NONLINEAR MAXIMUM PRINCIPLES FOR DISSIPATIVE LINEAR NONLO  CAL
OPERATORS AND APPLICATIONS

PETER CONSTANTIN AND VLAD VICOL

ABSTRACT. We obtain a family of nonlinear maximum principles for lamedissipative nonlocal operators,
that are general, robust, and versatile. We use these eanlbounds to provide transparent proofs of global
regularity for critical SQG and critical d-dimensional Bers equations. In addition we give applications of
the nonlinear maximum principle to the global regularityacslightly dissipative anti-symmetric perturbation
of 2d incompressible Euler equations and generalizedidrzaitdissipative 2d Boussinesq equations.

Geometric and Functional Analysis, to appear.

1. INTRODUCTION

How can alinear operator obey aonlinearmaximum principle? We are referring to shape-dependent
bounds, of the type

a v < 9@
(A%g)(@) = =
whereA = —A, g = 0f is a scalar function, the directional derivativeof some other scalar function
f, z is a point inR¢ wherey attains its maximumyn = || f||z~, ¢ > 0 is a constant, anfl < « < 2. In
fact, the boundX.1) scales linearly withf and correctly with respect to dilations (as it should) butds a
nonlinear dependence on the maximung ofVe refer to such inequalities as nonlinear maximum priesip
They are true for fractional powers of the Laplacian and fangnother nonlocal dissipative operators, and
they are versatile and robust.

When studying nonlinear evolution equations, we often antar situations in which the equation has
some conserved quantities, but these a priori controlleshiifies are not strong enough to guarantee global
existence of smooth solutions. In fact smooth solutions bragk down. The basic example of the Burgers
equation

(1.1)

0,4+ 60,=0

is worth keeping in mind. We take € R. The norms||f|.» are conserved under smooth evolution,
1 < p < o0. Taking a derivativgy = ¢,, we have

gt + 095 + g* = 0.
This blows up in finite time. If one adds dissipation,

0 +A“0+60,=0
theng obeys

g + A9 +0g, +g°> =0.

This still blows up fora < 1, and does not blow up far > 1 [25]. The reader can sense already how

easily the regularity result would follow from the nonlimeaaximum principle in the subcritical > 1
case. At the critical exponent = 1, the nonlinear maximum principle readily proves the glalegiularity
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of solutions with small.>° norms. In order to remove this restriction one has to reamyan additional
structure in the equation: the stability of small shocksisThidiscussed in further detail in Sectidielow.
A similar situation is encountered in the study of the digsye SQG equation.

00 +u- VO + A0 =0, (1.2)

with divergence-free velocity:, related tof by a constitutive law that puts on par withd. Here and
throughout this paper we denote the Zygmund operatoA by (—A)I/Q. The L? norms of# are non-
increasing in time under smooth evolution, and it is knowat $mooth solutions persist for > 1 ([3],
[15], [22], [23], [24], [29], and many more). The case= 1 is universally termed “critical”, although it
is not known yet if a critical change in behavior actually sleecur atx = 1 (this occurs for Burgers, and
so the name is well justified there). We have many analogduat&ins in PDE of hydrodynamic origin.
The “critical” cases, are cases in which easy proofs breakndand when regularity indeed persists, the
proofs are usually ingenious, involved and implicit. In ttese of SQG, there are two quite different main
proof ideas. The approach &4 is to find a modulus of continuity that is invariant in timehd interplay
between nonlocal dissipation and nonlinearity is used iokdles and very original way. The proof o8]
follows a strategy that has been associated to DeGiorgi:exisence of an a priori integral bound and
dilation invariance are exploited by zooming in to smalllssa In that proof the crucial step is a passage
from L°° information toC'™ information. An alternative proof af’® regularity has been recently obtained
in [23], by a duality method, exploiting the co-evolution of maléss.

In this paper we provide a new, transparent proof of globgulagity for critical SQG based on the
nonlinear maximum principle. The proof has two parts. Thst fiart shows that if a bounded solution
hasonly small shockgOSS), a technical term that we define precisely3r)(below, then it is a smooth
solution. In the second part we show that if a solution hag small shocks to start with, then it does have
only small shocks for all time. Both parts are proved usingrapriate nonlinear maximum principles. We
exemplify the same strategy for the Burgers equation, inguatial dimension. The first part essentially
shows how having OSS is a way of assuring that the dissipaiéats the nonlinearity. In order to prove
the second part we follow the structure of the equation thaedhe conservation di*° norm, but we do it
for displacements. Localizing to small displacements aapliring that the resulting equation has a weak
maximum principle leads to a localizer family, obeying avensal differential inequality, and it is the nature
of this inequality that determines whether or not the p&saise of the OSS condition takes place or not.

Nonlinear maximum principles are not relegated to fracigrowers of the Laplacian. We give examples
of other operators that have a nonlinear maximum principléhe study of an anti-symmetric, nonlocal
perturbation of the the Euler equations. In fact, we proeg iththe presence of arbitrarily weaknonlocal
dissipation, the anti-symmetric perturbation of the 2Ddf@quation is globally regular.

We also show global regularity for mixed fractionally-dpstive 2D Boussinesq equations, under a cer-
tain condition on the powers of the fluid and the temperatisgightion.

Throughout this paper we make the convention that,, . . . denote positive universal constants, which
may depend on the dimension of the space or on other parantéthre equation. On the other hand, we
shall denote by, C5, . .. constants which may depend on certaihnorms of the initial data.

2. NONLINEAR MAXIMUM PRINCIPLES

We recall that the fractional power of the (negative) Lajacwhich may be defined via the Fourier
transform as

(A%) (&) = I£1"g(¢)
is given in real variables, wheh< « < 2, as the principal value of the integral

g(r) —g(z —y)
‘y’d-i—a d

A%g(x) = cq 0 P.V.
Rd
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wherecg , = 7@+ Y2 (/2 + d/2)T(—a/2)~" is a normalizing constant, which degenerates as 2
and asy — 0. Although in this paper we may sometimes omit #A&”. in front of the integral defining\,
the integral is always understood in the principal valuesseen

The main result of this section is the followimpnlinear lower bounan the fractional Laplacian, eval-
uated at the maximum of a smooth function.

Theorem 2.1(L> nonlinear lower bound). Let f € . (R%). For a fixedk € {1,...,d}, letg(z) =
Orf(z). Assume that € R? such thaty(#) = max,cga g(x) > 0. Then we have

A%l g(z)t*e
9@) 2 =

for o € (0,2), and some universal positive constant c(d, o) which may be computed explicitly.

2.1)

Nonlinear lower bounds appeared in the recent work of Kisaled Nazarov 23], where they use a
nonlinear lower bound to estimate the fractional Laplaeesuated at the maximum of a function, in terms
of the L' or L? norm of the function. The main difference here is that we gwévd one derivative in
regularity: nonlinear information oW f is obtained from information of.

Proof of Theoren2.1 Let R > 0 be fixed, to be chosen later, and jebe a radially non-decreasing smooth
cut-off function, which vanishes dr| < 1 and is identicallyl on|z| > 2, and|V x| < 4. We have

_ 9(z) —9(z —y)
Ag(T) =c Oé/ d
g( ) d, Rd |y|d+a Y

> Cd,a/ 9(2) |;|g$_y)x(y/R) dy

> Cd,ocg(a_j)/|>2R ‘y’d-i-a - / |f

where in the last inequality we integrated by parts sipee 0y, f, andcg ,, is the normalization constant of
the fractional Laplacian. After a short calculation it falls from @.2) that

o x(y/R)

T dy (2.2)

_ x o
A%(Z) > géa) — ¢ H]J{Cﬂil (2.3)
wherec; = [S971cy 027%™t andes =[S ey (4d + @), Inserting
_ 20 £l
c19(7)
into estimate Z.3) concludes the proof of the theorem. Moreover, the constant(d, «) in (2.1) may be
taken explicitly to bex2(1+)* (4 4 d)2|S?1|~ e O

If we have more a priori information ofy, such as a bound ifi®(R?) for somes > 0, or respectively less
information of f, such asf € LP(R?) for somep > 1, then the following results complement Theorgrix

Theorem 2.2(C° and LP nonlinear lower bound). Let f € .7(R%), g = 9).f for somek € {1,...,d},
and letz € R? be such thay(z) = max,cga g(z). Then we have

N -1
rrg(@) > 9O (2.4)
cllflles
for 6 € (0,1), and a positive constart= c(d, «, d). In addition, the bound
(z) it
Ag(z) > T (2.5)
A1

holds for anyp > 1, for some constant = ¢(d, a, p).
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Proof of Theoren2.2 Let R > 0, to be chosen later, and Igtbe the same smooth cut-off function from
the proof of Theoren2.1 In order to proveZ.4), similarly to (2.2), we estimate

_ 9() —9(z —y)
Aq(Z)=c a/ d
g( ) d, Ré |y|d+a Yy

R R
> caosla) [ ’j;?(d/m) d O (1) - @ =) Xy
R
- Cd’“g(f)/ on s —caallles [ o |(|d/+a) W
Y
s

wherec; = ¢1(d, ), andes = co(d, o, §) are positive constants, which may be computed explicithy. |
the above estimate we have used ihgtf () = 0, and have integrated by partsgp. Letting R7 =
2¢a]| fllcs /(c19(Z)) concludes the proof of the lower bour?i4).

In order to prove the corresponding lower bound in termfdifz», we use 2.2) and the Holder inequality

A%9(7) = caa9(T) /y|>2R lyldte / 1@ =yl |y, /)

| |d+a
9@ Il

dy

>
= IRa 2Ra+1+%
wherec; = ¢;(d, o) andey = ¢3(d, a, p) are explicitty computable positive constants. LettiRg"¥/? =
2¢s|| fllzr /(c19(Z)) concludes the proof of(5) and of the lemma. O
A similar nonlinear lower bound t®2(1) may also be obtained if the function® = [, 7]¢ periodic.

Theorem 2.3(L> periodic lower bound). Let f € C>®(T%) andg = 0, f. Givenz € T¢ such that
g(z) = max,c7a g(x), there exits a positive constansuch that either

9(#) < el @9)
or
Ag(z) > ST 2.7
= g 0
holds.

Proof of Theoren2.3. Recall (cf. [L6] for instance) that in the periodic setting the integral regsion (in
principal value) for the fractional Laplacian is

_ 9(T +y)
9(z) = dy.
daZ/ |y_|_j|d+a Y

jEZ4

The main contribution to the sum comes from the term wita 0, since only then the kernel is singular.
Also, sincez is the point of maximum of, all other terms are positive, so be have the lower bound

A%(z) > Cd,a/ 9(@) —9(@ + y)x(y/R) dy

Td |y|d+e

wherey is a smooth cut-off as in the proof of Theoréni, andR > 0 is to be chosen later. As before, we
obtain

_ (1 1 [1£1l £
A%g(z) > —
o(0) = 19(0) (s~ e ) — 2l
a 9@ Sl
— 9l+a R €2 R1+a
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by requiring thatk < 7/2'*'/*. We would like to letR = 322 ||f||z/(c19(Z)), in order to obtain

o (gl@)tte
G

wherecs = c%*a/(21+3“+“2 ¢5), but this is only possible, due to the restriction the siz&pif
9(x) = cal| fllzee (2.8)
holds, where:y = 0223+°‘+1/°‘/(7Tcl). Lettingc = ¢3 + ¢4 concludes the proof of the theorem. O

Remark 2.4. It is clear from the proof of Theorerm.3, that the analogue of Theore?i2 also holds in the
periodic setting. Namely, eithe(z) can be controlled by a multiple dff || s (respectivelyl| f||z»), or (2.4)
(respectively 2.5)) holds.

Lastly, we note that a nonlinear lower bound in the spirit bé®rem2.1also holds for the positive scalar
quantity|V f|2. This bound turns out to be very useful in applications. Maexisely, we have:

Theorem 2.5(Pointwise nonlinear lower bound). Let f € . (R%). Then we have the pointwise bound

o 1., Vf(z)>T
V@) AV (@) > LA )2 4+ L@ (2.9)
2 cll £l G
for o € (0,2), and some universal positive constant c¢(d, «).
Proof of Theoren2.5. We use the pointwise identity
1 1

V(@) AV f(z) = AV ) () + 5D (2.10)

where we have denoted (in principal value sense)
- 2
D= cd’a/ Vite) -~ Vitz + o)y, (2.12)
R? ly|*te

The pointwise identityZ.10) follows from the argument inl[6] (see also§]). Herec, , is the normalizing
constant of the integral expression of the fractional Lejpla We now bound from below

o 2
D >cyq /Rd Vi) ‘y’w )l x(y/R)dy (2.12)

where as beforg is a smooth radially non-increasing cut-off function thahishes onz| < 1/2 and is
identically 1 on|z| > 1. For ally we have

IVf(@) = Vf@+y) > |Vf(@)]® —20;f(2)0;f(x+y),
where the summation convention on repeated indices is titmtke, from 2.12) it follows that

x(y/R) x(y/R)
D > Cd,a|vf(x)|2/Rd [ dy — cq.a|0; f ()] ‘/R2 9if(x+y) s d ‘
2 L , _ x(y/R)
2 el V7 (2) /|yZR Iyld““dy caal0;f(@)llf]l2 /R2 o |y|dte i
> ClIVf(ﬂc)lz V@) e (2.13)

Ro €2 Rl—l—a
for some positive constants andc, which depend only od, o, andy. Letting

call fll oo
21|V f ()]

concludes the proof of the Theorem. O

R=
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Corollary 2.6. Let f € . (R%). Assume that there existsc R¢ such that the maximum o7 f(z)|? is
attained atz. Then we have

Vf(@)[P*
el fllZe

for a € (0,2), and some universal positive constant c(d, «).

Vi) A*Vf(z) =

Proof of Corollary2.6. This follows from Theoren®.5 by noting that at the maximum o¥ |2, which is
by assumption attained af the termA®(|V £|?)(z) is non-negative. O

3. APPLICATIONS TO THE DISSIPATIVESQGEQUATIONS

The dissipative surface quasi-geostrophic equation (SQG)

Ol +u-VO+A9=0 (3.1)
u="R"0 (3.2)
0(-,0) = b (3.3)

has recently attracted a lot of attention in the mathemiditesature, see for instance the extended list of
references ing]. Here0 < « < 2. While the global regularity in the sub-critical case> 1 has been long
ago established2p], [15], the global regularity in the critical case = 1 has been proven only recently
[3, 23, 24]. In the super-critical case < 1, with large initial data, only eventual regularit§7, 30] and
conditional regularity 13, 14] have been established.

In this section we establish giveenew proofof the global well-posedness d8.()—(3.2) in the critical
casea = 1. The proof is based on the nonlinear maximum principle distadx earlier in sectio, and is
split in two steps. The first step shows that if a solution ef#QG equation has “only small shocks”, then it
is regular (cf. Theorer.2below), while the second step shows that if the initial das dnly small shocks,
then the solution has only small shocks for all later timésT{beorem3.3 below). To be more precise let
us introduce:

Definition 3.1 (Only Small Shocks). Lets > 0, andt > 0. We say(z, t) has theO.SSs property if there
exists anL > 0 such that

{(zy): l[z—yl<L}
Moreover, forl” > 0, we sayl(z, t) has theuniform O.S'Ss propertyon [0, T, if there exists ar. > 0 such
that

sup 16(x,t) = 0(y, )| <o (3.5)
{("Evy7t): |IE—y|<L, OStST}

Ouir first result states that the unifortS.Ss property implies regularity of the solution:

Theorem 3.2(From Only Small Shocks to regularity). There exists @, > 0, depending only ofif|| .,
so that iff is a bounded weak solution of the critical SQG equation with uniformO.S.S;, property on
[0, 77, then it is a smooth solution dfl, T']. Moreover

sup [[VO(-, )| < C([|0o|L>=, Vol <, L) (3.6)
te[0,7)

whereL is defined as irf3.5).

In fact we give the proof of3.6) assuming) is a smooth function ofd, 7). These arguments can then
be then made formal by adding a hyper-regularizatiar\d to the equations. Since the proof given below
carries through to the regularized equations, and the tsoabthined are-independent, we may pass to a
limit ase — 0, and obtain §.6) for the SQG equations. Any subcritical regularization \godo. The main
point is that the estimaté.6is uniform in time.
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Proof of Theoren3.2. Itis clear from @.1) that ||0(-,¢)||z~ < ||fo||z==, and hence a suitable a priori esti-
mate on||Vé| .- implies thatd is in fact a smooth solution. For this purpose, apglyo (3.1) and multiply
by V6 to obtain

1
5(8t+u-V)]V9\2+V9-AV9+Vu: V6 -Vl =0, (3.7)
where as usual we denate= (—A)1/2. Recall cf. £.9) that we have the pointwise identity
1 1
VoO(z) - AVO(x) = §A]V9(x)\2 +5D(x,1) (3.8)

where

D(z,t) = CoP.V./ IVO(z,t) — VO(y,t)[2

dy,
R4 \95 - y\dﬂ

with ¢y = ¢4,1 being the normalizing constant &f As shown in the proof of Theore@5, there exists a
non-dimensional constanf > 0 such that

1 |VO(z,1))?
-D(x,t) > ci—————. 3.9
R N TP (59)
Here we also used the>™ maximum principle fo. Summarizing, §.7), (3.8), and @.9) give
1 O(x,t)]>  D(x,t
5(0t+u-v+A)|v9(m,t)|2+q%(”ﬁ’ i (Z’ ) < V(o b)] V(). (3.10)
0| Lee

We estimate the absolute value of
)J_

Vu(z,t) = REVO(x,t) = P.V./ @ =9 o, t) — VO, 8) dy

Ra [z — y|dH
by splitting softly (i.e. with smooth cut-offs) into an inner pie¢e — y| < p, for somep = p(z,t) > 0to
be chosen later, a medium piege< |z — y| < L (whereL > 0 will be chosen later), and an outer piece
|z — y| > L. Bounding the inner piece follows directly from the Cau®ghwartz inequality:

|V (2,t)| < co/D(x,t)p(x,t)
for some positive constamt depending only on the smooth cut-off. We chopss® that

ca\/Dp|VO|* < % +2¢2p|VO|* < % (3.11)
which in view of (3.9) is true if we let
p(l"t) = ! (312)

4c3|6o| L |VO(2, t)|

Now we estimatéVu,,.4 using theO S S property. Sinceﬁm_y|zr(x — )tz =y~ Vh(x)dy = 0 for
r > 0, and the cut-off used in the soft representation of the nateg radial, integrating by parts inwe
obtain

dy. (3.13)

|0(x,t) — 0(y, 1)|
Vumed(x,t §C/
Vil <o [ EROg

Using the assumption thétx, t) has theD S S5, property with corresponding lengih, we obtain
4
[Vtea(,t)] < 04;0 = ¢5]|60]| £ 00| VO (2, )] (3.14)
by (3.12, wherecy, = c3|S?!| andcs = 4cycd/cy. In order to make sure thé¥u,,.q(x,t)||VO(x,t)|?
does not exceed half of the positive term 310), i.e. ¢;|VO(z, y)[3 /|00 L, we let

C1
)

- a (3.15)
2¢5|00]|7
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Of course the value of. corresponding to the above fixég, might not be larger than the value pfas
defined in 8.12), case in which we have,,.; = 0. Lastly we boundvu,,,; similarly to (3.13, and obtain

0 0o
Vit (2, 8)] < m%. (3.16)

Therefore, from&.10), (3.11), (3.14), (3.15, and @3.16 we arrive at the pointwise inequality
c1|VO(z, t)* < 264\I90\|L<><>|Vt9(:c,t)l2
2||00 ]| Lo L

1
5 O +u-V+A) IVO(xz,t)]* + (3.17)

which gives
dca 0|17
ClL

Reading this at a maximum @V é(z,t)| (if it exists) would at least formally conclude the proof diet
Theorem. Indeed, at a point of maximum the gradientasd the fractional Laplacian is positive, implying
that whenevemax |V0(-,t)| reache<,, its time derivative is negative and hence it can never ektee
threshold level’,.

In order to make the argument described here rigorous, oygmaeed as follows. Leb(r) : [0,00) —
[0, 00) be a non-decreasing? convex function that vanishes identically for< » < max{||V6o||?, C?},
is strictly positive forr > max{||V#y|%,C?} and grows algebraically at infinity. Due to the convexity of
pasin B, 16] we have

(@ +u-V+A)|VO(z,1)* <0,  whenever |V0(x,1)| > =G

¢'(IVO(, ) )AIVO(z, 1) > Ap(|VO(x,1)[%)

pointwise inz. Thus, we may multiply%.17) by ' (|V8(z, t)|?) and obtain

c1|VO(z,t)[?
2[|6o ||~

sincey’(|V0]?) = 0 for [VO| < C,. In particular, it follows from 8.18 thato(|V6|?) satisfies the weak
maximum principle

%(at bV 4+ eV, 1)) < (C. — [V0(z, )¢ (VO D)) <0 (3.18)

le(IVOC, )2z < [l (V6o |*) - (3.19)

The above is for instance obtained fra? estimates on3.18), using that[ f2*~*Af > 0 for smooth
functions f, and sending — oo. To conclude, we note that by desigii|Vd,(x)|?) = 0 a.e., and hence
from (3.19 we obtainy(|VO(x,t)[?) = 0 a.e., or equivalentlyVé(z,t)| < max{||Vly| 1=, C.} for a.e.
x,and allt € [0,T]. O

Theorem 3.3(Stability of Only Small Shocks). Letd, > 0 andT" > 0 be arbitrary. Iff has theO S S5, 5

property, then a bounded weak solutiéf the critical SQG equation has the unifoks'Ss, property on
[0,T].
Proof of Theoren8.3. We take nowd,6(z,t) = 6(x + h,t) — 0(x, t). The equation obeyed hy,0 is
(O +u-Vy+ (0pu) - Vi +A)op0 =0 (3.20)

where

(x —y)*
Rd [z — y|dH
This looks like it might have a maximum principle in bathand h, but of course, there is no decay as
|h| — oo, and the maximum is not small. We take

®(h) = e VIR, (3.22)

The main properties cb are: smooth, radial, strictly positive, non-increasif@g() = 1, and
lim|p 00 ®(JA]) = 0. We will need thereforel to be positive,¥’ > 0, normalized¥(0) = 0 and
lim;_, o, ¥ (1) = co. We shall construct the specifie at the end of the proof.

(0pu)(z) = u(x + h,t) —u(x,t) = P.V. n0(y,t)dy. (3.21)
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We multiply (3.20) by (6,6)®(h) and obtain
1 1 1
5 (O +u-Va+ (Opu) - Vi 4+ A) (0,0(z,1)2®(h)) + 5<1>(h)Dh = 5(5h9(x,z:))2(<m) -V, ®(h) (3.23)

where

Dy(at) = | b8 = 0007, (3.24)

Rd |z — gyt
wherec is the normalizing constant of the integral definitigLet us denote by = v(x,t; h)

v = (6,60(x,1))?®(h) (3.25)
and byL the operator
L=0+u-Vy+ (0pu) -V, +A. (3.26)
Let us note that
|Vy®|®(h)~L < W/(|h]) (3.27)
and so, from 8.23 and (3.27) we have
Lv + ®(h)Dj, < ¥'|Spulv. (3.28)

Now we will assume thafy € LP(RY) N L>=(R?), for somel < p < oo. Then we can bound,u by
splitting as usual in an inner part

(z —y) " (0n0(x,t) — 6,0(y, 1))
Oplin(x, 1) = P.V./ dy
(w%) lz—y|<p | =yl
a medium part whep < |z — y| < R, and an outer part. We note that
|0nwin (x,t)| < c1n/pDp(z,t) (3.29)
follows immediately from the Cauchy-Schwartz inequalfgr the medium part we have
R
|0nUmed(x,t)] < cool|O0||Loe log (;) (3.30)
while for the outer part, we use integrability Ir¥ of ¢, to obtain
_d
|0ntout(x,t)] < ¢pl|00||LrR 7. (3.31)

We distinguish between the casbg < 1 andDy, > 1. If D;, < 1 we choosep = R = 1 and we obtain in
this case

\5hu(x,t)] <c+ Cp”HQHLp.
If Dy, > 1 we choose = D; ' andR = 1 to obtain
\5hu(ac, t)‘ < c1 + COOHQOHLOO log(Dh) + CPHQ()HLP.
Summarizing, we obtain

|0pu(x,t)| < C1 + Culog, (Dp) (3.32)
where we set
Ci=c1+¢llbollrr, p< o0 (3.33)
and
Coo = Coolfo]| o~ (3.34)

Now we use the elementary inequality

Chloga < g + Cblog(2Ch) (3.35)
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valid for C' > 0,a > 0,b > 0. This inequality follows immediately from
— < exm,

In fact, (3.39 also holds withlog replaced bylog_ . Applying this inequality withC' = ¥'C, a = Dy,
andb = (6,6(x,t))?, we obtain

|0pu(x, )| ¥y < (ID% + (Cl +Cx log+(2\I/’COO]5h9(x,t)]2)>\11’v. (3.36)
Using (3.36) we obtain from 8.28
1
Lv+ 5®(h)Dy < (ol + O log+(8\I’/COO||90||%oo)) Uy (3.37)
Let us take now > 0 and observe that
(0r8(x))> / onf(y) T —y
> oy :
Dp(z,t) 2 ea=— 2co(0n0(x)) S e X\ ——)dy (3.38)

with x(y) a non-negative radial cut-off vanishing foy| < 1 and identically equal td for |y| > 2. If
r > 3|h| we obtain

Sp0(x,t))? 0ol < |1
Dy(z,t) > 05( h (f’ ) —Cﬁ” O”TLZ | ’](5h9(m,t)] (3.39)
Without loss of generality, we may assui@e> 3cs. Then we define
2cq|h|[|6o]| Lo
S 3.40
c5|0n0(x, t)] ( )
In view of the fact thato,6(z,t)| < 2||6p]|L~, we have that > 3|h|, and from 8.39 we deduce that
1 léhﬂ(w,t)\?’
—Dj(w,t) > e n UL (3.42)
2 |Al[|6o]| oo
and consequently
3
1 V2 1
—ODp(x,t) > cr——— P72 (3.42)
2 A/ 1|00 ]| Lo
Using the lower bound3(42) in (3.37), we deduce that
v+ ——' 43072 < Cpgp (1 + log(1 + ¥)) U'v (3.43)
A/ 1|60 ]| Lo
where
Crnaz = max{C), Cx} (3.44)
and
Cp =1+ ¢ 100l| o + coollfol| > 1og 1 (Scoo o [F) - (3.45)
Let us denote
docr|[foll L
= 3.46
q 10 (3.46)

Note thaty is a fixed constant that depends in an explicit and computableer or,
alone. Let us now assume thhtsatisfies

' (y)(1 +log(1 + ¥'(y))) <

0ol L, and||o || L»

(3.47)

ASES

for all y > 0. Then we deduce that
Lv <0 (3.48)
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2 2
5%(1) and, a forteriori (becausé < 1), whenever > % Let us denote

holds whenever > 16 g

F(p) = p(1 +log(1 + p)) (3.49)
defined forp > 0. Clearly
F'(p) =1+ log(1 P >
(p) =1+ log( +p)+1+p_ ,
so F'is strictly increasing and
F(p)>p
becausd’(0) = 0. The inequality we need is therefore
() < P <€> (3.50)
Yy

whereF ! is the inverse function. Now, because< F it follows that
1 +log(l+p) <1+log(l+F)
and in view of

B F
P= 1+ log(1 + p)
we have
F
> 3.51
P =T log(1 + F) (3:51)
Reading this ap = F'~! (%) i.e., for F(p) = (%) we have
q -1 <Q>
<12, (3.52)
y<1+10g(1+%)) Yy
Therefore 8.50 and thus 8.47) will be satisfied if
W (y) < a . (3.53)
y <1 + log (1 + %))
The function
1

|_>
2(1+log(1 + 1))
is not integrable near infinity, nor near zero. This is a gdudd. The right hand side of3(53 tends to
infinity asy — 0. Let us pickl > 0 and define

_ [’ q
Gi(y) —/l 2l +Tog (1+ %))daj. (3.54)

We define¥ (y) to equal identically (y) = 0 for 0 < y < L, U(y) = G;(y) for y > I and satisfying .53
for all y. More precisely, we take a smooth functigr(y), equal to0 for 0 < y < [/2, equal tol for y > [,
satisfying0 < ¢;(y) < 1 for all y and define

/ . q
V(y) = ¢z(y)y (1 s (1 N %))

(3.55)

and consequently

[ q
W(y) = /0 o) - i (1+%))dy. (3.56)



12 PETER CONSTANTIN AND VLAD VICOL

Becausey € L'(R?¥) N L>°(R?*?) and L has a weak maximum principle we have
[o( 85 )llzee < Jlvo(s )l (3.57)
forall0 <t < Tif ||ug||pe < % Now, if 6 has the propert¥)SS;, s with with length Ly, and because
lim G;(y) = oo,
1—0

by choosing small enough (depending diy andg) we can assure that

3
lvollz < T
and so
52
lv(z, t;h)| < % (3.58)
for all z, h and allt < T', which means that
50, 1)] < ebHn) (3.59)

holds for allz, all h and allt < T. Therefore|6,0(z,t)| < & forall =, t < T, and|h| < ¥~1(2log4).

In order to rigorously justify the maximum-principle-typstimate 8.58), one may proceed as in the proof
of Theorem3.2. Namely, we introduce a smooth non-decreasing convexiumet(r) which is identically
0on0 < r < §2/16, and positive otherwise. Multiplying3(37) with ¢’(v), and using the specific choice
of ¥ made above we may in fact show thap(v(x,t;h)) < 0 pointwise inx, h, andt. SinceL has a
weak maximum principle, we obtai3.67) with v replaced byp(v). Our suitable choice dfsmall enough
ensures thap(vg) = 0 a.e., which then prove8(68), concluding the proof of the theorem. O

Combining Theorem8.2and3.3we arrive at:

Theorem 3.4(Global well-posedness for critical SQG).Letd, € .7 (R?). Then there exits a unique global
in time smooth solutiofl(z, t) of the initial value problem associated with the critical S@quation.

Proof of Theoren3.4. Fix dy as in the statement of Theoreh®, and pick an arbitrar{/” > 0. There exists
a bounded weak solutiof(z, t) on [0, T]. Sinced, is in particular uniformly continuous, it automatically
has theD S S5, /s property. By Theore.3, it follows thatf(x, t) has the uniform0.SSs, property on0, 77,

and hence by Theoref12we have that € L>([0, T]; W1°(R%)). This is sub-critical information which
may be used to bootstrap and show that C>°((0,7") x R%). From the proof it is clear that in fact we only
need the initial data to lie ifi’->°(R¢) and have sufficient decay at spacial infinity. O

Remark 3.5(Conditional regularity for the super-critical SQG). By combining the proof of Theore5
and that of Theorerfi.2, one may show that # € L>(0,T’; C?%), then

VO(z, 1))

Vo(z,t) - A*VO(x,t) > 1AO‘\VH(ﬂcalt)\z +cr |
2 M1-5

whereM = [|0]| o ¢s. Therefore,

1 2+%5 D
—((%+u-V+A°‘)\V€(m,t)\2—i—cl've(x’tl : + (2,)
2 Mi1=5 2

with D as defined by4.11). To bound|Vu(z,t)| we split in two pieces, according {® > 0. The inner

piece is bounded by, D'/2p*/2, while the outer piece is bounded byM /p'—°. The Schwartz inequality

and optimizing inp gives

< |Vu(z,t)| |VO(z,t)? (3.60)

D a o
IVO(z, )2 Vu(z,t) < @ + A M55 [VO(x, £)[* 5 (3.61)
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Therefore, it follows from 8.60) and @.61) that if
« 2a o o
24+ —— >4 & + >2&50>1—-«
1-6 1-0+a (1-6)2 1-946
then the maximum ofV#| can not exceed a certain constant which dependa/orshowing thatvVe <

L>=(0,T; L>(R%)) and hencé is a regular solution or0, 7). This recovers the results ofJ], without
making use of the Besov-space techniques.

2

4. CRITICAL BURGERS INd DIMENSIONS

Returning to the example from the Introduction, we can useekact same strategy to prove global
existence of smooth solutions for critical Burgers equegio/Me consider
010 + %WQP +A0=0
differentiate and obtain
ou+u-Vu+Au=0 (4.2)
for u = V6. It is easy to show thaful|| .- is non-increasing as long as solutions are smooth. We have:

Theorem 4.1(Global regularity for critical d — D Burgers). Assumey, € . (R%). The Cauchy problem
for the Burgers equatiof.1) is globally well posed in the smooth category.

We only give a sketch of the proof, since almost all argumeatsbe carried over from the SQG case.
Letting

9= |Vu| = (diu;0u;)"”
we have that
(O +u-V+A)g*+ D+ 20;u,05u;0ju; =0 (4.2)
J J
with

D(z,t) = cOP.V./ [Vulz) - Vu(y)‘zdy.

Rd |z — gyt
We assume the propertySSs, for w. The main difference between Burgers and SQG is that.ip) (ve

haveg? instead ofg>Ru, so that we to use th@S.S property in the lower bound for the positive terih

rather than in bounding®. We (softly) split the integral expression far according top anddy, and then
optimize inp to obtain

Vu(z) — Vu(y 2
bz | T,
lz—y|>p [z -yl
2
g u(x) —uly 1
> — czg/ %dy — 2¢a9||u| poe / T
P p<lz—yl<L | =Yl le—y|>L 1T — Yl
2
g 9%  glullze
DAk . L | 7k
> ’ 3 2 €37 13
3
g glluoll L=
> o ZTONE 4.3
L (4.3)

whereL is the length scale of the propertyS.S;,. It is enough to havé, sufficiently small, e.g. less than
¢4/2, to deduce thag is bounded. This proves that the small shocks property @apkgularity.

The proof of stability ofOS'S is similar (and simpler) than the proof for SQG. There we fadidrk in
order to boundd,u| in terms of|d;, 6|, but as above here there is no need to do this. Thus, the O Hafity
for ¥’ (corresponding to3.47) above) does not involve logarithms, and is simyty< % This function is
clearly also not integrable around= 0, and so the argument given iB8.49—(3.59 can be carried through.
We obtain thus global existence of smooth solutions foroaitBurgers equations R?.
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5. A NONLOCAL ANTI-SYMMETRIC PERTURBATION OF THEEULER EQUATIONS

The Euler equations are the classical model for the moti@anatleal incompressible fluid. These equa-
tions give rise to some of the most challenging problems itheraatical fluid dynamics. See, for instance,
the survey articles?, 9, 10], the books 7, 28], and references therein for a review of the subject. When it
comes to the issue of global existence and regularity otisalsito the Euler (and Navier-Stokes) equations,
the problem is much better understood in the two-dimensicese. The main reason is that in two dimen-
sions the vorticity stretching term is absent, allowing éoebtain a global in time maximum principle
for the vorticity. This maximum principle is the key ingredi in the proofs of global existence of smooth
solutions to the Euler equations (coupled with the Br&dlouét or more precisely the Beale-Kato-Majda
inequality, see for instancd,[26]).

Here we would like to point out that current methods for ustierding the Euler equations, even in two
dimensions, are not robust with respect to very mild pedtions in the equation. In this direction we
consider the following example of a two-dimensional Eulguation with solution dependent forcing that is
linear, nonlocal,andanti-symmetric

Ju+u-Vu+Vp=ARu (5.1)

V U = 0 (5'2)
whereR; = 9;A~! is the Riesz transform with Fourier symbeli¢;/|¢|, and A > 0 is some given
amplitude of the perturbation. He(e,t) € R? x [0,oc0). The immediate difficulty arising in the analysis
of global smooth solutions to the initial value problem asst@d to 6.1)—(5.2) is the lack of an a priori
control of theL> norm of the vorticityw = V= - u = 9;us — dyuy, due to the unboundedness of the Riesz
transform inL°°. Indeed, from the vorticity equation associated3d)—(5.2), i.e.

Ow+u-Vw=ARw (5.3)

w=Vtou,V-u=0 (5.4)

we only obtain global in time bounds on thé& norms ofw, with 1 < p < co. Alternatively, if one were able
to control||w(-, )| Bao, globally in time, the global regularity o6(1)—(5.2) would also follow (cf. R6]).

We mention that recently the first author and collaborataxetanalyzed ind] the so-called_oglog-Euler
equation, i.e. the active scalar equation

00 +v-VO=0 (5.5)
v=VIATIP(A)F (5.6)
whereP(A) is a Fourier multiplier with symbol

P(l¢]) = (log(1 +log(1 +¢[*))) ",

and0 < ~ < 1. If one regard¥) as the vorticity, the difference between the systénd)}{(5.6) and
the classical Euler equations is that the veloeitis logarithmically more singular. To obtain the global
regularity of smooth solution tob(5)—(5.6), with even more singular velocities, i.e. for functiofsthat
grow faster thafog log |£| as|¢| — oo, is an open problem. We remark that the features which make th
systems §.3—(5.4) and 6.5—(5.6) more difficult than the classical Euler equations are ded#nt nature.
For the Loglog-Euler system the> maximum principle is available and the difficulty arrivesrir the
borderline nature of the logarithmic estimate||&fv||z- in terms of |||/ z~. For the system&.3)—(5.4)
estimating||Vul| - in terms of |w|| .~ is done exactly the same as for the Euler equations, but we are
lacking the a priori control ofjw|| 7.

The motivation for addressing linear, nonlocal, anti-syeimc perturbations of the Euler equations is
quite basic: consider the solution-dependent forced emnst

Ou+u-Vu+Vp= f(u), V-u=0 (5.7)
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wheref = (f1, f2), andf1, fo: R? — R are smooth and bounded functions. Such an equation may arise
naturally for example if the Euler equations are coupledhwitother quantity that is transported dyor

for instance in the study of the stochastic Euler equatioitis mvultiplicative noise. In order to address the
global in time regularity of%.7), one classically analyzes the equation solved by theoitytb = V+ - u
namely

Ow +u - Vw = =01 fiw — (01 f2 + 02 f1)Riow + (02 fa — 01 f1)Ruw (5.8)

whereR,;; are iterated Riesz transformdsd; A~2, and we have used the two-dimensional Biot-Savart law
u = (—0eA™2w, 91 A~2w). While the first term on the right side of 06.@) is harmless fo,> estimates on
w, unlessf is such thav); fs + 02 f1 = 02fo — 91 f1 = 0 identically, the remaining two terms are both of
the typeV f R;;w, i.e. a bounded smooth function multiplied by a Calderggiriund operator acting on
w. This prevents one from obtaining dr¥° maximum principle forw using classical methods. Therefore
it is natural to simplify the right side 065(8), and have it contain just a constant multiple of one Calder”
Zygmund operator acting an, which for simplicity we take to b&; = 9;A~! yielding (5.3)—(5.4).

The principal result of this section is to prove that if onguiarizes the systen® (3)—(5.4) by introducing
a very mildly dissipative operatof, one may a priori obtain the global in time control of th&® norm
of the vorticity, and hence the resulting equations are alglwell-posed in the smooth category. More
precisely, we consider the system

Ow~+ Lw+u-Vw=ARw (5.9
w=Vt.ou, V-u=0, (5.10)

onR? x [0,00), whereA > 0 is the amplitude of the perturbation and the dissipativeratpe. is defined
via

Lo(z) = P.V./ w(z) _ wz=y) 4 (5.11)
k2 lyPPm(yl)
The smooth, non-decreasing function [0, o) [0 00), is taken to satisfy
/ ) g < oo (5.12)

and for simplicity also assume thait satisfies the doublmg condition
m(2r) < cm(r) (5.13)

for some universal constant> 0, and for all» > 0. The classical examples of an operatgrsatisfying
(5.11)—(5.13 are the fractional powers of the Laplacian

w(z) —w(z —y)
Aw(x) = c, P.V. /R? e dy

for a € (0,1), so thatn(r) = r*/c,, Wherec,, is a normalizing constant. However one may consider dissi-
pative operators that ameeakerthan any power of the fractional Laplacian. For instanceroag consider
an operatoiZ defined via §.11), with m(r) an increasing positive function that behaves lik¢— In r)!*<
for all sufficiently smallr, and some: > 0. Condition 6.12) says that at sufficiently small scales the
dissipative operatof is stronger than the forcing R, .

The main result of this section is:

Theorem 5.1(Global regularity). Let £ be a dissipative operator defined (y.11), with m satisfying
(5.12—5.13, and let the initial datav(-,0) = wy be smooth, e.g. i/ *, with s > 1. Then the initial value
problem associated t%.9)—(5.10 has a unique global in time solutian € C'(0, co; H?).

In fact, the global regularity of smooth solutions @ 9—(5.10) still holds if the condition $.12) is
weakened to only assume tHan, o, m(r) = 0 (cf. Remark5.4 below). The proof of Theorerh.1is
based on classical Sobolev energy estimates, the BeateM&ta inequality (cf. 1]), and establishing the
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a priori control of theL> norm ofw. Obtaining a suitable bound djw|| .~ is the main difficulty, and in
this direction we have the following global in time estimate

Theorem 5.2(Global L control). Letwy € H*® for somes > 1, and let£ be defined vig5.11)—5.13).
There exists a positive constabt = M (A, m, ||wo|| =) such that itv is a H*-smooth solution of the initial
value problem associated {6.9—5.10 on [0, T), then we have

lw(-, )|z < M
forall ¢t € [0, 7).
Before we turn to the proof of Theoref?2, we point out that the systers.Q)—(5.10 is conservative.

Remark 5.3 (Energy and enstrophy conservation).We note thatfR2 uRqu dxr = 0 sinceR; is given by

an odd Fourier symbol. Hence if we multiply the dissipatieesion of £.1) by « and integrate by parts we
obtain thatd; [p. |u|*(z,t) dz = 0, if u is smooth enough. Therefore, the enefigy(? . is non-increasing
for smooth solutions to5(9). Similarly, if one multiplies $.9) by w and integrates by parts, one obtains that
for smooth solutions the enstrophy||, is also non-increasing.

Proof of Theoren®.2. Multiplying (5.9) by w(x) we obtain
1
5(@ +u - V)|w(z, t)]? + w(z, t)Lw(z, t) = Aw(z, t)Riw(z, t)

and using the pointwise identity (which may be proven theesam@.10))

ol )Ll 1) = LL (e, ) + 200
where as usual
D(z,t) = P.V. /R2 (”(m’t?yE;iTyB 1) (5.14)
we obtain
%(at bV 4 L)l ) + @ = Aw(z Y Ryw(@,b). (5.15)

In order to bound the right side db (L5 we split softly in the integral representation of the Rigansform,
and use the Cauchy-Schwartz inequality to obtain

Aw(z, t)Riw(z, t) = cpAw(z, t)P.V. /R2 (w(z) —w(z — y))’z%dy
w(z) —w(z =yl lnlvmy)
coAlw(x,t)|P.V. . d
=AY ] T b
wiz —y)|
ly|>1 ’y‘Z %
tm(r)

1/2
< e Alw(,t)|y/ D 1) </O Tdr) T s Aleo(, ), Do
D(z,t)

<

+ C4A2|w(x, t)|2 + csAlw(x, t)|||wol| 2 (5.16)

Herec, depends linearly o[fol @dr, a quantity assumed to be finite in.{2. Thus, 6.15—(5.16) give

1 D(z,t
5(@ +u-V 4+ L)|w(z,t)]* + % < ey A2 |w(z, t)]? + c3Alw(z, t)|||lwol| 12 (5.17)
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for a universal constant; > 0, and a constant; > 0 which may depend om. To boundD(z,t) from
below, we letp > 0 and sincen is increasing estimate

(w(z,t) — w(z —y,1))?
O e T T R
o A g e
2@l | WPy @O TuEm )

s % ;

— m(1) m(p)’
We could now optimize ip and obtain a positive lower bound fér, but in fact there is no need to do that.
We simply pickp = p(A,m) € (0,1) to be such that

C5 1 2
In - A°.
8m(1) . p -

For this fixedp from (5.17)—(5.18) we obtain

1
jw(a, 1) In = = csle(z, &) lwoll 2 (5.18)

1
50+ u- Vot D)@, O + eglw(z, O] < erlw(z, 8)ll|woll 2 (5.19)

for some positive constantg, c; which may depend op, m, and A. The a priori estimate5(19 shows
that (0; + u - V + £)|w|? < 0 wheneverw(z,t)| > cr|jwo| z2/cs. Again, if the maximum ofw(z)| were
attained at some point, sinceV|w(z)|? = 0, andLw(z) > 0 we would formally obtain from%.19) that
Olw(z)|? < 0 wheneverlw(z)] is too large, showing that the> norm of w can never exceed a certain
value. As in the proof of Theoreri.2, in order to make this argument rigorous, we introduce a non-
decreasing convex smooth functigir) which is identicallyd on 0 < r < max{||wo||F, F|lwol|72/c3}

and positive otherwise. Multiplying5(19) by ¢’ (|w(z, t)|?) then gives

(O +u-V+ L)p(|w(z,t)?) <0 (5.20)
for all z and allt € [0, T"). Itis not hard to verify (as in16]) that £ is positive onL?, i.e.

1@ r@es @i = o
for all smooth functionsf, and allp even. Hence from5.20) we may obtain the weak maximum principle

()P pee < ll(lwof*)l[zee =0

due to our choice op. This shows thafjw(-,t)|| < M = max{||wo|| L, crl|wollr2/cc} forall ¢ € [0,T),
concluding the proof of the theorem. O

Remark 5.4 (Global well-posedness with arbitrarily weak dissipation) Using an argument inspired by
the work R2] for the critically dissipative dispersive SQG equationganay obtain the globdl® bound
stated in Theorerb.2 underweakerconditions onm, namely if 6.12) is replaced by

Tl_l)r&m(r) = 0. (5.21)
The main ideas is as follows. If we were to assume that for Jored timet, thesup,,cg> w(z, t) is attained
atw(z), then atz the advective term in5(9) vanishes and we are left with

[ w@E—y) —w(@) 1 Ay
Ow(Z) = /R2 Y2 <m(|y|) - 27T|y|> W

in the principal value sense. The smallnesswf) with respect td /A asr — 0+ implies that there exists a
small enouglp > 0 so that when restricted tpc B,(0), the integral on the right side d621) is negative.
The contribution from the exterior of the bal, is proportional to|jw(-,t)||z2 < ||wol|z2. Therefore, at
maxima ofw we have the bound

Ow(Z,t) < cllwollr2-
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A similar argument applied to the minimum would then showt ths-, ¢) || = may be bounded alvg ||z, +
ct||wollz2 for all ¢ € [0,T"). However, since such a poistwhere the maximum (or minimum) is attained
may not exist, we need to look at the evolutiéndj when multiplied by a smooth cut-off function, leaving
us to estimating lower order terms. We omit further details.

Proof of Theorenb.1. The local existence of smooth solutionse L H:, with s > 2, for the velocity
equations %.1)—(5.2) follows straightforward from the energy inequality
1d
2 dt
and the Sobolev embedding theorem. Estimat2dj is proven the same as for the Euler equations, since
Jg2 0°Ryu - 8%u dz = 0 for all « € N?, and hence the ter;u is absent inL.?-based estimates.

To obtain the global existence of smooth solutionsstd)&(5.2), the standard procedure is to bound the
term ||Vul|~ with |lw| L~ and a Sobolev extrapolation inequality with logarithmiareation (see, for
instance 1, 26]). Since the termR,u vanishes inH® energy estimates, it is not hard to check that the
following blow-up criterion may be obtained directly frors.22 and the Beale-Kato-Majda inequality:

lullZrs < esl|Vull oo fullZs (5.22)

t
If tli/n%/ lw(-, )|z ds < oo, then the smooth solution may be continued Fast
0

In addition, one may prove using similar argumentsl§] fhat £ is positive on inl.? estimates withp even.

It hence directly follows that the above blow-up criteriavhich is proven for the non-dissipative equations,
also hold for the dissipative systerd.§)—(5.10), and hence the global regularity of smooth solutions holds
due to the a priori bound ojfw(-, ¢)|| obtained in Theorerh.2 O

Lastly, we point out that one may obtain a direct time-indef@at a priori estimate of\Vw|| -, for
smooth solutionss of (5.9)—(5.10). For simplicity we give a sketch the proof the¥w(-, t)|| L~ is bounded
ast — oo if the dissipative operatof is a fractional power of the Laplacian.

Proposition 5.5(Uniform 11> control). Letw € C((0,T); H*) be a solution of the initial value problem
associated t@5.9—«5.10), with £ = A“ for somex € (0,2). Then we have

IVw(t)llzee < M
forall ¢t € [0,T), whereM = M (A, «, ||wol| 2, [|wollw. ), iS & suitable constant.

Proof of Propositiorb.5. Taking the gradient of5.9) and taking an inner product witffw we obtain the
pointwise bound (we omit time dependence)

D(z)
2

%(@ +u- V4 AY)|Vw(z))? + = AR 1Vw(x) - Vw(z) + Vu(z): Vw(z) - Vw(z).  (5.23)

where as before

_ [Vw(z) — Vw(z +y)?
D(z) = 5 P.V. /R2 e dy.

We use half of the dissipatioP to obtain the nonlinear lower bound as in Theorer, while the other
half is used to dampen the effect of the dispersive forcingcddnposing the singular integral which defines
R1 into an inner piece and an outer piece according to the paeame> 0, similarly to the proof of
Theorem3.2we obtain

AlVw(z) - RiVw(z)| < e1|Vw(z)[v/D(@)p®? + c1|Vw(z)] le/!)mo

for some constant; = ¢;(A) > 0. After applying the Cauchy-Schwartz inequality and opzimg in p, the

above estimate gives

D(x)
2

24«
14«

AlVw(z) - RiVw(x)| < + c2| Vw(z)| e [|w]| [ 52 (5.24)
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In order to estimat§Vu/| .-, we recall the bound (cf2j])

[ fllzee < 3 (14 Il Bmo(1 + logy || fllws»)) (5.25)

which holds fors > 2/p, 1 < p < oo, and some sufficiently large constant Letting p be sufficiently
large ands € (0, 1), one may interpolatél’*? betweenZ? andW !> and then apply%.25 to f = Vu.
SinceVu is a matrix of Riesz transforms acting anwe havel|Vul|gro < Cllw|| L~ and therefore

IVullLoe < e (14 lwllzee (1 +log (|wllrenzee + [IVwl|ze))) - (5.26)

Assume there exists, a point where the maximum ¢¥w|? is attained (this can be made rigorous using
cut-off functions or convex change of variables). Evah@gi.23 at z, using 6.24), (5.26), and the lower
bound onD(z) given by Theoren2.5, we obtain the a priori estimate

2 IVwlIZEe 2 e
| Vw(Z)|” + YR < esM (14 log (M + ||[Vwl| <)) [Vw||7ee + caM||Vw]| % (5.27)
where M = M (||wo 12, lw]|zg° L), which we knows is finite cf. Theore.2. Lastly, since on the left
side of 6.27) we have||Vw\|%Jgoa, while on the right side off.27) we have the slower growing quantities

24a
Vw2 « log, [[Vw]|| e and||Vw| ;& , we obtain that;|Vw(z)|? < 0, whenevelVw(z)| = ||[Vw|| e~ is
larger than a certain constant. Theref@Réw(-, ¢)||z can never exceed this constant, far 0. O

6. APPLICATIONS TO THE2D BOUSSINESQ EQUATION WITH MIXED FRACTIONAL DISSIPATION

The two-dimensional Boussinesq equations with mixed ivaal dissipation of ordex and 3, denoted
in the following as (B, ), is given by

ou+u-Vu—+ Vp+ A% = e (6.1)
Vw0 (6.2)
04+ u-VO+A0=0 (6.3)

wherees = (0,1), anda, 5 € [0,2]. We make the convention that lay = 0 we mean that there is no
dissipation in 6.1), and similarlys = 0 means that there is no dissipation t3).

The global well-posedness of smooth solutions @(Bs an outstanding open problem in fluid dynamics.
Partial results have been obtained only in the presencessipdition. The well-posedness ofy(B and
(B2,0) have been obtained i[19], while the scaling critical cases (B) and (B ;) have been resolved
in [20] and [21] respectively. We also point out that the case of partiab@mnopic dissipation has been
considered in several settings ¢f, L8, 27] and references therein.

In this section we consider (B3), with botha, 8 € (0,1), and using the nonlinear maximum principles
proven in Sectior?, we prove the global regularity of smooth solutions undeerain condition between
the powers of the fluid and transport dissipations. To thé dfesur knowledge the case when baettand 3
are less than has not been previously addressed. Our main result is:

Theorem 6.1(Global well-posedness for (B g)). Assume tha#l, and v are sufficiently smooth and that
V-ug=0.If > 2/(2+ «), then the Cauchy problem for the {B) equations(6.1)—6.3) has a unique
global in time smooth solutiofw, 7).

For clarity of the presentation we only give here the maim&ef the proof. These ideas may be turned
into a rigorous proof using the arguments described at tHeémheorent3.2

Proof of Theoren®.1. Letw = V-« be the vorticity associated to the velocity The evolution ¢.1) may
be classically written in terms of the vorticity as:

(O +u-V+AY)w=00. (6.4)

It follows from (6.3)—(6.4) and energy estimates that even in the absence of any digsiperms, i.e. for
(Bo,0), the equations are well-posed in the smooth category umeT if fOT IVO(-,t)|| poedt < 0.



20 PETER CONSTANTIN AND VLAD VICOL

From (6.3) and the pointwise identity?(10) we obtain that the evolution ¢%¥¢|? is given by

1 D
5 (8t+u~V+AB) VO + 5 = Vu: V6. V0, (6.5)
where cf. .11) we have
[Vé(x) — Vi(y)|*
D(x) = cgP.V. d
(z) = co /R2 o —ye Y

andcg > 0 is a normalizing constant. Using the nonlinear lower bouhdteeorem?2.5, and thel>
maximum principle foid, we obtain that
0 2+p
D(z) > ¢ 7|V (:Eg
160/ 7,0

for some constant; > 0. Thus, if we evaluates(5) at a pointry = z4(t) where the maximum divVé(z, ¢)|?
is attained, and denoting

(6.6)

O(t) = [IVO(, )| L~
we formally obtain from §.6) that
@ t 2+B
04| VO(xg,t)[* + Cl# < O(t)?||Vu = (6.7)
o700
To obtain a similar a priori estimate for
Q(t) = [lw(-, )l L~
we first observe that fron(1)—(6.3) we have the energy bound
[u()llr2 < lluollrz +¢ll6oll L2 =: K(2) (6.8)

which suggests that we should use ftfeversion of Theoren2.2. More precisely, we first multiply§.4)
by w(z) and then evaluate the equation at a paint z(t) where|w(z,t)|?> achieves its maximum. We
formally obtain from Theorem8.2and2.5that

w|e

- Q(t)2+
O|w(z, t)* + ¢ — <
Ho@, O + cagna <
Lastly, in order to couple the a priori estimaté&s7j and 6.9) we need a bound off\Vu|| 1 in terms of
||lwl|| == . While such a direct bound is not possible, using an extedjool of the endpoint Sobolev inequality

with logarithmic correction, and/® energy estimates with > 1, after some computations we may obtain

O(t)Q(t) (6.9)

IV u(-, )| o < Co + Co(t) + Cof(t) log., <1 + /Ot(1 +K(r) +Q(1) + @(T))Fd7'> (6.10)

whereCy = Co(||wo||Leonms, ||0ol|Leenrrs ), for somes > 3, andl’ = I'(«a, ) > 0. We conclude the proof
of the theorem under the assumption tttai.() holds, and then return afterwards to give the proo6oi().

Assume by contradiction that solutions blow-u@at- 0, and are smooth for atl€ [0, 7"). Note that for
all¢ € [0,7] we haveK (t) < K(T'), and hencef.7), (6.9), (6.10, may be summarized as follows

O|VO(xg, t)]> + C1O(1)*+7
Sa@@20+9®+9@b&<Lﬁﬁ“+KUU+Mﬂ+®hW@Q>(6n)
0

Oylw(z, t)* + CoQ(t)*T2 < O(1)N(1) (6.12)

where©(t) = |Vl(zp,t)| andQ2(t) = |w(z,t)|. The constant&’y, Cy,Cy > 0 depend on various norms of
the initial datao, 5, and K (7).
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Let M > 0 be a sufficiently large constant to be chosen precisely. |&ssuming solutions blow-up at
T, we must have tha®(t) becomes unbounded (at least along a subsequence)-ag’. Since©(t) is
continous in time ori0, 7'), we may definé; € (0,7) to be the first time such th&(¢) = M > 20(0),
that is,[0, T/] is the maximal time interval on whicB(¢) < M holds.

Due to 6.12), on [0, T)/] we must have

Q) < maX{Q(O), <%>T} _ (%)T i

if M is chosen sufficiently large in terms 9{0), «, andCs. The idea behind this is that wheneveft) >
M, (6.10 shows that at the points where)(t) is attained, we havé;|w(z)|?> < 0, and so2(t) cannot

exceed the valua/. Feeding the above bound back info1(1), we obtain that in fact ofD, 7;] we must
have

04| VO(xg, 1) + C1O(1)2HF < C,O(t)2 (1 + M+ Mlog, (1 + T+ K(T)M + M)F))

at the pointsey where©(t) is attained, and hence using a similar argument we get

O(t)? < max {@(0)5, %) (1 + M+ Mlog, (1 +T(1+ K(T)M + M)F)) } . (6.13)

To conclude the proof we claim that M is chosen sufficiently large, the right side 613 can be made
— 2
in fact less thar{\//2)?, which would then contradict the maximality ®%,. Recall that)/ ~ M2+, and

hence up to constants the right side ®flQ is equal tol + Mza (1+41log, M). Since2/(2+ a) < 3, for
any positive constant’,, > 0, by letting M be sufficiently large we may ensure that
MB

It is clear that) may be chosen to only depend 6nK (7'), 2(0), ©(0), Cy, C1, Ca, e, B, i.€. on norms of
the initial data, the candidate blow-up time, and on un&kecsnstants. This is the only place in the proof
where we use the main assumption of the theorem, namhely2/(2 + «).

Thus we have proven that df,T") ©(t) can never exceed a finite constant > 0 (which may be
computed in terms of the initial data afi), and so©(t) cannot blow-up as — 7 wheneverl' < oo,
concluding the proof of the theorem. O

Proof of (6.10. As in (5.26), we first use a version of the Beale-Kato-Majda inequaléypeoven in 26,
Theorem 1] and obtain

IVullgoe < ¢ (1+ [lwllze (1 +logy wlm+)) (6.14)

for some positive universal constant- 0, wheres > 1. Therefore, in order to provés (10) it is sufficient
to find a bound onw in H#, for somes > 1, which dependgolynomiallyon ||w||z-, and on the a priori
controlled quantitiegu|| > and||0|| ;21,0 -
Applying A to (6.4), multiplying with Aw and integrating oveR? we obtain
1d 1 1 _
sl Awlis + FIIAP 2wl < AP0 5. + 71+ T (6.15)
where

T =2 '/Auj(?ijw

and T, =14 '/8kuj8jkwAw

and we have used the summation convention on repeated snditere we have used the estimate <
3a?/4 + b*/3. Upon integrating twice by parts, and using the Holder iradity, we obtain

o 12
«a

2 —_—=
Ty < 2| VAUl 2 [ Awll 2 l|wllzee < efAwlfallwlze < cllullF3* [A*F 20l 537wl (6.16)
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For the last bound of5(16) we have used the Gagliardo-Nirenberg inequality. The dauni/; is a bit more
involved. Letp = (4 — a)/(2 — «). Thenp € (2,4), and alsop < 4/(2 — a) sincea < 1. The Holder,
Calderbn-Zygmund, and the Gagliardo-Nirenberg inetjealgive

Ty < cl|Vull e, [AwllEy < cllw] o, I1Aw]7,
20 4—3a a(2—a) 4(6—«a 2
<c (ku SIS ) (BT e T )
< eflu] 5 | A2 20|72 | 731 (6.17)

whereyi () = =iEray 12(0) = giayetay: andys(a) = %. While the specific values of

~1, 72, andys are highly irrelevant, what is important is that < 2, andvy; + v2 + 73 = 3. We obtain from
the estimateq.15), the bounds&.16—(6.17), and the=-Young inequality that

271 (@) 273 (@)

d [e3 «
S l1Awlzz + IIA2+‘“/2 72 < HA3 *20]12, + cllullZa ol +efull 2wl 2, (6.18)

wherec = ¢(«) is a positive constant. Thus is it left to obtain a bound|ai=2/26|2, = ||A™+5/202,
where we letr = 3 — o/2 — 3/2 > 2. Applying A" to (6.3) and taking an’? inner product withA”6, we
obtain

IIA’"GHL +[ATH0), <

A u - A" 6.19
S e v a7 619)

wherel-, -] denotes a commutator. We use the classical commutatoragstim
A" u- V0l 2 < C([[Vull Lo [|A"0] 2 + [[A"ul[ 2 [[ VO] <) -

We have
2B
IAT0] 72l Vul| oo < IIAHW@H”W 1911 2" IVl oo
8/ 8 294
< QHAT* 126]72 + cllfoll 7 [ Vull 2
1 r o1 (a,
< SglIAT200%: + Calllfo ] 2. 0, I Vul 7. (6.20)
whered; (o, B) = 66a . For the second term in the commutator we may bound

[A0]] L2 | A"l 2| VO] Lo < IIAT 1u}llmIIV@HLMHGII”M||AT+/3/2¢9H2’“3

- __»3 @ a,
< g lIATPR012, + Cal(1]12, 0, ) |A>F w352 Va0 (6.20)

wnereog( o, = ———=. From (©. , (0. , an . we thus obtain
hereds(a, A 2§‘§;§>F 6.19, (6.20, and 6.21) we thus obtai

d r r _atB s (a 62(a,
CINT6IZ: + SIATP2002, < GVl + 0yl A2 F ) B wa e
and summing with&.18 we obtain

d d 1 1
ATz + S [AT01 + SN 2w, + S AT20)3,

271 (@) QWS(Q) a+/;‘

o o 5 _atB 5 5a(ax,
< cllulZalwll & + cllul 5 [wl| 222 + Oy Vaf 0P 4 Oy A2 25 ) 2B g 2
(6.22)

with ~1,v2, 73, 01 andd, as defined above. To conclude, we bound

5 61(055 a o 76)% 1 o «,
IV < g7 A2 2T < LA, ¢ Ol (6.29)
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for somey,(a, 5) > 0. Here we used that

4 4(6 — )
0 = 2.
1(0476)64-61 (6+a)(6—a—5)<
Also, we have
_ath , 92 (a (75) o a (75) o 92 (a
S e e <|r o P o2 D e
AP0, 4 el 5 v (6.24)
for someys(a, 5) andys (e, ) > 0. In the above we have used
o _ _ 2
ba(a, gyl o= B 200 f)

6+a  (6+a)6—a+p)
Hence, insertingq.23—(6.24) into (6.22), we obtain the a priori estimate

d r 1 (03 1 T
= (1Al + 7632 + ol A2/ 2w + 2 A2,

< O3 (14 JJull g2 + wllpe + V8| ze)T @) (6.25)

for someCs > 0 which may depend on various norms of the initial data, angéwne possibly very large
I'(«a, B) > 0. Integrating 6.25 in time, omitting the positive dissipative terms, insegtinto 6.14), gives

[IVu(t)||lzee < Cs + Caflw(t)||ze

t
+ Calw(t)]| Lo logy <1 +/0 (L+ u(m)l 2 + W)l pe + [VO(T)|[)" P dT>

for some sulfficiently large’, depending on norms of the initial data, concluding the pafdahe a priori
estimate §.10). O
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