kn_n2+m_m/
+
— | I m/!
(4,n2,m')EB1UBS m=m/+1n=n2 n=n2 (6 Tn m) -
x lele mHt””er(?"QHTm 8€u\|Lz .
Using the notation Uy ;, ,,, we further bound the first sum in (6.50) by
Yoo T Tl Ao+ T Y Uy 6.51)
(¢,n1,m')eB° (¢,n1,m")eBy
where
I o= < (7 il m!
> Z (TeK)™(TeK)™
(n+m—1)!
m=1 n=2
and
oe] ~ ! ~ /
n—ny+m—m"\ alm! ({4 ny+m')! 1 NP !
A = TeEK)" ™M (TeK)™™ ™
! ZH( n—mny )nllm’!(€+ﬁ+m—1)!(5+n1+m/)2( ex) (Tek)
m=m

n=n1
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After the cancellation of factorial terms, we see that Ay is summable and it is bounded above by

o0
Ay STeK > (n+m)(TeK)(TeK)™ < T (6.52)
m,n=0
for0 < éSe<1/K.
Similarly, we first simplify the factorial terms for A;. Recalling the hypergeometric inequality (cf. (4.9)),
the first factor below is bounded above by 1, and we have

(TZ)(,ZL/) {4+n+m < {+n+m
+ntm L4+ny+mH2 "~ (U+n+m
(_tram 7 7

n—ni+m—m'

which in turn yields

o0 ~

14 /

sup A< sup _EEREM ey (Tekymm
(£;m1,m")EB, (e, S= (E+n1+m) 6.53)

n=niy
STeK ST
for0 < e <1/2K.
In the same fashion, the second sum in (6.50) is bounded above by

Yoo 1R T Ol Ao+ TP Y Urppra s (6.54)

(Z7n27m,)EBc (£7n27m/)EBl

with the coefficients Ag and A, obeying the same estimates with Ag and 4.

Back to (6.50), we bound the two sums as given in (6.51) and (6.54) and apply the estimates (6.52) and
(6.53) on the coefficients Ag, Ag and Ay, A;. With the final application of discrete Young’s inequality on
the sums (6.51), (6.54), we reach the estimate

Z Bé,n,m ,S T¢0 + T2(E<U) + T(b()(u) + TS&(U’)

[(€,m,m)|=2
n,m>1

and putting this estimate on (6.48), we get

Mz < To(u)? 4+ T2 ¢(u)?. (6.55)
Combining (6.43) and (6.55) and selecting the maximal prefactors in 7', we conclude that
Mz S do(u)® + To(u)’. (6.56)
Adding the estimates (6.37), (6.39), (6.42), and (6.56), we conclude the proof of Lemma 6.4. ]
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