
SMOOTH AND STABLE EULER IMPLOSIONS

JIAJIE CHEN, STEVE SHKOLLER, AND VLAD VICOL

ABSTRACT. We construct a new class of self-similar implosion profiles for the multi-dimensional compress-
ible Euler equations. These profiles are smooth, genuinely non-isentropic, radially/spherically symmetric, and
have explicit (closed-form) similarity exponents. We prove that the exact Euler solution corresponding to the
ground state implosion profile is stable to radially symmetric perturbations, as a solution to the full nonlinear
compressible Euler equations, modulo a one-dimensional compatibility condition on the initial data. For per-
turbations of the Euler solution corresponding to the ground state implosion profile of a monatomic or diatomic
gas, that do not obey any symmetry assumptions, we provide a complete characterization of the set of initial
data that yield nonlinear stability.
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1. INTRODUCTION

The compressible Euler equations admit a remarkable class of singularities known as implosions, in
which at least one of the primary flow variables (typically density and/or pressure) becomes unbounded
at a single point in spacetime. This is in contrast to shock singularities, where the primary flow variables
remain bounded but their gradients become unbounded. Understanding the existence and stability of such
singularities is a fundamental problem in fluid/gas dynamics.

Prior to this work, implosions lying in two extreme regularity classes were proven to exist for the com-
pressible Euler equations: imploding shocks and smooth isentropic implosions. The main features and
drawbacks of these two classes of solutions may be briefly summarized as follows (a full discussion and
detailed bibliographic account is given in Section 1.8 below):
• Imploding shocks. The classical implosion scenario is given by Guderley’s 1942 self-similar solu-

tion [31], re-discovered by Landau and Stanyukovich [64] in 1944–1945. It describes a radial/spherical
shock wave converging inward into a quiescent medium (constant density, zero velocity, zero pressure),
leading to a finite time collapse at the spatial origin. As the shock focuses, both the pressure and the
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radial velocity diverge at the moment of collapse, but the density remains finite; see Figure 1. Guderley’s
solution applies to the full (non-isentropic) Euler system. Linear mode analysis suggests stability of the
Guderley solution under radially symmetric perturbations [51, 15], while linear instability to non-radial
perturbations has been established in [6, 68]. A significant limitation of Guderley’s solution is that the
similarity exponent can only be determined numerically, to a specified precision, by solving a nonlinear
eigenvalue problem at the sonic point [45, 57]. Although Guderley’s imploding shock was recently shown
to arise dynamically from classical (shock-free) initial data [24], it cannot arise from initial data that is
globally C2-smooth. A final drawback is that Guderley’s imploding shock solution assumes propaga-
tion into a quiescent core at zero pressure (and hence identically zero temperature); consequently, it is
inconsistent with both the vanishing-viscosity limit of the compressible Navier–Stokes equations and the
hydrodynamic limit of standard kinetic models such as the Boltzmann or Landau equations.
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FIGURE 1. Snapshots of the radial density ρ(r, t) (red, left) and pressure p(r, t) (blue, right) for the Guderley
implosion (for d = 3, γ = 7/5, and similarity exponent reported by Lazarus [45]), at four successive times,
with darker shades indicating later times. Ahead of the imploding shock the density is a positive constant and
the pressure vanishes identically. As t → t−∗ , the time of implosion, the density remains bounded while the
pressure diverges near the origin.

• Smooth isentropic implosions. A remarkable class of new Euler implosions was discovered by Merle,
Raphaël, Rodnianski, and Szeftel [48]; see also the refinements in [7, 60]. These self-similar solutions
contain no vacuum regions and remain C∞ smooth until the singular time; in particular, they contain no
shocks. These smooth implosions arise in the context of the isentropic Euler system, with p = 1

γρ
γ and

constant entropy; as such, as the density blows up, the pressure is forced to blow up as well, with the
radial velocity also diverging at the time of collapse; see Figure 2. They are constructed for quantized
(discrete) values of the similarity exponent, which are determined implicitly by requiring smooth pas-
sage through the sonic point. Thus, as in the Guderley problem, the similarity exponent of the smooth
implosions constructed in [48, 7, 60] is not explicit, and can only be approximated numerically. A sig-
nificant limitation of these smooth isentropic implosions is that they are conjectured to be unstable, even
within radial/spherical symmetry, on the basis of the numerical mode analysis of [3]. Specifically, the
studies in [3] suggest that generic radial perturbations of the implosion profiles from [48] are deflected
away from the smooth implosion, typically resulting in a gradient catastrophe (shock formation) before
collapse. This conjectured instability (even in radial/spherical symmetry), combined with the fact that the
similarity exponent can only be computed numerically (to a given precision), implies that smooth isen-
tropic implosions cannot be observed in direct numerical simulations of the compressible Euler system,
even when the scheme is restricted to the radially symmetric setting.
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FIGURE 2. Snapshots of the radial density ρ(r, t) (red, left) and pressure p(r, t) (blue, right) for the smooth
isentropic implosion of Merle, Raphaël, Rodnianski, and Szeftel [48] (for d = 3, γ = 7/5, N = 1, and
similarity exponent as reported by Biasi [3]), at four successive times, with darker shades indicating later times.
The profiles are everywhere C∞-smooth and shock-free; in particular, no vacuum forms at any finite r, even
though ρ(r, t) and p(r, t) decay rapidly in r. As t→ t−∗ , the relation p = 1

γ
ργ forces the density and pressure

to diverge simultaneously at r = 0.

The goal of the present paper is to introduce a new class of smooth, self-similar implosion solutions
for the full (non-isentropic) compressible Euler equations (see Sections 1.6 and 1.7 for the main results in
abbreviated form), which mitigates the limitations of all known previous constructions:

• Smooth. Given a dimension d and an adiabatic exponent γ, we construct a sequence of globally self-
similar imploding Euler solutions, indexed by an integer N ≥ 1, see Section 2. These solutions have
smooth (real analytic) density, velocity, and pressure; they are radially/spherically symmetric, and they
have a strictly positive density (see Figure 4). In particular, there is no shock discontinuity, and there is
no quiescent core. See Remark 2.1 for the formula relating the Euler solution to the self-similar profiles.

• Explicit similarity exponents. The similarity exponents c̄r, c̄u, and c̄b (see the self-similar ansatz in
Section 1.5), are given by explicit closed-form expressions in terms of the adiabatic constant γ, the spatial
dimension d, and the integer parameter N ≥ 1, see Definition 2.5. These similarity exponents are largest
for N = 1, and we refer to the associated self-similar profiles as the ground state profiles. As opposed
to Guderley’s imploding shock, and as opposed to the smooth isentropic implosions in [48, 7, 60], no
shooting method or numerical eigenvalue computation is required to determine the similarity exponents.
• Genuinely non-isentropic. The solutions we analyze in this paper solve the full Euler system (1.1)

and are genuinely non-isentropic. The pressure is taken to vanish at x = 0 and be strictly positive
elsewhere; together with u(·, 0) = 0, this is dynamically preserved by the Euler evolution (1.2). The
density, by contrast, is strictly positive everywhere, including at x = 0. Consequently, since p(0, t) = 0
but ρ(0, t) > 0, the isentropic pressure law p = 1

γρ
γ cannot hold at x = 0. This decoupling opens the

possibility that the pressure and the density behave qualitatively differently at the time of collapse: the
density always blows up (see Definition 1.3, Remark 1.6, and Section 1.6.1), but the pressure need not
(see Figure 4).

• Full stability of the ground state in radial symmetry. For all d and γ, the smooth implosion profile
of the ground state at N = 1 is asymptotically stable under perturbations in an open set of smooth ra-
dially/spherically symmetric initial data, with pressure vanishing at the origin. See Theorem 3.15 and
Remark 3.17, which provide the full stability picture under symmetry assumptions, for all N ≥ 1. Note
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FIGURE 3. Snapshots of the radial density ρ(r, t) (red, left) and pressure p(r, t) (blue, right) for the ground-
state implosion profile constructed in this paper, for d = 3, γ = 5

3
(3D monatomic gas), and N = 1, at

four successive times, with darker shades indicating later times. The profiles are everywhere C∞-smooth and
shock-free, the density is strictly positive for all r ≥ 0, and the pressure vanishes only at r = 0; a one-point
compatibility condition dynamically preserved by the Euler evolution. As t → t−∗ , both the density and the
pressure diverge in a vicinity of the origin, while p(0, t) = 0 is maintained for all t < t∗.
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FIGURE 4. Snapshots of the radial density ρ(r, t) (red, left) and pressure p(r, t) (blue, right) for the new
ground-state implosion profile constructed in this paper, for d = 2 with γ = 2 (2D monatomic gas), and
N = 1, at four successive times, with darker shades indicating later times. As in the 3D monatomic case, the
profiles are everywhere C∞-smooth and shock-free, the density is strictly positive for all r, and the pressure
vanishes only at r = 0. In contrast to the 3D case, however, as t → t−∗ only the density ρ(r, t) diverges
in a vicinity of the origin: the pressure p(r, t) remains uniformly bounded, with the spatial pressure profile
steepening and saturating at a finite asymptote for large r.

that for Guderley’s imploding shock, linear mode analysis [51, 15] supports stability within radial symme-
try; however, no rigorous nonlinear PDE stability result for the Guderley solution is presently available,
even under radial symmetry. We also note that the stability of our ground state profile (cf. Theorem 3.15)
stands in sharp contrast to the smooth isentropic implosions of [48, 7, 60], which are conjectured (on the
basis of the numerical evidence in [3]) to be unstable even within radial symmetry.
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• Complete characterization of non-radial instabilities. For the ground state profile at N = 1, and
the physically most-relevant cases of a monatomic gas (γ = d+2

d ) and diatomic gas (γ = 2d+1
2d−1 ), we

determine the exact dimension of the unstable+center manifold for non-radial/non-spherical perturba-
tions and provide a complete characterization of this manifold. Modulo these finitely many compatibility
conditions on the initial data, the implosion is nonlinearly stable for general (non-radial) perturbations;
see Theorems 4.4 and 5.1. This provides, to the best of our knowledge, the first complete nonlinear PDE
stability result for smooth imploding solutions of the multi-dimensional compressible Euler equations,
with respect to perturbations that need not preserve any spatial symmetry of the underlying profile.
• A new numerical benchmark. Due to their stability properties and the explicit nature of the similarity

exponents, the smooth Euler implosions constructed in this paper (corresponding to the ground state at
N = 1 in the case of a monatomic/diatomic gas) provide new exact analytic solutions of the multi-
dimensional Euler equations in a regime of unbounded density growth, and may be used to benchmark
the accuracy of existing numerical codes.
◦ For numerical codes which implement the Euler equations directly in radial symmetry (1.7), the ad-

vantages our smooth implosions present over the Guderley solution (which has historically been used
extensively as a benchmark [57]) are threefold: the similarity exponents are explicit (no shooting
method required to compute them), the solutions do not contain a shock (no front-tracking required),
and the pressure only vanishes at one point (a boundary/compatibility condition dynamically pre-
served by Euler cf. (1.2c)) instead of in the entire quiescent region (zero pressure in an open set is
difficult to propagate numerically with the existing regularization schemes).
◦ For numerical codes which implement the Euler equations (1.2) without any symmetry assumptions,

our solutions present significant advantages that go beyond those mentioned above. Chief among
these is the fact that our smooth implosions are stable even outside of spherical symmetry, if the
initial data for density, velocity, and pressure is chosen to satisfy finitely many, explicit, compatibility
conditions at x = 0;1 see (4.3) and item (v) in Theorem 5.1. In particular, we provide large classes
of initial data with nonzero vorticity and nontrivial entropy variation, which are constant outside a
compact set (cf. Remark 4.8) and which lead to a finite-time implosion in a stable fashion.

• The hydrodynamic limit for a broad range of kinetic collision operators. It was recently shown in [2]
that there exist smooth, strictly positive initial data for the inhomogeneous Landau equation with very
hard potentials γkin ∈ (

√
3, 2], which lead to finite time singularities. The Landau singular solution

constructed in [2] is asymptotically hydrodynamic, in the sense that the distribution function converges
to a local Maxwellian centered on hydrodynamic fields (density, velocity, temperature) which develop an
asymptotically self-similar Euler implosion, with smooth profiles taken from [60]. The constraint γkin >√

3, which does not cover three exponents γkin = −3 (Coulomb potential), γkin = 0 (Maxwell molecules),
and γkin = 1 (hard spheres), arises largely because the smooth implosions in [60] are isentropic (c̄b = 0).
This restricts the admissible range of γkin for satisfying the “self-similar hydrodynamic limit” constraint
−3c̄b + (γkin + 3)c̄u + 1 < 0 (see (1.12)). The self-similar implosions constructed in this paper for a
3D monatomic gas (γ = 5/3) allow for nontrivial entropy, with c̄b > 1/3. Remarkably, condition (1.12),
which becomes γkinc̄u < 1/2 in this setting (see (1.13)), may then be satisfied for every γkin ∈ [−3, 2],
by appropriately choosing the integer parameter N ≥ 1. Moreover, for the above three cases γkin ∈
{−3, 0, 1}, condition (1.13) is achieved by the ground state profile at N = 1, which enjoys enhanced
stability properties. See Section 1.6.2 for a detailed discussion.

The remainder of the Introduction is dedicated to explaining the PDE setup considered in this paper,
presenting our main results in abbreviated form, discussing the related literature, and outlining the main
ideas of the proof.

1Near x = 0, the power-series coefficients of our smooth imploding profiles are given explicitly; hence the power series can be
derived analytically, without numerical error, to arbitrary order. We impose explicit compatibility conditions on the perturbation,
which in turn yield explicit compatibility conditions on the initial data.
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1.1. The Euler equations. The full (non-isentropic) Euler equations, for the unknown density ρ, momen-
tum ρu, and total energy E are given by the system of conservation laws

∂tρ+ div(ρu) = 0, (1.1a)

∂t(ρu) + div(ρu⊗ u+ p Id) = 0, (1.1b)

∂tE + div((p+ E)u) = 0, (1.1c)

where the pressure p is given by
p = (γ − 1)

(
E − 1

2ρ|u|
2
)
, (1.1d)

and γ > 1 is the adiabatic exponent. Physically relevant values of γ include 5/3 (monatomic gas in 3D),
7/5 (diatomic gas in 3D), etc. The equations are posed on Rd, in dimensions d ∈ {1, 2, 3}. Throughout this
paper we assume for convenience that γ ≤ 2d+ 1.2

Within the class of classical solutions,3 the Euler system for the conservation-law variables (ρ, ρu, E),
namely (1.1), may be recast as an evolution equation for the primary flow variables: density ρ, velocity u,
and pressure p, as

∂tρ+ u · ∇ρ+ ρdivu = 0, (1.2a)

∂tu+ u · ∇u+ 1
ρ∇p = 0, (1.2b)

∂tp+ u · ∇p+ γpdivu = 0. (1.2c)

We find it useful to further rewrite system (1.2) as an evolution equation for the rescaled sound speed σ, the
fluid velocity u, and the square root of the pseudo-entropy b, as follows. To do so, for γ > 1 we define
α := γ−1

2 > 0. The constraint γ ≤ 2d+ 1 amounts to α ≤ d. We may then use the ideal gas relation

p = p(ρ, s) = 1
γρ

γes, (1.3a)

where s is the specific entropy, to define the square-root of pseudo-entropy

b :=
√

γp
ργ = e

s
2 , (1.3b)

the sound speed

c =
√

dp
dρ = ραe

s
2 = ραb, (1.3c)

and the rescaled sound speed as
σ = 1

αc = 1
αρ

αb. (1.3d)
The Euler system for the conservation-law variables (ρ, ρu, E) (1.1), or for the primary flow variables
(ρ,u, p), is then equivalent within the class of smooth solutions to the Euler system for the fundamental
variables (σ,u, b):

∂tσ + u · ∇σ + ασ divu = 0, (1.4a)

∂tu+ u · ∇u+ ασ∇σ − α
γ σ

2∇b
b = 0, (1.4b)

∂tb+ u · ∇b = 0. (1.4c)

The density, sound speed, pressure, and total energy may be recovered from (σ,u, b) via (1.1d)–(1.3),
namely

ρ =
(
ασ
b

) 1
α , c = ασ, p = α2

γ ρσ
2, E = 1

2ρ(αγ σ
2 + |u|2). (1.5)

The Cauchy problem for the Euler system (1.4) (or equivalently (1.2) or (1.1)) is supplemented with smooth
initial conditions at a given initial time, taken to be t = −1 in this paper.

2This range of adiabatic exponents far exceeds the physically relevant values for gas dynamics, which correspond to γ = d+2
d

for a monatomic gas, γ = 2d+1
2d−1

for a diatomic gas, with smaller values of γ for gases whose molecules contain more than three
atoms. Our results extend beyond γ = 2d+ 1; in this paper we do not pursue the maximal range of adiabatic exponents.

3If the flow variables are C1
x,t-smooth and the density is strictly positive, globally in spacetime, the Euler solution is referred to

as being “classical” or “genuine”; see e.g. [43].
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Throughout this paper, we will consider solutions which are smooth (see Definition 1.1) on Rd× [−1, t∗),
where t∗ ≈ 0 is the time at which the implosion singularity develops.

Definition 1.1 (Smooth solution). A solution of the Euler system (1.1), or equivalently (1.2), is called
smooth if the conservation law variables (ρ, ρu, E), or equivalently the primary flow variables (ρ,u, p),
are smooth functions of space and time,4 and the density is strictly positive (ρ > 0) on Rd × [−1, t∗).

For smooth solutions of the Euler system on Rd × [−1, t∗), the three formulations (1.1), (1.2), and (1.4)
are equivalent because the density is (strictly) bounded away from zero.

Remark 1.2 (Smooth solutions need not have smooth sound speed). We note that while smooth solutions
have smooth density ρ, velocity u, and pressure p, the sound speed c, the rescaled sound speed σ, and the
square-root of pseudo-entropy b need not be smooth at x = 0. To see this, assume that the density is constant
and that the pressure is given by a constant times |x|2, near x = 0; these are both C∞ functions of x. Then,
the fields b, c, and σ all behave as a constant times |x| near x = 0, which is not a smooth function of x.

1.2. What is an implosion? Informally, an implosion is a flow in which geometric focusing causes a gas
to converge inward toward a point, compressing matter to infinite density or pressure in finite time. We now
make this notion mathematically precise, in the context of the compressible Euler system.

Definition 1.3 (Euler implosion). A solution5 of the compressible Euler equations on Rd×[−1, t∗) is called
an implosion solution with implosion center x∗ ∈ Rd and implosion time t∗ > −1, if the following hold:

(i) (Blowup of a primary flow variable). As one approaches the spacetime point of collapse, (x∗, t∗), at
least one of the primary thermodynamic variables (density or pressure) becomes unbounded; that is,
for every ε ∈ (0, 1] we have

lim sup
t→t−∗

sup
|x−x∗|<ε

ρ(x, t)

‖ρ(·,−1)‖L∞(B100(0))
+ lim sup

t→t−∗
sup

|x−x∗|<ε

p(x, t)

‖p(·,−1)‖L∞(B100(0))
= +∞. (1.6a)

(ii) (Inward-focusing character). For t sufficiently close to t∗, the flow is compressive toward x∗; that is,
there exists a time-dependent radius r : [−1, t∗)→ (0, 1] such that(

u(x, t)− u(x∗, t)
)
· (x− x∗) ≤ 0 , (1.6b)

for all |x− x∗| ≤ r(t), and all t ∈ [−1, t∗).
(iii) (No amplitude blowup away from the spacetime point of collapse). The primary flow variables (ρ,u, p)

are bounded at all spacetime points which are away from (x∗, t∗); that is, for any ε ∈ (0, 1] there exists
Cε > 0 such that

sup
(x,t)∈Rd×[−1,t∗)

ε≤|x−x∗|+|t−t∗|≤1/ε

ρ(x, t)

‖ρ(·,−1)‖L∞(B100(0))
+

|u(x, t)|
‖u(·,−1)‖L∞(B100(0))

+
p(x, t)

‖p(·,−1)‖L∞(B100(0))
≤ Cε. (1.6c)

Remark 1.4 (Velocity blowup at the implosion center?). It is natural to ask whether the blowup of density
or pressure at (x∗, t∗), in the sense of (1.6a), forces the velocity amplitude to blow up there as well. For
all previously known implosions [31, 64, 45, 59, 37, 48, 7, 60, 40, 38] this is the case: |u(x(t), t)| diverges
as t → t−∗ , for a suitably chosen x(t) → x∗. On the other hand, integrating (1.2a) and (1.2c) along
the Lagrangian flow associated to u shows that density or pressure blowup, cf. (1.6a), only implies that

4In this paper, by “smooth” we mean very smooth: the exact imploding solutions are real-analytic, while their perturbations are
taken to lie in a Hölder space CM, with M sufficiently large.

5By solution, we mean a weak solution (ρ, ρu, E) of the Euler equation in conservation law form (1.1), which is at least C1
x,t-

smooth on the complement of finitely many co-dimension 1 (orientable and smooth) hypersurfaces in the spacetime Rd× [−1, t∗),
with strictly positive density, and which satisfies the Lax geometric (entropy) conditions. This notion of solution is quite general; in
practice we either encounter regular shock solutions—which are smooth on the complement of a co-dimension 1 spacetime shock
front, across which the density, normal momentum, and energy satisfy the Rankine-Hugoniot jump conditions, see [24, Definition
1.1], or [9, Definition 1.1]—or smooth solutions in the sense of Definition 1.1 above.
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the compressive strain rate diverges, namely divu → −∞ as one approaches (x∗, t
−
∗ ). There is no clear

mechanism in (1.2) that forces the blowup of the velocity amplitude: the center of implosion may in principle
drift at finite speed, while the strain rate around it diverges.

The present paper settles this question: for some of the Euler implosions constructed in this work, the
velocity amplitude |u| does not blow up in the vicinity of (x∗, t∗), in the sense of (1.6a). This situation
occurs when c̄r ≥ 1, a condition which holds for instance when d = 3, γ = 5/3, and N is small. On the
other hand, for the Euler implosions with c̄r < 1 constructed in this work, the velocity amplitude |u| does
blow up in the vicinity of (x∗, t∗). The condition c̄r < 1 holds for instance when d = 3, γ = 5/3, and N is
taken to be sufficiently large. See Remark 1.6, Section 1.6.1, and Example 2.7.

1.3. Different flavors of Euler implosions. Definition 1.3 is broad enough to encompass every class of
Euler implosions known to us; to emphasize this point, we next list several natural specializations.

Consider an Euler implosion on Rd × [−1, t∗) with implosion center x∗ and implosion time t∗, in the
sense of Definition 1.3. We have the following flavors:

• Shock implosion. An implosion solution which is a regular shock solution of the Euler system, which
contains a smooth co-dimension 1 shock front Σ(t) that collapses onto x∗ as t→ t−∗ , and with the shock
strength (the jump in ρ or p across Σ(t)) diverging as t→ t−∗ , is called a shock implosion.

By “regular shock solution” we mean a weak solution (ρ, ρu, E) of the Euler equation (1.1), which is
C1
x,t-smooth on the complement of a co-dimension 1 spacetime shock front Σ(t), across which the jumps

in density, normal momentum, and energy, satisfy the Rankine-Hugoniot conditions, and which satisfies
the Lax geometric (entropy) conditions (cf. [24, Definition 1.1] or [9, Definition 1.1]). The converging
shock front is typically a sphere, i.e., Σ(t) = {|x − x∗| = rs(t)} with rs(t) → 0 as t → t−∗ . The
requirement of a diverging shock strength is what ensures (1.6a), which is then realized by the values of ρ
or p downstream of (behind) the shock. This is exactly the Guderley [31] and Landau-Stanyukovich [64]
setting, which has been by now revisited multiple times, see e.g. [44, 45, 50, 1, 57, 59, 39, 29, 37, 24]
and references therein. We note that for Guderley’s imploding shock, the density does not blow up as
one approaches (x∗, t∗), while the pressure and velocity amplitude do; thus (1.6a) is attained due to the
pressure, not the density.

Shock implosions may be similarly defined in the case of multiple (nested) converging shock fronts;
their construction is for instance discussed in [44, 45, 29].
• Smooth implosion. If the primary flow variables (ρ,u, p) are C∞-smooth in space and time on Rd ×

[−1, t∗), and if the density is strictly positive on this set, we refer to the imploding solution as being
smooth.

The solutions constructed in [48, 7, 60] and the ones constructed in this paper fall in this category. Note
that for the implosions in [48, 7, 60] both density and pressure blow up as one approaches (x∗, t∗), in the
sense of (1.6a); in fact, the velocity amplitude blows up too. However, for the implosions considered in
this paper the pressure need not blow up at the location of collapse (when γ(c̄r−1) ≥ c̄b), and the velocity
amplitude need not blow up either (when c̄r ≥ 1); the density does always blow up, implying (1.6a); see
Remark 1.6 and Section 1.6.1.
• Ck-smooth implosion. We refer to the imploding solution as being Ck-smooth, if there exists an integer
k ≥ 0 such that the primary flow variables (ρ,u, p) are Ck-smooth, but not Ck+1-smooth, in space and
time on Rd × [−1, t∗), and the density is strictly positive on this set.

The Euler implosions discussed in [40] fall into this category, with k = 0 (continuous but not dif-
ferentiable amplitude blowup); similarly, the solutions discussed in [38] are continuous, but only have
finite regularity. For these solutions all primary flow variables (ρ,u, p) blow up at the spacetime point of
collapse. We also mention that the constructions in [48, 7] allow one to construct Ck-smooth implosions
for generic values of the similarity exponent.
• Radially/spherically symmetric implosion. If the implosion solution is such that the density and pres-

sure depend only on r = |x − x∗| and on t, and if the velocity is purely radial, meaning that u(x, t) =
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x−x∗
|x−x∗|u

r(|x − x∗|, t) for a scalar function of two variables ur, we refer to the solution as being radially
symmetric (when d = 2) or spherically symmetric (when d = 3).

Note that for radially/spherically symmetric implosions we may always take x∗ = 0, by appealing to
the translation symmetry of the Euler system; this identification is assumed tacitly throughout the paper,
see e.g. Section 1.4. Note that in this setting the continuity of u at (x∗, t) with t < t∗ implies that
ur(0, t) = 0, which in turn implies that u(x∗, t) = 0 (the only vector fixed by every SO(d) rotation is
the zero vector); in particular, condition (1.6b) reduces to ur(r, t) ≤ 0 for 0 ≤ r ≤ r(t)→ 0 as t→ t−∗ .

All the implosion solutions discussed above, those containing shocks [31, 64, 44, 45, 50, 39, 37], the
C∞-smooth isentropic ones [48, 7, 60], the ones which are continuous but not smooth [40, 38], and
also the C∞-smooth non-isentropic solutions considered in Sections 2 and 3 of this paper, they are all
radially/spherically symmetric.6

The only known examples of non-radial implosions are those constructed by perturbing the radi-
ally/spherically symmetric implosions, establishing that the implosion mechanism survives non-radial
perturbations; see e.g. the recent works [12, 18, 17] and the solutions constructed in Section 4 of this
manuscript.
• Self-similar implosion. An implosion solution is called globally self-similar, if the primary flow variables

are invariant (globally) under the scaling symmetry of the Euler equations. In the radially/spherically
symmetric case, this means that there exist similarity exponents δ ∈ R and β > 0, such that with the
time-dependent scaling function λ(t) = (t∗ − t)/(t∗ + 1) we have

ρ(r, t) = λ(t)δρ
(

r
λ(t)β

,−1
)
, ur(r, t) = λ(t)β−1ur

(
r

λ(t)β
,−1

)
, p(r, t) = λ(t)δ+2(β−1)p

(
r

λ(t)β
,−1

)
,

for all t ∈ [−1, t∗) and all r ≥ 0.7 The functions (ρ, ur, p)(·,−1) are called similarity profiles.
We have only precisely defined globally self-similar Euler implosions in the radially/spherically sym-

metric setting, because this is the only setting in which globally self-similar implosions were shown to
exist: [31, 64, 44, 45, 50, 39, 37], [48, 7, 60], [40, 38], and Section 2 of this paper. This is by now a
classical idea, discussed at length in the books [64, 41, 1, 59, 70, 26]: by combining radial/spherical sym-
metry with a globally self-similar ansatz, one may reduce the d+ 1 dimensional PDE to an ODE, where
powerful construction tools are available.

We note that as opposed to the Taylor–von Neumann–Sedov blast wave solution [65, 67, 58], which
describes a spherically symmetric shock wave expanding from a point explosion, and for which the sim-
ilarity exponents β and δ may be determined from dimensional analysis, the similarity exponents of
globally-self similar Euler implosions cannot be determined from dimensional analysis; instead, β and δ
are determined by solving a so-called “nonlinear eigenvalue problem”.8

We note that in order to construct non-radial implosions, or to consider Euler implosions whose far-
field state is a non-vacuum constant (i.e., strictly positive density and pressure), one cannot work within
the class of globally self-similar solutions, and must instead consider asymptotically self-similar solu-
tions (see Section 1.5). The existence of such solutions is typically proven by showing that the globally
self-similar profiles are asymptotically stable (as the self-similar time diverges) to carefully designed
perturbations; see [49, 7, 12, 18, 17] and the solutions constructed in Sections 3 and 4 of this manuscript.

1.4. Radial/Spherical symmetry. The globally self-similar implosions discussed in this paper are radi-
ally/spherically symmetric. As such, Sections 2 and 3 of this paper consider the Euler equations (1.4) within

6The rotational symmetry of the Euler equations (a part of the Galilean symmetry group) is what allows one to make this
reduction from d+ 1 dimensions to 1 + 1 dimensions.

7In the setting of this paper, we have denoted β 7→ c̄r, and δ 7→ (c̄r − 1− c̄b)/α; see Remark 1.6 and Remark 2.1. The notation
used by Lazarus [45] and most subsequent papers on Guderley imploding shocks is: β 7→ 1/λ and δ 7→ κ/λ. The notation used in
the smooth isentropic implosion papers [48, 7] is β 7→ 1/r and δ 7→ (1− r)/(αr).

8This is a rather loose terminology used by Barenblatt [1]. In practice, the similarity exponents for Guderley’s imploding shock
wave may be computed by a shooting method [37], while the similarity exponents of smooth isentropic implosions were obtained
as the zeros of a complicated function [48, 7]. The similarity exponents c̄r and c̄b in this paper truly are obtained by solving an
eigenvalue problem; see Section 2.3.2.
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the class of solutions which posses radial symmetry (when d = 2), or spherical symmetry (when d = 3):

u(x, t) = ~eru
r(r, t), σ(x, t) = σ(r, t), b(x, t) = b(r, t), ρ(x, t) = ρ(r, t), p(x, t) = p(r, t),

where r = |x| ∈ [0,∞) and ~er = x
r . Using that divu = ∂ru

r + d−1
r ur, we may write (1.4) as

∂tσ + ur∂rσ + ασ(∂ru
r + d−1

r ur) = 0, (1.7a)

∂tu
r + ur∂ru

r + ασ∂rσ − α
γ σ

2 ∂rb
b = 0, (1.7b)

∂tb+ ur∂rb = 0, (1.7c)

while (1.2) may be written as

∂tρ+ ur∂rρ+ ρ (∂ru
r + d−1

r ur) = 0, (1.8a)

∂tu
r + ur∂ru

r + 1
ρ∂rp = 0, (1.8b)

∂tp+ ur∂rp+ γp (∂ru
r + d−1

r ur) = 0. (1.8c)

Since σ has the same units as ur (they are velocities), and since b is purely transported, in this symmetric
setting it is convenient to work with the formulation (1.7).

For simplicity, we shall henceforth refer to both radially symmetric (d = 2) and to spherically symmetric
(d = 3) functions as being radially symmetric. When d = 1, by radially symmetric functions we mean
either even functions (for density, pressure), or odd functions (for velocity).

Note, however, that in Section 4 we will consider non-radially symmetric implosions, which are only
asymptotically self-similar; in this setting, we need to work with the Euler evolution from (1.2).

1.5. Self-similar ansatz and Euler evolution in radial symmetry. Our initial aim is to analyze self-similar
solutions of (1.7), which are smooth at the initial time t = −1 and develop a first singularity at time
t = t∗ ≈ 0. For this purpose, we will use modulated self-similar coordinates and modulated self-similar
variables, which will be defined precisely in Section 3 below.

For clarity of the presentation, here we only introduce self-similar coordinates and variables as if they
were not modulated, meaning, they correspond to globally self-similar solutions. To emphasize the fact that
the “real” definitions are given later in Section 3.1, here we use the ≈ symbol instead of the = symbol;
roughly speaking, the “≈” symbol becomes an “=” symbol as t→ t∗ ≈ 0. We proceed as follows:
• The initial data is specified at time t = −1.
• The self-similar time variable τ ∈ [0,∞) is given by

τ ≈ − log(−t) ⇔ (−t) ≈ e−τ .
Note that t = −1⇔ τ ≈ 0, and (−t)→ 0− ⇔ τ →∞.
• The self-similar radial space variable R is defined as

R ≈ r
(−t)cr ⇔ r ≈ Re−crτ ,

where cr > 0 is a space similarity exponent.
• The self-similar radial velocity U and self-similar rescaled sound speed Σ are defined as

ur(r, t) ≈ (−t)cuU
(

r
(−t)cr ,− log(−t)

)
⇔ ur(r, t) ≈ e−τcuU(R, τ),

σ(r, t) ≈ (−t)cuΣ
(

r
(−t)cr ,− log(−t)

)
⇔ σ(r, t) ≈ e−τcuΣ(R, τ),

where cu ∈ R is a speed similarity exponent. At a first reading, it is convenient to use

cu ≈ cr − 1,

which is an expression of the fact that we must balance the ∂t and the ur∂r terms in (1.7).
• The self-similar square-root of pseudo entropy B is given by

b(r, t) ≈ (−t)cbB
(

r
(−t)cr ,− log(−t)

)
⇔ b(r, t) ≈ e−τcbB(R, τ),

where cb ∈ R is an entropy similarity exponent.
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Using the above notation, the Euler equation in radial symmetry (1.7) may be rewritten as

∂τΣ− cuΣ + crR∂RΣ + U∂RΣ + αΣ(∂RU + d−1
R U) ≈ 0, (1.9a)

∂τU − cuU + crR∂RU + U∂RU + αΣ∂RΣ− α
γΣ2 ∂RB

B ≈ 0, (1.9b)

∂τB − cbB + crR∂RB + U∂RB ≈ 0. (1.9c)

The self-similar evolution (1.9) with (R, τ) ∈ [0,∞) × [0,∞) is equivalent to the Eulerian evolution (1.7)
with (r, t) ∈ [0,∞) × [−1, 0), via the above transformations. We refer to the functions (Σ, U,B) as self-
similar profiles.

Remark 1.5 (Modulation functions). At a first pass, the reader may regard τ, cr, cu, cb as being constant in
t, and think of the ≈ symbols as = signs. The fact that τ, cr, cu, cb are in fact functions of time only plays a
role in the stability analysis of Sections 3 and 4; there, these functions of time are finely tuned to “mod-out”
apparent instabilities that correspond to the scaling symmetries of the Euler system.

Remark 1.6 (Self-similar density, pressure, energy, and pseudo-entropy). The self-similar profiles and
scaling for density ρ, sound speed c, pressure p (hence also of total energy E and pseudo-entropy es), may
be deduced from the above definitions; they are given by

ρ(r, t) ≈ (−t)
cu−cb
α

(
(αΣ)

1
αB−

1
α

)
(R, τ),

c(r, t) ≈ (−t)cu(αΣ)(R, τ),

p(r, t) ≈ (−t)
γcu−cb
α

(
1
γ (αΣ)

γ
αB−

1
α

)
(R, τ),

E(r, t) ≈ (−t)
γcu−cb
α

(
1

2αγ (αΣ)
γ
αB−

1
α + 1

2(αΣ)
1
αU2B−

1
α

)
(R, τ),

es(r, t) = γp
ργ (r, t) ≈ (−t)2cbB2(R, τ),

with cu ≈ cr − 1.

1.6. Main results: existence of smooth globally self-similar Euler implosions. The following theorem
is an abbreviated form of Theorem 2.20, which is the main result of Section 2; it establishes the existence of
a countable family of smooth, globally self-similar implosion profiles for the non-isentropic compressible
Euler equations, with similarity exponents given by explicit closed-form expressions.

Theorem 1.7 (Smooth implosion profiles—abbreviated version). Let d ∈ {1, 2, 3} and 1 < γ ≤ 2d+ 1
be arbitrary. For each integer N ≥ 1, use the explicit closed form expressions in (2.16)–(2.17) to define
the similarity exponents c̄r = cr

∗(d, γ,N), c̄u = c̄r − 1, and c̄b = cb
∗(d, γ,N).9 Then, there exist exact

globally self-similar solutions (σ̄, ūr, b̄)(r, t) to the radially symmetric Euler equations (1.7), given in terms
of unique smooth similarity profiles (Σ̄, Ū , B̄)(R), via the transformation described in Section 1.5. The
profiles (Σ̄, Ū , B̄) solve the system (2.1), they are real-analytic functions of R ∈ [0,∞), they have explicit
asymptotics as R → 0+ (cf. (2.5), (2.8), and (2.40)),10 and they satisfy power-law behavior as R → ∞
(cf. (2.35) and (2.41)). We moreover have Σ̄(R) > 0 and B̄(R) > 0 for all R > 0, and Σ̄(R)/R is
strictly monotone decreasing in R. Finally, and crucially for the nonlinear stability analysis carried out in
Sections 3 and 4, the three self-similar wave speeds in the system obey a strictly positive lower bound which
is uniform in R ∈ [0,∞) (cf. (2.34b)); we refer to this property as the global outgoing property.

The family of globally self-similar solutions to (1.7) constructed in Theorem 1.7 naturally defines (using
the identifications in Remark 1.6) globally self-similar solutions (ρ̄, ū, p̄) of the Euler equations in terms of

9Crucially, c̄b 6= 0, so that the entropy is non-trivial: these self-similar implosions are genuinely non-isentropic.
10It is precisely in the asymptotic behavior at R = 0 where the parameter N plays a fundamental role. For any given N ≥ 1, the

profiles (Σ̄, Ū , B̄) are constructed such that Σ̄(R) = q̄0R+O(R2N+1), Ū(R) = v̄0R+O(R2N+1), and B̄(R) = R+O(R2N+1)
as R→ 0+, for suitable constants q̄0 > 0 and v̄0 < 0.
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primary flow variables (1.2); precisely, these are defined as

ρ̄(x, t) := (−t)
c̄r−1−c̄b

α

(
(αΣ̄)

1
α B̄−

1
α

)(
|x|

(−t)c̄r

)
, (1.10a)

ū(x, t) := (−t)c̄r−1 x
|x| Ū

(
|x|

(−t)c̄r

)
, (1.10b)

p̄(x, t) := (−t)
γ(c̄r−1)−c̄b

α

(
1
γ (αΣ̄)

γ
α B̄−

1
α

)(
|x|

(−t)c̄r

)
. (1.10c)

We will show in Section 2 that (αΣ̄)/B̄ is a strictly positive function of R ∈ [0,∞), with limiting value
1

1+αd

√
αγd

2 > 0 as R → 0+; thus, the density ρ̄ is smooth and strictly positive on Rd × [−1, 0). Similarly,
note that Ū(R) = RV̄ (R), where V̄ is a smooth function of R2 with V̄ (0) = − 1

1+αd < 0; thus, the
velocity vector ū is smooth on Rd × [−1, 0) and satisfies (1.6b). Moreover, for 0 < R ≤ 1 we have that
(Σ̄γ/αB̄−1/α)(R) = R2×a smooth function of R2, which is uniformly bounded from below (and above);
since R2 = |x|2(−t)−2c̄r and |x|2 is a smooth function of x, we deduce that the pressure p̄ is smooth
on Rd × [−1, 0), and for each t ∈ [−1, 0) we have p̄(0, t) = 0 and p̄(x, t) > 0 for |x| > 0. Hence,
condition (1.6c) also holds. Lastly, we note that the explicit expressions for c̄r and c̄b in (2.16)–(2.17) give

1
α

(
c̄r − 1− c̄b

)
= 1

α

(
1

1+αd − 1
)

= − d
1+αd < 0.

Therefore, the power of (−t) appearing in (1.10a) is negative, showing that no matter what d, γ, or N we
consider, we must have ρ̄(0, t)→ +∞ as t→ 0−, and thus (1.6a) holds.

In summary, for any d ∈ {1, 2, 3}, 1 < γ ≤ 2d + 1 and N ∈ N, the radially symmetric, smooth
(real-analytic), globally self-similar solution (ρ̄, ū, p̄) of the Euler system (1.2) (cf. (1.10)), experiences an
implosion singularity due to density blow up at x∗ = 0 and t∗ = 0, in the sense of Definition 1.3.

1.6.1. The limiting fields at the time of implosion. For the solution (ρ̄, ū, p̄) defined in (1.10), not only do
we know that it is an implosion solution of Euler (1.2) with implosion center x∗ = 0 and implosion time
t∗ = 0; we may explicitly determine the limiting values of these primary variables at the time of implosion,
namely (ρ̄, ū, p̄)(r, 0−) for all r > 0.

The argument is as follows. For every fixed r > 0, the self-similar space variable R = r/(−t)c̄r → ∞
as t → 0−. Moreover, in item (iii) of Theorem 2.20 (cf. Proposition 2.18 and (2.41)) we prove that the
self-similar profiles (Σ̄, Ū , B̄) satisfy the asymptotic power law behavior:

lim
R→∞

R
1
c̄r
−1Σ̄(R) = q

1
, lim

R→∞
R

1
c̄r
−1Ū(R) = v1, lim

R→∞
R−

c̄b
c̄r H̄(R) = h1,

for some constants q
1
, h1 ∈ (0,∞) and v1 ∈ R which depend on γ, d, and N. In fact, for the ground state

profile at N = 1, in Proposition A.1 we prove that v1 < 0.
Using the two facts mentioned above, and by appealing to the formulas in (1.10), it then immediately

follows that for any r > 0, we have the pointwise limits

lim
t→0−

(
ūr, σ̄, b̄

)
(r, t) =

(
v1r

1− 1
c̄r , q

1
r1− 1

c̄r , h1r
c̄b
c̄r

)
, (1.11a)

lim
t→0−

ρ̄(r, t) =
(αq

1
h1

) 1
α r

c̄r−1−c̄b
αc̄r =

(αq
1

h1

) 1
α r
− d

(1+αd)c̄r , (1.11b)

lim
t→0−

p̄(r, t) = 1
γ (αq

1
)
γ
αh
− 1
α

1 r
γ(c̄r−1)−c̄b

αc̄r , (1.11c)

lim
t→0−

Ē(r, t) = 1
2

(
α
γ q

2
1

+ v2
1

)
(αq

1
)

1
αh
− 1
α

1 r
γ(c̄r−1)−c̄b

αc̄r . (1.11d)

In particular, (1.11b) reiterates our previously established fact: for any d, γ,N, the density ρ̄ blows up at
(0, 0). Moreover, since d > d

(1+αd)c̄r
⇔ c̄r >

1
1+αd , which is a direct consequence of (2.16), we have that

limt→0−
∫ 1

0 ρ̄(r, t)rd−1dr <∞, and so at the time of implosion we have locally finite mass.
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Similarly, since d > c̄b−γ(c̄r−1)
αc̄r

⇔ αdc̄r + γ(c̄r − 1) > c̄r − 1
1+αd ⇔ c̄r >

d+2+2αd
(d+2)(1+αd) , which holds for

all α ∈ (0, d] by using (2.16)–(2.17) and Lemma 2.8, we have limt→0−
∫ 1

0 Ē(r, t)rd−1dr < ∞, and hence
at the time of implosion we have locally finite energy.

Lastly, since d > d
(1+αd)c̄r

+ 1
c̄r
− 1⇔ c̄r >

d+1+αd
(d+1)(1+αd) , which holds for all α ∈ (0, d] by using (2.16)–

(2.17) and Lemma 2.8, we deduce that limt→0−
∫ 1

0 (ρ̄ūr)(r, t)rd−1dr <∞, and hence at the time of implo-
sion we have locally finite momentum.

As discussed by Jenssen and Tsikkou [39] in the context of the Guderley problem, the fact that at the
time of implosion the solutions in (1.11) have locally finite mass, momentum, and energy, implies that we
may hope to continue the Euler solution past the time of the implosion as a weak solution of the full Euler
system (1.1). This continuation-post-implosion problem, sometimes called the “reflection problem”, will be
analyzed in a subsequent work.

1.6.2. Values of similarity exponents and the regularity of kinetic equations. A long-standing open problem
in kinetic theory is whether the Landau or Boltzmann equation admits global-in-time smooth solutions. In
the spatially homogeneous setting, global regularity has been established for the Landau equation with soft
potentials (including the Coulomb case γkin = −3) by Guillen and Silvestre [32], and for the Boltzmann
equation by Imbert, Silvestre, and Villani [36]. The regularity problem is much less understood in the inho-
mogeneous setting. In this setting, kinetic equations are closely related to the compressible Euler equations
through the hydrodynamic limit and the Hilbert expansion [10]. In view of this connection, and following
the work [48, 49] on smooth implosions, imploding singularities provide a potential scenario for singularity
formation in kinetic equations.

Very recently, Bedrossian, Chen, Gualdani, Ji, Vicol, and Yang [2] constructed finite-time singularities for
the inhomogeneous Landau equation with very hard potentials γkin ∈ (

√
3, 2] from smooth, strictly positive

initial data by proving nonlinear finite co-dimension stability of the local Maxwellian associated with the
Euler imploding profile in self-similar variables.11 This work provides the first example of a collisional
kinetic model that is globally well-posed in the homogeneous setting but admits finite-time singularities for
inhomogeneous data. To carry out this lifting from the Euler level to the kinetic level, one must use an
imploding profile specific to a 3D monatomic gas (γ = 5

3 ). In addition, the authors of [2] identified the
following condition for the hydrodynamic limit in self-similar variables:12

− 3c̄b + (γkin + 3)c̄u + 1 < 0, (1.12)

where c̄b, c̄u are the similarity exponents constructed in Theorem 1.7, and γkin is the parameter of the colli-
sion kernel. There are a few important parameter values: γkin = 1 for Boltzmann with hard-sphere potential,
γkin = 0 for Maxwell molecules, and γkin = −3 for Landau with Coulomb potential.

In the isentropic setting, the pseudo-entropy profile is constant, B̄ ≡ const 6= 0, and c̄b = 0. Within the
class of smooth radial isentropic imploding profiles for the Euler equations with a monatomic gas, Shao,
Wang, Wei, and Zhang [60] constructed profiles with asymptotically minimal similarity exponents, with
c̄u → (

√
3−3
6 )+. As a result, it follows from (1.12) that lifting such isentropic Euler profiles to the kinetic

level requires γkin >
√

3. To reach smaller values of γkin using radially symmetric profiles, one must
introduce a nontrivial entropy, and one has to construct Euler implosion profiles with exponents compatible
with (1.12).

11 In original (x, t; v) variables, the local Maxwellian is Mρ̄,ū,θ̄(x, t; v) = ρ̄(x,t)

(2πθ̄(x,t))3/2
exp
(
− |v−ū(x,t)|2

2θ̄(x,t)

)
, where θ̄ =

ρ̄−1p̄ is the temperature. Using (1.10), and upon denoting (X ,V) = (x/(−t)c̄r , v/(−t)c̄u ) and re-normalizing the profiles from
Theorem 1.7 as (Σ̄, Ū , B̄)(R) = R · (Q̄, V̄ , H̄)(R), this self-similar local Maxwellian becomes

Mρ̄,ū,θ̄(x, t; v) = (−t)−3c̄bM(X ;V), where M(X ;V) :=
1

c0|X |3H̄3(|X |)
exp
(
−15|V − X V̄ (|X |)|2

2|X |2Q̄2(X )

)
, c0 = (

6π

5
)3/2.

12The similarity exponents (cf , cv) used in [2, Section 2.2] correspond to (−3c̄b, c̄u) in (1.12), respectively.
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By introducing nontrivial entropy, the profiles for a 3D monatomic gas (γ = 5
3 ) constructed in Theo-

rem 1.7 significantly relax the constraint on γkin. For d = 3 and γ = 5
3 , Example 2.7 gives c̄b = c̄r − 1

2 and
c̄u = c̄r − 1, so that (1.12) reduces to

γkin(c̄r − 1)− 1
2 < 0. (1.13)

Since cr
∗(3, 5

3 , 1) = 1
2 + 1

2

√
47
12 ≈ 1.48953 and cr

∗(3, 5
3 ,∞) = 1

2 + 1
2

√
5
6 ≈ 0.956435 (cf. Example 2.7), for

any γkin ∈ [−3, 2] one can choose an integer N = N(γkin) ≥ 1 such that the profile with similarity exponent
c̄r := cr

∗(3, 5
3 ,N) satisfies (1.13). In particular, the three physically important cases γkin ∈ {−3, 0, 1} are

already covered by the ground state profile at N = 1. Consequently, the Euler implosion profiles constructed
in this work provide candidates for lifting implosions to the kinetic level, to construct finite time singularities
for the Landau/Boltzmann equations at much smaller values of γkin.

We also point out that, due to the vanishing of the temperature at the origin (see Footnote 11), the
Maxwellians associated with these new profiles are singular at the spatial origin (x = 0), where the local
Maxwellians become Dirac masses (in v). Thus, any potential lift of the Euler implosion profiles constructed
in this work to the kinetic level would require substantial new ideas beyond the framework of [2], in order to
overcome this one-point singularity. Likely, these new ideas would need to take into account the regulariz-
ing effect of the collision term. Whether the full nonlinear stability analysis of [2] can be extended to these
non-isentropic profiles is a separate question, not addressed here.

We also want to highlight a recent work of Golding and Henderson [30], which establishes an L1
tL
∞
x,v

continuation criterion for the Landau equation with Coulomb potential γkin = −3. For an Euler imploding
singularity to potentially be lifted to the kinetic (Landau) level when γkin = −3, the result of [30] suggests
that the L1

tL
∞
x,v norm of the local Maxwellian associated with the Euler imploding solution must become

unbounded. For the profiles of a 3D monatomic gas
(
γ = 5

3

)
constructed in Theorem 1.7, the amplitude

of the associated local Maxwellian blows up at the rate (−t)−3c̄b as t → 0−; see Footnote 11. Moreover,
for all such profiles, we have c̄b = c̄r − 1

2 > cr
∗(3, 5

3 ,∞) − 1
2 ≈ 0.456435 > 1

3 ; thus, the time integral∫ t
−1(−t′)−3c̄bdt′ diverges as t → 0−. Therefore, these profiles could potentially be useful for studying

blowup in the Landau equation with Coulomb potential.

1.7. Main results: stability of the globally self-similar implosions. The bulk of the paper is dedicated
to the PDE stability of the globally self-similar solutions (ρ̄, ū, p̄) constructed in (1.10), within the class of
smooth solutions of the full Euler equations (1.2).

We emphasize that for Guderley’s imploding shocks, a rigorous nonlinear stability analysis is currently
not available. The only available results deal with mode/spectral analysis for the linearized problem—
starting with Morawetz’s PhD thesis [51] for linear stability in radial symmetry, and the work of Brushlinskii
and Kazhdan [6] for linear instability outside of radial symmetry—or consider arguments which are semi-
analytical, a combination of asymptotic arguments and supporting numerical computations [28, 15, 68, 69].

For the C∞-smooth isentropic of Merle, Raphaël, Rodnianski, and Szeftel [48], rigorous stability results
are available. Nonlinear stability for perturbations which have radial symmetry and which lie in an unquanti-
fied finite co-dimension subspace of a weighted Sobolev space, was established in [49, 47], and subsequently
refined in [7, 18, 17].13 Nonlinear stability outside of radial symmetry, but still for perturbations which lie
in an unquantified finite co-dimension subspace of a weighted Sobolev space was established in [12].

The results in this paper improve upon the previously available stability theory in several ways. In ra-
dial symmetry, we establish the complete nonlinear stability picture for small smooth perturbations of the
globally self-similar solutions (ρ̄, ū, p̄) constructed in (1.10). Outside of radial symmetry, we establish the
complete nonlinear stability picture for the ground state (N = 1) at the adiabatic exponents corresponding
to a monatomic or diatomic gas; for general γ and N, we prove finite co-dimension stability, give an explicit
upper bound on the dimension of the unstable manifold, and characterize this manifold in terms of the unsta-
ble modes of an explicit, finite-dimensional ODE system. The mechanism that enables these results—and

13The numerical work of Biasi [3] makes interesting conjectures about the nature of radially symmetric instabilities.
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which distinguishes our analysis from the prior work [49, 47, 7, 18, 17, 12]—is the global outgoing property
of the self-similar profiles asserted in Theorem 1.7. Our main results are as follows.

1.7.1. Stability in radial symmetry. Let N ≥ 1. In radial symmetry, the Nth globally self-similar solution
(ρ̄, ūr, p̄) constructed in (1.10) (from the Nth profile in Theorem 1.7) is nonlinearly stable (to small and
smooth perturbations) within the class of smooth solutions (ρ, ur, p) of (1.8) for which the initial pressure
vanishes at r = 0, and for which the initial data satisfies 3(N − 1) explicit compatibility conditions at
r = 0. In particular, for the ground state solution at N = 1, no compatibility conditions are required beyond
p(0,−1) = 0. The detailed statement is given in Theorem 3.15, which is stated in terms of self-similar
coordinates and variables. The implosion blowup in physical variables is recorded in Corollary 3.16. Here
we give an informal summary of the results in Section 3.

Theorem 1.8 (Radial stability—abbreviated version). Fix d ∈ {1, 2, 3}, 1 < γ ≤ 2d+ 1, and N ≥ 1. Fix
the similarity exponents c̄r, c̄b, and the self-similar profiles (Σ̄, Ū , B̄) from Theorem 1.7. Then, there exists
ε∗ = ε∗(d, γ,N) > 0 such that for any 0 < ε ≤ ε∗, the following holds.

Consider initial data (ρin,uin, pin)(x) for the Euler system in terms of primary variables (1.2). Assume
that this initial datum is radially symmetric and belongs to C17N+1(Rd).14 Denote the initial perturbation
from the exact self-similar solution (ρ̄, ū, p̄) defined in (1.10), at time t = −1, by

(ρ̃in, ũ
r
in, p̃in)(r) =

(
ρin(x)− ρ̄(x,−1), x|x| · (uin(x)− ū(x,−1)), pin(x)− p̄(x,−1)

)
,

where r = |x|. Assume that p̃in(0) = 0, and for N ≥ 2 assume the following 3(N − 1) compatibility
conditions on the initial density, velocity, and pressure:15

∂2k+2
r ρ̃in(0) = ∂2k+3

r ũrin(0) = ∂2k+4
r p̃in(0) = 0, for all 0 ≤ k ≤ N− 2. (1.14)

Furthermore, assume that the Taylor coefficients of (ρ̃in, ∂rũ
r
in, ∂rrp̃in) at r = 0, of order ≤ 17N, are small

in terms of ε (cf. (3.132)), and assume that certain weighted L∞-norms of the quantities ∂rũrin −
1
r ũ

r
in,

ρ̄(·,−1)−1r∂rρ̃in, and p̄(·,−1)−1r∂rp̃in, are small with respect to ε (cf. (3.133)).
Then, there exists a time t∗ = O(ε

4
5 ) and a unique, smooth, radially symmetric, asymptotically self-

similar implosion solution (ρ,u, p) of the Euler equations (1.2) (equivalently, (1.8)) on Rd × [−1, t∗), with
implosion center x∗ = 0, and implosion time t∗.

In self-similar coordinates (see Section 1.5), the corresponding fields (Σ, U,B)(R, τ) which solve (1.9),
exist globally in time τ , remain as smooth as the initial data, and converge exponentially fast (in a suitable
topology) to the stationary profiles (Σ̄, Ū , B̄)(R) found in Theorem 1.7; see (3.134), (3.135), and item (d) of
Theorem 3.15. The associated modulation functions (cr, cu, cb)(τ) converge exponentially fast in τ to their
stationary values (c̄r, c̄u, c̄b).

Remark 1.9 (Ground state is stable to radially symmetric perturbations). For N = 1, condition (1.14) is
empty. Since the ε-smallness conditions mentioned in Theorem 1.8 form an open set in a suitable topology,
we deduce that in radial symmetry the stability of the ground state self-similar profile/globally self-similar
solution (1.10) holds for all permissible (meaning, pin(0) = 0) initial perturbations in an open set. See also
Remark 3.17.

1.7.2. Stability outside of radial symmetry. Let N ≥ 1. We next consider smooth perturbations of the Nth

globally self-similar solution (ρ̄, ū, p̄) constructed in (1.10) which do not obey any symmetry assumptions.
Our main result is that, modulo finitely many explicit linear conditions on the initial data at the spatial point
x = 0, the globally self-similar implosion is nonlinearly stable, within the class of smooth solutions (ρ,u, p)
of the full Euler system (1.2). More precisely, we prove finite co-dimension stability with an explicit upper

14Radial symmetry and regularity in x near x = 0 imply that ρin and pin are “even” functions of r = |x| (meaning, they depend
on r2) and that urin is an “odd” function of r = |x| (meaning that it is given by r times a function which depends on r2).

15This is a rewriting of the compatibility condition in item (ii) of Theorem 3.15. Recalling that ρ, ur/r, and p are functions
of r2 (due to regularity in x ∈ Rd), this compatibility condition together with the properties of the profiles (Σ̄, Ū , B̄) imply that
ρin = ρ0 +O(r2N), urin = u1r +O(r2N+1), and pin = p2r

2 +O(r2N+2) for r � 1, for suitable constants ρ0, u1, p2.
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bound on the co-dimension, which moreover becomes sharp for the ground state (N = 1) of a monatomic
or diatomic gas. The detailed statements are given in Theorem 4.4 (PDE stability of the bulk perturbation)
and Theorem 5.1 (finite-dimensional ODE analysis at the origin); here we record an informal summary.

Theorem 1.10 (Non-radial stability—abbreviated version). Fix d ∈ {1, 2, 3}, 1 < γ ≤ 2d + 1, and
N ≥ 1. Fix the similarity exponents (c̄r, c̄u, c̄b) = (c̄r, c̄r − 1, c̄b) and the globally self-similar solution
(ρ̄, ū, p̄) of (1.2) defined in (1.10). There exist an integer M∗ = M∗(d, γ,N) ≥ 1, an explicitly computable
constant C̄(d) ≥ 1, a linear subspace Σuns ⊂ Rd≤M∗ with16

dim(Σuns) ≤ C̄(d) Nd,

and a sufficiently small constant ε̄∗ = ε̄∗(d, γ,N) > 0, such that for any 0 < ε̄ ≤ ε̄∗ the following holds.
Consider initial data (ρin,uin, pin)(x) for the Euler system (1.2), and denote the initial perturbation from

the exact self-similar solution at time t = −1 by

(ρ̃in, ũin, p̃in)(x) =
(
ρin(x)− ρ̄(x,−1), uin(x)− ū(x,−1), pin(x)− p̄(x,−1)

)
.

Assume that (ρin,uin, pin) ∈ CM∗+3(Rd) is such that the density is strictly positive, the pressure is non-
negative, and attains a global minimum at a unique point in space, where the pressure vanishes; without
loss of generality17 we may assume that this global minimum of the pressure is attained at x = 0, namely

pin(0) = 0 . (1.15a)

Automatically18 we also deduce that∇pin(0) = 0, and without loss of generality19 we have uin(0) = 0.
Define the vector of Taylor coefficients of the initial perturbation at x = 0 up to order M∗ by

V≤M∗(0) :=
(
{∂αρ̃in(0)}|α|≤M∗ , {∂

αũin(0)}1≤|α|≤M∗+1, {∂αp̃in(0)}2≤|α|≤M∗+2

)
⊂ Rd≤M∗ ,

and assume the finite co-dimension compatibility condition

V≤M∗(0) ∈Mstab , (1.15b)

whereMstab is the nonlinear stable manifold (at the origin in Rd≤M∗ ) of the closed ODE system governing
the Taylor coefficients at x = 0 (cf. Theorem 5.1, items (ii)–(iii)) and is related to the linear subspace Σuns.
In particular, (1.15b) amounts to dim(Σuns) scalar compatibility conditions, which is at most C̄(d)Nd.

Finally, assume that |V≤M∗(0)| ≤ ε̄, and assume that the bulk part of the initial perturbation (ρ̃in, ũin, p̃in)
(cf. (4.1) and (4.5c)) is bounded in terms of ε̄, in a suitable weighted Sobolev norm (cf. (4.27)).

Then, there exists a time t∗ = O(ε̄
4
5 ) and a unique, smooth, asymptotically self-similar implosion solution

(ρ,u, p) of the Euler equations (1.2) on Rd× [−1, t∗), with implosion center x∗ = 0 and implosion time t∗.
In self-similar coordinates (see Sections 4.1 and 4.2), the corresponding fields (%,U ,B)(y, τ) which

solve (4.6), are such that the perturbations (%̃, Ũ , B̃)(y, τ) from the stationary profile (%̄, Ū , B̄) exist globally
in τ , remain as smooth as the initial data, and decay exponentially fast to 0 in a suitable weighted energy
norm; see (4.28) and Theorem 4.4. The associated modulation functions (cr, cu, cB, c%)(τ) defined in (4.4)
converge exponentially fast in τ to their stationary values (c̄r, c̄u, c̄B, c̄%).

Remark 1.11 (Example of an admissible set of initial data). The assumptions on (ρ̃in, ũin, p̃in) in The-
orem 1.10 are open conditions in the topology of a suitably weighted Sobolev space, except for (1.15b),
which induces a finite co-dimension constraint. Condition (1.15b) is a finite collection of at most C̄(d)Nd

linear equalities among the Taylor coefficients of the initial perturbation at x = 0. A simple explicit subset
of admissible data is obtained by requiring that the initial perturbation vanishes to sufficiently high order at
the origin; if

∇≤M∗ ρ̃in(0) = 0, ∇≤M∗+1ũin(0) = 0, ∇≤M∗+2p̃in(0) = 0, (1.16)

16For an integer n ≥ 1, the notation d≤n is used to denote the length of the vector which enumerates the elements of the set
∪f∈{ρ,∇u,∇2p}{∂αf : α ∈ Nd0, |α| ≤ n}; see Equation (5.1) and Footnote 47 following it.

17The Euler equations (1.2) are invariant under spatial translations.
18Since the pressure is non-negative, if pin(0) = 0 then pin attains a global minimum at the origin, and thus∇pin(0) = 0 too.
19The Euler equations (1.2) are invariant under Galilean boosts.
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then (1.15b) holds trivially, and (1.16) is preserved by the Euler evolution. See Remark 4.7. Large classes of
initial data satisfying (1.16) and all the other assumptions of Theorem 1.10 may be constructed: these data
have non-zero vorticity, non-trivial entropy variation, and may be taken to be constant outside a compact
set; see Remark 4.8.

Remark 1.12 (Complete stability picture for the monatomic/diatomic ground state). When N = 1,
item (iv) in Theorem 5.1 shows that the unstable subspace Σuns is the trivial lifting20 of Σuns,≤2 ⊂ Rd≤2 ,
the unstable+center manifold associated to the ODE evolution of the Taylor coefficients at x = 0 of order at
most 2. For the physically most relevant adiabatic exponents, the dimension of the unstable+center manifold
is explicit:

dimension d adiabatic exponent γ dim(Σuns) dim(Rd≤2)

d = 3 monatomic: γ = 5
3 11 98

d = 3 diatomic: γ = 7
5 18 98

d = 2 monatomic: γ = 2 5 36
d = 2 diatomic: γ = 5

3 7 36
d = 1 any γ ∈ (1, 3] 1 9

Moreover, in each of these cases, item (v) of Theorem 5.1 provides an explicit class of admissible initial
data, for which condition (1.15a) is automatically satisfied: it suffices that the Taylor coefficients up to
order 2 of the initial perturbation vanish; that is V≤2(0) = 0. The assumption that the higher-order Taylor
coefficients V≤n(0) are small, and that the bulk initial perturbation is small in a suitable weighted Sobolev
space (cf. (4.27)), are open conditions. To the best of our knowledge, this is the first complete nonlinear
stability result for imploding solutions of the multi-dimensional compressible Euler equations outside of
symmetry considerations.

1.8. Related literature. The works which are directly relevant21 to the present paper have already been
discussed in the opening part of the Introduction. Here we complement that summary with a more complete
account of the literature around implosion singularities: rigorous existence theorems that were not discussed
above, stability analyses of Euler implosions, and self-similar imploding singularities in related PDEs.

1.8.1. Rigorous mathematical treatment of Guderley’s imploding shock. For more than seven decades af-
ter its introduction, the Guderley imploding shock was studied mostly by semi-analytical and numerical
means [44, 45, 50, 57, 29, 59]: the similarity exponent is determined by a shooting method from the sonic
point and the resulting profile is continued numerically through the spacetime point of collapse. A fully
rigorous construction, as a genuine weak solution of the full (non-isentropic) compressible Euler system
with the prescribed self-similar structure, was established only recently by Jang, Liu, and Schrecker [37]
for the full range of adiabatic exponents γ ∈ (1, 3]. Shortly thereafter, Cialdea, Shkoller, and Vicol [24]
established that the Guderley profile arises dynamically from C1,1/3-smooth, classical, shock-free initial
data. In particular, the paper [24] provides the first explicit construction of solutions to the full compressible
Euler equations that evolve from classical, shock-free initial data into the strong shock regime. Comple-
mentary to these forward-in-time statements, Jenssen and Tsikkou [39] rigorously showed that Guderley’s
self-similar solution provides a weak solution of the Euler system across the implosion time, so that the
diverging explosion wave emerging at t = t+∗ is a genuine admissible continuation of the imploding phase.

20By this we mean that if V ∈ Σuns, then V = (V≤2, 0 . . . , 0), with V≤2 ∈ Σuns,≤2.
21The mathematical literature on compressible flows is too vast to review here. For instance, we do not discuss the problem

of shock formation and shock development for the compressible Euler equations. For the modern theory of hyperbolic systems of
conservation laws, which, in one space dimension, provides a framework for shock formation, development, and interaction, we
refer the interested reader to the book of Dafermos [25]. For a detailed account of the literature on multi-dimensional shocks for
the Euler equations, we refer the interested reader to the summary given by Shkoller and Vicol in [63].
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1.8.2. Linear mode analysis of the Guderley implosion. Well before the nonlinear PDE stability of im-
ploding profiles came within reach, the question of stability was approached by linear mode analysis. For
the Guderley imploding shock in radial symmetry, the earliest systematic treatment is that of Morawetz’s
PhD thesis under Friedrichs [51], which addresses the eigenvalue problem arising from a linearization of
the Euler equations around the self-similar Guderley profile. For non-radial perturbations, Brushlinskii and
Kazhdan [6] identified unstable discrete eigenmodes associated with low spherical-harmonic sectors, and
Wu and Roberts [69, 68] refined this analysis using spherical-harmonic decomposition and asymptotic ex-
pansions near the sonic point. Closer to the fully nonlinear regime, Gardner, Brook, and Bernstein [28] and
Chen, Zhang, and Panarella [15] combined asymptotic methods with numerical experiments to argue for
linear stability of the Guderley solution in radial symmetry. Taken together, these studies provide a con-
sistent picture: linear stability of the Guderley solution under radial perturbations, and a small number of
discrete linear instabilities at low angular frequencies outside radial symmetry. To date, there is no rigorous
nonlinear PDE analysis which confirms these expectations.

1.8.3. Smooth isentropic implosions: existence, stability, and implications. Three existence results con-
cerning the smooth isentropic implosions deserve special mention, beyond what was already reviewed in
the introductory bullet list. First, the original construction of Merle, Raphaël, Rodnianski, and Szeftel [48]
applies to all adiabatic exponents γ > 1 except for a countable set, excluding in particular the physically
relevant monatomic case γ = 5

3 in d = 3. Buckmaster, Cao-Labora, and Gómez-Serrano [7] extended the
construction to every γ > 1, while Shao, Wang, Wei, and Zhang [60] specifically treated the (algebraically
degenerate) three-dimensional monatomic case γ = 5

3 , producing an infinite sequence of implosion profiles.
On the dynamical side, the stability of the smooth isentropic implosions is only known for perturbations

which lie on a finite co-dimension subset of a weighted Sobolev space, which is unquantified. Within ra-
dial symmetry, nonlinear stability of the profiles from [48] for data on a finite-codimension subspace of
a weighted Sobolev space was first established by Merle, Raphaël, Rodnianski, and Szeftel [49, 47], and
subsequently refined in the course of the existence work [7]. Outside radial symmetry, the analogous finite-
codimension stability statement was obtained by Cao-Labora, Gómez-Serrano, Shi, and Staffilani [12]. A
distinctive line of work combines the implosion mechanism with vorticity production, in symmetry-reduced
settings. Chen, Cialdea, Shkoller, and Vicol [18] used a two-dimensional axisymmetric perturbation of
the profiles from [48], to construct smooth solutions of compressible Euler which exhibit vorticity blowup.
This result was subsequently extended to all dimensions d ≥ 3 by Chen [17], using a higher-dimensional
analogue of two-dimensional axisymmetry with additional error terms and controlling general non-radial
perturbations. On the numerical side, the work of Biasi [3] is particularly informative: by computing the
spectrum of radial perturbations of the profiles from [48], the author identifies a small number of genuinely
unstable directions, along which typical perturbations deflect away from the implosion, generically produc-
ing a shock before the singular time.

We emphasize that the smooth implosion mechanism discovered for the compressible Euler system has
been shown to have profound implications for singularity formation in related equations. The works [49, 7,
12, 60] establish implosion for barotropic compressible Navier–Stokes with linear viscosity22 by showing
that the Euler self-similar profile dominates the dynamics close to the blowup time in appropriate parameter
regimes, with the viscous term treated as a perturbation. In another direction, Merle, Raphaël, Rodnianski,
and Szeftel [47] used their smooth radial isentropic Euler implosion profiles to prove finite time blowup for

22We also mention two very recent works on the barotropic compressible Navier–Stokes equations that partially clarify the
role of the viscosity structure in permitting or suppressing implosions. When the shear and bulk viscosities scale as ρδ with
0 < δ < δ∗(γ) for an explicit threshold, Chen, Liu, and Zhu [13] use isentropic Euler implosions to construct smooth initial
data for barotropic Navier–Stokes, that lead to finite-time implosion; this shows that a sufficiently degenerate viscous term fails
to suppress the inviscid blowup mechanism. In contrast, when the viscosities scale linearly in ρ (as in the shallow water system,
corresponding to δ = 1), Chen, Zhang, and Zhu [14] prove that arbitrary large spherically symmetric initial data with bounded
positive density generate globally regular solutions in dimensions d ∈ {2, 3}, and therefore cannot develop any implosion or
cavitation.
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the energy-supercritical defocusing NLS equation, resolving a longstanding open problem; an extension to
the non-radial case was obtained recently in [11].23

1.8.4. Non-smooth shockless implosions. Between the two extremes of an Euler implosion driven by a
strong imploding shock and a C∞-smooth implosion, there lies an intermediate class of solutions: radially
symmetric implosions that contain no shock discontinuity, but that only have finite regularity. Solutions of
this type were recently constructed by Jenssen and Tsikkou [40] and by Jenssen [38] for the full Euler sys-
tem, in the regime where the primary flow variables remain continuous but are not everywhere differentiable
as t → t−∗ . The construction combines matched asymptotic expansions with phase-plane analysis of the
associated self-similar ODE system, and relies on both rigorous arguments and careful numerical compu-
tations of phase-plane orbits. The dynamical PDE stability of these continuous-but-non-smooth implosions
has not yet been investigated.

1.8.5. Imploding singularities in related models. Smooth self-similar imploding singularities have also
been constructed for systems closely related to compressible Euler, with applications to astrophysics and
to supercritical nonlinear wave equations.

For the isothermal Euler–Poisson system, which governs the gravitational collapse of a self-gravitating
gas, Guo, Hadžić, and Jang [33] rigorously constructed the Larson–Penston implosion profile, a radially
symmetric, C∞-smooth, globally self-similar imploding solution first postulated on astrophysical grounds
by Larson [42] and Penston [56]. In contrast to the smooth isentropic implosions of [48, 7, 60], the Larson–
Penston profile is expected to be stable under radial perturbations, a conjecture supported by formal and
numerical work in the physics literature (see, e.g., [35, 55], and the discussion in [34]). This expectation
was recently turned into a theorem by Guo, Hadžić, Jang, and Schrecker [34], who established nonlinear dy-
namical stability of the Larson–Penston profile under radially symmetric perturbations. The proof combines
global monotonicity properties of the profile, high-order weighted energy estimates, and computer-assisted
arguments (interval arithmetic).

For the relativistic Euler equations, Shao, Wei, and Zhang [61] constructed smooth imploding self-similar
solutions and used them to prove finite-time singularity formation for the supercritical defocusing nonlinear
wave equation with complex-valued solutions [62]. In a parallel direction, Buckmaster and Chen [8] con-
structed relativistic imploding profiles and used them to establish blowup in dimension d = 4 for the non-
linearity |u|p−1u with p = 7, the endpoint case of this blowup mechanism for radially symmetric complex-
valued solutions. These results illustrate that smooth self-similar imploding profiles for compressible fluid
systems are not merely of intrinsic interest, but also serve as a flexible tool for establishing blowup of
supercritical wave and dispersive equations.

1.9. Main ideas of the proof: existence. The construction of the smooth self-similar profiles (Ū , Σ̄, B̄)
asserted in Theorem 1.7 is carried out at the level of the renormalized profiles

Ū(R) =: RV̄ (R), Σ̄(R) =: RQ̄(R), B̄(R) =: RH̄(R),

introduced in (2.3). This renormalization both encodes the correct vanishing behavior of Ū , Σ̄, B̄ at R =
0 (necessary for the underlying physical fields u, c, b to be smooth at x = 0) and produces unknowns
(V̄ , Q̄, H̄) which are smooth functions of R2 near R = 0. In these renormalized variables, the self-similar
Euler system (2.1) becomes the system (2.4). The entropy equation (2.4c) is a pure transport equation for
H̄ along the radial wave speed c̄r + V̄ , which is non-vanishing due to the outgoing condition c̄r + V̄ > 0
proven in (2.34b); in turn, this allows us to solve (cf. (2.39)) for H̄ explicitly in terms of V̄ as

H̄(R) = H̄(0) exp
(
−
∫ R

0

V̄ (R′)−V̄ (0)
R′(c̄r+V̄ (R′))

dR′
)
.

Note that if H̄(0) > 0, the positivity of H̄(R) for all R > 0 is then automatically true, with no additional
verification required. Since H̄ is only defined up to a scaling factor, we may let H̄(0) = 1.

23These NLS blowup results are made possible because via the Madelung transform the defocusing NLS equation maps to a
system resembling compressible Euler, but with a quantum pressure.
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The original three-equation system (2.4) thus collapses to a 2×2 closed system for (V̄ , Q̄), namely (2.7).
Equivalently, this may be written as an autonomous system (2.31) in whichR∂R acts as the “time derivative”
and the right side is a rational function of the unknowns. This ODE system is supplemented with boundary
conditions at R = 0, which are obtained as follows.

The behavior of (V̄ , Q̄) at R = 0 is uniquely determined by evaluating the system (2.4) at R = 0, which

gives v̄0 := V̄ (0) = − 1
1+αd , q̄0 := Q̄(0) = 1

1+αd

√
dγ
2α , and the algebraic relation c̄b = c̄r + v̄0 between the

two similarity exponents (see (2.5)).
In order to capture the higher-order behavior at R = 0, we postulate a convergent power series ansatz

V̄ (R) = v̄0 +
∑

n≥1 v̄nR
2n and Q̄(R) = q̄0 +

∑
n≥1 q̄nR

2n. Substituting into (2.7) and matching powers of
R produces, at each order n ≥ 1, a 2×2 linear system Mn(q̄n, v̄n)ᵀ = (F1(n),F2(n))ᵀ, where the matrix Mn

is given explicitly in (2.11) and the right-hand side F1(n),F2(n) depends only on the lower-order coefficients
{v̄j , q̄j}1≤j≤n−1. The key observation is now that F1(1) = F2(1) = 0 identically, because when n = 1 the
set {j : 1 ≤ j ≤ n − 1} is empty. Consequently, if the matrix M1 were invertible, then (q̄1, v̄1) = (0, 0),
which in turn implies F1(2) = F2(2) = 0. By induction, as long as the matrices Mn are invertible, we
are forced into (q̄n, v̄n) = (0, 0) for all n ≥ 1. Avoiding the trivial solution thus forces det(MN) = 0
for some integer N ∈ N. Since det(Mn) is, by direct computation, a quadratic polynomial in c̄r + v̄0 with
explicit coefficients (see (2.13)), the condition det(MN) = 0 reduces to a quadratic equation whose positive
root determines c̄r = cr

∗(d, γ,N) via the closed-form expression (2.16); the value of c̄b = cb
∗(d, γ,N) then

follows from the algebraic relation c̄b = c̄r + v̄0, see (2.17). At the resonant order n = N the matrix MN

has a one-dimensional kernel, which allows us to pick (v̄N, q̄N) to be parallel to this kernel element. At
every other order n 6= N, the coefficients (q̄n, v̄n) are uniquely and recursively determined, and the resulting
power series converges for R > 0 sufficiently small (cf. Corollary 2.11).

In order to extend (V̄ , Q̄) globally to R ∈ [0,∞), we exhibit (see Definition 2.14) a positively invariant
rectangular region for the autonomous system (2.31), given by Ω :=

{
(V̄ , Q̄) : V̄ ∈ (v̄0,−dγ

2 v̄0), Q̄ ∈
(0, q̄0)

}
. The positive invariance of Ω is verified by checking the sign of the inward normal velocity on

each of its four edges (Proposition 2.15); a key role in this verification is played by the closed-form lower

bound c̄r > cr
∗(d, γ,∞) = 1

1+αd(1 +
√

αγd
2 ) from Lemma 2.8. The local-in-R trajectory constructed via

power series at R = 0 enters Ω along the unstable manifold of the saddle fixed point (v̄0, q̄0). Within Ω
the only fixed points of (2.31) are (v̄0, q̄0) and (0, 0), both of which lie on ∂Ω, and the strict monotonicity
R∂RQ̄ < 0 inside Ω (Corollary 2.16, see (2.34a)) prevents the trajectory from returning to (v̄0, q̄0) or
producing a periodic orbit. The Poincaré–Bendixson theorem then forces the trajectory to approach the
sink (0, 0) as R → ∞, and Proposition 2.17 concludes the global existence of the profile. The decay rates
(V̄ , Q̄)(R) ∼ R−1/c̄r as R→∞ are sharpened in Proposition 2.18 by constructing convergent power series
expansions in inverse powers of R1/c̄r .

The third profile H̄ is recovered from V̄ via the explicit integral formula displayed above. The asymptotic
behavior H̄(R) ∼ R−(c̄r−c̄b)/c̄r as R→∞ is a direct consequence of the asymptotics of V̄ (see (2.41)), and
the leading order behavior H̄(R) = 1− 1

2N(c̄r+v̄0)R
2N +O(R4N) as R→ 0+ (see (2.40)) makes explicit the

connection between the resonant order N in the construction and the order of vanishing of H̄ − 1 at R = 0.

1.10. Main ideas of the proof: stability in radial symmetry. The stability analysis of the self-similar
profiles (V̄ , Q̄, H̄), mentioned in Theorems 1.8 and 1.10 above, is carried out first in radial symmetry (Sec-
tion 3). The key new ingredients needed to handle non-radial perturbations (Sections 4 and 5) are discussed
in Section 1.11 below.

The stability analysis for the Euler system in radial symmetry (1.7) is done in modulated self-similar
coordinates, using the time-dependent transformation (3.3), which uses three scalar modulation functions
(cr, cu, cb)(τ), and makes precise the discussion in Section 1.5. After renormalizing atR = 0 via V (R, τ) :=
U(R, τ)/R, Q(R, τ) := Σ(R, τ)/R, H(R, τ) := B(R, τ)/R, and K := logH (see (3.5)), we obtain a
closed evolution equation for (V,Q,K) (see (3.6)). The stability goal is then to prove that if we choose
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the modulation functions (cr, cu, cb) and the initial data (V,Q,K)|τ=0 appropriately, then (V,Q,K) →
(V̄ , Q̄, log H̄) and (cr, cu, cb)→ (c̄r, c̄r − 1, c̄b) as τ →∞.

In order to achieve this, we write the solution as a perturbation of the stationary profile,

(V,Q,K) = (V̄ + Ṽ , Q̄+ Q̃, K̄ + K̃), (cr, cu, cb) = (c̄r + c̃r, c̄u + c̃u, c̄b + c̃b),

with K̄ := log H̄ . Substituting into (3.6) yields the equation satisfied by the perturbations (3.8). The role
of the modulation functions (c̃r, c̃u, c̃b) which enter (3.8) through the source terms (FQ̃,FṼ ,FK̃) and the
nonlinear terms (NQ̃,NṼ ), is to “mod out” a small number of apparent instabilities in the linearization
of (3.8) at R = 0, as we describe next.

By construction, for 0 < R � 1 we have that V̄ (R) = v̄0 + v̄NR
2N + h.o.t., Q̄(R) = q̄0 + q̄NR

2N +
h.o.t., and K̄(R) = k̄NR

2N + h.o.t.; see (3.9). The sole role of the 3(N − 1) compatibility conditions
in (1.14) (which is the same as assumption (ii) in Theorem 3.15), is to ensure that the initial perturbations
(Ṽ , Q̃, K̃)|τ=0 have the same structure for 0 < R � 1: a constant + a constant times R2N + higher order
terms. We may then show that this structure (order of vanishing) is preserved for positive time τ , as long as
the solution remains sufficiently smooth; see Lemma 3.3. This allows us to write(

Ṽ , Q̃, K̃
)
(R, τ) =

(
ṽ0(τ) + ṽN(τ)R2N, q̃0(τ) + q̃N(τ)R2N, k̃0(τ) + k̃N(τ)R2N

)
+O(R2N+1), (1.17)

for 0 < R� 1 and τ ≥ 0; see (3.10).
At zeroth order, by restricting (3.8) to R = 0 we obtain an ODE system for ~u0(τ) := (ṽ0, q̃0, k̃0)ᵀ(τ)

(cf. (3.12a) and (3.12b)), which is of the type d
dτ
~u0+A0~u0+~m0 = nonlinear terms. HereA0 is a 3×3 matrix

with a positive eigenvalue, a negative eigenvalue, and a zero eigenvalue,24 while ~m0 is a modulation vector,
determined in terms of c̃r, c̃u, and c̃b. The specific structure of (3.12a)–(3.12b) then allows us to choose two
linear relations among the modulation functions (c̃r, c̃u, c̃b), see (3.13) and (3.15), so that with the resulting
~m0 the previous system becomes d

dτ
~u0 + A∗0~u0 = nonlinear terms, where the matrix A∗0 only has positive

(stable) eigenvalues.25 Thus, if |~u0(0)| is sufficiently small (to treat the nonlinear terms perturbatively), then
we may expect |~u0(τ)| to decay exponentially fast to 0 as τ →∞.

At orderR2N we have a similar story. From (3.8) we deduce an ODE system for~uN(t) := (ṽN, q̃N, k̃N)ᵀ(τ)
(cf. (3.18a)), which is of the type d

dτ
~uN +AN~uN + ~mN = nonlinear terms. This time, the matrixAN has two

positive eigenvalues and a zero eigenvalue. Thus, upon choosing a third linear relation among the modula-
tion functions (c̃r, c̃u, c̃b), see (3.22), with the resulting ~mN the previous system becomes d

dτ
~uN +A∗N~uN =

nonlinear terms, where the matrix A∗N has only positive (stable) eigenvalues. Thus, if |~uN(0)| is sufficiently
small, then we may expect |~uN(τ)| to decay exponentially fast to 0 as τ →∞.

The three linear relations on the modulation functions, summarized in (3.24), make (c̃r, c̃u, c̃b) linear
functions of (ṽ0, q̃0, k̃0, ṽN, q̃N, k̃N). A careful analysis then yields the exponential decay (as τ → ∞) for
the three modulation functions and for the leading order Taylor coefficients (corresponding to R0 and R2N)
of (Ṽ , Q̃, K̃) at R = 0; see bootstraps (3.42), (3.44), and (3.46).

At all higher orders R2n with n > N, the matrix corresponding to An in the above discussion may be
shown to have all three eigenvalues with strictly positive real part (see (3.78)), so that all directions are stable
for the forward in time evolution; see Proposition 3.9. Thus, if the initial data for the Taylor coefficients for
(Ṽ , Q̃, K̃)|τ=0 at R = 0, of orders ` ∈ {2N + 2, 2N + 4, . . . ,M}, is taken to be sufficiently small (with
respect to ε), then we may expect all these Taylor coefficients to decay exponentially fast to 0 as τ → ∞;
see bootstrap (3.45). Here and throughout this subsection, we denote M = 17N.

24Throughout this paper, we adopt the sign convention: in the linear evolution d
dτ
~u+A~u = 0, an eigenvalue ofA with positive

real part corresponds to exponential decay (a stable direction), while an eigenvalue of A with negative real part corresponds to
exponential growth (an unstable direction). We treat zero and imaginary eigenvalues of A in the same way as unstable ones.

25The following toy example is revealing. Let u ∈ R3 solve the ODE system d
dτ

u + diag(−1, 0, 1)u + (m1,m2, 0)ᵀ = 0, with
modulation functions m1 and m2 which we are free to choose, but only if they decay exponentially fast to 0 as τ →∞. The natural
choice is m1 := 2u1(τ) and m2 := u2(τ); with this choice, the system becomes d

dτ
u + diag(1, 1, 1)u = 0, and each component

of u decays to 0 exponentially fast. A posteriori, this decay justifies the choice of m1 and m2.



22 JIAJIE CHEN, STEVE SHKOLLER, AND VLAD VICOL

So far, we have shown that the Taylor coefficients of the perturbation (Ṽ , Q̃, K̃) at R = 0, of orders
≤ M, decay exponentially in time to 0 as τ → ∞; and we have shown that the perturbation modulation
functions (c̃r, c̃u, c̃b) also decay exponentially to 0. We emphasize that the only information about the
profiles (V̄ , Q̄, K̄) which was used in this part of the proof are the explicit values of (v̄0, q̄0, k̄0), (v̄N, q̄N, k̄N),
and of (c̄r, c̄u, c̄b); we did not use any information about the similarity profiles for R > 0.

It remains to analyze the fields (Ṽ , Q̃, K̃)(R, τ) for R > 0, and to show that they decay to 0 as τ →∞.
A natural first attempt would be to return to the evolution equation (3.8) satisfied by these perturbations,
ignore for the moment the nonlinear N• and forcing F• terms, and to try to extract enough damping from
the linear terms D• defined in (3.8d)–(3.8f) to guarantee a coercive/dissipative estimate for a suitably de-
fined (weighted Sobolev) norm of (Ṽ , Q̃, K̃). This is the classical “linearization + coercivity/dissipativity”
strategy. This strategy is very powerful, but it requires detailed information about the (variable in R) coeffi-
cients of the linear terms D•; that is, information about V̄ (R) and Q̄(R) for all R > 0. In the setting of this
paper, the profiles V̄ (R) and Q̄(R) are not explicit. To overcome this fundamental difficulty and establish
the global-in-R decay of (Ṽ , Q̃, K̃)(R, τ) as τ →∞ by a purely analytic argument, we proceed as follows:
• Our first observation is that the profiles (V̄ , Q̄) obey a global outgoing property; see (2.34b), which we

re-state here for convenience:

c̄r + V̄ (R) + αQ̄(R) > c̄r + V̄ (R) > c̄r + V̄ (R)− αQ̄(R) ≥ 1+ 2
3
αd

4N(1+αd) > 0, ∀R ≥ 0. (1.18)

• Our second observation is that the radially symmetric setting presents a tremendous luxury: it allows
us to perform the analysis of (Ṽ , Q̃, K̃)(R, τ) at the pointwise level, without having to resort to L2-
based energy estimates. The idea is to introduce the differentiated Riemann-type variables26 (see (3.25)
and (3.27))

W̊ := R∂RV +R∂RQ− 1
γQR∂RK, Z̊ := R∂RV −R∂RQ+ 1

γQR∂RK,

Å := α
γQR∂RK, Y := (Z̊, Å, W̊ )ᵀ.

The evolution of the vector Y is obtained by applying R∂R to (3.6), and then diagonalizing the resulting
system. This procedure shows that Y solves the quasilinear evolution equation (see (3.28))

∂τY + T R∂RY +DY +N (Y,Y) = 0, (1.19)

where T = T (V,Q) := diag(cr + V − αQ, cr + V, cr + V + αQ) is a diagonal transport matrix
whose entries are precisely the three self-similar wave speeds present in the system, D = D(V,Q) is
an explicit damping matrix which is linear in V and Q, and N is a quadratic nonlinearity with constant
coefficients. Crucially, the lower bound on the three self-similar wave speeds inherited from the global
outgoing property of the profile (see (1.18) above) ensures that all three components of T remain bounded
below, uniformly in R and τ . Therefore, in (1.19) information propagates outward along the R-axis, in a
uniform fashion, which emphasizes the importance of very sharp estimates at radii 0 < R� 1.
• The third observation concerns the evolution equation for the perturbation Ỹ = Y − Y (defined in the

natural way) at radii 0 < R � 1; upon subtracting from (1.19) the analogous stationary PDE for Y ,
we obtain that Ỹ satisfies ∂τ Ỹ + T̄ R∂RỸ + D̄Ỹ = F , for a suitable “force” F . Upon multiplying
this evolution by a singular weight, such as R−(M+1) for some M ∈ N, we obtain that the quantity
R−(M+1)Ỹ(R, τ) solves

∂τ (R−(M+1)Ỹ) + T̄ R∂R(R−(M+1)Ỹ) + ((M + 1)T̄ + D̄)(R−(M+1)Ỹ) = R−(M+1)F , (1.20)

which is a damped and forced transport equation. The emergence of the beneficial linear damping factor
of strength M + 1 directly manifests the advantage of performing weighted-L∞ estimates with singular
weights. This approach requires, however, that R−(M+1)Ỹ(R, ·) ∈ L∞loc([0,∞)), which is to say that Ỹ
vanishes to high order (at least to order M + 1) at the origin.

26Differentiated Riemann-type variables, which linearize (to leading order) the differentiated Euler system, have played a crucial
role in the recent developments on shock formation for the compressible Euler system [9, 52, 53, 54, 24].
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• The fourth observation is that although Ỹ does not vanish to high order at R = 0 (see (1.17)), we may
nonetheless apply the singular weight idea described in the previous bullet once we subtract from Ỹ its
Taylor polynomial (at R = 0) of degree M. We denote by IMỸ (see (3.35a)) the Taylor polynomial of
Ỹ , at R = 0, of degree M, smoothly cutoff at radii R ∈ [0, 2Rin], where Rin � 1 is chosen suitably
in the proof. Then, Ỹ − IMỸ vanishes to order RM+1 at the origin (assuming Ỹ ∈ CM+1

loc ), and so we
may consider the evolution equation (1.20) with Ỹ being replaced by Ỹ − IMỸ . The important fact to
note is that once this difference is estimated, we recover “for free” the desired information on Ỹ , because
IMỸ was previously estimated globally in time (recall, we have shown that the Taylor coefficients of the
perturbation (Ṽ , Q̃, K̃) of orders ≤ M, decay exponentially in time to 0 as τ →∞).
• Lastly, we observe that if we replace the singular weight R−(M+1) appearing in (1.20) with ψ(R)−(M+1),

for a custom designed weight function ψ(R) (smooth, positive, linear at the origin, constant at infinity),
then we may obtain global existence and decay as τ → ∞ for the quantity JMỸ := (Ỹ − IMỸ)ψ−(M+1)

(cf. (3.37)), without using very precise information on T̄ (R) and D̄(R) at all R > 0. The idea is that
using the weight ψ(R)−(M+1), we generate a strong damping coefficient (M + 1)R∂Rψψ T̄ + D̄ in (1.20)
instead of (M + 1)T̄ + D̄. For any R1 � 1 � R2, we can design the weight ψ(R) with R ∈ [R1, R2]
almost freely. If we take M sufficiently large (M = 17N suffices) and if ψ is constructed very carefully
(see Proposition 3.10), we may get away with only knowing the explicit values of V̄ and Q̄ (hence T̄ and
D̄) as R→ 0+ and R→∞;27 in essence, this is made possible by the global outgoing property (1.18).28

That is, we are able to prove that the system of transport equations obeyed by JMỸ (cf. (3.82)) is such that
the damping matrix is “diagonally dominated” (cf. (3.105)), which allows us to establish global existence
and exponential decay to 0 as τ →∞ via a Gershgorin-type argument.
The proof of Theorem 3.15 then proceeds along the ideas described in the five points above. This is

implemented technically by a bootstrap argument, with five mutually-reinforcing assumptions: exponential
decay of the zeroth-order Taylor coefficients (ṽ0, q̃0, k̃0) (cf. (3.42)); exponential decay of the order-N Taylor
coefficients (ṽN, q̃N, k̃N) (cf. (3.44)); exponential decay of all higher-order even Taylor coefficients up to
order M = 17N (cf. (3.45)); exponential decay of the modulation functions (c̃r, c̃u, c̃b) (cf. (3.46)); and
a weighted-pointwise decay 〈R〉θ|JMỸ| . ε1/5e−λτ , with θ := 1

2 min{1, 1/c̄r}, see (3.47). Once these
bootstrap bounds are closed, a standard continuity argument completes the proof.

1.11. Stability outside of radial symmetry. The stability analysis for non-radial perturbations of the glob-
ally self-similar solution (ρ̄, ū, p̄), carried out in Sections 4 and 5, follows the same overall philosophy as in
the radial case; the analysis is performed in modulated self-similar coordinates, and the perturbation is split
into a finite collection of Taylor coefficients at y = 0 (which obey a significantly more complicated, but still
closed, finite-dimensional system of ODEs), and a bulk remainder controlled by a singularly weighted PDE
energy estimate. The two halves of the argument are coupled through a finite list of modulation functions
and a bootstrap loop. Compared to the radial case, however, the absence of symmetry forces several new
structural difficulties, which we describe in turn.

1.11.1. Choice of variables. A first difficulty is at the level of unknowns. Smoothness in x near the origin
is no longer equivalent to smoothness in |x|2 (mixed terms such as xixj with i 6= j may now occur), so the
radial renormalized variables (V,Q,H) and the differentiated Riemann variables Y are no longer suitable.
We therefore work directly in the unknowns

(η,u, b) :=
(
ργ−1, u, es

)
, (1.21)

introduced in (4.1)–(4.2), whose smoothness is equivalent to that of the primary flow variables (ρ,u, p)
in (1.2). A key advantage of (η,u, b) over (ρ,u, p) is that the resulting evolution has purely quadratic

27This point is important, because at R = 0 and as R → ∞ we know V̄ and Q̄ explicitly, while for intermediate values of R
we only know a few basic properties of these profiles. This allows us to complete the proof without computer assistance.

28Similar outgoing properties have played a crucial role in the stability analysis of self-similar blowup for the 3D incompressible
Euler equations [19] (see also [20]), and for the compressible Euler system [18, 17].
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nonlinearities, with no occurrence of the singular factor ρ−1∇p; this significantly simplifies the higher-
order energy estimates, which can be closed by directly applying the standard Leibniz rule.29

1.11.2. Modulation functions and the perturbation system. The radial analysis used three scalar modulation
functions, determined by the structure of the obstructions at ordersR0 andR2N. Outside of radial symmetry
the structure of these obstructions is substantially richer, and we are forced to introduce four modulation
functions (cr, cu, cB, c%)(τ), see (4.8a), subject to the single algebraic constraint c%(τ) + cB(τ) = 2cu(τ),
cf. (4.4c). After passing to self-similar coordinates (%,U ,B) for (η,u, b), the stability goal is to prove that,
modulo finitely many obstructions, (%,U ,B)→ (%̄, Ū , B̄) and (cr, cu, cB, c%)→ (c̄r, c̄u, c̄B, c̄%) as τ →∞,
exponentially fast. Writing the solution as a perturbation of the stationary profile,

(%,U ,B) = (%̄+ %̃, Ū + Ũ , B̄ + B̃), (cr, cu, cB, c%) = (c̄r + c̃r, c̄u + c̃u, c̄B + c̃B, c̄% + c̃%),

the perturbation W̃ := (%̃, Ũ , B̃) obeys a PDE system of the schematic form (cf. (4.17))

∂τ %̃ = −(cry +U)·∇%̃− 2α%div Ũ + c%%̃+ (D̄W̃ )1 + L1(c̃%, c̃u, c̃B), (1.22a)

∂τ Ũ = −(cry +U)·∇Ũ − 1
2αB∇%̃− 1

γ%∇B̃ + cuŨ + (D̄W̃ )2 + L2(c̃%, c̃u, c̃B), (1.22b)

∂τ B̃ = −(cry +U)·∇B̃ + cBB̃ + (D̄W̃ )3 + L3(c̃%, c̃u, c̃B), (1.22c)

where D̄(y) ∈ R3×3 is a damping matrix, Li(c̃%, c̃u, c̃B) denotes perturbation terms linear in the modulation
functions c̃%, c̃u, c̃B, with coefficients depending on the profile (%̄, Ū , B̄). As in the radial case, our analysis
of (1.22) is partially nonlinear: we do not decompose the coefficients of the top-order derivatives into
stationary profile plus perturbation, nor do we decompose the modulation functions appearing in the lower-
order terms.

The argument is conditional on a bootstrap assumption for the Taylor coefficients of W̃ at y = 0, encoded
in (4.26); the verification of this assumption is carried out independently in Section 5. After subtracting
a smooth Taylor cutoff, this bootstrap allows us to assume that the perturbation (%̃, Ũ , B̃) vanishes to a
sufficiently high order at the origin. We now describe the two halves of the argument.

1.11.3. Bulk PDE stability via singularly weighted Hk estimates. For non-radial perturbations, the multi-D
Euler system cannot be diagonalized, and the differentiated Riemann variable framework which we have
employed in the radial case must be replaced. We exploit the symmetric hyperbolic structure of the Euler
system, thereby avoiding derivative loss, and build on a singularly weighted L2-energy framework inspired
by [21, 22, 19, 18, 17], which works directly with the system (1.22) for (%̃, Ũ , B̃). The main result is
recorded in Theorem 4.4.

In (4.66) we introduce30 an Hk-energy density31

Eα(W̃ ) :=
|∂α%̃|2

(2α%)2
+
|∂αŨ |2

C2
+ κB

|∂αB̃|2

B2
+

2

γ

∂α%̃

2α%
· ∂

αB̃

B
, Ek(W̃ ) :=

∑
|α|=k

Eα(W̃ ), (1.23)

where C := (%B)1/2 is the sound speed, and κB is a large coupling parameter. For κB large enough
(cf. (4.71)), the density Eα is positive definite. Since %,C,B may vanish at infinity, we modify the density
profile (cf. (4.18)) and propagate two-sided pointwise bounds on (%,B) via the bootstrap (4.51).

29In contrast, ∇k(ρ−1p) contains terms of the form ρ−(k+1)p (∇ρ)k and ρ−(k+1)p (∇k−iρ)(∇iρ). Controlling these terms
for large |y| would require sharp decay estimates on∇iρ together with sharp lower bounds on ρ; cf. [23].

30Instead of W̃ , we use Eα(·) with the Taylor remainder term W̃M, cf. (4.21)–(4.23), which vanishes to high order at y = 0.
31The Euler equations form a symmetric hyperbolic system: after a suitable change of variables, akin to (1.21), they take the

schematic form ∂τY +
∑
i≤dMi ∂yiY = l.o.t. with Mi = M>i . The cross term in Eα exploits this structure to allow integration

by parts at top order without derivative loss. Similar energy structures, exploiting symmetric hyperbolicity, have proved effective
in [18, 17, 2].
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The Hk estimate is closed by integrating Eα(W̃ ) against a carefully chosen, time-independent radial
weight ϕk(y). After integration by parts in the symmetric hyperbolic top-order terms, the energy identity
reads, schematically,

d

dτ

∫
Eα(W̃ )ϕk (1.24)

≤
∫

(cry +U) · ∇ϕk
2ϕk

Eα(W̃ )ϕk︸ ︷︷ ︸
:=I1

+
C|∇ϕk|
ϕk

( |∂αŨM|
C

|∂α%̃M|
2α%

ϕk +
1

γ

|∂αB̃M|
B

|∂αŨM|
C

)
ϕk︸ ︷︷ ︸

:=I2

+Rkϕk,

whereRk denotes the ϕk-independent contributions from the terms D̄W̃ ,Li, c%%̃, cuŨ , cBB̃ in (1.22), and
the contributions from the lower order terms, e.g. when derivatives acting on the denominators. The terms
I1, I2 can be seen as the damping effect generated by the variation of the weight ϕk, which captures the
outgoing property of the three self-similar wave speeds. To see this, note that by the Cauchy-Schwarz
inequality and using the definition of the energy density Eα in (1.23), we may estimate

I1 + I2 ≤
(cry +U) · ∇ϕk + (1 + 3κ

−1/2
B )C|∇ϕk|

2ϕk︸ ︷︷ ︸
=:Dϕk (y)

Eα(W̃ )ϕk.

The aim is to obtain a sufficiently strong damping term in the weighted estimate (1.24), namely, to make
Dϕk very negative. For this purpose, we choose a radially symmetric weight ϕk(y) that decreases in |y| in
a large domain. For sufficiently small perturbations, so that cr ≈ c̄r, U(R) ≈ Ū(R) = RV̄ (R),C(R) ≈
C̄(R) = αRQ̄(R), the above damping coefficients satisfies

Dϕk(y) ≈ −
[

c̄r + V̄ (R)− α
(
1 + 3κ

−1/2
B

)
Q̄(R)

] |R∂Rϕk|
ϕk

, R = |y|.

By taking κB sufficiently large (cf. (4.71)), from the global outgoing property of the self-similar profiles
(cf. (1.18)), we obtain that c̄r + V̄ (R)− α(1 + 3κ

−1/2
B )Q̄(R) ≥ C0 for some C0 = C0(d, γ,N) > 0, for all

y. Thus Dϕk(y) < 0 for all y. Consequently, by choosing ϕk = ψN0 with ψ0 radially decreasing in a large
compact annulus, using R∂Rϕk

ϕk
= N R∂Rψ0

ψ0
, and taking N large, we generate arbitrarily strong damping in

any prescribed annulus R1 ≤ |y| ≤ R2, with R1 � 1 � R2. Choosing ϕk � |y|−2M−d near the origin
produces the strong damping needed to control low-order terms (this plays the same role as the singular
weight R−(M+1) in (1.20)). For large values of |y|, we design ϕk to have sufficient decay to generate the
necessary amount of damping.

With damping of arbitrary strength available, the remainder Rk may be treated perturbatively, without
any precise knowledge of the profile in the intermediate range of y.32

We note importantly that the order k in (1.23) is chosen large enough to close the nonlinear estimates, but
it is not too large. In fact, the value of k taken in our proof is explicit, in terms of d (cf. (4.25)); it is not an
unquantified large constant as in [49, 7].

1.11.4. Cutoff Taylor polynomials. Due to the presence of the singular weight ϕk, the energy appearing
in (1.24) requires that W̃ vanish to high order at y = 0, which is not automatic for general perturbations.
As in the radial case, this is handled by subtracting a smoothly cutoff Taylor polynomial Ikf̃ at the origin
and propagating the estimates only on the remainder Pkf̃ (cf. (4.21)). A significant technical difficulty arises
because the three components (%,u,B) have different vanishing orders near y = 0, namely % � 1, |u| � |y|,
and |B| � |y|2 for smooth solutions close to the stationary profile; hence, the radial trick of dividing by |y|i
and introducing the normalized variables (V,Q,H) is not available.

32Such singularly weighted estimates have played an important role in the stability analysis of self-similar blowup for fluid
equations and related models, see [19, 20, 16, 17, 18].



26 JIAJIE CHEN, STEVE SHKOLLER, AND VLAD VICOL

To overcome this difficulty, in the non-radial case we subtract Taylor polynomials at three different orders
(cf. (4.23)):

%̃ = IM%̃+ PM%̃, Ũ = IM+1Ũ + PM+1Ũ , B̃ = IM+2B̃ + PM+2B̃, (1.25)

where the cutoff Taylor polynomials Ikf̃ consist of the derivatives at y = 0: {∇i%̃(0)}i≤M, {∇iŨ}i≤M+1,
and {∇iB̃}i≤M+2. Each remainder (PM%̃,PM+1Ũ ,PM+2B̃) vanishes to order |y|M+1 at the origin, which is
the input required by (1.23).

1.11.5. Closed ODE system for the Taylor coefficients at the origin. As in the radial case, the above stability
argument is conditional: the bulk decay estimate (4.28) is conditional on the bootstrap assumption (4.26) on
a finite collection of Taylor coefficients at y = 0, and on the modulation functions. The verification of this
bootstrap assumption (4.26) is the subject of Section 5 and Theorem 5.1.

For the N-th profile, the modulation functions are determined, through a careful analysis paralleling the
radial case at orders R0 and R2N, by the Taylor coefficients at y = 0 of

%̃ ∈ R, ∇Ũ ∈ Rd×d, ∇2B̃ ∈ Rd×d, ∆N%̃ ∈ R, ∆N+1Z̃ ∈ R, ∆N+1B̃ ∈ R, (1.26)

where Z̃(y, τ) := y · Ũ(y, τ) plays the role of a radial velocity (cf. (5.21)). The four modulation functions
(c̃r, c̃u, c̃B, c̃%) and the coefficients in (1.26) together satisfy a closed ODE system (one of the modulation
functions is redundant in view of the algebraic constraint (4.4c)). Although this system is significantly more
complicated than its radial counterpart, it admits a clean structural decomposition: at the linear level,

• the non-radial part, consisting of the trace-free symmetric gradient ∇Ũ + (∇Ũ)> − 2
d(div Ũ) Id ,

together with the trace-free Hessian∇2B̃− 1
d(∆B̃) Id , and

• the radial part, consisting of the symmetric scalar combinations in (%̃, div Ũ , ∆B̃, ∆N%̃, ∆N+1Z̃,
∆N+1B̃), together with the modulation functions (c̃r, c̃u, c̃B, c̃%),

are decoupled. The radial part is structurally analogous to the ODE system of the radial analysis, and the
radial proof (in particular, the choice of modulation functions) extends to it directly. The non-radial part de-
couples further into uncoupled scalar and 2×2 ODE blocks, which admit a complete linear stability analysis;
this analysis identifies the first batch of unstable directions associated with non-radial perturbations.

1.11.6. Higher order ODE system and unstable dimension counts. The remainder of Theorem 5.1 concerns
the higher mixed-derivative tower V=n(τ) =

(
∇n%̃, ∇n+1Ũ , ∇n+2B̃

)
(0, τ). For n ≥ 2N, where N indexes

the profile, the full vector V≤n :=
(
V=0, . . . , V=n

)
obeys a closed linear-quadratic ODE,

d

dτ
V≤n = M≤n V≤n +Qn(V≤n, V≤n),

governed by an explicit constant matrix M≤n ∈ Rd≤n×d≤n of size O(nd). The principal task is to count the
eigenvalues ofM≤n with non-negative real part, as this count fixes the (nonlinear) unstable+center manifold
Σuns,≤n. For general n ≥ 1, this task is quite complicated.

The strategy is guided by the radial symmetry of the underlying profile (%̄, Ū , B̄): the more symmetric
the derivative combination is, the cleaner the ODE block to which it belongs. To exploit this, for k ≥ 0 and
β ∈ Nd0 we organize mixed derivatives by powers of the Laplacian,

Vβ,k(τ) :=
(
∂β∆k%̃, ∂β∆k(div Ũ), ∂β∆k+1Z̃, ∂β∆k+1B̃

)ᵀ
(0, τ) ∈ R4×1, (1.27)

where Z̃ captures the velocity in the radial direction Z̃(y, τ) = y · Ũ(y, τ).
We analyze the system satisfied by the Vβ,k in the order of decreasing k, for fixed |β|. In this ordering, the

matrix M≤n becomes lower block-triangular, with diagonal blocks of size at most 4× 4 given explicitly by
the matrices H

(3)
k , H

(2)
k , and H|β|,k of Proposition 5.6. The eigenvalue analysis then proceeds in two regimes:

• (Distinguished cases.) For the ground state N = 1 together with the five physical pairs (γ, d) ∈{
(5

3 , 3), (7
5 , 3), (2, 2), (5

3 , 2)
}

or γ ∈ (1, 3], d = 1, the closed form of the diagonal blocks, combined
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with the Routh–Hurwitz criterion33 (Theorem D.1) yields the exact dimension counts of Σuns summa-
rized in item (iv) of Theorem 5.1 (see also Remark 1.12).
• (General N, d, γ.) For the general case N ≥ 1, d ∈ {1, 2, 3}, and 1 < γ ≤ 2d + 1, we use the classical

result that a weighted diagonally dominated matrix does not have eigenvalues with non-negative real
part (Lemma 5.13). For high derivative orders n ≥ n1 := (18d)2N, such a condition holds for the
ODE system of mixed derivatives V=n(τ) = (∇n%̃,∇n+1Ũ ,∇n+2B̃)(0, τ). The analysis produces the
stabilization dim(Σuns,≤n) = dim(Σuns,≤n1) for n ≥ n1, and further provides the explicit upper bound
for the unstable + center manifold: dim(Σuns) ≤ C̄(d) Nd.

With the spectral structure of M≤n in hand, a global solution of the nonlinear ODE on the unstable+center
manifold is constructed by combining classical stable manifold theory with the splitting method of [19].

1.11.7. Closing the loop. The bulk PDE estimate of Theorem 4.4 and the ODE analysis of Theorem 5.1
are coupled through the local well-posedness of the full system (4.6). On any time interval [0, T ] on which
the PDE is regular, the Taylor coefficients of the PDE solution at the origin agree with those produced by
Theorem 5.1; this verifies the bootstrap assumption (4.26) on [0, T ], which in turn permits the bulk decay
estimate (4.28), and finally the smallness afforded by (4.28) extends the local solution past T . A standard
continuity argument in τ (see Remark 5.3) closes the loop and yields the global-in-τ stability conclusion
stated in Theorem 1.10.

1.12. Organization. The paper is organized as follows. In Section 2, we construct the family of exact self-
similar profiles and prove Theorem 2.20. In Section 3, we establish the stability of these profiles within the
class of radially symmetric perturbations and prove Theorem 3.15. In Section 4, we extend the stability anal-
ysis to non-radial perturbations and prove Theorem 4.4. In Section 5, we analyze the ODE system governing
Taylor coefficients at the origin and prove Theorem 5.1. We emphasize that Sections 3, 4, and 5 may be read
independently. The appendices contain interpolation estimates and auxiliary algebraic computations.

2. A FAMILY OF EXACT SELF-SIMILAR PROFILES

The goal of this section is to show that for any N ∈ N, we may find explicit similarity exponents

c̄r = c̄r(γ, d,N), c̄u = c̄r − 1, c̄b = c̄b(γ, d,N),

and exact globally self-similar solutions to (1.7), given in terms of smooth profiles (Σ̄, Ū , B̄). That is,
passing τ →∞ in (1.9), we seek solutions of

(1− c̄r)Σ̄ + c̄rR∂RΣ̄ + Ū∂RΣ̄ + αΣ̄(∂RŪ + d−1
R Ū) = 0, (2.1a)

(1− c̄r)Ū + c̄rR∂RŪ + Ū∂RŪ + αΣ̄∂RΣ̄− α
γ Σ̄2 ∂RB̄

B̄
= 0, (2.1b)

−c̄bB̄ + c̄rR∂RB̄ + Ū∂RB̄ = 0. (2.1c)

We seek solutions (Σ̄, Ū , B̄) of (2.1) which are smooth at R = 0 and which grow sub-linearly as R → ∞.
Their existence and main properties are stated in Theorem 2.20 below. This section is devoted solely to the
analysis of system (2.1), leading to the proof of Theorem 2.20.

Remark 2.1 (Globally self-similar solutions of the Euler equations). Once a smooth solution (Σ̄, Ū , B̄)
of (2.1) is found, for suitable values of c̄r and c̄b, upon reversing the self-similar transformation discussed in

33The Routh–Hurwitz criterion allows us to count the number of eigenvalues of a matrix with nonnegative real part by proving
a few inequalities on its entries, without deriving the eigenvalues explicitly.
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Section 1.5, we directly obtain globally self-similar solutions (σ̄, ūr, b̄) of (1.7), defined as

σ̄(r, t) := (−t)c̄r−1Σ̄
(

r
(−t)c̄r

)
, (2.2a)

ūr(r, t) := (−t)c̄r−1Ū
(

r
(−t)c̄r

)
, (2.2b)

b̄(r, t) := (−t)c̄bB̄
(

r
(−t)c̄r

)
. (2.2c)

The functions described in (2.2) describe an exact solution of the Euler equations in radial symmetry (1.7)
on [−1, 0) × Rd, with initial datum σ̄(r,−1) = Σ̄(r), ūr(r,−1) = Ū(r), b̄(r,−1) = B̄(r). This solution
determines a smooth density ρ̄ and smooth pressure p̄ via (1.5); the smooth radially symmetric velocity
ū = ~erū

r on [−1, 0) × Rd. The solution (ρ̄, ū, p̄) is the unique smooth solution of (1.2) with initial datum
computed from RHS(2.2)|t=−1 and (1.5). This solution experiences an implosion singularity at x∗ = 0 and
t∗ = 0, in the sense of Definition 1.3.

We now turn to the solvability of (2.1). Two important remarks are in order.

Remark 2.2 (Non-isentropic implies c̄b 6= 0). When c̄b = 0, then we observe that B̄ = constant is an
explicit solution of (2.1c). Since for this solution ∂RB̄ = 0, the system (2.1a)–(2.1b) becomes the self-
similar isentropic Euler system. As such, throughout this analysis we require that c̄b 6= 0, which precludes
us from re-discovering isentropic implosion profiles.

Remark 2.3 (c̄b 6= 0 implies that smooth B̄ and Σ̄ must vanish at R = 0). Since Ū(0) = 0,34 assuming
that |∂RB̄(0)| < ∞, we deduce from (2.1c) evaluated at R = 0 that c̄bB̄(0) = 0. Since c̄b 6= 0, we
thus must have B̄(0) = 0. The same argument applied to (2.1b) evaluated at R = 0, and assuming that
|∂RŪ(0)|+ |∂RΣ̄(0)| <∞, implies that limR→0+ Σ̄2(R)∂RB̄(R)

B̄(R)
= 0. Assuming that B̄ does not vanish to

infinite order at R = 0, meaning that B̄(R) ∼ Rν for some 0 < ν <∞, this implies that Σ̄(0) = 0.

2.1. Renormalization atR = 0. We make three observations. First, the initial velocity u(x,−1) is smooth
at |x| = 0 if and only if the Taylor series expansion of ur(r,−1) around r = 0 contains only odd powers
of r; as such, it is reasonable to expect that Ū(R) ∼ R as R → 0+ and U(R)/R is a function of R2 for
|R| � 1. Second, if we wish to ensure that the initial density ρ(r,−1) does not vanish at r = 0, by (1.5)
and Remark 2.3 we obtain that Σ̄ and B̄ need to vanish at the same rate as R → 0+; a quick inspection
of (2.1) suggests that it is reasonable to expect Σ̄(R), B̄(R) ∼ R as R → 0+. Third, if we are to ensure
that the initial density ρ(r,−1) and the initial pressure p(r,−1) are smooth around r = 0, then by (1.5) we
obtain that Σ̄(R)/R and B̄(R)/R are functions of R2 for |R| � 1. Based on these three observations, we
make the following ansatz, whose goal is to renormalize the profiles (Ū , Σ̄, B̄) near R = 0:

Ū(R) =: RV̄ (R), Σ̄(R) =: RQ̄(R), B̄(R) =: RH̄(R), (2.3a)

where the stationary renormalized profiles (V̄ , Q̄, H̄) are smooth functions ofR2 for |R| � 1, and such that

V̄ (0) < 0, Q̄(0) > 0, H̄(0) > 0. (2.3b)

From (2.3) and (2.1) we obtain that (V̄ , Q̄, H̄) must solve(
1 + (1 + αd)V̄

)
Q̄+ (c̄r + V̄ )R∂RQ̄+ αQ̄R∂RV̄ = 0, (2.4a)(

V̄ + V̄ 2 + 2α2

γ Q̄2
)

+ (c̄r + V̄ )R∂RV̄ + αQ̄R∂RQ̄− α
γ Q̄

2R∂RH̄
H̄

= 0, (2.4b)(
c̄r − c̄b + V̄

)
H̄ + (c̄r + V̄ )R∂RH̄ = 0. (2.4c)

Remark 2.4 (The value of V̄ (0), Q̄(0), and c̄b are determined). Since we have assumed that Q̄(0) 6= 0
and |∂RQ̄(0)|+ |∂RV̄ (0)| <∞, upon evaluating (2.4a) at R = 0 we deduce that

V̄ (0) = − 1
1+αd . (2.5a)

34This condition is necessary in order to ensure that u(x, t) is smooth at x = 0.
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Since we have assumed that H̄(0) 6= 0 and also |∂RH̄(0)| <∞, upon evaluating (2.4b) at R = 0 we obtain

Q̄(0) = −V̄ (0)

√
dγ
2α = 1

1+αd

√
dγ
2α . (2.5b)

Lastly, by evaluating (2.4c) at R = 0 we deduce that

c̄b = c̄r + V̄ (0) = c̄r − 1
1+αd . (2.5c)

Since c̄b 6= 0, we need to ensure that c̄r 6= −V̄ (0) = 1
1+αd . Furthermore, we note that (2.4b)–(2.4c) remain

the same if we multiply H̄ by a constant, so it is natural that H̄(0) > 0 is a free parameter in the problem;
for simplicity, we let

H̄(0) = 1 . (2.5d)

For compactness of notation, and for consistency with (3.9) below, we shall henceforth denote

v̄0 := V̄ (0) = − 1
1+αd , q̄0 := Q̄(0) = 1

1+αd

√
dγ
2α , h̄0 := H̄(0) = 1.

2.2. A closed system for V̄ and Q̄. We may use (2.4c) to express R∂RH̄
H̄

as a function of V̄ alone, namely

R∂RH̄
H̄

= − c̄r−c̄b+V̄
c̄r+V̄

= − V̄−v̄0

c̄r+V̄
. (2.6)

Inserting the above expression into the last term of (2.4b) (which is justified as long as c̄r + V̄ (R) 6= 0), and
appealing to (2.5), leads us to a closed system obeyed by the unknowns V̄ and Q̄, namely

P1[V̄ , Q̄] + (c̄r + V̄ )R∂RQ̄+ αQ̄R∂RV̄ = 0, (2.7a)

P2[V̄ , Q̄] + α(c̄r + V̄ )Q̄R∂RQ̄+ (c̄r + V̄ )2R∂RV̄ = 0. (2.7b)

Here P1[V̄ , Q̄](R) and P2[V̄ , Q̄](R) are two explicit polynomials in V̄ and Q̄ (quadratic, respectively cubic),
which vanish at R = 0; specifically, we have

P1[V̄ , Q̄] :=
(
1 + (1 + αd)V̄

)
Q̄ = (1 + αd)

(
V̄ − v̄0

)
Q̄, (2.7c)

P2[V̄ , Q̄] := (c̄r + V̄ )
(
V̄ + V̄ 2 + 2α2

γ Q̄2
)

+ α
γ Q̄

2(V̄ − v̄0)

=
(
V̄ − v̄0

)(
(c̄r + V̄ )(1 + V̄ + v̄0) + α

γ Q̄
2
)

+ 2α2

γ

(
Q̄− q̄0

)
(c̄r + V̄ )

(
Q̄+ q̄0

)
. (2.7d)

2.3. Power series for V̄ and Q̄ near R = 0 for a discrete family of similarity exponents. We aim to find
a power series solution for (2.7) near R = 0, by postulating that

V̄ (R) = v̄0 +
∑
n≥1

v̄nR
2n, Q̄(R) = q̄0 +

∑
n≥1

q̄nR
2n, (2.8)

where v̄0 and q̄0 are given by (2.5a)–(2.5b), and the coefficients {v̄n}n≥1 and {q̄n}n≥1 are to be determined
from a recursion relation.

2.3.1. Recursion relation for the power series coefficients. Inserting (2.8) into (2.7a), leads to the recursion
relation:

2n(c̄r + v̄0)q̄n +
(
1 + αd+ 2αn

)
q̄0v̄n = F1(n), (2.9a)

for all n ≥ 1, where we have defined

F1(n) := −1n≥2

∑
m+j=n,m,j≥1

q̄mv̄j
(
1 + αd+ 2n− 2(1− α)j

)
. (2.9b)

Similarly, inserting (2.8) into (2.7b), leads to the recursion relation:

α(c̄r + v̄0)q̄0

(
4α
γ + 2n

)
q̄n +

(
2n(c̄r + v̄0)2 +

(
1 + 2v̄0

)
(c̄r + v̄0) + α

γ q̄
2
0

)
v̄n = F2(n), (2.10a)
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for all n ≥ 1, where we have defined

F2(n) := −1n≥2

∑
m+j=n,m,j≥1

v̄mv̄j
(
1 + c̄r + 3v̄0 + 4j(c̄r + v̄0)

)
− 1n≥2

∑
m+j=n,m,j≥1

v̄mq̄j2αq̄0(j + 1)− 1n≥2

∑
m+j=n,m,j≥1

q̄mq̄j(c̄r + v̄0)
(

2α2

γ + 2αj
)

− 1n≥3

∑
m+`+j=n,m,`,j≥1

v̄m
(
v̄`v̄j + αq̄`q̄j

)
(2j + 1). (2.10b)

2.3.2. A discrete family of similarity exponents. Upon introducing the matrix

Mn :=

[
2n(c̄r + v̄0) (1 + αd+ 2αn)q̄0

α(c̄r + v̄0)q̄0

(
4α
γ + 2n

)
2n(c̄r + v̄0)2 +

(
1 + 2v̄0

)
(c̄r + v̄0) + α

γ q̄
2
0

]
(2.11)

we may summarize (2.9)–(2.10) as

Mn

[
q̄n
v̄n

]
=

[
F1(n)
F2(n)

]
, (2.12)

for all n ≥ 1.
We notice at this stage that by definition F1(1) = F2(1) = 0, and thus if M1 is invertible, then we must

have q̄1 = v̄1 = 0. In turn, this implies F1(2) = F2(2) = 0, and so if M2 is invertible, then we must have
q̄2 = v̄2 = 0, and so on. By induction, we would obtain that q̄n = v̄n = 0 for all n ≥ 1, which is the trivial
solution. This situation may only be avoided if we have that det(MN) = 0 for some N ∈ N. This imposes
a constraint on the admissible values for the similarity parameter c̄r, as follows. Using (2.5a) and (2.5b) we
may compute

det(Mn) = 4n2(c̄r + v̄0)
(

(c̄r + v̄0)2 + 1
2n(c̄r + v̄0)

(
1 + 2v̄0

)
− v̄2

0

(αγd
2 + En

))
, (2.13)

where En = En(γ, d) is given explicitly by the expression

En := αγd(d+2)
4n + αd(1+αd)

2n2 . (2.14)

We note that En ≥ 0, {En}n≥1 is monotone decreasing in n, and En = O( 1
n) as n→∞.

At this stage we recall from (2.5c) and the requirements c̄b 6= 0, that c̄r + v̄0 6= 0. From (2.13) and (2.5a)
it follows that det(Mn) = 0 only if

c̄r + v̄0 = − 1
4n(1 + 2v̄0)±

√
1

16n2 (1 + 2v̄0)2 + v̄2
0(αγd2 + En)

= −v̄0

(
1−αd

4n ±
√

αγd
2 + En + (1−αd)2

16n2

)
. (2.15)

The branch with the negative sign in front of the square root in (2.15) leads to negative values of c̄r (e.g. for
n � 1) which is not a relevant parameter regime for implosion singularities. Therefore, we consider the
branch with the positive sign in front of the square root in (2.15), and define:

Definition 2.5 (Admissible values of the similarity exponents). Let d ≥ 1, γ > 1, and α = γ−1
2 . For

each N ∈ N, define the Nth admissible similarity exponent by

cr
∗(d, γ,N) := 1

1+αd

(
1 +

√
αγd

2 + EN + (1−αd)2

16N2 + 1−αd
4N

)
, (2.16)

where EN is as defined in (2.14). Moreover, according to (2.5c) we define

cb
∗(d, γ,N) := 1

1+αd

(√
αγd

2 + EN + (1−αd)2

16N2 + 1−αd
4N

)
. (2.17)

We emphasize that the values of cr
∗ and cb

∗ defined above are explicit and exact.
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Example 2.6 (The “ground state” at N = 1). When N = 1, by appealing to (2.14) and (2.16), we arrive at

cr
∗(d, γ, 1) = 1

1+αd

(
1 +

√
4(αd)2+(2+d+4γ)αd

4 + (1−αd)2

16 + 1−αd
4

)
. (2.18)

Example 2.7 (Similarity exponents for a monatomic gas in three space dimensions). Consider the ex-
pression for cr

∗ in (2.16) for γ = 5
3 (a monatomic gas), so that α = 1

3 , and d = 3 (the three-dimensional
case). Then, upon drastic simplification one may show that

cr
∗(3, 5

3 ,N) = 1
2 + 1

2

√
5
6 + 25

12N + 1
N2 (2.19a)

cb
∗(3, 5

3 ,N) = cr
∗(3, 5

3 ,N)− 1
2 = 1

2

√
5
6 + 25

12N + 1
N2 . (2.19b)

These are both monotonically decreasing sequences in N, with cr
∗(3, 5

3 , 1) ≈ 1.48953, cb
∗(3, 5

3 , 1) ≈
0.98953, cr

∗(3, 5
3 ,∞) ≈ 0.956435, and cb

∗(3, 5
3 ,∞) ≈ 0.456435.

Lemma 2.8 (Properties of the admissible similarity exponents). The exponents cr
∗ and cb

∗ defined in
(2.16) and (2.17) satisfy the following properties:
• Fix N ≥ 1 and let c̄r = cr

∗(d, γ,N) in the definition of Mn in (2.11). Then, we have that det(Mn) = 0 if
and only if n = N. The eigenvector corresponding to the zero-eigenvalue of MN is parallel to the vector
(−q̄0

1+αd+2αN
2N(c̄r+v̄0) , 1).

• For d ∈ {1, 2, 3} and 1 < γ ≤ 2d+1, the sequences cr
∗(d, γ,N) and cb

∗(d, γ,N) are monotone decreasing

in N, and accumulate at cr
∗(d, γ,∞) = 1

1+αd(1 +
√

αγd
2 ), respectively cb

∗(d, γ,∞) = 1
1+αd

√
αγd

2 .

• For any N ≥ 1 and 1 < γ ≤ 2d+ 1, we have that cr
∗(d, γ,N) + v̄0 − αq̄0 ≥

1+ 2
3
αd

4N(1+αd) .

Proof of Lemma 2.8. We prove the claims in each bullet separately.
Proof of the first bullet. Let n ≥ 1, potentially different from N. From (2.13), setting X := c̄r + v̄0 with
c̄r = cr

∗(d, γ,N), we have that det(Mn) = 0 (with X 6= 0) if and only if

X2 + 1+2v̄0
2n X − V̄ 2(0)

(
αγd

2 + En
)

= 0. (2.20)

The two roots of this quadratic in X are

X±n = 1
1+αd

(
1−αd

4n ±
√

(1−αd)2

16n2 + αγd
2 + En

)
.

By definition (2.16), we have X+
n = cr

∗(d, γ, n) + v̄0. Moreover, X−n < 0 for all n ≥ 1, since the square
root term exceeds

∣∣1−αd
4n

∣∣. For c̄r = cr
∗(d, γ,N), we have c̄r + v̄0 = X+

N > 0. Thus, we have det(Mn) = 0

if and only if X+
N = X+

n or X+
N = X−n . Since X = X+

N > 0 and X−n < 0 for all n, det(Mn) = 0 if and
only if X+

N = X+
n , which is equivalent to cr

∗(d, γ,N) = cr
∗(d, γ, n). Due to the monotonicity claimed in the

second bullet, this equality holds if and only if n = N.
For the eigenvector computaton, when det(MN) = 0, the null space is determined by the first row of MN:

2N(c̄r + v̄0)q̄N + (1 + αd+ 2αN)q̄0v̄N = 0,

which gives q̄N = − (1+αd+2αN)q̄0
2N(c̄r+v̄0) v̄N. Thus the eigenvector (q̄N, v̄N) is parallel to

(
−q̄0

1+αd+2αN
2N(c̄r+v̄0) , 1

)
.

Proof of the second bullet. The statements about the limit as N → ∞ are immediate consequences of
EN → 0 as N→∞. Moreover, the monotonicity of cb

∗ is equivalent to that of cr
∗. Let

h(N) :=
√
f(N) + 1−αd

4N , f(N) := αγd
2 + EN + (1−αd)2

16N2 .

In view of (2.16), in order to prove that cr
∗ is strictly decreasing in N, it suffices to show that h(N) is strictly

decreasing in N. It is clear that f(N) is strictly decreasing in N. Since for αd ≤ 1 we have 1−αd
4N ≥ 0 is

decreasing in N, in this case h(N) is the sum of two decreasing functions, hence decreasing.
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It remains to consider the case αd > 1. Since α ∈ (0, d], we only need to consider d ∈ {2, 3}. For
N ≥ 1, we have

h(N)− h(N + 1) = f(N)−f(N+1)√
f(N+1)+

√
f(N)
− αd−1

4N(N+1) .

We need to show that the above expression is positive. Recalling the definition of EN in (2.14), we have that

f(N)−f(N+1)√
f(N+1)+

√
f(N)

> 1

2
√
f(N)

(
αγd(d+2)
4N(N+1) + αd(1+αd)(2N+1)

2N2(N+1)2 + (αd−1)2

16
2N+1

N2(N+1)2

)
and

2
√
f(N) ≤

√
2αγd+

√
αγd(d+2)

N + 1
N

√
2αd(1 + αd) + αd−1

2N

Therefore, the inequality h(N) > h(N + 1) is true if we are able to show that

αγd(d+2)
2 +αd(1+αd)(2N+1)

N(N+1) + (αd−1)2

8
2N+1

N(N+1) ≥
αd−1

2

(√
2αγd+

√
αγd(d+2)

N + 1
N

√
2αd(1 + αd) + αd−1

2N

)
.

In turn, the above inequality holds if we are able to show that

3αγd(d+2)
8 + 8αd(1+αd)−5(αd−1)2

8N + 8αd(1+αd)−(αd−1)2

8N(N+1) ≥ αd−1
2

√
2αγd.

Since αd > 1, the above inequality does indeed hold for any N ≥ 1, if we are able to establish

3
√
d+ 2(d+ 2)

√
αd ≥ 4

√
2d(αd− 1).

Since x =
√
αd ∈ (1, d] (recall that 1

d < α ≤ d), the above inequality clearly holds true for both d = 2

(where it becomes 24x ≥ 8(x2 − 1), for x ∈ (1, 2]) and d = 3 (where it becomes 15
√

5x ≥ 4
√

6(x2 − 1) ,
for x ∈ (1, 3]).

Proof of the third bullet. Recall that cr
∗(d, γ,∞) = 1

1+αd(1+
√

αγd
2 ) = 1

1+αd(1+α
√

γd
2α) = −v̄0+αq̄0. The

claimed lower bound follows by bounding from below the quantity cr
∗(d, γ,N)− cr

∗(d, γ,∞). From (2.16)
this difference is explicitly given as

(1 + αd)
(
cr
∗(d, γ,N)− cr

∗(d, γ,∞)
)

=
√

αγd
2 + EN + 1

16N2 (1− αd)2 + 1−αd
4N −

√
αγd

2

= 1−αd
4N +

EN+ 1
16N2 (1−αd)2√

αγd
2 +EN+ 1

16N2 (1−αd)2+

√
αγd

2

.

Recalling that EN is monotone decreasing in N and positive, and using the explicit formula for the first term
on the right side of (2.14), we may thus lower bound

1
αd

(
4N(1 + αd)

(
cr
∗(d, γ,N)− cr

∗(d, γ,∞)
)
− 1− 2

3αd
)

= −5
3 +

4NEN+
(1−αd)2

4N

αd(

√
αγd

2
+EN+

(1−αd)2
16N2 +

√
αγd

2 )

≥ −5
3 + γ(d+2)√

αγd
2

+E1+
(1−αd)2

16
+
√
αγd

2

=: F (α, d),

where E1 = αγd(d+2)
4 + αd(1+αd)

2 (cf. (2.14)). A tedious but elementary analysis shows that the function
F (α, d) is monotone decreasing with respect to α ∈ (0, d] for all d ∈ {1, 2, 3}; therefore, its minimum is
attained at α = d. An explicit computation shows that

F (d, d) = −5
3 +

(2d+1)(1+ 2
d

)√
(2d+1)(d+4)

4
+

(1+3d2)2

16d2
+
√

2d+1
2

≥ 1
4

for d ∈ {1, 2, 3}, which concludes the proof of the lower bound claimed in the third bullet. �
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2.3.3. Solvability of the recursion relation. We return to the solvability of the recursion relation (2.12) for
the unknown sequences {v̄n}n≥1 and {q̄n}n≥1. As discussed earlier, (2.12) has a nontrivial solution only if
cr is chosen to be equal to one of the similarity exponents defined in (2.16); we may thus prove:

Proposition 2.9 (Solvability of the recursion corresponding to R = 0). Fix an N ≥ 1, and let c̄r :=
cr
∗(d, γ,N)35 in the matrix Mn (see (2.11)), in the forcing terms F1(n) (see (2.9b)), and F2(n) (see (2.10b)).

Define:

• For n 6= kN with k ∈ N, let q̄n = v̄n = 0.
• For n = N, define (q̄N, v̄N) to be an eigenvector of MN corresponding to the zero eigenvalue, more

precisely, let [
q̄N

v̄N

]
:=

[
−q̄0

1+αd+2αN
2N(c̄r+v̄0)

1

]
. (2.21)

• For n = kN with k ∈ N and k ≥ 2, the matrix MkN is invertible, we let[
q̄kN

v̄kN

]
:= M−1

kN

[
F1(kN)
F2(kN)

]
. (2.22)

Then, the above defined sequences {q̄n}n≥1 and {v̄n}n≥1 solve the recursion relation (2.12), equivalently
(2.9)–(2.10).

Proof of Proposition 2.9. The proof proceeds by verifying that the recursion relation (2.12) is satisfied for
each n ≥ 1. We consider three cases.

Case 1: n is not a multiple of N. We claim that F1(n) = F2(n) = 0. Indeed, from (2.9b), the sum defining
F1(n) runs over pairs (m, j) with m + j = n and m, j ≥ 1. Since n is not a multiple of N, at least one of
m or j is not a multiple of N, and hence at least one of q̄m, v̄j vanishes by definition. Therefore every term
in the sum is zero, giving F1(n) = 0. The same argument applied to (2.10b) shows F2(n) = 0.

Since n 6= N, by the first bullet of Lemma 2.8, we have det(Mn) 6= 0, so Mn is invertible. The recur-
sion (2.12) then reads Mn(q̄n, v̄n)T = (0, 0)T , whose unique solution is q̄n = v̄n = 0. This matches the
definition in the first bullet of the proposition.

Case 2: n = N. Since q̄m = v̄m = 0 for all 1 ≤ m < N (as these m are not multiples of N), every term
in the sums defining F1(N) and F2(N) vanishes. Indeed, the constraint m + j = N with m, j ≥ 1 forces
m, j < N. Thus F1(N) = F2(N) = 0.

By the first bullet of Lemma 2.8, det(MN) = 0, and the null space of MN is one-dimensional, spanned
by the vector

(
−q̄0

1+αd+2αN
2N(c̄r+v̄0) , 1

)
. The recursion (2.12) at n = N reads MN(q̄N, v̄N)T = (0, 0)T , which is

satisfied by any vector in the null space of MN. The choice (2.21) is precisely such a vector.

Case 3: n = kN for some k ≥ 2. We proceed by induction on k. Assume that (q̄mN, v̄mN) have been
defined for all 1 ≤ m < k and satisfy the recursion. The forcing terms F1(kN) and F2(kN) depend only on
{q̄mN, v̄mN}k−1

m=1 (since the sums in (2.9b)–(2.10b) run over indices strictly less than kN, and non-multiples
of N contribute zero). Thus F1(kN) and F2(kN) are well-defined.

Since kN 6= N for k ≥ 2, by the first bullet of Lemma 2.8, we have det(MkN) 6= 0, so MkN is invertible.
The unique solution to (2.12) at n = kN is therefore[

q̄kN

v̄kN

]
= M−1

kN

[
F1(kN)
F2(kN)

]
,

which is precisely the definition given in the third bullet of the proposition. �

35We will simply write c̄r and suppress the dependence on d, γ,N, as these are now fixed.
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2.3.4. Bounds for the power series coefficients. With Proposition 2.9, we return to the power series ansatz (2.8),
and establish a bound on the radius of convergence. The heavy lifting is done by the following result:

Proposition 2.10 (Bounds for power series coefficients). Let {q̄n}n≥1 and {v̄n}n≥1 be as defined in
Proposition 2.9. Then, there exist constants C(2.23) = C(2.23)(γ, d,N) ≥ 1 and 0 < C′(2.23) = C′(2.23)(γ, d,N) <
1, such that

|q̄kN| ≤ C′(2.23)(C(2.23))
kk−

3
2 , (2.23a)

|v̄kN| ≤ C′(2.23)(C(2.23))
kk−

3
2 . (2.23b)

for each k ∈ N.

Proof of Proposition 2.10. For compactness we omit the subscript for the constants C and C′. For k = 1 the
bound (2.23) holds as soon as C′C ≥ max{1, |q̄0|1+αd+2αN

2N(c̄r+v̄0) }. For k ≥ 2, from (2.11) and (2.13) we have
that

M−1
kN := 1

4k2N2(c̄r+v̄0)
(

(c̄r+v̄0)2+
1

2kN (c̄r+v̄0)
(

1+2v̄0

)
−V̄ 2(0)

(αγd
2 +EkN

))
×

[
2kN(c̄r + v̄0)2 +

(
1 + 2v̄0

)
(c̄r + v̄0) + α

γ Q̄
2(0) −(1 + αd+ 2αkN)q̄0

−α(c̄r + v̄0)q̄0

(
4α
γ + 2kN

)
2kN(c̄r + v̄0)

]
. (2.24)

From (2.24) we deduce that there exists a constant CM = CM(γ, d,N) such that

|M−1
kN| ≤ CMk

−1. (2.25)

On the other hand, from (2.9b), for each k ≥ 2 we have that

F1(kN) := −
∑

m+j=k,m,j≥1

q̄mNv̄jN
(
1 + αd+ 2kN− 2(1− α)jN

)
. (2.26)

Using the fact that
∑k−1

j=1 j
− 3

2 (k − j)−
3
2 ≤ 6k−

3
2 , and the inductive bounds (2.23), we deduce that there

exists a constant C1 = C1(γ, d,N) such that

|F1(kN)| ≤ C1k
k−1∑
j=1

|q̄(k−j)N| |v̄jN| ≤ 6C1k
− 1

2 (C′)2Ck. (2.27)

On the other hand, from (2.10b) we have

F2(kN) := −
∑

m+j=k,m,j≥1

v̄mNv̄jN
(
1 + c̄r + 3v̄0 + 4jN(c̄r + v̄0)

)
−

∑
m+j=k,m,j≥1

v̄mNq̄jN2αq̄0(jN + 1)−
∑

m+j=k,m,j≥1

q̄mNq̄jN(c̄r + v̄0)
(

2α2

γ + 2αjN
)

− 1k≥3

∑
m+`+j=k,m,`,j≥1

v̄mN

(
v̄`Nv̄jN + αq̄`Nq̄jN

)
(2jN + 1). (2.28)

As before, using that
∑k−1

j=1 j
− 3

2 (k − j)−
3
2 ≤ 6k−

3
2 , the bound

∑k−2
j=1

∑k−j−1
`=1 `−

3
2 j−

3
2 (k − j − `)−

3
2 ≤

36k−
3
2 , and the inductive bounds (2.23), we deduce the existence of a constant C2 = C2(γ, d,N) such that

|F2(kN)| ≤ C2k
k−1∑
j=1

|v̄(k−j)N| |v̄jN|+ |v̄(k−j)N| |q̄jN|+ |q̄(k−j)N| |q̄jN|

+ 1k≥3C2k

k−2∑
j=1

k−j−1∑
`=1

|v̄(k−j−`)N|
(
|v̄`N| |v̄jN|+ |q̄`N| |q̄jN|

)
≤ 18C2k

− 1
2 (C′)2Ck + 72C2k

− 1
2 (C′)3Ck. (2.29)
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From (2.25), (2.27), and (2.29), we deduce that if C′ is chosen small enough to ensure 6C1CMC′ ≤ 1 and
18C2CMC′ + 72C2CM(C′)2 ≤ 1, then the inductive bounds hold. �

From Proposition 2.9, Proposition 2.10, and ansatz (2.8) we obtain the immediate consequence.

Corollary 2.11 (Convergence of power series for V̄ and Q̄ atR = 0). Let N ≥ 1, and let c̄r = cr
∗(d, γ,N).

Let C(2.23) ≥ 1 be the constant from Proposition 2.10. Define the sequences {q̄n}n≥1 and {v̄n}n≥1 as in
Proposition 2.9. Then, the series

V̄ (R) = v̄0 +
∑
k≥1

v̄kNR
2kN, Q̄(R) = q̄0 +

∑
k≥1

q̄kNR
2kN, (2.30)

converge uniformly and absolutely for all 0 ≤ R < C
− 1

2N
(2.23). The resulting real-analytic functions V̄ and Q̄

solve the system (2.7) for all R ∈ (0,C
− 1

2N
(2.23)).

Remark 2.12 (No free parameters). We emphasize that in the construction of V̄ and Q̄ in Corollary 2.11,
there are no free parameters; once we have chosen d ∈ {1, 2, 3}, 1 < γ ≤ 2d + 1, and we have chosen the
integer N ≥ 1, the solution is uniquely determined.

2.4. The global solutions V̄ and Q̄. Fix N ≥ 1. Corollary 2.11 provides a real-analytic solution (V̄ , Q̄) of

(2.7), whose power series converges for all 0 ≤ R < C
− 1

2N
(2.23). Our next goal is to extend this solution curve

to all R <∞; see Proposition 2.17 below.
In order to achieve this, we note that (2.7) is a 2 × 2 system of autonomous ODEs (with respect to the

R∂R derivative), whose coefficients that are rational functions of the unknowns. To see this, we may simply
diagonalizing (2.7), which leads to

R∂RV̄ =
∆V̄ [V̄ , Q̄]

∆[V̄ , Q̄]
, R∂RQ̄ =

∆Q̄[V̄ , Q̄]

∆[V̄ , Q̄]
, (2.31a)

where we have denoted

∆[V̄ , Q̄] := (c̄r + V̄ )(c̄r + V̄ − αQ̄)(c̄r + V̄ + αQ̄), (2.31b)

∆V̄ [V̄ , Q̄] := (c̄r + V̄ )
(
αQ̄P1[V̄ , Q̄]− P2[V̄ , Q̄]

)
, (2.31c)

∆Q̄[V̄ , Q̄] := αQ̄P2[V̄ , Q̄]− (c̄r + V̄ )2P1[V̄ , Q̄], (2.31d)

and we recall that

P1[V̄ , Q̄] :=
(
1 + (1 + αd)V̄

)
Q̄, (2.31e)

P2[V̄ , Q̄] := (c̄r + V̄ )
(
V̄ + V̄ 2 + 2α2

γ Q̄2
)

+ α
γ Q̄

2(V̄ − v̄0). (2.31f)

Note that ∆V̄ and ∆Q̄ are fourth order polynomials in the variables (V̄ , Q̄), while ∆ is a third order poly-
nomial. We may expand the expressions in (2.31c) and (2.31d) as

∆V̄ [V̄ , Q̄] := α2(2+γd)
γ (c̄r + V̄ )Q̄2

(
V̄ − v̄0

)
− (c̄r + V̄ )2

(
V̄ + V̄ 2 + 2α2

γ Q̄2
)
, (2.32a)

∆Q̄[V̄ , Q̄] := αQ̄(c̄r + V̄ )
(
V̄ + V̄ 2 + 2α2

γ Q̄2
)

+ α2

γ Q̄
3(V̄ − v̄0)− (1 + αd)(c̄r + V̄ )2Q̄

(
V̄ − v̄0

)
.

(2.32b)

Remark 2.13 (The fixed points of interest). We remark that the points (v̄0, q̄0) (corresponding to R = 0)
and (0, 0) (corresponding to R → ∞) are fixed points of the autonomous ODE system (2.31a). This is
because by (2.32), (2.5), and Lemma 2.8 we have that

∆V̄ [v̄0, q̄0] = ∆Q̄[v̄0, q̄0] = 0, (2.33a)

∆[v̄0, q̄0] = (c̄r + v̄0)(c̄r + v̄0 + αq̄0)(c̄r + v̄0 − αq̄0) > 0, (2.33b)
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and also

∆V̄ [0, 0] = ∆Q̄[0, 0] = 0, (2.33c)

∆[0, 0] = c̄3
r > 0. (2.33d)

Additionally, one may verify that (v̄0, q̄0) is a saddle and (0, 0) is a sink, though this information is not
explicitly used in our analysis. The local-in-R solution we have constructed in Corollary 2.11 “escapes” the
saddle point (v̄0, q̄0) along its unstable manifold, in the direction of increasing V̄ (this is because v̄N > 0,
cf. (2.21)) and decreasing Q̄ (this is because q̄N < 0, cf. (2.5b) and (2.21)).

FIGURE 5. The phase portrait of the 2 × 2 system of ODEs (2.31a), for the parameter choices (d, γ,N) =
(3, 5

3
, 1) for the left panel, and (d, γ,N) = (3, 7

5
, 2) for the right panel. The vertical axis represents Q̄,

while the horizontal one is V̄ . The pink point has coordinates (0, 0). The blue point has coordinates (v̄0, q̄0).
The green curve represents one branch of {∆V̄ [V̄ , Q̄] = 0}, while the orange curve represents a branch of
{∆Q̄[V̄ , Q̄] = 0}. The brown curve (which only enters our plotting area for the right panel) represents a
branch of {∆[V̄ , Q̄] = 0}. In this phase portrait it is evident that if a trajectory (V̄ (R), Q̄(R)) is able to
“escape” the blue point in the direction (+,−), which is precisely how we chose our eigenvector of MN in
Proposition 2.9, then this trajectory is confined to the rectangle Ω from Definition 2.14, plotted here in black.
By Poincaré-Bendixson, this trajectory is forced to approach (as R→∞) the stationary point (0, 0) which lies
on the boundary of the confining region. The numerically computed trajectory {(V̄ (R), Q̄(R)) : 0 ≤ R ≤ ∞}
is represented by the thin red curve.

Figure 5 motivates us to define an invariant region for the 2× 2 autonomous ODE system (2.31a); from
a technical viewpoint, it is convenient to use a larger, “rectangular” invariant region, given by:

Definition 2.14 (Invariant region Ω). We let Ω =
{

(V̄ , Q̄) : Q̄ ∈ (0, q̄0), V̄ ∈ (v̄0,−dγ
2 v̄0)

}
.

Proposition 2.15. The closure of the domain Ω from Definition 2.14 is an invariant region for the ODE
system (2.31a).
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Proof of Proposition 2.15. Let ~n = ~n(V̄ , Q̄) denote the outward unit normal to ∂Ω; this vector is well-
defined and smooth except for the corner points (−dγ

2 v̄0, 0), (v̄0, 0), (v̄0, q̄0), and (−dγ
2 v̄0, q̄0). The proof of

the proposition amounts to showing that (∆V̄ ,∆Q̄) · ~n ≤ 0 for all (V̄ , Q̄) ∈ ∂Ω. We check this inequality
individually on the four pieces of ∂Ω:

• Let ∂bottomΩ := [v̄0,−dγ
2 v̄0] × {0}, so that ~n = (0,−1). Since Q̄ = 0, by (2.32b) we have that

∆Q̄[V̄ , 0] = 0, and thus (∆V̄ ,∆Q̄) · ~n = 0 on the “bottom” part of ∂Ω.
• Let ∂leftΩ := {v̄0} × [0, q̄0], so that ~n = (−1, 0). By (2.32a), and recalling (2.5a), (2.5b), we have that

−∆V̄ [v̄0, Q̄] = (c̄r + v̄0)2
(
v̄0 + v̄2

0 + 2α2

γ Q̄2
)

= 2α2

γ (c̄r + v̄0)2
(
Q̄2 − q̄2

0

)
≤ 0.

Hence, (∆V̄ ,∆Q̄) · ~n ≤ 0 on the “left” part of ∂Ω.
• Let ∂topΩ := [v̄0,−dγ

2 v̄0] × {q̄0}, so that ~n = (0, 1). By (2.32b), and recalling (2.5a), (2.5b), we have
that

∆Q̄[V̄ , q̄0] = α(c̄r + V̄ )
(
V̄ + V̄ 2 + 2α2

γ q̄2
0

)
q̄0 +

(
α2

γ q̄
2
0 − (1 + αd)(c̄r + V̄ )2

)(
V̄ − v̄0

)
q̄0

= −Poly[V̄ + c̄r]
(
V̄ − v̄0

)
q̄0,

where
Poly[X] := (1 + α(d− 1))X2 + α

(
c̄r − 1− v̄0

)
X − dα

2 v̄
2
0

is a quadratic polynomial inX = c̄r + V̄ ≥ c̄r + v̄0 > 0, whose leading order coefficient is positive. Since
q̄0 > 0 and V̄ − v̄0 ≥ 0 for V̄ ∈ [v̄0,−dγ

2 v̄0], the sign of ∆Q̄[V̄ , q̄0] is opposite to the sign of Poly[V̄ + c̄r].
Thus, if we show that Poly[V̄ + c̄r] ≥ 0 for all V̄ ∈ [v̄0,−dγ

2 v̄0], then (∆V̄ ,∆Q̄) · ~n = ∆Q̄[V̄ , q̄0] ≤ 0 on
the “top” part of ∂Ω.

An explicit computation, which appeals to the second bullet in Lemma 2.8, shows that forX ≥ c̄r + v̄0,
we have

Poly[X]− Poly[c̄r + v̄0]

= (X − c̄r − v̄0)
(
(1 + α(d− 1))X + (1 + αd)c̄r + (1 + α(d− 2))v̄0 − α

)
≥ (X − c̄r − v̄0) 1

1+αd

(
(2 + 2αd− α)(1 +

√
αγd

2 )− (2 + 2αd− 3α)− α(1 + αd)
)

≥ (X − c̄r − v̄0) α
1+αd

(
(2 + 2αd− α)

√
d+ 1− αd

)
≥ 0,

for d ∈ {1, 2, 3} and α ∈ (0, d]. Therefore, if we are able to show that Poly[c̄r + v̄0] ≥ 0, then we
automatically have Poly[X] ≥ 0 for all X ≥ c̄r + v̄0. We are thus left to verify the positivity of the
explicit expression

Poly[v̄0 + c̄r] = (1 + α(d− 1))(c̄r + v̄0)2 + α
(
c̄r − 1− v̄0

)
(c̄r + v̄0)− dα

2 v̄
2
0

= (1 + αd)c̄2
r −

2+α(2d−1)+α2d
1+αd c̄r +

1−α+ dα
2

+α2d

(1+αd)2 .

We may now view the above expression as a quadratic polynomial in c̄r, whose leading order coefficient is

positive. Recall from Lemma 2.8 that c̄r > cr
∗(d, γ,∞) = 1

1+αd(1 +
√

αγd
2 ). Using the fact that 0 < α ≤

d, we may check that the above-displayed quadratic polynomial in c̄r is increasing for c̄r > cr
∗(d, γ,∞);

hence it attains its minimum at cr
∗(d, γ,∞). Therefore, for α ∈ (0, d] and d ∈ {1, 2, 3}, we conclude that

Poly[v̄0 + c̄r] = 1
1+αd(1 +

√
αγd

2 )2 − 2+α(2d−1)+α2d
(1+αd)2 (1 +

√
αγd

2 ) +
1−α+ dα

2
+α2d

(1+αd)2

= α2d(2+γd)
2(1+αd)2 + α−α2d

(1+αd)2

√
αγd

2 ≥
α2d

2(1+αd)2

(
2 + γd+

√
2γ
αd −

√
2αγd

)
≥ α2d

(1+αd)2 .

The last inequality follows by considering separately the cases αd ≤ 1 and 1 < αd ≤ d2. This concludes
the proof of (∆V̄ ,∆Q̄) · ~n ≤ 0 on the “top” part of ∂Ω.



38 JIAJIE CHEN, STEVE SHKOLLER, AND VLAD VICOL

• Let ∂rightΩ := {−dγ
2 v̄0} × [0, q̄0], so that ~n = (1, 0). By (2.32a), recalling (2.5a), (2.5b), and since

Lemma 2.8 implies c̄r > cr
∗(d, γ,∞) = (−v̄0)(1 +

√
αγd

2 ), we obtain that

∆V̄ [−dγ
2 v̄0, Q̄] = α2(2+γd)

γ (c̄r − dγ
2 v̄0)Q̄2(−v̄0)(dγ2 + 1)− (c̄r − dγ

2 v̄0)2
(
−dγ

2 v̄0 + (dγ)2

4 v̄2
0 + 2α2

γ Q̄2
)

≤
(
dα(2+γd)

2 (1 + dγ
2 )− (1 + dγ

2 +

√
αγd

2 )( (dγ)2

4 + αd)
)

(−v̄0)3(c̄r − dγ
2 v̄0)

≤ −d2(d+2)
8 (−v̄0)3(c̄r − dγ

2 v̄0) < 0.

In the second to last inequality we have used that the complicated expression appearing on the third line
is maximized at γ = 1, so that α = 0. Hence, (∆V̄ ,∆Q̄) · ~n ≤ 0 on the “right” part of ∂Ω.

This concludes the proof of the Proposition. �

From Proposition 2.15 we may immediately deduce:

Corollary 2.16. For all points (V̄ , Q̄) ∈ Ω, we have the bounds

1
Q̄

∆Q̄[V̄ , Q̄] ≤ − α2d
(1+αd)2 (V̄ − v̄0) < 0, (2.34a)

c̄r + V̄ + αQ̄ > c̄r + V̄ > c̄r + V̄ − αQ̄ ≥ 1+ 2
3
αd

4N(1+αd) . (2.34b)

Proof of Corollary 2.16. By definition, we have that Q̄ > 0 in Ω, which is an open set. Thus, the first two
inequalities in (2.34b) hold trivially. For the last inequality in (2.34b), due to the last bullet in Lemma 2.8

we have that for all (V̄ , Q̄) ∈ Ω it holds that c̄r + V̄ −αQ̄ > c̄r + v̄0−αq̄0 ≥
1+ 2

3
αd

4N(1+αd) . This proves (2.34b).
In order to prove (2.34a), we use (2.32b) to rewrite

1
Q̄

∆Q̄[V̄ , Q̄] = α(c̄r + V̄ )
(
V̄ + V̄ 2 + 2α2

γ Q̄2
)

+ α2

γ Q̄
2(V̄ − v̄0)− (1 + αd)(c̄r + V̄ )2

(
V̄ − v̄0

)
.

This is a quadratic polynomial in Q̄, which contains no linear term in Q̄ and the coefficient of Q̄2 is strictly
positive. Thus, the above expression is maximized when Q̄ = q̄0, and so

1
Q̄

∆Q̄[V̄ , Q̄] ≤ 1
q̄0

∆Q̄[V̄ , q̄0].

Recall however that in the proof of Proposition 2.15 (the third bullet in the proof) we have established
1
q̄0

∆Q̄[V̄ , q̄0] = −Poly[V̄ + c̄r]
(
V̄ − v̄0

)
≤ − α2d

(1+αd)2 (V̄ − v̄0). This concludes the proof of (2.34a). �

We now are able to conclude the existence of a global solution (V̄ , Q̄)(R) of (2.31a).

Proposition 2.17 (The globally defined profile). Fix N ≥ 1, and let (V̄ , Q̄)(R) be the solution of (2.31a)

constructed in Corollary 2.11, which is real-analytic inR for 0 ≤ R < C
− 1

2N
(2.23). This local-in-R solution may

be uniquely extended as a smooth (real-analytic) global-in-R solution of (2.31a), with (V̄ , Q̄)(R)→ (0, 0)
as R→∞.

Proof of Proposition 2.17. As noted at the end of Remark 2.13, the local-in-R solution constructed in Corol-
lary 2.11 enters the interior of the invariant domain Ω. Due to (2.34b), and recalling (2.31b) and (2.32), we
have that the right side of the 2× 2 system of autonomous ODEs (2.31a), namely ∆V̄

∆ [V̄ , Q̄] and
∆Q̄

∆ [V̄ , Q̄],
are analytic functions of V̄ and Q̄ in all of Ω. Thus, the local-in-R solution can be extended to a global-in-R
solution. Recall that (v̄0, q̄0) and (0, 0) are the only fixed points of (2.31a) within the closure of the rectangle
Ω, and these lie on ∂Ω. Moreover, since Q̄(R) is strictly decreasing in R by (2.34a), (2.34b), and (2.31),
the trajectory (V̄ , Q̄)(R) cannot return to (v̄0, q̄0) as R increases and cannot produce a periodic orbit. By
the Poincaré-Bendixson theorem, we obtain that as R → ∞ the global-in-R solution approaches the stable
equilibrium (0, 0). Along this trajectory, Q̄(R) is monotone decreasing. �
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2.5. Power series for V̄ and Q̄ near R = ∞. Proposition 2.17 guarantees that the global-in-R solution
of (2.31a) is real-analytic in R, which is a qualitative statement. On the other hand, Proposition 2.10 and
Corollary 2.11 provide a quantitative description of the solution for R � 1. The goal of this section is to
obtain a similar quantitative description of the solution for R� 1. We have that:

Proposition 2.18 (Convergence of power series for V̄ and Q̄ near R = ∞). There exist real coefficients
{ṽn}n≥1 and {q̃n}n≥1, defined recursively in (2.37) below, such that the solution (V̄ , Q̄)(R) from Proposi-
tion 2.17 may be described as the convergent power series expansion

V̄ (R) =
∑
n≥1

vnR
− n

c̄r , Q̄(R) =
∑
n≥1

q
n
R−

n
c̄r , (2.35)

where c̄r = cr
∗(d, γ,N), |v1| < ∞, and 0 < q

1
< ∞. Moreover, there exists a constant C(2.38) =

C(2.38)(d, γ,N) > 1 such that the power series in (2.35) converge uniformly and absolutely for R >

Cc̄r
(2.38)(|v1|2 + |q

1
|2)

c̄r
2 .

Remark 2.19 (Velocity of the ground state profile is negative). For the ground state at N = 1, the leading
order coefficient v1 appearing in (2.35) is strictly negative and we have that V̄ (R) < 0 for all R ≥ 0. This
negativity of v1 and of V̄ is not used anywhere in the bulk of the paper, so we have relegated the proof of
this fact to Appendix A.

Proof of Proposition 2.18. Due to Proposition 2.17 we know that (V̄ , Q̄)(R) → 0 as R → ∞, and that
Q̄(R) > 0 for all R > 0. From (2.31b) and (2.32), a Taylor series computations shows that as (V̄ , Q̄) →
(0, 0) we have

R∂RV̄ = − 1
c̄r
V̄ + 1−c̄r

c̄2
r
V̄ 2 − α2

γc̄2
r
(2c̄r − 2+γd

1+αd)Q̄2 +O(|V̄ |3 + Q̄3), (2.36a)

R∂RQ̄ = − 1
c̄r
Q̄+ 1+α−c̄r(1+αd)

c̄2
r

V̄ Q̄+O(|V̄ |2Q̄+ Q̄3). (2.36b)

From (2.36) and the qualitative statement (V̄ , Q̄)→ (0, 0) asR→∞ we deduce that there exists a constant
C0 = C0(α, d,N) > 0 and R0 ≥ 1 sufficiently large, such that for all R ≥ R0 we have

|R∂R(R
1
c̄r V̄ (R))|+ |R∂R(R

1
c̄r Q̄(R))| ≤ C0R

− 1
c̄r

(
R

1
c̄r |V̄ (R)|+R

1
c̄r Q̄(R)

)2
,

and
|V̄ (R)|+ Q̄(R) ≤ 1

8C0c̄r
.

From the two bounds above and the fundamental theorem of calculus we obtain that

R
1
c̄r |V̄ (R)|+R

1
c̄r Q̄(R) ≤ 2R

1
c̄r
0 |V̄ (R0)|+ 2R

1
c̄r
0 Q̄(R0) =: C1, for all R ≥ R0.

Therefore, we may define

v1 := lim
R→∞

R
1
c̄r V̄ (R) = R

1
c̄r
0 V̄ (R0) +

∫ ∞
R0

∂R′
(
(R′)

1
c̄r V̄ (R′)

)︸ ︷︷ ︸
|·|≤C0C2

1 (R′)
− 1

c̄r
−1

dR′,

and

q
1

:= lim
R→∞

R
1
c̄r Q̄(R) = R

1
c̄r
0 Q̄(R0) +

∫ ∞
R0

∂R′
(
(R′)

1
c̄r Q̄(R′)

)︸ ︷︷ ︸
|·|≤C0C2

1 (R′)
− 1

c̄r
−1

dR′,

and deduce that |v1| <∞ and 0 ≤ q
1
<∞. Moreover, the second identity in (2.36) shows that there exists

C2 > 0 such that

R
1
c̄r Q̄(R) ≥ R

1
c̄r
0 Q̄(R0)e

−C2

∫R
R0

(R′)
− 1

c̄r
−1
dR′ ≥ R

1
c̄r
0 Q̄(R0)e−c̄rC2

for all R ≥ R0. Therefore, we have proven that q
1
> 0.
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In order to recursively compute the coefficients {vn}n≥2 and {q
n
}n≥2, formulation (2.7) of the system

of 2× 2 autonomous ODEs (2.31a) is more convenient to use. Inserting the ansatz (2.35) into (2.7) leads to
the recursion relations

c̄r(n− 1)q
n

=
∑

m+j=n,m,j≥1

(
c̄r(1 + αd)− n+ (1− α)j

)
q
m
vj (2.37a)

c̄r(n− 1)vn =
∑

m+j=n,m,j≥1

(
2α2c̄r
γ + α

γ(1+αd) − αm
)
q
m
q
j

+
(
c̄r + 1− 2m

)
vmvj

+ 1n≥3

∑
m+`+j=n,m,`,j≥1

(
1− j

c̄r

)
vm
(
v`vj + αq

`
q
j

)
, (2.37b)

for all n ≥ 2. Recursion (2.37) uniquely defines the coefficients {vn}n≥2 and {q
n
}n≥2 from knowledge of

v1 and q
1
. Moreover, as in the proof of Proposition 2.10, we may prove the existence of a sufficiently large

constant C(2.38) = C(2.38)(d, γ,N) ≥ 1 and a sufficiently small constant 0 < C′(2.38) = C′(2.38)(d, γ,N) < 1
such that

|vn| ≤ C′(2.38)(C(2.38))
n(|v1|2 + |q

1
|2)

n
2 n−

3
2 (2.38a)

|q
n
| ≤ C′(2.38)(C(2.38))

n(|v1|2 + |q
1
|2)

n
2 n−

3
2 (2.38b)

for all n ≥ 1. The proof of the bounds in (2.38) is identical to the proof of (2.23), and we omit it for the
sake of brevity. In particular, (2.38) implies that the power series expansions in (2.35) converge uniformly
and absolutely for all R > Cc̄r

(2.38)(|v1|2 + |q
1
|2)

c̄r
2 . �

2.6. The globally defined profile H̄ . The globally defined profile (V̄ , Q̄) from Proposition 2.17 allows
us to directly compute the profile H̄ which solves (2.4c), because the factor c̄r + V̄ (R) does not vanish
(see (2.34b)). Using (2.4c) and (2.5c), we have

R∂RH̄(R)
H̄(R)

= − V̄ (R)−v̄0

c̄r+V̄ (R)
< 0,

and thus, since H̄(0) = 1, we have

H̄(R) := exp
(
−
∫ R

0

V̄ (R′)−v̄0

R′(c̄r+V̄ (R′))
dR′
)
. (2.39)

We note that H̄(R) > 0 for all R > 0. Also, note that from Corollary 2.11, (2.21), and (2.39) we have that

H̄(R) = exp
(
− 1

2N(c̄r+v̄0)R
2N +O(R4N)

)
, as R→ 0+. (2.40)

Similarly, using Proposition 2.18 we may deduce that for R ≥ 1 we have

H̄(R) = H̄(1)R−
c̄r−c̄b

c̄r exp
(
−
∫ ∞

1

(c̄r+v̄0)V̄ (R′)
c̄rR′(c̄r+V̄ (R′))

dR′ +O(R−
1
c̄r )
)
, as R→∞. (2.41)

2.7. Main result: existence of globally self-similar profiles. We summarize the analysis in this section
by stating the precise existence theorem we have established:

Theorem 2.20 (Exact self-similar profiles for non-isentropic Euler). Let d ∈ {1, 2, 3}, 1 < γ ≤ 2d+ 1,
and let α = γ−1

2 . For each N ∈ N, define the similarity exponents c̄r := cr
∗(d, γ,N) and c̄b := cb

∗(d, γ,N),
via (2.16) and (2.17), respectively. Then, for each such fixed d, γ,N there exist unique real-analytic solutions
V̄ , Q̄, H̄ : [0,∞)→ R, of the system (2.4), with the following properties:

(i) (ODE system). The profiles (V̄ , Q̄) solve the 2 × 2 system of autonomous ODEs (2.7), or equiva-
lently (2.31). The profile H̄ is determined by (2.39).

(ii) (Behavior at R = 0). The profiles (V̄ , Q̄, H̄) have explicit values at R = 0 given by (2.5a), (2.5b),
and (2.5d). NearR = 0, the profiles admit convergent power series expansions (see (2.30) and (2.40)).
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(iii) (Behavior as R → ∞). The profiles vanish asymptotically as R → ∞ and have power law behavior

given by (V̄ , Q̄, H̄)(R) ∼ (R−
1
c̄r , R−

1
c̄r , R−

c̄r−c̄b
c̄r ). The profiles V̄ and Q̄ admit a convergent power

series expansion as R→∞ (see (2.35)), while the behavior of H̄ is given by (2.41).
(iv) (Global properties). The three self-similar wave speeds present in the system obey a global-in-R lower

bound (2.34b), which we refer to as a global outgoing property. Moreover, Q̄(R) is strictly monotone
decreasing in R, Q̄(R) > 0 for all R ≥ 0, and we have H̄(R) > 0 for all R ≥ 0.

Upon defining Ū(R) := RV̄ (R), Σ̄(R) := RQ̄(R), and B̄(R) := RH̄(R) (cf. (2.3)), the profiles (Σ̄, Ū , B̄)
are smooth on [0,∞), real-analytic on (0,∞), and solve the self-similar Euler system (2.1).

Proof of Theorem 2.20. The existence and uniqueness of the similarity exponents c̄r and c̄b is established in
Definition 2.5, with properties given in Lemma 2.8. The local existence of the real-analytic profiles (V̄ , Q̄)
nearR = 0 is established in Corollary 2.11, with the power series coefficients constructed in Proposition 2.9
and the quantitative bounds given in Proposition 2.10. The values at R = 0 are determined by (2.5). The
global extension of the solution to all R ∈ [0,∞) is established in Proposition 2.17, using the invariance
of the region Ω (Proposition 2.15) and the Poincaré–Bendixson theorem. Corollary 2.16 gives the global
outgoing property. The monotonicity of Q̄ follows from (2.34a) and the fact that ∆ > 0 in Ω (cf. (2.34b)).
The behavior of (V̄ , Q̄) as R → ∞, including the convergent power series expansion, is established in
Proposition 2.18. The profile H̄ is constructed via (2.39), with asymptotic expansions near R = 0 and
R = ∞ given by (2.40) and (2.41), respectively. The positivity H̄(R) > 0 follows directly from (2.39).
Finally, the equivalence between the (V̄ , Q̄, H̄) system and the original self-similar Euler system (2.1) for
(Σ̄, Ū , B̄) is established via the change of variables (2.3). �

3. STABILITY ANALYSIS IN RADIAL SYMMETRY

For any given 0 < α ≤ d, in the previous section we have established the existence of a family (indexed
by N ∈ N) of smooth implosion profiles (solutions of (2.1))

Ū(R) = RV̄ (R), Σ̄(R) = RQ̄(R), B̄(R) = RH̄(R),

for suitable values of c̄r, c̄u, and c̄b, which depend on d, α, N. Via (2.2), these profiles define globally self-
similar solutions (ūr, σ̄, b̄) of the Euler equations in radial symmetry (1.7). In this section we establish the
stability of these solutions (ūr, σ̄, b̄) within the class of radially symmetric solutions of (1.7), for which the
initial density, velocity, and pressure are smooth, and for which the initial pressure vanishes at r = 0. The
main result of this section is Theorem 3.15 below.

3.1. Modulated self-similar ansatz. The stability analysis is performed using carefully designed modu-
lated self-similar coordinates, which we define next. We let

τ ∈ [0,∞)

denote the self-similar time variable. The fundamental modulation functions will be denoted by

cr, cu, cb : [0,∞)→ R. (3.1)

These modulation functions account for invariances of the system (1.7) as follows: cr(τ) – rescaling of the
space variable, cu(τ) – rescaling of the velocity, while cb(τ) – the rescaling of the pseudo entropy. The
functions (cr, cu, cb)(τ) will be chosen carefully in our analysis (cf. (3.24) below); for the moment, we only
emphasize that cr(τ)→ c̄r, cu(τ)→ c̄u = c̄r − 1, and cb(τ)→ c̄b as τ →∞.

Assuming for the moment that the modulation functions in (3.1) have been chosen, we define

Cr(τ) := exp
(
−
∫ τ

0
cr(τ

′)dτ ′
)
, Cu(τ) := exp

(
−
∫ τ

0
cu(τ ′)dτ ′

)
, Cb(τ) := exp

(
−
∫ τ

0
cb(τ ′)dτ ′

)
.

(3.2)
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The relation between the original time variable t and the self-similar time variable τ is not given by the
simple τ = − log(−t); we need to account for time modulation. Since we aim to keep the initial time as
t = −1 (corresponding to τ = 0), we define

t = t(τ) := −1 +

∫ τ

0
Cr(τ

′)C−1
u (τ ′)dτ ′. (3.3a)

The self-similar radial coordinate is then defined as

R := r C−1
r (τ). (3.3b)

With this notation, the self-similar velocity U , the re-scaled sound speed Σ, and square-root of the pseudo-
entropy are defined as

ur(r, t) := Cu(τ)U(R, τ), (3.3c)

σ(r, t) := Cu(τ)Σ(R, τ), (3.3d)

b(r, t) := Cb(τ)B(R, τ). (3.3e)

Remark 3.1 (Relation to the globally self-similar transformation and variables). We detail the usage
of the ≈ symbol in Section 1.5 of the Introduction, by relating the modulated self-similar transformation
defined in (3.3) above, and the globally self-similar transformation used in (2.2). Assuming that we replace
the modulation functions from (3.1) with their limiting values as τ → ∞, that is, we replace (cr, cu, cb) 7→
(c̄r, c̄u, c̄b), then (3.2) becomes (Cr, Cu, Cb) 7→ (e−c̄rτ , e−c̄uτ , e−c̄bτ ). Importantly, since c̄u = c̄r − 1, we
have that (3.3) becomes t 7→ −1 +

∫ τ
0 e
−c̄rτ ′e(c̄r−1)τ ′dτ ′ = −1 +

∫ τ
0 e
−τ ′dτ ′ = −e−τ . Equivalently,

− log(−t) 7→ τ , and so (Cr, Cu, Cb) 7→ ((−t)c̄r , (−t)c̄u , (−t)c̄b). Then, (3.3b) becomes R 7→ rec̄rτ =
r/(−t)c̄r . Lastly, upon replacing (U,Σ, B) 7→ (Ū , Σ̄, B̄), the definitions (3.3c)–(3.3e) become (2.2).

Remark 3.2 (The blowup time). While the initial time for the both the globally self-similar and the mod-
ulated self-similar analysis is t = −1 (equivalently τ = 0), the time of blowup may differ. Indeed, in the
globally self-similar coordinates τ → ∞ corresponds to t → 0, while the in the modulated self-similar
analysis the blowup time τ →∞ corresponds to

t→ t∗ := −1 +

∫ ∞
0

Cr(τ
′)C−1

u (τ ′)dτ ′.

Note that if we were to replace (Cr, Cu) with (e−c̄rτ , e−c̄uτ ), then the above definition directly gives t∗ = 0.

3.2. Self-similar evolution. After a short computation using the relations dτ
dt = CuC

−1
r (which follows

from (3.3a)), dRdr = C−1
r and dR

dt = crRCuC
−1
r (which follow from (3.2) and (3.3b)), one may show that

with the self-similar ansatz (3.3), the Euler equations (1.7) may be rewritten as

∂τΣ− cuΣ + crR∂RΣ + U∂RΣ + αΣ(∂RU + d−1
R U) = 0, (3.4a)

∂τU − cuU + crR∂RU + U∂RU + αΣ∂RΣ− α
γΣ2 ∂RB

B = 0, (3.4b)

∂τB − cbB + crR∂RB + U∂RB = 0. (3.4c)

The self-similar evolution (3.4) with (R, τ) ∈ [0,∞) × [0,∞) is equivalent to the Eulerian evolution (1.7)
with (r, t) ∈ [0,∞)× [−1, t∗), via the transformations in (3.3).

In analogy to (2.3), since in this section we are working with solutions of (3.4) for which the density
is OR→0(1), the radial velocity profile is OR→0(R), and the pressure is OR→0(R2), it makes sense to
normalize the solution (U,Σ, B) of (3.4) near R = 0 by introducing

V (R, τ) = 1
RU(R, τ), Q(R, τ) = 1

RΣ(R, τ), H(R, τ) = 1
RB(R, τ). (3.5)
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The equivalent unknowns (V,Q,H) solve the system

∂τQ+
(
cr − cu + (1 + αd)V

)
Q+

(
cr + V

)
R∂RQ+ αQR∂RV = 0, (3.6a)

∂τV +
(
cr − cu

)
V +

(
V 2 + 2α2

γ Q2
)

+
(
cr + V

)
R∂RV + αQR∂RQ− α

γQ
2R∂RH

H = 0, (3.6b)

∂τH +
(
cr − cb + V

)
H +

(
cr + V

)
R∂RH = 0, (3.6c)

where the τ -dependent modulation functions (cr, cu, cb) are to be chosen suitably.
It is also convenient to denote36

K = logH, (3.6d)

so that the last term on the left side of (3.6b) may be rewritten as −α
γQ

2R∂RK, and the evolution equa-
tion (3.6c) may be replaced by

∂τK +
(
cr − cb + V

)
+
(
cr + V

)
R∂RK = 0 . (3.6e)

Henceforth we will interchangeably refer to the solution of (3.6) as (V,Q,H) or (V,Q,K).

3.3. Definition of the perturbation and their evolution. We write the solution (V,Q,K) of (3.6) as an
additive perturbation of the stationary profile (V̄ , Q̄, K̄) which solves (2.1), as

V = V̄ + Ṽ , Q = Q̄+ Q̃, K = K̄ + K̃ = log H̄ + log(1 + H̃). (3.7a)

Note that (3.7a) implies H = H̄(1 + H̃); this multiplicative nature of the perturbation for H , stems from
the fact that (3.6) truly is an equation for K = logH , and that an additive perturbation should be considered
at the level of these logarithms.

Similarly, we denote the similarity exponents (cr, cu, cb) as perturbations of their limiting values as τ →
∞, as

cr = c̄r + c̃r, cu = c̄u + c̃u = c̄r − 1 + c̃u, cb = c̄b + c̃b. (3.7b)

Our goal is to show that if (Ṽ , Q̃, K̃)|τ=0 is sufficiently small (in a suitable sense), then by suitably choos-
ing (c̃r, c̃u, c̃b)(τ) to decay exponentially fast as τ → ∞, the unique local-in-τ smooth solution (V,Q,K)

of (3.6) can be extended to a global-in-τ solution, and that for this solution we have (Ṽ , Q̃, K̃) → 0 as
τ →∞, thereby establishing the asymptotic stability of the profile (V̄ , Q̄, K̄); see Theorem 3.15 below.

In order to achieve the aforementioned goal, we analyze the evolution equations satisfied by the pertur-
bation (Ṽ , Q̃, K̃), which are deduced using (2.4), (3.6), and (3.7):

∂τ Q̃+
(
cr + V

)
R∂RQ̃+ αQR∂RṼ +DQ̃ +NQ̃ + FQ̃ = 0, (3.8a)

∂τ Ṽ +
(
cr + V

)
R∂RṼ + αQR∂RQ̃− α

γQ
2R∂RK̃ +DṼ +NṼ + FṼ = 0, (3.8b)

∂τ K̃ +
(
cr + V

)
R∂RK̃ +DK̃ + FK̃ = 0, (3.8c)

where we have kept the transport terms explicitly, we have denoted the linear damping terms by

DQ̃ :=
(
1 + (1 + αd)V̄ + αR∂RV̄

)
Q̃+

(
(1 + αd)Q̄+R∂RQ̄

)
Ṽ , (3.8d)

DṼ := (1 + 2V̄ +R∂RV̄ )Ṽ + (4α2

γ Q̄+ αR∂RQ̄− 2α
γ Q̄R∂RK̄)Q̃, (3.8e)

DK̃ := (1 +R∂RK̄)Ṽ , (3.8f)

the nonlinear terms are given by

NQ̃ := (c̃r − c̃u)Q̃+ (1 + αd)Ṽ Q̃, (3.8g)

NṼ :=
(
c̃r − c̃u

)
Ṽ + (2α2

γ −
α
γR∂RK̄)Q̃2, (3.8h)

36In writing logH we are implicitly assuming thatH > 0. We know this positivity holds true for the steady state H̄ . Moreover,
it is clear from the maximum principle that if H|τ=0 > 0 for all R, then the evolution equation (3.6c) preserves this positivity.
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and the modulation forcing terms are

FQ̃ := (c̃r − c̃u)Q̄+ c̃rR∂RQ̄, (3.8i)

FṼ :=
(
c̃r − c̃u

)
V̄ + c̃rR∂RV̄ , (3.8j)

FK̃ := −c̃b + c̃r

(
1 +R∂RK̄

)
. (3.8k)

3.4. Taylor coefficients at R = 0. We recall from (2.21), (2.30) and (2.40) that as R→ 0 we have

V̄ (R) = v̄0 + v̄NR
2N +OR→0(R4N), v̄0 = V̄ (0) , v̄N = 1, (3.9a)

Q̄(R) = q̄0 + q̄NR
2N +OR→0(R4N), q̄0 = Q̄(0), q̄N = − q̄0(1+αd+2αN)

2N(c̄r+v̄0) , (3.9b)

H̄(R) = h̄0 + h̄NR
2N +OR→0(R4N), h̄0 = 1, h̄N = − 1

2N(c̄r+v̄0) . (3.9c)

Using that K̄ = log H̄ , relation (3.9c) may be rewritten as

K̄(R) = k̄0 + k̄NR
2N +OR→0(R4N), k̄0 = log h̄0 = 0, k̄N = h̄N = − 1

2N(c̄r+v̄0) . (3.9d)

In the stability analysis performed in this section, we only consider perturbations (Ṽ , Q̃, K̃) which are
consistent with the Taylor series expansions in (3.9), namely, such that

Ṽ (R, τ) = ṽ0(τ) + ṽN(τ)R2N +OR→0(R2N+2), (3.10a)

Q̃(R, τ) = q̃0(τ) + q̃N(τ)R2N +OR→0(R2N+2), (3.10b)

K̃(R, τ) = k̃0(τ) + k̃N(τ)R2N +OR→0(R2N+2). (3.10c)

In writing (3.10) we have implicitly assumed that the order of vanishing atR = 0 of the functions (V,Q,K),
and hence also of (Ṽ , Q̃, K̃), does not change in time. This is indeed the case, and it is a consequence of the
following lemma.

Lemma 3.3 (Order of vanishing at R = 0). Fix any integer L ≥ 2N + 1. Define L := {` ∈ N : 1 ≤
` ≤ 2N − 1} ∪ {` ∈ 2N + 1: 2N + 1 ≤ ` ≤ L}. Assume that the initial conditions of (3.8a)–(3.8c)
are such that (∂`RṼ , ∂

`
RQ̃, ∂

`
RK̃)(0, 0) = 0 for all integers ` ∈ L. Moreover, assume that the solu-

tion (Ṽ , Q̃, K̃) of (3.8a)–(3.8c) belongs to L∞([0, T ];W L+1,∞
loc (R+)) for T > 0. Then, we have that

(∂`RṼ , ∂
`
RQ̃, ∂

`
RK̃)(0, τ) = 0 for all integers ` ∈ L, for all times τ ∈ (0, T ].

Proof of Lemma 3.3. We consider the evolution equation (3.6a), (3.6b), (3.6d) for the unknowns (Q,V,K).
Denote (Q,V,K)(0, τ) = (q0, v0, k0)(τ). For each integer 1 ≤ ` ≤ L, we apply 1

`!∂
`
R to (3.6) and restrict

the resulting at R = 0 to obtain the system of ODEs

∂τ (
∂`RQ
`! ,

∂`RV
`! ,

∂`RK
`! )|ᵀR=0 + (E0 + `E1)(

∂`RQ
`! ,

∂`RV
`! ,

∂`RK
`! )|ᵀR=0 = −1`≥2Z

(`). (3.11a)

where

E0 :=

cr − cu + (1 + αd)v0 (1 + αd)q0 0
4α2

γ q0 cr − cu + 2v0 0

0 1 0

 , E1 :=

cr + v0 αq0 0
αq0 cr + v0 −α

γ q
2
0

0 0 cr + v0

 ,

(3.11b)

Z(`) :=


∑`−1
i=1 (

∂iRV

i!

∂`−i
R

Q

(`−i)! )|R=0

(
`− (1− α)i+ (1 + αd)

)
∑`−1
i=1 (i+ 1)(

∂iRV

i!

∂`−i
R

V

(`−i)! )|R=0 + (αi+ 2α2

γ
)(
∂iRQ

i!

∂`−i
R

Q

(`−i)! )|R=0 − α
γ

∑`−1
i=1

∑`−i
j=0 i(

∂iRK

i!

∂
j
R
Q

j!

∂
`−i−j
R

Q

(`−i−j)! )|R=0∑`−1
i=1 (`− i)( ∂

i
RV

i!

∂`−i
R

K

(`−i)! )|R=0

.
We observe that the matrices E0 and E1 only depend on the Taylor coefficients v0 and q0, while the forcing
functions Z(`) only depend on the Taylor coefficients with indices ≤ `− 1 and ≥ 1. It is also convenient to
denote Z(1) = (0, 0, 0)ᵀ, when the sums defining Z(`) are empty,
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By construction, we have that 1
`!∂

`
RQ̄|R=0 = 1

`!∂
`
RV̄ |R=0 = 1

`!∂
`
RK̄|R=0 = 0 for all ` ∈ L. Thus,

proving the lemma is equivalent to showing that 1
`!∂

`
RQ|R=0(τ) = 1

`!∂
`
RV |R=0(τ) = 1

`!∂
`
RK|R=0(τ) = 0

for all ` ∈ L and τ ∈ [0, T ]. Since by assumption the initial data is chosen such that 1
`!∂

`
RQ|R=0(0) =

1
`!∂

`
RV |R=0(0) = 1

`!∂
`
RK|R=0(0) = 0 for all ` ∈ L, the Lemma directly follows from the evolution equa-

tion (3.11a), if we are able to show thatZ(`)(τ) = (0, 0, 0)ᵀ for all ` ∈ L. The latter fact follows by induction
on `. For the base step ` = 1, by definition it immediately follows that Z(1)(τ) = (0, 0, 0)ᵀ. For the induc-
tion step, consider two separate cases: ` ∈ L with ` ≤ 2N− 1 and ` ∈ L which is odd and ` ≥ 2N + 1. For
the first case, the induction assumption implies that 1

i!∂
i
RQ|R=0(τ) = 1

i!∂
i
RV |R=0(τ) = 1

i!∂
i
RK|R=0(τ) = 0

for all 1 ≤ i ≤ `− 1; hence, the sum defining Z(`) vanishes identically. For the second case, we note that if
` is odd and 1 ≤ i ≤ `− 1, then either i or `− i is also odd; hence every summand in the sum defining Z(`)

vanishes, concluding the proof of the induction step and hence of the Lemma. �

3.5. Choice of modulation functions. In this section we choose the modulation functions (cr, cu, cb)

in (3.8) to ensure that (ṽ0, ṽN, q̃0, q̃N, k̃0, k̃N)(τ)→ 0 as τ →∞; see (3.24) below.

3.5.1. The coefficients of R0. Restricting the dynamics (3.8a)–(3.8c) at R = 0, appealing to (2.5a), (3.9),
noting that the transport-terms vanish at R = 0, and using the notation in (3.10) results in

d
dτ

(
q̃0

ṽ0

)
+

(
0 (1 + αd)q̄0

4α2

γ q̄0 1 + 2v̄0

)
︸ ︷︷ ︸

=:A0

(
q̃0

ṽ0

)
+ (c̃r − c̃u)

(
q̄0

v̄0

)
= −

(
NQ̃(0, τ)

NṼ (0, τ)

)
, (3.12a)

and the decoupled evolution
d
dτ k̃0 + ṽ0 + c̃r − c̃b = 0. (3.12b)

The matrix A0 present on the left side of (3.12a) has:
• a positive (stable) eigenvalue of 2αd

1+αd = 2(1 + v̄0) with eigenvector (γ, 4α2q̄0)ᵀ;
• a negative (unstable) eigenvalue of −1 with eigenvector (q̄0, v̄0)ᵀ.
The first constraint on our modulation functions ensures that this unstable direction is “removed”. For this
purpose, we impose the constraint

c̃r(τ)− c̃u(τ) = −4α2

γ
q̄0
v̄0
q̃0(τ) + 1

v̄0
ṽ0(τ). (3.13)

With (3.13), (3.12a) becomes
d
dτ (q̃0, ṽ0)ᵀ + 2αd

1+αd(q̃0, ṽ0)ᵀ = −(NQ̃(0, τ),NṼ (0, τ))ᵀ. (3.14)

It is now evident from (3.14) that (q̃0, ṽ0)(τ) is under control as τ →∞; quantitative bounds are established
in (3.42) below.

Returning to (3.12b), we impose the second constraint on our modulation functions, whose goal is to
ensure that k̃0(τ) is “damped” as τ → ∞. The precise damping coefficient is free, and for simplicity, and
consistency with (3.14), we choose

c̃r(τ)− c̃b(τ) = 2αd
1+αd k̃0(τ)− ṽ0(τ). (3.15)

With (3.15), the evolution (3.12b) becomes
d
dτ k̃0 + 2αd

1+αd k̃0 = 0. (3.16)

Combining (3.14) and (3.16), we obtain
d
dτ (q̃0, ṽ0, k̃0)ᵀ + 2αd

1+αd(q̃0, ṽ0, k̃0)ᵀ = −(NQ̃(0, τ),NṼ (0, τ), 0)ᵀ, (3.17)

From (3.17) it is now evident that we should expect global-in-time stability of the vector (q̃0, ṽ0, k̃0)(τ).
Note that (3.13) and (3.15) only define two of the three modulation functions (namely c̃u and c̃b), and that
one of the modulation functions (namely c̃r) is still free.
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3.5.2. The coefficients of R2N. By either using (3.11), or by differentiating (3.8) 2N times with respect to
R, appealing to (3.9), (3.10), restricting the resulting dynamics at R = 0, and dividing by (2N)!, in analogy
to (3.12) we obtain

d
dτ (q̃N, ṽN, k̃N)ᵀ +A

(N)
1 (q̃N, ṽN, k̃N)ᵀ +A

(N)
2 (τ)(q̄N, v̄N, k̄N)ᵀ = Nonlinear(3.18a)(τ), (3.18a)

where we have denoted

A
(N)
1 :=

 0 (1 + αd)q̄0 0
4α2

γ q̄0 1 + 2v̄0 0

0 1 0

+ 2N

c̄r + v̄0 αq̄0 0
αq̄0 c̄r + v̄0 −α

γ q̄
2
0

0 0 c̄r + v̄0

 (3.18b)

A
(N)
2 (τ) :=

c̃r − c̃u + (1 + αd)ṽ0 (1 + αd)q̃0 0
4α2

γ q̃0 c̃r − c̃u + 2ṽ0 0

0 0 0

+ 2N

c̃r + ṽ0 αq̃0 0
αq̃0 c̃r + ṽ0 −2α

γ q̄0q̃0

0 0 c̃r + ṽ0


=: 2N

(
c̃r(τ) + ṽ0(τ)

)
I3 + Ã

(N)
2 (τ), (3.18c)

and the nonlinear terms are given by

Nonlinear(3.18a) := − 1
(2N)!

(∂2N
R NQ̃)(0, τ)

(∂2N
R NṼ )(0, τ)

(∂2N
R NK̃)(0, τ)

− 2N

c̃r + ṽ0 αq̃0 0
αq̃0 c̃r + ṽ0 −α

γ q̃0(2q̄0 + q̃0)

0 0 c̃r + ṽ0

q̃N

ṽN

k̃N

 .

(3.18d)

The terms on the right side of (3.18d) contain solely nonlinear terms. With the notation from (3.11b), we
recognize A(N)

1 = Ē0 + 2NĒ1, A(N)
2 represents the components of Ẽ0 + 2NẼ1 which are linear in the the

“tilde terms”. In (3.18c), we isolate the term c̃r(τ) + ṽ0(τ) and will use it to determine the modulation
function c̃r(τ) below; the “tilde term” Ã(N)

2 (τ) in (3.18c) depends only on the 0-th order Taylor coefficients
ṽ0, q̃0, k̃0 (recalling (3.13) for c̃r − c̃u), which satisfy the ODE (3.17) with a linear damping term and are
expected to be stable global-in-time. The terms in (3.18d) are the nonlinear terms; note that the second term
in RHS(3.18d) is equal to −2NẼ1(q̃N, ṽN, k̃N)ᵀ. We remark that the explicit form of Ã(N)

2 (τ) in (3.18c) and
the nonlinear terms Nonlinear(3.18a) are not used in the stability analysis.

The matrix A(N)
1 defined in (3.18b) has the following eigensystem:

• a positive (stable) eigenvalue

λ]N := 2N(c̄r + v̄0), (3.19a)

with eigenvector

p]N :=
(
q̄0, 0, γ + 2α

N

)ᵀ
; (3.19b)

• a positive (stable) eigenvalue37

λ[N := 4N|v̄0|
√

αγd
2 + EN + (1−αd)2

16N2 = 4N(c̄r + v̄0) + (1 + 2v̄0), (3.19c)

with eigenvector

p[N :=
( (1+αd+2Nα)q̄0

2N(c̄r+v̄0)+1+2v̄0
, 1, 1

2N(c̄r+v̄0)+1+2v̄0

)ᵀ
; (3.19d)

• a vanishing (neutral) eigenvalue

λ†N := 0, (3.19e)

with eigenvector

p†N :=
(
− (1+αd+2Nα)q̄0

2N(c̄r+v̄0) , 1,− 1
2N(c̄r+v̄0)

)
=
(
q̄N, v̄N, k̄N

)ᵀ
. (3.19f)

37Here we have appealed to (2.13)–(2.16).
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Let P be the matrix with columns [p]N|p
[
N|p
†
N], so that

A
(N)
1 = Pdiag (λ]N, λ

[
N, 0)P−1.

It is also convenient to denote

(ϕ], ϕ[, ϕ†)ᵀ := P−1(q̃N, ṽN, k̃N)ᵀ. (3.20)

With this notation, we multiply (3.18a) from the left with P−1, noting the decomposition in (3.18c) and the
fact that P−1p†N = e3, to obtain

d
dτ

ϕ]ϕ[
ϕ†

+ diag (λ]N, λ
[
N, 0)

ϕ]ϕ[
ϕ†

+ 2N
(
c̃r + ṽ0

)0
0
1

 = −P−1Ã
(N)
2

q̄N

v̄N

k̄N

+ P−1Nonlinear(3.18a).

(3.21)
With (3.21) in mind, the third and last constraint on our modulation functions ensures that the neutrally

stable direction corresponding to ϕ† becomes stable. For this purpose, in analogy with (3.13) we impose

2N
(
c̃r(τ) + ṽ0(τ)

)
= λ]Nϕ

†(τ), (3.22)

so that (3.21) becomes

d
dτ

ϕ]ϕ[
ϕ†

+ diag (λ]N, λ
[
N, λ

]
N)

ϕ]ϕ[
ϕ†

 = −P−1Ã
(N)
2

q̄N

v̄N

k̄N

+ P−1Nonlinear(3.18a). (3.23)

Since the matrix Ã(N)
2 in (3.18c) depends only on ṽ0, q̃0, k̃0, which satisfy the ODE (3.17) with a linear

damping term, and since λ]N, λ
[
N > 0, (3.23) shows that we may expect global-in-time stability for the vector

(ϕ], ϕ[, ϕ†)(τ), and thus via (3.20) we expect global-in-time stability for (q̃N, ṽN, k̃N)(τ). Equation (3.22)
provides the definition of the last modulation functions, namely c̃r.

3.5.3. The definitions of the modulation functions. Let (q̃0, ṽ0, k̃0)(τ) solve (3.17), and let (ϕ], ϕ[, ϕ†)(τ)
solve (3.23). Combining (3.13), (3.15), and (3.22), we have

c̃r(τ) =
λ]N
2Nϕ

†(τ)− ṽ0(τ) = (c̄r + v̄0)ϕ†(τ)− ṽ0(τ), (3.24a)

c̃u(τ) = c̃r(τ) + 4α2

γ
q̄0
v̄0
q̃0(τ)− 1

v̄0
ṽ0(τ) = (c̄r + v̄0)ϕ†(τ) + 4α2

γ
q̄0
v̄0
q̃0(τ)− 1+v̄0

v̄0
ṽ0(τ), (3.24b)

c̃b(τ) = c̃r(τ)− 2αd
1+αd k̃0(τ) + ṽ0(τ) = (c̄r + v̄0)ϕ†(τ)− 2αd

1+αd k̃0(τ). (3.24c)

3.6. Differentiated Riemann-type variables. In order to avoid derivative losses at the level of (weighted)
C1 estimates, and motivated by the propagation of regularity established in Proposition 3.14, we define

W̊ := R∂RV +R∂RQ− 1
γQR∂RK, Z̊ := R∂RV −R∂RQ+ 1

γQR∂RK, Å := α
γQR∂RK. (3.25)

In particular, we note that (3.25) implies

R∂RQ = 1
2W̊ −

1
2 Z̊ + 1

αÅ, R∂RV = 1
2W̊ + 1

2 Z̊, R∂RK = γ
αQÅ. (3.26)

For compactness of notation, it is convenient to introduce the vector

Y := (Z̊, Å, W̊ )ᵀ, (3.27)

and denote its components as Yi for i ∈ {1, 2, 3}.
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3.6.1. Evolution of the differentiated Riemann-type variables. Let (V,Q,K) solve (3.6). After applying
R∂R to (3.6), and then diagonalizing the resulting system, we obtain the system of equations

∂τY + T R∂RY +DY +N (Y,Y) = 0, (3.28)

where the diagonal “transport matrix” T is given by

T := (cr + V )Id + αQdiag(−1, 0, 1) , (3.29a)

the “damping matrix” D is given by

D := (cr − cu)Id + VD(v) + αQD(q), (3.29b)

where D(v),D(q) are two constant matrices which depend only on α and d, and are explicitly given by

D(v) :=

3+αd
2 0 1−αd

2
0 1 + αd 0

1−αd
2 0 3+αd

2

 , D(q) :=

 −d+2
2

4
γ − (d+2)+2α(d−2)

2γ
1

2γ 0 1
2γ

(d+2)+2α(d−2)
2γ

4
γ

d+2
2

 , (3.29c)

and where N (·, ·) is a quadratic nonlinearity, written in terms of its components N = (N1,N2,N3)ᵀ, each
of which is a bilinear form R3 × R3 → R given explicitly as

Ni(Y ′,Y ′′) = (1+(2−i)α
2 Y ′1 + (i− 2)Y ′2 + 1+(i−2)α

2 Y ′3)Y ′′i +
(

2−i
2 + 1i=2

α
2

)
(Y ′1 + Y ′3)Y ′′2 , (3.29d)

for each i ∈ {1, 2, 3}.

Remark 3.4 (Main terms for stability analysis). While the system (3.28)–(3.29) may appear complicated,
in order to prove nonlinear stability we mainly use the transport term T R∂RY in (3.28) and the constant
damping terms (cr−cu)Id in (3.29b). In particular, the damping terms associated with (VD(v) +αQD(q))Y
in (3.29b) and the nonlinearity Ni(·, ·) are treated perturbatively in the stability analysis.

3.6.2. Perturbations of the differentiated Riemann-type variables. The steady state of the variable Y is

Y :=
(
Z̊, Å, W̊

)ᵀ
=
(
R∂RV̄ −R∂RQ̄+ 1

γ Q̄R∂RK̄,
α
γ Q̄R∂RK̄,R∂RV̄ +R∂RQ̄− 1

γ Q̄R∂RK̄
)ᵀ
. (3.30)

We shall denote the perturbation to this steady state as

Ỹ = Y − Y =
( ˜̊
Z,

˜̊
A,

˜̊
W
)ᵀ

=
(
Z̊ − Z̊, Å− Å, W̊ − W̊

)ᵀ
. (3.31)

From (3.28)–(3.29) we deduce that the perturbation Ỹ solves

∂τ Ỹ + T R∂RỸ +D Ỹ + T̃ R∂RY + D̃ Y +N (Y, Ỹ) +N (Ỹ,Y) +N (Ỹ, Ỹ) = 0, (3.32)

where in analogy to (3.29a)–(3.29b) we may introduce

T := (c̄r + V̄ )Id + αQ̄diag(−1, 0, 1) , (3.33a)

T̃ := (c̃r + Ṽ )Id + αQ̃diag(−1, 0, 1) , (3.33b)

D := Id + V̄D(v) + αQ̄D(q), (3.33c)

D̃ := (c̃r − c̃u)Id + ṼD(v) + αQ̃D(q). (3.33d)

In order to close the bootstrap (3.47), we performL∞-type estimates for the forced transport equation (3.32),
but only after subtracting a high enough Taylor polynomial at R = 0 for Ỹ .
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3.7. Subtracting the Taylor jet at R = 0. Our goal is to introduce an operator JM, which takes as input
a CM+1 smooth function, and outputs the same function minus its Mth order Taylor polynomial at R = 0,
divided by RM+1 (near R = 0). In order to construct the operator JM, we first define a C∞ smooth non-
increasing function φ = φ(R) such that

φ(R) = 1 for R ≤ Rin, φ(R) = 0 for R ≥ 2Rin, |R∂Rφ| ≤ 2 for R ∈ (Rin, 2Rin), (3.34)

where 0 < Rin � 1 is a parameters to be chosen later (see Proposition 3.10 below). Then, for any M ≥ 0,
and any function f : R2

+ → R such that f(·, τ) ∈ CM, we define the cutoff Taylor polynomial

IMf(R, τ) = φ(R)
M∑
j=0

1
j!∂

j
Rf(0, τ)Rj . (3.35a)

The Leibniz rule implies the useful relations

IM(R∂Rf)(R, τ)−R∂R
(
IMf(R, τ)

)
= −R∂Rφ(R)

φ(R) IMf(R, τ), (3.35b)

IMf(R, τ)IMg(R, τ)− IM(f g)(R, τ) = Ierr
M [f, g](R, τ), (3.35c)

where

Ierr
M [f, g](R, τ) := RM+1φ(R)2

∑
1≤j,k≤M;j+k≥M+1

1
j!k!∂

j
Rf(0, τ)∂kRg(0, τ)Rj+k−M−1

+ φ(R)(φ(R)− 1)
M∑
`=0

∑̀
j=0

1
j!(`−j)!∂

j
Rf(0, τ)∂`−jR g(0, τ)R`. (3.35d)

Second, we define a C∞ smooth monotone increasing function ψ = ψ(R) with the properties:

ψ(R) = R for R ≤ 2Rin, ψ(R) = ψ(Rout) for R ≥ Rout, ∂Rψ(R) ≥ 0 for all R > 0,
(3.36)

where 0 < Rin � 1� Rout are chosen in Proposition 3.10 below. Lastly, we introduce the notation

JMf(R, τ) :=
f(R, τ)− IMf(R, τ)

ψ(R)M+1
, (3.37)

to denote the Taylor remainder of f(·, τ) at R = 0, weighted by the correct power of R (when f(·, τ) ∈
CM+1). With our definitions, we have that

lim
R→0+

JMf(R, τ) = 1
(M+1)!∂

M+1
R f(0, τ), and JMf(R, τ) = 1

ψ(R)M+1 f(R, τ), ∀R ≥ 2Rin.

(3.38a)
Moreover, the identities (3.35c)–(3.35b) become:

JM(f g) = fJMg + IM gJMf + I]M[f, g] = gJMf + JMg IM f + I]M[f, g], (3.38b)

JM(R∂Rf) = R∂R(JMf) + (M + 1)R∂Rψψ JMf + I[Mf , (3.38c)

where

I]M[f, g](R, τ) := 1
ψ(R)M+1 Ierr

M [f, g](R, τ) = φ(R)2
∑

1≤j,k≤M;j+k≥M+1

1
j!k!∂

j
Rf(0, τ)∂kRg(0, τ)Rj+k−M−1

+ φ(R)(φ(R)−1)
RM+1

M∑
`=0

∑̀
j=0

1
j!(`−j)!∂

j
Rf(0, τ)∂`−jR g(0, τ)R`,

(3.38d)

I[Mf(R, τ) := R∂Rφ(R)
φ(R)ψ(R)M+1 IMf(R, τ) = ∂Rφ(R)

RM

M∑
j=0

1
j!∂

j
Rf(0, τ). (3.38e)
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The fact that φ and ψ are independent of time implies that

∂t(JMf) = JM(∂tf). (3.38f)

We emphasize that the terms I]M[f, g] and I[Mf do not contain any singularity at R = 0 because

0 ≤ φ(R)2 ≤ 1R≤2Rin
, 0 ≤ φ(R)(φ(R)−1)

RM+1 ≤ 1Rin≤R≤2Rin
1

RM+1
in

, −1Rin≤R≤2Rin
1
RM

in

≤ ∂Rφ(R)
RM ≤ 0.

(3.39)
Moreover, I]M[f, g] and I[Mf are uniquely computed from knowledge of the Taylor coefficients of f and g at
R = 0, up to order M; because of this, it is fair to consider I]M and I[M as exponentially decaying error terms
(in τ ). The following result will be useful in the subsequent analysis.

Lemma 3.5. Let f ∈ CM+1 and assume Rin ≤ 1
4 . For any R ∈ (0, 2Rin] we have the pointwise estimate

|JMf(R)| ≤
(

1
M+1 + 1R≥2Rin

log R
2Rin

)
‖JM(R∂Rf)‖L∞(0,R)

+ 1R≥Rin
4

ψ(R)M+1 max
0≤j≤M

1
(j+1)! |∂

j
Rf(0)|. (3.40a)

In addition, if there exists θ > 0 such that 〈R〉θR∂Rf ∈ L∞, then for all R ≥ 2Rin we have

〈R〉θ|JMf(R)| ≤ 2θ

θ

(
1R≥Rout + 12Rin≤R≤Rout

(ψ(Rout)
ψ(R)

)M+1
)
‖〈R〉θJM(R∂Rf)‖L∞(R,∞). (3.40b)

The above inequalities hold for any choice of functions φ and ψ which satisfy (3.34) and (3.36).

Proof of Lemma 3.5. Denote R∂Rf = F , then by (3.35) and (3.37) we have

JMf(R) =

∫ R

0

ψ(R′)M+1

ψ(R)M+1 JMF (R′)dR
′

R′ −
M∑
j=0

1
j!∂

j
Rf(0) 1

ψ(R)M+1

∫ R

0
∂R′φ(R′)R′

j
dR′, (3.41a)

while (3.38a) allows us to write

JMf(R) = −
∫ ∞
R

ψ(R′)M+1

ψ(R)M+1 JMF (R′)dR
′

R′ . (3.41b)

The bounds in (3.40) are now direct consequences of the properties of φ and ψ expressed in (3.34) and (3.36)
(in particular the monotonicity of ψ and the bound (3.39)), identity (3.41a) for R ≤ 2Rin, and iden-
tity (3.41b) for R ≥ 2Rin. �

3.8. Global-in-time bootstraps. The first set of bootstrap assumptions are related to the behavior of the
perturbations (Ṽ , Q̃, K̃) at R = 0; these are as follows:
• For the coefficients (ṽ0, q̃0, k̃0) defined in (3.10), we make the bootstrap assumption

|q̃0(τ)|+ |ṽ0(τ)|+ |k̃0(τ)| ≤ εe−λτ , (3.42)

for all τ ≥ 0, where ε ∈ (0, 1
2 ] is taken to be sufficiently small with respect to γ, d, and N, and

λ = λ(γ, d,N) ∈ (0, α
2(1+αd) ] (3.43)

is to be defined explicitly in (3.71) below.
• For the coefficients (ṽN, q̃N, k̃N) defined in (3.10), we assume that

|q̃N(τ)|+ |ṽN(τ)|+ |k̃N(τ)| ≤ ε
3
5 e−λτ , (3.44)

for all τ ≥ 0.
• Let M = 17N (see Proposition 3.10). We assume that for all even integers38` such that 2N + 1 ≤ ` ≤ M

we have
1
`! |(∂

`
RQ̃)(0, τ)|+ 1

`! |(∂
`
RṼ )(0, τ)|+ 1

`! |(∂
`
RK̃)(0, τ)| ≤ ε

2
5 e−λτ , (3.45)

38We recall that smooth radially-symmetric functions have power series expansions in powers of R2 at R = 0, so for all odd
integers ` ∈ {2N + 1, . . . ,M} and all τ > 0, Lemma 3.3 guarantees the vanishing of the `th Taylor coefficient.
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for all τ ≥ 0.
• For the modulation functions defined in (3.24), we make the bootstrap assumption assume that

|c̃r(τ)|+ |c̃u(τ)|+ |c̃b(τ)| ≤ ε
4
5 e−λτ (3.46)

for all τ ≥ 0.

We only make one bootstrap assumption on the behavior of the functions (R∂RṼ , R∂RQ̃, R∂RK̃), for
R > 0; in fact, we consider bootstrap assumptions for the differentiated Riemann-type variables defined
in (3.25):

• Let M = 17N and θ = 1
2 min{1, 1

c̄r
}. We assume that

〈R〉θ|JMỸ(R, τ)| ≤ ε
1
5 e−λτ (3.47)

for all R > 0 and τ ≥ 0.

3.9. Consequences of the bootstrap assumptions. The bootstraps (3.42)–(3.47) have a number of imme-
diate useful consequences, which we list below. Before stating these consequences, we record a few bounds
that pertain to the steady states V̄ , Q̄, H̄ , and Y .

Remark 3.6 (Estimates for V̄ , Q̄, K̄, and Y). The power law decay of (V̄ , Q̄) as R → ∞ determined
in (2.35), implies that there is a sufficiently large constantM0 > 0, which only depends on d, α, and N, such
that

|V̄ (R)|+ |Q̄(R)|+ |R∂RV̄ (R)|+ |R∂RQ̄(R)|+ |(R∂R)2V̄ (R)|+ |(R∂R)2Q̄(R)| ≤M0〈R〉−
1
c̄r , (3.48a)

and

Q̄(R) ≥ 1
M0
〈R〉−

1
c̄r (3.48b)

for all R > 0. Identity (2.6) and the fact that V̄ is monotone increasing, implies

|V̄ (R)−v̄0|
c̄r

≤ |R∂RK̄(R)| ≤ |v̄0|(1+ γd
2

)

c̄r+v̄0
. (3.48c)

for all R > 0. After applying R∂R to (2.6), and using (3.48a)–(3.48c), we obtain

|(R∂R)2K̄(R)| ≤ |v̄0|(1+ γd
2

)+M0

c̄r+v̄0
. (3.48d)

Combining (3.30) with (3.9) (recall that N ≥ 1), (3.48a)–(3.48d) we we deduce that there exists a sufficiently
large constant M1 > 0, which only depends on d, α, and N, such that

|Y(R)|+ |R∂RY(R)| ≤M1R
2〈R〉−2− 1

c̄r , (3.49)

for all R > 0.

Remark 3.7 (Estimates for JM applied to V̄ , Q̄, H̄ and Y for R small). From (3.35a), (3.37), the Taylor
reminder theorem, the fact that Rin ≤ 1

4 , and recalling θ = 1
2 min{1, 1

c̄r
}, we have that for any f ∈ CM+1:

‖〈R〉θJMf‖L∞ ≤ 2
(M+1)!‖∂

M+1
R f‖L∞(0,2Rin) +R−M−1

in ‖〈R〉θf‖L∞(Rin,∞). (3.50)

Using the fact that V̄ , Q̄, H̄ are real analytic (hence so is Y), and appealing to the bounds (3.48a), (3.49),
for M = 17N we deduce that there exists a constant M2 > 0, which only depends on d, α, and N, such that

‖〈R〉θ(JMV̄ , JMQ̄, JMY, JM(R∂RY))‖L∞ ≤M2R
−M−1
in , (3.51a)

‖(IMV̄ , IMQ̄, IMY, IM(R∂RY))‖L∞ ≤M2. (3.51b)
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3.9.1. Bounds for Ỹ . From (3.35a), (3.25), and (3.31), we obtain that

Ỹ1 = R∂RṼ −R∂RQ̃+ 1
γ

(
Q̃R∂RK̄ + (Q̄+ Q̃)R∂RK̃

)
,

Ỹ2 = α
γ

(
Q̃R∂RK̄ + (Q̄+ Q̃)R∂RK̃

)
,

Ỹ3 = R∂RṼ +R∂RQ̃− 1
γ

(
Q̃R∂RK̄ + (Q̄+ Q̃)R∂RK̃

)
,

which may be combined with (3.9)–(3.10), (3.35a), (3.42)–(3.45), and the fact that Rin ≤ 1
4 to deduce that

|IMỸ(R, τ)|+ |IM(R∂RỸ)(R, τ)| ≤ C(3.52)R
2ε

2
51R≤2Rin

e−λτ , (3.52)

where C(3.52) > 0 is a constant that only depends on γ, d, and N (through the Taylor series coefficients of Q̄,
V̄ , and K̄ at R = 0, of order ≤ M + 1 = 17N + 1). From (3.37), (3.47), and (3.52) we immediately obtain

|Ỹ(R, τ)| ≤ R2〈R〉−2−θ(ε 1
5R−2

in ψ(Rout)
M+1 + 2C(3.52)ε

2
5
)
e−λτ (3.53)

for all R > 0 and τ ≥ 0.

3.9.2. Bounds for Ṽ and Q̃. Appealing to (3.30)–(3.31), we note that

R∂RṼ = 1
2(Ỹ1 + Ỹ3), R∂RQ̃ = 1

2(Ỹ3 − Ỹ1 + 2
α Ỹ2), (3.54)

and thus the estimates in (3.40) and the bootstrap (3.47) imply

〈R〉θ|JMṼ (R, τ)|+ α〈R〉θ|JMQ̃(R, τ)|

≤ (2 + α)
(
10≤R≤2Rin

2
M+1 + 1R≥Rout

2θ

θ

)
‖〈R〉θJMỸ‖L∞

+ (2 + α)12Rin≤R≤Rout min
{
〈R〉θ(1 + log R

2Rin
),
(ψ(Rout)
ψ(R)

)M+1
}
‖〈R〉θJMỸ‖L∞

+ 16(1 + α)1Rin≤R≤Rout

〈R〉θ
ψ(R)M+1 ε

2
5 e−λτ (3.55a)

≤ (2 + α)
(
10≤R≤2Rin

2
M+1 + 1R≥Rout

2θ

θ

)
ε

1
5 e−λτ

+ (2 + α)12Rin≤R≤Rout min
{
〈R〉θ(1 + log R

2Rin
),
(ψ(Rout)
ψ(R)

)M+1
}
ε

1
5 e−λτ

+ 16(1 + α)1Rin≤R≤Rout

〈R〉θ
ψ(R)M+1 ε

2
5 e−λτ . (3.55b)

Together with the bounds

|IMṼ (R, τ)| ≤ 31R≤2Rin
ε

2
5 e−λτ , |IMQ̃(R, τ)| ≤ 31R≤2Rin

ε
2
5 e−λτ , (3.56)

which are a direct consequence of the bootstraps (3.42)–(3.45) and definition (3.35a), the bound (3.55b)
implies

〈R〉θ|Ṽ (R, τ)|+ α〈R〉θ|Q̃(R, τ)|

≤ (2 + α)10≤R≤2Rin

(
(2Rin)M+1ε

1
5 + 19ε

2
5

)
e−λτ

+ (2 + α)12Rin≤R≤Rout

(
min

{
ψ(R)M+1〈R〉θ(1 + log R

2Rin
), ψ(Rout)

M+1
}
ε

1
5 + 16〈Rout〉θε

2
5

)
e−λτ

+ (2 + α)2θ

θ 1R≥Routψ(Rout)
M+1ε

1
5 e−λτ , (3.57)

for all R > 0 and all τ ≥ 0.
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3.10. Closure of the bootstraps for the Taylor coefficients and modulation functions.

Proposition 3.8 (Bootstraps for fundamental Taylor coefficients and modulations functions). There
exists a sufficiently small ε∗ = ε∗(α, d,N) ∈ (0, 1

2 ] such that the following holds. Assume 0 < ε ≤ ε∗, and
assume that the Taylor coefficients at τ = 0 satisfy

|(ṽ0(0), q̃0(0), k̃0(0))| ≤ 1
4ε, (3.58a)

|(ṽN(0), q̃N(0), k̃N(0))| ≤ ε. (3.58b)

Moreover, assume that the bootstrap bounds (3.42), (3.44), and (3.46) hold. Then, the bootstrap bounds (3.42),
(3.44), and (3.46) hold with right-side constants 1

2ε,
1
2ε

3
5 , respectively 1

2ε
4
5 .

Proof of Proposition 3.8. We start the proof by closing the bootstrap assumption (3.46). In order to estimate
the right sides of (3.24), we need to obtain a bound for the function ϕ†(τ), which appears as the third
component of (3.23). In turn, to achieve this we need to bound the term Nonlinear(3.18) defined in (3.18d),
and which may be written explicitly by appealing to (3.8g)–(3.8h), (3.9)–(3.10), and (3.18d). Using the
bootstrap assumptions (3.44), we obtain

|Nonlinear(3.18a)(τ)| .α,d,N

 |q̃Nṽ0|+ |ṽNq̃0|+ ε
4
5 e−λτ

(
|q̃N|+ |ṽN|+ |ṽ0|+ |q̃0|

)
|ṽNṽ0|+ |q̃Nq̃0|+ |k̃Nq̃0|+ |q̃0|2 + ε

4
5 e−λτ

(
|q̃N|+ |ṽN|+ |ṽ0|+ |q̃0|

)
|ṽNk̃0|+ |k̃Nṽ0|+ |ṽ0k̃0|+ ε

4
5 e−λτ (|ṽ0|+ |ṽN|+ |k̃0|+ |k̃N|)


which together with (3.42)–(3.44) yields

|Nonlinear(3.18a)(τ)| ≤ C(3.59)ε
7
5 e−2λτ . (3.59)

In a similar fashion, we deduce from (3.42) and (3.44) that the matrix Ã(N)
2 (τ) defined in (3.18c) satisfies

|Ã(N)
2 (τ)| .α,d,N εe−λτ , (3.60)

and the matrix P defined in (3.19) satiesfies

|P |+ |P−1| .α,d,N 1. (3.61)

Returning to (3.23), we deduce from (3.59)–(3.61), (3.20), and the Grönwall inequality, and the initial data
assumption (3.58b), that

|ϕ†(τ)| ≤ C(3.64)
∣∣(q̃N(0), ṽN(0), k̃N(0)

)∣∣e−λ]Nτ + C(3.64)

∫ τ

0
e−λ

]
N(τ−s)(εe−λs + ε

7
5 e−2λs

)
ds

≤ C(3.64)εe
−λ]Nτ + C(3.64)

2

|λ]N−λ|
ε
(
e−λ

]
Nτ + e−λτ

)
, (3.62)

for some constant C(3.64) > 0, which only depends on α, d, and N.
At this stage, we recall cf. (3.19) that λ]N = 2N(c̄r + v̄0) and λ[N = 4N(c̄r + v̄0) + 1 + 2v̄0, which

together with the definition of c̄r = cr
∗(d, γ,N) in (2.16), the second bullet in Lemma 2.8, and the standing

assumption that α ≤ d, yields

λ]N ≥
2

1+αd

√
αγd

2 ≥
√

2α
1+αd , λ[N ≥ 4

1+αd

√
αγd

2 ≥
2
√

2α
1+αd (3.63)

for all N ≥ 1. Thus, from the constraint (3.43), namely λ ≤ α
1+αd , we obtain λ]N, λ

[
N > λ, which justifies

the estimate of the integral in (3.62). Combining (3.63) with (3.62), and the fact that λ ≤ α
1+αd (cf. (3.43)),

we thus obtain

|ϕ†(τ)| ≤ C(3.64)
41(1+αd)

α εe−λτ . (3.64)
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Similarly to (3.64), we have that the first two components of the solution of (3.21) satisfy

|ϕ](τ)| ≤ C(3.64)εe
−λ]Nτ +

2C(3.64)

|λ]N−λ|
ε
(
e−λ

]
Nτ + e−λτ

)
≤ C(3.64)

41(1+αd)
α εe−λτ , (3.65)

|ϕ[(τ)| ≤ C(3.64)εe
−λ[Nτ +

2C(3.64)

|λ[N−λ|
ε
(
e−λ

[
Nτ + e−λτ

)
≤ C(3.64)

41(1+αd)
α εe−λτ . (3.66)

With (3.42) and (3.64) we return to (3.24a) and deduce that

|c̃r(τ)| ≤
(
1 + C(3.64)|c̄r + v̄0|41(1+αd)

α

)
εe−λτ . (3.67)

In a similar fashion, (3.24b) yields

|c̃u(τ)| ≤
(
2 + 3αd+ C(3.64)|c̄r + v̄0|41(1+αd)

α

)
εe−λτ . (3.68)

Lastly, from (3.24c) we obtain that

|c̃b(τ)| ≤
(

2αd
1+αd + C(3.64)|c̄r + v̄0|41(1+αd)

α

)
εe−λτ . (3.69)

Putting together the bounds (3.67), (3.68), (3.69), we deduce that if ε is chosen to be sufficiently small to
ensure that

3 + 3αd+ 2αd
1+αd + 3C(3.64)|c̄r + v̄0|41(1+αd)

α ≤ 1
2ε
− 1

5 ,

then the bootstrap (3.46) is closed.
Next, we turn to the bootstrap assumption (3.42), concerning the coefficients of R0 in (3.10). We note

that (3.17) implies∣∣(ṽ0, q̃0, k̃0

)
(τ)
∣∣ ≤ ∣∣(ṽ0, q̃0, k̃0

)
(0)
∣∣e− 2αdτ

1+αd +

∫ τ

0
e−

2αd(τ−s)
1+αd

∣∣(NṼ ,NQ̃, 0)(0, s)∣∣ds.
Restricting (3.8g)–(3.8h) to R = 0, appealing to the bootstrap in (3.42), the definitions (3.24a)–(3.24c), and
assuming that ε is taken to be sufficiently small in terms of α and d, we deduce∣∣(NṼ ,NQ̃, 0)(0, s)∣∣ ≤ ε 8

5 e−2λs.

Combining the two above estimates, appealing to the initial data assumption in (3.58a), and to the λ bound
in (3.43), we arrive at∣∣(ṽ0, q̃0, k̃0

)
(τ)
∣∣ ≤ e− 2αdτ

1+αd
∣∣(ṽ0, q̃0, k̃0

)
(0)
∣∣+ 1

2αd
1+αd

−2λ
ε

8
5 e−2λτ ≤

(
1
4 + 1+αd

αd ε
3
5
)
εe−λτ .

Upon ensuring that ε
3
5

1+αd
αd ≤

1
4 , the above estimate closes the bootstrap (3.42).

At last, we turn to the bootstrap assumption (3.44), which concerns the coefficients of R2N. We recall
from (3.20) that the vector (ṽN, q̃N, k̃N) is obtained from the vector (ϕ], ϕ[, ϕ†) upon multiplication by the
matrix P , which satisfies the bound (3.61). Thus, from (3.64)–(3.66) and the initial data assumption (3.58b),
we deduce that ∣∣(ṽN(τ), q̃N(τ), k̃N(τ)

)∣∣ ≤ C(3.61)C(3.64)
(
1 + 40(1+αd)

α

)
εe−λτ . (3.70)

We deduce that if ε is chosen to be sufficiently small to ensure that C(3.61)C(3.64)
(
1 + 40(1+αd)

α

)
≤ 1

2ε
− 2

5 ,
then the bootstrap (3.44) is closed. �

Proposition 3.9 (Bootstraps for higher order Taylor coefficients). Let ε∗ be as in Proposition 3.8, and
let 0 < ε ≤ ε∗. Define

λ = λ(γ, d,N) := min
{

α
2(1+αd) , (N + 1)

(
cr
∗(d, γ,N)− 1

1+αd

)
, (N + 1)

(
cr
∗(d, γ,N)− cr

∗(d, γ,N + 1)
)}
.

(3.71)
Upon potentially reducing the value of ε∗, the following holds. Assume that the initial data at τ = 0 is such
that for any even integer ` ∈ {2N + 1, . . . ,M} the Taylor coefficients at R = 0 satisfy

1
`! |(∂

`
RQ̃)(0, 0)|+ 1

`! |(∂
`
RṼ )(0, 0)|+ 1

`! |(∂
`
RK̃)(0, 0)| ≤ ε

3
5 , (3.72)
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and assume that the bootstrap bounds (3.42)–(3.44) and (3.46) hold. Then, the bootstrap bound (3.45) holds
for all τ ≥ 0.

Proof of Proposition 3.9. Let M = 17N, and fix an integer ` ∈ {2N + 1, . . . ,M}. When ` is odd, due to
the smoothness of the initial data in original variables, we have that (∂`RQ̃, ∂

`
RṼ , ∂

`
RK̃)(0, 0) = 0. Thus, by

Lemma 3.3, this vanishing is propagated forward in time for τ > 0.
We are left to consider even integers ` ∈ {2N + 1, . . . ,M}. For convenience of notation, we let ` = 2L,

where L ∈ {N + 1, . . . , bM
2 c}, and for any sufficiently smooth function F we denote

fL(τ) := 1
(2L)!(∂

2L
R F )(0, τ). (3.73)

The above notation is consistent with the notation used in (3.9) and (3.10). Our goal is to prove that there
exists a constant C]M > 0, which only depends on α, d, and N, such that

|q̃L(τ)|+ |ṽL(τ)|+ |k̃L(τ)| ≤ ε
3
5 (C]M)L−Ne−λτ , (3.74)

for all L ∈ {N, . . . , bM
2 c} and all τ ≥ 0. We shall prove (3.74) inductively on L. The bootstrap (3.44) implies

the bound (3.74) for L = N, and this serves as the induction base. For the induction step, fix L ≥ N + 1, and
assume that (3.74) holds with L replaced by i, for all i such that N ≤ i ≤ L− 1.

Next, we recall the notation for the matrices E0 and E1 from (3.11b). We denote by Ē0 and Ē1 the
same matrices, with (cr, cu, cb) replaced by (c̄r, c̄u, c̄b), and (v0, q0) replaced by (v̄0, q̄0). We also denote
Ẽ0 = E0−Ē0 and Ẽ1 = E1−Ē1. With this notation, it follows from (3.11) that for all L ∈ {N+1, . . . , bM

2 c}
we have

d
dτ (q̃L, ṽL, k̃L)ᵀ + (E0 + 2LE1)(q̃L, ṽL, k̃L)ᵀ

= −(Ẽ0 + 2LẼ1)(q̄L, v̄L, k̄L)ᵀ − 1L≥2N(Z̃(L)
q , Z̃(L)

v , Z̃
(L)
k )ᵀ, (3.75a)

where

Z̃(L)
q :=

L−N∑
i=N

(
v̄iq̃L−i + ṽiq̄L−i + ṽiq̃L−i

)(
2L− 2(1− α)i+ (1 + αd)

)
, (3.75b)

Z̃(L)
v :=

L−N∑
i=N

(2i+ 1)
(
v̄iṽL−i + ṽiv̄L−i + ṽiṽL−i

)
+
(
2αi+ 2α2

γ

)(
q̄iq̃L−i + q̃iq̄L−i + q̃iq̃L−i

)
− α

γ

L−N∑
i=N

L−i∑
j=0

2i
(
k̄iq̄j q̃L−i−j + k̄iq̃j q̄L−i−j + k̃iq̄j q̄L−i−j

+ k̄iq̃j q̃L−i−j + k̃iq̄j q̃L−i−j + k̃iq̃j q̄L−i−j + k̃iq̃j q̃L−i−j
)
, (3.75c)

Z̃
(L)
k :=

L−N∑
i=N

2(L− i)(v̄ik̃L−i + ṽik̄L−i + ṽik̃L−i). (3.75d)

In deriving (3.75b)–(3.75d) we have used that q̄i = v̄i = k̄i = 0 if i
2N 6∈ N, and the fact that Lemma 3.3

implies q̃i = ṽi = k̃i = 0 for 1 ≤ i ≤ N− 1.
Using the inductive bound (3.74) and the fact that (Q̄, V̄ , K̄) are real-analytic at R = 0, we deduce that

there exists a constant C(3.76) > 0, which only depends on α, d, and N, such that for all 2N ≤ L ≤ bM
2 c we

have ∣∣(Z̃(L)
q , Z̃(L)

v , Z̃
(L)
k )(τ)

∣∣ ≤ C(3.76)ε
3
5 (C]M)L−2Ne−λτ , (3.76)

for all τ ≥ 0. We emphasize that C(3.76) is independent of C]M.
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Next, we appeal to the bootstrap assumptions (3.42) and (3.46), and to the definitions of the matrices Ẽ0

and Ẽ1 (cf. (3.11b)), to deduce that

|Ẽ0 + 2LẼ1| ≤ C(3.77)ε
4
5 e−λτ (3.77)

where C(3.77) > 0 is a constant that only depends on α, d, and N.
The last, and most important, ingredient of the proof concerns the eigenvalues of the matrix

Ē0 + 2LĒ1 :=

 0 (1 + αd)q̄0 0
4α2

γ q̄0 1 + 2v̄0 0

0 1 0

+ 2L

c̄r + v̄0 αq̄0 0
αq̄0 c̄r + v̄0 −α

γ q̄
2
0

0 0 c̄r + v̄0

 .

Observe that Ē0 + 2LĒ1 = A
(L)
1 , cf. (3.18b); thus in analogy to (3.19), and recalling the notation in (2.16),

we may show that the eigenvalues of Ē0 + 2LĒ1 are given by

2L(c̄r + v̄0), 2L
(
c̄r − cr

∗(d, γ, L)
)
, 2L

(
c̄r − cr

∗(d, γ, L)
)

+ 4L
1+αd

√
αγd

2 + EL + (1−αd)2

16L2 . (3.78)

By definition we have c̄r = cr
∗(d, γ,N), and recalling the second item in Lemma 2.8, we have that

c̄r − cr
∗(d, γ, L) = cr

∗(d, γ,N)− cr
∗(d, γ, L) ≥ cr

∗(d, γ,N)− cr
∗(d, γ,N + 1) > 0,

whenever L ≥ N + 1. Thus, for all L ≥ N + 1 we have shown that all three eigenvalues of the matrix
Ē0 + 2LĒ1 are larger than or equal to

2(N + 1) min
{

cr
∗(d, γ,N)− 1

1+αd , cr
∗(d, γ,N)− cr

∗(d, γ,N + 1)
}
≥ 2λ.

Here we have appealed to the definition of λ in (3.71). Since the eigenvalues of a matrix are continuous with
respect to small perturbations in the matrix (the amplification factor is the related to the condition number
of the original matrix, via the Bauer-Fike Theorem), the bound (3.77) implies that if ε

4
5 is sufficiently small

with respect to α, d, and N, all the eigenvalues of the matrix E0 + 2LE1 are larger than or equal to 3
2λ.

Combining the above spectral information for the matrix E0 + 2LE1 with the bounds (3.76), (3.77), the
assumption (3.72), and the evolution equation (3.75a), we deduce that∣∣(q̃L, ṽL, k̃L)(τ)

∣∣ ≤ ∣∣(q̃L, ṽL, k̃L)(0)
∣∣e− 3

2
λτ

+

∫ τ

0
e−

3
2
λ(τ−s)

(
C(3.77)|(q̄L, v̄L, k̄L)|ε

4
5 e−λs + 1L≥2NC(3.76)ε

3
5 (C]M)L−2Ne−λs

)
ds

≤ εNe
− 3

2
λτ +

(
C(3.77)|(q̄L, v̄L, k̄L)|ε

4
5 + 1L≥2NC(3.76)ε

3
5 (C]M)L−2N

)
2
λe
−λτ . (3.79)

Thus, the induction bound (3.74) is established if we ensure that

1 + 2
λC(3.77)|(q̄L, v̄L, k̄L)|ε

1
5 + 2

λ1L≥2NC(3.76)(C
]
M)L−2N ≤ (C]M)L−N. (3.80)

Using the fact that maxN≤L≤M/2 |(q̄L, v̄L, k̄L)| is bounded solely in terms of d, α, and N, and recalling
definition (3.71), we obtain that there exists a constant C(3.81) ≥ 1, which only depends on d, α, and N, such
that

LHS(3.80) ≤ C(3.81) + 1L≥2NC(3.81)(C
]
M)L−2N. (3.81)

Since L ≥ N+1, it follows from (3.81) that the inequality (3.80) holds as soon as we let C]M = 2C(3.81) ≥ 2.
This concludes the proof of the inductive bound (3.74).

The proof is completed by noting that if ε is sufficiently small, then (C]M)bM/2c−N < ε−
1
5 . �
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3.11. Closure of the derivative bootstrap. In order to close the bootstrap (3.47) we first need to deduce
an evolution equation for JMỸ . We apply the operator JM to the equations (3.32) and then multiply the
resulting PDE by 〈R〉θ; using (3.38b)–(3.38f) we deduce

∂τ (〈R〉θJMỸ) + T R∂R(〈R〉θJMỸ) +
(
(M + 1)R∂Rψψ − θ R2

〈R〉2
)
T (〈R〉θJMỸ) +D (〈R〉θJMỸ)

+ 〈R〉θJMT̃ (R∂RY) + 〈R〉θJMD̃ Y +N (Y, 〈R〉θJMỸ) +N (〈R〉θJMỸ,Y)

= 〈R〉θ
(
−JMT IM(R∂RỸ)− JMD IMỸ − IMT̃ JM(R∂RY)− IMD̃ JMY

− T I[MỸ − I]M(T , R∂RỸ)− I]M(D, Ỹ)− I]M(T̃ , R∂RY)− I]M(D̃,Y)

−N (JMY, IMỸ)−N (IMỸ, JMY)−N I]M(Y, Ỹ)−N I]M(Ỹ,Y)−N (JMỸ, Ỹ)
)
. (3.82)

The remainder of this section is devoted to obtaining global-in-time stability estimates for the solution JMỸ
of (3.82); the terms on the right side of (3.82) will be treated as error terms which decay exponentially in
time, while for the terms on the left side of (3.82) we need to quantify the amount of helpful damping, by
carefully designing the weight ψ, and choosing M suitably. The main ingredient for treating the left side
of (3.82) is the following result:39

Proposition 3.10 (Global outgoing condition (2.34b) and M sufficiently large give damping for Ỹ). Let
M = 17N and let θ = 1

2 min{1, 1
c̄r
}. Assume that ε is sufficiently small, with respect to γ, d, and N. There

exists 0 < Rin � 1 � Rout, and a smooth non-decreasing weight ψ satisfying (3.36), with Rin, Rout, and
ψ only depending on γ, d, and N (also through the profiles V̄ and Q̄), such that for each fixed i ∈ {1, 2, 3},
we have (

(M + 1)
R∂Rψ(R)

ψ(R)
− θ R2

〈R〉2

)
Tii(R, ·) +Dii(R, ·)−

∑
j∈{1,2,3},j 6=i

|Dij(R, ·)|

− |Ni(Y, 〈R〉
θJMỸ)) +Ni(〈R〉θJMỸ,Y)|(R, ·)
‖〈R〉θJMỸ(R, ·)‖L∞

−
3∑
j=1

|R∂RYj(R)| 〈R〉
θ|JMT̃ij(R, ·)|

‖〈R〉θJMỸ(R, ·)‖L∞
+ |Yj(R)| 〈R〉

θ|JMD̃ij(R, ·)|
‖〈R〉θJMỸ(R, ·)‖L∞

≥
α+ 1

4

1 + αd
− C(3.83)

‖〈R〉θJMỸ(R, ·)‖L∞
ε

2
5 e−λτ − C(3.83)ε

1
5 e−λτ , (3.83)

for all R ≥ 0 and all τ ≥ 0, where C(3.83) > 0 is a constant that only depends on α, d, and N.

Remark 3.11 (Global outgoing condition (2.34b) and M sufficiently large). The key stability mechanism
is the global outgoing condition (2.34b), which ensures that the transport matrix satisfies Tii(R) ≥ 1

6N for
any R ≥ 0. By taking M sufficiently large and subtracting the M-th order Taylor polynomials, we obtain
stability for the perturbation JMỸ near the origin. The outgoing condition allows us to propagate the local
stability near the origin to the entire domain. The non-decreasing weight ψ plays a crucial role in capturing
this stability mechanism.

Proof of Proposition 3.10. The proof consists of four steps, which consider the cases of R = 0, R ≤ 2Rin,
R ≥ Rout, and lastly 2Rin ≤ R ≤ Rout.
Step 1: R = 0 and the choice of M. We start the proof by first considering the left side of (3.83) at R = 0,

which enforces the only condition on the value of M. By definition (recall (3.25)–(3.27) and (3.30)), we
have that Y(0, τ) = Y(0, τ) = (R∂RY)(0, τ) = 0. Thus, recalling the definition of the bilinear form Ni

39The motivation for considering the quantityDii−
∑
j 6=i |Dij | in (3.83) is provided by the classical Gershgorin circle theorem.
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from (3.30), and recalling that ψ(R) = R in a vicinity of R = 0, we obtain that

LHS(3.83)(0, τ)− α+ 1
4

1+αd = (M + 1)Tii(0, τ) + 2αv̄0 +Dii(0, τ)−
∑

j∈{1,2,3},j 6=i

|Dij(0, τ)|.

Further, appealing to (2.5), (3.29), and the bootstrap bounds (3.42), and (3.46), we arrive at

LHS(3.83)(0, τ)− α+ 1
4

1+αd ≥ (M + 1)
(

c̄r + v̄0 + (i− 2)αq̄0

)
+ 1−

(
2dM + 10d2

)
(ε

4
5 + ε)

+ v̄0

(
α+ 1

4 + D
(v)
ii + |1−αd|

2

)
− αq̄0

(10+d+2α(d−2)
2γ −D

(q)
ii

)
. (3.84)

For i = 1, using the last bullet of Lemma 2.8, and using that M = 17N, for any α ∈ (0, d] we have

1
|v̄0|RHS(3.84) ≥ M+1

4N (1 + 2
3αd) + 1 + αd− 2α+ 7

2
+αd+|1−αd|

2 −
√

αγd
2

8+(d+2)(γ+1)+2α(d−2)
2γ

− (1 + αd)
(
2dM + 10d2

)
(ε

4
5 + ε)

≥ 17N+1
4N (1 + 2

3αd)− 17
4 (1 + 2

3αd)− (1 + αd)
(
34dN + 10d2

)
(ε

4
5 + ε)

≥ 1
|v̄0|

(
1

6N −
(
34dN + 10d2

)
(ε

4
5 + ε)

)
. (3.85)

Hence, RHS(3.84) ≥ 1
7N once ε

4
5 + ε is taken to be sufficiently small, solely with respect to d and N. For

i ∈ {2, 3}, using the last bullet of Lemma 2.8, and using that M = 17N, for any α ∈ (0, d] we have

1
|v̄0|RHS(3.84) ≥ M+1

4N (1 + 2
3αd) + (M + 1)

√
αγd

2 + 1 + αd− 2α+ 5
2

+3αd+|1−αd|
2 −

√
αγd

2
10+d+2α(d−2)

2γ

− (1 + αd)
(
2dM + 10d2

)
(ε

4
5 + ε)

≥ 17N+1
4N (1 + 2

3αd)− (1 + 2
3αd)− (1 + αd)

(
34dN + 10d2

)
(ε

4
5 + ε)

≥ 1
|v̄0|

(
2 + 1

6N −
(
34dN + 10d2

)
(ε

4
5 + ε)

)
, (3.86)

which is a lower bound strictly better than the one obtained for i = 1. The conclusion of Step 1 of the proof
is that if ε

4
5 + ε is sufficiently small (with respect to d and N), then for any α ∈ (0, d] and i ∈ {1, 2, 3} we

have

LHS(3.83)(0, τ) ≥ α+ 1
4

1+αd + 1
7N , (3.87)

an estimate which is strictly better than the desired (3.83). Obtaining the lower bound in (3.87) is the only
part of the proof that imposes the requirement M = 17N.
Step 2: R ≤ 2Rin and the choice of Rin. For the terms on the second line of the left side of (3.83), we
use (3.29d) and (3.30) to conclude that

|Ni(Y, 〈R〉θJMỸ)) +Ni(〈R〉θJMỸ,Y)|(R, τ)

‖〈R〉θJMỸ(·, τ)‖L∞
≤ 6(1 + α)|Y(R)| ≤ Cα,d,NR2

in, (3.88)

where Cα,d,N > 0 is a constant that only depends on the profiles V̄ , Q̄, and H̄ .
For the terms on the third line of the left side of (3.83), we use definitions (3.33b) and (3.33d) to rewrite

|JMT̃ij | ≤ 1i=j
(

1
RM+1

in

1R≥Rin
|c̃r|+ |JMṼ |+ α|JMQ̃|

)
, (3.89a)

|JMD̃ij | ≤ 1
RM+1

in

1R≥Rin
|c̃r − c̃u|+ |JMṼ ||D

(v)
ij |+ α|JMQ̃||D

(q)
ij |. (3.89b)
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Appealing to (3.46), (3.55a), (3.55b), and the fact that Rin ≤ 1
4 , we deduce from (3.89) that

3∑
j=1

|R∂RYj(R)| 〈R〉
θ|JMT̃ij(R, ·)|

‖〈R〉θJMỸ(R, ·)‖L∞
+ |Yj(R)| 〈R〉

θ|JMD̃ij(R, ·)|
‖〈R〉θJMỸ(R, ·)‖L∞

≤ Cα,d,NR2
in

(
1 +

1

RM+1
in ‖〈R〉θJMỸ(R, ·)‖L∞

ε
2
5 e−λτ

)
, (3.90)

where Cα,d,N > 0 is a constant that only depends on α, d, and N.
For the terms on the first line of the left side of (3.83), we recall that in Step 1 we have evaluated them

at R = 0, and have shown (cf. (3.87)) that the resulting expression is ≥ α+ 1
4

1+αd + 1
7N . We also recall that

for R ≤ 2Rin we have that R∂Rψ(R)
ψ(R) = 1, and we note cf. (2.34b) that the lower bound of 1+ 2

3
αd

4N(1+αd) for T ii
holds not just atR = 0, but uniformly inR. Lastly, we note that using (3.47) and (3.52), in analogy to (3.57)
we may show that

|V (R, ·)− V (0, ·)|+ α|Q(R, ·)−Q(0, ·)|

≤ |V̄ (R)− v̄0|+ α|Q̄(R)− q̄0|+ (2 + α)

∫ R

0

∣∣IMỸ(R′, τ) + ψ(R′)M+1JMỸ(R′, τ)
∣∣dR′
R′

≤ R2
(
‖∂2

RV̄ ‖L∞(0, 1
2

) + α‖∂2
RQ̄‖L∞(0, 1

2
) + 3(2+α)

2 C(3.52)ε
2
5 + 2+α

M+1(2Rin)M−1ε
1
5
)

(3.91)

for all R ≤ 2Rin and τ ≥ 0.
Using these observations, definitions (3.29a)–(3.29b), bounds (3.46) and (3.48a), in analogy with (3.85)–

(3.86) we may show that for any i ∈ {1, 2, 3} and R ≤ 2Rin, we have

(M + 1)R∂Rψ(R)
ψ(R) Tii(R, ·)− θ

R2

〈R〉2Tii(R, ·) +Dii(R, ·)−
∑

j∈{1,2,3},j 6=i

|Dij(R, ·)| −
α+ 1

4
1+αd

≥ 1
7N − θ

R2

〈R〉2Tii(R, ·)−
∑

j∈{1,2,3}

|Dij(R, ·)−Dij(0, ·)| ≥ 1
7N − Cα,d,NR

2
in, (3.92)

where Cα,d,N > 0 is a constant that only depends on α, d, and N.
By combining (3.88), (3.90), and (3.92), we deduce that for all R ≤ 2Rin we have the bound

LHS(3.83) ≥
(

1
7N − C(3.93)R

2
in

)
+

α+ 1
4

1+αd −
C(3.93)

RM+1
in ‖〈R〉θJMỸ(R,·)‖L∞

ε
2
5 e−λτ , (3.93)

where C(3.93) > 0 is a constant that depends only on α, d, and N. Upon choosing Rin � 1 such that

Rin := (14NC(3.93))
− 1

2 , (3.94)

so that Rin only depends on α, d, and N, we deduce that the bound (3.93) implies (3.83), as long as C(3.83) ≥
C(3.93)(14NC(3.93))

M+1
2 ; in fact, we have left ourselves a 1

14N amount of “room to spare”.
Step 3: R ≥ Rout and the choice of Rout. Recall from (3.36) that by construction we have ∂Rψ = 0 for
R ≥ Rout. Also, we recall from (3.29b) that the damping term D contains (cr − cb)Id, while (3.29a) shows
that the transport matrix T contains crId; these terms are independent of R, and are hence dominant as
R → ∞. Using this information, the fact that θ ≤ 1, together with the first inequality in (3.88), and the
bounds (3.89), (3.51a), (3.55a), (3.48a), (3.57), and (3.49), we obtain that for any R ≥ Rout and τ ≥ 0 it
holds that

LHS(3.83) ≥ 1− c̄rθ − 3ε
4
5 − 2(1 + α)C

(v,q)
D M0〈Rout〉−

1
c̄r

− (1 + α)
(

12 + 2θ+2

θ + M2

RM+1
in ‖〈R〉θJMỸ(R,·)‖L∞

ε
4
5 e−λτ

)
C

(v,q)
D M1〈Rout〉−

1
c̄r

− (1+α)2θ+2

θ C
(v,q)
D ψ(Rout)

M+1〈Rout〉−θε
1
5 e−λτ , (3.95)
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where M0, M1, and M2 are constants that only depend on α, d,N, and we have denoted

C
(v,q)
D = C

(v,q)
D (α, d) := 1 +

∑
j∈{1,2,3}

|D(v)
ij |+

∑
j∈{1,2,3}

|D(q)
ij |. (3.96)

Taking into account (3.29c), and the choice θ = 1
2 min{1, 1

c̄r
}, which implies 1 − c̄rθ ≥ 1

2 , we deduce that
upon letting Rout = Rout(α, d,N)� 1 be defined by (note in particular that Rout is defined independently
of the value of ψ(Rout))

8(1 + αd)
(

14(1 + α) + (2+α)2θ+1

θ

)
C

(v,q)
D max{M0,M1} =: 〈Rout〉

1
c̄r , (3.97)

we have that for all R ≥ Rout and τ ≥ 0:

LHS(3.83) −
α+ 1

4
1+αd ≥

1
8(1+αd) − 3ε

4
5 − M2

112(1+αd)RM+1
in ‖〈R〉θJMỸ(R,·)‖L∞

ε
4
5 e−λτ

− 1
8(1+αd) max{M0,M1}ψ(Rout)

M+1ε
1
5 e−λτ . (3.98)

Thus, if ε
4
5 ≤ 1

28(1+αd) andC(3.83) ≥ max{ M2

112(1+αd)RM+1
in

, 1
8(1+αd) max{M0,M1}ψ(Rout)

M+1}, an expression

which only depends on α, d, and N, we have proven that (3.83) holds for all R ≥ Rout and τ ≥ 0; in fact,
we have left ourselves a 1

16(1+αd) amount of “room to spare”.
Step 4: 2Rin ≤ R ≤ Rout and the choice of ψ. At this stage of the proof the values Rin and Rout have been
chosen (cf. (3.94) and (3.97)), depending solely on α, d, and N. Only the function ψ remains to be chosen.
For this purpose, we crucially use the outgoing condition (2.34b) in Corollary 2.16 for the transport matrix
T (3.29a):

c̄r + V̄ (R) + αQ̄(R) > c̄r + V̄ (R) > c̄r + V̄ (R)− αQ̄(R) ≥ 1+ 2
3
αd

4N(1+αd) ≥
1

6N ⇒ T̄ii(R) ≥ 1
6N

for any R ≥ 0. In particular, for a non-decreasing weight ψ, the coefficient associated with the term ∂Rψ(R)
ψ(R)

in (3.83) has a favorable sign for stability.
Analogously to (3.95), we may use the above condition together with (3.88), (3.89), (3.29), (3.33),

(3.51a), (3.55a), (3.48a), (3.57), (3.49), and choose ε
4
5 to be sufficiently small with respect to α, d,N, to

obtain that for any 2Rin ≤ R ≤ Rout and τ ≥ 0

LHS(3.83) − M+1
7N

R∂Rψ(R)
ψ(R)

≥ 1− c̄rθ − 3ε
4
5 − 2(1 + α)C

(v,q)
D M0〈R〉−

1
c̄r

− (1 + α)
(

12 + 4 min
{
〈R〉θ(1 + log R

2Rin
),
(ψ(Rout)
ψ(R)

)M+1
})
C

(v,q)
D M1〈R〉−

1
c̄r

− (1+α)M2

RM+1
in ‖〈R〉θJMỸ(R,·)‖L∞

ε
4
5 e−λτC

(v,q)
D M1〈R〉−

1
c̄r

− 4(1 + α)
(

(M + 1)R∂Rψ(R)
ψ(R) + C

(v,q)
D

)
ψ(Rout)

M+1〈R〉−θε
1
5 e−λτ . (3.99)

Note that RHS(3.99) = RHS(3.99)(R) is a continuous function of R. Since 1
θ2θ ≥ 1, and ∂Rψ(Rout) = 0,

by inspection we may verify that as R → Rout we have that RHS(3.99)(R)→ RHS(3.99)(Rout) > RHS(3.95).
Recall that at the end of Step 3 we have noted that at R = Rout the bound (3.83) holds even if we add

1
16(1+αd) to RHS(3.83). By continuity in R, this “room to spare” allows us to show the existence of δR ∈
(0, 1], which only depends on α, d, and N, such that RHS(3.99) ≥ RHS(3.83), for all [Rout − δR,Rout].
Moreover, since R∂Rψ(R) ≥ 0, we obtain that (3.83) holds for all [Rout − δR,Rout].

Recall also that at the end of Step 2 we have shown that at R = 2Rin the bound (3.83) holds even if we
add 1

14N to RHS(3.83). By continuity in R, and using an argument similar to the one above, we may show
that this “room to spare” gives the existence of an δR′ ∈ (0, 2Rin), which only depends on α, d, and N, such
that (3.83) holds true on [2Rin, 2Rin + δR′]. To avoid redundancy, we omit these details.
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We are left to establish the validity of (3.83) for R ∈ [2Rin + δR′, Rout + δR]. It is in this step that the
function ψ is designed more carefully, based on the lower bound established in (3.99). We remark that all ψ-
dependent terms in RHS(3.99) are either multiplied by the small parameter ε, or they are bounded by constants
independent of ψ. Hence, the weight ψ(R) can be chosen almost freely for R ∈ [2Rin + δR′, Rout + δR].
More precisely, on the interval (2Rin + δR′, Rout + δR) we let ψ satisfy the ODE

M+1
7N

R∂Rψ(R)
ψ(R) = C]α,d,NR

− 1
c̄r , (3.100a)

where
C]α,d,N := (1 + α)

(
14 + 4〈Rout〉θ(1 + log Rout

2Rin
)
)
C

(v,q)
D max{M0,M1}. (3.100b)

Assuming that we succeed in solving (3.100) for ψ, from (3.99), recalling that θ = 1
2 min{1, 1

c̄r
}, taking

ε
4
5 to be sufficiently small, noting that R−

1
c̄r ≤ (2Rin)−

1
c̄r for R ≥ 2Rin, we deduce that

LHS(3.83) ≥
α+ 1

4
1+αd −

(1+α)M2C
(v,q)
D M1

RM+1
in ‖〈R〉θJMỸ(R,·)‖L∞

ε
4
5 e−λτ

− 4(1 + α)
(

7NC]α,d,N(2Rin)−
1
c̄r + C

(v,q)
D

)
ψ(Rout)

M+1ε
1
5 e−λτ . (3.101)

Hence, if the constant C(3.83) is chosen to be large enough in terms of α, d, and N, in order to ensure that

C(3.83) ≥
(1+α)M2C

(v,q)
D M1

RM+1
in

and C(3.83) ≥ 4(1 + α)(7NC]α,d,N(2Rin)−
1
c̄r + C

(v,q)
D )ψ(Rout)

M+1, then (3.101)

shows that (3.83) holds also on the interval (2Rin + δR′, Rout + δR), thereby completing the proof of the
Proposition.

It thus only remains to solve (3.100a) on (2Rin + δR′, Rout + δR), and to extend the resulting solution
to match ψ(R) = R for R ≤ 2Rin and ∂Rψ(R) = 0 for R ≥ Rout. The solution of (3.100a) with
ψ(2Rin + δR′) = 4Rin is given by

ψ(R) = 4Rin exp

(
7NC]α,d,Nc̄r

M+1

(
(2Rin + δR′)−

1
c̄r −R−

1
c̄r

))
. (3.102)

The choiceψ(2Rin+δR′) = 4Rin > 2Rin allows for a smooth and monotone increasing choiceψ : [2Rin, 2Rin+
δR′]→ R+, with ψ(2Rin) = 2Rin. It is clear that the function defined in (3.102) is monotone increasing in
R. Lastly, upon declaring

ψ(Rout) = 4Rin exp

(
7NC]α,d,Nc̄r

17N+1

(
(3Rin)−

1
c̄r − (2Rout)

− 1
c̄r

))
,

we may choose ψ : [Rout−δR,Rout]→ R+ to be smooth and monotone increasing, such that ∂Rψ(Rout) =
0. ForR ≥ Rout, we declare ψ(R) = ψ(Rout). It is now clear that the above constructed function ψ satisfies
all the properties postulated in (3.36). �

With Proposition 3.10 in hand, we return to the evolution equation for 〈R〉θJMỸ (cf. (3.82)), and establish:

Proposition 3.12. Assume that the initial data satisfies

sup
R>0
〈R〉θ|JMỸ(R, 0)| ≤ ε

2
5 (3.103)

and that ε is sufficiently small, with respect to α, d, and N. Then, the bootstrap (3.47) is closed.

Proof of Proposition 3.12. Appealing to (3.29d), (3.33), (3.38), (3.42)–(3.46), (3.47), (3.48a), (3.51a), (3.51b),
(3.52), (3.53), (3.56), (3.89), we deduce that

‖RHS(3.82)(·, τ)‖L∞ ≤ C(3.104)ε
2
5 e−λτ , (3.104)

for all τ ≥ 0, where C(3.104) > 0 is a constant that depends only on α, d,N, also through the previously
defined parameters M, θ, M0, M1, M2, C(3.52), Rin, C(v,q)

D , and ψ(Rout).
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From (3.82), (3.83), (3.104), and recalling from (3.29a) that the matrix T is diagonal, we obtain that for
each i ∈ {1, 2, 3} (we emphasize that here we do not use a summation convention on repeated indices), we
have

(∂τ + Tii(R, τ)R∂R)
∣∣〈R〉θJMỸi(R, τ)

∣∣
≤ −

(
α+ 1

4
1+αd +

∑
j∈{1,2,3},j 6=i

|Dij(R, τ)|
)∣∣〈R〉θJMỸi(R, τ)

∣∣+
∑

j∈{1,2,3},j 6=i

|Dij(R, τ)|
∣∣〈R〉θJMỸj(R, τ)

∣∣
+
(
C(3.83) + C(3.104)

)
ε

2
5 e−λτ . (3.105)

Denote by Φi = Φi(R, τ) the ODE flow associated with the transport operator ∂τ + Tii(R, τ)R∂R; that is,
recalling from (3.29a) that Ti = cr + V + (i− 2)αQ, the flow Φi is defined as the solution of

d
dτΦi(R, τ) = Φi(R, τ)

(
cr(τ) + V

(
Φi(R, τ), τ

)
+ (i− 2)αQ

(
Φi(R, τ), τ

))
, (3.106a)

Φi(R, 0) = R. (3.106b)

We also denote
Gi(R, τ) :=

∑
j∈{1,2,3},j 6=i

|Dij(Φi(R, τ), τ)|, (3.107)

and note that (3.29b), (3.29c), (3.48a), and (3.55b) imply the existence of a constant C(3.108) > 0, which
only depends on α, d, and N, such that

sup
τ≥0
‖Gi(·, τ)‖L∞ ≤ C(3.108). (3.108)

Upon composing (3.105) with Φi in space, appealing to the bootstrap (3.47), to the bound λ ≤ α
1+αd , to the

Grönwall inequality, and to the fact that Gi ≥ 0, we deduce that

eλτ
∣∣〈Φi(R, τ)〉θJMỸi(Φi(R, τ), τ)

∣∣ ≤ |〈R〉θJMỸi(R, 0)
∣∣+ 4(1 + αd)

(
C(3.83) + C(3.104)

)
ε

2
5

+ ε
1
5

∫ τ

0
e
− τ−s

4(1+αd)
−
∫ τ
s Gi(R,s

′)ds′Gi(R, s)ds. (3.109)

To conclude, we note that the bound (3.108) and a simple barrier argument imply∫ τ

0
e
− τ−s

4(1+αd)
−
∫ τ
s Gi(R,s

′)ds′Gi(R, s)ds ≤ 1− 1
1+8(1+αd)C(3.108)

(3.110)

for all τ ≥ 0. By combining the above bound with (3.109) we conclude

eλτ
∣∣〈Φi(R, τ)〉θJMỸi(Φi(R, τ), τ)

∣∣
≤ ‖〈R〉θJMỸi(R, 0)‖L∞ + 4(1 + αd)

(
C(3.83) + C(3.104)

)
ε

2
5 + ε

1
5

8(1+αd)C(3.108)
1+8(1+αd)C(3.108)

, (3.111)

for all R > 0 and τ ≥ 0. Since the map R 7→ Φi(R, ·) is a bijection from R+ → R+, upon taking the
supremum over R > 0 we deduce from (3.111) that

eλτ‖〈·〉θJMỸi(·, τ)‖L∞ ≤ ‖〈·〉θJMỸi(0, ·)‖L∞

+ 4(1 + αd)
(
C(3.83) + C(3.104)

)
ε

2
5 + ε

1
5

8(1+αd)C(3.108)
1+8(1+αd)C(3.108)

. (3.112)

Thus, if we assume that

‖〈·〉θJMỸi(0, ·)‖L∞ ≤ ε
2
5 ≤ 1

4(1+8(1+αd)C(3.108))
ε

1
5 , (3.113)

and ε is taken to be sufficiently small with respect to α, d,N to ensure that

4(1 + αd)
(
C(3.83) + C(3.104)

)
ε

2
5 ≤ 1

4(1+8(1+αd)C(3.108))
ε

1
5 , (3.114)

then (3.112) implies

eλτ‖〈·〉θJMỸi(·, τ)‖L∞ ≤ ε
1
5

1
2

+8(1+αd)C(3.108)

1+8(1+αd)C(3.108)
< ε

1
5 . (3.115)
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This closes the bootstrap (3.47). �

3.12. Sharp bounds with respect to R.

3.12.1. Bounds for Ỹ . We return to the Ỹ evolution in (3.32); upon multiplying this equation by the weight
〈R〉

1
c̄r , we obtain

∂τ
(
〈R〉

1
c̄r Ỹ
)

+ T R∂R
(
〈R〉

1
c̄r Ỹ
)

+Dsharp

(
〈R〉

1
c̄r Ỹ
)

+ T̃ 〈R〉
1
c̄r R∂RY + D̃ 〈R〉

1
c̄r Y

+N (Y, 〈R〉
1
c̄r Ỹ) +N (〈R〉

1
c̄r Ỹ,Y) +N (〈R〉

1
c̄r Ỹ, Ỹ) = 0, (3.116)

where

Dsharp := 〈R〉−2 + V̄ (R)
(
D(v) − 1

c̄r
IdR2〈R〉−2

)
+ αQ̄(R)

(
D(q) − 1

c̄r
diag(−1, 0, 1)R2〈R〉−2

)
+ D̃(R, τ)− 1

c̄r
T̃ (R, τ)R2〈R〉−2.

Using the bounds established earlier in (3.48a), (3.49), (3.53), and (3.57) we deduce that there exists an
implicit constant which only depends on α, d,N (via M and the choices for Rin and Rout), such that

|Dsharp| . 〈R〉−
1
c̄r + ε

2
5 e−λτ , |T̃ |+ |D̃|+ |Ỹ| . 〈R〉−θε

1
5 e−λτ . (3.117)

In particular, using the previously established bound (3.53), we may estimate∣∣Dsharp

(
〈R〉

1
c̄r Ỹ
)∣∣ . ε 1

5 e−λτ + ε
2
5 e−λτ

∣∣〈R〉 1
c̄r Ỹ
∣∣. (3.118)

By combining (3.116)–(3.118), with the bound (3.49) and the definition (3.29d), and composing with the
ODE flow Φi defined in (3.106), we obtain

∂τ

∣∣∣(〈R〉 1
c̄r Ỹi

)
◦ Φi(R, τ)

∣∣∣ ≤ C(3.119)ε
1
5 e−λτ + C(3.119)ε

2
5 e−λτ max

i∈{1,2,3}

∣∣∣(〈R〉 1
c̄r Ỹi) ◦ Φi(R, τ)

∣∣∣, (3.119)

for each i ∈ {1, 2, 3}, where C(3.119) ≥ 1 is a constant which only depends on α, d,N (via M and the choices
for Rin and Rout). Here we have also used that θ ≤ 1

2c̄r
. It follows from (3.119) that for any R > 0 and

τ ≥ 0, we have

max
i∈{1,2,3}

∣∣∣(〈R〉 1
c̄r Ỹi) ◦ Φi(R, τ)

∣∣∣ ≤ eC(3.119)λ
−1ε

2
5

(
max

i∈{1,2,3}

∣∣∣(〈R〉 1
c̄r Ỹi)(R, 0)

∣∣∣+ C(3.119)λ
−1ε

1
5

)
. (3.120)

Taking a supremum over allR > 0, using that for each τ ≥ 0 and all i ∈ {1, 2, 3} the map Φi(·, τ) : (0,∞)→
(0,∞) is a bijection, and taking ε to be sufficiently small, estimate (3.119) implies that

〈R〉
1
c̄r

∣∣Ỹ(R, τ)
∣∣ ≤ 2C(3.119)λ

−1ε
1
5 + 2 sup

R>0
〈R〉

1
c̄r

∣∣Ỹ(R, 0)
∣∣. (3.121)

We note that RHS(3.121) does not vanish as τ →∞.

3.12.2. Bounds for (Ṽ , Q̃) and their derivatives. From (3.54), (3.53), (3.57), we obtain the bound

|∂RṼ (R, τ)|+ α|∂RQ̃(R, τ)| ≤ C(3.122)R〈R〉−2−θε
1
5 e−λτ , ∀R > 0, (3.122a)

where we recall that θ = 1
2 min{1, 1

c̄r
}, while (3.121) further implies

|∂RṼ (R, τ)|+ α|∂RQ̃(R, τ)| ≤ R−1− 1
c̄r

(
C(3.122)ε

1
5 + (2 + α) sup

R>0
〈R〉

1
c̄r

∣∣Ỹ(R, 0)
∣∣), ∀R ≥ 1,

(3.122b)

for some constant C(3.122) ≥ 1 which only depends on α, d,N. Using (3.57) and the fundamental theorem
of calculus, we may further obtain

|Ṽ (R, τ)|+ α|Q̃(R, τ)| ≤ C(3.122)〈R〉−θε
1
5 e−λτ , ∀R > 0, (3.122c)

|Ṽ (R, τ)|+ α|Q̃(R, τ)| ≤ c̄rR
− 1

c̄r

(
C(3.122)ε

1
5 + (2 + α) sup

R>0
〈R〉

1
c̄r

∣∣Ỹ(R, 0)
∣∣), ∀R ≥ 1. (3.122d)
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The bounds in (3.122) are consistent with the estimates for (V̄ , Q̄, ∂RV̄ , ∂RQ̄) established earlier in (3.48a).
In particular, we have proven:

Proposition 3.13 (Lower bound for Q). Assume that the initial data for Ỹ is taken to be small enough to
satisfy

sup
R>0
〈R〉

1
c̄r |Ỹ(R, 0)| ≤ α

4c̄r(2+α)M0
ε

1
6 , (3.123)

where the constant M0 is as in (3.48b). Then, upon taking ε to be sufficiently small with respect to α, d,N,
we have

|Q̃(R, τ)| ≤ ε
1
6 Q̄(R) ⇒ (1− ε

1
6 )Q̄(R) ≤ Q(R, τ) ≤ (1 + ε

1
6 )Q̄(R) (3.124)

for all R ≥ 0 and all τ ≥ 0.

3.12.3. Bounds for K̃ and its derivatives. By definition, we have that αQR∂RK̃ = γỸ2 − αQ̃R∂RK̄.
Thus, from (3.48c), (3.53), (3.122), and (3.124), we deduce

|∂RK̃(R, τ)| ≤ C(3.125)R〈R〉−2−θ+ 1
c̄r ε

1
5 e−λτ (3.125a)

and also

|∂RK̃(R, τ)| ≤ C(3.125)Rε
1
5 e−λτ1R<1 + 1

2c̄r(2+α)R
−1ε

1
61R≥1 + ε

1
6 |∂RK̄(R)| ≤ ε

1
7 |∂RK̄(R)|, (3.125b)

for all R > 0 and τ ≥ 0; upon taking ε to be sufficiently small.
The first bound in (3.125), together with (3.42), the fact that θ < 1

c̄r
≤ θ+1, and the fundamental theorem

of calculus yield the local-in-R decay of the field K̃, according to

|K̃(R, τ)| ≤ C(3.126)〈R〉
1
c̄r
−θε

1
5 e−λτ (3.126)

In order to obtain sharp estimates for K̃ with respect to R (as R → ∞), we appeal directly to its evolution
in (3.8c), which implies together with (3.48c), (3.122), and (3.46) that∣∣∂τ(K̃(Φ2(R, τ), τ)

)∣∣≤ (1 + c̄r)C(3.122)ε
1
5 e−λτ + 2(1 + c̄r)ε

4
5 e−λτ .

Upon integrating the above expression in time and then taking a supremum with respect to R, using that
Φ2(·, τ) : (0,∞)→ (0,∞) is a bijection, we deduce that

|K̃(R, τ)| ≤ sup
R>0
|K̃(R, 0)|+ 2λ−1(1 + c̄r)C(3.122)ε

1
5 ≤ sup

R>0
|K̃(R, 0)|+ ε

1
6 . (3.127)

3.13. Propagation of higher regularity. Recall that the propagation of the order of vanishing claimed in
Lemma 3.3 (which is to be applied with L = M = 17N in light of the bootstrap (3.45)) required that the solu-
tion (Ṽ , Q̃, K̃) of (3.8a)–(3.8c) belongs to L∞([0, T ];W 17N+1,∞

loc (R+)), for any T > 0. On the other hand,
the bootstraps from Section 3.8 only provide bounds for (Ṽ , Q̃, K̃) and their derivatives (∂RṼ , ∂RQ̃, ∂RK̃).
In order to bridge this apparent mismatch, we establish the following qualitative results, which are analogous
to classical propagation of higher regularity results, using only a control on lower-regularity norms.

Proposition 3.14 (Qualitative propagation of higher regularity). Let ε be sufficiently small with respect
to α, d,N. Assume that the initial datum (Ṽ0, Q̃0, K̃0) of (3.8a)–(3.8c) is such that:

• the initial data is smooth, with (∂`+1
R Ṽ0, ∂

`+1
R Q̃0, ∂

`
R(Q0∂RK̃0)) ∈ L∞(R+) for all 0 ≤ ` ≤ 17N;

• let L := {` ∈ N : 1 ≤ ` ≤ 2N − 1} ∪ {` ∈ 2N + 1: 2N + 1 ≤ ` ≤ 17N}; we assume that
(∂`RṼ0, ∂

`
RQ̃0, ∂

`
RK̃0)(0) = 0 for all integers ` ∈ L;

• the leading order Taylor coefficients satisfy the bounds (3.58), while the higher order even Taylor coeffi-
cients satisfy the bound (3.72);
• the first order derivatives are such that Ỹ(R, 0) satisfies the bounds (3.103) and (3.123).
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Furthermore, assume40 that on the time interval [0, T ] on which the proposition is to be applied, the bulk
perturbation (Ṽ , Q̃, K̃) enjoys the sharp pointwise bounds (3.122) and (3.53). Then, for any T > 0 and
0 ≤ ` ≤ 17N, we have (∂`+1

R Ṽ , ∂`+1
R Q̃, ∂`R(Q∂RK̃)) ∈ L∞([0, T ];L∞(R+)). In particular, ∂`+1

R K̃ ∈
L∞([0, T ];L∞loc(R+)).

Note that for simplicity we did not include any R weights (neither at R = 0 nor as R → ∞) in the
statement of Proposition 3.14; sharp weighted bounds for these higher order derivatives may be obtained by
following the proof below and adding the natural weights at R = 0 and as R→∞; we do not pursue these
sharper bounds here.

Proof of Proposition 3.14. Let M = 17N. Note from (3.26) that ∂RV = 1
2R(Y1 + Y3), ∂RQ = 1

2R(Y3 −
Y1 + 2

αY2), and Q∂RK = γ
αRY3. Therefore, for any 1 ≤ ` ≤ M, we have the identities:

∂`+1
R V = 1

2∂
`
R( 1

RY1 + 1
RY3), ∂`+1

R Q = 1
2∂

`
R( 1

RY3 − 1
RY1 + 2

α
1
RY2), ∂`R(Q∂RK) = γ

α∂
`
R( 1

RY3).
(3.128)

Thus, it appears to be useful to estimate ∂`R( 1
RY) for all 1 ≤ ` ≤ M.

Dividing (3.28) by R and then applying ∂`R to the resulting PDE, we obtain

∂τ
(
∂`R( 1

RY)
)

+ T R∂R
(
∂`R( 1

RY)
)

+
(
D + (`− 1)T + `R∂RT

)(
∂`R( 1

RY)
)

+ ∂`R

(
RN

(
1
RY,

1
RY
))

= −
`−1∑
j=1

(
`

j + 1

)(
(j + 1)∂jRT +R∂j+1

R T
)
∂`−jR ( 1

RY)−
∑̀
j=1

(
`

j

)
∂jR(D − T )∂`−jR ( 1

RY). (3.129)

Since the nonlinear term N is quadratic with constant coefficients (see (3.29d)), we may directly apply
estimate (B.1) to bound

‖∂`R
(
RN

(
1
RY,

1
RY
))
‖L∞([0,∞))

.`,α ‖ 〈R〉R Y‖L∞([0,∞))‖∂`R( 1
RY)‖L∞([0,∞)) + ‖ 〈R〉R Y‖

1+ 1
`

L∞([0,∞))‖∂
`
R( 1

RY)‖1−
1
`

L∞([0,∞)).

Similarly, using definitions (3.29a) and (3.29b), estimate (B.2) and identity (3.128) we may estimate

‖∂jRT ‖L∞([0,∞)) .`,j,α ‖ 1
RY‖

1− j−1
`

L∞([0,∞))‖∂
`
R( 1

RY)‖
j−1
`

L∞([0,∞)),

‖∂jR(D − T )‖L∞([0,∞)) .`,j,α ‖ 1
RY‖

1− j−1
`

L∞([0,∞))‖∂
`
R( 1

RY)‖
j−1
`

L∞([0,∞)),

‖∂`−jR ( 1
RY)‖L∞([0,∞)) .`,j ‖ 1

RY‖
j
`

L∞([0,∞))‖∂
`
R( 1

RY)‖1−
j
`

L∞([0,∞)).

By appealing to Lemma B.3 we have that

‖R∂j+1
R T ∂`−jR ( 1

RY)‖L∞([0,∞)) .`,j,α ‖
〈R〉
R Y‖L∞([0,∞))‖∂`R( 1

RY)‖L∞([0,∞)).

Lastly, we note that because ε is sufficiently small, using that c̄r − c̄u = 1, c̄r + V̄ (R) > 0, and appealing to
the bound (3.122), we deduce via (3.29a), (3.29b) and (3.26), that

‖
(
D + (`− 1)T + `R∂RT

)
−‖L∞([0,∞)) .α,d ‖V ‖L∞([0,∞)) + ‖αQ‖L∞([0,∞)) + ‖Y‖L∞([0,∞)).

Here (x)− denotes the negative part of x.
With these bounds, we return to(3.129), compose with the ODE flow Φi defined in (3.106), and appealing

to the six above-established inequalities, we obtain that
d
dτ

∣∣∂`R( 1
RYi) ◦ Φi(R, τ)

∣∣
.α,d,`

(
‖V ‖L∞([0,∞)) + ‖αQ‖L∞([0,∞)) + ‖ 〈R〉R Y‖L∞([0,∞))

)
‖∂`R( 1

RY)‖L∞([0,∞)) + ‖ 〈R〉R Y‖
2
L∞([0,∞)).

40This assumption automatically holds true on the time interval [0, T ], by the closure of the bootstrap argument carried out in
Sections 3.8–3.12. Proposition 3.14 is therefore to be read as a regularity-propagation statement which is to be used in tandem with
the bootstrap closure, not in isolation.
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Integrating this inequality, taking the supremum over all R > 0 and the maximum over i ∈ {1, 2, 3}, we
obtain that

‖∂`R( 1
RY)(·, τ)‖L∞([0,∞))

≤
(
‖∂`R( 1

RY)(0, ·)‖L∞([0,∞)) + C(3.130)

∫ τ

0
‖ 〈R〉R Y(·, τ ′)‖2L∞([0,∞))dτ

′
)

× exp

(
C(3.130)

∫ τ

0
‖V (·, τ ′)‖L∞([0,∞)) + ‖αQ(·, τ ′)‖L∞([0,∞)) + ‖ 〈R〉R Y(·, τ ′)‖L∞([0,∞))dτ

′
)

(3.130)

where C(3.130) > 0 only depends on α, d, and `. By further appealing to (3.48a), (3.49), (3.53), and the third
estimate in (3.122), we deduce from (3.130) that there exists a constant C(3.131) > 0, which only depends on
α, d,N , and `, such that

‖∂`R( 1
RY)(·, τ)‖L∞([0,∞)) ≤

(
‖∂`R( 1

RY)(0, ·)‖L∞([0,∞)) + τ C(3.131)

)
eτ C(3.131) (3.131)

for all τ ≥ 0. In light of (3.128) the above estimate provides bounds for ‖∂`+1
R V ‖L∞ , ‖∂`+1

R Q‖L∞ , and
‖∂`R(Q∂RK)‖L∞ for all τ ≥ 0.

To conclude the proof, we combine the above conclusion with the available regularity for V̄ , Q̄, K̄, and
the triangle inequality. The L∞loc regularity for ∂`+1

R K̃ now follows from the available upper and lower
bounds for Q in (3.124). �

3.14. Main result: stability of the implosion profiles in radial symmetry. The outcome of the analysis
in this section is that we have estalished:

Theorem 3.15 (Stability in Radial Symmetry). Fix d ∈ {1, 2, 3}, 1 < γ ≤ 2d + 1, and let α = γ−1
2 ;

also, fix N ≥ 1. Let (V̄ , Q̄, H̄) denote the smooth self-similar profile constructed in Theorem 2.20, with
associated similarity exponents (c̄r, c̄u, c̄b) = (cr

∗(d, γ,N), cr
∗(d, γ,N) − 1, cb

∗(d, γ,N)) given by (2.16)–
(2.17). Let K̄ = log H̄ . Define M := 17N, θ := 1

2 min{1, 1
c̄r
}, and let λ = λ(d, γ,N) > 0 be defined

explicitly by (3.71). There exist a sufficiently small constant ε∗ = ε∗(α, d,N) > 0, such that for any ε ≤ ε∗,
the following holds.

Denote the initial data for (3.6) by (V,Q,K)|τ=0. With (3.3) and (3.5), this corresponds to initial data
for density, velocity and pressure in the original formulation of the Euler equations (1.1) given by

u(x,−1) = xV (|x|, 0), ρ(x,−1) = (αQH )
1
α (|x|, 0), p(x,−1) = 1

γ |x|
2( (αQ)γ

H )
1
α (|x|, 0).

In particular, p(0,−1) = 0. In self-similar radial coordinates, we denote the initial perturbation by

(Ṽ0, Q̃0, K̃0) = (V |τ=0 − V̄ , Q|τ=0 − Q̄,K|τ=0 − K̄);

this serves as a set of initial conditions for the PDE system (3.8). We assume this initial perturbation is
chosen such that:

(i) (Regularity). We have (u, ρ, p)|t=−1 ∈ CM+1(Rd) and (∂RṼ0, ∂RQ̃0, Q0∂RK̃0) ∈WM,∞([0,∞)).
(ii) (Vanishing Taylor coefficients at R = 0). For all even integers ` ∈ {2, . . . , 2N − 2}, we have

(∂`RṼ0, ∂
`
RQ̃0, ∂

`
RK̃0)(0) = (0, 0, 0).

(iii) (Smallness of leading Taylor coefficients). The first two sets of nonzero Taylor coefficients satisfy

|Ṽ0(0)|+ |Q̃0(0)|+ |K̃0(0)| ≤ 1
4ε, (3.132a)

1
(2N)! |∂

2N
R Ṽ0(0)|+ 1

(2N)! |∂
2N
R Q̃0(0)|+ 1

(2N)! |∂
2N
R K̃0(0)| ≤ ε. (3.132b)

(iv) (Smallness of higher order Taylor coefficients). For all even integers ` ∈ {2N + 2, . . . ,M} we have

1
`! |∂

`
RṼ0(0)|+ 1

`! |∂
`
RQ̃0(0)|+ 1

`! |∂
`
RK̃0(0)| ≤ ε

3
5 . (3.132c)
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(v) (Smallness of first order derivatives). Using the initial conditions (Ṽ0, Q̃0, K̃0), define Ỹ0(R) :=
Y(R, 0)− Y(R), where Y is given by via (3.25)–(3.27). We assume that

sup
R>0
〈R〉

1
c̄r |Ỹ0(R)| ≤ ε

1
5 . (3.133a)

Moreover, let ψ be the non-decreasing weight constructed in Proposition 3.10. In terms of this weight
ψ, define the operator JM via (3.35a) and (3.37). Our last assumption is that

sup
R>0
〈R〉θ|JMỸ0(R)| ≤ ε

2
5 . (3.133b)

Under these assumptions, there exists a unique global-in-τ smooth solution (V,Q,K) of (3.6) with the
prescribed initial data, with modulation functions (cr, cu, cb) given by (3.7b) and (3.24). Moreover:

(a) (Exponential decay of perturbation). The perturbation (Ṽ , Q̃, K̃) := (V − V̄ , Q− Q̄,K− K̄) satisfies

|Ṽ (0, τ)|+ |Q̃(0, τ)|+ |K̃(0, τ)| ≤ ε e−λτ , (3.134a)
1

(2N)! |∂
2N
R Ṽ (0, τ)|+ 1

(2N)! |∂
2N
R Q̃(0, τ)|+ 1

(2N)! |∂
2N
R K̃(0, τ)| ≤ ε

3
5 e−λτ (3.134b)

and the higher order Taylor coefficients at R = 0 decay exponentially according to (3.45). The fields
Ṽ , Q̃, K̃ and their derivatives decay according to

〈R〉θ|Ṽ (R, τ)|+ 〈R〉θ|Q̃(R, τ)|+ 〈R〉θ−
1
c̄r |K̃(R, τ)| ≤ C∗ε

1
5 e−λτ , (3.135a)

〈R〉θ|∂RṼ (R, τ)|+ 〈R〉θ|∂RQ̃(R, τ)|+ 〈R〉θ−
1
c̄r |∂RK̃(R, τ)| ≤ R〈R〉−2C∗ε

1
5 e−λτ , (3.135b)

for all R > 0 and all τ ≥ 0, where C∗ = C∗(α, d,N) > 0 is a constant.
(b) (Modulation functions). The modulation functions (c̃r, c̃u, c̃b) := (cr − c̄r, cu − c̄u, cb − c̄b) defined

in (3.24) decay exponentially fast according to

|c̃r(τ)|+ |c̃u(τ)|+ |c̃b(τ)| ≤ ε
4
5 e−λτ , for all τ ≥ 0.

(c) (Sharp decay at infinity). For all R ≥ 1 and τ ≥ 0 we have

R
1
c̄r |Ṽ (R, τ)|+R

1
c̄r |Q̃(R, τ)| ≤ C∗ε

1
6 , (3.136a)

R1+ 1
c̄r |∂RṼ (R, τ)|+R1+ 1

c̄r |∂RQ̃(R, τ)|+R|∂RK̃(R, τ)| ≤ C∗ε
1
6 . (3.136b)

Additionally, we have that K̃ is globally bounded as supR>0 |K̃(R, τ)| ≤ supR>0 |K̃(R, 0)|+ ε
1
6 for

all τ ≥ 0, and Q obeys global upper and lower bounds: (1− ε
1
6 )Q̄(R) ≤ Q(R, τ) ≤ (1 + ε

1
6 )Q̄(R).

(d) (Propagation of higher-order regularity). For any T > 0 and 1 ≤ ` ≤ M:

(∂`+1
R Ṽ , ∂`+1

R Q̃, ∂`R(Q∂RK̃)) ∈ L∞([0, T ];L∞([0,∞))).

An immediate consequence of Theorem 3.15 is:

Corollary 3.16 (Blowup in physical variables). The solution (V,Q,K) constructed in Theorem 3.15 cor-
responds, via the transformations (3.3) and (3.5), to a smooth radially symmetric solution (ur, σ, b) of the
compressible Euler equations (1.7) on [0,∞)× [−1, t∗), where the blowup time is defined by

t∗ = −1 +

∫ ∞
0

Cr(τ
′)Cu

−1(τ ′) dτ ′,

and satisfies the bound
|t∗| ≤ 2λ−1ε

4
5 .

As t→ t−∗ , the solution develops a singularity at the origin with self-similar blowup rates determined by the
profile (V̄ , Q̄, K̄).
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Remark 3.17 (Stability holds modulo finitely many, explicit, compatibility conditions). Inspecting the
assumptions on the initial data in Theorem 3.15, we notice that items (i), (iii), (iv), and (v) are open condi-
tions. These assumptions allow us to perturb the stationary self-similar profiles (V̄ , Q̄, K̄) in an open set,
with respect to a suitable topology. The finite co-dimension stability aspect of Theorem 3.15 is entirely due
to assumption (ii). Assumption (ii) poses the compatibility conditions (∂`RṼ0, ∂

`
RQ̃0, ∂

`
RK̃0)(0) = (0, 0, 0)

for all even integers `, with 2 ≤ ` ≤ 2N − 2. There are (N − 1) many such integers. Thus, for smooth
perturbations we are only imposing 3(N − 1) many compatibility conditions on the initial perturbations at
R = 0 (these compatibility conditions are automatically propagated forward in time due to Lemma 3.3).
The important aspect of this precise characterization of the compatibility conditions for the initial data is
that for the “ground state” corresponding to N = 1, the number of compatibility conditions vanishes, and
thus we may perturb the globally self-similar ground state profiles in an open set.

Proof of Theorem 3.15. We provide the roadmap for the proof of Theorem 3.15; all estimates were already
proven earlier in this section, so here we only indicate where/how each component is proven.
Setup and local existence. The system (3.6) for (V,Q,K) is derived in Section 3.1. Local-in-τ existence
and uniqueness of smooth solutions follows from standard theory for symmetric hyperbolic systems, given
the smooth initial data satisfying assumptions (i)–(v); in our setting, this local existence also follows from
Proposition 3.14. The perturbation equations (3.8) are derived in Section 3.
Taylor structure at R = 0. By the assumed regularity of (u, ρ, p)|t=−1, for all odd integers 1 ≤ ` ≤ M we
have that (∂`RV, ∂

`
RQ, ∂

`
RK)|τ=0(0) = (0, 0, 0). Since the profiles V̄ , Q̄, H̄ also enjoy this property, we

deduce that (∂`RṼ0, ∂
`
RQ̃0, ∂

`
RK̃0)(0) = (0, 0, 0) for all odd integers 1 ≤ ` ≤ M. Assumption (ii) also

implies that (∂`RṼ0, ∂
`
RQ̃0, ∂

`
RK̃0)(0) = (0, 0, 0) for all even integers 2 ≤ ` ≤ 2(N − 1). The Taylor

structure at R = 0 provided by the class of such functions is preserved by the flow due to Lemma 3.3 and
the propagation of WM+1,∞

loc regularity established in Proposition 3.14.
Choice of modulation functions. The modulation functions (c̃r, c̃u, c̃b) are defined in (3.24). Note that the
constraint (3.13) removes the unstable eigenvalue of the matrixA0 (cf. (3.12a)), the constraint (3.15) ensures
damping for k̃0, and the constraint (3.22) removes the neutral mode at order R2N.
Bootstrap assumptions. We introduce the bootstrap assumptions (3.42)–(3.47). These control:

• The Taylor coefficients (ṽ0, q̃0, k̃0) at R = 0 via (3.42);
• The Taylor coefficients (ṽN, q̃N, k̃N) at order R2N via (3.44);
• Higher Taylor coefficients via (3.45);
• The modulation functions via (3.46);
• The weighted derivative 〈R〉θJMỸ via (3.47).

Closure of bootstraps. Propositions 3.8, 3.9, and 3.12 establishes the “closure” (meaning, improvement by
a factor < 1) of the bootstrap assumptions.
Sharp bounds. The stated decay estimates for the perturbations are either direct consequences of the boot-
straps, see Section 3.9, or they are established in Section 3.12.
Global existence and blowup. Since all bootstrap assumptions close with strictly improved constants, a stan-
dard continuity argument shows that the bootstraps hold for all τ ≥ 0. This establishes global-in-τ existence.
The transformation back to physical variables (ur, σ, b) via (3.3) yields a solution on [−1, t∗) that blows up
at time t∗. The bound on t∗ follows from the exponential decay of (c̃r, c̃u) and definition (3.3a). �

4. STABILITY OUTSIDE OF RADIAL SYMMETRY

In Section 3 we have analyzed the stability of the globally self-similar solutions of the Euler equations
(ū(x, t), σ̄(x, t), b̄(x, t)) = (~erū

r(|x|, t), σ̄(|x|, t), b̄(|x|, t)), defined via (2.2) in terms of smooth implosion
profiles (Ū , Σ̄, B̄), within the class of smooth radially symmetric solutions of Euler; that is, as solutions
to (1.7). In this section, we analyze the stability of these solutions with respect to smooth non-radial pertur-
bations to Euler; that is, as solutions to (1.4), or equivalently, (1.2).



SMOOTH AND STABLE EULER IMPLOSIONS 69

The main result of this section is Theorem 4.4, below. This result proves that the global-in-time stability
of the stationary profiles is controlled by the behavior of finitely many Taylor coefficients at x = 0. In par-
ticular, this implies finite co-dimension stability; see Remark 4.7. Theorem 4.4 does not seek a sharp bound
on the number of potentially unstable directions (see assumption (4.26)); instead, the sharp characterization
of non-radial instabilities is analyzed in Section 5, see Theorem 5.1.

4.1. A convenient change of unknowns. In the radial setting of Section 3, the stability analysis is carried
out via the modulated self-similar transformation (3.3), renormalization at |x| = 0 through (3.5), and the
evolution of the smooth functions (V,Q,K) satisfying (3.6). A key underlying ingredient is the classical
fact that radial scalar functions which are smooth in x near the origin admit a representation as smooth
functions of |x|2.

In the non-radial setting considered in this section we lose this equivalence between regularity in x and
smoothness with respect to |x|2. As such, if we were to work with unknowns (V,Q,K) defined analogously
to (3.5), we would be dealing with functions that are a priori not smooth. To avoid this issue we recall that for
the Euler system in terms of the primary flow variables (ρ, u, p), namely (1.2), the initial data is smooth with
respect to x. Therefore, it is natural to perform our non-radial stability analysis directly at the level of (1.2)
(for (ρ, u, p)), not at the level of (1.4) (for (σ, u, b)). For technical reasons, we do not do this. Instead of the
pressure equation (1.2c), which has a quadratic non-linear term, we use the transport equation for entropy
which has no (non-transport) non-linear term. Then, the nonlinear term in the velocity equation (1.2b) must
then be changed from ρ−1∇p to another nonlinear term which involves entropy gradients; in order to keep
this nonlinear term quadratic and without fractions (which do not behave nicely with respect to the Leibniz
rule), and taking advantage of the fact that the density does not vanish, we choose to work with the evolution
equation for ργ−1 instead of (1.2a). For convenience, let us denote

η := ργ−1 = ρ2α, b := es = γp
ργ . (4.1)

Note that b = b2, where b is as defined in (1.3b). With this notation, the sound speed is

c =
√

γp
ρ =

√
ηb,

and we may rewrite the nonlinear term ρ−1∇p in terms of η, b as

ρ−1∇p = ρ−1∇
(

1
γρ

γb
)

= 1
γρ

γ−1∇b + 1
γ−1b∇

(
ργ−1

)
= 1

γ η∇b + 1
2αb∇η.

We may thus rewrite the Euler system (1.2) in an equivalent form as an evolution equation for (η,u, b):

∂tη + u · ∇η + 2αη divu = 0, (4.2a)

∂tu+ u · ∇u+ 1
2αb∇η + 1

γ η∇b = 0, (4.2b)

∂tb + u · ∇b = 0. (4.2c)

Remark 4.1 (Velocity and pressure vanish at the origin). The initial data for (4.2) is taken to be smooth;
this initial data is such that the non-negative function b attains a global minimum at a unique point, and that
minx∈R3 b(·,−1) = 0. By the Gallilean symmetry of the Euler equations, we may assume without loss of
generality that b(0,−1) = 0; being a global mimimum of a smooth function, it automatically follows that
∇b(0,−1) = 0. Also by Gallilean symmetry, we may assume without loss of generality that u(0,−1) = 0.
It follows from (4.2) that

∂τu(0, ·) + u(0, ·) · ∇u(0, ·) + 1
2αb(0, ·)∇η(0, ·) + 1

γ η(0, ·)∇b(0, ·) = 0 ,

∂τb(0, ·) + u(0, ·) · ∇b(0, ·) = 0 ,

∂τ∇b(0, ·) +∇u(0, ·) · ∇b(0, ·) + u(0, ·) · ∇∇b(0, ·) = 0 .

It follows that as long as u remains C1 smooth near x = 0 and b remains C2 smooth near x = 0 for
t ∈ [−1, T ), then we have

u(0, t) = 0 , b(0, t) = 0 , ∇b(0, t) = 0 , (4.3)
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for all t ∈ [−1, T ). Throughout this section we work within the class of solutions which satisfies (4.3).

4.2. Modulated self-similar ansatz. In analogy to (3.1) and (3.2), we define

Cr(τ) = exp
(
−
∫ τ

0
cr(τ

′)dτ ′
)
, Cu(τ) = exp

(
−
∫ τ

0
cu(τ ′)dτ ′

)
, (4.4a)

CB(τ) = exp
(
−
∫ τ

0
cB(τ ′)dτ ′

)
, C%(τ) = exp

(
−
∫ τ

0
c%(τ

′)dτ ′
)
, (4.4b)

where the modulation functions
cr, cu, cB, c% : [0,∞)→ R.

are connected via
c%(τ) + cB(τ) = 2cu(τ) (4.4c)

which ensures that c =
√
ηb has dynamically the same scaling as u. Then we have three degrees of freedom

to rescale the system (4.2) dynamically: either (cr, cu, cB), or equivalently (cr, cu, c%). As in (3.3) we let

t = t(τ) := −1 +

∫ τ

0
Cr(τ

′)C−1
u (τ ′)dτ ′, (4.5a)

rescale the space coordinate x as

y = xC−1
r (τ), |y| = R = r C−1

r (τ), (4.5b)

and rescale the unknowns from (4.2) as

η(x, t) = C%(τ)%(y, τ), (4.5c)

u(x, t) = Cu(τ)U(y, τ), (4.5d)

b(x, t) = CB(τ)B(y, τ). (4.5e)

Using the self-similar transform (4.5) and the chain rule, we rewrite the Euler system (4.2) equivalently as

∂τ%+ (cry +U) · ∇%+ 2α%divU = c%%, (4.6a)

∂τU + (cry +U) · ∇U + 1
2αB∇%+ 1

γ%∇B = cuU , (4.6b)

∂τB + (cry +U) · ∇B = cBB. (4.6c)

Remark 4.2 (Speed of sound). In original (x, t) coordinates the speed of sound c = ασ relates to η and b
via c2 = ηb. Using the self-similar transformation in (4.5) we may thus define the non-negative self-similar
sound speed C = C(y, τ) via

C2 := %B, (4.7)
and note that c(x, t) = ασ(x, t) = Cu(τ)C(y, τ).

4.3. The globally self-similar solution. Fix d ∈ {1, 2, 3}, α ∈ (0, d], and N ≥ 1. The radially symmetric
globally self-similar solution (ūr, σ̄, b̄)(r, t) of (1.7) constructed in Section 2, see Remark 2.2, also defines
a radially symmetric globally self-similar solution of (4.2) via

cr = c̄r, cu = c̄u = c̄r − 1, cB = c̄B = 2c̄b, c% = c̄% = 2(c̄u − c̄b) = − 2αd
1+αd , (4.8a)

and

η̄(x, t) := (−t)c̄% %̄
(

x
(−t)c̄r

)
, %̄(y) :=

(
αΣ̄
B̄

)2
(|y|) =

(αQ̄
H̄

)2
(|y|) (4.8b)

ū(x, t) := (−t)c̄r−1Ū
(

x
(−t)c̄r

)
, Ū(y) := ~erŪ(|y|) = yV̄ (|y|), (4.8c)

b̄(x, t) := (−t)c̄BB̄
(

x
(−t)c̄r

)
, B̄(y) := B̄2(|y|) = |y|2H̄2(|y|), (4.8d)

c̄(x, t) := (−t)c̄r−1C̄
(

x
(−t)c̄r

)
, C̄(y) := αΣ̄(|y|) = α|y|Q̄(|y|). (4.8e)
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The solution (η̄, ū, b̄) defined above is smooth for times t ∈ [−1, 0), implodes at time t(∞) = 0, and is
radially symmetric.

Remark 4.3 (Properties of the globally self-similar profiles). We record a few useful properties of the
stationary solution to (4.6) defined by the profiles (%̄, Ū , B̄) and the modulation parameters (c̄r, c̄u, c̄B, c̄%)
given in (4.8). The profiles (%̄, Ū , B̄) ∈ C∞(Rd) satisfy the lower bounds

%̄(y) ≈ 1, C̄(y), |Ū(y)| ≈ |y|, B̄(y) ≈ |y|2, ∀|y| ≤ 1, (4.9a)

%̄(y) > 0, C̄(y) > 0 B̄(y) > 0, ∀y 6= 0. (4.9b)

the upper bounds

|∇k%̄(y)| .k 〈y〉
c̄%
c̄r
−k, |∇kŪ(y)|+ |∇kC̄(y)| .k 〈y〉

c̄u
c̄r
−k, |∇kB̄(y)| .k 〈y〉

c̄B
c̄r
−k, (4.9c)

for any integer k ≥ 0. The implicit constants in the & and . symbols in (4.9) are assumed to depend on the
fixed values of d, α, and N. Moreover, cf. (2.34b), we have the outgoing condition

c̄r|y|+ Ū(y)− C̄(y) ≥ C(4.9d)|y|, C(4.9d) :=
1+ 2

3
αd

4N(1+αd) >
1

6N . (4.9d)

The scaling parameters satisfy

c̄u = c̄r − 1, c̄B = 2(c̄r + Ū1) = 2c̄b, c̄% = 2c̄u − c̄B = 2αdŪ1, Ū1 = − 1
1+αd , (4.10a)

so that by the second bullet in Lemma 2.8,

c̄r > 0, 0 < c̄B
2c̄r

< 1, c̄u <
1
2 c̄B. (4.10b)

For compactness of notation, it is convenient to denote

κ = c̄r + Ū1 = c̄b. (4.11)

Lastly, from (3.9) we deduce that the N-th profiles (%̄, Ū , B̄) in this family satisfy

%̄ = %̄0 + %̄2N|y|2N +O|y|→0(|y|4N), %̄0 = (αq̄0)2 = αγd
2 v̄2

0, %̄2N = 2α2q̄0(q̄N − q̄0h̄N), (4.12a)

Ū = Ū1y + Ū2N+1y|y|2N +O|y|→0(|y|4N+1), Ū1 = v̄0 = − 1
1+αd , Ū2N+1 = v̄N, (4.12b)

B̄ = B̄2|y|2 + B̄2N+2|y|2N+2 +O|y|→0(|y|4N+2), B̄2 = 1, B̄2N+2 = 2h̄N, (4.12c)

so that

∇%̄ = O|y|→0(|y|2N−1), ∇Ū = Ū1Id +O|y|→0(|y|2N), ∇B̄ = 2B̄2y +O|y|→0(|y|2N+1). (4.12d)

4.4. Evolution of the perturbation. Our goal is to analyze solutions (%,U ,B) of (4.6) which are close the
the stationary profile (%̄, Ū , B̄) discussed in Remark 4.3. For this purpose, we denote

(%̃, Ũ , B̃) := (%− %̄,U − Ū ,B− B̄),

and write the modulation functions as

cr = c̄r + c̃r, cu = c̄u + c̃u, cB = c̄B + c̃B, c% = c̄% + c̃%.

Note that due to (4.3) and (4.9) we have

U(0, τ) = Ũ(0, τ) = 0 , B(0, τ) = B̃(0, τ) = 0 , ∇B(0, τ) = ∇B̃(0, τ) = 0 , (4.13)

for all τ ≥ 0.
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4.4.1. Full linear-nonlinear decomposition. It is useful to introduce the following compact notation. De-
note the full solution, the profile, and the perturbation as the five-dimensional vectors

W := (%,U ,B), W̄ := (%̄, Ū , B̄), W̃ := W − W̄ = (%̃, Ũ , B̃).

In order to rewrite quadratic nonlinear terms in (4.6), forW (i) = (%(i),U (i),B(i)), i ∈ {1, 2}, we introduce
the following bilinear operators, which are associated to the nonlinearities in (4.6)

B1(W (1),W (2)) = −U (1) · ∇%(2) − 2α%(1)divU (2), (4.14a)

B2(W (1),W (2)) = −U (1) · ∇U (2) − 1
2αB(1)∇%(2) − 1

γ%
(1)∇B(2), (4.14b)

B3(W (1),W (2)) = −U (1) · ∇B(2). (4.14c)

In particular, with the notation in (4.14) the derivative falls on the second input variable W (2). We let
B = (B1,B2,B3).

Similarly, in order to write the linear terms arising from the linearization of (4.6) in a more compact
fashion, we denote L = (L1,L2,L3), where

L1W̃ := −(c̄ry + Ū) · ∇%̃− 2α%̄ div Ũ + c̄%%̃− Ũ · ∇%̄− 2α%̃div Ū − c̃ry · ∇%̄+ c̃%%̄, (4.15a)

L2W̃ := −(c̄ry + Ū) · ∇Ũ − 1
2α B̄∇%̃− 1

γ %̄∇B̃ + c̄uŨ − Ũ · ∇Ū − 1
2α B̃∇%̄− 1

γ %̃∇B̄

− c̃ry · ∇Ū + c̃uŪ , (4.15b)

L3W̃ := −(c̄ry + Ū) · ∇B̃ + c̄BB̃− Ũ · ∇B̄− c̃ry · ∇B̄ + c̃BB̄. (4.15c)

With this notation, we obtain from (4.6) that the equation satisfied by the perturbation W̃ = (%̃, Ũ , B̃) is

∂τW̃ = LW̃ − c̃ry · ∇W̃ + (c̃%%̃, c̃uŨ , c̃BB̃) + B(W̃ , W̃ ). (4.16)

4.4.2. A partially-nonlinear decomposition. The full linear-to-nonlinear decomposition in (4.16) is not al-
ways the most practical way to write down the evolution equations for W̃ = (%̃, Ũ , B̃). An alternative form
that can be derived from (4.6) is

∂τ %̃ = −(cry +U)·∇%̃− 2α%div Ũ + c%%̃− (c̃ry + Ũ)·∇%̄− 2α%̃ div Ū + c̃%%̄, (4.17a)

∂τ Ũ = −(cry +U)·∇Ũ − 1
2αB∇%̃− 1

γ%∇B̃ + cuŨ − (c̃ry + Ũ)·∇Ū − 1
2α B̃∇%̄− 1

γ %̃∇B̄ + c̃uŪ ,

(4.17b)

∂τ B̃ = −(cry +U)·∇B̃ + cBB̃− (c̃ry + Ũ)·∇B̄ + c̃BB̄. (4.17c)

The equation set (4.17) is different from (4.16) as it combines pieces of the linear and nonlinear parts in the
transport term.

4.4.3. Constant density in the far field. Recall from Theorem 2.20, item (iii), and (4.8a)–(4.8b) that the
density profile %̄(y) = (αQ̄

H̄
)2(|y|) behaves asymptotically as |y|c̄%/c̄r as |y| → ∞, with c̄r > 0 and c̄% =

− 2αd
1+αd < 0; in particular, %̄(y)→ 0 as |y| → ∞.
We wish however to allow for non-decaying densities, a physically more realistic setting; for the initial

data, we should consider densities which converge to a nonzero-constant in the far field. For this purpose,
instead of working with the spatially decaying self-similar profile %̄, we introduce a time-dependent, spatially
cutoff version of it, defined by

¯̄%(y, τ) := χ
(
|y|
R(τ)

)
%̄(y) +

(
1− χ

(
|y|
R(τ)

))
%̄(R(τ)), where R(τ) = ec̄rτR0, (4.18)

with R0 ≥ 1 a sufficiently large constant to be chosen later (see (4.134) and (4.139) below), where χ : R→
R+ is a smooth non-negative cutoff function satisfying

χ(z) = 1, ∀|z| ≤ 1, χ(z) = 0, ∀|z| ≥ 2, |χ′(z)| ≤ 2 ∀1 < |z| < 2. (4.19)
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The function ¯̄%(y, τ) serves as an approximation of %(y, τ), which solves (4.6). The initial data %in = %(0, ·)
for (4.6) will be constructed (see Theorem 4.4) by perturbing ¯̄%, which does not decay for large y.

4.5. Main result: finite co-dimension non-radial stability. The remainder of this section is dedicated to
establishing the global existence and decay to equilibrium for the perturbation (%̃, Ũ , B̃) which solves (4.17),
or equivalently, (4.16). A global existence and decay result for non-radial solutions of (4.17) implies—by
definition—the stability of the radially symmetric globally self-similar solution defined in (4.8), to pertur-
bations outside this symmetry class. The main result is Theorem 4.4 below.

4.5.1. Measuring Taylor coefficients at the origin. As we have already seen in Section 3 for the radially-
symmetric case, proving such a global existence result requires an a-priori control (globally in time τ ) of
finitely many Taylor coefficients at y = 0 for the functions (%̃, Ũ , B̃). In Theorem 3.15 we have shown that
Taylor coefficients of sufficiently high index are under control (3.45), and that the modulation functions may
be used to control the fundamental Taylor coefficients, see (3.42) and (3.44). How about the “in between”
Taylor coefficients, whose order is not high? In Theorem 3.15 we have chosen to turn these coefficients
“off” at the initial time, see assumption (ii), and Lemma 3.3 then ensured these coefficients remain “off”
for all τ > 0. We should thus expect that a similar difficulty must be faced when dealing with non-radial
perturbations of the radial profiles, i.e., for solutions of (4.17). Controlling Taylor coefficients for (%̃, Ũ , B̃)
at y = 0 whose index is not large, is quite complicated; Section 5 is dedicated solely to this global-in-time
ODE analysis.

In this section, the control of all Taylor coefficients of sufficiently high index is taken as an assumption;
we do not need to assume that these coefficients vanish identically, we only need them to decay as τ →∞.
For this purpose, for any M ∈ N0, we define a norm that controls the modulation functions and the Taylor
coefficients up to order M:

EO,M(τ) := |c̃r(τ)|+ |c̃u(τ)|+ |c̃B(τ)|+ |c̃%(τ)|

+
∑

0≤|α|≤M
|(∂α%̃)(0, τ)|+ |(∂α∇Ũ)(0, τ)|+ |(∂α∇2B̃)(0, τ)|. (4.20)

A comment regarding (4.20) is in order: we recall from (4.13) that Ũ(0, τ) = 0, B̃(0, τ) = 0, and
∇B̃(0, τ) = 0 for all τ ≥ 0; it is because of this fact that we have chosen EO,M (cf. (4.20)) to measure
the Taylor coefficients of order ≤ M for∇Ũ and ∇2B̃ (instead of Ũ and B̃).

4.5.2. Measuring the solution on the bulk. Assuming that EO,M is under control for a sufficiently large
integer M—see assumption (4.26) below—our aim is show that the solution (%̃, Ũ , B̃) of (4.17) is global in
time. In order to achieve this we need to estimate the solution in a carefully designed norm, which takes
into account not just regularity (to take advantage of the energy structure of the system), but also (nearly)
optimal asymptotic behavior as |y| → 0 and |y| → ∞. For this purpose we introduce:
• Let φ : Rd → R+ be a smooth non-negative cutoff function with

φ(z) = 1, ∀|z| ≤ 1, φ(z) = 0, ∀|z| ≥ 2.

For an integer k ≥ 0 and a function f ∈ Ck(Rd), we define (compare with (3.35a) and (3.37)) the cutoff
Taylor polynomial Ikf and the remainder Pkf by41

Ikf(y) := φ(y)
(∑

|α|≤k
1
α!∂

αf(0)yα
)
, (4.21a)

Pkf(y) := f(y)− Ikf(y). (4.21b)

Using these operators, we decompose functions f into three parts: the profile f̄ , the cutoff Taylor poly-
nomials Ikf̃ , and the remainder Pkf̃ , meaning that

f = f̄ + f̃ = f̄ + Ikf̃ + Pkf̃ . (4.21c)

41Note that as opposed to the definition of Jk in (3.37) we do not divide Pkf by any weight in y.
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• The values of k (in the above decomposition) that we need to choose for the various components of the
vector W̃ = (%̃, Ũ , B̃) are different. Indeed, we recall from (4.13) that Ũ(0, τ) = 0, B̃(0, τ) = 0, and
∇B̃(0, τ) = 0 for all τ ≥ 0, and using the fact that the profiles W̄ satisfy (4.12) we have that (4.6)
and (4.17) preserve the vanishing orders:

%, %̃ = O|x|→0(1), U , Ũ = O|x|→0(|x|), B, B̃ = O|x|→0(|x|2). (4.22)

Therefore, if W̃ ∈ CM+3 for some integer M ≥ 0, we may define

% = %̄+ IM%̃+ PM%̃, %̃M := PM%̃, (4.23a)

U = Ū + IM+1Ũ + PM+1Ũ , ŨM := PM+1Ũ , (4.23b)

B = B̄ + IM+2B̃ + PM+2B̃, B̃M := PM+2B̃, (4.23c)

and
W̃M := (%̃M, ŨM, B̃M). (4.23d)

Since EO,M controls (IM%̃, IM+1Ũ , IM+2B̃), see (4.20) and (4.21), the entire analysis in this section is
dedicated to bounding W̃M, for a carefully chosen M.
• In order to bound W̃M we define a (weighted Sobolev) energy density by

Ek(W̃M) =
∑
|α|=k

Eα(W̃M), (4.24a)

with

Eα(W̃M) :=
|∂α%̃M|2

(2α%)2
+
|∂αŨM|2

C2
+ κB

|∂αB̃M|2

B2
+

2

γ

∂α%̃M

2α%
· ∂

αB̃M

B
, (4.24b)

where C is the self-similar speed of sound (recall (4.7)), and κB ≥ 1 is a sufficiently large constant, to be
chosen later (see (4.71)). Upon integrating the energy density Ek(W̃M) against a suitable weight in y,
we define the kth order energy functional Ek as

Ek(τ) :=

∫
Ek(W̃M)(y, τ)ϕ0(y)|y|2kdy, ∀ k ≥ 0, (4.24c)

for a weight ϕ0 > 0 which satisfies (4.60) and is defined precisely in Lemma 4.11.
• The total energy Etot in which we measure W̃M is given by

Etot = Ek∗(τ) + νE0(τ), (4.24d)

where the coupling parameter ν > 0 is to be determined later (4.110), and the regularity parameter k∗ is

k∗ = 2d+ 10. (4.25)

The above value of k∗ is large enough to close the nonlinear energy estimates, but it is not too large; in
particular, it is explicit.42

4.5.3. The stability result. We recall from (4.20) that EO,M measures the perturbations in the modulation
functions (c̃r, c̃u, c̃B, c̃%), and the Taylor coefficients of order ≤ M for %̃,∇Ũ , and∇2B̃, at y = 0. Our main
stability in this section is:

Theorem 4.4 (Finite co-dimension non-radial stability). There exists a sufficiently large integer M such
that the following holds. Assume that there exists a decay rate λ > 0 and a constant C(4.26) > 0, such that

EO,M(τ) ≤ C(4.26)e
−λτEO,M(0), ∀τ ≥ 0. (4.26)

There exist
• a sufficiently large radius R̄0 ≥ 1,
• sufficiently small parameters ε̄, ν, δ0 > 0,

42This differs from the weighted Hk stability analysis for implosion in the isentropic compressible Euler equations [49, 7, 18],
where k is required to be sufficiently large and is implicit.
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• a weight ϕ0 function satisfying the bounds

C1(ϕ0)ϕ̂0(y) ≤ ϕ0(y) ≤ C2(ϕ0)ϕ̂0(y), where ϕ̂0(y) := |y|−2M−d + 〈y〉−d−4δ0 ,

for some positive constants C2(ϕ0) > C1(ϕ0) > 0,
all depending on d, α,N, on the profiles (%̄, Ū , B̄), and on M, λ, C(4.26), such that the following holds.

For any R0 > R̄0, consider initial data (%in,U in,Bin) for (4.6) which satisfies
1
2

¯̄%(y, 0)〈y〉−δ0 ≤ %in(y) ≤ 2¯̄%(y, 0)〈y〉δ0 , (4.27a)
1
2 B̄(y)〈y〉−δ0 ≤ Bin(y) ≤ 2B̄(y)〈y〉δ0 , (4.27b)

where ¯̄% is defined in (4.18) in terms of R0, and such that the initial data (%̃in, Ũ in, B̃in) := (%in,U in,Bin)−
(%̄, Ū , B̄) for (4.17) satisfies

EO,M(0) < ε̄, Etot(0) < ε̄2, (4.27c)
where the total energy Etot is defined in (4.24), and depends on ν and ϕ0.

For any such initial data, the solution (%̃, Ũ , B̃) of (4.17) is global in time and satisfies the bounds
1
4

¯̄%(y, τ)〈y〉−δ0 ≤ %(y, τ) ≤ 4¯̄%(y, τ)〈y〉δ0 ,

1
4 B̄(y)〈y〉−δ0 ≤ B(y, τ) ≤ 4B̄(y)〈y〉δ0 ,

For all y ∈ Rd and τ ≥ 0, together with the stability estimate

Etot(τ) ≤ Cε̄2e−λ2τ , (4.28)

for some constants λ2, C > 0 depending on ϕ0,M, and on the profile.

Remark 4.5 (Stability assumption ofEO,M). The Taylor coefficients and the scaling parameters appearing
in EO,M (recall (4.20)) form a finite dimensional and closed system ODEs. In Section 5, we analyze this
ODE system and prove that (4.26) indeed holds for initial data selected from a finite co-dimension set.
See Theorem 5.1. We also refer to Remark 5.3 for a discussion of the relation among the stability of the
ODEs associated with EO,M, the stability estimates for the PDE away from the origin, and the local-in-time
regularity of the solution.

Remark 4.6. By requiring the parameter ε̄ in (4.27c) to be small enough, assumption (4.26) implies

EO,M(τ) ≤ CEO,M(0) < Cε̄ < 1 (4.29)

for all τ ≥ 0. The bound (4.29) is useful to simplify energy estimates.

Remark 4.7 (The set for initial data is non-empty). We give examples of initial data (%̃in, Ũ in, B̃in)
which satisfy the assumptions of Theorem 4.4. First, we may turn “off” the modulation functions, i.e.,
set (c̃r, c̃u, c̃B, c̃%) = (0, 0, 0, 0). Second, we note that for any non-negative integer M ≥ 2, if the initial
perturbation is smooth enough at the origin and satisfies43

∇≤M%̃in(0) = 0, ∇≤M+1Ũ in(0) = 0, ∇≤M+2B̃in(0) = 0, (4.30)

then we have ∇≤M%̃(0, τ) = 0,∇≤M+1Ũ(0, τ) = 0,∇≤M+2B̃(0, τ) = 0 for all τ > 0. This fact is a direct
consequence of the ODE analysis in Section 5; that is to say, the vanishing order at the origin is preserved
forward in time. As a result, for initial data satisfying (4.30), cf. (4.38) we have that EO,M(τ) ≡ 0. Hence,
the estimate (4.26) and assumption (4.27c) on EO,M(0) hold trivially.

Then, we note that the energy Etot(0) defined in (4.24) only depends on W̃M(0, ·), defined via (4.23) as
(PM%̃in,PM+1Ũ in,PM+2B̃in) = (%̃in, Ũ in, B̃in); the last equality holds due to (4.30). The condition (4.27c)
on Etot(0) defines an open set O1 of initial data for W̃M(0, ·) in an appropriate weighted Sobolev space.
By the embedding estimates of Lemma B.5, condition (4.27c) implies the smallness of ∇2W̃M. Thus, for
initial data satisfying (4.30) and (4.27c) with ε̄ small enough, the inequalities in (4.27a)–(4.27b) hold for

43We use the notation∇≤kf(0) = 0 to indicate that ∂αf(0) = 0 for all |α| ≤ k.
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|y| ≤ 2. For |y| > 2, since the cutoff Taylor polynomial Ikf vanishes by definition (4.21), inequalities
(4.27a)–(4.27b) define an open set O2 of initial data for W̃M in a weighted L∞ space. For fixed ε̄, by
choosing R0 large enough, we obtain that the initial perturbation (¯̄% − %̄, 0, 0) associated with the initial
data (¯̄%, Ū , B̄) belongs to these two open sets O1 and O2. Therefore, for initial data of W̃M in O1 ∩ O2,
and assuming that the first M-th order Taylor coefficients satisfy (4.30), the assumptions in Theorem 4.4 are
satisfied. In particular, the set for initial data is non-empty.

In Theorem 5.1, we show that a more general class of initial data leads to (4.26) and we relax (4.30).

Remark 4.8 (Initial data may be constant outside a compact set). At τ = 0, the cutoff self-similar
profile ¯̄%( · , 0) defined in (4.18), satisfies ¯̄%(y, 0) = %̄(R0) (a strictly positive constant) for all |y| ≥ 2R0.
Consequently, both the upper and lower bounds in (4.27a) on the initial density are themselves constant on
{|y| ≥ 2R0}, and the analogous upper/lower bounds in (4.27b) on the initial pseudo-entropy reduce, on the
same set, to upper/lower bounds for B̄(y) = |y|2H̄2(|y|). Moreover, the smallness condition Etot(0) < ε̄2

in (4.27c) only constrains the bulk remainder W̃M = (PM%̃in,PM+1Ũ in,PM+2B̃in) defined in (4.23), and
does not constrain the values of (%in,U in,Bin) at any individual point |y| ≥ 2R0 ≥ 2.

Therefore, the assumptions of Theorem 4.4 are compatible with initial data that are identically equal to
a constant non-vacuous state outside of a fixed compact set in Rd: density and pressure are constant, and
velocity vanishes, on the complement of a ball. An explicit class of such initial data is obtained by smoothly
cutting the asymptotic profile (%̄, Ū , B̄) of Theorem 2.20 against the constant state (%̄(R0), 0, B̄(R0)) at a
radius ∼ R0, and then verifying (4.27) and (4.27c) for R0 sufficiently large; see also Remark 4.7.

The remainder of this section is dedicated to the proof of Theorem 4.4, whose summary is given in § 4.15.

4.6. Estimates of the Taylor expansion. We recall the definitions of the operator Ik and Pk = Id − Ik
from (4.21). In this section we record a few properties of these operators, and discuss their relationship to
the vanishing order of a given function at y = 0.

4.6.1. Functional spaces. For any k times continuously differentiable function f , we denote

|f(y)|Ck =
∑
|α|≤k

|∂αy f(y)|. (4.31)

Note: Ck is not the Ck-Hölder norm; no supremum over y is taken.
In order to measure the vanishing order of a function, for y 6= 0 we define

|f(y)|Γkl :=
∑

0≤|α|≤k
|y||α|−l|∂αf(y)|, and ‖f‖Γkl := sup0<|y|≤2|f(y)|Γkl . (4.32a)

The supremum in the above definition is taken over |y| ≤ 2 to match the support of the function φ appearing
in (4.21a), and hence, to match the support of Ilf . Note that the above definition implies

|∂αf(y)| ≤ |y|l−k|f(y)|Γkl , for all |α| = k. (4.32b)

Formally, a function f ∈ Γkl has a vanishing order similar to |x|l as |x| → 0, with bounded derivatives up to
k-th order.

In order to measure the vanishing order of the triple (f, g, h), e.g.W , W̃ , or W̃M, we define

|(f, g, h)(y)|Γk
(a,b,c)

:= |f(y)|Γka + |g(y)|Γkb + |h(y)|Γkc , (4.32c)

‖(f, g, h)‖Γk
(a,b,c)

:= sup
|y|≤2
|(f, g, h)(y)|Γk

(a,b,c)
. (4.32d)

When ‖f‖Γkl <∞ or ‖(f, g, h)‖Γk
(a,b,c)

<∞ we sometimes write f ∈ Γkl , respectively (f, g, h) ∈ Γk(a,b,c).

Lemma 4.9. With the notation in (4.32) and (4.21), we have:
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(a) For any i, p, q ≥ 0, l ≤ p+ q, and 0 < |y| ≤ 2, we have∣∣(fg)(y)
∣∣
Γil
.i,p,q,l |f(y)|Γip |g(y)|Γiq . (4.33a)

Moreover, for any i, p, q ≥ 0 with p ≤ q, and 0 < |y| ≤ 2, we have

|∇f(y)|Γip .i,p |f(y)|Γi+1
p+1
, |f(y)|Γip . |f(y)|Γiq . (4.33b)

(b) For f ∈ Ck(B2(0)) with ‖f‖Γkl < ∞ and k ≥ l > j, we have Pjf = f . In particular, for f, g ∈
Ck,δ(B2(0)) for some δ > 0, we have

Pl(f · Pkg) = f · Pkg, for any l ≤ k, (4.34a)

For any l ≤ k − 1, or for l = k and f(0) = 0, or for l = k + 1 and f(0) = ∇f(0) = 0, we have

Pl(f · ∇Pkg) = f · ∇Pkg, (4.34b)

for all |y| ≤ 2.
(c) For integers i, k ≥ 0, any f ∈ Cn(B2(0)) with n = max{k + 1, i}, and any 0 < |y| ≤ 2 we have

|Pkf(y)|Γik+1
.i,k ‖f‖Cn(B|y|(0))

, n = max{k + 1, i}. (4.35a)

Moreover, if l ≥ 0 and g is C l smooth near the origin, we have supp (f · Ilg) ⊂ B2(0), and

|Pk(f · Ilg)|Γik+1
.i,k 1|y|≤2‖f‖Cn(B2(0))

|g(0)|Cl , n = max{k + 1, i}. (4.35b)

Proof of Lemma 4.9. Item (a). Estimate (4.33) follows from the definition (4.32) and the Leibniz rule.
Item (b). If ‖f‖Γkl <∞ and k ≥ l > j, by definition (4.32), we have ∂αf(0) = 0 for |α| ≤ l − 1. Since

l − 1 ≥ j, by definition (4.21), we obtain Ijf = 0; hence f = Pjf .
For (4.34), the regularity assumption and Taylor’s theorem implies Pkg(y) = O|y|→0(|y|k+δ). Thus, it

is easy to verify ∂α(f · Pkg)(0) = 0 for |α| ≤ k. When l ≤ k we thus have Il(f · Pkg) = 0, which
implies (4.34a). Analogously, when l ≤ k− 1 we have Il(f ·∇Pkg) = 0. When f(0) = 0, then f ·∇Pkg =
O|y|→0(|y|k+δ), and hence Ik(f · ∇Pkg) = 0. The third case is similar, and (4.34) follows.

Item (c). Estimate (4.35a) follows from the integral form of the remainder in the Taylor expansion;
when j ≤ k it implies that |y|j−(k+1)|∇jPkf(y)| . ‖f‖

Ck+1(B|y|(0))
, while for j ≥ k + 1, we have

|y|j−(k+1)|∇jPkf(y)| . 2j−(k+1) ‖f‖
Cj(B|y|(0))

. Taking the sum over j ≤ i, estimate (4.35a) now follows.

For (4.35b), since f · Ilg is supported in B2(0), we use (4.35a) to prove

|Pk(f · Ilg)|Γik+1
.i,k ‖f · Ilg‖Cn(B2(0))

.i,k ‖f‖Cn(B2(0))
‖Ilg‖Cn(B2(0))

.i,k ‖f‖Cn(B2(0))
|g(0)|Cl ,

completing the proof. �

4.7. Derivations of the remainder equation. Here we use (4.17) to derive the evolution equation for W̃M

(which is defined in (4.23d)), up to error terms which we shall denote by EM,0 in PM%̃-equation, EM,1 in
PM+1Ũ -equation, and EM,2 in PM+2B̃-equation. See (4.45)–(4.47) below.

We first make some preliminary remarks concerning vanishing orders at y = 0. From (4.22) and the
definition (4.23), we obtain

W̄ = (%̄, Ū , B̄) ∈ Γ∞(0,1,2), W̃ ∈ ΓM+3
(0,1,2), W̃M ∈ ΓM+3

(M+1,M+2,M+3), (4.36a)

with pointwise-in-y bounds which follow from (4.32b)

|∇i%̃M| .M,i |y|M+1−i|%̃M|ΓiM+1
, (4.36b)

|∇iŨM| .M,i |y|M+2−i|ŨM|ΓiM+2
, (4.36c)

|∇iB̃M| .M,i |y|M+3−i|B̃M|ΓiM+3
. (4.36d)
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Note: in the remainder of the section we only use W̃M ∈ ΓM+3
(M+1,M+2,M+3) qualitatively to derive the PDE

that this vector satisfies (e.g., by using identities (4.34)); when aiming for quantitative estimates, we use
W̃M ∈ Γk(M+1,M+2,M+3) with k < M.

To measure the error terms in various Taylor expansions, we introduce a function class which contains
functions f are similar to |x|M+j+1 for 0 < |x| ≤ 2; to make this precise, for an integer j ≥ 0 we write

f = O(EM,j) (4.37a)

if f ∈ CM+j+1(B2(0)) and we have the pointwise bound

|f(y)|ΓiM+j+1
.i,j,M RM,i(y), (4.37b)

where

RM,i(y) := EO,M

(
1 + |W̃M(y)|Γi

(M+1,M+2,M+3)

)
. (4.37c)

for all y ∈ B2(0) and for any i ≤ M + 1. Here we recall cf. (4.20) that

EO,M = |%̃(0)|CM + |Ũ(0)|CM+1 + |B̃(0)|CM+2 + |c̃r|+ |c̃u|+ |c̃B|+ |c̃%|. (4.38)

4.7.1. Transport terms. Consider the transport terms f · ∇g̃ in (4.17) with

f = cry +U .

Using linearity of PM and applying (4.34) in Lemma 4.9, we obtain

Pk(f · ∇g̃) = Pk(f · ∇Pkg̃ + (f̄ + IM+1f̃ + PM+1f̃) · ∇Ikg̃)

= f · ∇Pkg̃ + Pk(PM+1f̃ · ∇Ikg̃) + Pk((f̄ + IM+1f̃) · ∇Ikg̃)

=: I + II + III. (4.39)

For (k, g̃) ∈ {(M, %̃), (M + 1, Ũ), (M + 2, B̃)}, applying the product rule (4.33), using the vanishing condi-
tions (4.36) for B̃ ∈ Γi2, and recalling the definition of ŨM in (4.23), we obtain

|PM+1f̃ · ∇Ikg̃|Γik+1
.i,M |PM+1f̃ |ΓiM+2

· |∇Ikg̃|Γi
max(k−M−1,0)

.i,M (|c̃r|+ |ŨM|ΓiM+2
)EO,M (4.40a)

for any 0 ≤ i ≤ M + 3. Thus, using (4.34), we obtain

II = Pk(PM+1f̃ · ∇Ikg̃) = PM+1f̃ · ∇Ikg̃, and |II|Γik+1
. (|c̃r|+ |ŨM|ΓiM+2

)EO,M. (4.40b)

For the term III appearing in (4.39), applying the product rule (4.35), and using f̄ , Ikg,PM+1f̃ ∈ CM+1,
together with (4.29), we obtain

|III|ΓiM+1
.M,i (1 + |f̃(0)|CM+1)|g̃(0)|Ck .M,i (1 + EO,M)EO,M .M,i EO,M (4.41)

for i ≤ M + 1. Thus, using the notation for the error (4.37) and (4.23), for f = cry +U we obtain

PM(f · ∇%̃) = f · ∇PM%̃+O(EM,0) = f · ∇%̃M +O(EM,0) (4.42a)

PM+1(f · ∇Ũ) = f · ∇PM+1Ũ +O(EM,1) = f · ∇ŨM +O(EM,1), (4.42b)

PM+2(f · ∇B̃) = f · ∇PM+2B̃ +O(EM,2) = f · ∇B̃M +O(EM,2). (4.42c)
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4.7.2. Other derivative terms. Next, we consider other terms involving∇(%̃, Ũ , B̃) in (4.17). Using (4.34),
Lemma 4.9, and the vanishing order in (4.36), (%̃, Ũ , B̃), (%,U ,B) ∈ ΓM+3

(0,1,2), we obtain

PM(%div Ũ) = PM(%div PM+1Ũ + (%̄+ PM%̃+ IM%̃) div IM+1Ũ)

= %div ŨM + %̃M div IM+1Ũ + PM((%̄+ IM%̃) div IM+1Ũ) := I1 + I2 + I3, (4.43a)

PM+1(B∇%̃) = PM+1(B∇PM%̃+ (B̄ + PM+2B̃ + IM+2B̃)∇IM%̃)

= B∇%̃M + B̃M∇IM%̃+ PM+1((B̄ + IM+2B̃)∇IM%̃) := II1 + II2 + II3 (4.43b)

PM+1(%∇B̃) = PM+1

(
%∇PM+2B̃ + (%̄+ PM%̃+ IM%̃)∇IM+2B̃

)
,

= %∇B̃M + %̃M · ∇IM+2B̃ + PM+1((%̄+ IM%̃)∇IM+2B̃) := III1 + III2 + III3. (4.43c)

Note that from the vanishing order of W̃ , W̃M (4.36), it is easy to check the vanishing order

I1, I2 = O(|x|M+1), II1, II2, III1, III2 = O(|x|M+2),

which along with the regularity of W̃ and (4.34), implies the above identities.
Applying the product rule (4.33) in Lemma 4.9, for any i ≤ M + 2, we estimate I2, II2, III2

|I2|ΓiM+1
.M,i |%̃M|ΓiM+1

|Ũ(0)|CM+1 . |%̃M|ΓiM+1
EO,M . RM,i, (4.43d)

|II2|ΓiM+2
.M,i |B̃M|ΓiM+3

|%̃(0)|CM . |B̃M|ΓiM+3
EO,M . RM,i, (4.43e)

|III2|ΓiM+2
.M,i |%̃M|ΓiM+1

|∇IM+2B̃|Γi1 .M,i |%̃M|ΓiM+1
|B̃(0)|CM+2 . |%̃M|ΓiM+1

EO,M . RM,i. (4.43f)

The terms I3, II3, III3 only depend on the profile W̄ and ∇iW̃ (0) and have compact support. Applying
the product rule (4.35) in Lemma 4.9, using W̄ , IlW̃ ∈ C∞, and the bound (4.29), we estimate

|I3|ΓiM+1
.M,i (1 + |%̃(0)|CM)|Ũ(0)|CM+1 . (1 + EO,M)EO,M . RM,i, (4.43g)

|II3|ΓiM+2
.M,i (1 + |B̃(0)|CM+2)|%̃(0)|CM . (1 + EO,M)EO,M . RM,i, (4.43h)

|III3|ΓiM+2
.M,i (1 + |%̃(0)|CM)|B̃(0)|CM+2 . (1 + EO,M)EO,M . RM,i. (4.43i)

The above terms I2, I3, II2, II3, III2, III3 have compact support. From (4.37), we obtain

I2, I3 = O(EM,0), II2, II3 = O(EM,1), III2, III3 = O(EM,1). (4.43j)

4.7.3. Estimate of remaining terms. The estimates of remaining terms in (4.17) are similar, and are obtained
by applying Lemma 4.9. We sketch the estimates. Using the notation (4.23) and (4.37), we have

PM(c%%̃) = c%%̃M, PM+1(cuŨ) = cuŨM, PM+2(cBB̃) = cBB̃M. (4.44a)

Since W̄ ∈ C∞ and IlW̃ ∈ C∞c for any l ≥ 0 such that W̃ ∈ C l at the origin, using (4.36) and Lemma
4.9, we obtain

PM(−Ũ · ∇%̄− 2α%̃div Ū) = −PM

(
(PM+1Ũ + IM+1Ũ) · ∇%̄+ 2α(PM%̃+ IM%̃) div Ū

)
= −ŨM · ∇%̄− 2α%̃M div Ū +O(EM,0), (4.44b)

PM+1

(
− Ũ · ∇Ū − 1

2α B̃∇%̄− 1
γ %̃∇B̄

)
= PM+1

(
− (PM+1Ũ + IM+1Ũ) · ∇Ū

− 1
2α(PM+2B̃ + IM+2B̃)∇%̄− 1

γ (PM%̃+ IM%̃)∇B̄
)

= −ŨM · ∇Ū − 1
2α B̃M∇%̄− 1

γ %̃M∇B̄ +O(EM,1), (4.44c)

−PM+2(Ũ · ∇B̄) = −PM+2((PM+1Ũ + IM+1Ũ) · ∇B̄)

= −ŨM · ∇B̄ +O(EM,2). (4.44d)
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It remains to bound the terms on RHS(4.17) which are a product of the perturbed modulation functions
(c̃r, c̃%, c̃u, c̃b) and the stationary profiles (%̄, Ū , B̄). For this purpose, we note that for any smooth function f
satisfying f(y) > 0 for y 6= 0, f(y) � |y|a for |y| ≤ 1, f(y) � |y|−c for |y| ≤ 1, and |∇if(y)| .i,c 〈y〉−c−i
for any i ≥ 0, using (4.35) in Lemma 4.9 and the fact that Pl(f)(y) = f(y) for any |y| ≥ 2, we have

|∇iPkf(y)| .i,k |y|k+1−i .i,k |y|k+1−i−a|f(y)|, |y| ≤ 2,

|∇iPkf(y)| = |∇if(y)| .i,c 〈y〉−c−i .i,c 〈y〉−i|f(y)|, |y| ≥ 2.

Applying the above estimates to pairs (f, k) ∈ {(%̄,M), (Ū ,M + 1), (B̄,M + 2)}, using the decay estimates
of W̄ in Lemma 4.3, the vanishing conditions in (4.36), and the asymptotic |C̄| � |x| near x = 0, we obtain

%̄−1 · (|∇iPM(c̃%%̄)|+ |c̃r∇iPM(y · ∇%̄)|) . |y|M+1−i〈y〉−M−1EO,M, (4.44e)

C̄−1 · (|∇iPM+1(c̃uŪ)|+ |∇iPM+1(c̃ry · ∇Ū)|) . |y|M+1−i〈y〉−M−1EO,M, (4.44f)

B̄−1 · (|∇iPM+2(c̃BB̄)|+ |∇iPM+2(c̃ry · ∇B̄)|) . |y|M+1−i〈y〉−M−1EO,M, (4.44g)

where we recall that EO,M ≤ RM,i (for any 0 ≤ i ≤ M + 1) is defined in (4.38).

4.7.4. Summary of the derivations. Combining (4.42), (4.43), (4.44), and using the notation in (4.23), we
derive the equations for (%̃M, ŨM, B̃M) by applying the linear operator PM to (4.17a), PM+1 to (4.17b), and
PM+2 to (4.17c), resulting in

∂τ %̃M = N% + EM,%, EM,% = O(EM,0), (4.45a)

∂τ ŨM = NU + EM,U , EM,U = O(EM,1), (4.45b)

∂τ B̃M = NB + EM,B, EM,B = O(EM,2), (4.45c)

where the nonlinear terms N• are defined as

N% :=− (cry +U)·∇%̃M − 2α%div ŨM + c%%̃M − ŨM ·∇%̄− 2α%̃M div Ū , (4.46a)

NU :=− (cry +U)·∇ŨM − 1
2αB∇%̃M − 1

γ%∇B̃M + cuŨM − ŨM ·∇Ū − 1
2α B̃M∇%̄− 1

γ %̃M∇B̄,

(4.46b)

NB :=− (cry +U)·∇B̃M + cBB̃M − ŨM ·∇B̄, (4.46c)

and the error terms EM,• satisfy the estimates

|∇iEM,%| .i,M %̄(y)|y|M+1−i〈y〉−M−1RM,i(y), (4.47a)

|∇iEM,U | .i,M C̄(y)|y|M+1−i〈y〉−M−1RM,i(y), (4.47b)

|∇iEM,B| .i,M B̄(y)|y|M+1−i〈y〉−M−1RM,i(y), (4.47c)

for any i ≤ M + 3. Here, RM,i is defined in (4.37) and we used that ρ̄(y) � 1, C̄(y) � |y|, B̄(y) � |y|2 for
|y| ≤ 1, and %̄, C̄, B̄ > 0 for all |y| > 0.

We note that the nonlinear terms in (4.46) may also be written in a more compact form by appealing to
the bilinear operators B = (B1,B2,B3) defined earlier in (4.14); indeed, we can rewrite (4.46) as

(N%,NU ,NB) = −cry · ∇W̃M + (c%%̃M, cuŨM, cBB̃M) + B(W , W̃M) + B(W̃M, W̄ ), (4.48)

whereW = (%,U ,B), and W̃M = (%̃M, ŨM, B̃M).

4.8. Bootstrap assumptions. We first define the δ• > 0 parameters which appear at various exponents

δB := c̄B
2c̄r
, δ0 := 1

100 min
(
1− c̄u

c̄r
, 1− δB

)
, δ1 := δB + 8δ0. (4.49a)

Using (4.10), we obtain
δ0 > 0, 0 < δB < δ1 < 1. (4.49b)
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Recall the modified profile ¯̄% = ¯̄%(y, τ) from (4.18) and the profile B̄ = B̄(y) from (4.8). We introduce
the upper (with lower index u) and lower (with lower index l) barrier functions ¯̄%l, ¯̄%u,Bl,Bu,Cl,Cu via

¯̄%l := ¯̄% · 〈y〉−δ0 , ¯̄%u := ¯̄% · 〈y〉δ0 , (4.50a)

Bl := B̄ · 〈y〉−δ0 , Bu := B̄ · 〈y〉δ0 , (4.50b)

Cl := (¯̄%B̄)1/2〈y〉−δ0 , Cu := (¯̄%B̄)1/2〈y〉δ0 . (4.50c)

Then, we impose the bootstrap assumptions
1
4

¯̄%l ≤ % ≤ 4 ¯̄%u,
1
4Bl ≤ B ≤ 4Bu, (4.51)

and

%−1|∇%| ≤ %̄−1|∇%̄|+ |y|−1〈y〉4δ0 , (4.52a)

|∇(U − Ū)| ≤ 〈y〉−1+δB+4δ0 , (4.52b)

B−1|∇B| ≤ B̄−1|∇B̄|+ |y|−1〈y〉4δ0 , (4.52c)

for all y 6= 0 and all τ ≥ 0.

4.9. Consequence of bootstrap assumptions.

4.9.1. Properties of barrier functions. From Remark 4.3 and the definition (4.18), we obtain

¯̄% � 〈y〉
c̄%
c̄r +R(τ)

c̄%
c̄r , %̄ . ¯̄%, |∇k ¯̄%| .k 〈y〉−k ¯̄%, (4.53a)

with implicit constants independent of R0, R(τ). Applying the Leibniz rule and Remark 4.3, we obtain

|∇kB̄| .k 〈y〉−k(B̄ + χ), |∇k(¯̄%B̄)| .k 〈y〉−k(¯̄%B̄ + χ) (4.53b)

for all |y| > 0; here χ is the cutoff function from (4.19). For g ∈ { ¯̄%, B̄, (¯̄%B̄)1/2} we have g2 + χ > 0 for
any y. Using (4.53), and the Leibniz rule, for any a ∈ R, we obtain

|∇k(g2〈y〉2a + χ)1/2| .k,a 〈y〉−k(g2〈y〉2a + χ)1/2, g ∈ { ¯̄%, B̄, (¯̄%B̄)1/2}.

As a result, for the barrier functions g ∈ { ¯̄%l, ¯̄%u,Bl,Bu,Cl,Cu} defined in (4.50), taking a = ±δ0 in the
above estimates, we obtain

|∇k(g2 + χ)1/2| .k 〈y〉−k(g2 + χ)1/2, g ∈ { ¯̄%l, ¯̄%u,Bl,Bu,Cl,Cu}. (4.54a)

Moreover, for k ≥ 0, we have

|∇kg| .k |y|−kg, g ∈ { ¯̄%l, ¯̄%u,Bl,Bu,Cl,Cu}. (4.54b)

4.9.2. Bounds related to the sound speed. Since C = (%B)1/2, using assumptions (4.51), (4.52), we obtain

C−1|∇C| ≤ 1
2 %̄
−1|∇%̄|+ 1

2 B̄−1|∇B̄|+ |y|−1〈y〉4δ0 . |y|−1〈y〉4δ0 , (4.55a)
1
4Cl ≤ C ≤ 4Cu, (4.55b)

for all y 6= 0. The implicit constant appearing on RHS(4.55a) depends only on the profiles.

Since ¯̄% . 1, B̄ . 〈y〉
c̄B
c̄r = 〈y〉2δB (see (4.49a)), Cu(0) = 0, and δ1 < 1, we further obtain

C ≤ 4Cu . |y|〈y〉δB+δ0−1 . |y|〈y〉δ1−4δ0−1 . 〈y〉δ1−4δ0 . (4.55c)

Using that C = (%B)1/2, the above estimate, (4.51), and (4.53), imply that

%̄ . ¯̄% . %〈y〉δ0 , C̄ = (%̄B̄)1/2 . (¯̄%B̄)1/2 . C〈y〉δ0 , B̄ . B〈y〉δ0 , (4.56a)

¯̄%u . %〈y〉2δ0 , Cu . C〈y〉2δ0 , Bu . B〈y〉2δ0 . (4.56b)
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4.9.3. Relative decay of quadratic nonlinearities. Under the bootstrap assumptions (4.52), using bounds on
Ū from Remark 4.3, the fact that U(0) = 0 and c̄u ≤ 1

2 c̄B, we deduce

|y|−1|U |+ |∇U | . 〈y〉−1+ c̄u
c̄r + 〈y〉−1+δB+4δ0 . 〈y〉−1+δB+4δ0 = 〈y〉−1+δ1−4δ0 . (4.57a)

Under the bootstrap assumptions (4.51), (4.52), Remark 4.3, (4.55c), (4.57a), and C = (%B)1/2, we obtain

C−1|U · ∇C|+ B−1|U · ∇B|+ %−1|U · ∇%| . |U |(|y|−1 + |y|−1〈y〉4δ0) . 〈y〉−1+δ1 , (4.57b)

%−1|C∇%|+ B−1|C∇B| . C|y|−1〈y〉4δ0 . 〈y〉−1+δ1 , (4.57c)

where the implicit constants only depend on the profiles.

4.9.4. Weights. We recall that k∗ = 2d+10 was fixed earlier in (4.25). Henceforth, we require the parameter
M (appearing for instance in the definition of W̃M) to satisfy

M ≥ k∗ + 2. (4.58)

The precise value of M is determined later in (4.100).
We recall that the weighted Hk energy Ek defined in (4.24c) contains the weight function

ϕ0(y)|y|2k =: ϕk(y). (4.59)

We impose the following constraints on the weight ϕ0, which is defined precisely in Section 4.12:

C1(ϕ0)ϕ̂0 ≤ ϕ0 ≤ C2(ϕ0)ϕ̂0, ϕ̂0 := |y|−2M−d + 〈y〉−d−4δ0 , (4.60a)

|∇ϕ0| ≤ C3(ϕ0) · |ϕ0| · |y|−1, (4.60b)

for any |y| > 0, where Ci(ϕ0) > 0 are three constants which depend on ϕ0.
In terms of the weight ϕ̂0, it is convenient to define an auxiliary norm for the vector W̃ = (%̃, Ũ , B̃):

‖W̃ ‖2X l :=
∑

0≤i≤l

∥∥ϕ̂1/2
0 |y|

i( ¯̄%u
−1∇i%̃,C−1

u ∇iŨ ,B−1
u ∇iB̃)

∥∥2

L2 . (4.61)

4.9.5. Pointwise estimates. Under the bootstrap assumption (4.51), and its consequence (4.55b), since ¯̄% .
1 and B̄ . 1 for |y| ≤ 1, using the definition of ϕ̂0 in (4.60), for any i ≤ k∗ ≤ M, we obtain

ϕ̂0|y|2ig−2 & ϕ̂0|y|2ig−2
u & 〈y〉−d−4δ0+2i(g2

u + χ)−1, g ∈ {%,C,B}.

From (4.54), we obtain that the weight h = (g2
u +χ)

1
2 , with gu ∈ { ¯̄%u,Bu,Cu}, satisfies |∇ih| .i h〈y〉−1,

which is precisely assumption (B.8) of Lemma B.5. Thus, for k ≤ (k∗ − 1)− d, applying Lemma B.5 and
recalling (4.58) and (4.60)–(4.61), we obtain

(B2
u + χ)−1/2|∇kB̃M| .k∗ 〈y〉2δ0−k‖B̃M · 〈y〉

−d−4δ0
2 (B2

u + χ)−1/2‖L2

+ 〈y〉2δ0−k‖∇k∗−1B̃M · 〈y〉
−d−4δ0

2
+k∗−1(B2

u + χ)−1/2‖L2

.k∗ 〈y〉2δ0−k
(
‖B̃M · ϕ̂

1/2
0 B−1

u ‖L2 + ‖∇k∗−1B̃M · ϕ̂
1/2
0 |y|

k∗−1B−1
u ‖L2

)
.k∗ 〈y〉2δ0−k‖W̃M‖Xk∗−1 . (4.62a)

Similarly, we obtain

( ¯̄%u
2 + χ)−1/2|∇k%̃M|+ (C2

u + χ)−1/2|∇kŨM| .k∗ 〈y〉2δ0−k‖W̃M‖Xk∗−1 . (4.62b)

In particular, the bounds in (4.62a)–(4.62b) show that W̃M(y) ∈ Ck∗−1−d near y = 0, with Ck∗−1−d-norm
(in the unit ball around the origin) bounded by ‖W̃M‖Xk∗−1 . Since M > k∗ − 1 − d by (4.58), it follows
that∇iW̃M(0) = 0 for all i ≤ k∗ − d− 2; thus, we obtain

|∇kW̃M(y)| .k∗ |y|2 max
|y|≤1

|W̃M|Ck+2 .k∗ |y|2‖W̃M‖Xk∗−1 , ∀|y| ≤ 1. (4.62c)
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for all |y| ≤ 1 and all k ≤ k∗−d−4. We deduce that for any k with 0 ≤ k ≤ k∗/2+1 (thus, k ≤ k∗−d−4
cf. (4.25)), by combining estimates (4.62), (4.51), (4.55b), (4.56), and using that ¯̄%u & 1,Cu & |y|,Bu & |y|2
for |y| ≤ 2, we arrive at

|∇k%̃M(y)| .k∗ ¯̄%u(y)〈y〉−k+2δ0‖W̃M‖Xk∗−1 .k∗ %(y)〈y〉−k+4δ0‖W̃M‖Xk∗−1 , (4.63a)

|∇kŨM(y)| .k∗ Cu(y)〈y〉−k+2δ0‖W̃M‖Xk∗−1 .k∗ C(y)〈y〉−k+4δ0‖W̃M‖Xk∗−1 , (4.63b)

|∇kB̃M(y)| .k∗ Bu(y)〈y〉−k+2δ0‖W̃M‖Xk∗−1 .k∗ B(y)〈y〉−k+4δ0‖W̃M‖Xk∗−1 , (4.63c)

for all |y| > 0. In the above displays we have suppressed the time dependence relevant functions.
We recall from (4.21c) that any smooth function g may be decomposed as g = ḡ + Ilg̃ + Plg̃; see

also (4.23). For any k ≥ 0, using Remark 4.3, and the upper bounds for (%̄, C̄, B̄) in (4.56), we obtain

|∇k%̄| .k 1|y|≤1 + %̄〈y〉−k .k %̄|y|−k .k %|y|−k〈y〉δ0 , (4.64a)

|∇kŪ | .k |y|1−k1|y|≤1 + 1|y|≥1C̄〈y〉−k .k C̄|y|−k . C|y|−k〈y〉δ0 , (4.64b)

|∇kB̄| .k |y|2−k1|y|≤1 + 1|y|≥1B̄〈y〉−k .k B̄|y|−k .k B|y|−k〈y〉δ0 . (4.64c)

Similarly, since IM applied to any function is smooth and has support in B2(0), we obtain

|∇kIM%̃| .k,M 1|y|≤2EO,M .k,M %̄|y|−kEO,M .k,M %|y|−k〈y〉δ0EO,M, (4.64d)

|∇kIM+1Ũ | .k,M |y|1−k1|y|≤2EO,M .k,M C̄|y|−kEO,M .k,M C|y|−k〈y〉δ0EO,M, (4.64e)

|∇kIM+2B̃| .k,M |y|2−k1|y|≤2EO,M .k,M B̄|y|−kEO,M .k,M B|y|−k〈y〉δ0EO,M. (4.64f)

The final pointwise estimate is for C̃ := C − C̄. Using the estimates (4.63), (4.64) with k = 0, and the
definition C2 = %B, we bound

|C̃| = |C
2 − C̄2|
C + C̄

=
|B%− B̄%̄|

C + C̄
≤ |B− B̄|%+ B̄|%− %̄|

C + C̄

. (CMEO,M + ‖W̃M‖Xk∗−1)
B%〈y〉4δ0 + B̄%〈y〉4δ0

C + C̄
.

The implicit constant in the above bound is independent of M; to emphasize that the implicit constant
in (4.64d)–(4.64f) does depend on M, we have included the constant CM in the above estimate. Using
(4.51), (4.55), and C2 = %B, we obtain

B%〈y〉4δ0 + B̄%〈y〉4δ0 . B%〈y〉5δ0 = C2〈y〉5δ0 . C|y|〈y〉δB+6δ0−1 . C|y|〈y〉δ1−1.

Combining the above two estimates, we derive the pointwise estimate

|C̃(y)| .
(
CMEO,M + ‖W̃M‖Xk∗−1

)
|y|〈y〉δ1−1, (4.65)

with implicit constant that depends on k∗, but not on M.

4.10. Weighted Hk estimates. Our goal is to perform weighted Hk estimates on the evolution equation
(4.45), for 0 ≤ k ≤ k∗. While the system (4.45) may be diagonalized, we do not do so to simplify the
derivations. For convenience of the reader, we recall from (4.24) the definitions of the relevant energy
norms. For a multi-index α with |α| = k and a large coupling parameter κB > γ−2, to be determined, we
consider

Eα(W̃M) :=
|∂α%̃M|2

(2α%)2
+
|∂αŨM|2

C2
+ κB

|∂αB̃M|2

B2
+

2

γ

∂α%̃M

2α%
· ∂

αB̃M

B
, Ek(W̃M) =

∑
|α|=k

Eα(W̃M).

(4.66)
The associated energy norm Ek is defined by integrating the above against a time-independent weight ϕk,
which is to be defined precisely later:

Ek =

∫
Ek(W̃M)ϕkdy. (4.67)
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4.10.1. Choosing the coupling parameter κB. Note that although the fourth term appearing in the definition
of Eα(W̃M) is not signed, the total energy density Eα(W̃M) is signed (positive). To see this, note that for
γ > 1 we have

2

γ

∣∣∣∣∣∂α%̃M

2α%

∂αB̃M

B

∣∣∣∣∣ ≤ 2

∣∣∣∣∣∂α%̃M

2α%

∂αB̃M

B

∣∣∣∣∣ ≤ κ−1/2
B

(
κB
|∂αB̃M|2

B2
+
|∂α%̃M|2

(2α%)2

)
.

Upon choosing κB ≥ 100, we obtain

κ
−1/2
B < 1

2 =⇒ (1 + κ−1
B )(1− κ−1/2

B )−1 < 1 + 3κ
−1/2
B , (4.68)

and therefore the first inequality in (4.68) implies

(1− κ−1/2
B︸ ︷︷ ︸

≥1/2

)
( |∂α%̃M|2

(2α%)2
+
|∂αŨM|2

C2
+ κB

|∂αB̃M|2

B2

)

≤ Eα(W̃M) ≤ (1 + κ
−1/2
B︸ ︷︷ ︸

≤3/2

)
( |∂α%̃M|2

(2α%)2
+
|∂αŨM|2

C2
+ κB

|∂αB̃M|2

B2

)
. (4.69)

The other constraint on κB relates to the outgoing property of the stationary profiles (cf. (4.9d)). Since
C̄(0) = 0, C̄(y) > 0 for y 6= 0, using the decay estimates (4.9c), we obtain that there exists a finite constant
C = C(4.70) > 0 such that

|C̄(y)| ≤ |y|C(4.70) (4.70)

for any y 6= 0. Thus, if we define

κB = max
{ 1

100
,
36C2

(4.70)

C2
(4.9d)

}
, (4.71)

then the outgoing condition (4.9d) implies

c̄r|y|+ Ū(y)− (1 + 3κ
−1/2
B )C̄(y) ≥

(
C(4.9d) − 3C(4.70)κ

−1/2
B

)
|y| ≥ 1

2C(4.9d)|y|. (4.72)

Remark 4.10 (Treating κB as an absolute constant). Since κB, defined in (4.71), depends only on the
profiles Ū and C̄, and on the parameters α, d, and N, we treat κB as an absolute constant throughout the rest
of the section. As such, we do not explicitly track the dependence of most constants on κB.

4.10.2. Energy identities. The time derivative of Ek is calculated via (4.45)–(4.46), and may be decomposed
as

1

2

dEk
dτ

=
1

2

d

dτ

∫
Ek(W̃M)ϕk =

∑
|α|=k

1

2

d

dτ

∫
Eα(W̃M)ϕk = IE,k +

∑
|α|=k

(IN ,α + Is,α), (4.73a)

where Is,α denotes the terms with time derivative ∂τ acts on the denominators in (4.66)

Is,α=−
∫ (∂τ%

%
· |∂

α%̃M|2

(2α%)2
+
∂τC

C
· |∂

αŨM|2

C2
+
∂τB

B
· κB
|∂αB̃M|2

B2
+ (

∂τ%

%
+
∂τB

B
)
1

γ

∂α%̃M

2α%
· ∂

αB̃M

B

)
ϕk,

(4.73b)
the terms IN ,α are defined in terms of the nonlinear terms N• appearing in (4.45) as

IN ,α :=

∫ (
∂αN% ·

∂α%̃M

(2α%)2
+ ∂αNU ·

∂αŨM

C2
+ κB∂

αNB ·
∂αB̃M

B2

+
1

2αγC2
(∂αN% · ∂αB̃M + ∂αNB · ∂α%̃M)

)
ϕk, (4.73c)
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and IE,k captures the error terms EM,• appearing in (4.45)

IE,k :=
∑
|α|=k

∫ (
∂αEM,% ·

∂α%̃M

(2α%)2
+ ∂αEM,U ·

∂αŨM

C2
+ κB∂

αEM,B ·
∂αB̃M

B2

+
1

2αγC2
(∂αEM,% · ∂αB̃M + ∂αEM,B · ∂α%̃M)

)
ϕk. (4.73d)

The remainder of this subsection is dedicated to bounding the terms Is,α, IN ,α, and IE,k.
To simplify the notation, we shall denote the advection operator A and its action on logϕk by

Af := (cry +U) · ∇f, dϕk :=
(cry +U) · ∇ϕk

ϕk
= A(logϕk). (4.74)

In the following derivations, we use “mathcal” notation I• to denote integrals, and I• to denote the corre-
sponding integrands.

4.10.3. Rewriting Is,α. We rewrite the Is,α term defined in (4.73b) by using the equations (4.6), the defini-
tion C = (%B)1/2, and the identity cu = 1

2(c% + cB), to arrive at

∂τ%

%
= −A%

%
+ c% − 2αdivU

∂τB

B
= −AB

B
+ cB,

∂τC

C
=

1

2
(
∂τ%

%
+
∂τB

B
) = −1

2
(
A%
%

+
AB

B
) + cu − αdivU = −AC

C
+ cu − αdivU .

Recalling (4.73b), it follows that

Is,α =

∫ (
(
A%
%
− c% + 2αdivU) · |∂

α%̃M|2

(2α%)2
+ (
AC

C
− cu + αdivU) · |∂

αŨM|2

C2

+ (
AB

B
− cB) · κB

|∂αB̃M|2

B2
+ (
AC

C
− cu + αdivU)

2

γ

∂α%̃M

2α%
· ∂

αB̃M

B

)
ϕk

=:

∫
Is,αϕk. (4.75)

Note that the bound (4.9c) and the bootstrap (4.52), together with c̄u <
1
2 c̄B, imply the pointwise bound

|divU |(y) ≤ 〈y〉−1+δB+4δ0 + |div Ū |(y) ≤ 〈y〉−1+δB+4δ0 + C(4.9c)〈y〉−1+δB

≤ (1 + C(4.9c))〈y〉−1+δ1−4δ0 . (4.76)

4.10.4. Decomposition of IN ,α into transport, dissipation, and remainders. For any multi-index α with
|α| = k. Applying ∂α to (4.46) and recalling the notation in (4.48) and (4.14), we obtain

∂αN% :=−(cry +U) · ∇∂α%̃M − 2α%div ∂αŨM︸ ︷︷ ︸
:=T%,α

+ (c% − kcr)∂
α%̃M︸ ︷︷ ︸

:=D%,α

+Rα,1, (4.77a)

∂αNU :=−(cry +U) · ∇∂αŨM − 1
2αB∇∂α%̃M − 1

γ%∇∂
αB̃M︸ ︷︷ ︸

:=TU,α

+ (cu − kcr)∂
αŨM︸ ︷︷ ︸

:=DU,α

+Rα,2, (4.77b)

∂αNB :=−(cry +U) · ∇∂αB̃M︸ ︷︷ ︸
:=TB,α

+ (cB − kcr)∂
αB̃M︸ ︷︷ ︸

:=DB,α

+Rα,3, (4.77c)

where theRα,i terms only contain derivatives of order ≤ k acting on W̃M, and are given by

Rα,i = ∂αBi(W , W̃M)− Bi(W , ∂αW̃M) + ∂αBi(W̃M, W̄ ). (4.77d)

In (4.77), we have used the notation T ,D,R to single out transport, dissipative, and remainder terms.
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4.10.5. Estimates of the transport terms T•,α. We rewrite the contribution of the transport terms from (4.77)
to IN ,α in (4.73c) as

IT ,α = −
∫ {
A∂α%̃M ·

∂α%̃M

(2α%)2
+A∂αŨM ·

∂αŨM

C2
+ κBA∂αB̃M ·

∂αB̃M

B2

+
1

2αγC2
(A∂α%̃M · ∂αB̃M +A∂αB̃M · ∂α%̃M) + 2α%div ∂αŨM ·

∂α%̃M

(2α%)2

+
∂αŨM

C2

( 1

2α
B∇∂α%̃M +

1

γ
%∇∂αB̃M

)
+

1

2αγC2
· 2α%div ∂αŨM · ∂αB̃M

}
ϕk

= −
∫ { 1

2(2α%)2
A
∣∣∂α%̃M

∣∣2 +
1

2C2
A
∣∣∂αŨM

∣∣2 +
κB

2B2
A
∣∣∂αB̃M

∣∣2
+

1

2αγC2
A
(
∂α%̃M · ∂αB̃M

)
+

1

2α%
div
(
∂α%̃M ∂αŨM

)
+

1

γB
div
(
∂αB̃M ∂αŨM

)}
ϕk.

In the second equality above, we have used that C2 = %B. Therefore, using integration by parts the diver-
gences and of the advection operator A = (cry +U) · ∇, we obtain

IT ,α =

∫ {∇ · ((cry +U)%−2ϕk)

2%−2ϕk

|∂α%̃M|2

(2α%)2
+
∇ · ((cry +U)C−2ϕk)

2C−2ϕk

|∂αŨM|2

C2

+ κB
∇ · ((cry +U)B−2ϕk)

2B−2ϕk

|∂αB̃M|2

B2
+
∇ · ((cry +U)C−2ϕk)

C−2ϕk

∂α%̃M∂
αB̃M

γ(2α%)B

+
∇(%−1ϕk)

%−1ϕk
· ∂

αŨM∂
α%̃M

2α%
+
∇(B−1ϕk)

B−1ϕk
· ∂

αB̃M · ∂αŨM

γB

}
ϕk

:=

∫ (
IT ,1 + IT ,2 + IT ,3 + IT ,4 + IT ,5 + IT ,6

)
ϕk, (4.78)

where {IT ,i}6i=1 are defined in the natural way, in order of appearance on the right side of (4.78).
Next, we estimate the first-order-derivative-coefficients in the integrands of {IT ,i}6i=1. Under the boot-

strap assumptions (4.51), (4.52), using the decay estimate in (4.76), and using the notation in (4.74) for A
and dϕk , we extract the main terms, which do not posses sufficient decay in y

∇ · ((cry +U)%−2ϕk)

%−2ϕk
= dϕk − 2

A%
%

+ dcr + divU = (dϕk + dcr)− 2
A%
%

+O(〈y〉−1+δ1), (4.79a)

∇ · ((cry +U)C−2ϕk)

C−2ϕk
= dϕk − 2

AC

C
+ dcr + divU = (dϕk + dcr)− 2

AC

C
+O(〈y〉−1+δ1), (4.79b)

∇ · ((cry +U)B−2ϕk)

B−2ϕk
= dϕk − 2

AB

B
+ dcr + divU = (dϕk + dcr)− 2

AB

B
+O(〈y〉−1+δ1). (4.79c)

Applying (4.57), we also obtain

C∇(%−1ϕk)

%−1ϕk
=

C∇ϕk
ϕk

+O(〈y〉−1+δ1),
C∇(B−1ϕk)

B−1ϕk
=

C∇ϕk
ϕk

+O(〈y〉−1+δ1). (4.79d)

It is important to remark that the implicit constants in the O symbols appearing in (4.79) are independent of
ϕk and M.
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Using the above estimates, and recalling the definition of the energy density Eα from (4.66) (or equiva-
lently, using the bound (4.69)), we may bound the terms IT ,i defined in (4.78), for 1 ≤ i ≤ 4, as

IT ,1 + IT ,2 + IT ,3 + IT ,4

≤
(1

2
(dϕk + dcr) + C(4.80a)〈y〉−1+δ1

)
Eα(W̃M)

− A%
%
· |∂

α%̃M|2

(2α%)2
− AC

C
· |∂

αŨM|2

C2
− AB

B
· κB
|∂αB̃M|2

B2
− AC

C
· 2

γ

∂α%̃M

2α%
· ∂

αB̃M

B
, (4.80a)

for a constant C(4.80a) > 0 which is independent of k, M, κB, and the weight ϕk. Similarly, for IT ,5, IT ,6,
we apply the Cauchy-Schwarz inequality and the bound (4.79) to deduce

|IT ,5 + IT ,6| =
∣∣∣C∇(%−1ϕk)

%−1ϕk
· ∂

αŨM

C

∂α%̃M

2α%
+

C∇(B−1ϕk)

B−1ϕk
· 1

γ

∂αB̃M

B

∂αŨM

C

∣∣∣
≤ C(4.80b)〈y〉−1+δ1Eα(W̃M) +

C|∇ϕk|
ϕk

( |∂αŨM|
C

|∂α%̃M|
2α%

+
1

γ

|∂αB̃M|
B

|∂αŨM|
C

)
, (4.80b)

for a constant C(4.80b) > 0 which is independent of k, M, and the weight ϕk. Since γ > 1, applying the
Cauchy-Schwarz inequality and the bound (4.69), we note that

|∂αŨM|
C

|∂α%̃M|
2α%

+
1

γ

|∂αB̃M|
B

|∂αŨM|
C

≤ 1

2

( |∂αŨM|2

C2
+
|∂α%̃M|2

(2α%)2
+ κ−1

B

|∂αŨM|2

C2
+ κB

|∂αB̃M|2

B2

)
≤

1 + κ−1
B

2
(1− κ−1/2

B )−1Eα(W̃M).

Combining the above two estimates and using the second bound in (4.68), we derive

|IT ,5 + IT ,6| ≤ C(4.80b)〈y〉−1+δ1Eα(W̃M) +
1 + 3κ

−1/2
B

2
· |C∇ϕk|

ϕk
Eα(W̃M). (4.80c)

4.10.6. Rewriting the dissipative terms D•,α. Recall from (4.77) the definitions of the dissipative terms
D•,α; their contribution to the energy estimate is via (4.73c), and is given by

ID,α =

∫ (
D%,α

∂α%̃M

(2α%)2
+DU,α

∂αŨM

C2
+ κBDB,α

∂αB̃M

B2
+

1

2αγC2
(D%,α∂αB̃M +DB,α∂

α%̃M)
)
ϕk

=

∫ (
(c% − kcr)

|∂α%̃M|2

(2α%)2
+ (cu − kcr)

|∂αŨM|2

C2
+ κB(cB − kcr)

|∂αB̃M|2

B2

+ (cu − kcr)
2

γ

∂αB̃M

B

∂α%̃M

2α%

)
ϕk =:

∫
ID,αϕk, (4.81)

Note that the main terms in ID,α (cf. (4.81)), Is,α (cf. (4.75)), and the terms on the last row of (4.80a) cancel
each other.

4.10.7. Combining the bounds for the principal terms. Combining the bounds in (4.80a) and (4.80c), with
the identities in (4.75) and (4.81), and then using 2cu = cB + c% (cf. (4.4c)), the bound in (4.76), and the
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energy Eα (cf. (4.66)), for |α| = k we obtain∑
1≤i≤6

IT ,i + ID,α + Is,α

≤
(1

2
(dϕk + dcr)− kcr

)
Eα(W̃M)

+ (1 + C(4.80a) + C(4.9c) + C(4.80b))〈y〉−1+δ1Eα(W̃M) +
1 + 3κ

−1/2
B

2

|C∇ϕk|
ϕk

Eα(W̃M)

=
1

2

(
dϕk + (d− 2k)cr + (1 + 3κ

−1/2
B )

|C∇ϕk|
ϕk

)
Eα(W̃M) + C〈y〉−1+δ1Eα(W̃M), (4.82)

with implicit constant C = C(4.82) > 0 independent of the choice of ϕk and M .

4.10.8. Estimates for the lower order termsRα,•. We bound the contribution of the remaindersRα,1,Rα,2,
andRα,3 appearing in (4.77).

We begin with the pointwise estimate for Rα,1. From the definition of Bi in (4.14), applying ∂α to
(4.77d), using the decomposition in (4.23), and rewriting functions as g = ḡ + Ilg̃ + Plg̃, we estimate

|Rα,1| ≤ |∂αB1(W , W̃M)− B1(W , ∂αW̃M)|+ |∂αB1(W̃M, W̄ )|

.k
∑

1≤i≤k
|∇iU | · |∇k+1−i%̃M|+ |∇i%| · |∇k+1−iŨM|

+
∑

0≤i≤k
|∇iŨM| · |∇k+1−i%̄|+ |∇i%̃M| · |∇k+1−iŪ |

.k
∑

1≤i≤k
|∇iŨM · ∇k+1−i%̃M|

+
∑

0≤i≤k
|∇iŨM| · |∇k+1−i(%̄, IM%̃)|+ |∇i%̃M| · |∇k+1−i(Ū , IM+1Ũ)|

:= Rα,1,I +Rα,1,II .
ForRα,1,I , since k ≤ k∗ and min(i, k + 1− i) ≤ k∗/2 + 1 we may apply estimate (4.63) to obtain

Rα,1,I .k
∑

1≤i≤k
〈y〉−(k+1−i)+4δ0(%|∇iŨM|+ C|∇i%̃M|)‖W̃M‖Xk∗−1 .

For the second summation, we apply estimates in (4.64) to∇k+1−i(ḡ, Ilg) with l ∈ {M,M +1}, and deduce

|Rα,1,II | .k
∑

0≤i≤k

(
1 + CMEO,M)|y|−(k+1−i)〈y〉δ0(C|∇i%̃M|+ %|∇iŨM|

)
.

Combining the two bounds above it follows that

|Rα,1| .k (‖W̃M‖Xk∗−1 + 1 + CMEO,M)
∑

0≤i≤k
|y|−(k+1−i)〈y〉4δ0 · (C|∇i%̃M|+ %|∇iŨM|). (4.83a)

Similarly, for the terms Rα,2,Rα,3 defined in (4.77), using the Leibniz rule and the pointwise estimates
(4.63), (4.64), we obtain

|Rα,2| .k
∑

1≤i≤k
|∇iU | · |∇k+1−iŨM|+ |∇iB| · |∇k+1−i%̃M|+ |∇i%| · |∇k+1−iB̃M| (4.83b)

+
∑

0≤i≤k
|∇iŨM| · |∇k+1−iŪ |+ |∇iB̃M| · |∇k+1−i%̄|+ |∇i%̃M| · |∇k+1−iB̄|

.k (‖W̃M‖Xk∗−1 + 1 + CMEO,M)
∑

0≤i≤k
|y|−(k+1−i)〈y〉4δ0(C|∇iŨM|+ B|∇i%̃M|+ %|∇iB̃M|),
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and also

|Rα,3| .k
∑

1≤i≤k
|∇iU | · |∇k+1−iB̃M|+

∑
0≤i≤k

|∇iŨM| · |∇k+1−iB̄| (4.83c)

.k (‖W̃M‖Xk∗−1 + 1 + CMEO,M)
∑

0≤i≤k
|y|−(k+1−i)〈y〉4δ0(B|∇iŨM|+ C|∇iB̃M|).

For the bounds in (4.83) to be useful, we still need to estimate the W –to–W̃M products present in the
summations over 0 ≤ i ≤ k in (4.83). Using that C . |y|〈y〉δB+δ0−1 (cf. (4.55c)), the bootstrap in (4.51)
and its consequence (4.55b), the gu . g〈y〉2δ0 for g ∈ {C, %,B} (cf. (4.56)), we obtain

%−1(C|∇i%̃M|+ %|∇iŨM|) = C(%−1|∇i%̃M|+ C−1|∇iŨM|)

. |y|〈y〉δB+3δ0−1
(

¯̄%u
−1|∇i%̃M|+ C−1

u |∇iŨM|
)
.

Similarly, using C2 = %B, we obtain

C−1(C|∇iŨM|+ B|∇i%̃M|+ %|∇iB̃M|) = C(C−1|∇iŨM|+ %−1|∇i%̃M|+ B−1|∇iB̃M|)

. |y|〈y〉δB+3δ0−1
(
C−1

u |∇iŨM|+ ¯̄%u
−1|∇i%̃M|+ B−1

u |∇iB̃M|
)
,

and

B−1(B|∇iŨM|+ C|∇iB̃M|) = C(C−1|∇iŨM|+ B−1|∇iB̃M|)

. |y|〈y〉δB+3δ0−1(C−1
u |∇iŨM|+ B−1

u |∇iB̃M|).

Since δ1 < 1 and δB +8δ0−1 = δ1−1 < 1
2(δ1−1) (see definition (4.49a)), plugging the above estimates

in (4.83), we obtain

%−1|Rα,1|+ C−1|Rα,2|+ B−1|Rα,3| (4.84)

.k (‖W̃M‖Xk∗−1 + 1 + CMEO,M)
∑

0≤i≤k
〈y〉δB+7δ0−1|y|−(k−i)( ¯̄%u

−1|∇i%̃M|+ C−1
u |∇iŨM|+ B−1

u |∇iB̃M|
)

.k (‖W̃M‖Xk∗−1 + 1 + CMEO,M)
∑

0≤i≤k
〈y〉

1
2

(δ1−1)|y|−(k−i)( ¯̄%u
−1|∇i%̃M|+ C−1

u |∇iŨM|+ B−1
u |∇iB̃M|

)
.

With (4.84) in hand, we turn to estimating the Rα,• contribution to IN ,α, which is derived from (4.73c)
and (4.77), and is bounded using Cauchy-Schwartz as (we also recall the definitions of the energies in (4.66)–
(4.67) and their estimates (4.69) )∫ ∣∣∣Rα,1 ∂α%̃M

(2α%)2
+Rα,2

∂αŨM

C2
+ κBRα,3

∂αB̃M

B2
+

1

2αγ%B
(Rα,1∂αB̃M +Rα,3∂α%̃M)

∣∣∣ϕk .k I1/2
R,αE

1/2
k ,

(4.85a)

where44

IR,α :=

∫
ϕk
(
%−2R2

α,1 + C−2R2
α,2 + B−2R2

α,3

)
. (4.85b)

To estimate IR,α, we use the fact that ϕk = |y|2kϕ0 (cf. (4.59)), the estimate (4.84), and recall the definition
of the X l-norm in (4.61), to conclude

IR,α .k (‖W̃M‖Xk∗−1 + 1 + CMEO,M)2

∫
〈y〉δ1−1ϕk( ¯̄%u

−2|∇k%̃M|2 + C−2
u |∇kŨM|2 + B−2

u |∇kB̃M|2)

+ (‖W̃M‖Xk∗−1 + 1 + CMEO,M)2C2(ϕ0)‖W̃M‖2Xk−1 . (4.85c)

44We recall from Remark 4.10 that κB, as defined in (4.71), is treated as an absolute constant.
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For the second term in the above bound we have used (4.60), have recalled the definition (4.61), and the fact
that δ1 < 1. Using that g−1

u . g−1 for g ∈ {B,C, %} (cf. (4.51), (4.55)), and recalling the notation for Ek
from (4.66), we arrive at

IR,α ≤ C(4.85d)(‖W̃M‖Xk∗−1 + 1 + CMEO,M)2
(∫
〈y〉δ1−1Ek(W̃M)ϕk + C(ϕ0)‖W̃M‖2Xk−1

)
, (4.85d)

where the constant C(4.85d) > 0 depends on k, but is independent of the weight ϕ0.

4.10.9. Estimate for the error term IE,k. Returning to (4.73a), we are only missing a bound for the error
term IE,k defined in (4.73d). First, analogously to (4.85a) we have

IE,k .k J
1/2
E,k E

1/2
k (4.86a)

where

JE,k :=

∫
ϕk
(
%−2|∇kEM,%|2 + C−2|∇kEM,U |2 + B−2|∇kEM,B|2

)
. (4.86b)

We recall that the error terms EM,• satisfy the bounds (4.47); by also appealing to (4.56), we obtain

JE,k .k,M
∫
ϕ0〈y〉2δ0 min

(
|y|M+1, 1

)2 R2
M,kdy

.k,M E2
O,M

∫
ϕ0〈y〉2δ0 min

(
|y|M+1, 1

)2(
1 + |W̃M|2ΓkM+1,M+2,M+3

)
dy︸ ︷︷ ︸

=:JE,k,1+JE,k,2

, (4.86c)

where JE,k,1,JE,k,2 denote the integrals associated with 1 and the function |W̃M|2ΓkM+1,M+2,M+3

, respectively.

In the second inequality above we have used the definition ofRM,k in (4.37), namely

RM,k = EO,M + EO,M|W̃M|ΓkM+1,M+2,M+3
.

Using the definition of Γkl in (4.32) and the bound min(|y|M+1, 1)|y|−M−1 .M 〈y〉−M−1, we obtain

min(|y|M+1, 1)|W̃M(y)|ΓkM+1,M+2,M+3

. min(|y|M+1, 1)
∑

0≤i≤k

(
|y|i−M−1|∇i%̃M(y)|+ |y|i−M−2|∇iŨM(y)|+ |y|i−M−3|∇iB̃M(y)|

)
.M 〈y〉−M−1

∑
0≤i≤k

|y|i
(
|∇i%̃M(y)|+ |y|−1|∇iŨM(y)|+ |y|−2|∇iB̃M(y)|

)
.

Using the above estimate and the interpolation Lemma B.4,45 we obtain

JE,k,2 :=

∫
ϕ0〈y〉2δ0 min(|y|M+1, 1)2|W̃M(y)|2

ΓkM+1,M+2,M+3

≤ C(ϕ0, k,M)

∫
ϕ0〈y〉2δ0−2M−2

∑
i∈{0,k}

|y|2i(|∇i%̃M|2 + |y|−2|∇iŨM|2 + |y|−4|∇iB̃M|2).

Note that Remark 4.3, the bootstrap assumptions (4.51), (4.55), and the bound δB + 2δ0 < 1 (cf. (4.49a)),
imply that % . 1,C . |y|,B . |y|2. Further using the energy (4.66), the bound in the previous display, and

45Here Lemma B.4 is applied with the weights ϕ0〈y〉2(δ0−M−1)|y|2(n−`) for ` ∈ {0, 1, 2}. One may check that these weights
satisfy (B.4) with C(A1, n) = 1 and C(A2, n) = C(ϕ0,M, n). Here we are using that the weight ϕ0 is constructed to satisfy the
bound |∇ϕ0| ≤ C(ϕ0)|y|−1ϕ0 for some constant C(ϕ0) > 1; see (4.60b).
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also 2δ0 − 2M− 2 < 0 (cf. (4.49a)), we thus obtain

JE,k,2 ≤ C(ϕ0, k,M)
∑

i∈{0,k}

∫
ϕ0〈y〉2δ0−2M−2|y|2i

(
%−2|∇i%̃M|2 + C−2|∇iŨM|2 + B−2|∇iB̃M|2

)
≤ C(ϕ0, k,M)

∫
〈y〉2δ0−2M−2

(
ϕ0E0(W̃M) + ϕkEk(W̃M)

)
≤ C(ϕ0, k,M)(E0 + Ek).

Returning to (4.86c), for the first integral we appeal to the bound (4.60) for ϕ0 and obtain

JE,k,1 :=

∫
ϕ0〈y〉2δ0 min(|y|M+1, 1)2 ≤ C2(ϕ0)

∫
(|y|−d+21|y|≤1 + 〈y〉−2δ0−d1|y|≥1) ≤ C(ϕ0).

Combining the estimates in the above two displays, we thus have

JE,k ≤ C(ϕ0, k,M)E2
O,M

(
1 + E0 + Ek

)
. (4.87a)

Together with (4.86a), the bound (4.87a) provides an estimate for IE,k (defined in (4.73d)):

|IE,k| ≤ C(ϕ0, k,M)EO,M
(
1 + E0 + Ek

)1/2
E

1/2
k . (4.87b)

4.11. Summary of the estimates. We now have bounded all terms on the right side of (4.73a).
By summing (4.87b) with the sum over |α| = k ≥ 1 in (4.82), (4.85), we arrive at

1

2

dEk
dτ
≤ 1

2

∫ (
dϕk + (d− 2k)cr + (1 + 3κ

−1/2
B )

|C∇ϕk|
ϕk

+ C
(0)
(4.88)〈y〉

δ1−1
)
Ek(W̃M)ϕk

+ C
(k)
(4.88)

(
1 + ‖W̃M‖2Xk∗−1 + C

(M)
(4.88)E

2
O,M

)(∫
〈y〉δ1−1Ek(W̃M)ϕk + C

(ϕ0)
(4.88)‖W̃M‖2Xk−1

)
+ C

(ϕ0,k,M)
(4.88) E2

O,M

(
1 + E0 + Ek

)
+

c̄rδ0

4
Ek, (4.88)

where the various constants appearing in (4.88) have the following dependences:

• C(0)
(4.88) > 0 is a constant that is independent of ϕ0, k,M;

• C(M)
(4.88) > 0 is a constant that only depends on M;

• C(k)
(4.88) > 0 is a constant that only depends on k;

• C(ϕ0)
(4.88) > 0 is a constant that only depends on ϕ0;

• C(ϕ0,k,M)
(4.88) > 0 is a constant that only depends on ϕ0, k,M.

Note that since δ0, κB depend only on d, α,N, and the self-similar exponents (cf. (4.49a), (4.71)), we do not
track the dependence of various constants on δ0, κB.

In the case of k = 0, we do not have terms with i ≤ k − 1 derivatives in the estimates ofRα,i (cf. (4.84)
and (4.85)), which contributes to the terms ‖W̃M‖Xk−1 in (4.88). Thus, for k = 0 the bound we obtain is

1

2

dE0

dτ
≤ 1

2

∫ (
dϕ0 + dcr + (1 + 3κ

−1/2
B )

|C∇ϕ0|
ϕ0

+ C
(0)
(4.89)〈y〉

δ1−1
)
E0(W̃M)ϕ0

+ C
(0)
(4.89)

(
‖W̃M‖2Xk∗−1 + C

(M)
(4.89)E

2
O,M

) ∫
〈y〉δ1−1E0(W̃M)ϕ0

+ C
(ϕ0,M)
(4.89) E2

O,M

(
1 + E0

)
+

c̄rδ0

4
E0 , (4.89)

where the various constants appearing in (4.89) have the following dependences:

• C(0)
(4.89) > 0 is a constant that is independent of ϕ0,M;

• C(M)
(4.89) > 0 is a constant that only depends on M;

• C(ϕ0,M)
(4.89) > 0 is a constant that only depends on ϕ0,M.
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4.12. Choosing M and ϕ0. We aim to choose M sufficiently large and suitably construct the weight func-
tion ϕ0, in order to obtain linear stability for E0 and nonlinear stability for Ek∗+νE0, for a suitable coupling
parameter ν > 0. In this direction, we have:

Lemma 4.11 (Choice of M and ϕ0). Suppose that the bootstrap assumptions (4.51) and (4.52) hold. Let
ϕk∗ = |y|2k∗ϕ0, with k∗ defined in (4.25). Let κB be as in (4.71). Fix the constants C(0)

(4.89) > 0 appearing in

(4.89), and the constants C(0)
(4.88), C

(k∗)
(4.88) > 0 appearing in (4.88) when k = k∗.

There exists a sufficiently large integer M satisfying M ≥ k∗ + 2 (cf. (4.58)), and a weight function ϕ0

satisfying (4.60), such that the following estimates hold for any y ∈ Rd :

dϕ0 + dcr + (1 + 3κ
− 1

2
B )
|C∇ϕ0|
ϕ0

+ C
(0)
(4.89)〈y〉

−1+δ1 ≤ −2c̄rδ0 + C(4.90)ÊM,

(4.90a)

dϕk∗ + (d− 2k∗)cr + (1 + 3κ
− 1

2
B )
|C∇ϕk∗ |
ϕk∗

+ (C
(0)
(4.88) + 2C

(k∗)
(4.88))〈y〉

−1+δ1 ≤ −2c̄rδ0 + C(4.90)ÊM,

(4.90b)

where ÊM := ‖W̃M‖Xk∗−1 + EO,M, dϕk = (cry+U)·∇ϕk
ϕk

(cf. (4.74) for k ∈ {0, k∗}), and C(4.90) > 0 is a
constant that depends on the choice of ϕ0 and M.

Proof of Lemma 4.11. Note that k∗, C
(0)
(4.89), C

(0)
(4.88), C

(k∗)
(4.88), and κB only depend on α, d,N and the profile;

we treat these as absolute constants.
Let 0 < R2 < R3 and an integer ` ≥ 1, to be chosen later, and define

ϕ0 := ϕ̂0 ψ
`, ϕ̂0 := |y|−2M−d + 〈y〉−d−4δ0 , (4.91a)

where ψ ∈ C∞(Rd) is radially symmetric, to be chosen later, and satisfies

ψ(y) = 1, |y| ≤ 1
2R2, ψ(y) = 1

2 , |y| ≥ 2R3,
1
2 ≤ ψ(y) ≤ 1, y ∈ Rd, (4.91b)

∂rψ(y) ≤ 0, y ∈ Rd, ∂rψ(y) < 0, |y| ∈ [R2, R3]. (4.91c)

Here ∂rψ denotes the radial derivative y
|y| ·∇ψ. We determine the aforementioned parameters and the weight

ψ in the following order
M R2  R3  ψ  `,

with each parameter in this sequence being allowed to depend on those chosen earlier.
We verify that (4.91) implies (4.60). First, we note that by definition we have the useful property

∂rϕ0(y) ≤ 0, ∀ y ∈ Rd. (4.92)

Then, using the definition of ϕ0 in (4.91c), we obtain

2−`ϕ̂0 ≤ ϕ0 ≤ ϕ̂0,
|y · ∇ϕ0|

ϕ0
≤ `|y||∇ψ|

ψ
+
|y||∇ϕ̂0|
ϕ̂0

≤ C3(ϕ0) <∞, (4.93a)

where C3(ϕ0) = 2M + 2d + 1 + 2`maxR2/2≤r≤2R3
|r∂rψ|. Thus, ϕ0 satisfies properties (4.60) with

constants C1(ϕ0) = 2−`, C2(ϕ0) = 1, and C3(ϕ0) as defined before.
Further, using (4.57), (4.55c), (4.64), (4.63), (4.65), and (4.93a), we obtain

(|U |+ |C|) |∇ϕ0|
ϕ0

. |y| |∇ϕ0|
ϕ0

.ϕ0 1, (|Ũ |+ |C̃|) |∇ϕ0|
ϕ0

.ϕ0,M ÊM, (4.93b)

where ÊM = EO,M + ‖W̃M‖Xk∗−1 .
In order to conclude the proof of Lemma 4.11, it remains to establish the two bounds in (4.90).
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Derivation of the main terms. Recall the definition of dϕk from (4.74); in particular, since ϕk∗ = |y|2k∗ϕ0,

we have ∇ϕk∗ϕk∗
= ∇ϕ0

ϕ0
+ 2k∗

y
|y|2 . Thus, we obtain

LHS(4.90b) ≤
(cry +U) · ∇ϕ0

ϕ0
+ (1 + 3κ

−1/2
B )

|C∇ϕ0|
ϕ0

+
(

(d− 2k∗)cr + 2k∗
(cry +U) · y
|y|2

+ 2k∗(1 + 3κ
−1/2
B )

C

|y|

)
+ (C

(0)
(4.88) + 2C

(k∗)
(4.88))〈y〉

−1+δ1

=: I1 + I2 + I3 + (C
(0)
(4.88) + 2C

(k∗)
(4.88))〈y〉

−1+δ1 .

For I3, since κB defined in (4.71) is an absolute constant, and since k∗ = 2d+ 10 (cf. (4.25)) is an absolute
constant, using (4.55c) and (4.57a), we obtain

I3 = dcr + 2k∗
U(y) · y
|y|2

+ 2k∗(1 + 3κ
−1/2
B )

C

|y|
≤ dcr + C(4.94)〈y〉−1+δ1 . (4.94)

for some absolute constant C(4.94) > 0. Combining the above estimates and the formula of LHS(4.90a), we
obtain

max
{

LHS(4.90a), LHS(4.90b)
}
≤ dcr +

(cry +U) · ∇ϕ0

ϕ0
+ (1 + 3κ

−1/2
B )

|C∇ϕ0|
ϕ0

+ µ〈y〉−1+δ1

=: dcr + I1 + I2 + µ〈y〉−1+δ1 . (4.95)

where
µ := max

{
C

(0)
(4.89), C

(0)
(4.88) + 2C

(k∗)
(4.88) + C(4.94)

}
. (4.96)

is an absolute constant.
Decomposing cr = c̄r + c̃r,U = Ū + Ũ ,C = C̄ + C̃, using (4.93), and |c̃r| ≤ EO,M (4.38), we derive

the main terms

I1 =
(c̄ry + Ū) · ∇ϕ0

ϕ0
+

(c̃ry + Ũ) · ∇ϕ0

ϕ0
≤ (c̄ry + Ū) · ∇ϕ0

ϕ0
+ C(ϕ0,M)ÊM,

I2 ≤ (1 + 3κ
−1/2
B )

( |C̄∇ϕ0|
ϕ0

+
|C̃∇ϕ0|
ϕ0

)
≤ (1 + 3κ

−1/2
B )

|C̄∇ϕ0|
ϕ0

+ C(ϕ0,M)ÊM,

dcr ≤ dc̄r + dc̃r ≤ dc̄r + dÊM.

Note that Ū = Ū(|y|) y
|y| , and ϕ0 is radially symmetric and decreasing (cf. (4.92)), so that |∇ϕ0| = −∂rϕ0.

Combining this information with the above three estimates, we obtain

dcr + I1 + I2 + µ〈y〉−1+δ1 ≤ I(ϕ0) + dc̄r + C(ϕ0,M)ÊM + µ〈y〉−1+δ1 , (4.97a)

where I(ϕ0) is defined by setting g = ϕ0 in

I(g) :=
(
c̄rr + Ū − (1 + 3κ

−1/2
B )C̄

)∂rg
g
, (4.97b)

with r = |y| and ∂r = y
|y| · ∇. Note that the definition (4.91) implies ∂rϕ0

ϕ0
= ∂rϕ̂0

ϕ̂0
+ `∂rψψ ; thus, with the

notation in (4.97b) we may decompose

I(ϕ0) = I(ϕ̂0) + `I(ψ). (4.97c)

At this stage we record a crucial lower bound, which is a consequence of the outgoing condition (4.9d)
and our choice of κB in (4.71): from (4.72) and C̄(y) ≥ 0 we obtain

c̄rr + Ū(y)− (1 + 3κ
−1/2
B )C̄(y) ≥ a∗r > 0, a∗ = 1

2C(4.9d) > 0, (4.98)

for all r = |y| > 0.
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The choice of M and R2 : |y| � 1. By definition (4.91a) we have that ϕ̂0 = r−2M−d+ 〈r〉−d−4δ0 , and using
the fact that |r〈r〉−1 − 1| ≤ 〈r〉−1, we obtain

r∂rϕ̂0

ϕ̂0
=
−(2M + d)r−2M−d − (d+ 4δ0)r〈r〉−d−4δ0−1

r−2M−d + 〈r〉−d−4δ0

≤ −(2M + d)r−2M−d − (d+ 4δ0)〈r〉−d−4δ0

r−2M−d + 〈r〉−d−4δ0
+ (d+ 4δ0)〈r〉−1

= −(d+ 4δ0)− (2M− 4δ0)r−2M−d

r−2M−d + 〈r〉−d−4δ0
+ (d+ 4δ0)〈r〉−1

≤ −(d+ 4δ0)− 2M− 4δ0

1 + r2M−4δ0
+ (d+ 4δ0)〈r〉−1. (4.99)

Using (4.97), the fact that ∂rϕ̂0 < 0 (this follows from (4.91)), and the above estimates, we obtain

I(ϕ̂0) + µ〈y〉−1+δ1 ≤ a∗r∂rϕ̂0

ϕ̂0
+ µ〈y〉−1+δ1

≤ a∗
(
− (d+ 4δ0)− 2M− 4δ0

1 + r2M−4δ0

)
+
(
a∗(d+ 4δ0) + µ

)
〈r〉−1+δ1 ,

where we recall that µ is the absolute constant defined in (4.96).
In light of the above estimate, we choose M as

M := max

(⌈
dc̄r + µ+ 1 + a∗(4δ0 + 1)

2a∗

⌉
, k∗ + 2

)
. (4.100)

so that the constraint (4.58) is satisfied. Using continuity in r, the bounds δ1 ≤ 1 and 2M − 1 − 4δ0 > 0,
we deduce that there exists 0 < R2 � 1, depending on M, such that

I(ϕ̂0) + µ〈y〉−1+δ1 ≤ a∗(−(d+ 4δ0)− (2M− 4δ0 − 1)) +
(
a∗(d+ 4δ0) + µ

)
≤ −a∗(2M− 4δ0 − 1) + µ

≤ −1− dc̄r, (4.101)

for any r = |y| ≤ R2. Specifically, we may choose R2 := (2M− δ0 − 1)1/(2M−4δ0).
The choice of R3 : |y| � 1. We combine definition (4.97b) with the bounds (4.9c), c̄u/c̄r < δB < δ1

(cf. (4.49a)), 3κ
−1/2
B < 1, and (4.71), to obtain

I(ϕ̂0) ≤ c̄r
r∂rϕ̂0

ϕ̂0
+
|Ū |+ 2|C̄|
|y|

· r|∂rϕ̂0|
ϕ̂0

≤ c̄r
r∂rϕ̂0

ϕ̂0
+ (2M + 2d+ 1)

|Ū |+ 2|C̄|
|y|

≤ c̄r
r∂rϕ̂0

ϕ̂0
+ (2M + 2d+ 1)C(4.9c)〈y〉−1+δ1 ,

where C(4.9c) > 0 is the absolute constant in the second inequality of (4.9c), for k ∈ {0, 1}. Since M > 2δ0,
using (4.99) we obtain

I(ϕ̂0) + µ〈y〉−1+δ1 ≤ −(d+ 4δ0)c̄r + µ2〈y〉−1+δ1 , (4.102a)

for all y ∈ Rd, where µ2 := d + 4δ0 + (2M + 2d + 1)C(4.9c) depends M. Since δ1 < 1, there exists a
sufficiently large R3, such that

I(ϕ̂0) + µ〈y〉−1+δ1 ≤ −(d+ 3δ0)c̄r, ∀|y| ≥ R3. (4.102b)

Specifically, we may choose R3 := 1 + (µ2/(δ0c̄r))
1/(1+δ1).
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Choosing ψ and ` : |y| = O(1). With M, R2, R3 already chosen, we let ψ be any smooth function satisfying
(4.91b)–(4.91c). Since ∂rψ ≤ 0, using (4.98) and (4.97b), we obtain

I(ψ) ≤ 0,

which along with (4.101) and (4.102) imply

I(ϕ̂0) + `I(ψ) + dc̄r + µ〈y〉−1+δ1 ≤ −1− dc̄r + dc̄r ≤ −1, ∀|y| ≤ R2, (4.103a)

I(ϕ̂0) + `I(ψ) + dc̄r + µ〈y〉−1+δ1 ≤ −(d+ 3δ0)c̄r + dc̄r ≤ −3δ0c̄r, ∀|y| ≥ R3. (4.103b)

Since ∂rψ
ψ < 0 for |y| ∈ [R2, R3] (cf. (4.91c)), there exists a strictly positive constanat C(R2, R3) > 0

such that

r∂rψ(y)

ψ(y)
≤ −C(R2, R3), ∀ R2 ≤ |y| ≤ R3.

Recall the parameters µ2 from (4.102a) and a∗ from (4.98); in terms of these, we define ` as

` =

⌈
µ2

a∗C(R2, R3)

⌉
. (4.104)

Using (4.98), ∂rψ ≤ 0 and the above estimates, for |y| ∈ [R2, R3], we derive

` · I(ψ) ≤ `a∗
r∂rψ

ψ
≤ −`a∗C(R2, R3) ≤ −µ2,

which along with (4.102a) implies

I(ϕ̂0) + `I(ψ) + dc̄r + µ〈y〉−1+δ1 ≤ −(d+ 4δ0)c̄r − µ2 + dc̄r + µ2〈y〉−1+δ1

≤ −4δ0c̄r, ∀|y| ∈ [R2, R3]. (4.105)

Combining (4.95), (4.97), (4.103), and (4.105), we prove

max{LHS(4.90a), LHS(4.90b)} ≤ −3δ0c̄r + C(ϕ0,M)ÊM.

This concludes the proof of (4.90), and hence of the Lemma. �

4.13. Closing the stability estimates. We are in a position to complete the nonlinear stability estimate
stated in (4.28). As we have determined ϕ0 and M in Section 4.12, in order to simplify notation we do not
track their dependence in various constants in this section. The implicit constants C appearing below may
depend on κB, ϕ0, M, d, and on the profile.

Assuming the bootstrap assumptions (4.51)–(4.52), upon combining (4.90a) and (4.89), and using that
δ1 < 1 and EO,M < 1 (cf. (4.29)), we obtain

1

2

d

dτ
E0 ≤

(
− c̄rδ0 + C‖W̃M‖Xk∗−1 + CEO,M

)
E0

+ C
(
‖W̃M‖2Xk∗−1 + E2

O,M

) ∫
〈y〉δ1−1E0(W̃M)ϕ0 + CE2

O,M

(
1 + E0

)
+

c̄rδ0

4
E0

≤ −3c̄rδ0

4
E0 + C(4.106)(‖W̃M‖Xk∗−1 + ‖W̃M‖2Xk∗−1 + EO,M)E0 + C(4.106)E

2
O,M, (4.106)
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for a constant C(4.106) > 0. Similarly, upon combining (4.90b) with (4.88) when k = k∗, and using that
δ1 < 1 and EO,M < 1 (cf. (4.29)), we derive

1

2

d

dτ
Ek∗ ≤

(
− c̄rδ0 + C‖W̃M‖Xk∗−1 + CEO,M

)
Ek∗ + C‖W̃M‖2Xk∗−1

+ C
(
‖W̃M‖2Xk∗−1 + E2

O,M

)(∫
〈y〉δ1−1Ek∗(W̃M)ϕk∗ + ‖W̃M‖2Xk∗−1

)
+ CE2

O,M

(
1 + E0 + Ek∗

)
+

c̄rδ0

4
Ek∗

≤ −3c̄rδ0

4
Ek∗ + C(4.107)‖W̃M‖2Xk∗−1 + C(4.107)E

2
O,M

+ C(4.107)(‖W̃M‖Xk∗−1 + ‖W̃M‖2Xk∗−1 + EO,M)(E0 + Ek∗ + ‖W̃M‖2Xk∗−1), (4.107)

for a constant C(4.107) > 0. Note that since we have determined ϕ0 and M in Section 4.12, and k∗ has been
chosen in (4.25), we do not track their dependence in constants in the above estimates.

4.13.1. Interpolation. We recall that the norm ‖ · ‖Xk∗−1 is defined by setting l = k∗− 1 in (4.61). Our aim
is to interpolate ‖W̃M‖Xk∗−1 between E0 and Ek∗ .

To do this, we consider the interpolation Lemma B.4 with the sequence of weights wn(y) = |y|2nϕ0g
−2
u

for g ∈ { ¯̄%,C,B}. In order to verify that these weights wn satisfy assumption (B.4), we first note that by
definition it holds that

wn = (wn−1wn+1)1/2.

Second, we note that (4.60b) and (4.54b) imply

|∇wn|
wn

≤ 2n

|y|
+
C3(ϕ0)

|y|
+
|∇gu|
gu

≤ 2n+ C3(ϕ0) + C(4.54b)

|y|
.

Since |y|−1wn = (wnwn−1)1/2, this shows that assumption (B.4) is satisfied. Consequently, for any υ > 0,
by appealing to the bounds ϕ̂0 . ϕ0 (cf. (4.60)), g−1

u . g−1 for g ∈ { ¯̄%,C,B} (cf. (4.51) and (4.55b)), and
to the norm equivalence in (4.69), we obtain from Lemma B.4 that

‖W̃M‖2Xk∗−1 ≤ υ‖ϕ1/2
0 |y|

k∗( ¯̄%u
−1∇k∗ %̃,C−1

u ∇k∗Ũ ,B−1
u ∇k∗B̃)‖2L2 + C(υ)‖ϕ1/2

0 ( ¯̄%u
−1%̃,C−1

u Ũ ,B−1
u B̃)‖2L2

. υEk∗ + C(υ)E0,

where the implicit constant in the last inequality is independent of υ. Upon changing υ to absorb the implicit
constant, we obtain that for any υ > 0, there exists a constant C̄(υ) > 0 such that

‖W̃M‖2Xk∗−1 ≤ υEk∗ + C̄(υ)E0. (4.108)

4.13.2. Conclusion of the energy estimates. Using (4.108) with

υ =
c̄rδ0

4C(4.107)

we deduce from (4.107) that

1

2

d

dτ
Ek∗ ≤ −

c̄rδ0

2
Ek∗ + C(4.109)E0 + C(4.107)E

2
O,M

+ C(4.107)(‖W̃M‖Xk∗−1 + ‖W̃M‖2Xk∗−1 + EO,M)(E0 + Ek∗ + ‖W̃M‖2Xk∗−1), (4.109)

for some absolute constant C(4.109) > 0.
Now, we define the total energy

Etot = Ek∗ + νE0, ν :=
4C(4.109)

c̄rδ0
. (4.110)
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From (4.109) + ν× (4.106), and appealing to (4.110) and (4.108) with υ = 1 for the second inequality, we
obtain

1

2

d

dτ
Etot ≤ −

c̄rδ0

2
Etot +

(
C(4.109) −

c̄rδ0

4
ν
)
E0

+ C(‖W̃M‖Xk∗−1 + ‖W̃M‖2Xk∗−1 + EO,M)(E0 + Ek∗ + ‖W̃M‖2Xk∗−1) + CE2
O,M

≤ − c̄rδ0

2
Etot + C(E

1/2
tot + Etot + EO,M)Etot + CE2

O,M

≤ − c̄rδ0

4
Etot + C(4.111)E

2
tot + C(4.111)E

2
O,M, (4.111)

for some computable absolute constant C(4.111) > 0. Using assumption (4.26), we further obtain

1

2

d

dτ
Etot ≤ −λ2Etot + C(4.112)e

−2λτEO,M(0)2 + C(4.111)E
2

tot, λ2 := min
{

1
4 c̄rδ0, λ

}
, (4.112)

where λ is the exponent in assumption (4.26), and C(4.112) = C2
(4.26)C(4.111) > 0.

Upon defining

ε∗ :=
λ2

1 + 4C(4.111) + C(4.112)
, (4.113a)

if at the initial time τ = 0 we have

EO,M(0) < ε∗, Etot(0) < ε∗, (4.113b)

since
−λ2 · 2ε∗ + C(4.112)ε

2
∗ + C(4.111) · (2ε∗)2 < 0,

as long as the bootstrap assumptions (4.51)–(4.52) holds, the ODE (4.112) implies that

Etot(τ) < 2ε∗. (4.114)

Thus if the bootstrap assumptions (4.51)–(4.52) hold for all τ ∈ [0, τmax), and if (4.113b) holds, then
from (4.112)–(4.114), we derive

1

2

d

dτ
Etot ≤ −λ2Etot + C(4.112)e

−2λτEO,M(0)2 + 2C(4.111)ε∗Etot = −1

2
λ2Etot + C(4.112)e

−2λτEO,M(0)2.

Since λ2 ≤ λ < 2λ, integrating the above inequality we arrive at

Etot(τ) ≤ e−λ2τEtot(0) + 2C(4.112)

∫ τ

0
e−λ2(τ−τ ′)e−2λτ ′E2

O,M(0)dτ ′

≤ e−λ2τEtot(0) + C(4.115)e
−λ2τE2

O,M(0), (4.115)

where C(4.115) = 2C(4.112)λ
−1 > 0, for all τ ∈ [0, τmax).

4.14. Improving the bootstrap assumptions. In this section we show that by requiring

EO,M(0) < ε̄, Etot(0) < ε̄2, ε̄ < min(1, ε∗) (4.116)

with ε̄ sufficiently small, and R0 (appearing in the definition of ¯̄% in (4.18)) being sufficiently large, the
bootstrap assumptions (4.51)–(4.52) can be improved

Assume that the bootstrap assumptions (4.51)–(4.52) hold for all τ ∈ [0, τmax), for some τmax > 0.
Due to (4.116), assumption (4.113b) holds, and thus Etot satisfies the bounds in (4.114) and (4.115) for all
τ ∈ [0, τmax). Using (4.108), (4.114), and assumption (4.26), on this time interval we also have

‖W̃M(τ)‖Xk∗−1 . Etot(τ)1/2 . 1, EO,M(τ) . EO,M(0) . 1. (4.117)

Moreover, by combining (4.26) and (4.115) with (4.116) we deduce that

E
1/2

tot (τ) + EO,M(τ) ≤ C(4.118)ε̄e
− 1

2
λ2τ , (4.118)

for all τ ∈ [0, τmax), where C(4.118) = 1 + C(4.26) + C(4.115) > 0.
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4.14.1. Improving bootstrap (4.52). Appealing to (4.63) and (4.64) with k = 1, to the bound (4.117), to the
second inequality in (4.55c), recalling the δ• definitions in (4.49a), and the fact that g̃ = g − ḡ = Ilg̃ + Plg̃,
we obtain

|∇Ũ | ≤ CCu(y)〈y〉−1+2δ0‖W̃M(τ)‖Xk∗−1 + CEO,M1|y|≤2

≤ C(4.119a)〈y〉−1+3δ0+δB(EO,M + E
1/2

tot ), (4.119a)

for some constant C(4.119a) > 0. Similarly, for g ∈ {%,B}, we may estimate∣∣∣∇g
g
− ∇ḡ

ḡ

∣∣∣ ≤ ∣∣∣∇(g − ḡ)

g
− ∇ḡ · (g − ḡ)

gḡ

∣∣∣ ≤ |∇(g − ḡ)|
g

+
|∇ḡ| · |g − ḡ|

gḡ
.

Using Remark 4.3, the bound (4.117), and estimates (4.63), (4.64d)–(4.64f) with k ∈ {0, 1}, for g ∈ {%,B},
we obtain ∣∣∣∇g

g
− ∇ḡ

ḡ

∣∣∣ ≤ C(g−1|∇(g − ḡ)|+ g−1|y|−1|g − ḡ|)

≤ C(|y|−1〈y〉4δ0‖W̃M(s)‖Xk∗−1 + |y|−1〈y〉δ0EO,M)

≤ C(4.119b)|y|−1〈y〉4δ0(E
1/2

tot + EO,M) (4.119b)

for some constant C(4.119b) > 0.
Combining (4.118) with the bounds in (4.119), it follows that if ε̄ is chosen small enough to ensure

ε̄ < min

{
1

C(4.118)C(4.119a)
,

1

C(4.118)C(4.119b)

}
(4.120)

then the bootstrap (4.52) is strictly improved on [0, τmax).

4.14.2. Improving the % bootstrap in (4.51). Define the transport operator Jτ as

Jτf := ∂τf + (c̄ry + Ū) · ∇f. (4.121)

Using the %-evolution in (4.6a) and the definition of ¯̄% in (4.18), we have

∂τ
%
¯̄%

+ (cry +U) · ∇ %
¯̄%

=
(

c% − 2αdivU − (cry +U) · ∇ ¯̄%
¯̄%

− ∂τ ¯̄%
¯̄%

) %
¯̄%

= −
(
Jτ ¯̄%+ 2αdiv Ū ¯̄%− c̄% ¯̄%︸ ︷︷ ︸

=:I1

) %
¯̄%2 +

(
c̃% ¯̄%− 2αdiv Ũ ¯̄%− (c̃ry + Ũ) · ∇ ¯̄%︸ ︷︷ ︸

=:I2

) %
¯̄%2 . (4.122)

Upon recalling the definition of ¯̄% from (4.18), we have that

∇ ¯̄%(y, τ) = χin(y, τ)∇%̄(y) +∇χin(y, τ)
(
%̄(y)− %̄(R(τ))

)
, (4.123a)

where
χin(y, τ) := χ

(
|y|
R(τ)

)
, and R(τ) = ec̄rτR0.

Moreover, since %̄ (with c̄% and Ū ) is the steady state to (4.6a), we have

Jτ ¯̄%(y, τ) = − c̄r|y|
R(τ)

χ′
(
|y|
R(τ)

)(
%̄(y)− %̄(R(τ))

)
+
(
1− χin(y, τ)

)
c̄rR(τ)

( y
|y| · ∇%̄

)
(R(τ))

+ χin(y, τ)(c̄ry + Ū) · ∇%̄(y) +
(c̄ry + Ū) · y
|y|R(τ)

χ′
(
|y|
R(τ)

)(
%̄(y)− %̄(R(τ))

)
=
(
1− χin(y, τ)

)(
c̄%%̄− 2αdiv Ū %̄− Ū · ∇%̄

)
(R(τ))

+ χin(y, τ)
(
c̄% − 2αdiv Ū

)
%̄(y) +

Ū · y
|y|R(τ)

χ′
(
|y|
R(τ)

)(
%̄(y)− %̄(R(τ))

)
. (4.123b)
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From (4.18) and (4.123), we deduce that the terms I1 and I2 defined in (4.122) may be rewritten as

I1 = −
(
1− χin(y, τ)

)(
Ū · ∇%̄

)
(R(τ)) + Ū(y) · ∇χin(y, τ)

(
%̄(y)− %̄(R(τ))

)
(4.124a)

I2 =
(
c̃% − 2αdiv Ũ

)
¯̄%(y, τ)− χin(y, τ)(c̃ry + Ũ) · ∇%̄(y)− (c̃ry + Ũ) · ∇χin(y, τ)

(
%̄(y)− %̄(R(τ))

)
(4.124b)

The bound for I2 is slightly easier to obtain; using (4.64a), (4.19), (4.53), (4.38), (4.63), (4.55c), (4.117),
and (4.49a), we obtain

|I2| ≤ |c̃% − 2αdiv Ũ | ¯̄%+ χin

∣∣(c̃ry + Ũ) · ∇%̄
∣∣+
∣∣(c̃ry + Ũ) · ∇χin

∣∣∣∣%̄− %̄(R(τ))
∣∣

.
(
|c̃%|+ |c̃r|+ |div Ũ |+ |y|−1|Ũ |

)
¯̄%+

(
|c̃%|+ |y|−1|Ũ |

)
%̄(R(τ))1|y|∈[R(τ),2R(τ)]

.
(
EO,M + |y|−1C(y)〈y〉4δ0‖W̃M‖Xk∗−1

)
¯̄%

.
(
1 + 〈y〉δB+5δ0−1

)(
EO,M + E

1/2
tot

)
¯̄%

≤ C(4.125)
(
EO,M + E

1/2
tot

)
¯̄%, (4.125)

for a computable constant C(4.125) > 0. Here we have implicitly used the fact that %̄(y), %̄(R(τ)) . ¯̄%(y, τ)
for all |y| ∈ [R(τ), 2R(τ)]. Similarly, for the term I1 in (4.124), we use that R(τ) ≥ R0 ≥ 1, and then
appeal to (4.18), (4.64a), (4.64b), (4.9c), in order to obtain

|I1| ≤
(
1− χin(y, τ)

)∣∣(Ū · ∇%̄)(R(τ))
∣∣+
∣∣Ū(y) · ∇χin(y, τ)

∣∣ ∣∣%̄(y)− %̄(R(τ))
∣∣

.
(
〈R(τ)〉

c̄u
c̄r
−1 + 〈y〉

c̄u
c̄r
−11|y|∈[R(τ),2R(τ)]

)
¯̄%

≤ C(4.126)R(τ)
c̄u
c̄r
−1 ¯̄%, (4.126)

for a computable constant C(4.126) > 0.
Thus, by combining (4.125) and (4.126), (4.118), we obtain that

|RHS(4.122)| ≤
%
¯̄%

(
C(4.125)

(
EO,M + E

1/2
tot

)
+ C(4.126)R(τ)

c̄u
c̄r
−1
)
. (4.127)

Note however that closing the %-bootstrap (4.51), amounts to controlling not just the ratio %/ ¯̄%, but this ratio
multiplied with 〈y〉±δ0 (cf. (4.50)).

For this purpose, we multiply (4.122) by 〈y〉θ, with θ = ±δ0, and obtain

∂τ

( %
¯̄%
〈y〉θ

)
+ (cry +U) · ∇

( %
¯̄%
〈y〉θ

)
=
( ¯̄%

%
RHS(4.122) + θ

(cry +U) · y
〈y〉2

)( %
¯̄%
〈y〉θ

)
. (4.128)

When θ > 0, using estimates similar to those in (4.125), (4.126), and the bound c̄r|y| + Ū(|y|) > 0
(cf. (4.72)), we derive

θ
(cry +U) · y
〈y〉2

= θ
(c̄r|y|+ Ū(|y|))|y|

〈y〉2
+ θ

(c̃ry + Ũ) · y
〈y〉2

≥ θ (c̃ry + Ũ) · y
〈y〉2

≥ −C(4.129)θ(E
1/2

tot + EO,M), (4.129)

for some computable constant C(4.129) > 0. Similarly, for θ < 0 we have

θ
(cry +U) · y
〈y〉2

= θ
(c̄r|y|+ Ū(|y|))|y|

〈y〉2
+ θ

(c̃ry + Ũ) · y
〈y〉2

≤ θ (c̃ry + Ũ) · y
〈y〉2

≤ −C(4.130)θ(E
1/2

tot + EO,M), (4.130)

for some computable constant C(4.130) > 0.
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By combining (4.127), (4.128), (4.129), and (4.130), we thus deduce(
∂τ + (cry +U) · ∇

)
log
( %

¯̄%
〈y〉δ0

)
≥ −C(4.131)

(
EO,M + E

1/2
tot +R(τ)

c̄u
c̄r
−1) (4.131a)(

∂τ + (cry +U) · ∇
)

log
( %

¯̄%
〈y〉−δ0

)
≤ C(4.131)

(
EO,M + E

1/2
tot +R(τ)

c̄u
c̄r
−1) (4.131b)

where C(4.131) = C(4.125) + C(4.126) + C(4.129)δ0 + C(4.130)δ0 > 0. Note that under the bootstrap assumption
(4.51)–(4.52), and the smallness of initial perturbation (4.116) we have (4.118), and the bound (4.26) was
assumed. Recalling that R(τ) = ec̄rτR0, with R0 ≥ 1, and that c̄r − c̄u = 1, it follows that∫ τ

0

(
EO,M(τ ′) + E

1/2
tot (τ ′) +R(τ ′)

c̄u
c̄r
−1
)
dτ ′ ≤

∫ ∞
0

(
C(4.118)ε̄e

− 1
2
λ2τ ′ +R

− 1
c̄r

0 e−τ
′
)
dτ ′

≤ 2C(4.118)

λ2
ε̄+R

− 1
c̄r

0 . (4.132)

Thus, if we choose ε̄ to be small enough to ensure

2C(4.131)C(4.118)

λ2
ε̄ <

log(3/2)

2
(4.133)

and R0 ≥ 1 to be large enough to ensure

C(4.131)R
− 1

c̄r
0 <

log(3/2)

2
, (4.134)

we obtain from (4.132) that

C(4.131)

∫ τ

0

(
EO,M(τ ′) + E

1/2
tot (τ ′) +R(τ ′)

c̄u
c̄r
−1
)
dτ ′ < log(3/2).

Then, integrating (4.131) along the characteristics of cry+U , and using the assumption (4.27a) on the initial
data, we obtain the pointwise bounds

%
¯̄%

(y, τ)〈y〉δ0 ≥ e− log(3/2) min
y

( %
¯̄%

(y, 0)〈y〉δ0

)
≥ 1

3
, (4.135a)

%
¯̄%

(y, τ)〈y〉−δ0 ≤ elog(3/2) max
y

( %
¯̄%

(y, 0)〈y〉−δ0

)
≤ 3, (4.135b)

thereby improving the % bootstrap in (4.51).

4.14.3. Improving the B bootstrap in (4.51). In order to estimate B/B̄ we appeal to (4.6c) and the stationary
form of (4.6c); this argument is very similar, but much simpler. First, we have(

∂τ + (cry +U) · ∇
)

log
(B

B̄
〈y〉θ

)
= c̃B −

(c̃ry + Ũ) · ∇B̄

B̄
+ θ

(cry +U) · y
〈y〉2

. (4.136)

Second, analogously to (4.125)–(4.130), we may show that

RHS(4.136) ≥ −C(4.137)
(
EO,M + E

1/2
tot +R(τ)

c̄u
c̄r
−1), θ = δ0, (4.137a)

RHS(4.136) ≤ C(4.137)
(
EO,M + E

1/2
tot +R(τ)

c̄u
c̄r
−1), θ = −δ0, (4.137b)

for some computable constant C(4.137) > 0. Thus, if we choose ε̄ to be small enough to ensure

2C(4.137)C(4.118)

λ2
ε̄ <

log(3/2)

2
(4.138)

and R0 ≥ 1 to be large enough to ensure

C(4.137)R
− 1

c̄r
0 <

log(3/2)

2
, (4.139)
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we conclude from (4.136)–(4.137), and using the assumptions (4.27b), that

B

B̄
(y, τ)〈y〉δ0 ≥ e− log(3/2) min

y

( B

B̄
(y, 0)〈y〉δ0

)
≥ 1

3
, (4.140a)

B

B̄
(y, τ)〈y〉−δ0 ≤ elog(3/2) max

y

( B

B̄
(y, 0)〈y〉−δ0

)
≤ 3, (4.140b)

thereby improving the B bootstrap in (4.51).

4.15. The proof of Theorem 4.4. Let M be as in Lemma 4.11. Assume that the modulation functions and
the Taylor coefficients satisfy the bound (4.26), with EO,M as defined in (4.20). Let R0 ≥ 1 be large enough
to ensure that (4.134) and (4.139) hold, and let ε̄ > 0 to be small enough to ensure that (4.116), (4.120),
(4.133), and (4.138) hold. Define ν > 0 as in (4.110), and define δ0 > 0 as in (4.49a). Lastly, let ϕ0 be as
defined in Lemma 4.11.

Assuming that (%in,Bin) obeys the bounds in (4.27), and take Etot(0) < ε̄2 and EO,M(0) < ε̄. Under
these assumptions, we have proven in Section 4.14 that the bootstraps (4.51) and (4.52) are strictly improved.
Thus, these bootstraps hold for all τ ∈ [0,∞). In particular, the bounds in (4.51) are exactly the pointwise
estimates claimed in Theorem 4.4. Finally, estimate (4.28) follows from (4.116) and (4.115). This completes
the proof of Theorem 4.4.

5. SHARP STABILITY ANALYSIS OF THE TAYLOR COEFFICIENTS OUTSIDE RADIAL SYMMETRY

In Section 4 we have established a global-in-τ exponential decay estimate for the bulk part of a non-
radial perturbation (%̃, Ũ , B̃) of the globally self-similar solution (%̄, Ū , B̄), see Theorem 4.4, conditional on
assumption (4.26): the functional EO,M(τ), which collects the modulation functions (c̃r, c̃u, c̃B, c̃%) and the
Taylor coefficients of (%̃,∇Ũ ,∇2B̃) at y = 0 up to order M, decays exponentially in τ . The purpose of the
present section is to characterize sharply the set of initial data for which the assumption (4.26) holds.

Our analysis proceeds in four steps. First, we show that the Taylor coefficients V≤n(τ) of the perturbation
at y = 0, together with the modulation functions, satisfy a closed and finite-dimensional system of ODEs
(cf. Theorem 5.1, item (ii)). In particular, controlling these coefficients does not require any information
from the bulk PDE. Second, we provide an explicit and computable upper bound for the dimension of the
unstable subspace Σuns of this ODE system, of the form dim(Σuns) ≤ C̄(d)Nd, valid for every d ∈ {1, 2, 3},
every adiabatic exponent 1 < γ ≤ 2d + 1, and every N ≥ 1. Third, we prove that the unstable subspace
stabilizes at a finite order: for all orders n ≥ n1 := (18d)2N, the unstable subspace Σuns,≤n is a trivial
extension of Σuns,≤n1 , an n-independent subspace whose definition does not require knowledge of arbitrarily
many Taylor coefficients (cf. Theorem 5.1, item (iii)). Fourth, in five distinguished cases that include the
physically most relevant monatomic and diatomic gases for the ground state N = 1, we determine dim(Σuns)
explicitly, and we show that the unstable directions are confined to the Taylor coefficients of order ≤ 2 at
the origin (cf. Theorem 5.1, items (iv)–(v)). Combining these four steps with Theorem 4.4, we obtain the
full nonlinear PDE stability picture for the implosions constructed in Section 2, outside of radial symmetry.

5.1. Main results of stability estimates for the ODEs. The main result of this section is Theorem 5.1
below. Before stating this result, we first need to introduce the following notation.

Taylor coefficients at the origin. We recall from (4.31) that

|f(y)|Cn =
∑
|α|≤n

|∂αf(y)|,

controls the Taylor coefficients up to order n at a given point. We also recall from (4.38) that the functional

EO,n(τ) = |%̃(0, τ)|Cn + |Ũ(0, τ)|Cn+1 + |B̃(0, τ)|Cn+2 + |c̃r(τ)|+ |c̃u(τ)|+ |c̃B(τ)|+ |c̃%(τ)|

controls the Taylor coefficients of order ≤ n at the origin, and also the modulation parameters from (4.17).
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For any n ≥ 0, we denote by∇nf the tensor of n-th order mixed partial derivatives of f .46 We denote

V=n(τ) := (∇n%̃(0, τ),∇n+1Ũ(0, τ),∇n+2B̃(0, τ)), (5.1a)

V≤n(τ) := (V=0(τ), V=1(τ), .., V=n(τ)) ∈ Rd≤n (5.1b)

where d≤n denotes the dimension of the vector V≤n.47 We view V=n, V≤n as row vectors. Recall that by
(4.13), we have

Ũ(0, τ) = 0, B̃(0, τ) = 0, ∇B̃(0, τ) = 0.

Thus, we do not include Ũ(0, τ) and ∇≤1B̃(0, τ) in the definition and analysis of V≤n(τ).
For compactness of notation, in this section, we sometimes write f(0) instead of f(0, τ), or f instead of

f(τ), whenever confusion cannot arise.

Multiplicity of eigenvalues. Given an eigenvalue λ of a matrix M , we denote by

AM(λ,M) (5.2a)

the algebraic multiplicity of the eigenvalue λ. We also introduce the notation AM≥0 to denote the sum of
the algebraic multiplicities of all eigenvalues of M with non-negative real part:

AM≥0(M) :=
∑

λ is an eigenvalue of M
Re (λ)≥0

AM(λ,M). (5.2b)

The Main Result. We have the following finite co-dimension stability of the modulation functions and the
ODE system for the high-order Taylor coefficients at y = 0.

Theorem 5.1 (Finite co-dimension stability for ODEs at the origin). Fix d ∈ {1, 2, 3}, 1 < γ ≤ 2d+ 1,
N ≥ 1, and let α = γ−1

2 .
(i) (Modulation functions). The modulation functions c̃r, c̃%, c̃u, c̃B appearing in (4.17) are determined as

linear combinations of %̃(0, τ),div Ũ(0, τ),∆B̃(0, τ),∆N%̃(0, τ),∆N+1(y · Ũ)(0, τ),∆N+1B̃(0, τ).
The precise definition is given in (5.34).

(ii) (ODE system). For any n ≥ 2N,48 the Taylor coefficients at y = 0 of the solution (%̃, Ũ , B̃) to (4.17)
form a closed ODE system

d
dτ V≤n(τ)ᵀ = M≤nV≤n(τ)ᵀ +Qn(V≤n(τ), V≤n(τ)), (5.3)

for some constant (in τ ) matrixM≤n ∈ Rd≤n×d≤n , and some bilinear formQn : Rd≤n×Rd≤n → Rd≤n
with constant (in τ ) coefficients); here d≤n is the dimension of the vector V≤n.

(iii) (Nonlinear stability estimates of the ODE system). Suppose that the matrix M≤n has k≤n different
eigenvalues with non-negative real parts, which are given by {λM≤n,i}

k≤n
i=1 , and denote their algebraic

multiplicity by AM(λM≤n,i,M≤n), for 1 ≤ i ≤ k≤n. We recall M≤n ∈ Rd≤n,d≤n . We define the
following real linear subspace of Rd≤n:

Σuns,≤n := Re
⊕

1≤i≤k≤n

ker
(

(λM≤n,iId −M≤n)
AM(λM≤n,i,M≤n)

)
⊂ Rd≤n . (5.4)

46For n ≥ 0, we let ∇nf denote a row-vector which enumerates the elements of the set {∂αf : α ∈ Nd0, |α| = n}; this
is instead of the usual meaning, of a symmetric n-tensor. The canonical enumeration of the aforementioned set is that following
graded lexicographic order on d-dimensional multi-indices of length n. At no point in the proof will we use a specific ordering for
the elements of∇nf , so we do not insist on this detail.

47 If f is a scalar function, then the length of the vector ∇nf is
(
n+d−1
d−1

)
. Consequently, given that Ũ is a d-vector, we

obtain that V=n has length
(
n+d−1
d−1

)
+ d
(
n+d
d−1

)
+
(
n+d+1
d−1

)
. Summing the lengths of V=j for 0 ≤ j ≤ n, we obtain that d≤n =(

n+d
d

)
+ d
(
n+d+1
d

)
+
(
n+d+2
d

)
− (2d+ 1). The specific value of d≤n is not used in the proof, so we do not insist on this detail.

48Our proof shows that the ODE system for V≤n is closed for any n ≥ 1, were it not for the modulation functions. The fact that
the modulation functions require information about V=2N means that the ODE system is closed only when n ≥ 2N.
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For any N ≥ 1, let
n1 := (18d)2N.

There exists an explicitly computable constant C̄(d) ≥ 1 such that the following statement holds. For
any n ≥ n1, a column vector v≤n belongs to Σuns,≤n if and only if

v≤n = (vᵀ≤n1
, 0, .., 0)ᵀ,

for some column vector v≤n1 ∈ Σuns,≤n1 . As a result, for any n ≥ n1, Σuns,≤n is a trivial lifting of the
n-independent space Σuns,≤n1 from Rd≤n1 to Rd≤n , and we have

dim(Σuns,≤n) = dim(Σuns,≤n1), with dim(Σuns,≤n1) ≤ C̄(d)Nd.

Moreover, there exists δ = δ(n,M≤n) > 0 sufficiently small such that given any initial data V1,0 ∈
Rd≤n with ‖V1,0‖2 < δ, there exists an initial data in the n-independent subspace Vuns,0 ∈ Σuns,≤n1

and a global-in-τ solution V≤n to the ODE system (5.3), with the initial condition

V≤n(0) = V1,0 + (Vuns,0, 0, .., 0), ‖Vuns,0‖2 .n ‖V1,0‖2,
and exponential decay estimate

EO,n(τ) ≤ Cne−λτEO,n(0), ∀ τ ≥ 0, (5.5)

where λ > 0 only depends on n,M≤n, and the constant Cn > 0 depends on the profile and on n ≥ n1.
(iv) (Quantitative characterization of Σuns). Consider the ground state N = 1 and five special cases:

(γ, d) ∈
{

(5
3 , 3), (7

5 , 3), (2, 2), (5
3 , 2)

}
, or γ ∈ (1, 3], d = 1. The same structural result for Σuns,≤n

and nonlinear stability results in (iii) hold with n1 = 2. In particular, for any n ≥ 2, Σuns,≤n is a
trivial lifting of Σuns,≤2, and dim(Σuns,≤n) = dim(Σuns,≤2). Moreover, we have49

dim(Σuns,≤2) = d2 − 1 + d, for (γ, d) ∈
{

(5
3 , 3), (2, 2)

}
, or γ ∈ (1, 3], d = 1,

dim(Σuns,≤2) = 18, for (γ, d) = (7
5 , 3),

dim(Σuns,≤2) = 7, for (γ, d) = (5
3 , 2).

In other words, the unstable or neutrally stable modes for the ODE system of V≤n (5.3) only arise from
a linear subspace of {V≤2 ∈ Rd≤2}, for any n ≥ 2.

(v) (Full stability for initial data with higher vanishing order) Let N = 1. Consider five special cases:
(γ, d) ∈

{
(5

3 , 3), (7
5 , 3), (2, 2), (5

3 , 2)
}

, or γ ∈ (1, 3], d = 1. For any n ≥ 2, there exists δ(n,M≤n) >
0 such that the following statement holds. If the initial data for the mixed-derivatives satisfies V≤2(0) =
0 and ‖V≤n(0)‖2 ≤ δ, then V≤2(τ) = 0 for any τ ≥ 0 and

EO,n(τ) ≤ Cne−λτEO,n(0), ∀ τ ≥ 0,

for some λ > 0 depending on the matrix M≤n and n ≥ 2.

Remark 5.2 (Complete characterization of Σuns,≤n). In Section 5.5.1 we derive a relation between the
matrixM≤n in (5.3) and the lifted matrices {Mi}1≤i≤n defined in (5.49a). Each matrix Mi is a block lower
triangular matrix with diagonal blocks given by the matrices H

(3)
i/2 in (5.36a), H|β|,k in (5.37), H

(2)
i in (5.38),

or the scalar (−iκ− 2Ū1− 1) in (5.39). Since these matrices on the diagonal blocks are given explicitly and
have sizem×m withm ≤ 4, we can obtain explicit closed-form formulas for the eigenvalues of each Mi.50

Moreover, by Lemma 5.8, the eigenvalues of M≤n form a subset of those of {Mi}1≤i≤n. Hence, we also
obtain the explicit closed-form formulas for the eigenvalues of M≤n. For the five special cases in item (iv)
of Theorem 5.1, in the proof of Theorem 5.10 we construct an invertible map between certain sub-matrices

49Recall cf. (5.4) that Σuns,≤2 ⊂ Rd≤2 . Also, note that d≤2 =
(
d+2
d

)
+ d
(
d+3
d

)
+
(
d+4
d

)
− (2d + 1). In particular, for d = 1

we have d≤2 = 9, for d = 2 we have d≤2 = 36, and for d = 3 we have d≤2 = 98. This highlights the fact that the dimension of
Σuns,≤2 computed in item (iv) is much smaller than the full dimension d≤2.

50Polynomials of degree at most four have explicit closed-form formulas for their roots.
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of {Mi}1≤i≤n and M≤n. Using these eigenvalues together with the definition (5.4), we obtain a complete
characterization of the linear subspace Σuns,≤n, which determines the unstable + center manifold.

Remark 5.3 (Relation between the ODEs, the bulk stability estimates, and LWP). Theorem 5.1, which
provides the existence of a global, exponentially decaying solution to the closed ODE system (5.3), and The-
orem 4.4, which proves global exponential decay of the bulk perturbation, conditional on assumption (4.26),
interact through the local well-posedness (LWP) of the full PDE system (4.6). We summarize this interac-
tion below; this yields a self-consistent global-in-τ stability theorem for both the perturbation bulk and the
Taylor coefficients at the origin.

Given small initial data V1,0 ∈ Rd≤n for the ODE system (5.3), item (iii) of Theorem 5.1 produces
an exponentially decaying solution VODE,≤n(τ) from initial data VODE,≤n(0) = V1,0 + (Vuns,0, 0, . . . , 0)
defined for all τ ≥ 0. The construction of VODE,≤n and the decay estimate (5.5) are valid regardless of the
lifespan of the solution W̃ = (%̃, Ũ , B̃) to the bulk PDE (4.16); that is, VODE,≤n is constructed without any
input from the bulk analysis of Section 4.

Now consider PDE initial data for (4.16) whose Taylor coefficients at the origin agree with VODE,≤n(0),
which satisfies the smallness conditions (4.27c) and the upper/lower bounds in (4.27a)–(4.27b). The in-
teraction between the ODE analysis (Theorem 5.1), the bulk PDE estimates (Theorem 4.4), and the local
well-posedness of (4.6) proceeds via the following three implications, each of which is valid on any interval
[0, T ] on which the high-regularity LWP of (4.6) holds:

(i) (LWP⇒ ODE system). Local well-posedness of (4.6) in a sufficiently high-regularity class on [0, T ]

(e.g.Hk with k large) ensures that the Taylor expansion of W̃ = (%̃, Ũ , B̃) at the origin is well-defined
for all τ ∈ [0, T ]. By the uniqueness of the ODE flow (5.3), the Taylor coefficients VPDE,≤n(τ) of the
PDE solution coincide on [0, T ] with VODE,≤n(τ), and therefore inherit the decay estimate (5.5). In
particular, assumption (4.26) of Theorem 4.4 holds on [0, T ].

(ii) (LWP⇒ bulk stability estimate). On the same interval [0, T ], the validity of (4.26) allows us to per-
form the nonlinear weighted energy estimates of Section 4, yielding the bulk decay estimate (4.28) of
Theorem 4.4 for the perturbation W̃M.

(iii) (Stability estimates ⇒ extension of LWP). The ODE decay (5.5) together with the bulk decay (4.28)
ensure that W̃ = (%̃, Ũ , B̃) remains uniformly small in the high-regularity norm on [0, T ]. The standard
continuation criterion for the symmetric hyperbolic system (4.6) then implies that the local solution
may be extended beyond T , to an interval [0, T + ε] for some ε > 0.

A standard continuity argument in τ closes the cycle: the set of times T ≥ 0 on which all of (i)–(iii) above
hold is non-empty, open, and closed in [0,∞), hence equal to [0,∞). We conclude that the PDE solution
W̃ exists globally in τ , that its Taylor coefficients at the origin coincide with the prescribed ODE solution
VODE,≤n for all τ ≥ 0, and that both the ODE decay estimate (5.5) and the bulk decay estimate (4.28) hold.

In the rest of this section, we first analyze the lower order ODE system V≤2 in Sections 5.2, 5.3, and
determine the modulation functions in Section 5.4. In Section 5.5, we present the key structural result
Proposition 5.6 for the high order ODE system of V≤n, whose proof is defered to Appendix C. Using
Proposition 5.6, we analyze the number of unstable modes for the specific case and N = 1 in Section 5.6,
and for the general case in Section 5.7. In Section 5.8, we construct the stable manifold of the ODE system
(5.3) and prove the decay estimates in (5.5). In Section 5.9, we summarize the estimates in this section and
prove Theorem 5.1.

Notation for error terms. To track the lower order terms in the high order ODEs, for any l ≥ 0, we
introduce the long vectors

Fk,l := (∇k∆l%̃(0), ∇k∆l(div Ũ)(0), ∇k∆l+1(y · Ũ)(0), ∇k∆l+1B̃(0)), (5.6a)

Gk :=
(
1k≥0∇≤k%̃(0), 1k≥−1|∇≤k+1Ũ(0), 1k≥−2∇≤k+2B̃(0), c̃r, c̃u, c̃%, c̃B

)
. (5.6b)
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To track the linear lower order terms, for a vector g, we introduce notation Lh(g) to denote a scalar or
vector f , which depends linearly on g

f ∈ Lh(g) =⇒ f = Mh g (5.6c)

for some constant matrix Mh that depends on the parameter h. We mainly apply the notation L to the
vectors Fk,l,Gk defined above. Using the standard big-O notation: f = Oh(g), which denotes |f | ≤ Chg
for constant Ch > 0, we obtain the relation

Lh(Fk,l) = Oh(|Fk,l|), Lh(Gk) = Oh(|Gk|) (5.7)

with Ch = |Mh|. Thus, (5.6c) generalizes the standard big-O notation to additionally indicate linear struc-
ture.

Principal Taylor coefficients of the stationary self-similar profile. Throughout this Section, we refer
to the leading Taylor series coefficients (%̄0, %̄2N, Ū1, Ū2N+1, B̄2, B̄2N+2) of the radial profiles (%̄, Ū , B̄),
see (4.12). For the convenience of the reader, we recall here that (4.12) gives

%̄0 = (αq̄0)2 = αγd
2 Ū2

1 , Ū1 = v̄0 = − 1
1+αd , B̄2 = 1 . (5.8)

We also recall from (4.12) and (3.9) that

%̄2N = 2α2q̄0(q̄N − q̄0h̄N) = −(αq̄0)2 α(d+2N)
N(c̄r+v̄0) = −%̄0

α(d+2N)
Nκ , (5.9a)

Ū2N+1 = v̄N = 1, (5.9b)

B̄2N+2 = 2h̄N = − 1
N(c̄r+v̄0) = − 1

Nκ , (5.9c)

where we recall from (2.5c) and (4.11) that we have denoted

κ = c̄r + v̄0 = c̄r + Ū1 = c̄b.

We choose to work with κ instead of the already-defined c̄b, so as to not confuse with the c̃B or c̄B modulation
parameters.

5.2. The 0-th order ODE system. In this section, we derive and analyze the 0-th order ODE , i.e., the
evolution equations for the components of the vector V≤0 = (%̃(0),∇≤1Ũ(0),∇≤2B̃(0)). In light of the
vanishing condition (4.13), we start by analyzing the behavior of %̃(0), ∇Ũ(0), and ∇2B̃(0), which are the
leading order terms for these perturbations at y = 0. We introduce the strain matrix for Ũ and the Hessian
of B̃, defined according to

S̃ := 1
2(∇Ũ)(0, ·) + 1

2(∇Ũ)ᵀ(0, ·), H̃ := (∇2B̃)(0, ·).

Here and throughout this section, we use the convention (∇Ũ)ij := ∂jŨ i.
The analysis of (%̃(0),∇Ũ(0),∇2B̃(0)) proceeds in three steps:
• we first analyze the behavior of the scalar fields (which have direct radially symmetric analogues)

%̃(0, ·) , div Ũ(0, ·) , (∆B̃)(0, ·) ,

• then we consider the evolution of the traceless part of the strain matrix for Ũ and the traceless part of
the Hessian of B̃, namely the traceless symmetric matrices

S̊ := 1
2(∇Ũ)(0, ·) + 1

2(∇Ũ)ᵀ(0, ·)− 1
d(∇ · Ũ)(0, ·)Id ,

H̊ := (∇2B̃)(0, ·)− 1
d(∆B̃)(0, ·)Id ,

• we conclude with the analysis of the anti-symmetric part of ∇Ũ , which contains the components of
vorticity, namely the traceless matrix

A := (∇Ũ)(0, ·)− (∇Ũ)ᵀ(0, ·) .
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5.2.1. ODEs for %̃, div Ũ and ∆B̃. From (4.16)– (4.15) (equivalently, from (4.17)), and using (4.13), we
derive the ODE system for (%̃,∇Ũ ,∇2B)(0, ·)

d
dτ %̃+ 2αdiv Ũ %̄0 − c̃%%̄0 = N%, (5.10a)

d
dτ∇Ũ + 2

γ %̃B̄2Id + 1
γ %̄0H̃ + (1 + 2Ū1)(∇Ũ) + (c̃r − c̃u)Ū1Id = NU , (5.10b)

d
dτ H̃ + 4B̄2S̃ + (2c̃r − c̃B)2B̄2Id = NB, (5.10c)

where N%,NU ,NB denote the nonlinear terms

N% := −(2αdiv Ũ − c̃%)%̃, (5.11a)

NU := −(∇Ũ)2 − (c̃r − c̃u)(∇Ũ)− 1
γ %̃H̃ (5.11b)

NB := −
(
(∇Ũ)ᵀH̃ + H̃(∇Ũ)

)
− (2c̃r − c̃B)H̃. (5.11c)

Taking the trace in (5.10) and (5.11), we obtain
d
dτ (%̃,div Ũ ,∆B̃)(0)ᵀ + G0(%̃,div Ũ ,∆B̃)(0)ᵀ

+
(
(c̃B − 2c̃u)%̄0, (c̃r − c̃u)dŪ1, (2c̃r − c̃B)2dB̄2

)ᵀ
= (N%,Tr (NU ),Tr (NB))ᵀ , (5.12)

where in the exact expression for the modulation term we have used that c̃% = 2c̃u − c̃B derived from (4.4c)
and (4.10), and we have denoted

G0 :=

 0 2α%̄0 0
2d
γ B̄2 1 + 2Ū1

1
γ %̄0

0 4B̄2 0

 . (5.13)

We may explicitly compute the eigen-system associated to the matrix G0 as:
• Neutral eigenvalue 0, with eigenvector (%̄0, 0,−2dB̄2)ᵀ = ((αq̄0)2, 0,−2d)ᵀ.

• Unstable eigenvalue 1
2 + Ū1 − 1

2

√
(1 + 2Ū1)2 + 16

γ %̄0B̄2(1 + αd) = −1, with eigenvector

(2α%̄0,−1, 4B̄2)ᵀ = (2α(αq̄0)2,−1, 4)ᵀ.

• Stable eigenvalue 1
2 + Ū1 + 1

2

√
(1 + 2Ū1)2 + 16

γ %̄0B̄2(1 + αd) = 2αd
1+αd , with explicit eigenvector

(2α%̄0,
2αd

1+αd , 4B̄2)ᵀ = (2α(αq̄0)2, 2αd
1+αd , 4)ᵀ.

As in the radially symmetric case, we use two (relations between the) modulation functions to remove
the unstable direction corresponding to the eigenvalue −1 and the neutral direction corresponding to the
eigenvalue 0, for the matrix G0. To achieve this, we consider the matrix P whose columns are the above-
mentioned eigenvectors, that is:

P :=

2α%̄0 %̄0 2α%̄0
2αd

1+αd 0 −1

4B̄2 −2dB̄2 4B̄2

 , P−1 = 1
1+3αd


d

2%̄0
1 + αd 1

4B̄2
1+3αd
%̄0(1+αd) 0 − α(1+3αd)

2B̄2(1+αd)
αd2

%̄0(1+αd) −(1 + αd) αd
2B̄2(1+αd)

 . (5.14)

Then, upon denoting
V := P−1(%̃,div Ũ ,∆B̃)(0)ᵀ,

we obtain from (5.12) that
d
dtV + diag( 2αd

1+αd , 0,−1)V + P−1
(
(c̃B − 2c̃u)%̄0, (c̃r − c̃u)dŪ1, (2c̃r − c̃B)2dB̄2

)ᵀ
= P−1(N%,Tr (NU ),Tr (NB))ᵀ.

Remarkably, the third term on the left side of the above equation does not have a component in the first
entry; using that B̄2 = 1 (cf. (5.8)), we may explicitly calculate

P−1
(
(c̃B − 2c̃u)%̄0, (c̃r − c̃u)dŪ1, (2c̃r − c̃B)2dB̄2

)ᵀ
=
(
0, c̃B + 2Ū1(c̃u + αdc̃r),−dŪ1(c̃r − c̃u)

)ᵀ
.
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Therefore, upon letting

c̃B(τ) + 2Ū1

(
c̃u(τ) + αdc̃r(τ)

)
:= 2αd

1+αdV2(τ)

= 2αd
(1+αd)2

(
1
%̄0
%̃− α

2 ∆B̃
)
(0, τ) (5.15a)

−dŪ1

(
c̃r(τ)− c̃u(τ)

)
:=
(
1 + 2αd

1+αd

)
V3(τ)

= 1
(1+αd)2

(
αd2

%̄0
%̃− (1 + αd)2div Ũ + αd

2 ∆B̃
)
(0, τ), (5.15b)

we obtain
d
dtV + 2αd

1+αdV = P−1(N%,Tr (NU ),Tr (NB))ᵀ.

In turn, multiplying the above identity from the left by P, we obtain

d
dτ (%̃, div Ũ ,∆B̃)(0)ᵀ + 2αd

1+αd(%̃, div Ũ ,∆B̃)(0)ᵀ = (N%,Tr (NU ),Tr (NB))ᵀ . (5.16)

Thus, under the choice of modulation functions in (5.15), the system of ODEs (5.12) becomes the fully
stable ODE system (5.16).

5.2.2. ODEs for S̊, and H̊. Taking the symmetric part of (5.10b), (5.10c), and subtracting the trace part, we
derive the ODE system satisfied by the traceless symmetric matrices S̊ and H̊:

d
dτ S̊ + 1

γ %̄0H̃ + (1 + 2Ū1)̊S = N̊S , (5.17a)
d
dτ H̊ + 4B̄2S̊ = N̊B, (5.17b)

where the nonlinear terms NS and the traceless nonlinear terms N̊S , N̊B are given by

NS = 1
2(NU + N ᵀ

U ) = −(S̃2 + A2) + (c̃u − c̃r)S̃− 1
γ %̃H̃, (5.17c)

N̊S = NS − 1
dTr NS · Id , (5.17d)

N̊B = NB − 1
dTr NB · Id , (5.17e)

and NB is defined in (5.11c). To derive NS , we have used∇Ũ = A + S̃, (∇Ũ)ᵀ = S̃− A, and (5.11).
Fix any (i, j) ∈ {1, . . . , d}2. Since the matrices S̊ and H̊ are traceless and symmetric, we are only

interested in d(d+1)
2 − 1 many pairs (i, j). Then, using the notation G0 in (5.6), we have that

d
dτ (̊Sij , H̊ij)(0)ᵀ + Gsym

0 (̊Sij , H̊ij)(0)ᵀ = (N̊S
ij
, N̊B

ij
)ᵀ = O(|G0|2) , (5.18)

where we have denoted

Gsym
0 :=

(
1 + 2Ū1

1
γ %̄0

4B̄2 0

)
. (5.19)

Note that here we do not have any modulation functions to help us. Using the information %̄0B̄2 = (αq̄0)2 =
αγd

2 Ū2
1 and Ū1 = − 1

1+αd from (5.8), we may explicitly compute the eigen-system associated to the matrix
Gsym

0 as:

• Stable eigenvalue 1
2 + Ū1 + 1

2

√
(1 + 2Ū1)2 + 16

γ %̄0B̄2 =
αd−1+

√
1+6αd+(αd)2

2(1+αd) > 0

• Unstable eigenvalue 1
2 + Ū1 − 1

2

√
(1 + 2Ū1)2 + 16

γ %̄0B̄2 =
αd−1−

√
1+6αd+(αd)2

2(1+αd) < 0.

Note that the signs of the above-computed eigenvalues are independent of the value of α.
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5.2.3. ODEs for A. Fix any of the d(d−1)
2 independent pairs (i, j) ∈ {1, . . . , d}2 for which Aij is not equal

to 0. Taking the anti-symmetric part of (5.10b), for each such pair (i, j) we have
d
dτA

ij + (1 + 2Ū1)Aij = N ij
A , (5.20a)

where NA denotes the nonlinear term

NA =
(
c̃u − c̃r − 2

ddiv Ũ(0)
)
A− S̊A− AS̊ = O(|G0|2). (5.20b)

Here, S̊A and AS̊ denotes matrix multiplication. Note that 1 + 2Ū1 = αd−1
1+αd changes sign as α crosses the

“monatomic gas” value α = 1
d .

Remark 5.4 (Stabilization of 0-th order ODE via a higher co-dimension constraint). From (5.17)
and (5.20) it is clear that if at τ = 0 we specify initial data such that S̊(0) = H̊(0) = A(0) = 0, which are
d(d+ 1)− 2 + d(d−1)

2 many constraints, then for all τ ≥ 0 we have S̊(τ) = H̊(τ) = A(τ) = 0.

Remark 5.5 (Vorticity for the monatomic case α = 1/d). The coefficient c̃u − c̃r − 2
ddiv Ũ(0) appearing

in (5.20) may be rewritten using (5.15b) as

c̃u − c̃r − 2
ddiv Ũ(0) = −2(1+αd)

γ %̃(0) + αd−1
d div Ũ(0)− α

2(1+αd)(∆B̃)(0).

As such, when α = 1
d , the evolution equation for the vorticity in (5.20) becomes

d
dτA

ij = −
(2(1+αd)

γ %̃(0) + α
2(1+αd)(∆B̃)(0)

)
Aij − (̊SA)ij − (AS̊)ij .

While this is not pursued in the present paper, it would be very interesting to further analyze the (neutral)
stability of the above ODE system for the vorticity (the components of A), in the monatomic case α = 1/d.

5.3. The ODE system for ∆N%̃,∆N+1Z̃,∆N+1B̃. We introduce the scalar field Z̃, defined as

Z̃(y, τ) := y · Ũ(y, τ). (5.21)

This is the analog of the radial velocity R2Ṽ (R, τ), which played an important role in the stability analysis
of Section 3.

The evolution equations for the scalar quantities ∆N%̃, ∆N+1Z̃, and ∆N+1B̃ are coupled (see (5.22)
below); they are obtained as a particular case of the evolution equations derived in Proposition 5.6, and
(5.36c)–(5.36d) below. To avoid redundancy, we do not repeat here the derivation of this system; we simply
note that (5.36c)–(5.36f) yield

d
dτ (∆N%̃,∆N+1Z̃,∆N+1B̃)(0)ᵀ + G1(∆N%̃,∆N+1Z̃,∆N+1B̃)(0)ᵀ + G2(%̃, div Ũ ,∆B̃)(0)ᵀ

=
(
(2c̃u − c̃B − 2Nc̃r)cN,1%̄2N, (c̃u − (2N + 1)c̃r)cN+1,1Ū2N+1, (c̃B − (2N + 2)c̃r)cN+1,1B̄2N+2

)ᵀ
+ON(|G2N|2) , (5.22)

where using the convention κ = c̄r + Ū1 (see (4.11)), and we have denoted

G1 := −H
(3)
N =

 2Nκ α
N+1 %̄0 0

2(N
α + 2

γ )(d+ 2N)(N + 1)B̄2 2Nκ+ 1 + 2Ū1
2(N+1)

γ %̄0

0 2B̄2 2Nκ

 , (5.23)

we have used the formulas (5.36g), namely

cN,∆ := (N + 1)
∏

1≤i≤N

2i(2i+ d), cN,1 =
∏

1≤i≤N

2i(2i+ d− 2),

and we have denoted the coupling matrix to the terms with lower order derivatives by

G2 :=

 2α(2N + d)cN,1Ū2N+1 2(αcN,1 + 2NcN−1,∆)%̄2N 0
1
γ (2N + 2)cN+1,1B̄2N+2 4NcN,∆Ū2N+1 ( 2

γ + N
α )cN,∆%̄2N

0 (4N + 4)cN,∆B̄2N+2 −2cN,∆Ū2N+1

 , (5.24)
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where (%̄0, Ū1, B̄2) are given by (5.8), and (%̄2N, Ū2N+1, B̄2N+2) are given by (5.9).
We recall from (2.15) that κ = c̄r + Ū1 is the larger (of the two roots) of the quadratic equation

κ2 + κ1+2Ū1
2N − Ū2

1

(αγd
2 + EN

)
= 0,

with EN as given by (2.14). Using this fact and (5.9), we may explicitly compute the eigen-system associated
to the matrix G1 as:

• Neutral eigenvalue 0, with eigenvector (−α%̄0, 2N(N + 1)κ,−2(N + 1)B̄2)ᵀ.
• Stable eigenvalue 2Nκ > 0, with eigenvector (α%̄0, 0,−(d+ 2N)(Nγ + 2α)B̄2)ᵀ.
• Stable eigenvalue 4Nκ+1+2Ū1 > 0, with eigenvector (α%̄0, (N+1)(2Nκ+1+Ū1), 2(N+1)B̄2)ᵀ.

As in the spherically symmetric case, the final constraint on the modulation functions is used to modulate
the neutral eigenvalue of G1. For this purpose, we need to rewrite the first term on RHS(5.22), taking into
account the definitions in (5.15). Indeed, using (5.15), after a tedious computation we arrive at(

(2c̃u − c̃B − 2Nc̃r)cN,1%̄2N, (c̃u − (2N + 1)c̃r)cN+1,1Ū2N+1, (c̃B − (2N + 2)c̃r)cN+1,1B̄2N+2

)ᵀ
= −2N c̃r

(
cN,1 %̄2N, cN+1,1 Ū2N+1, cN+1,1 B̄2N+2

)ᵀ
+ G3(%̃, div Ũ ,∆B̃)(0)ᵀ (5.25)

where

G3 :=

 − 2αd
(1+αd)%̄0

cN,1%̄2N 2α cN,1%̄2N 0

− αd
(1+αd)%̄0

cN+1,1Ū2N+1
1+αd
d cN+1,1Ū2N+1 − α

2(1+αd) cN+1,1Ū2N+1

0 2
d cN+1,1B̄2N+2 − α

1+αd cN+1,1B̄2N+2

 (5.26)

Combining (5.22) with (5.25)–(5.26) we thus arrive at

d
dτ (∆N%̃,∆N+1Z̃,∆N+1B̃)(0)ᵀ + G1(∆N%̃,∆N+1Z̃,∆N+1B̃)(0)ᵀ

+ 2N c̃r

(
cN,1 %̄2N, cN+1,1 Ū2N+1, cN+1,1 B̄2N+2

)ᵀ
= (G3 − G2)(%̃,div Ũ ,∆B̃)(0)ᵀ +ON(|G2N|2) . (5.27)

As before, we next introduce the matrix whose columns are the eigenvectors of the matrix G1; that is, we
define

P :=

 α%̄0 α%̄0 −α%̄0

(N + 1)(2Nκ+ 1 + 2Ū1) 0 2N(N + 1)κ
2(N + 1)B̄2 −(d+ 2N)(Nγ + 2α)B̄2 −2(N + 1)B̄2

 ,

and we define
W := P−1(∆N%̃,∆N+1Z̃,∆N+1B̃)(0)ᵀ. (5.28)

Then, (5.27) may be recast as
d
dtW + diag(4Nκ+ 1 + 2Ū1, 2Nκ, 0)W + 2Nc̃rP

−1
(
cN,1 %̄2N, cN+1,1 Ū2N+1, cN+1,1 B̄2N+2

)ᵀ
= P−1

(
G3 − G2

)
(%̃, div Ũ ,∆B̃)(0)ᵀ +ON(|G2N|2). (5.29)

Using (5.8), (5.9), the definition of P above, and definition (5.36g) (which gives 2(N + 1)(2N + d)cN,1 =
cN+1,1), we may verify the remarkable identity

P−1
(
cN,1 %̄2N, cN+1,1 Ū2N+1, cN+1,1 B̄2N+2

)ᵀ
= − 1

NκP−1
(
αcN,1(d+ 2N)%̄0,−cN+1,1Nκ, cN+1,1B̄2

)ᵀ
=

cN+1,1

2N(N+1)κP−1P~e3 =
(
0, 0,

cN+1,1

2N(N+1)κ

)ᵀ
, (5.30)

which allows us the drastically simplify the third term on LHS(5.28). With (5.30) and (5.28), it is thus natural
to define the modulation function c̃r as

c̃r(τ) := 2N(N+1)
κ

2
cN+1,1W3(τ). (5.31)
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With the choice in (5.31), the evolution (5.29) may be recast as
d
dtW + diag

(
4Nκ+ 1 + 2Ū1, 2Nκ, 2Nκ

)
W

= P−1
(
G3 − G2

)
(%̃, div Ũ ,∆B̃)(0)ᵀ +ON(|G2N|2). (5.32)

In particular, (5.32) implies that the full vector W inherits the temporal decay which is the worst between
(%̃,div Ũ ,∆B̃)(0) and |G2N|2. The decay in time of W (τ) then directly implies the decay in time of
PW (τ) = (∆N%̃,∆N+1Z̃,∆N+1B̃)(0, τ)ᵀ.

5.4. Definition of modulation functions. Recall from (5.8) that Ū1 = − 1
1+αd , recall that κ = c̄r + Ū1, and

recall from (4.4c) the constraint:

c̃%(τ) + c̃B(τ) = 2c̃u(τ), ∀τ ≥ 0. (5.33)

Combining the formulas for the modulation functions (5.15a), (5.15b), (5.31), we determine the modulation
functions as follows. First, solve (5.12) for the evolution of the vector (%̃, div Ũ ,∆B̃)(0, τ). Second, solve
(5.32) for the evolution of the vector W (τ). Finally, define:

c̃r(τ) = 2N(N+1)
cN+1,1

κ2W3(τ), (5.34a)

c̃u(τ) = c̃r(τ)− 1
(1+αd)d

(
αd2

%̄0
%̃(0, τ)− (1 + αd)2div Ũ(0, τ) + αd

2 (∆B̃)(0, τ)
)
, (5.34b)

c̃B(τ) = 2
1+αd

(
c̃u(τ) + αdc̃r(τ)

)
+ 2αd

(1+αd)2

(
1
%̄0
%̃(0, τ)− α

2 (∆B̃)(0, τ)
)
, (5.34c)

c̃%(τ) = 2c̃u(τ)− c̃B(τ). (5.34d)

In the above definitions we do not substitute the formula (5.28) for W3, nor do we expand the formula for
c̃B, since these explicit formulas are not used in later derivations; the formulas in (5.34) are only used to
show that the modulation functions decay exponentially fast in τ , under the standing bootstrap assumptions.

5.5. The fundamental high order ODE systems. In order to derive the evolution equations for V=n(τ) =

(∇n%̃,∇n+1Ũ ,∇n+2B̃)(0, τ), we apply∇n to (4.17a),∇n+1 to (4.17b),∇n+2 to (4.17c), and then restrict
the resulting PDE to y = 0. When n ≥ 1 is general, the resulting system of ODEs is quite complicated, and
the “accounting” becomes delicate. In order to deal with this “accounting problem”, for an integer k ≥ 0
and a multi-index β ∈ Nd0, we introduce the mixed derivative vector

Vβ,k(τ) := (∂β∆k%̃(0, τ), ∂β∆kdiv Ũ(0, τ), ∂β∆k+1Z̃(0, τ), ∂β∆k+1B̃(0, τ))ᵀ ∈ R4×1. (5.35)

The reason for singling out powers of the Laplacian k, as opposed to just keeping track of all multi-indices
β at once, is as follows. Heuristically, since the profile ρ̄, Ū , B̄ is radially symmetric, by taking a more
symmetric derivative combination of the perturbation (∇k%̃(0, τ),∇k+1Ũ(0, τ),∇k+2B̃(0, τ)), one expects
that the ODE system associated with this combination is simpler; one of the most symmetric combinations
of mixed derivatives is the Laplacian. Guided by the above heuristic, we first analyze the ODE system
for Vβ,k with high powers of ∆ (larger k), which has a simpler form, and then we analyze other mixed
derivatives.

Below, we fix the parameter N for the profile and treat it as an absolute constant. We recall the notations
F ,G ,L from (5.6). We have the following structural results for the ODE system.

Proposition 5.6 (Structure of the ODE system). Let %̄0, Ū1, B̄2, %̄2N, Ū2N+1, B̄2N+2 be as in (5.8)–(5.9),
and let κ = c̄r + Ū1 be as defined in (4.11). Denote a+ = max(a, 0). Suppose that the system (4.6) admits a
solution with regularity CM+1(B1(0)) on a given time interval; then the following conclusions hold on the
same time interval.

Let n, k ∈ N0 be such that 1 ≤ n ≤ M and 0 ≤ k ≤ n
2 . Let β be a multi-index with |β| = n− 2k. Then:

(i) ODEs for powers of the Laplacian. Let n be even, |β| = 0, and k = n
2 ; we have

d
dτ (∆k%̃,∆k+1Z̃,∆k+1B̃)(0)ᵀ = H

(3)
k (∆k%̃,∆k+1Z̃,∆k+1B̃)(0)ᵀ+Ln(G(n−2N)+

)+On(|Gn|2). (5.36a)
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where the matrix H
(3)
k associated with the top order linear terms is given by

H
(3)
k =

 −nκ − 2α
n+2 %̄0 0

−( n
2α + 2

γ )(2d+ 4k)(k + 1)B̄2 −nκ− 2Ū1 − 1 − (n+2)
γ %̄0

0 −2B̄2 −nκ

 , n = 2k. (5.36b)

In the special case |β| = 0, n = 2N, k = N, we have

d

dτ

 ∆N%̃

∆N+1Z̃

∆N+1B̃

 = H
(3)
N

 ∆N%̃

∆N+1Z̃

∆N+1B̃

+

L1

L2

L3

+ON(|G2N|2), (5.36c)

where vector (L1, L2, L3) depends on the modulation functions and on the vector (%̃, div Ũ ,∆Ū)(0, τ),
and is defined as

L1 = (2c̃u − c̃B − 2Nc̃r)cN,1%̄2N

− 2α(2N + d)cN,1Ū2N+1%̃− (2αcN,1 + 4NcN−1,∆)%̄2N div Ũ , (5.36d)

L2 = (c̃u − (2N + 1)c̃r)cN+1,1Ū2N+1

− 1
γ (2N + 2)cN+1,1B̄2N+2%̃− 4NcN,∆Ū2N+1 div Ũ − ( 2

γ + N
α )cN,∆%̄2N∆B̃, (5.36e)

L3 = (c̃B − (2N + 2)c̃r)cN+1,1B̄2N+2

− (4N + 4)cN,∆B̄2N+2 + 2cN,∆Ū2N+1∆B̃ div Ũ , (5.36f)

where cN,∆, cN,1 are defined as

cN,∆ := (N + 1)
∏

1≤i≤N

2i(2i+ d), cN,1 =
∏

1≤i≤N

2i(2i+ d− 2). (5.36g)

(ii) ODEs for mixed derivatives. Let 0 ≤ k ≤ n
2 and |β|+ 2k = n; we have

d
dτ Vβ,k := H|β|,kVβ,k + 1|β|≥2Lβ,k(F|β|−2,k+1) + Lβ,k(G(n−2N)+

) +On(|Gn|2), (5.37a)

where the matrix H|β|,k associated with the top order linear terms is given by

H|β|,k := (5.37b)
−nκ −2α%̄0 0 0

− (d+2|β|+2(k−1))kB̄2

α − (nα + 2(d+n)
γ )B̄2 −nκ− 2Ū1 − 1 0 − 1

γ %̄0

−( n
2α + 2

γ )(2d+ 4|β|+ 4k)(k + 1)B̄2 0 −nκ− 2Ū1 − 1 − (n+2)
γ %̄0

0 0 −2B̄2 −nκ

 .

(iii) ODEs for derivatives of Z̃ and B̃. After estimating the ODEs (5.37a) for all multi-indices (β, k) with
|β|+ 2k = n, we may treat∇n%̃(0) as a given lower order term.

Then, for any multi-index β with |β| = n+ 2, we have

d
dτ

(
∂βZ̃

∂βB̃

)
= H(2)

n

(
∂βZ̃

∂βB̃

)
+ Lβ

(
∇n%̃(0)

)
+ Ln(G(n−2N)+

) +On(|Gn|2), (5.38a)

H(2)
n =

(
−nκ− 2Ū1 − 1 −n+2

γ %̄0

−2B̄2 −nκ

)
, |β| = n+ 2. (5.38b)

(iv) ODEs for Ũ . After estimating the ODEs for all mixed derivatives∇n%̃,∇n+2B̃, cf. (5.37a) and (5.38a),
we treat these terms as given lower order terms. Then, for any multi-index β with |β| = n+ 1, we have

d
dτ ∂

βŨ = (−nκ− 2Ū1 − 1)∂βŨ + Lβ

(
∇n%̃(0),∇n+2B̃(0)

)
+ Ln(G(n−2N)+

) +On(|Gn|2). (5.39)



112 JIAJIE CHEN, STEVE SHKOLLER, AND VLAD VICOL

(v) ODEs in 1D. In the special case of d = 1, we do not have mixed-derivatives and (5.37) simplifies to
d
dτ (∂n%̃, ∂n+1Ũ , ∂n+2B̃)ᵀ = H(1)

n (∂n%̃, ∂n+1Ũ , ∂n+2B̃)ᵀ + Ln(G(n−2N)+
) +On(|Gn|2), (5.40a)

where

H(1)
n =

 −nκ −2α%̄0 0

−(n(n+1)
2α + 2(n+1)

γ )B̄2 −nκ− 2Ū1 − 1 − 1
γ %̄0

0 −2(n+ 2)B̄2 −nκ

 . (5.40b)

The proof of Proposition 5.6 follows from a careful Taylor expansion near y = 0. Since the argument is
standard but technically involved and lengthy, we defer the proof to Appendix C.

Remark 5.7 (ODEs for div Ũ and y · Ũ ). When β = 0 and k = n/2, the ODEs (5.37) for the quantities
∆k(div Ũ)(0) and ∆k+1(y · Ũ)(0) are the same since

∆k+1(y · Ũ)(0) = 2(k + 1)∆k(div Ũ)(0), ∀k ≥ 0, (5.41)

due to the identity (C.2a). Note that in the non-radial case, and for β 6= 0, in general ∂β∆k(div Ũ)(0) is not
a constant multiple of ∂β∆k+1(y · Ũ)(0) with a constant independent of Ũ .

Schematic form of the ODEs for V=n and V≤n. Recall the notation for the n-th order Taylor coefficients
from (5.1), namely the vector V=n = (∇n%̃(0),∇n+1Ũ(0),∇n+2B̃(0)). Since the ODE system satisfied
by (∆N%̃,∆N+1Z̃,∆N+1B̃) (cf. (5.36c), equivalently (5.22)) is quite special, we decompose the vector of
2N-th order mixed-derivatives V=2N as

V=2N = V∆N ⊕ V2N\∆N , V∆N := (∆N%̃,∆N+1Z̃,∆N+1B̃)(0, τ). (5.42)

The vector V2N\∆N includes all mixed derivatives of order 2N except for three mixed derivatives, chosen
so that the combinations of mixed derivatives in V2N\∆N and in V∆N are linearly independent and together
span the space of all mixed derivatives of order 2N. For example, we can choose V2N\∆N as all mixed
derivatives of order 2N except for ∂2N

d %̃, ∂2N+2
d B̃, ∂2N+1

d Ũd. Indeed, using identity (5.41), we note that
(∆N%̃,∆N+1Z̃,∆N+1B̃) = (∆N%̃, 2(N + 1)∆Ndiv Ũ ,∆N+1B̃), and thus the linear space of V=2N is that
same as that of V∆N⊕V2N\∆N . Moreover, the mixed derivatives in V∆N and V2N\∆N are linearity independent.

Schematic form of the ODEs for V=n. The ODE system for V=0, and for V∆N has been derived in (5.10),
(5.36c) (equivalent to (5.22)), respectively. Since the modulation functions chosen in (5.34) only depend on
V=0 and V∆N , the ODE system for V=0, V∆N is closed, modulo nonlinear terms. Using the notation G from
(5.6b), we may schematically rewrite the closed system (5.10), (5.36c) as

d
dτ (V=0, V∆N)ᵀ = m0(V=0, V∆N)ᵀ +ON(|G2N|2). (5.43)

for some matrix m0. Since G from (5.6b) also depends on the modulation functions c̃%, c̃r, c̃B, c̃u, which in
turn depend linearly on V=0, V∆N by (5.34), using the notation L in (5.6c), we obtain

Gk = Lk(V=0, V∆N , V≤k), ∀k ≥ 0. (5.44)

For n ≥ 1, we Taylor expand equations to (4.15)–(4.16) around y = 0, and similarly to Appendix C we
obtain the ODEs51

d
dτ V

ᵀ
=n = mnV

ᵀ
=n + Ln(G(n−2N)+

) +On(|Gn|2),

= mnV
ᵀ

=n + Ln(V0, V∆N , V≤(n−2N)+
, V0) +On(|Gn|2). (5.45a)

51The derivation of (5.45) follows from Taylor expanding (4.15)–(4.16) around y = 0, and is much simpler than the proof
of Proposition 5.6. This is because here in (5.45) we do not explicitly track terms other than the top order linear terms; to avoid
redundancy with the arguments in Appendix C, this proof is omitted.
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for some matrix mn that only depends on the profile and parameters n, α, d. By definition in (5.42), V2N\∆N

is a sub-vector of V=2N. Thus, restricting the ODEs (5.45a) with n = 2N to the ODEs for V2N\∆N , we obtain

d
dτ V

ᵀ
2N\∆N = m′2NV

ᵀ
2N\∆N + LN(V0, V∆N , V≤(n−2N)+

, V0) +O2N(|G2N|2). (5.45b)

Combining the ODEs (5.43) and (5.45), for any n ≥ 2N + 1, we that the ODEs system for V≤n is given by

d
dτ ((V=0, V∆N), V=1, .., V=2N−1, V2N\∆N , V=2N+1, .., V=n)ᵀ

= M≤n((V=0, V∆N), V=1, .., V=2N−1, V2N\∆N , V=2N+1, .., V=n)ᵀ +On(|Gn|2), (5.46a)

where M≤n is a block lower triangular matrix (see (5.49) for an illustration) with matrices on the diagonal
blocks of M≤n given by mi and m′2N:

M≤n = (Ãij)1≤i,j≤n+1, Ãij = 0 for i < j,

(Ã11, Ã22, ..., Ãn+1,n+1) = (m0,m1, ..,m2N−1,m
′
2N,m2N+1, ..,mn). (5.46b)

We do not derive the matrix M≤n explicitly, since its exact entries are not used in the stability analysis.
At this stage, we emphasize the significance of the fact that the matrix M≤n is lower block triangular: this
indicates that the ODE system for the mixed derivatives V=i is allowed to depend on V=j for all j ≤ i − 1
linearly, but is is independent of V=j for j > i. This fact is in accordance with (5.3) above.

5.5.1. Lower block triangular matrices. The key consequence of Proposition 5.6 is the following structure.
From V=n we define an overdetermined vector of mixed derivatives of order n for %̃, n+ 1 for Ũ , and n+ 2
for B̃; this vector is denoted as PnV

ᵀ
=n, and the constant-coefficient matrix Pn is defined as:

• If n is even, we choose a constant matrix Pn such that

PnV
ᵀ

=n =
(

(∆n/2%̃,∆n/2+1Z̃,∆n/2+1B̃), Vβ2,n/2−1︸ ︷︷ ︸
∀β2:|β2|=2

, Vβ4,n/2−2︸ ︷︷ ︸
∀β4:|β4|=4

, ..., Vβn,0︸ ︷︷ ︸
∀βn:|βn|=n

,

(∂βn+2Z̃, ∂βn+2B̃)︸ ︷︷ ︸
∀βn+2:|βn+2|=n+2

, ∂βn+1Ũ︸ ︷︷ ︸
∀βn+1:|βn+1|=n+1

)ᵀ
,

(5.47a)

where each βi ∈ Nd0 denotes a multi-index with |βi| = i, and we order these vectors by first listing all
the vectors Vβ2,n/2−1 with different β2, and then the vectors Vβ4,n/2−1 with different β4, and so on.
• If n is odd, similarly, we choose a constant matrix Pn such that

PnV
ᵀ

=n =
(

Vβ1,(n−1)/2︸ ︷︷ ︸
∀β1:|β1|=1

, Vβ3,(n−3)/2︸ ︷︷ ︸
∀β3:|β3|=3

, ..., Vβn,0︸ ︷︷ ︸
∀βn:|βn|=n

, (∂βn+2Z̃, ∂βn+2B̃)︸ ︷︷ ︸
∀βn+2:|βn+2|=n+2

, ∂βn+1Ũ︸ ︷︷ ︸
∀βn+1:|βn+1|=n+1

)ᵀ
. (5.47b)

Proposition 5.6 implies that we can lift the ODEs (5.45a) to the overdetermined ODE systems
d
dτ (PnV

ᵀ
=n) = Mn(PnV

ᵀ
=n) + Ln(G(n−2N)+

) +On(G 2
n ), (5.48)

where Mn is a block lower triangular matrix

Mn =


A11 0 · · · 0
A21 A22 · · · 0

...
...

. . .
...

A`n1 A`n2 · · · A`n`n

 , (5.49a)

with diagonal blocks {Aii}`ni=1 given by the matrices H
(3)
n/2 in (5.36a) (when n is even), H|β|,k in (5.37),

H
(2)
n in (5.38), or the scalar (−nκ− 2Ū1 − 1) in (5.39), arranged in the following manner as i = 1, . . . , `n
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increases:

H
(3)
k ,with k = n

2︸ ︷︷ ︸
one matrix,n even

, H|β|,k,with |β|+ 2k = n︸ ︷︷ ︸
for each 0≤k≤n−1

2
, repeat pd,n−2k times

, H(2)
n︸︷︷︸

repeat pd,n+2 times

, −nκ− 2Ū1 − 1︸ ︷︷ ︸
repeat pd,n+1 times

,

(5.49b)
where pd,k denotes

pd,k = |{β ∈ Rd : |β| = k}| =
(
d+ k − 1

d− 1

)
. (5.49c)

Each matrixAii on the diagonal of Mn corresponds to a matrix for the main linear terms in the ODE systems
(5.36a) (one 3 × 3 ODE, when n is even), (5.37) (pd,n−2k different 4 × 4 ODEs, for each 0 ≤ k ≤ n−1

2 ),
(5.38) (pd,n+2 different 2× 2 ODEs), and (5.39) (pd,n+1 different scalar ODEs).

Relation between the original and the lifted ODE systems. We view the ODE system (5.48) as a “lift”
of the ODE system (5.45) because the linear space of the mixed derivatives in PnV

ᵀ
=n (5.47) is the same as

that of V=n. Moreover, the ODE system (5.48) is overdetermined since the dimension of PnV
ᵀ

=n in (5.47)
is larger than that of V=n. As a result, we obtain Pn ∈ Ran×bn for some an ≥ bn and Pn has full column
rank bn. By comparing (5.45) and (5.48), we obtain

Pnmn = MnPn, Pn ∈ Ran×bn , mn ∈ Rbn×bn , Mn ∈ Ran×an , an ≥ bn. (5.50)

Since we do not use the exact values of an, bn in the proof, although these integers are explicitly computable,
we do not specify their values.

Recall the notation for multiplicity AM(λ,M) from (5.2). Given any real-valued matrix M and a real
eigenvalue λ of M , using Jordan norm form, we obtain 52

dimR(ker(λId −M)AM(λ,M)) = AM(λ,M). (5.51)

Since λId −M is real, in the above identity, we view ker(λId −M)AM(λ,M) as a real linear subspace.
The lifting relation (5.50) between mn and Mn allows us to relate the eigenspaces of mn and Mn. In

particular, we have the following abstract linear algebra lemma.

Lemma 5.8. Suppose that m ∈ Rb×b,P ∈ Ra×b,M ∈ Ra×a, a ≥ b, P has full column rank, and

Pm = MP. (5.52)

Suppose that (λ, v 6= 0) is a generalized eigenpair of m; namely, (m−λId )kv = 0 for some integer k ≥ 1.
Then (λ,Pv 6= 0) is a generalized eigenpair of M with (M− λId )kPv = 0.

Proof of Lemma 5.8. Using (5.52) repeatedly, we obtain

P(m− λId )k = (M− λId )P(m− λId )k−1 = . . . = (M− λId )kP.

Using (m − λId )kv = 0, we obtain (M − λId )kPv = 0. Since P has a full column rank and v 6= 0, we
obtain Pv 6= 0. We conclude the proof. �

Due to the block lower triangular structure of Mn, using that Aii ∈ Rni×ni with ni ≤ 4, we can derive
all the eigenvalues of Mn explicitly. If Mn has no eigenvalues with non-negative real parts, then, by
Lemma 5.8, mn has no eigenvalues with non-negative real parts.

52Note that the algebraic multiplicity AM(λ,M) equals the total number of times that λ appears on the diagonal of the Jordan
normal form. While the identity (5.51) can be extended to complex eigenvalues λ, we do not pursue this generalization, as we only
apply (5.51) for λ ∈ R.
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5.5.2. Relation between H
(3)
k and H0,k. Since ∆k+1(y · Ũ)(0) = 2(k+ 1)∆k(div Ũ)(0) due to the identity

(5.41), the matrices H
(3)
k ∈ R3×3 and H|β|,k ∈ R4×4 are not completely unrelated. We have the following

relation.

Lemma 5.9. For any z1, z2, z3, denote (v1, v2, v3)ᵀ = H
(3)
k (z1, z2, z3)ᵀ. Then

(v1,
1

2k+2v2, v2, v3)ᵀ = H0,k(z1,
1

2k+2z2, z2, z3)ᵀ. (5.53)

As a result, if λ is an eigenvalue of H
(3)
k , then it is an eigenvalue of H0,k.

Proof of Lemma 5.9. Identity (5.53) follows from the definitions of H
(3)
k (5.36) and H0,k (5.37) with β = 0

and n = 2k + |β| = 2k. Suppose that (λ, z) is an eigen-pair of H
(3)
k . Then v = H

(3)
k z = λz. Using (5.53),

we obtain
H0,k(z1,

1
2k+2z2, z2, z3)T = (v1,

1
2k+2v2, v2, v3)T = λ(z1,

1
2k+2z2, z2, z3)T .

Thus, λ is an eigenvalue of H0,k. �

5.6. Complete characterization of unstable directions for the ground state in five important cases. For
the ground-state profile at N = 1, we analyze five important special cases and compute the exact dimension
of the linear space of unstable or neutrally stable directions for the matrices Mn appearing in (5.49), and
M≤n appearing in (5.46).

For this purpose, we introduce the following notation. Let A be a matrix with real coefficients, and
let {λi} be the eigenvalues of A. We introduce Λs(A), s ∈ {+, 0,−} to denote the number of unstable,
neutrally stable, and unstable eigenvalues of A:

Λ•(A) :=
∣∣{λi(A) : sign(Re (λi(A))) = •}

∣∣, • ∈ {+, 0,−}, (5.54)

where |S| denotes the cardinality of the set S. With this notation, we have:

Theorem 5.10 (Exact number of unstable directions for specific cases). Let N = 1. Consider the follow-
ing five pairs of adiabatic exponents and dimensions: (γ, d) ∈ {(5

3 , 3), (2, 2)} monotonic gas in three & two
dimensions; (γ, d) ∈ {(7

5 , 3), (5
3 , 2)} diatomic gas in three & two dimensions; d = 1 one space dimension.

Part I. We have the following results concerning the exact number of stable, neutral, and unstable eigenval-
ues of the matrices appearing in (5.49b), in the aforementioned five special cases.

(i) (Eigenvalues of H
(3)
k ). For n = 2k, we have

(Λ−,Λ0,Λ+)(H
(3)
k ) = (2, 1, 0), k = 1,

(Λ−,Λ0,Λ+)(H
(3)
k ) = (3, 0, 0), ∀ k ≥ 2.

(ii) (Eigenvalues of H|β|,k). For n = |β|+ 2k ≥ 1, we have

(Λ−,Λ0,Λ+)(H|β|,k) = (4, 0, 0), ∀|β|+ 2k ≥ 2, (β, k) 6= (0, 1),

(Λ−,Λ0,Λ+)(H|β|,k) = (3, 0, 1), (β, k) = (1, 0).

Note that when n = 1, we have |β| = 1 and k = 0.
(iii) (Eigenvalues of H

(2)
n ). We have

(Λ−,Λ0,Λ+)(H(2)
n ) = (2, 0, 0), ∀ n ≥ 1, (γ, d) ∈ {(5

3 , 3), (2, 2)},

(Λ−,Λ0,Λ+)(H(2)
n ) = (2, 0, 0), ∀ n ≥ 2, (γ, d) ∈ {(7

5 , 3), (5
3 , 2)},

(Λ−,Λ0,Λ+)(H(2)
n ) = (1, 0, 1), n = 1, (γ, d) ∈ {(7

5 , 3), (5
3 , 2)}.

(iv) (Sign of the ODE for Ũ ). Consider (γ, d) ∈ {(5
3 , 3), (7

5 , 3), (2, 2), (5
3 , 2)}. For any n ≥ 1, we have

− nκ− 2Ū1 − 1 < 0. (5.55)
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(v) (Eigenvalues in the one-dimensional case). For d = 1, we have

(Λ−,Λ0,Λ+)(H(1)
n ) = (3, 0, 0), ∀ n ≥ 3,

(Λ−,Λ0,Λ+)(H(1)
n ) = (2, 1, 0), n = 2.

(Λ−,Λ0,Λ+)(H(1)
n ) = (2, 0, 1), n = 1.

When n = 1, H1,0 has exactly one positive eigenvalue. When n = 1, (γ, d) ∈ {(7
5 , 3), (5

3 , 2)}, H
(2)
1 has

exactly one positive eigenvalue.

Part II. Consider n ≥ 2. Recall from (5.3) the matrix M≤n appearing in the closed ODE system for V≤n,
where V≤n = (∇≤n%̃,∇≤n+1Ũ ,∇≤n+2B̃). Denote the eigenvalues of M≤n with non-negative real parts
by {λM≤n,i}

k≤n
i=1 , and define the linear subspace Σuns,≤n as in (5.4). We have the following results:

(i) (Real eigenvalues). The eigenvalues λM≤n,i are real, for all 1 ≤ i ≤ k≤n.
(ii) (Structure of Σuns,≤n) For any n ≥ 2, a column vector v≤n belongs to Σuns,≤n if and only if

v≤n = (vᵀ≤2, 0, .., 0)ᵀ,

for some column vector v≤2 ∈ Σuns,≤2. As a result, for any n ≥ 2, Σuns,≤n is a trivial lifting of Σuns,≤2

from Rd≤2 to Rd≤n , and dim(Σuns,≤n) = dim(Σuns,≤2).
(iii) (Dimension of Σuns,≤2). For the following five particular cases we have

dim(Σuns,≤2) = d2 − 1 + d, for (γ, d) ∈
{

(5
3 , 3), (2, 2)

}
, or γ ∈ (1, 3], d = 1, (5.56a)

dim(Σuns,≤2) = 18, for (γ, d) = (7
5 , 3), (5.56b)

dim(Σuns,≤2) = 7, for (γ, d) = (5
3 , 2). (5.56c)

Proof of Theorem 5.10. Proof of Part I The matrices in Theorem 5.10 are given explicitly in Proposi-
tion 5.6. We prove the results in Step I using the Routh–Hurwitz criterion, which allows us to analyze
the number of unstable eigenvalues; this computation involves proving a number of inequalities connecting
the parameters α, d, k, β. We defer the proof of Part I to Appendix D.

Proof of Part II. We consider n ≥ 2. We recall the matrix M≤n and the ODEs for ∇≤n%̃, ∇≤n+1Ũ , and
∇≤n+2B̃ from (5.46).

Proof of Part II, item (i). From the results in Part I of the Theorem, all the eigenvalues of H
(3)
k with k ≥ 2,

H|β|,k with |β| + 2k ≥ 2, H
(2)
n with n ≥ 2, and (−nκ − 2Ū1 − 1)Id with n ≥ 1 have negative real parts.

In fact, any eigenvalue λ of the matrices H
(3)
k with k ≥ 1, H|β|,k with |β| + 2k ≥ 1, H

(2)
n with n ≥ 1, and

(−nκ− 2Ū1 − 1)Id with n ≥ 1 that has nonnegative real part, is simple. In particular, such an eigenvalue
λ must be real.

Using this information, using the lower triangular block structure of M` for ` ≥ 3 (see (5.49a)), using
the fact that the diagonal blocks are given explicitly in (5.49b), and using Lemma 5.8, we see that all the
eigenvalues of M` and m` with ` ≥ 3 have negative real parts. Moreover, the eigenvalues of m` with
non-negative real part are real, for any ` ≥ 1. This proves item (i).

Proof of Part II, item (ii). Recall that the linear subspace Σuns,≤n is defined in (5.4). Let n ≥ 2 and suppose
that vᵀ≤n ∈ ker((λId −M≤n)AM(λ,M≤n)) for some eigenvalue λ of M≤n with Re (λ) ≥ 0; here v≤n is a
row vector. By definition, we have

(λId −M≤n)AM(λ,M≤n)vᵀ≤n = 0. (5.57)

Since M≤n is the matrix associated with the ODE for V≤n in (5.46), and since N = 1, we can assume that
v≤n is a row vector with the following partition:

v≤n = ((v=0, v∆), v=1, v2\∆, v=3, .., v=n).
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In the proof of item (i) above, we have shown that for each i ≥ 3 the matrix mi does not have eigenvalues
with non-negative real parts. By assumption, we have Re (λ) ≥ 0; we obtain that λId −mi is an invertible
matrix for all i ≥ 3. Since M≤n − λId is a block lower triangular matrix with matrices m0 − λId ,m1 −
λId , ..,m′2 − λId , ..mn − λId on the diagonal (see (5.46)), from (5.57) we obtain that

v=i = 0, ∀ i ≥ 3, AM(λ,M≤n) = AM(λ,M≤2).

Here we recall from (5.2) that AM(·) denotes the algebraic multiplicity of an eigenvalue. Thus, equation
(5.57) is equivalent to

(λId −M≤2)AM(λ,M≤2)((v=0, v∆), v=1, v2\∆)ᵀ = 0, v≤n = (((v=0, v∆), v=1, v2\∆, 0, .., 0).

The above equation is further equivalent to ((v=0, v∆), v=1, v2\∆)ᵀ ∈ ker((M≤2 − λ)AM(λ,M≤2)). Using
the definition of Σuns,≤2 from (5.4) (with n = 2), we conclude the proof of item (ii).

Proof of Part II, item (iii). Since M≤n is block lower triangular due to (5.46), for any µ ∈ C, we have the
following factorization of the characteristic polynomial

det(µId −M≤n) = det(µId −m′2) ·
∏

0≤i≤n,i 6=2

det(µId −mi). (5.58)

As discussed above, when for all i ≥ 3 and any λ ≥ 0, we have AM(λ,mi) = 0. Therefore, using (5.58),
we obtain

AM(λ,M≤n) = AM(λ,m0) + AM(λ,m1) + AM(λ,m′2) = AM(λ,M≤2), ∀λ ≥ 0. (5.59)

Recall from (5.4) the definition of Σuns,≤n. Since λM≤n,i is real (cf. Part II, item (i)), using identity (5.51)
and the notation AM≥0 from (5.2), we obtain

dim(Σuns,≤n) =
∑
i≤k≤n

dim(ker(λM≤n,iId −M≤n)
AM(λM≤n,i,M≤n)

) =
∑
i≤k≤n

AM(λM≤n,i,M≤n).

Summing the identity (5.59) over all eigenvalues of M≤n with non-negative real part, we obtain

dim(Σuns,≤n) = AM≥0(M≤n) = AM≥0(M≤2) = AM≥0(m0) + AM≥0(m1) + AM≥0(m′2). (5.60)

Thus, to prove the results claimed in item (iii) of Part II, we only need to count the multiplicity of eigenvalues
of m0,m1,m

′
2 with non-negative real part.

Note that we have computed AM≥0(m0) in Sections 5.2–5.3:

AM≥0(m0) = d2 − 1, for (d, γ) ∈
{

(3, 5
3), (3, 7

5), (2, 2), (2, 5
3)
}
, or for d = 1. (5.61)

It thus remains to calculate AM≥0(m1) and AM≥0(m′2).
We recall the system (5.46) with n = 2,N = 1 and the matrix M≤2:

d
dτ ((V=0, V∆), V=1, V2\∆)ᵀ = M≤2((V=0, V∆), V=1, V2\∆)ᵀ +O(|G2|2), (5.62a)

M≤2 = (Ãij)1≤i,j≤3, Ãij = 0, for i > j, (Ã11, Ã22, Ã33) = (m0,m1,m
′
2). (5.62b)

where the matrix m′2 is the square matrix in the ODEs for V2\∆ in (5.45b) with N = 1. In the following
three steps, we show that all the eigenvalues of the matrix m′2 are negative (so that AM≥0(m′2) = 0), and
we compute AM≥0(m1).

Step 1: Case d = 1. When d = 1, since there are no mixed derivatives and the Laplacian ∆ reduces to ∂2
1 ,

from the definition of V2\∆ in (5.42), we obtain V2\∆ = ∅. Thus m′2 = ∅.
By the definition of V=1 (see (5.1)), we obtain V=1 = (∂1%̃, ∂

2
1Ũ , ∂

3
1 B̃). Thus, the ODE for V=1 is given

exactly by (5.40) (with n = 1); appealing also to (5.45) with n = 1, we conclude that m1 = H
(1)
1 . From Part

I item (v) in this Theorem, we know that m1 has exactly one unstable eigenvalue, which is simple. Thus,
for d = 1, we have

AM≥0(m′2) = 0, AM≥0(m1) = 1. (5.63)
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We are left to consider the four interesting cases (γ, d) ∈ {(5
3 , 3), (7

5 , 3), (2, 2), (5
3 , 2)}; specifically, we

analyze AM≥0(m′2) and AM≥0(m1).

Step 2: No unstable eigenvalues from m′2. In this step, we show that m′2 does not have unstable eigenval-
ues by relating it to the matrices H|β|,k in (5.37), H

(2)
n in (5.38), and to (−nκ− 2Ū1 − 1)Id in (5.39).

The ODE system in (5.62) is equivalent to the overdetermined system for ((V=0, V∆), V=1, Ṽ2\∆)ᵀ,
where Ṽ2\∆ denotes the mixed derivatives

Vβ2,0, (∂β4Z̃, ∂β4B̃), ∂β3Ũ .

Here, Vβ2,0 denotes all the vectors Vβ,0 ∈ R4 with multi-index β ∈ Nd0 such that |β| = 2; (∂β4Z̃, ∂β4B̃)

denotes all the vectors (∂βZ̃, ∂βB̃) ∈ R2 with multi-index β ∈ Nd0 such that |β| = 4; and ∂β3Ũ denotes all
the scalars ∂βŨ i with multi-index β ∈ Nd0 such that |β| = 3. Using the ODEs (5.37) with k = 0, |β| = 2,
n = 2, the ODEs (5.38) with |β| = 4, n = 2, and the ODEs (5.39) with |β| = 3, n = 2, we derive the
system of ODEs satisfied by Ṽ2\∆:

d
dτ Ṽ

ᵀ
2\∆ = M̃2Ṽ

ᵀ
2\∆ + L((F0,1,G0)) +O(|G2|2). (5.64)

Here recall the notation F and G from (5.6). Using (5.44), (5.6c), and the identity (5.41), we obtain

F0,1 = L(V∆), G0 = L(V=0, V∆).

Similarly to (5.49), we may show that M̃2 (appearing in (5.64)) is a block lower triangular matrix (see (5.49)
for an illustration) with matrices on the diagonal M̃2 given by mi and m′2:

M̃2 = (Cij)1≤i,j≤c, Cij = 0, ∀i < j, Cii ∈
{

H2,0,H
(2)
2 , (−2κ− 2Ū1 − 1)Id }.

From the results in Part I of this theorem, the eigenvalues of the matrices H2,0, H
(2)
2 , and (−2κ−2Ū1−1)Id

all have negative real parts. Due to the block lower triangular structure, we obtain

Re (λ) < 0, for all eigenvalues λ of M̃2. (5.65)

Combining (5.64) and (5.43), we obtain that
d
dτ ((V=0, V∆), V=1, Ṽ2\∆)ᵀ = M̃≤2((V=0, V∆), V=1, Ṽ2\∆)ᵀ +O(|G2|2), (5.66a)

where M̃≤2 is a block lower triangular matrix with diagonal blocks given by the matrices

M̃≤2 = (Ãij)1≤i,j≤3, Ãij = 0, for i < j, (Ã11, Ã22, Ã2,2) = (m0,m1, M̃2). (5.66b)

Next, we note that by construction, we have the following relation

((V=0, V∆), V=1, Ṽ2\∆)ᵀ = P̃2((V=0, V∆), V=1, V2\∆)ᵀ, P̃2 =

Id 0 0
0 Id 0
A1 A2 A3

 (5.67)

for some constant matrices Ai. Moreover, A3, and hence also P̃2, have full column rank. Here, one should
interpret Id as an identity matrix of an appropriate size. Comparing the ODEs P̃2× (5.62) and (5.66), we
obtain

P̃2M≤2 = M̃≤2P̃2, =⇒ P̃2(M≤2 − c · Id ) = (M̃≤2 − c · Id )P̃2, ∀ c ∈ R.
Since M≤2 is a block lower triangular matrix (see (5.62)), if m′2 has an eigenpair (λ, v) with Re (λ) ≥ 0
and a right column eigenvector v 6= 0, we obtain that (0, 0, vᵀ)ᵀ is a right eigenvector for M≤2. Thus, using
the above identity with c = λ and using the precise structure of P̃2, we obtain

0 = P̃2(M≤2 − λId )(0, 0, vᵀ)ᵀ = (M̃≤2 − λId )P̃2(0, 0, vᵀ)ᵀ = (M̃≤2 − λId )(0, 0, (A3v)ᵀ)ᵀ.

Due to the block lower triangular structure of M̃≤2 in (5.66), we obtain

0 = (M̃≤2 − λId )(0, 0, (A3v)ᵀ)ᵀ = (0, 0, ((M̃2 − λId )A3v)ᵀ)ᵀ.
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Since v 6= 0 and A3 has a full column rank, we obtain that (λ,A3v 6= 0) is an eigenpair for M̃2. However,
the assumption Re (λ) ≥ 0 contradicts (5.65). Thus, we prove that all the eigenvalues of m′2 are strictly
negative.

To complete the proof, it remains to compute AM≥0(m1) for (γ, d) ∈ {(5
3 , 3), (7

5 , 3), (2, 2), (5
3 , 2)}.

Step 3: Invertible map for the case d = 2, n = 1. For d = 2 and n = 1, we can find a one-to-one linear
map from the vector of mixed partial derivatives V ᵀ=1 to a subset of the mixed derivatives in P1V

ᵀ
=1 (as

defined in (5.47b) with n = 1).
Denote e1 = (1, 0), e2 = (0, 1). We define a matrix Ps so that

PsV
ᵀ

=1 =
(
Ve1,0,Ve2,0, (∂

3
1Z̃, ∂

3
1 B̃), (∂2

1∂2Z̃, ∂
2
1∂2B̃)

)ᵀ
. (5.68)

It is not difficult to obtain that for d = 2, the vector V=1 = (∇%̃,∇2Ũ ,∇3B̃) of all first-order mixed
derivatives has length 2 + 2 · 3 + 4 = 12, and the above vector PsV=1 has length 4 × 2 + 4 = 12. Thus,
Ps ∈ R12×12 is a square matrix and V=1,PsV

>
=1 ∈ R12.

Next, we show that Ps is invertible. To simplify the derivation, we use the notation L from (5.6). It
suffices to show that we can obtain all mixed derivatives in the vector V=1 = (∇%̃,∇2Ũ ,∇3B̃) from linear
combinations of mixed derivatives in RHS(5.68):

∇%̃,∇2Ũ ,∇3B̃ = L
(
Ve1,0,Ve2,0, (∂

3
1Z̃, ∂

3
1 B̃), (∂2

1∂2Z̃, ∂
2
1∂2B̃)

)
= L(RHS(5.68)). (5.69)

Firstly, using the definition of Vei,0 in (5.35), and using the definition of PsV
ᵀ

=1 in (5.68), we obtain

∇%̃(0), ∇∆Z̃, ∇∆B̃, ∇(div Ũ), ∂2
1∇Z̃, ∂2

1∇B̃ = L(RHS(5.68)). (5.70)

Next, we show that∇3Z̃,∇3B̃ = L(RHS(5.68)). A direct calculation yields

∇∂2
2Z̃ = ∇∆Z̃ −∇∂2

1Z̃ = L(RHS(5.68)), ∇∂2
2 B̃ = ∇∆B̃−∇∂2

1 B̃ = L(RHS(5.68)),

which along with (5.70) implies
∇3B̃,∇3Z̃ = L(RHS(5.68)). (5.71)

Recall that Z̃ = y · Ũ . Using (5.71) , for i = 1, 2, we obtain

∂2
i Ũ i(0) = 1

3∂
3
i (y · Ũ)(0) = L(RHS(5.68)).

Using the above identity and (5.70), we obtain

∂12Ũ1 = ∂2(div Ũ − ∂2Ũ2) = L(RHS(5.68)), ∂12Ũ2 = ∂1(div Ũ − ∂1Ũ1) = L(RHS(5.68)).

Finally, using (5.70) and the above identity, we derive

∂2
1Ũ2(0) = ∂2∂

2
1(y1Ũ1 + y2Ũ2)(0)− 2∂12Ũ1(0) = L(RHS(5.68)).

Similarly, we obtain ∂2
2Ũ1 = L(RHS(5.68)). Combining the above identities, (5.69) follows; as a result, Ps,

as defined in (5.68), is invertible.
Following the derivation in Section 5.5.1 with n = 1, we obtain that PsV

ᵀ
=1 solves the ODE

d
dτPsV

ᵀ
=1 = MsPsV

ᵀ
=1 + L(G0) +O(G 2

1 ), (5.72)

where Ms is a block lower triangular matrix and has a similar structure as (5.49) with diagonal blocks given
by

H1,0︸︷︷︸
repeat twice

, H
(2)
1︸︷︷︸

repeat twice

.

The matrices H1,0,H
(2)
1 repeat twice since we have two different Vei,0 and two different (∂β3Z̃, ∂β3B̃) in

(5.68). Moreover, by comparing (5.72) and (5.45) with n = 1, we get

Psm1 = MsPs.

Since Ps is invertible, m1 and Ms are conjugate, which implies

AM≥0(m1) = AM≥0(Ms).
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From the results proven in Part I of this Theorem, when n = 1, γ = 2, d = 2, H1,0 has one positive
eigenvalue, while the eigenvalues of H

(2)
1 all have negative real part. When n = 1, γ = 5

3 , d = 2, both H1,0

and H
(2)
1 have one positive eigenvalue. By counting these eigenvalues, we obtain

AM≥0(m1) = 2, for γ = 2, d = 2, AM≥0(m1) = 4, for γ = 5
3 , d = 2. (5.73)

Step 4: Invertible map for the case d = 3, n = 1. For d = 3 and n = 1, we find a one-to-one linear map
from the vector of mixed partial derivatives V ᵀ=1 to a subset of the mixed derivatives in P1V

ᵀ
=1 (as defined

in (5.47b) with n = 1). Below, all the mixed derivatives evaluate at y = 0.
Denote e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1). We define a matrix Ps so that

Ps,3V
ᵀ

=1 =
(
Ve1,0,Ve2,0,Ve3,0, (∂βZ̃, ∂βB̃)︸ ︷︷ ︸

|β|=3,β3≤1,7 different β

, ∂12Ũ1, ∂13Ũ1, ∂23Ũ1, ∂33Ũ1, ∂13Ũ2

)ᵀ
. (5.74)

It is not difficult to obtain that for d = 3, the vector V=1 = (∇%̃,∇2Ũ ,∇3B̃) of all first-order mixed
derivatives has length 3 + 3 · 6 + 10 = 31, and the above vector PsV=1 has length 4× 3 + 7× 2 + 5 = 31.
Thus, Ps ∈ R31×31 is a square matrix and V=1,Ps,3V

>
=1 ∈ R31.

Following Step 3, we show that Ps,3 is invertible by proving

∇%̃,∇2Ũ ,∇3B̃ = L(RHS(5.74)). (5.75)

Clearly, from the definition of Vei,0 in (5.35), for any i ∈ {0, 1, 2, 3}, j ∈ {0, 1, 2}, we have

∇%̃(0), ∇∆Z̃, ∇∆B̃, ∇(div Ũ), ∂i1∂
3−i
2 (Z̃, B̃), ∂j1∂

2−j
2 ∂3(Z̃, B̃) = L(RHS(5.74)). (5.76)

Next, we consider ∇3B̃(0). For i ∈ {1, 2, 3}, since ∂i(∂2
1 + ∂2

2)B̃ contains at most one derivative with
respect to y3, namely ∂3, using (5.76), we obtain

∂i∂
2
3 B̃ = ∂i∆B̃− ∂i(∂2

1 + ∂2
2)B̃ = L(RHS(5.74)).

Using the above estimates and (5.76), we obtain ∇3B̃ = L(RHS(5.74)). Applying the same argument to
Z̃, we establish

∇3Z̃ = ∇3(y · Ũ), ∇3B̃ = L(RHS(5.74)). (5.77)

Derivation for∇2Ũ . For i ∈ {1, 2, 3}, using the identities

3∂2
i Ũ i = ∂3

i (y · Ũ), ∂i∆(y · Ũ) = ∂i(2∇ · Ũ + y ·∆Ũ) = ∆Ũ i + 2∂i(∇ · Ũ),

and the estimates (5.76) and (5.77), we obtain

∂2
i Ũ i, ∆Ũ i = L(RHS(5.74)), i ∈ {1, 2, 3}. (5.78)

Using ∂2
1Ũ1,∆Ũ1 = L(RHS(5.74)) from the above estimate and ∂i∂jŨ1 = L(RHS(5.74)) for (i, j) ∈

{(1, 2), (1, 3), (2, 3), (3, 3)} from (5.74), we obtain

∂2
2Ũ1 = (∆− ∂2

1 − ∂3
3)Ũ1 ∈ L(RHS(5.74)) ⇒ ∇2Ũ1 = L(RHS(5.74)). (5.79)

Using (5.79) and (5.77), we obtain

∂i1∂
3−i
2 (y2Ũ2) = ∂i1∂

3−i
2 (y2Ũ2 + y3Ũ3) = ∂i1∂

3−i
2 (y · Ũ − y1 · Ũ1) = L(RHS(5.74)).

By choosing i = 2, 1, 0 in order, we derive

∂i1∂
2−i
2 Ũ2 = L(RHS(5.74)) (5.80)

Using (5.80), (5.76), and (5.78) , we derive

∂2
3Ũ2 = (∆− ∂2

1 − ∂2
2)Ũ2 = L(RHS(5.74)), ∂23Ũ2 = ∂3(∇ · Ũ − ∂1Ũ1 − ∂3Ũ3) = L(RHS(5.74)).

Using ∂13Ũ2 = L(RHS(5.74)) and the above two estimates, we obtain

∇2Ũ2 = L(RHS(5.74)) (5.81)
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Finally, using (5.77), (5.79), and (5.81), for any β with |β| = 3, we obtain

∂β(y3 · Ũ3) = ∂β(y · Ũ − y1 · Ũ1 − y2 · Ũ2) = L(RHS(5.74)), ⇒ ∇2Ũ3 = L(RHS(5.74)).

Combining the above estimates, we prove (5.75). Thus, Ps,3 defined via (5.74) is an invertible square
matrix.

Following the argument in Step 3, we derive the following ODE for
d
dτPs,3V

ᵀ
=1 = Ms,3Ps,3V

ᵀ
=1 + L(G0) +O(G 2

1 ), (5.82)

where Ms,3 is a lower triangular matrix and has a similar structure as (5.49) with diagonal blocks given by

H1,0︸︷︷︸
repeat 3 times

, H
(2)
1︸︷︷︸

repeat 7 times

, −2κ− 2Ū1 − 1︸ ︷︷ ︸
repeat 5 times

.

We have the above structure of the diagonal blocks since we have 3 different Vei,0, 7 different (∂β3Z̃, ∂β3B̃),
and 5 different ∂β2Ũ i in (5.74). Moreover, Ms,3 and m1 are conjugate

Ps,3m1 = Ms,3Ps,3, Ps,3 is invertible.

From the results proven in Part I of this Theorem, when n = 1, (γ, d) = (5
3 , 3), H1,0 has one positive

eigenvalue, while the eigenvalues of H
(2)
1 all have negative real part. When n = 1, (γ, d) = (7

5 , 3), both

H1,0 and H
(2)
1 have one positive eigenvalue. In both cases, we have −2κ− 2Ū1 − 1 < 0 from (5.55) of this

Theorem. By counting these eigenvalues and following the argument in Step 3, we obtain

AM≥0(m1) = 3, for γ = 5
3 , d = 3, AM≥0(m1) = 3 + 7 = 10, for γ = 7

5 , d = 3. (5.83)

Combining identities (5.61), (5.63), (5.83), (5.73) to (5.60), we have thus proven:

dim(Σuns,≤2) = d2 − 1 + d, for (γ, d) ∈ {(5
3 , 3), (2, 2)}, or γ > 1, d = 1,

dim(Σuns,≤2) = 18, for (γ, d) = (7
5 , 3),

dim(Σuns,≤2) = 7, for (γ, d) = (5
3 , 2),

which completes the proof of item (iii) in Part II of Theorem 5.10. �

Corollary 5.11. Consider the ground state profile at N = 1 and the five special cases:

(γ, d) ∈
{

(5
3 , 3), (7

5 , 3), (2, 2), (5
3 , 2)

}
, or γ ∈ (1, 3], d = 1.

For any n ≥ 2, there exists δ = δ(n,M≤n) > 0 such that the following statement holds. If the initial data
for the mixed-derivatives satisfies V≤2(0) = 0 and ‖V≤n(0)‖2 ≤ δ, then V≤2(τ) = 0 for any τ ≥ 0 and the
exponential decay estimate

EO,n(τ) ≤ Cne−λτEO,n(0), ∀ τ ≥ 0,

holds for some λ > 0 depending on the matrix M≤n and n.

Proof of Corollary 5.11. Since V≤2|τ=0 = (∇≤2%̃,∇≤3Ũ ,∇≤4B̃)|τ=0,y=0 = 0, since and V≤2(τ) obeys
a closed ODE system when N = 1 (see (5.46)), we obtain V≤2(τ) ≡ 0 for any τ ≥ 0. Since the
modulation function c̃r, c̃%, c̃u, c̃B are linear combinations of V=0, V∆ (see (5.34)), we also obtain that
c̃r(τ), c̃%(τ), c̃u(τ), c̃B(τ) = 0 for all τ ≥ 0. Thus, using the definition of EO,n in (4.38), we have

EO,n = |%̃(0)|Cn + |Ũ(0)|Cn+1 + |B̃(0)|Cn+2 . (5.84)

For n ≥ 3, the ODE system (5.46) reduces an ODE system for V3≤∗≤n = (V=3, .., V=n), which may be
written as

d
dτ V

ᵀ
3≤∗≤n = M3≤∗≤nV

ᵀ
3≤∗≤n +On(|V3≤∗≤n|2), (5.85)
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where M3≤∗≤n is a submatrix of M≤n in (5.46) and is block lower triangular:

M3≤∗≤n = (Ãij)3≤i,j≤n+1, Ãij = 0 for i < j,

(Ã33, Ã44, . . . , Ãn+1,n+1) = (m3,m4, . . . ,mn).

SinceM3≤∗≤n is block lower triangular, and since all the eigenvalues of the diagonal blocks m` (with l ≥ 3)
have negative real (see the proof of item (i) in Part II of Theorem 5.10), we obtain that all the eigenvalues
of M3≤∗≤n have negative real part. Thus, using the classical nonlinear stability result of an equilibrium in
ODE theory, see e.g. [5, Chapter 4.3, Theorem 2], we obtain that there exists a small δ = δ(n,M≤n) > 0
such that

if ‖V3≤∗≤n(0)‖2 ≤ δ, then ‖V3≤∗≤n(τ)‖2 ≤ Cne−λτ‖V3≤∗≤n(0)‖2
for some λ = λ(M≥3,≤n, n) > 0 and all τ ≥ 0. Using identity (5.84), and recalling definition (5.1), we
complete the proof. �

5.7. Upper bound of unstable directions in general case. For a general radially symmetric, globally self-
similar profile with N ∈ N, dimension d ∈ {1, 2, 3}, and for 1 < γ ≤ 2d + 1, we have the following
estimates on the number of unstable directions for (5.3).

Theorem 5.12. Fix d ∈ {1, 2, 3}, 1 < γ ≤ 2d+ 1, N ≥ 1, and let α = γ−1
2 .

(i) For any
n ≥ n1 := (18d)2N,

and any β, k with |β| + 2k = n, the real part of eigenvalues λ of the matrices H|β|,k,H
(3)
k ,H

(2)
n in

(5.37) are strictly negative and satisfy Re (λ) ≤ −1. As a result, the real part of the eigenvalues λ of
the matrix mn for the ODE system (5.45a) are strictly negative and satisfy Re (λ) ≤ −1.

(ii) Recall the notation Σuns,≤n from (5.4). For any n ≥ n1, the column vector v≤n belongs to Σuns,≤n if
and only if

v≤n = (vᵀ≤n1
, 0, .., 0)ᵀ,

for some column vector v≤n1 ∈ Σuns,≤n1 . As a result, for any n ≥ n1, Σuns,≤n is a trivial lifting of
Σuns,≤n1 from Rd≤n1 to Rd≤n , and dim(Σuns,≤n) = dim(Σuns,≤n1).

(iii) We have
dim(Σuns,≤n1) ≤ C(d)Nd.

for some explicitly computable constant C(d) > 0 which depends only on d.

To prove Theorem 5.12, we use a classical result on the eigenvalues of a weighted diagonally-dominated
matrix, a version of the Gershgorin circle theorem.

Lemma 5.13 (Gershgorin-type bound). Let A ∈ Rn×n. Suppose that for every 1 ≤ i ≤ n we have
Aii < 0, and assume that there exists µi > 0 and θ > 0 such that

(|Aii| − θ)µi ≥
∑
j 6=i
|Aijµj |. (5.86)

Then all eigenvalues λ of A have negative real and Re (λi) ≤ −θ.

For the sake of completeness, we provide the proof.

Proof of Lemma 5.13. Let (λ, v) be an arbitrary eigen-pair of A: Av = λv with v 6= 0. Let i1 =

arg maxi
|vi|
µi

. We have vi1 6= 0 and∑
j

Ai1jvj = (Av)i1 = λvi1 , (λ−Ai1i1)vi1 =
∑
j 6=i1

Ai1jvj .
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Using (5.86), the definition of i1, and the fact that |vi1 | > 0, we obtain

|(λ−Ai1i1)| |vi1 | = |(λ−Ai1i1)vi1 | ≤ max
j

|vj |
µj
·
∑
j 6=i1

|Ai1,jµj | ≤
|vi1 |
µi1

(|Ai1,i1 |−θ)µi1 = (|Ai1,i1 |−θ)|vi1 |.

Canceling |vi1 | 6= 0, we obtain that |λ−Ai1i1 | ≤ |Ai1i1 | − θ. Since Ai1,i1 < 0, it thus follows that λ lies in
the disk of radius |Ai1i1 | − θ centered at −|Ai1i1 |, which then implies Re (λ) ≤ −θ < 0. �

Next, we prove Theorem 5.12.

Proof of Theorem 5.12. Our first goal is to show that if n ≥ 1 is chosen large enough, then the matrices
H|β|,k (as defined in (5.37b)) with |β| + 2k = n, are diagonally dominated, meaning they satisfy the as-
sumptions of Lemma 5.13. For this purpose, we choose the following weights

(µ1, µ2, µ3, µ4) :=
(

1,
n

2αC̄1
,
n2

2αC̄1
,
n

αC̄2
1

)
, (5.87a)

and use the notation53

di := −(H|β|,k)iiµi −
∑
j 6=i
|(H|β|,k)ij |µj , for 1 ≤ i ≤ 4. (5.87b)

Here C̄1 (see (4.8e)) denotes leading order coefficient of the sound speed at y = 0

C̄1 := lim
|y|→0

|y|−1C̄(y) = lim
|y|→0

|y|−1(%̄B̄(y))1/2 = %̄
1/2
0 = αq̄0 = 1

1+αd

√
αγd

2 , (5.88)

where we recall %̄0 = (αq̄0)2 and Ū1 from (5.8). Since γ = 1 + 2α < (1 + αd)2, we obtain

C̄1 <
√
αd. (5.89)

Next, we show that di > 0 for n sufficiently large.
Recall from (4.11) that κ = c̄r + Ū1. Dividing the outgoing inequality (4.9d) by |y|, evaluating the

resulting inequality at y = 0, and then using the definitions of C̄1 in (5.88) and Ū1 in (4.12), we derive

κ+ C̄1 ≥ κ ≥ κ− C̄1 ≥ a, a :=
1

6N
. (5.90)

In the following estimates, we derive the leading order terms for di (as defined in (5.87)) in terms of
n. For the matrices H|β|,k, inspecting their definition in (5.37b), we see that only the (2, 1) and (3, 1)

components have a complicated form. For (H|β|,k)2,1 and (H|β|,k)3,1, since B̄2 = 1 (5.8), |β|+ 2k = n and
(n− k)k ≤ n2

4 , we may bound∣∣(H|β|,k)2,1

∣∣ =
∣∣∣− (d+ 2|β|+ 2(k − 1))kB̄2

α
−
(n
α

+
2(d+ n)

γ

)
B̄2

∣∣∣
≤ (d+ 2n− 2k − 2)k + n

α
+

2(d+ n)

γ
≤ n2

2α
+

(d− 2)+k + n+ d+ n

α
<
n2

2α
+

4dn

α
,∣∣(H|β|,k)3,1

∣∣ =
∣∣∣− ( n

2α
+

2

γ

)
(2d+ 4|β|+ 4k)(k + 1)B̄2

∣∣∣
≤
( n

2α
+

2

γ

)(
n2 + 2d(k + 1) + 4(n− k)

)
≤ n3

2α
+

12dn2

α
.

53We will prove later on that (H|β|,k)ii < 0, as required by Lemma 5.13; thus, in the definition of di, the term −(H|β|,k)ii is
the same as |(H|β|,k)ii|, the form used in (5.86).
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Here we have denoted x+ = max(x, 0) and we have used the bounds k+1 ≤ n, 2d(k+1)+4(n−k) ≤ 6dn,
and 2

γ <
1
α in the last inequality. Using (5.88), Ū1 = − 1

1+αd (5.8), α ≤ d, and γ > 1, we obtain

|1 + 2Ū1|
2αC̄1

=
|1 + 2Ū1|

2α
√

αγd
2 ·

1
1+αd

=
|1− αd|
α3/2
√

2γd
<

max(1, αd)

α3/2d1/2
≤ d2

α3/2d1/2
<
d3/2

α3/2
,

1

αγ
<
d1/2

α3/2
.

Using the above estimates, µi from (5.87), %̄0 = C̄2
1 (5.88), α ≤ d, the bounds in (5.90), and nκ+ 2Ū1 +

1 ≥ nκ− |1 + 2Ū1|, we obtain

d1 = µ1 · nκ− µ2 · 2α%̄0 = nκ− nC̄1 ≥ na,

d2 = µ2 · (nκ+ 2Ū1 + 1)− µ1|(H|β|,k)2,1| − µ4
%̄0

γ

≥ n2κ

2αC̄1
− n2

2α
−
( |1 + 2Ū1|

2αC̄1
+

4d

α
+

1

αγ

)
n ≥ n2a

2αC̄1
− 6d3/2

α3/2
n,

d3 = µ3 · (nκ+ 2Ū1 + 1)− µ1|(H|β|,k)3,1| − µ4
(n+ 2)%̄0

γ

≥ n3κ

2αC̄1
− n3

2α
−
( |1 + 2Ū1|

2αC̄1
+

12d

α
+

3

αγ

)
n2 ≥ n3a

2αC̄1
− 16d3/2

α3/2
n2,

d4 = µ4 · nκ− 2µ3 =
n2κ

αC̄2
1

− n2

αC̄1
≥ n2a

αC̄2
1

.

From the above estimates, definition (2.5b), the standing assumption α ∈ (0, d], (5.89) for C̄1, and (5.90),
we obtain that if we choose

n ≥ (18d)2 N (5.91)

then
na ≥ 1 + 2α(αd)1/2 · 18d3/2α−3/2 > 1 + 2αC̄1 · 18d3/2 · α−3/2,

and hence di ≥ µi for all 1 ≤ i ≤ 4. Note that the above inequality and (5.90) also implies

nκ+ 2Ū1 + 1 ≥ na+ αd−1
1+αd ≥ na− 1 > 1. (5.92)

Thus, for n as in (5.91), condition (5.86) is satisfied with θ = 1, the matrix H|β|,k is weighted diagonally
dominated, and using Lemma 5.13, we obtain that all eigenvalues λ of H|β|,k have negative real part and
satisfy Re (λ) ≤ −1.

For n = 2k satisfying (5.91), using the relation between the eigenvalues of H
(3)
k and H0,k from Lemma

5.9, we obtain that all eigenvalues λ of H
(3)
k have negative real part and satisfy Re (λ) ≤ −1.

For the matrix H
(2)
n appearing in the ODE (5.38), we note that H

(2)
|β| is the lower-right 2×2 diagonal block

of the matrix H|β|,k (rows 3 & 4 and columns 3 & 4). Since the weighted diagonal dominated condition (5.86)

holds with θ = 1 for A = H|β|,k, it follows that H
(2)
|β| also satisfies this condition with θ = 1; using (5.92)

and Lemma 5.13, we obtain that all eigenvalues λ of H
(2)
|β| satisfy Re (λ) ≤ −1.

Thus, for n satisfying (5.91), all eigenvalues λ of the matrices H
(3)
k in (5.36a), H|β|,k in (5.37), H

(2)
n in

(5.38), and (−nκ− 2Ū1 − 1)Id in (5.39) have negative real parts and satisfy Re (λ) ≤ −1. In view of the
block lower triangular structure for Mn in (5.49) and appealing to Lemma 5.8, it follows that all eigenvalues
λ of the matrices mn and Mn have negative real parts with Re (λ) ≤ −1 (for n satisfying (5.91)).

Let n1 = (18d)2N. The proof of the results in item (ii) of Theorem 5.12 is the same as the proof of the
results in Part II, item (ii), of Theorem 5.10. To avoid redundancy, we omit this proof here.

For the proof of item (iii) of Theorem 5.12, we note that the number of mix-derivatives with order less
than n1 = (18d)2N are bounded by C(d)Nd for some explicitly computable C(d) > 0. We obtain that
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M≤n1 ∈ Rd≤n1
,d≤n1 has a size d≤n1 at most C(d)Nd. By definition of Σuns,≤n1 in (5.4), it thus follows that

dim(Σuns,≤n1) ≤ d≤n1 ≤ C(d)Nd,

which completes the proof. �

5.8. Global solution to the ODEs. In this section, we construct global solutions to the ODEs. Given a
matrix M ∈ Rn×n, we denote by λM,i, i ≤ nM ≤ n the eigenvalues of M . We can decompose the complex
space Cn as

Cn =
⊕

1≤i≤nM

ker((λM,i −M)AM(λM,i,M)) (5.93)

where AM(λM,i,M) is the multiplicity of the eigenvalues λM,i. Given a set σ, the spectral projection Πσ

associated with eigenvalues in σ is defined as the linear map

Πσ : Cn → Σσ :=
⊕

λM,i∈σ
ker((λM,i −M)AM(λM,i,M)) (5.94)

with range Σσ and kernel
⊕

λM,i /∈σ ker((λM,i −M)AM(λM,i,M)).
We have the following abstract theorem for solving the ODE system.

Theorem 5.14. Let V (τ) ∈ Rl and H ∈ Rl×l be a τ -independent matrix and N (V, V ) ∈ Rl be a bilinear
operator in V . Consider the ODE system

d
dτ V (τ) = HV +N (V, V ). (5.95)

Let λH,i be the eigenvalues of H and denote54

σs := {λH,i : Re (λH,i) < 0}, σu := {λH,i : Re (λH,i) ≥ 0}, µH := −max
λ∈σs

λ. (5.96)

If σs = ∅, we denote µH = 0. Let Πσs ,Πσu be the spectral projections associated with σs, σu, respectively.
There exists δ∗ = δ∗(H,N ) > 0, such that for any initial data V1,0 ∈ Rl with ‖V1,0‖2 ≤ δ∗, there exists
Vu,0 ∈ Re ΠuCl = Re Σσu and a global solution V to (5.95) such that

V (0) = V1,0 + Vu,0, ‖Vu,0‖2 . ‖V1,0‖2, (5.97a)

‖V (τ)‖2 . e−
3
4
µHτ‖V1,0‖2, (5.97b)

where the implicit constants depend only on H and the form of N .

For completeness, we provide a simple proof, which is a variant of the classical method for constructing
stable manifolds of nonlinear ODEs [66, Section 9.2]. Using the splitting method in [19, 18], we avoid the
analysis of central manifold when H has eigenvalues λ with Re (λ) = 0.

Proof of Theorem 5.14. If σs = ∅, from the definition (5.94), we obtain Σσu = Cl and Re Σσu = Rl. Thus,
given any V1,0, we can choose Vu,0 = −V1,0 to obtain trivial initial condition V (0) = 0 and a trivial solution
V (τ) ≡ 0. Otherwise, we have µH > 0.

We consider the following decomposition of the ODEs (5.95) V = V1 + V2 with Vi satisfying 55

d
dτ V1 = −µHV1 +N (V, V ), V1|τ=0 = V1,0,

d
dτ V2 = HV2 +KHV1, KH := µH + H.

(5.98a)

Recall the projection Πs,Πu. We solve V2 using the Duhamel’s formula
V2(τ) := A2(V1)(τ),

A2(V1)(τ) := Re

∫ τ

0
eH(τ−t)Πs(KHV1)(t)dt− Re

∫ ∞
τ

eH(τ−t)Πu(KHV1)(t)dt,
(5.98b)

54Note that σu can contain eigenvalues with Re (λH,i) = 0.
55The decomposition (5.98) is similar to the compact perturbation in [19, 18]. Here, since the problem is finite-dimensional, we

can change HV1 to AV1 with any matrix A by a compact perturbation.
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which determines the initial data for V2 implicitly. By definition, we obtain

V2(0) ∈ Re (ΠuRl) ⊂ Re (Σσu).

Since Πu is the projection onto the H-invariant subspace associated with eigenvalues with Re (λH,i) ≥ 0,
by definition, for any vector v ∈ Rl, we have

‖eHtΠsv‖2 . e−
7
8
µHt‖v‖2, ∀t ≥ 0,

‖eHtΠuv‖2 . e−
1
4
µHt‖v‖2, ∀t < 0.

(5.99)

Step 1: Fixed point map. Let V1,0 be the initial data in Lemma 5.14. We solve (5.98) using a fixed point
method. We define

‖V ‖Y := ‖e
3
4
µHτV (τ)‖L∞ , BY (r) := {V : ‖V ‖Y < r, V (0) = V1,0}. (5.100)

The set BY (r) is nonempty if r > ‖V1,0‖2 as V1,0e
− 3

4
µHτ ∈ BY (r). For any input V̂1 ∈ Y , we first

construct V2 = A2(V̂1) via (5.98b) and then construct V1 by solving (5.98a). This defines a map

V1 = A(V̂1). (5.101)

The fixed point of (5.101) corresponds to a global solution to (5.95). Below, we show that for

δ = ‖V1,0‖2 (5.102)

sufficient small, A is a contraction mapping from BY (2δ)→ BY (2δ).
Using (5.100) and (5.99), for any v ∈ Y , we obtain

‖A2(v)(τ)‖2 .
∫ τ

0
e−

7
8
µH(τ−t)‖(µH + H)v(t)‖2dt+

∫ ∞
τ

e−
1
4
µH(τ−t)‖(µH + H)v(t)‖2dt

. ‖v‖Y
(∫ τ

0
e−

7
8
µH(τ−t)e−

3
4
µHt +

∫ ∞
τ

e−
1
4
µH(τ−t)e−

3
4
µHtdt

)
. e−

3
4
µHτ‖v‖Y .

(5.103)

Step 2: Estimate of V2, V1. Suppose that ‖V̂1‖Y < 2δ. Using (5.103) and V2 = A2(V̂1), we obtain

‖V2(τ)‖2 . e−
3
4
µHτ |V̂1‖Y . (5.104)

Since N (·, ·) in (5.95) is bilinear and V = V1 + V2, using the above estimate, we obtain

‖N (V, V )(τ)‖2 . ‖V (τ)‖22 . ‖V1(τ)‖22 + ‖V2(τ)‖22 . ‖V1(τ)‖22 + e−3/2µHτ‖V̂1‖2Y .

Since N (V, V ) is Lipschitz in V1, the V1-ODE (5.98) admits local-in-time solution. Multiplying V1 to
the V1-equation and using the above estimate, we obtain

d
dτ ‖V1‖22 ≤ −2µH‖V1‖22 + C‖V1‖2(‖V1‖22 + e−

3
2
µHτ‖V̂1‖2Y ). (5.105)

Using ‖V̂1‖Y < 2δ and multiplying both sides by e3/2µHτ , we estimate v(τ) = e
3τ
4
µH‖V1(τ)‖2:

d
dτ v(τ)2 ≤ −1

2
µHv(τ)2 + C1e

− 3
4
µHτv(τ)(v(τ)2 + δ2),

for some absolute constant C1. Since ‖V1(0)‖2 = δ (5.102), by choosing δ < µH
5C1

so that

−1
2µH(2δ)2 + C1(2δ) · (4δ2 + δ2) = −2µHδ

2 + 10C1δ
3 < 0,

and using a bootstrap argument, we prove v(τ) < 2δ for all τ ≥ 0. Thus, we obtain a global in time solution
V1 with ‖V1‖Y < 2δ, and the map A maps BY (2δ) into itself.
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Step 3: Contraction. Given any two different inputs V̂1,a, V̂2,a ∈ Y . Denote

V2,α = A2(V̂1,α), V1,α = A(V̂1,α), Vα = V1,α + V2,α, α ∈ {a, b},
V1,∆ = V1,a − V1,b, V2,∆ = V2,a − V2,b,

(5.106)

From Step 2, for α ∈ {a, b}, we obtain

‖V1,α(τ)‖2 < 2e−
3
4
µHτδ, ‖V2,α(τ)‖2 . e−

3
4
µHτδ, ‖Vα(τ)‖2 . e−

3
4
µHτδ. (5.107)

Since A2 is linear, applying (5.103), we obtain

‖V2,∆(τ)‖2 = ‖A2(V̂1,∆)(τ)‖2 . e−
3
4
µHτ‖V̂1,∆‖Y . (5.108)

Since N is bilinear, using (5.107) and (5.108), we bound

‖N (Va, Va)(τ)−N (Vb, Vb)(τ)‖2 . (‖Va(τ)‖2 + ‖Vb(τ)‖2)‖(Va − Vb)(τ)‖2
. e−

3
4
µHτδ(‖V1,∆(τ)‖2 + ‖V2,∆(τ)‖2)

. e−
3
4
µHτδ(‖V1,∆(τ)‖2 + e−

3
4
µHτ‖V̂1,∆‖Y ).

Using the V1-ODE in (5.98), we estimate

d
dτ ‖V1,∆‖22 = −2µH‖V1,∆‖22 + 2V1,∆ · (N (Va, Va)−N (Vb, Vb))

≤ −2µH‖V1,∆‖22 + Ce−
3
4
µHτδ‖V1,∆‖2(‖V1,∆‖2 + e−

3
4
µHτ‖V̂1,∆‖Y ).

Since V1,∆(0) = 0, applying estimates similar to those in (5.105) and by further requiring δ small enough,
and solving the above ODE, we prove

‖V1,∆(τ)‖2 ≤ 1
2e
− 3

4
µHτ‖V̂1,∆‖Y .

Form the definitions (5.106), (5.101), (5.100), the above estimate implies that A is a contraction. Using the
Banach fixed point argument, we prove the existence of fixed point solution V1 to (5.98) with ‖V1‖Y < 2δ.
Moreover, from (5.101), (5.104), ‖V1‖Y < 2δ, the solution V1 and V2 = A2(V1) satisfy

‖V2(0)‖2 . δ = ‖V1,0‖2, ‖V (τ)‖2 . e−
3
4
µHτδ = e−

3
4
µHτ‖V1,0‖2.

We complete the proof of (5.97) and Theorem 5.14. �

5.9. Proof of Theorem 5.1. We combine the results in the previous subsection to prove Theorem 5.1.
Result (i) in Theorem 5.1 follows from (5.34).
We have derived the n-th order ODE system in Sections 5.2–5.5; these ODEs have the schematic form

given in (5.48). By extracting the linearly independent mixed derivatives from PiV
ᵀ

=i for i ≤ n, we derive
the ODEs for V≤n; see also (5.46). Since the nonlinear terms in these ODE systems are quadratic, result (ii)
in Theorem 5.1 follows.

For any n ≥ 2N, by the definitions of Σuns,≤n in (5.4), and that of Σσu in (5.94) and (5.96), we obtain that
the linear space Σuns,≤n is given by Re Σσu in Theorem 5.14, with H = M≤n. Thus, the first part of result
(iii) in Theorem 5.1 is established in Theorem 5.12. Applying Theorem 5.14 with H = M≤n, V = V≤n
to the ODE system (5.3), and using Re Σσu = Σuns,≤n, we establish the nonlinear stability results in the
second part of result (iii) in Theorem 5.1.

Result (iv) in Theorem 5.1 follows from Theorem 5.10 and the nonlinear stability results in Theorem
5.14.

Result (v) in Theorem 5.1 is established in Corollary 5.11, and this completes the proof of Theorem 5.1.



128 JIAJIE CHEN, STEVE SHKOLLER, AND VLAD VICOL

APPENDIX A. SIGN OF THE LEADING COEFFICIENT FOR VELOCITY AT INFINITY

Recall from (2.35) that the leading order asymptotic of the stationary profiles (V̄ , Q̄) as R→∞ is given
by V̄ (R) = v1R

− 1
c̄r + OR→∞(R−

2
c̄r ), and Q̄(R) = q1R

− 1
c̄r + OR→∞(R−

2
c̄r ). We have already shown

in Proposition 2.18 that 0 < q1 < ∞; however, we were not able to determine the sign of v1. While for
the purpose of this manuscript this sign of v1 is irrelevant, in a future work we will address the problem of
continuing the solutions constructed in this manuscript past the time of implosion, as a self-similar explosion.
In this future work, the fact that v1 < 0 plays an important role. The purpose of this Appendix is to show
that for the ground state (corresponding to N = 1), we have v1 < 0 (see Proposition A.1). In fact, v1 < 0
holds not just for the ground state. Our main result is:

Proposition A.1 (Lower bound for v1/q1
). Let d ∈ {1, 2, 3}, 1 < γ ≤ 2d+ 1, and N ≥ 1. Let (V̄ , Q̄) be

the global-in-R solution from Proposition 2.17, and let v1, q1
be the leading coefficients of (2.35). Then

−
√

2α
dγ ≤

v1
q
1

. (A.1)

Moreover, if either d
2(1+αd) + 1 < c̄r, or if d

2(1+αd) + 1 ≥ c̄r and N = 1, then we have v1 < 0.

A.1. Setup. Since Q̄(R) is strictly monotone decreasing on (0,∞) (cf. Corollary 2.16), the map Q̄ : [0,∞)→
(0, q̄0] is a bijection. We may thus define a map V : (0, q̄0]→ R by V(q) = V̄ (Q̄−1(q)), or equivalently, via
the implicit definition

V̄ (R) = V(Q̄(R)).

By construction, V(q̄0) = v̄0, and taking limits as R →∞ we may define V(0) = 0, so that V extends as a
continuous function to all of [0, q̄0]. By definition and (2.31a) we have

dV
dq

=
dV̄

dR

∣∣∣
R=Q̄−1(q)

dQ̄−1

dq
=

dV̄
dR
dQ̄
dR

∣∣∣
R=Q̄−1(q)

=
∆V̄ [V(q), q]

∆Q̄[V(q), q]
(A.2)

for all q ∈ (0, q0).
It is convenient to denote

λ0 := v̄0
q̄0

= −
√

2α
dγ < 0,

and recall the identities (1 + αd)v̄0 = −1 and v̄0 + v̄2
0 + 2α2

γ q̄2
0 = 0.

A.2. Lower bound.

Lemma A.2 (Lower barrier). We have V(q) > λ0q for all q ∈ (0, q̄0).

Proof of Lemma A.2. Define φ(R) := V̄ (R)− λ0Q̄(R). Then by (2.31a) we have R∂Rφ = (F/∆)[V̄ , Q̄],
where F := ∆V̄ − λ0∆Q̄.

From (2.11) we deduce that φ(0) = 0, and more precisely, that φ(R) = (v̄N − λ0q̄N)R2N +O(R4N) as
R→ 0+. From (2.21), (2.5a), (2.5c), (2.17) we have

v̄N − λ0q̄N = 1− 1+αd+2αN
2N(1+αd)c̄b

= 1
(1+αd)c̄b

(
ΣN − 1+3αd

4N − α
)
, (A.3)

where

ΣN :=

√
αγd

2 + EN + (1−αd)2

16N2 .

Thus, appealing also to (2.14), we have

RHS(A.3) > 0⇔ ΣN > 1+3αd
4N + α

⇔ αγd
2 + αγd(d+2)

4N + αd(1+αd)
2N2 + (1−αd)2

16N2 > (1+3αd)2

16N2 + α(1+3αd)
2N + α2

⇔ α2(d− 1) + αd
2 + α(d(d+2)−2)

4N + α2d(d−1)
2N > 0,
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which is true. We have thus proven that v̄N − λ0q̄N > 0, and hence φ(R) > 0 for all sufficiently small
R > 0.

Assume by contradiction that there exists a smallest/first R∗ > 0 such that φ(R∗) = 0. In particular,
φ > 0 on (0, R∗), and

0 ≥ (R∂Rφ)|R∗ = (F/∆)[λ0Q̄(R∗), Q̄(R∗)]. (A.4)
If we are able to show that (F/∆)[λ0q, q] > 0 ⇔ F [λ0q, q] > 0 for all q ∈ (0, q̄0) (cf. (2.34b)), then we
would contradict (A.4), and hence no such R∗ exists, concluding the proof.

Let s := 1− q/q̄0 ∈ (0, 1) and A := c̄r +λ0q = c̄b + s|v̄0| > 0. Evaluating (2.32a)–(2.32b) at V̄ = λ0q,
Q̄ = q, using that (1 + αd)|v̄0| = 1 and v̄0 + v̄2

0 + 2α2

γ q̄2
0 = 0, after a tedious computation we obtain

F [λ0q, q] = (∆V̄ − λ0∆Q̄)[λ0q, q]

= α|v̄0|s(1− s)2
(
d2+2(d−1)(1+αd)

2(1+αd)2 A+ d
2(1+αd)3 (1− s)

)
, (A.5)

which is clearly strictly positive. �

Corollary A.3. The lower bound in (A.1) holds.

Proof of Corollary A.3. Dividing V(q) > λ0q by q and sending q → 0+, we obtain with the help of (2.35)
that v1/q1

≥ λ0. The proof now follows by the definition of λ0. �

A.3. Upper bound. We first note that from the power series expansion (2.35) as R→∞, we have

V(q) =
v1
q
1

q +
v2q1
−v1q2
q3
1

q2 +Oq→0+(q3).

By further appealing to the recursion relations in (2.37) for n = 2, we may compute v2 = c̄r−1
c̄r
v2

1 − βq2
1
,

where
β := α2

γc̄r

(
d

1+αd + 2− 2c̄r

)
, (A.6)

and q
2

= c̄r(1+αd)−1−α
c̄r

q
1
v1. Together with the previous expression for V , we obtain

V(q) =
v1
q
1

q −
(
α(dc̄r−1)

c̄r

v2
1
q2
1

+ β
)
q2 +Oq→0+(q3). (A.7)

The parameter β plays one more distinguished role; to see this, note that

∆V̄ [0, Q̄] = α2(2+γd)
γ(1+αd) c̄rQ̄

2 − c̄2
r

2α2

γ Q̄2 = c̄rQ̄
2 α2

γ ( d
1+αd + 2− 2c̄r) = c̄2

r Q̄
2β.

Since (2.34a) implies
−c̄2

r ≤ 1
Q̄

∆Q̄[0, Q̄] ≤ − α2d
(1+αd)3 ,

it follows that when β < 0 we have

(−β)Q̄ ≤ ∆V̄ [0,Q̄]

∆Q̄[0,Q̄]
≤ (−β) c̄2

r (1+αd)3

α2d
Q̄.

Thus, in this β < 0, if there exists a largest value q∗ ∈ (0, q̄0] such that V(q∗) = 0, then due to (A.2) and the
above inequalities we have that

0 < (−β)q∗ ≤ dV
dq

∣∣
q=q∗
≤ (−β) c̄2

r (1+αd)3

α2d
q∗

contradicting the maximality of q∗. We have thus proven:

Lemma A.4. Assume that the parameter β defined in (A.6) is strictly negative. Then, we have V(q) < 0 for
all q ∈ (0, q̄0]. In particular, v̄1 < 0.

Proof of Lemma A.4. We have proven V(q) < 0, and thus V(q)/q < 0 for all q ∈ (0, q̄0]. Passing q → 0+,
we deduce from (A.7) that v̄1 ≤ 0. If the extreme case v̄1 = 0 were to occur, then (A.7) implies V(q) =
−βq2 +Oq→0+(q3); hence, if β < 0 we must have V(q) > 0 for q � 1, a contradiction. �
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Therefore, we are only left to analyze the situation in which

β ≥ 0 ⇔ c̄r ≤ d
2(1+αd) + 1. (A.8)

Recall the notation
s = 1− q

q̄0

used in the proof of Lemma A.2. Our goal is find a function F : [0, 1]→ [0, 1] such that

W(q) := v̄0(1− F (s)) (A.9)

serves as an upper barrier for the function V; that is, we must ensure:
(i) Endpoint matching: F (0) = 0 and F (1) = 1. This condition ensures W(0) = 0 = V(0) and
W(q̄0) = v̄0 = V(q̄0).

(ii) Negativity: 0 < F (s) < 1 for all s ∈ (0, 1). This condition ensuresW(q) < 0 for all q ∈ (0, q̄0).
(iii) Barrier condition: we must ensure that for all s ∈ (0, 1) we have(

∆V̄
∆Q̄

)
[v̄0(1− F (s)), q̄0(1− s)] ≥ v̄0

q̄0
F ′(s). (A.10)

Equation (A.10) is a restatement of the inequality ∆V̄
∆Q̄

[W(q), q] ≥ W ′(q). In light of (A.2), which

gives ∆V̄
∆Q̄

[V(q), q] = V ′(q), if we are able to design F such that (A.10) holds, it directly follows
thatW(q) ≥ V(q) for all q ∈ [0, q̄0], which is our goal.

Remark A.5. We note that the functionF must satisfies an priori linear lower bound. Since we already know
V(q) > v̄0q/q̄0, the desired inequalityW(q) ≥ V(q), which is equivalent to F (s) > 1 − 1

v̄0
V
(
q̄0(1 − s)

)
,

implies that F (s) > s.

Our next result identifies a function F which satisfies the above-listed assumptions (i)–(iii), for the ground
state profiles corresponding to N = 1, in the case that is complementary to Lemma A.4.

Proposition A.6. Let N = 1, d ∈ {1, 2, 3}, and α ∈ (0, d] be such that c̄r = cr
∗(d, 2α + 1, 1) satisfies

inequality (A.8). Then, the function
F (s) = 2s− s2

satisfies F (0) = 0, F (1) = 1, 0 < F < 1 on (0, 1), and inequality (A.10) holds.

Remark A.7. From (2.18), it follows that condition (A.8) is satisfied if and only if

cr
∗(d, 2α+ 1, 1) ≤ d

2(1+αd) + 1

⇔ 1
1+αd

(
1 +

√
4(αd)2+(2+d+4γ)αd

4 + (1−αd)2

16 + 1−αd
4

)
≤ d

2(1+αd) + 1

⇔
√

4(αd)2+(2+d+4γ)αd
4 + (1−αd)2

16 ≤ d
2 + αd− 1−αd

4

⇔ 16(αd)2 + 4(2 + d+ 4γ)αd+ (1− αd)2 ≤ (2d− 1 + 5αd)2

⇔ (2 + d+ 4γ)αd ≤ d2 − d+ (5d− 2)αd+ 2(αd)2

⇔ 2(4− d)α2 + 4(2− d)α− (d− 1) ≤ 0. (A.11)

This last inequality is never satisfied when d = 1, and hence we must only consider Proposition A.6 for
dimensions 2 and 3.

By combining Proposition A.6 with (A.7), we obtain that not just v1 ≤ 0; the strict inequality holds.

Corollary A.8. When N = 1, d ∈ {1, 2, 3}, and α ∈ (0, d], we have that V(q) ≤ W(q) = v̄0(1 − s)2, for
all q ∈ [0, q̄0] (or equivalently, s ∈ [0, 1]). In particular, v1 < 0.
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Proof of Corollary A.8. The fact that V(q) ≤ W(q) = v̄0(1− s)2 implies that v1 ≤ 0. If v1 = 0, then (A.7)
would imply that −βq2 ≤ W(q) as q → 0+, which is equivalent to −βq̄2

0(1 − s)2 ≤ v̄0(1 − s)2, which is
equivalent to β ≥ |v̄0|

q̄2
0

. Recalling (A.6), this condition is equivalent to αd
1+αd

(
d

1+αd + 2− 2c̄r

)
≥ 2c̄r, which

is equivalent to (2+d+2αd)αd
2(1+2αd) ≥ (1 + αd)c̄r. To arrive at a contradiction, we appeal to (2.18), and obtain that

β ≥ |v̄0|
q̄2
0

⇔ (2+d+2αd)αd
2(1+2αd) ≥ 1 +

√
4(αd)2+(2+d+4γ)αd

4 + (1−αd)2

16 + 1−αd
4

⇔ −5−5αd+2αd2+6(αd)2

1+2αd ≥
√

16(αd)2 + 4(6 + d+ 8α)αd+ (1− αd)2.

The last inequality fails because the right side (involving the square root) is strictly larger than 4αd, and we
may readily verify that −5− 5αd+ 2αd2 + 6(αd)2 < 4αd(1 + 2αd). This contradicts the assumption that
v1 = 0; thus, v1 < 0, as desired. �

We conclude this appendix with:

Proof of Proposition A.6. We use (2.32) to express LHS(A.10) in terms of F . First, we note that upon replac-
ing [V̄ , Q̄] 7→ [v̄0(1− F (s)), q̄0(1− s)], we have

c̄r + V̄ = c̄r + v̄0(1− F (s)) = c̄b + |v̄0|F (s) =: A(s) > 0,

V̄ − v̄0 = |v̄0|F (s) = A(s)− c̄b,

V̄ + V̄ 2 + 2α2

γ Q̄2 = v̄0(1− F (s)) + v̄2
0(1− F (s))2 + 2α2

γ q̄2
0(1− s)2

= v̄0(2s− s2 − F (s)) + v̄2
0(s− F (s))(2− s− F (s))

= −v̄2
0s(1− s)2(2− s)

where in the last equality we have used the explicit representation F (s) = 2s − s2. Inserting these expres-
sions into (2.32), we obtain

∆V̄ [v̄0(1− F (s)), q̄0(1− s)] = v̄2
0s(1− s)2(2− s)A(s)

(
α(2+γd)d

2 |v̄0|+A(s)
)
,

and

∆Q̄[v̄0(1− F (s)), q̄0(1− s)] = q̄0v̄
2
0s(1− s)3(2− s)

(
αd
2 |v̄0| − αA(s)

)
− q̄0s(1− s)(2− s)A(s)2.

Since RHS(A.10) = v̄0
q̄0

2(1− s), 0 < s < 1, v̄0 < 0, and cf. (2.34a) we have that ∆Q̄ ≤ 0, we obtain

(A.10) ⇔ − |v̄0|A(s)
(
α(2+γd)d

2 |v̄0|+A(s)
)

+ 2αv̄2
0(1− s)2

(
A(s)− d

2 |v̄0|
)

+ 2A(s)2 ≥ 0

⇔ − 1
2(1+αd)Â(s)

(
α(2+γd)d

2 + Â(s)
)

+ α
1+αd(1− s)2

(
Â(s)− d

2

)
+ Â(s)2 ≥ 0, (A.12)

where we have denoted

Â(s) = A(s)
|v̄0| = c̄b

|v̄0| + s(2− s) = µ̄− (1− s)2, µ̄ := c̄b
|v̄0| + 1 = c̄r

|v̄0| > 1.

We expand Â in the last inequality in (A.12) and deduce (upon multiplying by 1 + αd > 0) that

(A.10) ⇔ µ0 − µ1(1− s)2 + µ2(1− s)4 ≥ 0, (A.13)

where

µ0 = 1+2αd
2 µ̄2 − (2+γd)αd

4 µ̄, µ1 = (1− α+ 2αd)µ̄− αγd2

4 , µ2 = 1+2α(d−1)
2 .
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Next, we note that

µ̄− 1 = c̄r
|v̄0| − 1 =

√
4(αd)2+(2+d+4γ)αd

4 + (1−αd)2

16 + 1−αd
4 > 4+7αd

8

⇔ 4(αd)2+(2+d+4γ)αd
4 + (1−αd)2

16 >
(1+ 9

2
αd)2

16

⇔ 16(αd)2 + 4(6 + d+ 8α)αd > 11αd+ 77
4 (αd)2

⇔ 13 + 4d+ 32α > 13
4 αd, which is true since d ∈ {2, 3}, α ∈ (0, d].

Thus,
µ̄ > 12+7αd

8 > 3+αd
2 . (A.14)

Using this information, we may bound

µ0 = µ̄(2(1+2αd)µ̄−(2+γd)αd)
4 > µ̄((1+2αd)(3+αd)−(2+γd)αd)

4 = µ̄(3+αd(5−d))
4 ≥ µ̄(3+2αd)

4 > (3+αd)(3+2αd)
8 .

Thus, (A.13) automatically holds true when s is close to 1. Next, we show that µ1 > 2µ2, so that the
minimum of the expression (A.13) is attained at s = 0; indeed, we have

µ1−2µ2 = (1−α+2αd)µ̄− αγd2

4 −(1+2α(d−1)) > (1−α+2αd)(3+αd)
2 − 4+8α(d−1)+αγd2

4 > 1+α+αd+α2d
2 .

Thus, we have reduced the problem of verifying (A.13), meaning that µ0 − µ1(1 − s)2 + µ2(1 − s)4 ≥ 0
for all s ∈ [0, 1], to the problem of verifying that µ0 − µ1 + µ2 ≥ 0, which is the value at s = 0. We verify
this fact explicitly; first,

µ0 − µ1 + µ2 = 1+2αd
2 µ̄2 − α(d2−4)+2(1+αd)2+2(1+3αd)

4 µ̄+ α(d2−4)+2(1+αd)2

4 =: g(µ̄).

Since
α(d2−4)+2(1+αd)2+2(1+3αd)

4(1+2αd) < 3+αd
2 ⇔ αd2 < 2 + 4α+ 4αd+ 2(αd)2, which is true,

and since µ̄ > 3+αd
2 , it follows that g(µ̄) is a strictly increasing function of µ̄, in the range of µ̄ we are

interested in. Finally, in light of (A.14), we verify

g(12+7αd
8 ) = 1+2αd

2
(12+7αd)2

64 − α(d2−4)+2(1+αd)2+2(1+3αd)
4

(12+7αd)
8 + α(d2−4)+2(1+αd)2

4

=

{
4(1−α)+α2(73+84α)

32 , d = 2,
(4−13α)2+2α2(34+567α)

128 , d = 3.

Since α ∈ (0, d], we deduce that g(µ̄) > g(12+7αd
8 ) > 0; therefore (A.10) is true, which in turn shows that

(A.13) is true. This concludes the proof of the Proposition. �

APPENDIX B. FUNCTIONAL INEQUALITIES

In this Appendix, we establish an L∞-based interpolation inequality for the stability analysis in radial
symmetry in Section 3, and L2-based functional inequalities for the stability analysis outside of radial sym-
metry in Section 4.

B.1. An L∞-based interpolation inequality. We prove an inequality for the N th derivative of the product
xf2(x), where x ∈ Ω and f : Ω→ R, and Ω = [0,∞). The main result is:

Theorem B.1 (Weighted interpolation inequality). Let N ≥ 1. There exists a constant CN > 0 such that
for all f ∈WN,∞([0,∞)) with ‖〈x〉f‖L∞ <∞:∥∥xf2

∥∥
ẆN,∞([0,∞))

≤ CN
(
‖〈x〉f‖L∞ ‖f‖ẆN,∞ + ‖〈x〉f‖1+1/N

L∞ ‖f‖1−1/N

ẆN,∞

)
. (B.1)

A mutatis-mutandi estimate holds when xf(x)2 is replaced by x f(x) g(x) with f 6= g.

Throughout this Appendix, we denote the nth derivative of a function f : (0,∞) → R by f (n). Before
proving Theorem B.1, we recall a classical interpolation inequality on half-lines.
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Lemma B.2. Let N ≥ 1, 0 ≤ j ≤ N , and x0 ≥ 0. For any f ∈WN,∞([x0,∞)), we have

‖f (j)‖L∞([x0,∞)) ≤ CN,j‖f‖
1−j/N
L∞([x0,∞))‖f

(N)‖j/NL∞([x0,∞)), (B.2)

where CN,j is a constant depending only on N and j; in particular, the constant is independent of x0.

Proof of Lemma B.2. We proceed by induction on N . For the base case N = 1, we note that the only cases
are j = 0 or j = 1, for which (B.2) holds immediately, with C1,0 = C1,1 = 1.

For the inductive step, assume that (B.2) holds at level N − 1, for all 0 ≤ j ≤ N − 1. We aim to
prove (B.2) at level N . The bound trivially holds when j = 0 and j = N , with CN,0 = CN,N = 1. Fix
x > x0 and h > 0. By Taylor’s theorem with integral remainder:

f(x+ h) =
N−1∑
k=0

1
k!h

kf (k)(x) + 1
(N−1)!

∫ x+h

x
(x+ h− t)N−1f (N)(t) dt.

Setting M0 := ‖f‖L∞([x0,∞)) and MN := ‖f (N)‖L∞([x0,∞)), we have

|f(x+ h)| ≤M0,

∣∣∣∣∫ x+h

x
(x+ h− t)N−1f (N)(t) dt

∣∣∣∣ ≤MN
1
N !h

N .

Rearranging for f (N−1)(x) we obtain

f (N−1)(x) = (N − 1)!h1−N
(
f(x+ h)−

N−2∑
k=0

1
k!h

kf (k)(x)−RN
)
,

where RN quantifies the integral remainder term, and is bounded as |RN | ≤ MNh
N/N !. Using the induc-

tive hypothesis to bound
∣∣f (k)(x)

∣∣ for k ≤ N − 2, we obtain the pointwise bound

|f (N−1)(x)| ≤ h1−N

(
2(N − 1)!M0 +

N−2∑
k=1

CN−1,k(N−1)!
k! hkM

1− k
N−1

0 ‖f (N−1)‖
k

N−1

L∞([x0,∞))

)
+ 1

N hMN

≤ h1−N
(
C ′NM0 + 1

2h
N−1‖f (N−1)‖L∞([x0,∞))

)
+ 1

N hMN

for some constant C ′N > 0. Taking the supremum over x ∈ [x0,∞), absorbing the 1
2‖f

(N−1)‖L∞([x0,∞))

term into the left side, and then optimizing in h, we obtain the bound (B.2) for j = N − 1, namely

‖f (N−1)‖L∞([x0,∞)) ≤ CN,N−1M
1/N
0 M

(N−1)/N
N .

For the intermediate derivatives 1 ≤ j ≤ N − 2, we apply the inductive hypothesis, interpolating f (j)

between f and f (N−1), and deduce

‖f (j)‖L∞([x0,∞)) ≤ CN,jM
1−j/N
0 M

j/N
N .

This concludes the proof of (B.2). �

Next, we apply Lemma B.2 locally, to obtain pointwise decay estimates.

Lemma B.3 (Pointwise decay of derivatives). Let N ≥ 1 and 0 ≤ j ≤ N . Suppose f ∈ WN,∞([0,∞))
satisfies

M0 := ‖〈x〉f‖L∞([0,∞)) <∞, MN := ‖f (N)‖L∞([0,∞)) <∞.
Then, for all x > 0 we have

|f (j)(x)| ≤ CN,j(〈x〉−1M0)1−j/NM
j/N
N .
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Proof of Lemma B.3. Fix x > 0. We aim to apply Lemma B.2 on the half-line [x,∞). First, we note the
trivial bounds

‖f‖L∞([x,∞)) ≤ 〈x〉−1M0, ‖f (N)‖L∞([x,∞)) ≤MN .

Then, (B.2) implies

‖f (j)‖L∞([x,∞)) ≤ CN,j‖f‖
1−j/N
L∞([x,∞))‖f

(N)‖j/NL∞([x,∞)) ≤ CN,j(〈x〉
−1M0)1−j/NM

j/N
N .

�

Proof of Theorem B.1. As in Lemma B.3, setM0 := ‖〈x〉f‖L∞([0,∞)) andMN :=
∥∥f (N)

∥∥
L∞([0,∞))

. Using
the Leibniz rule we deduce

(xf2)(N) =
N∑
j=0

(
N

j

)
xf (j)f (N−j) +N

N−1∑
j=0

(
N − 1

j

)
f (j)f (N−1−j). (B.3)

Consider a term from the first sum in (B.3), namely xf (j)f (N−j) with 0 ≤ j ≤ N . Using Lemma B.3 we
may estimate

|xf (j)(x)f (N−j)(x)| ≤ CN,jCN,N−j
(
x〈x〉−1

)
M0MN ≤ CN,jCN,N−jM0MN .

Next, consider a term from the second sum in (B.3), namely f (j)f (N−1−j) with 0 ≤ j ≤ N − 1. By
Lemma B.3,

|xf (j)(x)f (N−1−j)(x)| ≤ CN,jCN,N−1−jx(〈x〉−1M0)1+1/NM
1−1/N
N ≤ CN,jCN,N−1−jM

1+1/N
0 M

1−1/N
N .

Note that the powers of M0 and MN are independent of j in both of the above bounds. Inserting these
estimates into (B.3) concludes the proof of (B.1). �

B.2. L2-based functional inequalities.

Lemma B.4. Let {ϕn}n≥0 be a sequence of weights satisfying

ϕn ≤ C(A1, n)(ϕn−1ϕn+1)1/2, |∇ϕn| ≤ C(A2, n)(ϕnϕn−1)1/2, (B.4)

for some parameters A1, A2 independent of n, and some constants C(A1, n), C(A2, n) depending on n and
the parameters A1, A2. Denote

In :=

∫
|∇nf |2ϕndx.

If (B.4) holds for all 1 ≤ n ≤ N , then for any 0 ≤ n ≤ N and δ > 0, we have

In ≤ C(A1, A2, k, δ)I0 + δIn+1. (B.5)

Proof of Lemma B.4. The proof follows that of [18, Lemma C.2]. Throughout the proof, all implicit con-
stants depend on the index n of In, and on the parameters A1 and A2. Using integration by parts, we
have

In =
∑
i

∫
∂i∇n−1f · ∂i∇n−1fϕn = −

∑
i

∫ (
∆∇n−1f · ∇n−1fϕn + ∂i∇n−1f · ∇n−1f∂iϕn

)
.

Using the assumption (B.4) and the Cauchy-Schwarz inequality we obtain

In . (In+1In−1)1/2 + (InIn−1)1/2, n ≥ 1. (B.6)

To prove (B.5), it suffices to show that for any n ≥ 0 and δ > 0, there exists Cδ,n > 0 such that

In ≤ δIn+1 + Cδ,nI0. (B.7)

We prove (B.7) by induction on n. The base case n = 0 is trivial, with Cδ,0 = 1. For the induction step, let
n ≥ 1. We use (B.6), the inductive hypothesis for n− 1, and the Cauchy-Schwarz inequality, to conclude

In ≤ δIn+1 + 1
2In + 1

4

(
2 + δ−1

)
C2

(B.6),nIn−1 ≤ δIn+1 + 3
4In + 1

4Cδ′,n−1︸ ︷︷ ︸
=:Cδ,n

I0,
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where δ′ := (2+δ−1)−1C−2
(B.6),n. The above estimate concludes the proof of the induction step for (B.7). �

Lemma B.5. Let d be the dimension. Let k ≥ d. Suppose that the weight g ∈ C∞ satisfies g > 0 and

|∇ig(y)| ≤ µg(y)〈y〉−i, 1 ≤ i ≤ d, (B.8)

for a constant µ ≥ 1. Then, for any function f : Rd → R, any a ∈ R and 0 ≤ i ≤ k − d, we have

|∇if(y)|g−1(y) ≤ C(a, d, k, µ)〈y〉−i−
a+d

2

(∥∥f 〈z〉a/2g−1
∥∥
L2 +

∥∥∇kf 〈z〉k+a/2g−1
∥∥
L2

)
. (B.9)

Proof of Lemma B.5. Fix 0 ≤ i ≤ k − d. By a standard density argument we can assume that ∇if ∈
C∞c (Rd). Consider the cone with vertex at y extending towards infinity: Ω(y) := {z ∈ Rd : zjsgn (yj) ≥
|yj |, for all 1 ≤ j ≤ d}. In particular, for any z ∈ Ω(y) we have |z| ≥ |y|. By integrating on rays extending
to infinity, we have

〈y〉2i+a+dg−2|∇if(y)|2 .d
∫

Ω(y)

∣∣∣∂1∂2..∂d
(
〈z〉2i+a+dg−2(z)|∇if(z)|2

)∣∣∣dz (B.10)

Applying Leibniz’s rule, we obtain

I(z) :=
∣∣∂1∂2..∂d(〈z〉2i+a+dg−2(z)|∇if(z)|2)

∣∣
.

∑
j+l+m+n=d

|∇j〈z〉2i+a+d| · |∇i+lf(z)| · |∇i+mf(z)| · |∇ng−2(z)|.

Further applying the Leibniz rule (the Faà di Bruno formula) and using (B.8), we obtain

|∇ng−2(z)| .n
∑
m≤n

g(z)−(m+2)
∑

i1+i2+..+in=m
1·i1+2·i2+...n·in=n

n∏
k=1

|∇kg(z)|ik

.n,µ
∑
m≤n

g(z)−(m+2)
∑

i1+i2+..+in=m
1·i1+2·i2+...n·in=n

n∏
k=1

(g(z)〈z〉−k)ik .n,µ g(z)−2〈z〉−n.

Since d− j − n = l +m, it follows that

|∇j〈z〉2i+a+d| · |∇ng−2(z)| .a,d,k,µ g(z)−2〈z〉2i+a+d−j−n =a,d,k,µ g(z)−2〈z〉2i+a+l+m.

Combining the above estimates, we obtain the bound

I(z) .a,d,k,µ
∑

l+m≤d
〈z〉i+l+a/2|∇i+lf(z)|g(z)−1 · 〈z〉i+m+a/2|∇i+mf(z)|g(z)−1.

Next, we verify that the sequence of weights ϕn = 〈x〉2n+ag−2 satisfy the assumption (B.4) for all
1 ≤ n ≤ k − i. Clearly, we have ϕn = (ϕn−1ϕn+1)1/2 for n ≥ 1. Using (B.8), we obtain

|∇ϕn| .n,a 〈x〉2n+a|∇g|g−3 + 〈x〉2n+a−1g−2 . 〈x〉2n+a−1g−2 .n,a,µ (ϕnϕn−1)1/2.

Applying Cauchy-Schwarz inequality, and Lemma B.4 with weights {ϕn}n≥0, we establish∫
Ω(y)

I(z)dz .a,d,k,µ
∥∥(|f |+ 〈y〉k|∇kf |)〈y〉a/2g−1

∥∥2

L2 . (B.11)

Combining the estimate (B.11) to (B.10), we prove (B.9). �

APPENDIX C. DERIVATION OF THE HIGH ORDER ODES AND THE PROOF OF PROPOSITION 5.6

In this Appendix, we use (4.15)–(4.16) to derive the ODE system satisfied by the high-order derivatives
of the fundamental unknowns at the origin (namely∇n%̃(0, τ),∇n+1Ũ(0, τ), and∇n+2B̃(0, τ)), and prove
Proposition 5.6. Throughout the appendix, we suppress time dependence, and denote g(0, τ) simply as g(0).
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C.1. High order identities. In order to simplify the arguments, we first establish several identities for high
order derivatives at y = 0.

Lemma C.1. Suppose that f ∈ Cn,ν with some ν > 0 near y = 0. For any multi-indices β, δ ∈ Nd0 with
|β| ≤ n, we have

∂β(y · ∇f)|y=0 = |β|(∂βf)(0), (C.1a)

∂β(yδ(y · ∇f))|y=0 = (|β| − |δ|)1|β|≥|δ|∂β(yδf)|y=0. (C.1b)

Proof of Lemma C.1. Performing a Taylor expansion at the origin, we obtain f =
∑
|θ|≤k,θ∈Nd0

fθy
θ + R,

where the error termR satisfies |∇iR|(0) = 0 for any i ≤ k, and θ is a multi-index. Since y · ∇yθ = |θ|yθ,
we obtain

∂β(y · ∇f)|y=0 =
∑
|θ|≤k

∂β(|θ|fθyθ)(0) = |β|fβ∂β(yβ)(0) = |β|(∂βf)(0),

thereby proving (C.1a).
In order to prove (C.1b), we note that if |β| < |δ|, both sides equal 0. If |β| ≥ |δ|, using (C.1a), we have

∂β(yδ(y · ∇f − (|β| − |δ|)f))(0) =
∑

|β1|=|δ|,β1+β2=β

Cβ1,β2(∂β1yδ)(0)∂β2(y · ∇f − (|β| − |δ|)f)(0) = 0,

which completes the proof. �

The system of Vβ,k to be derived in (C.12), (C.15), (C.16) is not closed due to terms such as |y|2%̃ in
(C.15). We use the following identities to show that it is closed up to some lower order terms. We recall the
notation Fk,l,L(Fk,l) from (5.6)

Fk,l = (∇k∆l%̃(0), ∇k∆l(div Ũ)(0), ∇k∆l+1(y · Ũ)(0), ∇k∆l+1B̃(0)),

g = Ch ·Fk,l, ∀ g ∈ Lh(Fk,l)

Lemma C.2. For any multi-index β and k ≥ 0, we have

∆k+1(y · Ũ)(0) = 2(k + 1)∆k(div Ũ)(0), (C.2a)

∂β∆k+1(|y|2%̃)(0) = (2d+ 4|β|+ 4k)(k + 1)∂β∆k%̃(0) + 1|β|≥2Ln(F|β|−2,k+1), (C.2b)

∂β∆k(|y|2∆%̃)(0) = (2d+ 4|β|+ 4(k − 1))k∂β∆k%̃(0) + 1|β|≥2Ln(F|β|−2,k+1), (C.2c)

∆k+1(|y|2kf)(0) = ck,∆∆f(0), ck,∆ := (k + 1)
∏

1≤i≤k
2i(2i+ d). (C.2d)

We also introduce the following constant

ck,1 := ∆k(|y|2k) =
∏

1≤i≤k
2i(2i+ d− 2). (C.2e)

Proof of Lemma C.2. Throughout this proof, all identities are evaluated at y = 0.

Proof of (C.2a). Using Leibniz rule, for any i ≥ 1 and j ≥ 0, we obtain

∆i(y ·∆jŨ) = ∆i−1(2∂ly ·∆j∂lŨ + y ·∆j+1Ũ) = 2∆i+j−1div Ũ + ∆i−1(y ·∆j+1Ũ). (C.3)

Summing (C.3) over i = k + 1, k, .., 1 with j = k + 1− i and then evaluating at y = 0, we obtain

∆k+1(y · Ũ)(0) = 2(k + 1)∆kdiv Ũ(0) + y ·∆k+1Ũ(0) = 2(k + 1)∆kdiv Ũ(0).
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Proof of (C.2b), (C.2c). Using Leibniz rule, for any i ≥ 1 and j ≥ 0, we obtain

∆i(|y|2∆j %̃) = ∆i−1(∆|y|2∆j %̃+2∇|y|2 ·∇∆j %̃+|y|2∆j+1%̃) = ∆i−1(2d∆j %̃+4y ·∇∆j %̃+|y|2∆j+1%̃).

Using Lemma C.1, |β|+ 2k = n and f = ∆j %̃ we obtain

∂β∆i−1(y · ∇f)(0) = (|β|+ 2(i− 1))∂β∆i−1f(0) = (|β|+ 2(i− 1))∂β∆i−1+j %̃(0).

Combining the above two identities, we derive

∂β∆i(|y|2∆j %̃)(0) = (2d+ 4|β|+ 8(i− 1))∂β∆i+j−1%̃(0) + ∂β∆i−1(|y|2∆j+1%̃). (C.4)

Summing the above identities over i = k + 1, k, .., 1 with j = k + 1− i we obtain

∂β∆k+1(|y|2%̃)(0) =
(
(2d+ 4|β|)(k + 1) + 4k(k + 1)

)
∂β∆k%̃(0) + ∂β(|y|2∆k+1%̃)(0).

Summing (C.4) over i = k, .., 2, 1 with j = k + 1− i, we obtain

∂β∆k(|y|2∆%̃)(0) =
(
(2d+ 4|β|)k + 4k(k − 1)

)
∂β∆k%̃(0) + ∂β(|y|2∆k+1%̃)(0).

Using Leibniz rule, we obtain the estimate of the error terms in (C.2b), (C.2c)

∂β(|y|2∆k+1%̃)(0) = Cβ,k · 1|β|≥2∇|β|−2∆k+1%̃(0) = 1|β|≥2Ln(F|β|−2,k+1).

Proof of (C.2d). Using the Leibniz rule, for any k ≥ 1, we have

∆k+1(|y|2kf) = ∆k(∆(|y|2k)f + |y|2k∆f + 2∇|y|2k · ∇f) := I1 + I2 + I3.

Denote
ck,1 :=

∏
1≤i≤k

2i(2i+ d− 2), ck,2 =
∏

1≤i≤k
2i(2i+ d+ 2), c0,2 = 1. (C.5)

Using Lemma C.1 and a direct computation, we obtain

I1 = ∆k(2k(2k + d− 2)|y|2k−2f), I3 = ∆k(4k|y|2k−2y · ∇f) = 8k∆k(|y|2k−2f),

I2 = ∆k(|y|2k)∆f = 2k(2k + d− 2)∆k−1(|y|2k−2)∆f = · · · = ck,1∆f.

It follows that
∆k+1(|y|2kf) = (2k)(2k + d+ 2)∆k(|y|2k−2f) + ck,1∆f.

Dividing both sides by ck,2, we obtain

∆k+1(|y|2kf)

ck,2
=

∆k(|y|2k−2f)

ck−1,2
+

ck,1
ck,2

∆f =
∆k(|y|2k−2f)

ck−1,2
+

d(d+ 2)

(2k + d+ 2)(2k + d)
∆f.

Using the recursive relation, the telescoping identity d(d+2)
(2k+d+2)(2k+d) = (d+2)d

2 ( 1
2k+d−

1
2k+d+2), and c0,2 = 1

from (C.5), we deduce that

∆k+1(|y|2kf)

ck,2
=

∆f

c0,2
+

(d+ 2)d

2

( 1

2 + d
− 1

2k + d+ 2

)
∆f

=
(d+ 2

2
− (d+ 2)d

2(2k + d+ 2)

)
∆f =

(d+ 2)(k + 1)

2k + d+ 2
∆f.

It follows that

∆k+1(|y|2kf) = ck,2
(d+ 2)(k + 1)

2k + d+ 2
∆f = (k + 1)

∏
1≤i≤k

2i(2i+ d)∆f = ck,∆∆f.

We complete the proof. �

C.2. Main terms in n-th order ODEs. In this section, we derive the main terms in the ODEs. Below, we
fix any multi-index β1, β2, β3 with |β1| = n, |β2| = n+ 1, |β3| = n+ 2.
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Scaling terms. Since G0 (5.6) contains the scaling terms c̃r, c̃u, c̃%, c̃B, using Lemma C.1 and the notation L
from (5.6), we treat the linear terms involving c̃r, c̃u, c̃%, c̃B in (4.15) as

∂β1(−c̃ry · ∇%̄+ c̃%%̄)(0) = (−nc̃r + c̃%)∂
β1 %̄(0) = Ln(G0),

∂β2(−c̃ry · ∇Ū + c̃uŪ)(0) = (−(n+ 1)c̃r + c̃u)∂β2Ū(0) = Ln(G0),

∂β3(−c̃ry · ∇B̄ + c̃BB̄)(0) = (−(n+ 2)c̃r + c̃B)∂β3B̄(0) = Ln(G0).

(C.6a)

We estimate the nonlinear terms involving c̃r, c̃u, c̃%, c̃B in (4.16) perturbatively

|∇n(−c̃ry · ∇%̃+ c̃%%̃)(0)|+ |∇n+1(−c̃ry · ∇Ũ + c̃uŨ)(0)|+ |∇n+2(−c̃ry · ∇B̃ + c̃BB̃)(0)| .n |Gn|2.
(C.6b)

The estimates of the terms c̄%%̃, c̄uc̃u, c̄BB̃ are straightforward

∂β1 c̄%%̃ = c̄%∂
β1 %̃, ∂β2 c̄uŨ = c̄u∂

β2Ũ , ∂β3 c̄BB̃ = c̄B∂
β3B̃. (C.7)

Transport terms. Next, we simplify the transport term (c̄ry + Ū) · ∇f for f = %̃, Ũ , B̃ in (4.15). Since
Ū = Ū1y +O(|y|2N+1), using the vanishing condition (4.12), Lemma C.1 and the Leibniz rule, we obtain

∂β1(c̄ry + Ū) · ∇%̃|y=0 = n(c̄r + Ū1)(∂β1 %̃)(0) + Cn · ∇≤n−2N%̃(0) · 1n−2N−1≥0, (C.8a)

∂β2(c̄ry + Ū) · ∇Ũ |y=0 = (n+ 1)(c̄r + Ū1)(∂β2Ũ)(0) + Cn · ∇≤n+1−2NŨ(0), (C.8b)

∂β3(c̄ry + Ū) · ∇B̃|y=0 = (n+ 2)(c̄r + Ū1)(∂β3B̃)(0) + Cn · ∇≤n+2−2NB̃(0). (C.8c)

From the definitions of G ,L(G ) in (5.6), we obtain

(∇≤n−2N%̃(0),∇≤n+1−2NŨ(0),∇≤n+2−2NB̃(0)) = L(G(n−2N)+
). (C.8d)

Nonlinear terms. For the nonlinear terms Bi(W̃ , W̃ ) with Bi defined in (4.14), using (4.13):

Ũ(0) = 0, ∇iB̃(0) = 0, i = 0, 1, (C.9)

and the Leibniz rule, we obtain

|∇nB1(W̃ , W̃ )(0)| .n
∑

0≤i≤n+1

|∇iŨ | · |∇n+1−i%̃(0)| .n |Gn|2,

|∇n+1B2(W̃ , W̃ )(0)| .n
∑

0≤i≤n+2

|∇iŨ(0)| · |∇n+2−iŨ(0)|+ |∇iB̃(0)| · |∇n+2−i%̃(0)| .n |Gn|2,

|∇n+2B3(W̃ , W̃ )(0)| .n
∑

0≤i≤n+3

|∇iŨ ||∇n+3−iB̃| .n |Gn|2. (C.10)

Remaining terms. Next, we estimate the remaining terms in LiW̃ (4.15), which are not covered by (C.6),
(C.8), and (C.10). We choose arbitrary multi-indices βi with |β1| = n, |β2| = n + 1, |β3| = n + 2. In the
following derivations, we always evaluate at y = 0 and do not indicate this dependence.

For the remaining terms in L1W̃ (4.15), since |β1| = n, using Leibniz rule and (4.12), we obtain

∂β1(−2α%̄(div Ũ)− Ũ · ∇%̄− 2α%̃(∇ · Ū)) (C.11a)

= ∂β1(−2α%̄0(div Ũ)− 2α%̃ · (∇ · Ū)(0)) + Cn ·
(
∇≤|β1|+1−2NŨ ,∇≤|β1|−2N%̃

)
(C.11b)

= ∂β1
(
−2α%̄0(div Ũ)− 2αdŪ1%̃

)
+ Ln(G(n−2N)+

), (C.11c)

where we have used div Ū(0) = d∂rŪ(0) = dŪ1,
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For the remaining terms in L2W̃ (4.15), since |β2| = n+ 1, using (4.12), we estimate

∂β2

(
− 1

2α B̄∇%̃− 1
γ %̄∇B̃− Ũ · ∇Ū − 1

2α B̃∇%̄− 1
γ %̃∇B̄

)
(C.11d)

= ∂β2

(
− 1

2αB̄2|y|2∇%̃− 1
γ %̄0∇B̃− Ū1Ũ − 2

γ B̄2y%̃
)

(C.11e)

+ Cn ·
(
∇≤|β2|+1−2NB̃(0), ∇≤|β2|−2NŨ(0), ∇≤|β2|−1−2N%̃(0)

)
(C.11f)

= ∂β2

(
− 1

2αB̄2|y|2∇%̃− 1
γ %̄0∇B̃− Ū1Ũ − 2

γ B̄2y%̃
)

+ Ln(G(n−2N)+
). (C.11g)

For the remaining terms in L3W̃ , since β3 with |β3| = n+ 2, using (4.12), we obtain

∂β3(−Ũ ·∇B̄) = ∂β3(−Ũ ·2B̄2y)+On(|∇≤|β3|−1−2NŨ |) = ∂β3(−2B̄2y ·Ũ)+Ln(G(n−2N)+
). (C.11h)

Summary of the main terms. We recall the parameter κ from (4.11)

κ = c̄r + Ū1.

Therefore, combining (C.6), (C.7), (C.8), (C.10), (C.11), we rewrite (4.16) and (4.15) as

∂τ %̃ = (−nκ− 2αdŪ1 + c̄%)%̃− 2α%̄0(div Ũ) + `% = −nκ%̃− 2α%̄0(div Ũ) + `%, (C.12a)

∂τ Ũ = (−(n+ 1)κ− Ū1 + c̄u)Ũ − 1
2αB̄2|y|2∇%̃− 1

γ %̄0∇B̃− 2
γ B̄2y%̃+ `U

= (−nκ− 2Ū1 − 1)Ũ − 1
2αB̄2|y|2∇%̃− 1

γ %̄0∇B̃− 2
γ B̄2y%̃+ `U , (C.12b)

∂τ B̃ = (−(n+ 2)κ+ c̄B)B̃− 2B̄2(y · Ũ) + `B = −nκB̃− 2B̄2(y · Ũ) + `B, (C.12c)

where we have used c̄% = 2αdŪ1 (see (4.10)) in the last identity in (C.12a), the following identity

−(n+ 1)κ− Ū1 + c̄u = −nκ− c̄r − Ū1 − Ū1 + c̄r − 1 = −nκ− 2Ū1 − 1

in the last identity in (C.12b) (see (4.11) and (4.10)), and c̄B = 2(c̄r + Ū1) = 2κ (see (4.11) and (4.10)) in
the last identity in (C.12c), and the error terms satisfy

(∇n`%(0), ∇n+1`U (0), ∇n+2`B(0)) = Ln(G(n−2N)+
) +On(|Gn|2). (C.12d)

ODEs in 1D. For d = 1, we have ∇f = ∂xf . Applying Leibniz’s rule to (C.12), then evaluating at x = 0,
and using the error bounds (C.12d), we obtain the ODEs for ∂nx %̃(0), ∂n+1

x Ũ(0), ∂n+2
x B̃(0)

d
dτ ∂

n
x %̃ = −nκ∂nx %̃− 2α%̄0∂

n+1
x Ũ + Ln(G(n−2N)+

) +On(|Gn|2),

d
dτ ∂

n+1
x Ũ = (−nκ− 2Ū1 − 1)∂n+1

x Ũ −
( (n+1)n

2α + 2(n+1)
γ

)
B̄2∂

n
x %̃− 1

γ %̄0∂
n+2
x B̃

+ Ln(G(n−2N)+
) +On(|Gn|2),

d
dτ ∂

n+2
x B̃ = −nκ∂n+2

x B̃− 2B̄2(n+ 2)∂n+1
x Ũ + Ln(G(n−2N)+

) +On(|Gn|2),

We prove (5.40).

C.2.1. ODEs for y · Ũ ,div Ũ . In this section, we further estimate the ODEs for Z̃ = y · Ũ , div Ũ and
prove Proposition 5.6. Using (C.12) and Lemma C.1, we obtain

|∇n+2(y · |y|2∇%̃− n|y|2%̃)(0)| .n |∇n(y · ∇%̃− n%̃)(0)| = 0, (C.13a)

∇n+2(y · ∇B̃− (n+ 2)B̃)(0) = 0, (C.13b)

∇n
(
∇ · (|y|2∇%̃)− |y|2∆%̃− 2n%̃

)
(0) = ∇n(2y · ∇%̃− 2n%̃)(0) = 0, (C.13c)

∇n(∇ · (y%̃)− (d+ n)%̃)(0) = ∇n(y · ∇%̃− n%̃)(0) = 0. (C.13d)

From (C.12d), we obtain

(∇n+2(y · `U )(0), ∇n(∇ · `U )(0)) = Cn · ∇n+1`U (0) = Ln(G(n−2N)+
) +On(|Gn|2). (C.14)
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Deriving the ODE for Z̃ = y · Ũ from (C.12b), using (C.13a), (C.13b) and the error estimate (C.14), we
obtain

∂τ Z̃ = (−nκ− 2Ū1 − 1)Z̃ −
(
n
2α + 2

γ

)
B̄2|y|2%̃− (n+2)

γ %̄0B̃ + `U,1, (C.15a)

with error `U,1 satisfying
∇n+2`U,1(0) = Ln(G(n−2N)+

) +On(|Gn|2). (C.15b)
Taking divergence in (C.12b), using (C.13c), (C.13d), and the error estimate (C.14), we obtain

∂τdiv Ũ = (−nκ− 2Ū1 − 1)div Ũ − 1
2αB̄2(|y|2∆%̃+ 2n%̃)− 1

γ %̄0∆B̃− 2
γ B̄2(d+ n)%̃+ `U,2

= (−nκ− 2Ū1 − 1)div Ũ − 1
2αB̄2|y|2∆%̃− (nα + 2(d+n)

γ )B̄2%̃− 1
γ %̄0∆B̃ + `U,2

(C.16a)

with error `U,2 satisfying
∇n`U,2(0) = Ln(G(n−2N)+

) +On(|Gn|2). (C.16b)

C.3. Proof of Proposition 5.6. For β = 0 and k = n
2 , applying ∆k to (C.12a), using (C.2a) from Lemma

C.2, 2k + 2 = n+ 2, and taking y = 0, we derive
d
dτ∆k%̃ = −nκ∆k%̃− 2α%̄0∆k(div Ũ) + Ln(G(n−2N)+

) +On(|Gn|2)

= −nκ∆k%̃− 2α%̄0

n+2 ∆k+1(y · Ũ) + Ln(G(n−2N)+
) +On(|Gn|2), k = n

2 . (C.17)

Recall |β|+ 2k = n. Applying ∂β∆k to (C.12a) and ∂β∆k+1 to (C.12c), and then using the error bound
(C.12d), we obtain

d
dτ ∂

β∆k%̃ = −nκ∂β∆k%̃− 2α%̄0∂
β∆k(div Ũ) + Ln(G(n−2N)+

) +On(|Gn|2), (C.18a)
d
dτ ∂

β∆k+1B̃ = −nκ∂β∆k+1B̃− 2B̄2∂
β∆k+1(y · Ũ) + Ln(G(n−2N)+

) +On(|Gn|2). (C.18b)

Applying (C.2c) in Lemma C.2 and applying ∂β∆k to (C.16), and then taking y = 0, we obtain

d
dτ ∂

β∆k∇ · Ũ = (−nκ− 2Ū1 − 1)∂β∆k∇ · Ũ − 1

2α
· (2d+ 4|β|+ 4(k − 1))kB̄2∂

β∆k%̃

−
(
n
α + 2(d+n)

γ

)
B̄2∂

β∆k%̃− 1

γ
%̄0∂

β∆k+1B̃ + ∂β∆k`U,2 + 1|β|≥2Ln(F|β|−2,k+1). (C.19)

Applying (C.2b) in Lemma C.2 and applying ∂β∆k+1 to (C.15), and then taking y = 0, we obtain
d
dτ ∂

β∆k+1Z̃ =(−nκ− 2Ū1 − 1)∂β∆k+1Z̃ −
(
n
2α + 2

γ

)
(2d+ 4|β|+ 4k)(k + 1)B̄2∂

β∆k%̃(0)

− (n+2)
γ %̄0∂

β∆k+1B̃ + ∂β∆k+1`U,1 + 1|β|≥2Ln(F|β|−2,k+1). (C.20)

Proof of ODEs (5.36a), (5.36b). When n is even, combining (C.17) with k = n
2 , (C.18b) with β = 0, k = n

2 ,
(C.20) with β = 0, k = n

2 , we prove (5.36a), (5.36b).

Proof of ODEs (5.37). For general β, (C.18) implies the ODEs for ∂β∆k%̃ and ∂β∆k+1B̃ in (5.37).
Combining the second and third term in (C.19) and applying the error bound (C.16) to ∂β∆k`U,2 in

(C.19), we prove the ODE of ∂β∆k(div Ũ) in (5.37).
Applying the error bound (C.15) to ∂β∆k+1`U,1 in (C.20), we prove the ODEs for ∂β∆k+1Z̃ in (5.37).

We complete the proof of (5.37) in Proposition 5.6.

Proof of ODEs (5.38), (5.39) for B̃, Z̃, Ũ . For any multi-indices β with |β| = n + 2, taking ∂β to (C.15)
and (C.12c), and then using

∂β(|y|2%̃)(0) = Cβ · ∇n%̃(0),

we prove (5.38). For any multi-indices β with |β| = n+ 1, taking ∂β to (C.12b), and then using

∂β(|y|2∇%̃)(0) = Cβ · ∇n%̃(0), ∂β(y%̃)(0) = Cβ · ∇n%̃(0), ∂β∇B̃(0) = Cβ · ∇n+2B̃(0),

we prove (5.39).
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C.3.1. Special case ∆N%̃,∆N+1(y · Ũ),∆N+1B̃. To derive (5.36) with n = 2N, k = N, we derive the next
order terms. Applying the expansion (4.12) to (4.15a)-(4.15c), for k ≤ N + 1, we obtain

∆kLi = ∆kLi,L + ∆kLi,H , (C.21a)

where Li,L depends on the profile (%̄, Ū , B̄) via the leading order terms in (4.12), and we keep all the terms
involving c̃u, c̃r, c̃%, c̃B in Li,H

L1,L =− (c̄ry + Ū1y) · ∇%̃− 2α%̄0(div Ũ) + c̄%%̃− Ũ · ∇%̄0 − 2α%̃(∇ · (Ū1y)),

L1,H =− Ū2N+1y|y|2N · ∇%̃+
(
− 2α%̄2N|y|2N(div Ũ)− Ũ · ∇(%̄2N|y|2N)− 2α%̃(∇ · (Ū2N+1y|y|2N))

)
+ (−c̃ry · ∇%̄+ c̃%%̄)

:= T1 +R1 + S1,

L2,L =− (c̄ry + Ū1y) · ∇Ũ − 1
2αB̄2|y|2∇%̃− 1

γ %̄0∇B̃ + c̄uŨ − Ũ · ∇(Ū1y)− 1
2α B̃∇%̄0 − 1

γ %̃∇(B̄2|y|2),

L2,H =− Ū2N+1y|y|2N · ∇Ũ +
(
− 1

2αB̄2N+2|y|2N+2∇%̃− 1
γ %̄2N|y|2N∇B̃− Ũ · ∇(Ū2N+1y|y|2N)

− 1
2α B̃∇(%̄2N|y|2N)− 1

γ %̃∇(B̄2N+2|y|2N+2)
)

+ (−c̃ry · ∇Ũ + c̃uŪ)

:= T2 +R2 + S2,

L3,L =− (c̄ry + Ū1y) · ∇B̃ + c̄BB̃− Ũ · ∇(B̄2|y|2),

L3,H =− Ū2N+1y|y|2N · ∇B̃− Ũ · ∇(B̄2N+2|y|2N+2) + (−c̃ry · ∇B̄ + c̃BB̄)

:= T3 +R3 + S3,

where we have used the notation T ,R,S in Li,H to single out transport, remaining, and scaling terms.
Below, we evaluate at y = 0. We have estimated

∆NL1,L(0), ∆N+1(y · L2,L)(0), ∆N+1L3,L(0),

in the right hand side in (C.17), (C.18b) with β = 0, and (C.20) with β = 0, without the error terms
L(G(n−2N)+

) + On(|Gn|2). In these equations, we treat Li,H as a lower-order linear term and track its
contribution implicitly using On(G0). Below, we further expand

∆NL1,H(0), ∆N+1(y · L2,H)(0), ∆N+1L3,H(0).

For transport terms Ti (C.21), using (C.1b) in Lemma C.1 and then (C.2d),(C.2e), and ∆(Ũ · y) =

2(div Ũ), we derive

∆N(Ū2N+1y|y|2N · ∇%̃)(0) = 0,

∆N+1(Ū2N+1|y|2Ny · (y · ∇Ũ)) = ∆N+1(Ū2N+1|y|2Ny · Ũ) = cN,∆Ū2N+1∆(y · Ũ)

= 2cN,∆Ū2N+1div Ũ ,

∆N+1(Ū2N+1y|y|2N · ∇B̃) = 2Ū2N+1∆N+1(|y|2NB̃) = 2cN,∆Ū2N+1∆B̃.

(C.22)
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For the scaling terms Si, applying (C.6) with n = 2N, |β1| = n, |β2| = n + 1, |β3| = n + 2, and then
using the constant in (C.2e), and c̃% = 2c̃u − c̃B (5.33), we derive

∆N(−c̃ry · ∇%̄+ c̃%%̄)(0) = (−2Nc̃r + c̃%)%̄2N∆N(|y|2N) = (2c̃u − c̃B − 2Nc̃r)%̄2NcN,1,

∆N+1(y · (−c̃ry · ∇Ū + c̃uŪ))(0) = ∆N+1
(
y · (−(2N + 1)c̃r + c̃u)Ū2N+1y|y|2N

)
= (c̃u − (2N + 1)c̃r)Ū2N+1∆N+1(|y|2N+2)

= (c̃u − (2N + 1)c̃r)Ū2N+1cN+1,1,

∆N+1(−c̃ry · ∇B̄ + c̃BB̄)(0) = (−(2N + 2)c̃r + c̃B)B̄2N+2∆N+1(|y|2N+2)

= (c̃B − (2N + 2)c̃r)B̄2N+2cN+1,1.

(C.23)

Next, we estimate the remaining termsRi in (C.21). ForR1, using (C.2d), (C.2e), we have

∆NR1 = ∆N(−2α%̄2N|y|2N(div Ũ)− Ũ · ∇(%̄2N|y|2N)− 2α%̃(∇ · (Ū2N+1y|y|2N)))

= −2α%̄2N∆N(|y|2N)(div Ũ)− 2N%̄2N∆N(|y|2N−2Ũ · y)− 2α(2N + d)Ū2N+1%̃∆N(|y|2N)

= −2α%̄2NcN,1(div Ũ)− 2N%̄2NcN−1,∆∆(Ũ · y)− 2α(2N + d)Ū2N+1cN,1%̃. (C.24a)

Since ∆(Ũ · y) = 2(div Ũ), we further obtain

∆NR1 = −(2α%̄2NcN,1 + 4N%̄2NcN−1,∆)(div Ũ)− 2α(2N + d)Ū2N+1cN,1%̃. (C.24b)

ForR2 (C.21), by definition, we have

∆N+1(y · R2) =∆N+1
(
− 1

2αB̄2N+2|y|2N+2(y · ∇%̃)− 1
γ %̄2N|y|2N(y · ∇B̃)− y ·

(
Ũ · ∇(Ū2N+1y|y|2N)

)
− 1

2α B̃y · ∇(%̄2N|y|2N)− 1
γ %̃y · ∇(B̄2N+2|y|2N+2)

)
.

The first term on the right side is 0. Using Lemma C.1 and then (C.2d), (C.2e), we simplify the above terms
as

∆N+1(|y|2N(y · ∇B̃)) = 2∆N+1(|y|2NB̃) = 2cN,∆∆B̃,

y · (Ũ · ∇(y|y|2N)) = y ·
(
Ũ · (Id |y|2N) + 2N(Ũ · y)y|y|2N−2

)
= (2N + 1)(y · Ũ)|y|2N,

∆N+1(y · (Ũ · ∇(y|y|2N))) = (2N + 1)∆N+1((y · Ũ)|y|2N) = (2N + 1)cN,∆∆(y · Ũ),

∆N+1(B̃y · ∇|y|2N) = ∆N+1(2NB̃|y|2N) = 2NcN,∆∆B̃,

∆N+1(%̃y · ∇(|y|2N+2)) = (2N + 2)∆N+1(%̃|y|2N+2) = (2N + 2)%̃∆N+1(|y|2N+2) = (2N + 2)cN+1,1%̃.

Using the above identities and ∆(y · Ũ) = 2div Ũ , we derive

∆N+1(y · R2)

= − 2
γ cN,∆%̄2N∆B̃− (2N + 1)cN,∆Ū2N+1∆(y · Ũ)− 1

αN · cN,∆%̄2N∆B̃− 1
γ (2N + 2)cN+1,1B̄2N+2%̃

= −( 2
γ + N

α )%̄2NcN,∆∆B̃− (4N + 2)cN,∆Ū2N+1(∇ · Ũ)− 1
γ (2N + 2)cN+1,1B̄2N+2%̃. (C.25)

ForR3 (C.21), using (C.2d) and ∆(Ũ · y) = 2div Ũ , we derive

∆N+1R3 = ∆N+1(−Ũ · ∇(B̄2N+2|y|2N+2)) = −(2N + 2)B̄2N+2∆N+1(Ũ · y|y|2N)

= −(2N + 2)B̄2N+2cN,∆∆(Ũ · y) = −(4N + 4)B̄2N+2cN,∆(∇ · Ũ). (C.26)

Combining the estimates of Li,L in the right hand side of (C.17), (C.18b) and (C.20) with (n, k, β) =
(2N,N, 0), and replacing L0(G(n−2N)+

) by the above estimates of Li,H , we prove (5.36c)–(5.36f). We
complete the proof of Proposition 5.6.
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APPENDIX D. PROOF OF THE RESULTS IN PART I OF THEOREM 5.10

In this section we prove the claims in Part I of Theorem 5.10; these concern on the number of unstable
eigenvalues for the ODE systems at y = 0 for ground state profile corresponding to N = 1, for either
(γ, d) ∈

{
(5

3 , 3), (7
5 , 3), (5

3 , 2), (2, 2)}, or for d = 1 and γ ∈ (1, 3]. The proofs follow from Lemma D.2 and
Lemma D.4 below.

To count the number of unstable eigenvalues, we use the Routh–Hurwitz Theorem, a classical stability
result in control theory. Given an l−th degree polynomial pl(x) = alx

l + . . .+ a0. The first two column of
the Routh table A are given by the coefficients of pl

A =

 al al−2 al−4 ...
al−1 al−3 al−5 ...
... ... ...

 , A1j = al+2−2j12j≤l+2, A2j = al+1−2j12j≤l+1.

For i ≥ 3, given the i− 2 and i− 1-th rows of A, the i−th row of the Routh table is constructed as

Aij = Ai−2,j+1 −Ai−1,j+1 ·
Ai−2,1

Ai−1,1
, j ≥ 1.

Theorem D.1 (Routh–Hurwitz). Suppose that Ai1 6= 0 for 1 ≤ i ≤ l+ 1. The number of roots of pl(x) with
positive real parts is equal to the number of changes in sign of the first column of the Routh array, i.e. the
number of negative terms in Ai+1,1

Ai,1
, 1 ≤ i ≤ l. Moreover, there is no root with 0 real part.

See [27, Chapter V] for detailed discussion and [46, 4] for simpler proofs. The Routh–Hurwitz theorem
can also handle the case with Ai1 = 0 for some i. We only use the regular case with Ai1 6= 0 for simplicity.
We apply Theorem D.1 to analyze the characteristic polynomial of H ∈ Rl×l

pl(λ) = det(λId −H) = λl + al−1λ
l−1 + ...+ a1λ+ a0, al = 1.

with l = 3, 4. In particular, we use (H, l) = (H|β|,k, 4), (H
(1)
n , 3).

D.1. Estimates of H|β|,k. We can derive the first column of the Routh table as

A =


a4 a2 a0 0
a3 a1 0 0
∆2
a3

a0 0 0
∆3
∆2

0 0 0

a0 0 0 0

 , A31 = a2 − a1
a4

a3
=

∆2

a3
, A41 = a1 − a0

a3

∆2
a3

=
∆3

∆2
, (D.1a)

where a4,∆2,∆3 are given by

a4 = 1, ∆2 = a3a2 − a1a4, ∆3 = a3a2a1 − a2
3a0 − a2

1a4. (D.1b)

To apply Theorem D.1 to H|β|,k, we estimate the signs of a3,∆2,∆3, and a0, which determine the signs
of Aj1 for 1 ≤ j ≤ 5.

Lemma D.2. Consider N = 1, (γ, d) ∈ {(5
3 , 3), (7

5 , 3), (2, 2), (5
3 , 2)}, and n = |β|+2k. Recall the matrices

H|β|,k from (5.37), H
(3)
k from (5.36b), H

(2)
n from (5.38), and (−nκ− 2Ū1 − 1)Id from (5.39).

(I) Estimate of H|β|,k ∈ R4×4. For any n ≥ 1, we have

a3 > 0, ∆2 > 0, ∆3 > 0. (D.2a)

For a0, we have the following estimates:

a0 > 0, ∀ |β|+ 2k ≥ 2, (|β|, k) 6= (0, 1), (D.2b)

a0 < 0, (|β|, k) = (1, 0). (D.2c)

Thus, for |β| + 2k ≥ 2 and (|β|, k) 6= (0, 1), H|β|,k has 4 eigenvalues with negative real part; for
(|β|, k) = (1, 0), H|β|,k has 1 eigenvalue with positive real part, and 3 eigenvalues with negative real part.
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(II) Estimate of H
(3)
k ∈ R3×3. For k ≥ 2, H

(3)
k has 3 eigenvalues with negative real part.

(III) Estimate of H
(2)
n ∈ R2×2. For H

(2)
n ∈ R2×2, the signs of the real parts of its eigenvalues are determined

by its trace and determinant, which satisfy the following estimates.
For any n ≥ 1, γ > 1 and d ≥ 1, we have

Tr (H(2)
n ) < 0. (D.3)

For det(H
(2)
n ), we have

det(H(2)
n ) > 0, (γ, d) = (5

3 , 3), (2, 2), n ≥ 1, (D.4a)

det(H(2)
n ) > 0, (γ, d) = (7

5 , 3), (5
3 , 2), n ≥ 2, (D.4b)

det(H
(2)
1 ) < 0, (γ, d) = (7

5 , 3), (5
3 , 2), n = 1. (D.4c)

Thus, H
(2)
n has 2 eigenvalues with negative real part for (γ, d) = (5

3 , 3), (2, 2) with n ≥ 1 and for
(γ, d) = (7

5 , 3), (5
3 , 2) with n ≥ 2; it has 1 eigenvalue with negative real part and 1 with positive real part

for (γ, d) = (7
5 , 3), (5

3 , 2) and n = 1.
(IV). For any n ≥ 1, γ > 1, and d ∈ [1, 4] satisfying αd > 1

2 , we have

−nκ− 2Ū1 − 1 < 0.

In particular, the assumptions on (γ, d) are satisfied for (γ, d) ∈ {(5
3 , 3), (7

5 , 3), (2, 2), (5
3 , 2)}.

(V). When n = 1, H1,0 has exactly one positive eigenvalue. When n = 1, (γ, d) ∈ {(7
5 , 3), (5

3 , 2)}, H
(2)
1 has

exactly one positive eigenvalue.

Before we prove the above Lemma, we have a simple estimate of c̄r. We denote w = αd.

Lemma D.3. Consider N = 1. For any γ > 1, d ≤ 4, we have c̄r > 1 + (1−αd)+

2(1+αd) .

Proof of Lemma D.3. Recall c̄r from formula (2.16) and EN from (2.14)

c̄r(d, γ,N) := 1
1+αd

(
1 +

√
αγd

2 + EN + (1−αd)2

16N2 + 1−αd
4N

)
, EN = αγd(d+2)

4N + αd(1+αd)
2N2 . (D.5)

Using γ = 2α+ 1 and d ≤ 4, we obtain

γ − 1
2 |αd− 1| ≥ 2α+ 1− 1

2αd−
1
2 >

1
2α(4− d) ≥ 0.

For N = 1, it follows

αγd
2 + E1 + (1−αd)2

16 ≥ αγd
2 + αγd

2 + α(2α+1)d2

4 + (αd)2

2 + (1−αd)2

16 > αγd+ (αd)2 + (1−αd)2

16

≥ αd · |1−αd|2 + (αd)2 + (1−αd)2

16 ≥ (|1−αd|+4αd)2

16 .

Plugging the above estimate in the formula of c̄r, we obtain

c̄r >
1

1+αd

(
1 + 4αd+|1−αd|

4 + 1−αd
4

)
= 1 + (1−αd)+

2(1+αd) ,

which completes the proof. �

In the following subsections, we estimate the signs of the entries in the first column of the Routh array
for the matrices H|β|,k (5.37), H

(3)
k (5.36b), and similar terms for H

(2)
n from (5.38). Since these matrices

are given explicitly, we first use symbolic computation to derive formulas for ∆2, ∆3, and a3 in (D.2), and
related variables. Based on these formulas, we prove the inequalities in Lemma D.2 analytically.

D.2. Estimate of eigenvalues of H|β|,k. In this section, we estimate a3,∆2,∆3, a0 in Lemma D.2.
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D.2.1. Estimate of a3. Using a direct calculation, w = αd, and c̄r ≥ 1 from Lemma D.3, we obtain

a3 =
−2 + 4(c̄r − 1)n+ 2α(d+ 2c̄rdn)

1 + αd
≥ −2 + 4(c̄r − 1) + 2w + 4c̄rw

1 + w
.

Using Lemma D.3, d ≥ 1, and w > 0, we prove

4(c̄r − 1)− 2 + 2w + 4c̄rw ≥
2(1− w)

1 + w
+ 6w − 2 ≥ 6w − 4w

1 + w
> 0.

D.2.2. Estimate of ∆2. To simplify notation, we denote b = |β|. Below, we prove ∆2 > 0 for n =
|β|+ 2k ≥ 1, and discuss four cases (γ, d) ∈ {(5

3 , 3), (7
5 , 3), (2, 2), (5

3 , 2)} separately.

Case (γ, d) = (5
3 , 3). We obtain

∆2 =
1

48

√
47

3
(b+ 2k)

(
235b2 + 20b(46k − 1) + 920k2 − 50k − 24

)︸ ︷︷ ︸
:=I

If k ≥ 1, since each coefficient of bi, i = 0, 1, 2 in I is positive, we prove I > 0. If k = 0, we get
I = 235b2 − 20b− 24, which is positive since b = n ≥ 1. We prove ∆2 > 0.

Case (γ, d) = (7
5 , 3). We obtain

∆2 =
(15b+ 30k − 2)

(
1125b2 + 192b(23k − 2) + 4416k2 − 810k − 80

)
1024

:=
(15b+ 30k − 2)× I

1024
,

where I denotes the second term in the numerator. Since b + 2k = n ≥ 1, we get 15b + 30k − 2 > 0.
If k ≥ 1, since each coefficient of bi, i = 0, 1, 2 in I is positive, we prove I > 0. If k = 0, we get
I = 1125b2 + 192b · (−2)− 80 > 0 since b = n ≥ 1. Thus, we prove ∆2 > 0.

Case (γ, d) = (2, 2). We obtain

∆2 = 2(b+ 2k)
(
10b2 + b(39k − 1) + 39k2 − 2k − 1

)︸ ︷︷ ︸
:=I

.

If k ≥ 1, since each coefficient of bi, i = 0, 1, 2 in I is positive, we prove I > 0. If k = 0, we get
I = 10b2 − b− 1 > 0 since b = n ≥ 1. Thus, we prove ∆ > 0.

Case (γ, d) = (5
3 , 2). We obtain

∆2 =
(
√

321b+b+2k+2
√

321k−2)·(5(
√

321+161)b2+10b(2(
√

321+157)k−
√

321−9)+4(5(
√

321+157)k2−5(
√

321+9)k−18))
1000

:= I·II
1000 ,

where I and II denote the first and second terms, respectively, in the product appearing in the numerator.
Since b+ 2k ≥ 1, I is positive. If k ≥ 1, since each coefficient of bi, i = 0, 1, 2 in II is positive, we obtain
II > 0. If k = 0, we get

II := 5(
√

321 + 161)b2 + 10b(−
√

321− 9) + 4 · (−18).

Since
√

321 < 20 and b ≥ 1, we obtain

II ≥ 800b2 − 300b− 100 ≥ 400 > 0.

Thus, we prove ∆2 > 0.

D.2.3. Estimate of ∆3. Below, we prove ∆3 > 0 for n = b + 2k ≥ 1, and discuss four cases (γ, d) ∈
{(5

3 , 3), (7
5 , 3), (2, 2), (5

3 , 2)} separately.
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Case (γ, d) = (5
3 , 3). We have

∆3
(b+2k)2 =

47
(

2209b4+188b3(89k−5)+b2(48416k2−5910k−992)+4b(15842k3−3115k2−943k+69)+(−178k2+25k+12)
2
)

1728

For k ≥ 1, since each coefficient of bi, i ≤ 4 in ∆3
(b+2k)2 is positive, we obtain ∆3 > 0.

If k = 0 and b = n ≥ 1, we obtain

∆3
n2 =

47(2209b4−940b3−992b2+276b+144)
1728 >

47(1000b3+1000b2−940b3−992b2)
1728 > 0.

We prove ∆3 > 0.

Case (γ, d) = (7
5 , 3). We have

∆3 =
3(−2 + 15b+ 30k)2 · II

262144

where II is given by

II = 16875b4 + 900b3(143k − 17) + 6b2
(
62348k2 − 15349k − 522

)
+ 4b

(
122694k3 − 46761k2 − 2767k + 843

)
+ 245388k4 − 128700k3 − 9493k2 + 6760k + 640.

Clearly, for b+ 2k = n ≥ 1, we have (−2 + 15b+ 30k)2 > 1 > 0. For k ≥ 1, since each coefficient of
bi, i ≤ 4 in II is positive, we obtain ∆3 > 0. For k = 0 and b = n ≥ 1, we obtain

II = 640 + 3372b− 3132b2 − 15300b3 + 16875b4 > 3132(b− b2) + 15300(b4 − b3)

= (b− 1)(15300b2 − 3132b) ≥ 0.

We prove ∆3 > 0.

Case (γ, d) = (2, 2). We obtain

∆3
(b+2k)2 = 64b4+32b3(15k−1)+b2

(
1380k2 − 184k − 27

)
+8b

(
225k3 − 45k2 − 13k + 1

)
+4
(
−15k2 + 2k + 1

)2
.

For k ≥ 1, since each coefficient of bi, i ≤ 4 in ∆3
(b+2k)2 is positive, we obtain ∆3 > 0.

For k = 0 and b = n ≥ 1, we obtain

∆3
(b+2k)2 = 4 + 8b− 27b2 − 32b3 + 64b4 > −27b2 − 32b3 + 27b2 + 32b3 = 0.

We prove ∆3 > 0.

Case (γ, d) = (5
3 , 2). We have

∆3 =
(
√

321b+b+2k+2
√

321k−2)
2

125000 · II,

where II is given by

II =(161
√

321+13121)b4

+4b3(8(39
√

321+3079)k−91
√

321−1851)

+b2(16(229
√

321+17719)k2−8(263
√

321+5343)k+45
√

321−4467)

+2b(16(151
√

321+11561)k3−48(43
√

321+873)k2+10(9
√

321−875)k+39
√

321+799)

+4((604
√

321+46244)k4−16(43
√

321+873)k3+5(9
√

321−875)k2+(39
√

321+799)k+180).

We rewrite II as II =
∑
i≤4pi(k)bi, where each pi is a polynomial in k, given in the corresponding row

of the above formula for II . Since
√

321 ∈ (10, 20), for k ≥ 1, clearly, we get p4(k) > 0, p3(k) > 0. For
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k ≥ 1, we estimate p2, p1, p0 as

p2(k) > 16 · 10000k2 − 8 · (300 · 20 + 6000)k − 5000 > 160000k2 − 100000k − 5000 > 0,

p1(k) > 2 · (16 · 10000k3 − 50(50 · 20 + 1000)k2 − 10 · 1000k) > 2(160000k3 − 105k2 − 104k) > 0,

p0(k) > 4(46000k4 − 16(50 · 20 + 1000)k3 − 5 · 1000k2) > 4(46000k4 − 32000k3 − 5000k2) > 0.

Since b+ 2k ≥ 1, the factor of II is strictly positive. Thus, for k ≥ 1, we prove ∆3 > 0.
For k = 0 and b = n ≥ 1, we get

II =
(

161
√

321 + 13121
)
b4−4

(
91
√

321 + 1851
)
b3+

(
45
√

321− 4467
)
b2+2

(
39
√

321 + 799
)
b+720.

When b = 1, we get
II = 3568− 80

√
321 > 3000− 80 · 20 > 0.

For b ≥ 2, since
√

321 ∈ (10, 20), we get

II > 13000b4 − 4 · (100 · 20 + 2000)b3 − 5000b2 > 8000b4 − 16000b3 ≥ 0.

Combining the above estimates, we prove ∆3 > 0 for 2k + b ≥ 1.

D.2.4. Estimate of a0. The estimate of a0 is more delicate. In this subsection, we prove

a0 > 0, ∀ n = 2k + b ≥ 2, (b, k) 6= (0, 1),

a0 < 0, n = 1, (b, k) = (1, 0).
(D.6)

The parameter (b, k) in the first case is equivalent to k ≥ 2 or k = 1, b ≥ 1 or k = 0, b ≥ 2.

Case (γ, d) = (5
3 , 3). We obtain

a0 · 2304 = 2209b4 + 376b3(−5 + 42k) + 752k2(−12− 25k + 37k2)

+ 4b2(−600− 3055k + 10904k2) + 16b(−9− 564k − 1645k2 + 3478k3).

For k ≥ 1, each coefficient of bi, i ≤ 4 is non-negative. Moreover, since b4 > 0 for b ≥ 1 and
752k2(−12− 25k + 37k2) > 0 for k ≥ 2, we obtain a0 > 0 for k ≥ 2 or k = 1, b ≥ 1.

For k = 0 and b ≥ 2, we obtain

a0 · 2304 = b(−144− 2400b− 1880b2 + 2209b3) > b(940b2(b− 2) + 600b(b2 − 4) + 100b3 − 144) > 0.

For k = 0 and b = 1, we obtain

a0 · 2304 = −144− 2400− 1880 + 2209 < 0.

Case (γ, d) = (7
5 , 3). We obtain

a0 · 65536 = 45
(

1125b4 + 480b3(17k − 3) + 4b2
(
5700k2 − 2209k − 184

)
+ 16b

(
1830k3 − 1143k2 − 157k + 11

)
+ 16k

(
915k3 − 797k2 − 150k + 32

) )
Note that p0(k) := 16k

(
915k3 − 797k2 − 150k + 32

)
satisfies p0(1) = 16·(915−797−150+32) = 0.

For k ≥ 1, each coefficient of bi, i ≤ 4 is non-negative. Moreover, since b4 > 0 for b ≥ 1 and p0(k) > 0
for k ≥ 2, we obtain a0 > 0 for k ≥ 2 or k = 1, b ≥ 1.

For k = 0 and b ≥ 2, we obtain

a0 · 65536 = 45b(176− 736b− 1440b2 + 1125b3) > 45b(720(b3 − 2b2) + 400b3 − 800b) > 0.

For k = 0 and b = 1, we obtain

a0 · 65536 = 45 · (176− 736− 1440 + 1125) < 0.
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Case (γ, d) = (2, 2). We obtain

a0 = b4 + b3(7k − 1) + b2
(
19k2 − 6k − 17

16

)
+ 4bk

(
6k2 − 3k − 1

)
+ 4k2

(
3k2 − 2k − 1

)
Clearly, we have a0 ≥ 0 for k ≥ 1 and a0 > 0 for k ≥ 2 or k = 1, b ≥ 1.

For k = 0 and b ≥ 2, we have

a0 = b4 − b3 − 17b2

16 > b4 − b3 − 2b2 = b2(b− 2)(b+ 1) ≥ 0.

For k = 0 and b = 1, we have
a0 = −17

16 < 0.

Case (γ, d) = (5
3 , 2). We obtain

20000a0 =(161
√

321+13121)b4

+4b3((302
√

321+23022)k−101
√

321−3461)

+4b2((866
√

321+62626)k2−2(283
√

321+10363)k+21
√

321−3307)

+16b(2(141
√

321+9901)k3−21(13
√

321+493)k2+(21
√

321−3019)k+10(
√

321+1))

+16(k−1)k((141
√

321+9901)k2+(2999−41
√

321)k−20(
√

321+1))

:=
∑
i≤4pi(k)bi,

where pi denotes the coefficient of bi and is a polynomial in k, given in the corresponding row of the above
formula. For k ≥ 1, it is easy to obtain that pi(k) > 0 for 2 ≤ i ≤ 4. For p1(k) and k ≥ 1, since√

321 ∈ (10, 20), we have

p1(k) > 16 · (20000k3 − 21 · (15 · 20 + 500)k2 − 3000k) ≥ 16 · (17000k3 − 16800k2) > 0.

It is easy to obtain p0(0) = p0(1) = 0 and p0(k) > 0 for k ≥ 2. Since b4 > 0 for b ≥ 1, combining these
estimates, we obtain a0 > 0 for k ≥ 2 or k = 1, b ≥ 1.

For k = 0 and b ≥ 2, we obtain

20000a0 = b
((

161
√

321 + 13121
)
b3 − 4

(
101
√

321 + 3461
)
b2 + 4

(
21
√

321− 3307
)
b+ 160

(√
321 + 1

))
.

Since
√

321 ∈ (15, 20) and 50
√

321 < 1000, for b ≥ 2, we obtain

20000a0 > b
(

(210
√

321+7000)b3 +4000b3− (410
√

321+14000)b2−4 ·4000b
)
> 4000b(b3−4b) ≥ 0.

For k = 0 and b = 1, we obtain

20000a0 = (161
√

321 + 13121)− 4(101
√

321 + 3461) + 4(21
√

321− 3307) + 160(
√

321 + 1)

=
√

321 + 13121− 4× 3461− 4× 3307 + 160 < 0.

Combining the above cases, we prove (D.6): a0 > 0 for n = 2k + b ≥ 2 with (k, b) 6= (1, 0) and a0 < 0
for n = 1.

Combining the estimates of a3, a0,∆2,∆3 in Sections D.2.1-D.2.4, we prove estimates (D.2).
Summary. Using Theorem D.1, we prove the statement of eigenvalues of H|β|,k in Lemma D.2.

Since H0,k with k ≥ 2 have 4 eigenvalues with negative real part, using Lemma 5.9, we prove that all
eigenvalues of H

(3)
k with k ≥ 2 have negative real parts. We prove Part (I) and (II) in Lemma D.2.

D.3. Estimate of eigenvalues of H
(2)
n . For any γ > 1, d ≥ 1, a direct calculation yields

f3 := Tr (H(2)
n ) = n(

1

αd+ 1
− c̄r) +

−α(c̄rdn+ d)− c̄rn+ n+ 1

αd+ 1
.

Using Lemma D.3 and c̄r > 1, we obtain that f3 is decreasing in n. Since n ≥ 1, we get

f3 ≤ f3|n=1 =
3− αd− 2c̄r(1 + αd)

1 + αd
.
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Using the lower bound of c̄r in Lemma D.3, we obtain

3− αd− 2c̄r(1 + αd) < 3− αd− 2(1 + αd)− (1− αd)+ = 1− αd− (1− αd)+ − 2αd < 0.

Thus, we prove f3 < 0 and prove (D.3).
Next, we estimate f2 = det(H

(2)
n ). A direct calculation yields

f2(b, k) = 1
48

(
47b2 + 4b(47k − 3) + 4

(
47k2 − 6k − 6

))
, (γ, d) = (5

3 , 3),

f2(b, k) = 15
256

(
15b2 + b(60k − 8) + 60k2 − 16k − 8

)
, (γ, d) = (7

5 , 3),

f2(b, k) = b2 + b(4k − 1
4) + 4k2 − k

2 −
1
2 , (γ, d) = (2, 2),

and

f2(b, k) = 1
200(
√

321+161)b2+ 1
200

b(4(
√

321+161)k−2(
√

321+25))+ 1
200(4(

√
321+161)k2−4(

√
321+25)k−96),

for (γ, d) = (5
3 , 2).

For k ≥ 1, each coefficient of bi, i ≤ 2 is positive. Thus, f2 > 0 for k ≥ 1.
For k = 0, we obtain

f2(b, 0) = 1
48

(
47b2 − 12b− 24

)
, (γ, d) = (5

3 , 3),

f2(b, 0) = 15
256

(
15b2 − 8b− 8

)
, (γ, d) = (7

5 , 3),

f2(b, 0) = b2 − b
4 −

1
2 , (γ, d) = (2, 2).

Clearly, for (γ, d) = (5
3 , 3), (2, 2) and b ≥ 1, we obtain f2(b, 0) > 0. We prove (D.4a).

For (γ, d) = (7
5 , 3), we obtain f2(b, 0) > 0 for b ≥ 2, and

f2(1, 0) = − 15
256 < 0.

For (γ, d) = (5
3 , 2) and b ≥ 2, we obtain

f2(b, 0) =
1

200
(
√

321 + 161)b2 − 1

100
(
√

321 + 25)b− 12

25
≥ 161

100
b− 25

100
b− 12

25
> 0.

For (γ, d) = (5
3 , 2) and b = 1, we obtain

f2(1, 0) = 1
200(15−

√
321) < 0.

Combining the above estimates, we prove (D.4b), (D.4c). The signs of the real part of the eigenvalues
follow from (D.3) and (D.4). This completes the proof of Part (III) in Lemma D.2.
Proof of Part (IV). We estimate f4 := −nκ− 2Ū1 − 1. For n ≥ 1, a direct estimate yields

f4 =
−α(c̄rdn+ d)− c̄rn+ n+ 1

αd+ 1
≤ −α(c̄rd+ d)− c̄r + 2

αd+ 1
.

Using Lemma D.3, we prove

−α(c̄rd+ d)− c̄r + 2 ≤ −1− 2αd− (1− αd)+

2
+ 2 ≤ 1− 2αd− (1− αd)+

2
.

For αd ≥ 1
2 , the upper bound is strictly negative and we prove f4 < 0. In particular, for (γ, d) ∈

{(5
3 , 3), (7

5 , 3), (2, 2), (5
3 , 2)} with α = γ−1

2 , we obtain αd > 1
2 and prove f4 < 0. We prove Part (IV) in

Lemma D.2.

D.4. Proof of result (V) in Lemma D.2. From result (I) and (III) in Lemma D.2, H1,0 has exactly one
eigenvalue with positive real part; for (γ, d) ∈ {(5

3 , 2), (7
5 , 3)}, H

(2)
1 has exactly one eigenvalue with positive

real part. Since these eigenvalues have multiplicity one, they are real. We prove result (V) in Lemma D.2.
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D.5. Estimates of H
(1)
n . Recall the matrix H

(1)
n from (5.40). We write

pl(λ) = det(λId − H(1)
n ) = clλ

l + cl−1λ
l−1 + ...+ c1λ+ c0, cl = 1, l = 3.

The associated Routh table is given by

A =


c3 c1 0
c2 c0 0
∆4
c2

c0 0

c0 0 0

 , A31 = c1 − c0
c3

c2
=

∆4

c2
, ∆4 = c2c1 − c0c3, c3 = 1. (D.7)

To apply Theorem D.1 to H
(1)
n , we estimate the signs of c2,∆4, c0, which determine the signs of Aj1.

Lemma D.4. Consider d = 1 and n ≥ 1. For any γ > 1, we have

c2 > 0, ∆4 > 0. (D.8a)

For c0 and any γ > 1, we have

c0 > 0, ∀n ≥ 3, c0 = 0, n = 2, c0 < 0, n = 1. (D.8b)

As a result, H
(1)
n has 3 eigenvalues with negative real part for n ≥ 3; 2 eigenvalues with negative real part

and a 0-eigenvalue for n = 2; 2 eigenvalues with negative real part and 1 eigenvalue with positive real part
for n = 1.

Proof of Lemma D.4. We denote w = αd = α.
Estimate of c2. A direct calculation yields

c2 =
3n(
√

49w2 + 26w + 1 + 1) + (4− 3n)w − 4

4(w + 1)
.

Since c2 is increasing in n, n ≥ 1, and w > 0, we obtain

c2 ≥ c2|n=1 =
3
√

49w2 + 26w + 1 + w − 1

4(w + 1)
> 0.

Estimate of ∆4. We show that ∆4 is monotone in n for n ≥ 1. Firstly, a direct calculation yields

I := 4(1 + w)3∆4 =n3(−72w3+(24
√

49w2+26w+1+35)w2+(9
√

49w2+26w+1+35)w+2(
√

49w2+26w+1+1))

+n2(102w3−(10
√

49w2+26w+1+53)w2+5(
√

49w2+26w+1−9)w−4(
√

49w2+26w+1+1))

+n(−10w3−2(
√

49w2+26w+1−6)w2−4(2
√

49w2+26w+1+1)w+2(
√

49w2+26w+1+1))−8w3+8w,

which is a cubic polynomial in n. For the n3-term, since (24
√

49w2 + 26w + 1 + 35)w2 > 24 · 7w · w2 >
72w3, the coefficient of n3 is positive. Thus, ∂3

nI > 0 and ∂2
nI is increasing in n for any n > 0.

Using a direct computation, for n ≥ 1, we obtain

∂2
nI(n) ≥ (∂2

nI)(1)

= −57w3 +
(

31
√

49w2 + 26w + 1 + 26
)
w2 + 2

(
8
√

49w2 + 26w + 1 + 15
)
w +

√
49w2 + 26w + 1 + 1.

Since (31
√

49w2 + 26w + 1 + 26)w2 > 31 · 7w3 > 57w3, we get ∂2
nI(n) > 0 and ∂nI(n) is increasing in

n for n ≥ 1.
Using a direct computation, for n ≥ 1, we have

∂nI(n) ≥ (∂nI)(1) = 1
4w
(
−22w2 +

(
50
√

49w2 + 26w + 1 + 11
)
w + 29

√
49w2 + 26w + 1 + 11

)
.

Since 50
√

49w2w > 22w2, we prove ∂nI(n) > 0 and I(n) is increasing in n for n ≥ 1.
Using a direct computation, for n ≥ 1, we deduce

I(n) ≥ I(1) = 3
2w(2w + 1)(

√
49w2 + 26w + 1 + w − 1) > 0.
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We prove ∆4 > 0 for n ≥ 1.

Estimate of c0. Recall d = 1 and w = αd = α. A direct computation yields

II :=
32(1 + w)3

n
c0 = (n− 2)

(√
49w2 + 26w + 1− w + 1

)
×
(

(17n+ 8)w2 + w
(

8− n
(√

49w2 + 26w + 1− 8
))

+ n
(√

49w2 + 26w + 1 + 1
))

:= (n− 2)J1J2.

Clearly, the first factor J1 > 0. Below, we show that J2 > 0. We can rewrite J2 as

J2 = n
(

17w2 −
(√

49w2 + 26w + 1− 8
)
w +

√
49w2 + 26w + 1 + 1

)
+ 8w2 + 8w.

Since
√

49w2 + 26w + 1 < 7w + 2, we obtain

17w2 − (
√

49w2 + 26w + 1− 8)w +
√

49w2 + 26w + 1 + 1 > 17w2 + 8w + 1− (7w + 2)w > 0.

We prove J2 > 0. Thus, we obtain sgn (c0) = sgn (n−2). Combining the above estimates, we prove (D.8).
For n ≥ 3 or n = 1, the signs of the eigenvalues follow from (D.8) and Theorem D.1. In particular, H

(1)
n

has three eigenvalues with negative real parts for n ≥ 3; it has two eigenvalues with negative real parts and
one with a positive real part for n = 1.

For n = 2, since c0 = 0, we obtain p3(λ) = λ(c3λ
2 + c2λ + c1). From (D.7) and (D.8), since c0 = 0,

we have c3 = 1, c2 > 0,∆4 = c2c1 > 0, which implies c1, c2, c3 > 0. Thus, the quadratic polynomial
c3λ

2 + c2λ+ c1 has two roots with negative real part. We complete the proof of Lemma D.4. �
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