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ABSTRACT. We construct a new class of self-similar implosion profiles for the multi-dimensional compress-
ible Euler equations. These profiles are smooth, genuinely non-isentropic, radially/spherically symmetric, and
have explicit (closed-form) similarity exponents. We prove that the exact Euler solution corresponding to the
ground state implosion profile is stable to radially symmetric perturbations, as a solution to the full nonlinear
compressible Euler equations, modulo a one-dimensional compatibility condition on the initial data. For per-
turbations of the Euler solution corresponding to the ground state implosion profile of a monatomic or diatomic
gas, that do not obey any symmetry assumptions, we provide a complete characterization of the set of initial
data that yield nonlinear stability.
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1. INTRODUCTION

The compressible Euler equations admit a remarkable class of singularities known as implosions, in
which at least one of the primary flow variables (typically density and/or pressure) becomes unbounded
at a single point in spacetime. This is in contrast to shock singularities, where the primary flow variables
remain bounded but their gradients become unbounded. Understanding the existence and stability of such
singularities is a fundamental problem in fluid/gas dynamics.

Prior to this work, implosions lying in two extreme regularity classes were proven to exist for the com-
pressible Euler equations: imploding shocks and smooth isentropic implosions. The main features and
drawbacks of these two classes of solutions may be briefly summarized as follows (a full discussion and
detailed bibliographic account is given in Section 1.8 below):

e Imploding shocks. The classical implosion scenario is given by Guderley’s 1942 self-similar solu-
tion [31], re-discovered by Landau and Stanyukovich [64] in 1944-1945. It describes a radial/spherical
shock wave converging inward into a quiescent medium (constant density, zero velocity, zero pressure),
leading to a finite time collapse at the spatial origin. As the shock focuses, both the pressure and the
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radial velocity diverge at the moment of collapse, but the density remains finite; see Figure 1. Guderley’s
solution applies to the full (non-isentropic) Euler system. Linear mode analysis suggests stability of the
Guderley solution under radially symmetric perturbations [51, 15], while linear instability to non-radial
perturbations has been established in [6, 68]. A significant limitation of Guderley’s solution is that the
similarity exponent can only be determined numerically, to a specified precision, by solving a nonlinear
eigenvalue problem at the sonic point [45, 57]. Although Guderley’s imploding shock was recently shown
to arise dynamically from classical (shock-free) initial data [24], it cannot arise from initial data that is
globally C2-smooth. A final drawback is that Guderley’s imploding shock solution assumes propaga-
tion into a quiescent core at zero pressure (and hence identically zero temperature); consequently, it is
inconsistent with both the vanishing-viscosity limit of the compressible Navier—Stokes equations and the
hydrodynamic limit of standard kinetic models such as the Boltzmann or Landau equations.

) P(rY)

FIGURE 1. Snapshots of the radial density p(r, t) (red, left) and pressure p(r, t) (blue, right) for the Guderley
implosion (for d = 3, v = 7/5, and similarity exponent reported by Lazarus [45]), at four successive times,
with darker shades indicating later times. Ahead of the imploding shock the density is a positive constant and
the pressure vanishes identically. As ¢t — ¢t , the time of implosion, the density remains bounded while the
pressure diverges near the origin.

e Smooth isentropic implosions. A remarkable class of new Euler implosions was discovered by Merle,
Raphaél, Rodnianski, and Szeftel [48]; see also the refinements in [7, 60]. These self-similar solutions
contain no vacuum regions and remain C' smooth until the singular time; in particular, they contain no
shocks. These smooth implosions arise in the context of the isentropic Euler system, with p = % p”7 and
constant entropy; as such, as the density blows up, the pressure is forced to blow up as well, with the
radial velocity also diverging at the time of collapse; see Figure 2. They are constructed for quantized
(discrete) values of the similarity exponent, which are determined implicitly by requiring smooth pas-
sage through the sonic point. Thus, as in the Guderley problem, the similarity exponent of the smooth
implosions constructed in [48, 7, 60] is not explicit, and can only be approximated numerically. A sig-
nificant limitation of these smooth isentropic implosions is that they are conjectured to be unstable, even
within radial/spherical symmetry, on the basis of the numerical mode analysis of [3]. Specifically, the
studies in [3] suggest that generic radial perturbations of the implosion profiles from [48] are deflected
away from the smooth implosion, typically resulting in a gradient catastrophe (shock formation) before
collapse. This conjectured instability (even in radial/spherical symmetry), combined with the fact that the
similarity exponent can only be computed numerically (to a given precision), implies that smooth isen-
tropic implosions cannot be observed in direct numerical simulations of the compressible Euler system,
even when the scheme is restricted to the radially symmetric setting.
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FIGURE 2. Snapshots of the radial density p(r,t) (red, left) and pressure p(r,t) (blue, right) for the smooth
isentropic implosion of Merle, Raphaél, Rodnianski, and Szeftel [48] (for d = 3, v = 7/5, N = 1, and
similarity exponent as reported by Biasi [3]), at four successive times, with darker shades indicating later times.
The profiles are everywhere C'°°-smooth and shock-free; in particular, no vacuum forms at any finite r, even
though p(r, t) and p(r, t) decay rapidly in r. As t — ¢, the relation p = % p” forces the density and pressure
to diverge simultaneously at r = 0.

The goal of the present paper is to introduce a new class of smooth, self-similar implosion solutions

for the full (non-isentropic) compressible Euler equations (see Sections 1.6 and 1.7 for the main results in
abbreviated form), which mitigates the limitations of all known previous constructions:

Smooth. Given a dimension d and an adiabatic exponent 7, we construct a sequence of globally self-
similar imploding Euler solutions, indexed by an integer N > 1, see Section 2. These solutions have
smooth (real analytic) density, velocity, and pressure; they are radially/spherically symmetric, and they
have a strictly positive density (see Figure 4). In particular, there is no shock discontinuity, and there is
no quiescent core. See Remark 2.1 for the formula relating the Euler solution to the self-similar profiles.

Explicit similarity exponents. The similarity exponents C,, ¢, and Cp (see the self-similar ansatz in
Section 1.5), are given by explicit closed-form expressions in terms of the adiabatic constant -y, the spatial
dimension d, and the integer parameter N > 1, see Definition 2.5. These similarity exponents are largest
for N = 1, and we refer to the associated self-similar profiles as the ground state profiles. As opposed
to Guderley’s imploding shock, and as opposed to the smooth isentropic implosions in [48, 7, 60], no
shooting method or numerical eigenvalue computation is required to determine the similarity exponents.
Genuinely non-isentropic. The solutions we analyze in this paper solve the full Euler system (1.1)
and are genuinely non-isentropic. The pressure is taken to vanish at z = 0 and be strictly positive
elsewhere; together with w(-,0) = 0, this is dynamically preserved by the Euler evolution (1.2). The
density, by contrast, is strictly positive everywhere, including at x = 0. Consequently, since p(0,t) = 0
but p(0,t) > 0, the isentropic pressure law p = % p7 cannot hold at z = 0. This decoupling opens the
possibility that the pressure and the density behave qualitatively differently at the time of collapse: the
density always blows up (see Definition 1.3, Remark 1.6, and Section 1.6.1), but the pressure need not
(see Figure 4).

Full stability of the ground state in radial symmetry. For all d and v, the smooth implosion profile
of the ground state at N = 1 is asymptotically stable under perturbations in an open set of smooth ra-
dially/spherically symmetric initial data, with pressure vanishing at the origin. See Theorem 3.15 and
Remark 3.17, which provide the full stability picture under symmetry assumptions, for all N > 1. Note
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FIGURE 3. Snapshots of the radial density p(r,t) (red, left) and pressure p(r,t) (blue, right) for the ground-
state implosion profile constructed in this paper, for d = 3, v = % (3D monatomic gas), and N = 1, at
four successive times, with darker shades indicating later times. The profiles are everywhere C'°°-smooth and
shock-free, the density is strictly positive for all » > 0, and the pressure vanishes only at r = 0; a one-point
compatibility condition dynamically preserved by the Euler evolution. As ¢ — ¢, , both the density and the
pressure diverge in a vicinity of the origin, while p(0, ) = 0 is maintained for all ¢ < t..

p(rY) P(rt)

FIGURE 4. Snapshots of the radial density p(r,t) (red, left) and pressure p(r,t) (blue, right) for the new
ground-state implosion profile constructed in this paper, for d = 2 with v = 2 (2D monatomic gas), and
N = 1, at four successive times, with darker shades indicating later times. As in the 3D monatomic case, the
profiles are everywhere C'°°-smooth and shock-free, the density is strictly positive for all r, and the pressure
vanishes only at = 0. In contrast to the 3D case, however, as t — t; only the density p(r,t) diverges
in a vicinity of the origin: the pressure p(r,¢) remains uniformly bounded, with the spatial pressure profile
steepening and saturating at a finite asymptote for large r.

that for Guderley’s imploding shock, linear mode analysis [51, 15] supports stability within radial symme-
try; however, no rigorous nonlinear PDE stability result for the Guderley solution is presently available,
even under radial symmetry. We also note that the stability of our ground state profile (cf. Theorem 3.15)
stands in sharp contrast to the smooth isentropic implosions of [48, 7, 60], which are conjectured (on the
basis of the numerical evidence in [3]) to be unstable even within radial symmetry.



SMOOTH AND STABLE EULER IMPLOSIONS 5

o Complete characterization of non-radial instabilities. For the ground state profile at N = 1, and
the physically most-relevant cases of a monatomic gas (y = d%?) and diatomic gas (y = gg—ﬂ), we
determine the exact dimension of the unstable+center manifold for non-radial/non-spherical perturba-
tions and provide a complete characterization of this manifold. Modulo these finitely many compatibility
conditions on the initial data, the implosion is nonlinearly stable for general (non-radial) perturbations;
see Theorems 4.4 and 5.1. This provides, to the best of our knowledge, the first complete nonlinear PDE
stability result for smooth imploding solutions of the multi-dimensional compressible Euler equations,
with respect to perturbations that need not preserve any spatial symmetry of the underlying profile.

e A new numerical benchmark. Due to their stability properties and the explicit nature of the similarity
exponents, the smooth Euler implosions constructed in this paper (corresponding to the ground state at
N = 1 in the case of a monatomic/diatomic gas) provide new exact analytic solutions of the multi-
dimensional Euler equations in a regime of unbounded density growth, and may be used to benchmark
the accuracy of existing numerical codes.

o For numerical codes which implement the Euler equations directly in radial symmetry (1.7), the ad-
vantages our smooth implosions present over the Guderley solution (which has historically been used
extensively as a benchmark [57]) are threefold: the similarity exponents are explicit (no shooting
method required to compute them), the solutions do not contain a shock (no front-tracking required),
and the pressure only vanishes at one point (a boundary/compatibility condition dynamically pre-
served by Euler cf. (1.2¢)) instead of in the entire quiescent region (zero pressure in an open set is
difficult to propagate numerically with the existing regularization schemes).

o For numerical codes which implement the Euler equations (1.2) without any symmetry assumptions,
our solutions present significant advantages that go beyond those mentioned above. Chief among
these is the fact that our smooth implosions are stable even outside of spherical symmetry, if the
initial data for density, velocity, and pressure is chosen to satisfy finitely many, explicit, compatibility
conditions at z = 0;' see (4.3) and item (v) in Theorem 5.1. In particular, we provide large classes
of initial data with nonzero vorticity and nontrivial entropy variation, which are constant outside a
compact set (cf. Remark 4.8) and which lead to a finite-time implosion in a stable fashion.

o The hydrodynamic limit for a broad range of kinetic collision operators. It was recently shown in [2]
that there exist smooth, strictly positive initial data for the inhomogeneous Landau equation with very
hard potentials i, € (\/g, 2], which lead to finite time singularities. The Landau singular solution
constructed in [2] is asymptotically hydrodynamic, in the sense that the distribution function converges
to a local Maxwellian centered on hydrodynamic fields (density, velocity, temperature) which develop an
asymptotically self-similar Euler implosion, with smooth profiles taken from [60]. The constraint 7y, >
/3, which does not cover three exponents Yxj, = —3 (Coulomb potential), y,in = 0 (Maxwell molecules),
and ~in = 1 (hard spheres), arises largely because the smooth implosions in [60] are isentropic (Cp, = 0).
This restricts the admissible range of vy, for satisfying the “self-similar hydrodynamic limit” constraint
—3C + (kin + 3)Cu + 1 < 0 (see (1.12)). The self-similar implosions constructed in this paper for a
3D monatomic gas (7 = 5/3) allow for nontrivial entropy, with €, > 1/3. Remarkably, condition (1.12),
which becomes xinCy < 1/2 in this setting (see (1.13)), may then be satisfied for every ~in € [—3,2],
by appropriately choosing the integer parameter N > 1. Moreover, for the above three cases in €
{—=3,0,1}, condition (1.13) is achieved by the ground state profile at N = 1, which enjoys enhanced
stability properties. See Section 1.6.2 for a detailed discussion.

The remainder of the Introduction is dedicated to explaining the PDE setup considered in this paper,
presenting our main results in abbreviated form, discussing the related literature, and outlining the main
ideas of the proof.

Near z = 0, the power-series coefficients of our smooth imploding profiles are given explicitly; hence the power series can be
derived analytically, without numerical error, to arbitrary order. We impose explicit compatibility conditions on the perturbation,
which in turn yield explicit compatibility conditions on the initial data.



6 JIAJIE CHEN, STEVE SHKOLLER, AND VLAD VICOL

1.1. The Euler equations. The full (non-isentropic) Euler equations, for the unknown density p, momen-
tum pu, and total energy FE are given by the system of conservation laws

Op + div(pu) = 0, (1.1a)
O(pu) + div(pu @ u + pld) = 0, (1.1b)
O FE +div((p+ E)u) =0, (1.1¢)
where the pressure p is given by
p= (= 1)(E~ olul’). (1.1

and v > 1 is the adiabatic exponent. Physically relevant values of + include 5/3 (monatomic gas in 3D),
7/5 (diatomic gas in 3D), etc. The equations are posed on R?, in dimensions d € {1, 2, 3}. Throughout this
paper we assume for convenience that v < 2d + 1.2

Within the class of classical solutions,’ the Euler system for the conservation-law variables (p, pu, E),
namely (1.1), may be recast as an evolution equation for the primary flow variables: density p, velocity u,
and pressure p, as

Op+u-Vp+pdivu =0, (1.2a)
dyu +u - Vu+ 1 Vp =0, (1.2b)
Op+u-Vp+ypdivu = 0. (1.2¢)

We find it useful to further rewrite system (1.2) as an evolution equation for the rescaled sound speed o, the
fluid velocity u, and the square root of the pseudo-entropy b, as follows. To do so, for v > 1 we define
o= 77_1 > 0. The constraint v < 2d 4 1 amounts to o < d. We may then use the ideal gas relation

p=plp,s) = p'¢’, (1.3a)
where s is the specific entropy, to define the square-root of pseudo-entropy
bi= /2 =e2, (1.3b)
the sound speed
c= % = p%2 = p°b, (1.3¢)
and the rescaled sound speed as
o=21c=1p%. (1.3d)

The Euler system for the conservation-law variables (p, pu, E') (1.1), or for the primary flow variables
(p, u,p), is then equivalent within the class of smooth solutions to the Euler system for the fundamental
variables (o, u, b):

00 +u-Vo+ acdivu =0, (1.4a)
ou+u-Vu+ aocVo — %02% =0, (1.4b)
Otb+u - Vb =0. (1.4¢)

The density, sound speed, pressure, and total energy may be recovered from (o, wu,b) via (1.1d)—(1.3),
namely

1
p= (22, ¢ = ao, pz%%ﬂ, E:%mg£+wm%. (1.5)
The Cauchy problem for the Euler system (1.4) (or equivalently (1.2) or (1.1)) is supplemented with smooth

initial conditions at a given initial time, taken to be ¢ = —1 in this paper.

2This range of adiabatic exponents far exceeds the physically relevant values for gas dynamics, which correspond to v = ‘%2
ggﬂ for a diatomic gas, with smaller values of v for gases whose molecules contain more than three
atoms. Our results extend beyond v = 2d + 1; in this paper we do not pursue the maximal range of adiabatic exponents.

3If the flow variables are C;,t—smooth and the density is strictly positive, globally in spacetime, the Euler solution is referred to

as being “classical” or “genuine”; see e.g. [43].

for a monatomic gas, v =
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Throughout this paper, we will consider solutions which are smooth (see Definition 1.1) on R% x [—1, ¢,),
where ¢, = 0 is the time at which the implosion singularity develops.

Definition 1.1 (Smooth solution). A solution of the Euler system (1.1), or equivalently (1.2), is called
smooth if the conservation law variables (p, pu, E), or equivalently the primary flow variables (p,u, p),
are smooth functions of space and time,* and the density is strictly positive (p > 0) on R% x [—1,ts).

For smooth solutions of the Euler system on R? x [—1, ), the three formulations (1.1), (1.2), and (1.4)
are equivalent because the density is (strictly) bounded away from zero.

Remark 1.2 (Smooth solutions need not have smooth sound speed). We note that while smooth solutions
have smooth density p, velocity u, and pressure p, the sound speed c, the rescaled sound speed o, and the
square-root of pseudo-entropy b need not be smooth at x = 0. To see this, assume that the density is constant
and that the pressure is given by a constant times |z|?, near z = 0; these are both C* functions of x. Then,
the fields b, ¢, and o all behave as a constant times |z| near x = 0, which is not a smooth function of x.

1.2. What is an implosion? Informally, an implosion is a flow in which geometric focusing causes a gas
to converge inward toward a point, compressing matter to infinite density or pressure in finite time. We now
make this notion mathematically precise, in the context of the compressible Euler system.

Definition 1.3 (Euler implosion). A solution® of the compressible Euler equations on R® x [—1,t,) is called
an implosion solution with implosion center z, € R< and implosion time ¢, > —1, if the following hold:
(i) (Blowup of a primary flow variable). As one approaches the spacetime point of collapse, (x4, t.), at
least one of the primary thermodynamic variables (density or pressure) becomes unbounded, that is,
forevery € € (0,1] we have
p(z,t)

t
limsup sup Pz, t) + limsup sup = +o00. (1.6a)
ity Ja—ael<e PG =Dl Bioo0) 1ot Ja—anl<e PG =Dl (oo (0))

(ii) (Inward-focusing character). For t sufficiently close to t., the flow is compressive toward x.; that is,
there exists a time-dependent radius r: [—1,t,) — (0, 1] such that
(u(z,t) — u(w,t) - (z —2y) <0, (1.6b)

forall |x — x| <r(t), and all t € [-1,1t,).

(iii) (No amplitude blowup away from the spacetime point of collapse). The primary flow variables (p,w, p)
are bounded at all spacetime points which are away from (x4, t.); that is, for any € € (0, 1] there exists
C. > 0 such that

p(z,t) u(z,t)] p(z,t)

+ < CE. (1.60)
1P(-s =) £oo (B1oo (0))

sup +
@erix(—14) 1P =Dl Bigo©) 1wl =Dl Lo (B100(0)
eS|z —zu|+[t—t«|<1/e

Remark 1.4 (Velocity blowup at the implosion center?). It is natural to ask whether the blowup of density
or pressure at (x,,t.), in the sense of (1.6a), forces the velocity amplitude to blow up there as well. For
all previously known implosions [31, 64, 45, 59, 37, 48, 7, 60, 40, 38] this is the case: |u(xz(t),t)| diverges
as t — t,, for a suitably chosen z(t) — z,. On the other hand, integrating (1.2a) and (1.2c) along
the Lagrangian flow associated to u shows that density or pressure blowup, cf. (1.6a), only implies that

In this paper, by “smooth” we mean very smooth: the exact imploding solutions are real-analytic, while their perturbations are
taken to lie in a Holder space CM, with M sufficiently large.

5By solution, we mean a weak solution (p, pu, E) of the Euler equation in conservation law form (1.1), which is at least C;J, -
smooth on the complement of finitely many co-dimension 1 (orientable and smooth) hypersurfaces in the spacetime R x [—1,t.),
with strictly positive density, and which satisfies the Lax geometric (entropy) conditions. This notion of solution is quite general; in
practice we either encounter regular shock solutions—which are smooth on the complement of a co-dimension 1 spacetime shock
front, across which the density, normal momentum, and energy satisfy the Rankine-Hugoniot jump conditions, see [24, Definition
1.1], or [9, Definition 1.1]—or smooth solutions in the sense of Definition 1.1 above.
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the compressive strain rate diverges, namely divu — —oo as one approaches (x.,t; ). There is no clear
mechanism in (1.2) that forces the blowup of the velocity amplitude: the center of implosion may in principle
drift at finite speed, while the strain rate around it diverges.

The present paper settles this question: for some of the Euler implosions constructed in this work, the
velocity amplitude |u| does not blow up in the vicinity of (z.,t.), in the sense of (1.6a). This situation
occurs when ¢, > 1, a condition which holds for instance when d = 3, v = 5/3, and N is small. On the
other hand, for the Euler implosions with ¢, < 1 constructed in this work, the velocity amplitude |u| does
blow up in the vicinity of (z.,t.). The condition ¢, < 1 holds for instance when d = 3, v = 5/3, and N is
taken to be sufficiently large. See Remark 1.6, Section 1.6.1, and Example 2.7.

1.3. Different flavors of Euler implosions. Definition 1.3 is broad enough to encompass every class of
Euler implosions known to us; to emphasize this point, we next list several natural specializations.

Consider an Euler implosion on R? x [—1, t,) with implosion center z, and implosion time t,, in the
sense of Definition 1.3. We have the following flavors:

e Shock implosion. An implosion solution which is a regular shock solution of the Euler system, which
contains a smooth co-dimension 1 shock front ¥(t) that collapses onto . as t — t,, and with the shock
strength (the jump in p or p across X(t)) diverging as t — t, is called a shock implosion.

By “regular shock solution” we mean a weak solution (p, pu, E) of the Euler equation (1.1), which is
C;t—smooth on the complement of a co-dimension 1 spacetime shock front ¥(¢), across which the jumps
in density, normal momentum, and energy, satisfy the Rankine-Hugoniot conditions, and which satisfies
the Lax geometric (entropy) conditions (cf. [24, Definition 1.1] or [9, Definition 1.1]). The converging
shock front is typically a sphere, i.e., 3(t) = {|z — x| = r5(¢t)} with r5(t) — 0ast¢ — t;. The
requirement of a diverging shock strength is what ensures (1.6a), which is then realized by the values of p
or p downstream of (behind) the shock. This is exactly the Guderley [31] and Landau-Stanyukovich [64]
setting, which has been by now revisited multiple times, see e.g. [44, 45, 50, 1, 57, 59, 39, 29, 37, 24]
and references therein. We note that for Guderley’s imploding shock, the density does not blow up as
one approaches (., t.), while the pressure and velocity amplitude do; thus (1.6a) is attained due to the
pressure, not the density.

Shock implosions may be similarly defined in the case of multiple (nested) converging shock fronts;
their construction is for instance discussed in [44, 45, 29].

e Smooth implosion. If the primary flow variables (p,w,p) are C>-smooth in space and time on R% x
[—1,t.), and if the density is strictly positive on this set, we refer to the imploding solution as being
smooth.

The solutions constructed in [48, 7, 60] and the ones constructed in this paper fall in this category. Note
that for the implosions in [48, 7, 60] both density and pressure blow up as one approaches (x, t.), in the
sense of (1.6a); in fact, the velocity amplitude blows up too. However, for the implosions considered in
this paper the pressure need not blow up at the location of collapse (when (¢, —1) > €p), and the velocity
amplitude need not blow up either (when €, > 1); the density does always blow up, implying (1.6a); see
Remark 1.6 and Section 1.6.1.

o C*-smooth implosion. We refer to the imploding solution as being C*-smooth, if there exists an integer
k > 0 such that the primary flow variables (p,w,p) are C*-smooth, but not C**1-smooth, in space and
time on R% x [—1,t.), and the density is strictly positive on this set.

The Euler implosions discussed in [40] fall into this category, with £k = 0 (continuous but not dif-
ferentiable amplitude blowup); similarly, the solutions discussed in [38] are continuous, but only have
finite regularity. For these solutions all primary flow variables (p, u, p) blow up at the spacetime point of
collapse. We also mention that the constructions in [48, 7] allow one to construct C*-smooth implosions
for generic values of the similarity exponent.

e Radially/spherically symmetric implosion. If the implosion solution is such that the density and pres-
sure depend only on r = |x — x| and on t, and if the velocity is purely radial, meaning that u(x,t) =
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X —Tx
T—Tx
vammletric (when d = 2) or spherically symmetric (when d = 3).

Note that for radially/spherically symmetric implosions we may always take z. = 0, by appealing to
the translation symmetry of the Euler system; this identification is assumed tacitly throughout the paper,
see e.g. Section 1.4. Note that in this setting the continuity of w at (z,,t) with ¢ < ¢, implies that
u"(0,t) = 0, which in turn implies that w(z«,t) = 0 (the only vector fixed by every SO(d) rotation is
the zero vector); in particular, condition (1.6b) reduces to u"(r,t) < 0for0 <r <r(t) - 0ast — t, .

All the implosion solutions discussed above, those containing shocks [31, 64, 44, 45, 50, 39, 37], the
C*°-smooth isentropic ones [48, 7, 60], the ones which are continuous but not smooth [40, 38], and
also the C'*°-smooth non-isentropic solutions considered in Sections 2 and 3 of this paper, they are all
radially/spherically symmetric.®

The only known examples of non-radial implosions are those constructed by perturbing the radi-
ally/spherically symmetric implosions, establishing that the implosion mechanism survives non-radial
perturbations; see e.g. the recent works [12, 18, 17] and the solutions constructed in Section 4 of this
manuscript.

o Self-similar implosion. An implosion solution is called globally self-similar, if the primary flow variables
are invariant (globally) under the scaling symmetry of the Euler equations. In the radially/spherically
symmetric case, this means that there exist similarity exponents 6 € R and 5 > 0, such that with the
time-dependent scaling function A(t) = (t« —t)/(t« + 1) we have

p(rv t) = )‘(t)ap()\(#v _1)7 u'(r, t) = )‘(t)ﬁ_lur()\(Z)B ) _1)7 p(r, t) = A(t)5+2(5_1)p()\(2)6 ) _1)7

u”"(|z — x|, t) for a scalar function of two variables u”, we refer to the solution as being radially

forallt € [—1,t,) and all r > 0." The functions (p,u”, p)(-, —1) are called similarity profiles.

We have only precisely defined globally self-similar Euler implosions in the radially/spherically sym-
metric setting, because this is the only setting in which globally self-similar implosions were shown to
exist: [31, 64, 44, 45, 50, 39, 37], [48, 7, 60], [40, 38], and Section 2 of this paper. This is by now a
classical idea, discussed at length in the books [64, 41, 1, 59, 70, 26]: by combining radial/spherical sym-
metry with a globally self-similar ansatz, one may reduce the d + 1 dimensional PDE to an ODE, where
powerful construction tools are available.

We note that as opposed to the Taylor—von Neumann—Sedov blast wave solution [65, 67, 58], which
describes a spherically symmetric shock wave expanding from a point explosion, and for which the sim-
ilarity exponents 5 and J may be determined from dimensional analysis, the similarity exponents of
globally-self similar Euler implosions cannot be determined from dimensional analysis; instead, 5 and &
are determined by solving a so-called “nonlinear eigenvalue problem”.®

We note that in order to construct non-radial implosions, or to consider Euler implosions whose far-
field state is a non-vacuum constant (i.e., strictly positive density and pressure), one cannot work within
the class of globally self-similar solutions, and must instead consider asymptotically self-similar solu-
tions (see Section 1.5). The existence of such solutions is typically proven by showing that the globally
self-similar profiles are asymptotically stable (as the self-similar time diverges) to carefully designed
perturbations; see [49, 7, 12, 18, 17] and the solutions constructed in Sections 3 and 4 of this manuscript.

1.4. Radial/Spherical symmetry. The globally self-similar implosions discussed in this paper are radi-
ally/spherically symmetric. As such, Sections 2 and 3 of this paper consider the Euler equations (1.4) within

The rotational symmetry of the Euler equations (a part of the Galilean symmetry group) is what allows one to make this
reduction from d + 1 dimensions to 1 + 1 dimensions.

"In the setting of this paper, we have denoted 3 — &, and 6 — (S — 1 — Cp)/cv; see Remark 1.6 and Remark 2.1. The notation
used by Lazarus [45] and most subsequent papers on Guderley imploding shocks is: 5+ 1/X and § — /. The notation used in
the smooth isentropic implosion papers [48, 7]is 8+ 1/rand 6 — (1 —r)/(ar).

8This is a rather loose terminology used by Barenblatt [1]. In practice, the similarity exponents for Guderley’s imploding shock
wave may be computed by a shooting method [37], while the similarity exponents of smooth isentropic implosions were obtained
as the zeros of a complicated function [48, 7]. The similarity exponents C; and Cp, in this paper truly are obtained by solving an
eigenvalue problem; see Section 2.3.2.
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the class of solutions which posses radial symmetry (when d = 2), or spherical symmetry (when d = 3):

u(x,t) = gTuT(rv t)? U(.%',t) = J(T> t)v b(l‘,t) = b(T, t) p(.%' t) = p(?" t) p(.l‘ t) :p(T, t)v
where r = |z| € [0,00) and &, = 2. Using that divu = d,u” + “-2u", we may write (1.4) as

oo + u"0ro + ac(0yu” +d1 T):O (1.7a)
o +u"opu" + acOro — ;a b =0, (1.7b)
b+ u a b= (1.7¢)
while (1.2) may be written as
op+u" O0pp+ p(Oru” + %u’") =0, (1.8a)
dpu" +u"Opu” + 19,p =0, (1.8b)
Op + u"O0pp + yp (Oru” + #ur) =0. (1.8¢)

Since ¢ has the same units as u” (they are velocities), and since b is purely transported, in this symmetric
setting it is convenient to work with the formulation (1.7).

For simplicity, we shall henceforth refer to both radially symmetric (d = 2) and to spherically symmetric
(d = 3) functions as being radially symmetric. When d = 1, by radially symmetric functions we mean
either even functions (for density, pressure), or odd functions (for velocity).

Note, however, that in Section 4 we will consider non-radially symmetric implosions, which are only
asymptotically self-similar; in this setting, we need to work with the Euler evolution from (1.2).

1.5. Self-similar ansatz and Euler evolution in radial symmetry. Our initial aim is to analyze self-similar
solutions of (1.7), which are smooth at the initial time ¢ = —1 and develop a first singularity at time
t = t. =~ 0. For this purpose, we will use modulated self-similar coordinates and modulated self-similar
variables, which will be defined precisely in Section 3 below.

For clarity of the presentation, here we only introduce self-similar coordinates and variables as if they
were not modulated, meaning, they correspond to globally self-similar solutions. To emphasize the fact that
the “real” definitions are given later in Section 3.1, here we use the ~ symbol instead of the = symbol;
roughly speaking, the “~” symbol becomes an “=" symbol as t — ¢, ~ 0. We proceed as follows:

__ 9

o The initial data is specified at time ¢t = —1.
e The self-similar time variable 7 € [0, 00) is given by

~—log(—t) & (—t)=~e .

Note thatt = —1 < 7~ 0,and (—t) - 0~ & 7 — oo.
e The self-similar radial space variable R is defined as

R~ & raRe o7,

_r
(=t)«
where ¢, > 0 is a space similarity exponent.

o The self-similar radial velocity U and self-similar rescaled sound speed 3. are defined as

u'(r,t) ~ (—t)CUU(W, log(—t)) & W' (rt)~e ™U(R,T),
o(r,t) = (—t)C“E(W, log(—t)) &  o(rt)~e (R, T),
where ¢, € R is a speed similarity exponent. At a first reading, it is convenient to use
Cu ~RCr — 17

which is an expression of the fact that we must balance the 9; and the u" 0, terms in (1.7).
e The self-similar square-root of pseudo entropy B is given by

b(r,t) m (~)°B( . —log(~1)) & b(rt) ~ e TSB(R,7),

where cp, € R is an entropy similarity exponent.
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Using the above notation, the Euler equation in radial symmetry (1.7) may be rewritten as

0% — ey + ¢ RORYE + UORY + aX(0gU + “F2U) ~ 0, (1.92)
0:U — cuU + ¢, RORU + UORU + aX0pY — 252 2E ~ 0, (1.9b)
0B — B+ ¢;ROgrB + UOrB = 0. (1.9¢)

The self-similar evolution (1.9) with (R, 7) € [0,00) x [0,00) is equivalent to the Eulerian evolution (1.7)
with (r,t) € [0,00) x [—1,0), via the above transformations. We refer to the functions (X, U, B) as self-
similar profiles.

Remark 1.5 (Modulation functions). At a first pass, the reader may regard 7, ¢, c,, ¢, as being constant in
t, and think of the ~ symbols as = signs. The fact that 7, ¢, c,, ¢}, are in fact functions of time only plays a
role in the stability analysis of Sections 3 and 4; there, these functions of time are finely tuned to “mod-out”
apparent instabilities that correspond to the scaling symmetries of the Euler system.

Remark 1.6 (Self-similar density, pressure, energy, and pseudo-entropy). The self-similar profiles and
scaling for density p, sound speed c, pressure p (hence also of total energy F and pseudo-entropy e°), may
be deduced from the above definitions; they are given by

plrit) = ()5 (D)= B7% ) (R.7),

withc, =~ ¢, — 1.

1.6. Main results: existence of smooth globally self-similar Euler implosions. The following theorem
is an abbreviated form of Theorem 2.20, which is the main result of Section 2; it establishes the existence of
a countable family of smooth, globally self-similar implosion profiles for the non-isentropic compressible
Euler equations, with similarity exponents given by explicit closed-form expressions.

Theorem 1.7 (Smooth implosion profiles—abbreviated version). Lerd € {1,2,3} and1 < v <2d+1
be arbitrary. For each integer N > 1, use the explicit closed form expressions in (2.16)—(2.17) to define
the similarity exponents ¢, = c;(d,v,N), ¢, = & — 1, and &, = c'(d,,N).” Then, there exist exact
globally self-similar solutions (G, u",b)(r,t) to the radially symmetric Euler equations (1.7), given in terms
of unique smooth similarity profiles (3,U, B)(R), via the transformation described in Section 1.5. The
profiles (¥,U, B) solve the system (2.1), they are real-analytic functions of R € [0, c0), they have explicit
asymptotics as R — 0% (¢f (2.5), (2.8), and (2.40)),'° and they satisfy power-law behavior as R — oo
(cf- (2.35) and (2.41)). We moreover have ¥.(R) > 0 and B(R) > 0 for all R > 0, and ¥(R)/R is
strictly monotone decreasing in R. Finally, and crucially for the nonlinear stability analysis carried out in
Sections 3 and 4, the three self-similar wave speeds in the system obey a strictly positive lower bound which
is uniform in R € [0, 00) (cf: (2.34b)); we refer to this property as the global outgoing property.

The family of globally self-similar solutions to (1.7) constructed in Theorem 1.7 naturally defines (using
the identifications in Remark 1.6) globally self-similar solutions (p, w, p) of the Euler equations in terms of

9Crucially, Cp # 0, so that the entropy is non-trivial: these self-similar implosions are genuinely non-isentropic.

101t is precisely in the asymptotic behavior at R = 0 where the parameter N plays a fundamental role. For any given N > 1, the
profiles (£, U, B) are constructed such that £(R) = go R+ O(R*™*1), U(R) = GoR+ O(R*™*1), and B(R) = R+ O(R™ 1)
as R — 07, for suitable constants qo > 0and vp < 0.
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primary flow variables (1.2); precisely, these are defined as

crlcb

pl,t) = (—1) = ((azﬁé
a(x,t) = (— )C'_lli‘U(
Bla,t) - (—t)”“%”“"( (a 2)%3 ) (k) (1.10c)

We will show in Section 2 that (aX)/B is a strictly positive function of R € [0, 00), with limiting value

TTad\/ %’d > 0as R — 07; thus, the density p is smooth and strictly positive on R? x [—1,0). Similarly,

note that U(R) = RV(R), where V is a smooth function of R? with V' (0) = —ﬁ < 05 thus, the

velocity vector u is smooth on R? x [—1,0) and satisfies (1.6b). Moreover, for 0 < R < 1 we have that
(27/@B=1/*)(R) = R?xa smooth function of R?, which is uniformly bounded from below (and above);
since R? = |z|?(—t)"% and |z|? is a smooth function of z, we deduce that the pressure p is smooth
on R? x [~1,0), and for each t € [~1,0) we have p(0,¢) = 0 and p(z,t) > 0 for |z| > 0. Hence,
condition (1.6¢) also holds. Lastly, we note that the explicit expressions for ¢, and ¢y, in (2.16)—(2.17) give

a(@—1-%)=3(7a 1) = 19 <O
Therefore, the power of (—t) appearing in (1.10a) is negative, showing that no matter what d, v, or N we
consider, we must have p(0,t) — +oo as ¢t — 07, and thus (1.6a) holds.
In summary, for any d € {1,2,3}, 1 < v < 2d + 1 and N € N, the radially symmetric, smooth
(real-analytic), globally self-similar solution (p, @, p) of the Euler system (1.2) (cf. (1.10)), experiences an
implosion singularity due to density blow up at z. = 0 and . = 0, in the sense of Definition 1.3.

D\»—‘

)( 2l ) (1.10a)

(1.10b)

1.6.1. The limiting fields at the time of implosion. For the solution (p, u, p) defined in (1.10), not only do
we know that it is an implosion solution of Euler (1.2) with implosion center x, = 0 and implosion time
t,. = 0; we may explicitly determine the limiting values of these primary variables at the time of implosion,
namely (p,w,p)(r,07) for all > 0.

The argument is as follows. For every fixed r > 0, the self-similar space variable R = r/(—t)* — oo
as t — 0~. Moreover, in item (iii) of Theorem 2.20 (cf. Proposition 2.18 and (2.41)) we prove that the
self-similar profiles (3, U, B) satisfy the asymptotic power law behavior:

lim R&T'S(R)=q,, lim R&'U(R)=v,, lim R «H(R)=h,
R—o0 = R—oo R—o0
for some constants ¢, h; € (0,00) and v; € R which depend on 7, d, and N. In fact, for the ground state
profile at N = 1, in Proposition A.1 we prove that v; < 0.

Using the two facts mentioned above, and by appealing to the formulas in (1.10), it then immediately

follows that for any r > 0, we have the pointwise limits

— 1 %
lim (@, 5,b)(r,t) = (vyr' &, % Jhyre 1.11a
t—>0*( o )( ) (*1 g mr ) ( )
1 &—1-¢

lim p(r,t) = (24)ar s = (L), e 1.11b
Jim p(r, ) = (1) (G)er (1.11b)
L 1 A )l

th(I)l* p(rt) = S(ag)ahy “r o5, (1.11c)

_ _1 yE-1)-§

lim E(r,t) = ( ql—l—vl)(aq) ahy *r  em . (1.11d)
t—0~

In particular, (1.11b) reiterates our previously established fact: for any d, v, N, the density p blows up at

(0,0). Moreover, since d > (TTad & 6 > Tlad’ which is a direct consequence of (2.16), we have that

lim;_,o- fol p(r,t)r®tdr < oo, and so at the time of implosion we have locally finite mass.
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Similarly, since d > %271) < ade, +v(E, —1) > ¢ — Hﬁ ST > %, which holds for

all & € (0, d] by using (2.16)—(2.17) and Lemma 2.8, we have lim;_,(- fol E(r,t)r%ldr < oo, and hence
at the time of implosion we have locally finite energy.

Lastly, since d > ﬁ + 5% —-1<¢ > (dflr)l(iﬁfi@, which holds for all a € (0, d] by using (2.16)—

(2.17) and Lemma 2.8, we deduce that lim; - fol (pu”)(r, t)r¢ldr < oo, and hence at the time of implo-
sion we have locally finite momentum.

As discussed by Jenssen and Tsikkou [39] in the context of the Guderley problem, the fact that at the
time of implosion the solutions in (1.11) have locally finite mass, momentum, and energy, implies that we
may hope to continue the Euler solution past the time of the implosion as a weak solution of the full Euler
system (1.1). This continuation-post-implosion problem, sometimes called the “reflection problem”, will be
analyzed in a subsequent work.

1.6.2. Values of similarity exponents and the regularity of kinetic equations. A long-standing open problem
in kinetic theory is whether the Landau or Boltzmann equation admits global-in-time smooth solutions. In
the spatially homogeneous setting, global regularity has been established for the Landau equation with soft
potentials (including the Coulomb case Yxj, = —3) by Guillen and Silvestre [32], and for the Boltzmann
equation by Imbert, Silvestre, and Villani [36]. The regularity problem is much less understood in the inho-
mogeneous setting. In this setting, kinetic equations are closely related to the compressible Euler equations
through the hydrodynamic limit and the Hilbert expansion [10]. In view of this connection, and following
the work [48, 49] on smooth implosions, imploding singularities provide a potential scenario for singularity
formation in kinetic equations.

Very recently, Bedrossian, Chen, Gualdani, Ji, Vicol, and Yang [2] constructed finite-time singularities for
the inhomogeneous Landau equation with very hard potentials i, € (1v/3, 2] from smooth, strictly positive
initial data by proving nonlinear finite co-dimension stability of the local Maxwellian associated with the
Euler imploding profile in self-similar variables.'! This work provides the first example of a collisional
kinetic model that is globally well-posed in the homogeneous setting but admits finite-time singularities for
inhomogeneous data. To carry out this lifting from the Euler level to the kinetic level, one must use an
imploding profile specific to a 3D monatomic gas (y = g). In addition, the authors of [2] identified the

following condition for the hydrodynamic limit in self-similar variables:'?
— 38 + (in +3)% + 1 <0, (1.12)

where Cp, €, are the similarity exponents constructed in Theorem 1.7, and vy, is the parameter of the colli-
sion kernel. There are a few important parameter values: 7\, = 1 for Boltzmann with hard-sphere potential,
Ykin = 0 for Maxwell molecules, and ~yj, = —3 for Landau with Coulomb potential.

In the isentropic setting, the pseudo-entropy profile is constant, B = const # 0, and ¢, = 0. Within the
class of smooth radial isentropic imploding profiles for the Euler equations with a monatomic gas, Shao,
Wang, Wei, and Zhang [60] constructed profiles with asymptotically minimal similarity exponents, with

Cy — (%)*. As a result, it follows from (1.12) that lifting such isentropic Euler profiles to the kinetic

level requires ki, > V3. To reach smaller values of Ykin using radially symmetric profiles, one must
introduce a nontrivial entropy, and one has to construct Euler implosion profiles with exponents compatible
with (1.12).

"' 1n original (z,¢;v) variables, the local Maxwellian is M ao(z,t; v)_: (2W§(<;‘:)))3/2 exp(— l”gg‘((f’f))lz )., where 6 =
p~'p is the temperature. Using (1.10), and upon denoting (X, V) = (z/(—t)%,v/(—t)*) and re-normalizing the profiles from

Theorem 1.7 as (2, U, B)(R) = R - (Q,V, H)(R), this self-similar local Maxwellian becomes

15|V — XV (X)) _ 6msp
cO\XPHSuXDeXp( 2| X[PQ2(X) ) =G

M ag(z, tiv) = (ft)fgabM(X;V), where M(X;V) :=

127he similarity exponents (cy, ¢, ) used in [2, Section 2.2] correspond to (—3Cp, €u) in (1.12), respectively.
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By introducing nontrivial entropy, the profiles for a 3D monatomic gas (v = %) constructed in Theo-
rem 1.7 significantly relax the constraint on vyj,. For d = 3 and v = %, Example 2.7 gives ¢, = €, — % and
Cu = C; — 1, so that (1.12) reduces to

Yin (& — 1) = 3 < 0. (1.13)
Since (3,5, 1) = § + §y/1T ~ 148953 and ¢7 (3, §,00) = § + /2 ~ 0.956435 (cf. Example 2.7), for
any Yin € [—3, 2] one can choose an integer N = N(7xin) > 1 such that the profile with similarity exponent
¢ = ¢f(3, g, N) satisfies (1.13). In particular, the three physically important cases i, € {—3,0,1} are
already covered by the ground state profile at N = 1. Consequently, the Euler implosion profiles constructed
in this work provide candidates for lifting implosions to the kinetic level, to construct finite time singularities
for the Landau/Boltzmann equations at much smaller values of ~ip.

We also point out that, due to the vanishing of the temperature at the origin (see Footnote 11), the
Maxwellians associated with these new profiles are singular at the spatial origin (x = 0), where the local
Maxwellians become Dirac masses (in v). Thus, any potential lift of the Euler implosion profiles constructed
in this work to the kinetic level would require substantial new ideas beyond the framework of [2], in order to
overcome this one-point singularity. Likely, these new ideas would need to take into account the regulariz-
ing effect of the collision term. Whether the full nonlinear stability analysis of [2] can be extended to these
non-isentropic profiles is a separate question, not addressed here.

We also want to highlight a recent work of Golding and Henderson [30], which establishes an L} L,
continuation criterion for the Landau equation with Coulomb potential 7j, = —3. For an Euler imploding
singularity to potentially be lifted to the kinetic (Landau) level when ~y;, = —3, the result of [30] suggests

that the L} L7, norm of the local Maxwellian associated with the Euler imploding solution must become

unbounded. For the profiles of a 3D monatomic gas (7 = %) constructed in Theorem 1.7, the amplitude
of the associated local Maxwellian blows up at the rate (—t) 3% as t — 07; see Footnote 11. Moreover,
for all such profiles, we have ¢, = ¢, — % > ¢/ (3, %, o0) — % ~ 0.456435 > %; thus, the time integral
ffl(—t’ )~3%dt’ diverges as t — 0. Therefore, these profiles could potentially be useful for studying
blowup in the Landau equation with Coulomb potential.

1.7. Main results: stability of the globally self-similar implosions. The bulk of the paper is dedicated
to the PDE stability of the globally self-similar solutions (p, w, p) constructed in (1.10), within the class of
smooth solutions of the full Euler equations (1.2).

We emphasize that for Guderley’s imploding shocks, a rigorous nonlinear stability analysis is currently
not available. The only available results deal with mode/spectral analysis for the linearized problem—
starting with Morawetz’s PhD thesis [51] for linear stability in radial symmetry, and the work of Brushlinskii
and Kazhdan [6] for linear instability outside of radial symmetry—or consider arguments which are semi-
analytical, a combination of asymptotic arguments and supporting numerical computations [28, 15, 68, 69].

For the C'°°-smooth isentropic of Merle, Raphaél, Rodnianski, and Szeftel [48], rigorous stability results
are available. Nonlinear stability for perturbations which have radial symmetry and which lie in an unquanti-
fied finite co-dimension subspace of a weighted Sobolev space, was established in [49, 47], and subsequently
refined in [7, 18, 17].!* Nonlinear stability outside of radial symmetry, but still for perturbations which lie
in an unquantified finite co-dimension subspace of a weighted Sobolev space was established in [12].

The results in this paper improve upon the previously available stability theory in several ways. In ra-
dial symmetry, we establish the complete nonlinear stability picture for small smooth perturbations of the
globally self-similar solutions (p, w, p) constructed in (1.10). Outside of radial symmetry, we establish the
complete nonlinear stability picture for the ground state (N = 1) at the adiabatic exponents corresponding
to a monatomic or diatomic gas; for general v and N, we prove finite co-dimension stability, give an explicit
upper bound on the dimension of the unstable manifold, and characterize this manifold in terms of the unsta-
ble modes of an explicit, finite-dimensional ODE system. The mechanism that enables these results—and

3The numerical work of Biasi [3] makes interesting conjectures about the nature of radially symmetric instabilities.
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which distinguishes our analysis from the prior work [49, 47,7, 18, 17, 12]—is the global outgoing property
of the self-similar profiles asserted in Theorem 1.7. Our main results are as follows.

1.7.1. Stability in radial symmetry. Let N > 1. In radial symmetry, the N*"" globally self-similar solution
(p,a",p) constructed in (1.10) (from the N** profile in Theorem 1.7) is nonlinearly stable (to small and
smooth perturbations) within the class of smooth solutions (p, u", p) of (1.8) for which the initial pressure
vanishes at » = 0, and for which the initial data satisfies 3(N — 1) explicit compatibility conditions at
r = 0. In particular, for the ground state solution at N = 1, no compatibility conditions are required beyond
p(0,—1) = 0. The detailed statement is given in Theorem 3.15, which is stated in terms of self-similar
coordinates and variables. The implosion blowup in physical variables is recorded in Corollary 3.16. Here
we give an informal summary of the results in Section 3.

Theorem 1.8 (Radial stability—abbreviated version). Fixd € {1,2,3}, 1 <~y <2d+1, and N > 1. Fix
the similarity exponents T, Ty, and the self-similar profiles (3, U, B) from Theorem 1.7. Then, there exists
e* =e*(d,~y,N) > 0 such that for any 0 < € < g%, the following holds.

Consider initial data (pin, Win, pin)(x) for the Euler system in terms of primary variables (1.2). Assume
that this initial datum is radially symmetric and belongs to C*™NTY(R%).1* Denote the initial perturbation
from the exact self-similar solution (p, w, p) defined in (1.10), at time t = —1, by

(ﬁinyﬁirn?ﬁin)(r) = (pin(x) - ﬁ(l’, _1)7 ﬁ ’ (uin(x) - ﬂ’(xa _1))7pin(x) —]5(.%’, _1))7

where v = |x|. Assume that pin(0) = 0, and for N > 2 assume the following 3(N — 1) compatibility
conditions on the initial density, velocity, and pressure:"

O T2 5(0) = 9234 (0) = 025, (0) =0,  forall 0<k<N-2 (1.14)
Furthermore, assume that the Taylor coefficients of (pin, Oy Ui, OrrDin) at v = 0, of order < 17N, are small
in terms of ¢ (cf. (3.132)), and assume that certain weighted L>°-norms of the quantities O,u;, — %ﬂirn,

p(-, —=1) 170, pin, and p(-, —1) " 110, Pin, are small with respect to ¢ (cf. (3.133)).

Then, there exists a time t, = (’)(gg) and a unique, smooth, radially symmetric, asymptotically self-
similar implosion solution (p,w, p) of the Euler equations (1.2) (equivalently, (1.8)) on R? x [—1,t,), with
implosion center x, = 0, and implosion time ..

In self-similar coordinates (see Section 1.5), the corresponding fields (X, U, B)(R, T) which solve (1.9),
exist globally in time T, remain as smooth as the initial data, and converge exponentially fast (in a suitable
topology) to the stationary profiles (X, U, B)(R) found in Theorem 1.7; see (3.134), (3.135), and item (d) of
Theorem 3.15. The associated modulation functions (c;,cy, Cy)(T) converge exponentially fast in T to their
stationary values (C,, Ty, Cp).

Remark 1.9 (Ground state is stable to radially symmetric perturbations). For N = 1, condition (1.14) is
empty. Since the e-smallness conditions mentioned in Theorem 1.8 form an open set in a suitable topology,
we deduce that in radial symmetry the stability of the ground state self-similar profile/globally self-similar
solution (1.10) holds for all permissible (meaning, p;,(0) = 0) initial perturbations in an open set. See also
Remark 3.17.

1.7.2. Stability outside of radial symmetry. Let N > 1. We next consider smooth perturbations of the N
globally self-similar solution (p, @, p) constructed in (1.10) which do not obey any symmetry assumptions.
Our main result is that, modulo finitely many explicit linear conditions on the initial data at the spatial point
x = 0, the globally self-similar implosion is nonlinearly stable, within the class of smooth solutions (p, u, p)
of the full Euler system (1.2). More precisely, we prove finite co-dimension stability with an explicit upper

14Radial symmetry and regularity in « near x = 0 imply that pi, and pi, are “even” functions of r = |z| (meaning, they depend
on 7?) and that u/, is an “odd” function of r = || (meaning that it is given by r times a function which depends on ).

I3This is a rewriting of the compatibility condition in item (ii) of Theorem 3.15. Recalling that p,u" /7, and p are functions
of 72 (due to regularity in z € R?), this compatibility condition together with the properties of the profiles (X, U, B) imply that
Pin = po + (9(7'2N), uh = uir + O(r2N+1), and pin = por? + O(r2N+2) for r < 1, for suitable constants po, u1, p2.
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bound on the co-dimension, which moreover becomes sharp for the ground state (N = 1) of a monatomic
or diatomic gas. The detailed statements are given in Theorem 4.4 (PDE stability of the bulk perturbation)
and Theorem 5.1 (finite-dimensional ODE analysis at the origin); here we record an informal summary.

Theorem 1.10 (Non-radial stability—abbreviated version). Fix d € {1,2,3}, 1 < v < 2d + 1, and
N > 1. Fix the similarity exponents (C;,Cy,Cp) = (Cr,C — 1,Cp) and the globally self-similar solution
(p, u,p) of (1.2) defined in (1.10). There exist an integer M, = M,.(d,~,N) > 1, an explicitly computable
constant C(d) > 1, a linear subspace Lyns C RI¥<M+ with!®

dim(Eyns) < C(d) N,

and a sufficiently small constant &, = £,(d,~y,N) > 0, such that for any 0 < & < &, the following holds.
Consider initial data (pin, Win, Din ) () for the Euler system (1.2), and denote the initial perturbation from
the exact self-similar solution at timet = —1 by

(ﬁina ﬁinaﬁin)(:p) = (pin(x) - ﬁ(xa _1)7 'U'in(x) - ﬁ(l’, _1)’ Pin(@”) _ﬁ(m7 _1))
Assume that (pin, Win, pin) € C M*+3(Rd) is such that the density is strictly positive, the pressure is non-

negative, and attains a global minimum at a unique point in space, where the pressure vanishes; without
loss of generality'” we may assume that this global minimum of the pressure is attained at x = 0, namely

pin(0) = 0. (1.15a)

Automatically'® we also deduce that Vpin(0) = 0, and without loss of generality'® we have ui,(0) = 0.
Define the vector of Taylor coefficients of the initial perturbation at x = 0 up to order M, by

Vam. (0) == ({0%6in(0)}jagem. {0%@in(0)}1<jalem, 415 {0%Pin(0)}osjajem. +2) C RIM:,
and assume the finite co-dimension compatibility condition
Vam, (0) € Mitap (1.15b)

where Mgap, is the nonlinear stable manifold (at the origin in R4+ ) of the closed ODE system governing
the Taylor coefficients at x = 0 (cf. Theorem 5.1, items (ii)—(iii)) and is related to the linear subspace ¥ ns.
In particular, (1.15b) amounts to dim(Xyns) scalar compatibility conditions, which is at most C'(d)N®.

Finally, assume that V<, (0)| < &, and assume that the bulk part of the initial perturbation (pin, Win, Pin)
(cf. (4.1) and (4.5¢)) is bounded in terms of €, in a suitable weighted Sobolev norm (cf. (4.27)).

Then, there exists a time t, = (’)(E%) and a unique, smooth, asymptotically self-similar implosion solution
(p,w, p) of the Euler equations (1.2) on R% x [—1,t,), with implosion center x, = 0 and implosion time t..

In self-similar coordinates (see Sections 4.1 and 4.2), the corresponding fields (o,U,B)(y, ) which
solve (4.6), are such that the perturbations (0, U, B) (y, T) from the stationary profile (9, U, B) exist globally
in T, remain as smooth as the initial data, and decay exponentially fast to 0 in a suitable weighted energy
norm; see (4.28) and Theorem 4.4. The associated modulation functions (c,,cy,CB,Cp)(T) defined in (4.4)
converge exponentially fast in T to their stationary values (<, <, Cg, Cp)

Remark 1.11 (Example of an admissible set of initial data). The assumptions on (pin, @in, Pin) in The-
orem 1.10 are open conditions in the topology of a suitably weighted Sobolev space, except for (1.15b),
which induces a finite co-dimension constraint. Condition (1.15b) is a finite collection of at most C'(d)N?
linear equalities among the Taylor coefficients of the initial perturbation at x = 0. A simple explicit subset
of admissible data is obtained by requiring that the initial perturbation vanishes to sufficiently high order at
the origin; if

VMg (0)y =0,  v=MFlg0) =0, VM5 (0) =0, (1.16)

16For an integer n > 1, the notation d<,, is used to denote the length of the vector which enumerates the elements of the set
Use(pvuv2py 0% f: a € NG, |a] < n}?see Equation (5.1) and Footnote 47 following it.

"The Euler equations (1.2) are invariant under spatial translations.

18Since the pressure is non-negative, if pin (0) = 0 then pj, attains a global minimum at the origin, and thus Vpj,(0) = 0 too.

19The Euler equations (1.2) are invariant under Galilean boosts.
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then (1.15b) holds trivially, and (1.16) is preserved by the Euler evolution. See Remark 4.7. Large classes of
initial data satisfying (1.16) and all the other assumptions of Theorem 1.10 may be constructed: these data
have non-zero vorticity, non-trivial entropy variation, and may be taken to be constant outside a compact
set; see Remark 4.8.

Remark 1.12 (Complete stability picture for the monatomic/diatomic ground state). When N = 1,
item (iv) in Theorem 5.1 shows that the unstable subspace s is the trivial lifting20 of Yyns,<2 C Ri<z,
the unstable+center manifold associated to the ODE evolution of the Taylor coefficients at x = 0 of order at
most 2. For the physically most relevant adiabatic exponents, the dimension of the unstable+center manifold
is explicit:

dimension d adiabatic exponent -y dim(yns)  dim(R%<2)
d=3 monatomic: y = % 11 98
d=3 diatomic: y = £ 18 98
d=2 monatomic: y = 2 5 36
d=2 diatomic: v = 2 7 36
d=1 any v € (1, 3] 1 9

Moreover, in each of these cases, item (v) of Theorem 5.1 provides an explicit class of admissible initial
data, for which condition (1.15a) is automatically satisfied: it suffices that the Taylor coefficients up to
order 2 of the initial perturbation vanish; that is V<2(0) = 0. The assumption that the higher-order Taylor
coefficients V<,,(0) are small, and that the bulk initial perturbation is small in a suitable weighted Sobolev
space (cf. (4.27)), are open conditions. To the best of our knowledge, this is the first complete nonlinear
stability result for imploding solutions of the multi-dimensional compressible Euler equations outside of
symmetry considerations.

1.8. Related literature. The works which are directly relevant’! to the present paper have already been
discussed in the opening part of the Introduction. Here we complement that summary with a more complete
account of the literature around implosion singularities: rigorous existence theorems that were not discussed
above, stability analyses of Euler implosions, and self-similar imploding singularities in related PDEs.

1.8.1. Rigorous mathematical treatment of Guderley’s imploding shock. For more than seven decades af-
ter its introduction, the Guderley imploding shock was studied mostly by semi-analytical and numerical
means [44, 45, 50, 57, 29, 59]: the similarity exponent is determined by a shooting method from the sonic
point and the resulting profile is continued numerically through the spacetime point of collapse. A fully
rigorous construction, as a genuine weak solution of the full (non-isentropic) compressible Euler system
with the prescribed self-similar structure, was established only recently by Jang, Liu, and Schrecker [37]
for the full range of adiabatic exponents v € (1, 3]. Shortly thereafter, Cialdea, Shkoller, and Vicol [24]
established that the Guderley profile arises dynamically from C L1/3_smooth, classical, shock-free initial
data. In particular, the paper [24] provides the first explicit construction of solutions to the full compressible
Euler equations that evolve from classical, shock-free initial data into the strong shock regime. Comple-
mentary to these forward-in-time statements, Jenssen and Tsikkou [39] rigorously showed that Guderley’s
self-similar solution provides a weak solution of the Euler system across the implosion time, so that the
diverging explosion wave emerging at ¢t = ¢ is a genuine admissible continuation of the imploding phase.

20By this we mean that if V' € Zps, then V = (V<2,0...,0), with V<o € Zyps <2.

21The mathematical literature on compressible flows is too vast to review here. For instance, we do not discuss the problem
of shock formation and shock development for the compressible Euler equations. For the modern theory of hyperbolic systems of
conservation laws, which, in one space dimension, provides a framework for shock formation, development, and interaction, we
refer the interested reader to the book of Dafermos [25]. For a detailed account of the literature on multi-dimensional shocks for
the Euler equations, we refer the interested reader to the summary given by Shkoller and Vicol in [63].
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1.8.2. Linear mode analysis of the Guderley implosion. Well before the nonlinear PDE stability of im-
ploding profiles came within reach, the question of stability was approached by linear mode analysis. For
the Guderley imploding shock in radial symmetry, the earliest systematic treatment is that of Morawetz’s
PhD thesis under Friedrichs [51], which addresses the eigenvalue problem arising from a linearization of
the Euler equations around the self-similar Guderley profile. For non-radial perturbations, Brushlinskii and
Kazhdan [6] identified unstable discrete eigenmodes associated with low spherical-harmonic sectors, and
Wu and Roberts [69, 68] refined this analysis using spherical-harmonic decomposition and asymptotic ex-
pansions near the sonic point. Closer to the fully nonlinear regime, Gardner, Brook, and Bernstein [28] and
Chen, Zhang, and Panarella [15] combined asymptotic methods with numerical experiments to argue for
linear stability of the Guderley solution in radial symmetry. Taken together, these studies provide a con-
sistent picture: linear stability of the Guderley solution under radial perturbations, and a small number of
discrete linear instabilities at low angular frequencies outside radial symmetry. To date, there is no rigorous
nonlinear PDE analysis which confirms these expectations.

1.8.3. Smooth isentropic implosions: existence, stability, and implications. Three existence results con-
cerning the smooth isentropic implosions deserve special mention, beyond what was already reviewed in
the introductory bullet list. First, the original construction of Merle, Raphaél, Rodnianski, and Szeftel [48]
applies to all adiabatic exponents v > 1 except for a countable set, excluding in particular the physically
relevant monatomic case v = % in d = 3. Buckmaster, Cao-Labora, and Gémez-Serrano [7] extended the
construction to every v > 1, while Shao, Wang, Wei, and Zhang [60] specifically treated the (algebraically
degenerate) three-dimensional monatomic case v = %, producing an infinite sequence of implosion profiles.

On the dynamical side, the stability of the smooth isentropic implosions is only known for perturbations
which lie on a finite co-dimension subset of a weighted Sobolev space, which is unquantified. Within ra-
dial symmetry, nonlinear stability of the profiles from [48] for data on a finite-codimension subspace of
a weighted Sobolev space was first established by Merle, Raphaél, Rodnianski, and Szeftel [49, 47], and
subsequently refined in the course of the existence work [7]. Outside radial symmetry, the analogous finite-
codimension stability statement was obtained by Cao-Labora, Gémez-Serrano, Shi, and Staffilani [12]. A
distinctive line of work combines the implosion mechanism with vorticity production, in symmetry-reduced
settings. Chen, Cialdea, Shkoller, and Vicol [18] used a two-dimensional axisymmetric perturbation of
the profiles from [48], to construct smooth solutions of compressible Euler which exhibit vorticity blowup.
This result was subsequently extended to all dimensions d > 3 by Chen [17], using a higher-dimensional
analogue of two-dimensional axisymmetry with additional error terms and controlling general non-radial
perturbations. On the numerical side, the work of Biasi [3] is particularly informative: by computing the
spectrum of radial perturbations of the profiles from [48], the author identifies a small number of genuinely
unstable directions, along which typical perturbations deflect away from the implosion, generically produc-
ing a shock before the singular time.

We emphasize that the smooth implosion mechanism discovered for the compressible Euler system has
been shown to have profound implications for singularity formation in related equations. The works [49, 7,
12, 60] establish implosion for barotropic compressible Navier—Stokes with linear viscosity?? by showing
that the Euler self-similar profile dominates the dynamics close to the blowup time in appropriate parameter
regimes, with the viscous term treated as a perturbation. In another direction, Merle, Raphaél, Rodnianski,
and Szeftel [47] used their smooth radial isentropic Euler implosion profiles to prove finite time blowup for

22We also mention two very recent works on the barotropic compressible Navier—Stokes equations that partially clarify the
role of the viscosity structure in permitting or suppressing implosions. When the shear and bulk viscosities scale as p‘S with
0 < § < 0«(7) for an explicit threshold, Chen, Liu, and Zhu [13] use isentropic Euler implosions to construct smooth initial
data for barotropic Navier—Stokes, that lead to finite-time implosion; this shows that a sufficiently degenerate viscous term fails
to suppress the inviscid blowup mechanism. In contrast, when the viscosities scale linearly in p (as in the shallow water system,
corresponding to 6 = 1), Chen, Zhang, and Zhu [14] prove that arbitrary large spherically symmetric initial data with bounded
positive density generate globally regular solutions in dimensions d € {2,3}, and therefore cannot develop any implosion or
cavitation.
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the energy-supercritical defocusing NLS equation, resolving a longstanding open problem; an extension to
the non-radial case was obtained recently in [11].%

1.8.4. Non-smooth shockless implosions. Between the two extremes of an Euler implosion driven by a
strong imploding shock and a C°°-smooth implosion, there lies an intermediate class of solutions: radially
symmetric implosions that contain no shock discontinuity, but that only have finite regularity. Solutions of
this type were recently constructed by Jenssen and Tsikkou [40] and by Jenssen [38] for the full Euler sys-
tem, in the regime where the primary flow variables remain continuous but are not everywhere differentiable
as t — t,. The construction combines matched asymptotic expansions with phase-plane analysis of the
associated self-similar ODE system, and relies on both rigorous arguments and careful numerical compu-
tations of phase-plane orbits. The dynamical PDE stability of these continuous-but-non-smooth implosions
has not yet been investigated.

1.8.5. Imploding singularities in related models. Smooth self-similar imploding singularities have also
been constructed for systems closely related to compressible Euler, with applications to astrophysics and
to supercritical nonlinear wave equations.

For the isothermal Euler—Poisson system, which governs the gravitational collapse of a self-gravitating
gas, Guo, Hadzi¢, and Jang [33] rigorously constructed the Larson—Penston implosion profile, a radially
symmetric, C°°-smooth, globally self-similar imploding solution first postulated on astrophysical grounds
by Larson [42] and Penston [56]. In contrast to the smooth isentropic implosions of [48, 7, 60], the Larson—
Penston profile is expected to be stable under radial perturbations, a conjecture supported by formal and
numerical work in the physics literature (see, e.g., [35, 55], and the discussion in [34]). This expectation
was recently turned into a theorem by Guo, HadZi¢, Jang, and Schrecker [34], who established nonlinear dy-
namical stability of the Larson—Penston profile under radially symmetric perturbations. The proof combines
global monotonicity properties of the profile, high-order weighted energy estimates, and computer-assisted
arguments (interval arithmetic).

For the relativistic Euler equations, Shao, Wei, and Zhang [61] constructed smooth imploding self-similar
solutions and used them to prove finite-time singularity formation for the supercritical defocusing nonlinear
wave equation with complex-valued solutions [62]. In a parallel direction, Buckmaster and Chen [8] con-
structed relativistic imploding profiles and used them to establish blowup in dimension d = 4 for the non-
linearity |u|P~!u with p = 7, the endpoint case of this blowup mechanism for radially symmetric complex-
valued solutions. These results illustrate that smooth self-similar imploding profiles for compressible fluid
systems are not merely of intrinsic interest, but also serve as a flexible tool for establishing blowup of
supercritical wave and dispersive equations.

1.9. Main ideas of the proof: existence. The construction of the smooth self-similar profiles (U, Y, B)
asserted in Theorem 1.7 is carried out at the level of the renormalized profiles

U(R) =: RV(R), Y(R) =: RQ(R), B(R) =: RH(R),
introduced in (2.3). This renormalization both encodes the correct vanishing behavior of U, %, B at R =
0 (necessary for the underlying physical fields u,c,b to be smooth at z = 0) and produces unknowns
(V,Q, H) which are smooth functions of R? near R = 0. In these renormalized variables, the self-similar
Euler system (2.1) becomes the system (2.4). The entropy equation (2.4c) is a pure transport equation for
H along the radial wave speed ¢, + V, which is non-vanishing due to the outgoing condition ¢, +V > 0
proven in (2.34b); in turn, this allows us to solve (cf. (2.39)) for H explicitly in terms of V as
R
3 — f (R’) —V(0) p

Note that if H(0) > 0, the positivity of H(R) for all R > 0 is then automatically true, with no additional
verification required. Since H is only defined up to a scaling factor, we may let H(0) = 1.

ZThese NLS blowup results are made possible because via the Madelung transform the defocusing NLS equation maps to a
system resembling compressible Euler, but with a quantum pressure.
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The original three-equation system (2.4) thus collapses to a 2 x 2 closed system for (V, Q), namely (2.7).
Equivalently, this may be written as an autonomous system (2.31) in which ROg acts as the “time derivative”
and the right side is a rational function of the unknowns. This ODE system is supplemented with boundary
conditions at R = 0, which are obtained as follows.

The behavior of (V, Q) at R = 0 is uniquely determined by evaluating the system (2.4) at R = 0, which

gives 7 := V(0) = —ﬁ, go == Q(0) = 1+1ad \/ g—g, and the algebraic relation ¢, = T, + 7y between the

two similarity exponents (see (2.5)).

In order to capture the higher-order behavior at R = 0, we postulate a convergent power series ansatz
V(R) =09+ ,51 'R and Q(R) = o+ Y_,>; @ R*". Substituting into (2.7) and matching powers of
R produces, at each order n > 1, a2 2x 2 linear system M,, (G, 7,)T = (F1(n), F2(n))T, where the matrix M,,
is given explicitly in (2.11) and the right-hand side F;(n), F2(n) depends only on the lower-order coefficients
{7}, q;}1<j<n—1. The key observation is now that F;(1) = F2(1) = 0 identically, because when n = 1 the
set {j: 1 < j <n— 1} is empty. Consequently, if the matrix M; were invertible, then (g1,71) = (0,0),
which in turn implies F;(2) = F2(2) = 0. By induction, as long as the matrices M,, are invertible, we
are forced into (g, v,) = (0,0) for all n > 1. Avoiding the trivial solution thus forces det(My) = 0
for some integer N € N. Since det(M,,) is, by direct computation, a quadratic polynomial in €, + vy with
explicit coefficients (see (2.13)), the condition det(My) = 0 reduces to a quadratic equation whose positive
root determines ¢, = ¢;(d, 7, N) via the closed-form expression (2.16); the value of ¢, = cy'(d,y, N) then
follows from the algebraic relation ¢, = ¢, + ¥, see (2.17). At the resonant order n = N the matrix My
has a one-dimensional kernel, which allows us to pick (Un, gn) to be parallel to this kernel element. At
every other order n # N, the coefficients (gy,, U,) are uniquely and recursively determined, and the resulting
power series converges for R > 0 sufficiently small (cf. Corollary 2.11).

In order to extend (V, Q) globally to R € [0, cc), we exhibit (see Definition 2.14) a positively invariant
rectangular region for the autonomous system (2.31), given by Q := {(V, Q) : V € (o, —%7170), Q ¢
(0, cjo)}. The positive invariance of (2 is verified by checking the sign of the inward normal velocity on
each of its four edges (Proposition 2.15); a key role in this verification is played by the closed-form lower

bound ¢, > ¢/ (d,~y,0) = 1+ﬁ(l + 4/ O‘T'Yd) from Lemma 2.8. The local-in-R trajectory constructed via

power series at R = 0 enters {2 along the unstable manifold of the saddle fixed point (%, go). Within
the only fixed points of (2.31) are (v, o) and (0, 0), both of which lie on 052, and the strict monotonicity
RORQ < 0 inside Q (Corollary 2.16, see (2.34a)) prevents the trajectory from returning to (g, gp) or
producing a periodic orbit. The Poincaré—Bendixson theorem then forces the trajectory to approach the
sink (0,0) as R — oo, and Proposition 2.17 concludes the global existence of the profile. The decay rates
(V,Q)(R) ~ R~'/% as R — oo are sharpened in Proposition 2.18 by constructing convergent power series
expansions in inverse powers of R/

The third profile H is recovered from V' via the explicit integral formula displayed above. The asymptotic
behavior H(R) ~ R~(&=%)/& a5 R — oo is a direct consequence of the asymptotics of V' (see (2.41)), and

the leading order behavior H(R) = 1~ m}?m +O(R*™) as R — 07 (see (2.40)) makes explicit the

connection between the resonant order N in the construction and the order of vanishing of H — 1 at R = 0.

1.10. Main ideas of the proof: stability in radial symmetry. The stability analysis of the self-similar
profiles (V,Q, H), mentioned in Theorems 1.8 and 1.10 above, is carried out first in radial symmetry (Sec-
tion 3). The key new ingredients needed to handle non-radial perturbations (Sections 4 and 5) are discussed
in Section 1.11 below.

The stability analysis for the Euler system in radial symmetry (1.7) is done in modulated self-similar
coordinates, using the time-dependent transformation (3.3), which uses three scalar modulation functions
(¢r, cu, ¢b)(7), and makes precise the discussion in Section 1.5. After renormalizingat R = 0viaV (R, 7) :=
U(R,7)/R, Q(R,T) := X(R,7)/R, H(R,7) := B(R,7)/R, and K := log H (see (3.5)), we obtain a
closed evolution equation for (V, @, K) (see (3.6)). The stability goal is then to prove that if we choose
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the modulation functions (cr, cy,cp) and the initial data (V,Q, K)|r=o appropriately, then (V,Q, K) —
(V,Q,log H) and (¢, cy, cp) — (Cr, & — 1,Cp) as 7 — 00.
In order to achieve this, we write the solution as a perturbation of the stationary profile,

(V7Q7K) - (V+‘~/7 Q+Q~7 K+K)7 (CI’7CU7Cb) - (Er+(~:r7 Eu"‘em Eb+eb)7

with K := log H. Substituting into (3.6) yields the equation satisfied by the perturbations (3.8). The role
of the modulation functions (&, &, ¢y) which enter (3.8) through the source terms (g5, F7, F ;) and the
nonlinear terms (N, NVy,), is to “mod out” a small number of apparent instabilities in the linearization
of (3.8) at R = 0, as we describe next.

By construction, for 0 < R < 1 we have that V(R) = v + onR2N + h.o.t., Q(R) = o + gnR2N +
h.o.t., and K(R) = knR2N + h.o.t.; see (3.9). The sole role of the 3(N — 1) compatibility conditions
in (1.14) (which is the same as assumption (ii) in Theorem 3.15), is to ensure that the initial perturbations
(f/, QK )|7=0 have the same structure for 0 < R < 1: a constant + a constant times R2N + higher order
terms. We may then show that this structure (order of vanishing) is preserved for positive time 7, as long as
the solution remains sufficiently smooth; see Lemma 3.3. This allows us to write

(V,Q,K)(R,7) = (to(7) + on(7)R™, Go (1) + an(7)R™N, ko (7) + En(T)R2N) + O(RPNTY), (1.17)

for 0 < R < 1and 7 > 0; see (3.10).

At zeroth order, by restricting (3.8) to R = 0 we obtain an ODE system for iio(7) := (¥, o, ko)T(7)
(cf. (3.12a) and (3.12b)), which is of the type C%Jo + Aptip+mp = nonlinear terms. Here A is a 3 x 3 matrix
with a positive eigenvalue, a negative eigenvalue, and a zero eigenvalue,”* while iy is a modulation vector,
determined in terms of &, ¢, and €. The specific structure of (3.12a)—(3.12b) then allows us to choose two
linear relations among the modulation functions (&, &,, &), see (3.13) and (3.15), so that with the resulting
m the previous system becomes %ﬁo + A{tip = nonlinear terms, where the matrix A only has positive
(stable) eigenvalues.? Thus, if |iip(0)] is sufficiently small (to treat the nonlinear terms perturbatively), then
we may expect [tig(7)| to decay exponentially fast to 0 as 7 — 0.

Atorder R2N we have a similar story. From (3.8) we deduce an ODE system for il (t) := (O, Gn, kn)T(7)
(cf. (3.18a)), which is of the type %LTN + AnUn + My = nonlinear terms. This time, the matrix .4y has two
positive eigenvalues and a zero eigenvalue. Thus, upon choosing a third linear relation among the modula-
tion functions (&, &,, &), see (3.22), with the resulting iy the previous system becomes d%LTN + .AKIﬁ'N =
nonlinear terms, where the matrix Ay, has only positive (stable) eigenvalues. Thus, if |tiN(0)] is sufficiently
small, then we may expect |ty (7)| to decay exponentially fast to 0 as 7 — oo.

The three linear relations on the modulation functions, summarized in (3.24), make (&,,&,, &) linear
functions of (g, o, ko, UN, GN IE:N) A careful analysis then yields the exponential decay (as 7 — o0) for
the three modulation functions and for the leading order Taylor coefficients (corresponding to R° and R2V)
of (V,Q, K) at R = 0; see bootstraps (3.42), (3.44), and (3.46).

At all higher orders R?" with n > N, the matrix corresponding to A,, in the above discussion may be
shown to have all three eigenvalues with strictly positive real part (see (3.78)), so that all directions are stable
for the forward in time evolution; see Proposition 3.9. Thus, if the initial data for the Taylor coefficients for
(V,Q,K)|r—o at R = 0, of orders £ € {2N + 2,2N + 4, ..., M}, is taken to be sufficiently small (with
respect to ), then we may expect all these Taylor coefficients to decay exponentially fast to 0 as 7 — o0;
see bootstrap (3.45). Here and throughout this subsection, we denote M = 17N.

24Throughout this paper, we adopt the sign convention: in the linear evolution d%ﬁ' + At = 0, an eigenvalue of A with positive
real part corresponds to exponential decay (a stable direction), while an eigenvalue of A with negative real part corresponds to
exponential growth (an unstable direction). We treat zero and imaginary eigenvalues of .4 in the same way as unstable ones.

25The following toy example is revealing. Let u € R? solve the ODE system %u + diag(—1,0,1)u+ (m1, m2,0)T = 0, with
modulation functions m; and m2 which we are free to choose, but only if they decay exponentially fast to 0 as 7 — oo. The natural
choice is my := 2u1 (1) and ma := uz(7); with this choice, the system becomes --u + diag(1,1,1)u = 0, and each component
of u decays to 0 exponentially fast. A posteriori, this decay justifies the choice of m; and mo.
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So far, we have shown that the Taylor coefficients of the perturbation (‘7, QK ) at R = 0, of orders
< M, decay exponentially in time to 0 as 7 — o0o0; and we have shown that the perturbation modulation
functions (¢, ¢,,&,) also decay exponentially to 0. We emphasize that the only information about the
profiles (V, Q, K) which was used in this part of the proof are the explicit values of (%o, Go, ko), (0N, Gn, kN )
and of (C,, Ty, Cp); we did not use any information about the similarity profiles for R > 0.

It remains to analyze the fields (V,Q, K)(R,7) for R > 0, and to show that they decay to 0 as 7 — co.
A natural first attempt would be to return to the evolution equation (3.8) satisfied by these perturbations,
ignore for the moment the nonlinear N, and forcing F, terms, and to try to extract enough damping from
the linear terms D, defined in (3.8d)—(3.8f) to guarantee a coercive/dissipative estimate for a suitably de-
fined (weighted Sobolev) norm of (‘7, Q. K ). This is the classical “linearization + coercivity/dissipativity”
strategy. This strategy is very powerful, but it requires detailed information about the (variable in R) coeffi-
cients of the linear terms D,; that is, information about V' (R) and Q(R) for all R > 0. In the setting of this
paper, the profiles V' (R) and Q( ) are not explicit. To overcome this fundamental difficulty and establish
the global-in-R decay of (V,Q, K)(R, 7) as T — oo by a purely analytic argument, we proceed as follows:
e Our first observation is that the profiles (V, Q) obey a global outgoing property; see (2.34b), which we

re-state here for convenience:

&+ V(R) +aQ(R) > &+ V(R) > &+ V(R) — aQ(R) > pidess >0, VR>0. (LI8)
e Our second observation is that the radially symmetric setting presents a tremendous luxury: it allows
us to perform the analysis of (V,Q, K)(R,7) at the pointwise level, without having to resort to L>-

based energy estimates. The idea is to introduce the differentiated Riemann-type variables®® (see (3.25)

and (3.27))

W = RORV + RORQ — LQRORK, 7 = RORV — RORQ + LQRORK,
A= 2QRORK, V= (Z,A W)

The evolution of the vector ) is obtained by applying ROR to (3.6), and then diagonalizing the resulting
system. This procedure shows that ) solves the quasilinear evolution equation (see (3.28))

0:Y +T RORY + DY+ N(V,¥) =0, (1.19)

where 7 = T(V,Q) := diag(c, + V — aQ,c. + V,cr + V 4+ aQ) is a diagonal transport matrix
whose entries are precisely the three self-similar wave speeds present in the system, D = D(V, Q) is
an explicit damping matrix which is linear in V and @, and N is a quadratic nonlinearity with constant
coefficients. Crucially, the lower bound on the three self-similar wave speeds inherited from the global
outgoing property of the profile (see (1.18) above) ensures that all three components of 7 remain bounded
below, uniformly in R and 7. Therefore, in (1.19) information propagates outward along the R-axis, in a
uniform fashion, which emphasizes the importance of very sharp estimates at radii 0 < R < 1.

o The third observation concerns the evolution equation for the perturbation 57 Y — Y (defined in the
natural way) at radii 0 < R < 1; upon subtracting from (1.19) the analogous stationary PDE for V,
we obtain that ) satisfies 9;) + T ROgY + DY = F, for a suitable “force” F. Upon multiplying
this evolution by a singular weight, such as R~(M+1) for some M € N, we obtain that the quantity
R-M+DY(R, 7) solves

0-(R-MDY) 4 TROR(R-MHDY) + (M + 1)T + D)(R-MDy) = =M+ £, (1.20)

which is a damped and forced transport equation. The emergence of the beneficial linear damping factor
of strength M + 1 directly manifests the advantage of performing weighted-L° estimates with singular
weights. This approach requires, however, that R-M*DY(R, ) € Li® ([0,00)), which is to say that Y
vanishes to high order (at least to order M + 1) at the origin.

26Djifferentiated Riemann-type variables, which linearize (to leading order) the differentiated Euler system, have played a crucial
role in the recent developments on shock formation for the compressible Euler system [9, 52, 53, 54, 24].
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o The fourth observation is that although Y does not vanish to high order at R = 0 (see (1.17)), we may
nonetheless apply the singular weight idea described in the previous bullet once we subtract from Y its
Taylor polynomial (at R = 0) of degree M. We denote by Iy (see (3.35a)) the Taylor polynomial of
Y, at R = 0, of degree M, smoothly cutoff at radii R € [0,2R;,], where R;, < 1 is chosen suitably
in the proof. Then, Y — ImY vanishes to order RM*1 at the origin (assummg Y e Cl'\(f'j 1), and so we
may consider the evolution equation (1.20) with Y being replaced by Y — IluY. The important fact to
note is that once this difference is estimated, we recover “for free” the desired information on 5/ because
ImY was previously estimated globally in time (recall, we have shown that the Taylor coefficients of the
perturbation (V, Q, K) of orders < M, decay exponentially in time to 0 as 7 — 00).

e Lastly, we observe that if we replace the singular weight R~ (M+1) appearing in (1.20) with Y(R)~
for a custom designed weight function ¢)(R) (smooth, positive, linear at the origin, constant at mﬁmty)
then we may obtain global existence and decay as 7 — oo for the quantity Jy) = (y IMy)w (M+1)
(cf. (3.37)), without using very precise information on T (R) and D(R) at all R > 0. The idea is that
using the weight 1»(R)~M+1) we generate a strong damping coefficient (M + 1) RaRd’T + D in (1.20)
instead of (M + 1)7 + D. For any R; < 1 < Ro, we can design the weight (R ) with R € [Ry, Ro]
almost freely. If we take M sufficiently large (M = 17N suffices) and if v is constructed very carefully
(see Proposition 3.10), we may get away with only knowing the explicit values of V and ) (hence 7 and
D)as R — 07 and R — o00;%’ in essence, this is made possible by the global outgoing property (1.18).%
That is, we are able to prove that the system of transport equations obeyed by ImY (cf. (3.82)) is such that
the damping matrix is “diagonally dominated” (cf. (3.105)), which allows us to establish global existence
and exponential decay to 0 as 7 — oo via a Gershgorin-type argument.

(M+1),

The proof of Theorem 3.15 then proceeds along the ideas described in the five points above. This is
implemented technically by a bootstrap argument, with five mutually-reinforcing assumptions: exponential
decay of the zeroth-order Taylor coefficients (g, G, I%o) (cf. (3.42)); exponential decay of the order-N Taylor
coefficients (O, g, ];‘N) (cf. (3.44)); exponential decay of all higher-order even Taylor coefficients up to
order M = 17N (cf. (3.45)); exponential decay of the modulation functions (&, &,,¢p) (cf. (3.46)); and
a weighted-pointwise decay (R)?|JmY| < €/5e™27, with 6 := L min{1, 1/}, see (3.47). Once these
bootstrap bounds are closed, a standard continuity argument completes the proof.

1.11. Stability outside of radial symmetry. The stability analysis for non-radial perturbations of the glob-
ally self-similar solution (p, w, p), carried out in Sections 4 and 5, follows the same overall philosophy as in
the radial case; the analysis is performed in modulated self-similar coordinates, and the perturbation is split
into a finite collection of Taylor coefficients at y = 0 (which obey a significantly more complicated, but still
closed, finite-dimensional system of ODEs), and a bulk remainder controlled by a singularly weighted PDE
energy estimate. The two halves of the argument are coupled through a finite list of modulation functions
and a bootstrap loop. Compared to the radial case, however, the absence of symmetry forces several new
structural difficulties, which we describe in turn.

1.11.1. Choice of variables. A first difficulty is at the level of unknowns. Smoothness in x near the origin
is no longer equivalent to smoothness in |z|? (mixed terms such as x;x; with i # j may now occur), so the
radial renormalized variables (V, ), H) and the differentiated Riemann variables ) are no longer suitable.
We therefore work directly in the unknowns

(n,u,b) == (p"7", u, €%, (1.21)

introduced in (4.1)—(4.2), whose smoothness is equivalent to that of the primary flow variables (p, u, p)
in (1.2). A key advantage of (1, u,b) over (p,u,p) is that the resulting evolution has purely quadratic

2T This point is important, because at R = 0 and as R — oo we know V and Q explicitly, while for intermediate values of R
we only know a few basic properties of these profiles. This allows us to complete the proof without computer assistance.

2Similar outgoing properties have played a crucial role in the stability analysis of self-similar blowup for the 3D incompressible
Euler equations [19] (see also [20]), and for the compressible Euler system [18, 17].
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nonlinearities, with no occurrence of the singular factor p~'Vp; this significantly simplifies the higher-
order energy estimates, which can be closed by directly applying the standard Leibniz rule.?”

1.11.2. Modulation functions and the perturbation system. The radial analysis used three scalar modulation
functions, determined by the structure of the obstructions at orders R and R?N. Outside of radial symmetry
the structure of these obstructions is substantially richer, and we are forced to introduce four modulation
functions (cr, ¢y, Cg, ¢,)(7), see (4.8a), subject to the single algebraic constraint ¢,(7) + cg(7) = 2cy(7),
cf. (4.4c). After passing to self-similar coordinates (o, U, B) for (7, u, b), the stability goal is to prove that,
modulo finitely many obstructions, (o, U,B) — (g, U, B) and (c;, ¢y, cg,¢,) — (Cr,Cus T, Cp) 88 T — 00,
exponentially fast. Writing the solution as a perturbation of the stationary profile,

(Q,U, B) = (§+ éa [7 + [~]> E + é)v (CraCUaCBacg) = (Er +Er> Eu +Em EB + EBa Eg +Eg)y

the perturbation W .= (o, f], B) obeys a PDE system of the schematic form (cf. (4.17))

0:6=—(cy+U)-Vi—200divU + o0+ (DW)1 + Z1(8,,84,88), (1.22a)
0,U = —(cy +U)-VU — BV — %gvé +cuU + (DW)y + £(8,, €4, Es), (1.22b)
9.B=—(cy+U)-VB + cgB + (DW)3 + £(2,, &4, 88), (1.22¢)

where D(y) € R3*3 is a damping matrix, .%;(&,, &, &g ) denotes perturbation terms linear in the modulation
functions &,, &,, &g, with coefficients depending on the profile (g, U, B). As in the radial case, our analysis
of (1.22) is partially nonlinear: we do not decompose the coefficients of the top-order derivatives into
stationary profile plus perturbation, nor do we decompose the modulation functions appearing in the lower-
order terms. :

The argument is conditional on a bootstrap assumption for the Taylor coefficients of W at y = 0, encoded
in (4.26); the verification of this assumption is carried out independently in Section 5. After subtracting
a smooth Taylor cutoff, this bootstrap allows us to assume that the perturbation (9, U, B) vanishes to a
sufficiently high order at the origin. We now describe the two halves of the argument.

1.11.3. Bulk PDE stability via singularly weighted H* estimates. For non-radial perturbations, the multi-D
Euler system cannot be diagonalized, and the differentiated Riemann variable framework which we have
employed in the radial case must be replaced. We exploit the symmetric hyperbolic structure of the Euler
system, thereby avoiding derivative loss, and build on a singularly weighted L?-energy framework inspired
by [21, 22, 19, 18, 17], which works directly with the system (1.22) for (g, f], é) The main result is
recorded in Theorem 4.4.

In (4.66) we introduce®® an H*-energy density>!

vy J00ef 9°UP  [9°BP 2 9% 0°B

FalW):= Ex(W):= Y E(W), (.23
ol=
where C := (9B)'/? is the sound speed, and g is a large coupling parameter. For kg large enough

(cf. (4.71)), the density E,, is positive definite. Since o, C, B may vanish at infinity, we modify the density
profile (cf. (4.18)) and propagate two-sided pointwise bounds on (o, B) via the bootstrap (4.51).

2In contrast, V* (p~'p) contains terms of the form p~*+Yp (Vp)* and p~F+Vp (V*~p)(Vip). Controlling these terms
for large || would require sharp decay estimates on V*p together with sharp lower bounds on p; cf. [23].

30Instead of W, we use F, (-) with the Taylor remainder term WM, cf. (4.21)—(4.23), which vanishes to high order at y = 0.

31The Euler equations form a symmetric hyperbolic system: after a suitable change of variables, akin to (1.21), they take the
schematic form 0.Y + 3., M; 9,,Y = l.o.t. with M; = M. The cross term in E,, exploits this structure to allow integration
by parts at top order without derivative loss. Similar energy structures, exploiting symmetric hyperbolicity, have proved effective
in[18, 17, 2].
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The H* estimate is closed by integrating EQ(W) against a carefully chosen, time-independent radial
weight p(y). After integration by parts in the symmetric hyperbolic top-order terms, the energy identity
reads, schematically,

d -
dT/Ea(W) Pr (1.24)

w+U)-V . C|v 9°Up| |0%0 1[0°By| [0°U
S/(C@/Jr ) P (W) + \ SOkl(l M| | QM|SOk 1]0°Bm| [0°Unm|
2p k C 200 v B C

=1 =1

)@k +Ripk,

where R, denotes the yy-independent contributions from the terms @W, 25, Co0, cuf], CBB in (1.22), and
the contributions from the lower order terms, e.g. when derivatives acting on the denominators. The terms
11, I> can be seen as the damping effect generated by the variation of the weight ., which captures the
outgoing property of the three self-similar wave speeds. To see this, note that by the Cauchy-Schwarz
inequality and using the definition of the energy density F, in (1.23), we may estimate

ay+U) - Vo, + 1+ 3k 5|V <
o+ U): Vot (30 NIV 1y,

::D«Jk (v)

The aim is to obtain a sufficiently strong damping term in the weighted estimate (1.24), namely, to make
D, very negative. For this purpose, we choose a radially symmetric weight ¢ (y) that decreases in |y| in
a large domain. For sufficiently small perturbations, so that ¢, ~ &, U(R) ~ U(R) = RV(R),C(R) ~
C(R) = aRQ(R), the above damping coefficients satisfies

L+ 1, <

5 —1/2\ A ROR ek
Dy, (y) = — Cr‘*‘V(R)_O‘(l"‘?’“B / )Q(R>] |Q0k‘7 R =yl
By taking g sufficiently large (cf. (4.71)), from the global outgoing property of the self-similar profiles

(cf. (1.18)), we obtain that ¢, + V(R) — a(1 + 3551/2)Q(R) > Cy for some Cy = Co(d,y,N) > 0, for all

y. Thus D, (y) < 0 for all y. Consequently, by choosing ¢, = 1/)6V with g radially decreasing in a large

RORpk
Pk

any prescribed annulus R; < |y| < Ra, with R < 1 < Ra. Choosing ¢ =< near the origin
produces the strong damping needed to control low-order terms (this plays the same role as the singular
weight R~(M+1) in (1.20)). For large values of ly|, we design y, to have sufficient decay to generate the
necessary amount of damping.

With damping of arbitrary strength available, the remainder R, may be treated perturbatively, without
any precise knowledge of the profile in the intermediate range of 1.>>

We note importantly that the order & in (1.23) is chosen large enough to close the nonlinear estimates, but
it is not too large. In fact, the value of k taken in our proof is explicit, in terms of d (cf. (4.25)); it is not an
unquantified large constant as in [49, 7].

compact annulus, using =N R%wo, and taking N large, we generate arbitrarily strong damping in

|y[~2M—

1.11.4. Cutoff Taylor polynomials. Due to the presence of the singular weight ¢y, the energy appearing
in (1.24) requires that W vanish to high order at y = 0, which is not automatic for general perturbations.
As in the radial case, this is handled by subtracting a smoothly cutoff Taylor polynomial I f at the origin
and propagating the estimates only on the remainder Py, f(cf. (421)). A significant technical difficulty arises
because the three components (o, u, B) have different vanishing orders near y = 0, namely o < 1, |u| =< |y|,
and |B| =< |y|? for smooth solutions close to the stationary profile; hence, the radial trick of dividing by |y|’
and introducing the normalized variables (V, @, H) is not available.

323uch singularly weighted estimates have played an important role in the stability analysis of self-similar blowup for fluid
equations and related models, see [19, 20, 16, 17, 18].
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To overcome this difficulty, in the non-radial case we subtract Taylor polynomials at three different orders
(cf. (4.23)):

0=Imo+ Pwmo, U =IuU+PunU, B = Im12B + Pumy2B, (1.25)

where the cutoff Taylor polynomials I, f consist of the derivatives at y = 0: {V*3(0)}icms {V'U }icmi1,
and {V'B};<m2. Each remainder (P, Pm41U, Pym.2B) vanishes to order |yM+1 at the origin, which is
the input required by (1.23).

1.11.5. Closed ODE system for the Taylor coefficients at the origin. As in the radial case, the above stability
argument is conditional: the bulk decay estimate (4.28) is conditional on the bootstrap assumption (4.26) on
a finite collection of Taylor coefficients at y = 0, and on the modulation functions. The verification of this
bootstrap assumption (4.26) is the subject of Section 5 and Theorem 5.1.

For the N-th profile, the modulation functions are determined, through a careful analysis paralleling the
radial case at orders R° and RN, by the Taylor coefficients at y = 0 of

seR, VU eR™, vBeR™  ANgeR, AV1ZecR, ANtIBEeR, (1.26)

where Z (y,7) =y~ U (y, 7) plays the role of a radial velocity (cf. (5.21)). The four modulation functions
(&, ¢y, CB, &) and the coefficients in (1.26) together satisfy a closed ODE system (one of the modulation
functions is redundant in view of the algebraic constraint (4.4c)). Although this system is significantly more
complicated than its radial counterpart, it admits a clean structural decomposition: at the linear level,

e the non-radial part, consisting of the trace-free symmetric gradient VU + (VU)" — %(div U)ld,
together with the trace-free Hessian V2B — 1A B)Id, and
e the radial part, consisting of the symmetric scalar combinations in (g, div U, AB, AN§, AN+17
AN+1B), together with the modulation functions (&, &,, &g, &,),
are decoupled. The radial part is structurally analogous to the ODE system of the radial analysis, and the
radial proof (in particular, the choice of modulation functions) extends to it directly. The non-radial part de-

couples further into uncoupled scalar and 2 x 2 ODE blocks, which admit a complete linear stability analysis;
this analysis identifies the first batch of unstable directions associated with non-radial perturbations.

1.11.6. Higher order ODE system and unstable dimension counts. The remainder of Theorem 5.1 concerns
the higher mixed-derivative tower V_, (1) = (V"g, VU, V"*?B)(0, 7). For n > 2N, where N indexes
the profile, the full vector V<, := (Vzo, ceey V:n) obeys a closed linear-quadratic ODE,

d
dr
governed by an explicit constant matrix M<,, € Ré<nxd<n of size O(n?). The principal task is to count the
eigenvalues of M<,, with non-negative real part, as this count fixes the (nonlinear) unstable+center manifold
2uns,<n- For general n > 1, this task is quite complicated.
The strategy is guided by the radial symmetry of the underlying profile (g, U, B): the more symmetric
the derivative combination is, the cleaner the ODE block to which it belongs. To exploit this, for £ > 0 and
B e Ng we organize mixed derivatives by powers of the Laplacian,

Vi i(r) = (0°AFg, 0P AF(div D), 9°AF1Z, 0P AFTIB)T(0,7) € R**, (1.27)

VSH = MSTL VSn + QTL(VSTH Vgn),

where Z captures the velocity in the radial direction Z(y,7) = y - U(y, 7).
We analyze the system satisfied by the Vg j, in the order of decreasing k, for fixed | 3|. In this ordering, the
matrix M<,, becomes lower block-triangular, with diagonal blocks of size at most 4 x 4 given explicitly by

the matrices Hg:’), H,(f), and Hyg 5, of Proposition 5.6. The eigenvalue analysis then proceeds in two regimes:

e (Distinguished cases.) For the ground state N = 1 together with the five physical pairs (v,d) €

{(5,3),(£,3),(2,2),(5,2)} or v € (1,3], d = 1, the closed form of the diagonal blocks, combined
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with the Routh—Hurwitz criterion® (Theorem D.1) yields the exact dimension counts of ¥,,s summa-
rized in item (iv) of Theorem 5.1 (see also Remark 1.12).

e (General N, d,~.) For the general case N > 1, d € {1,2,3}, and 1 < v < 2d + 1, we use the classical
result that a weighted diagonally dominated matrix does not have eigenvalues with non-negative real
part (Lemma 5.13). For high derivative orders n > n; := (18d)2N, such a condition holds for the
ODE system of mixed derivatives V(1) = (V"g, V**1U, V"**2B)(0, 7). The analysis produces the
stabilization dim(3yns, <pn) = dim(Xyns,<n, ) for n > ny, and further provides the explicit upper bound
for the unstable + center manifold: dim(Xyns) < C(d) N€.

With the spectral structure of M<,, in hand, a global solution of the nonlinear ODE on the unstable+center
manifold is constructed by combining classical stable manifold theory with the splitting method of [19].

1.11.7. Closing the loop. The bulk PDE estimate of Theorem 4.4 and the ODE analysis of Theorem 5.1
are coupled through the local well-posedness of the full system (4.6). On any time interval [0, 7] on which
the PDE is regular, the Taylor coefficients of the PDE solution at the origin agree with those produced by
Theorem 5.1; this verifies the bootstrap assumption (4.26) on [0, 7], which in turn permits the bulk decay
estimate (4.28), and finally the smallness afforded by (4.28) extends the local solution past 7'. A standard
continuity argument in 7 (see Remark 5.3) closes the loop and yields the global-in-7 stability conclusion
stated in Theorem 1.10.

1.12. Organization. The paper is organized as follows. In Section 2, we construct the family of exact self-
similar profiles and prove Theorem 2.20. In Section 3, we establish the stability of these profiles within the
class of radially symmetric perturbations and prove Theorem 3.15. In Section 4, we extend the stability anal-
ysis to non-radial perturbations and prove Theorem 4.4. In Section 5, we analyze the ODE system governing
Taylor coefficients at the origin and prove Theorem 5.1. We emphasize that Sections 3, 4, and 5 may be read
independently. The appendices contain interpolation estimates and auxiliary algebraic computations.

2. A FAMILY OF EXACT SELF-SIMILAR PROFILES

The goal of this section is to show that for any N € N, we may find explicit similarity exponents
Er:Er(’yadaN)a Cu=¢ —1, Ch :Eb(/}/ad?N))

and exact globally self-similar solutions to (1.7), given in terms of smooth profiles (X,U, B). That is,
passing 7 — oo in (1.9), we seek solutions of

(1 -€)E +&RIRE + UORE + aS(0rU + H2U) =0, (2.1a)
(1 — &)U +&RORU + UORU + aXops — 252288 — ¢, (2.1b)
—&,B + ¢, ROrB + UOrB = 0. (2.1¢)

We seek solutions (2_], U,B ) of (2.1) which are smooth at R = 0 and which grow sub-linearly as R — oc.
Their existence and main properties are stated in Theorem 2.20 below. This section is devoted solely to the
analysis of system (2.1), leading to the proof of Theorem 2.20.

Remark 2.1 (Globally self-similar solutions of the Euler equations). Once a smooth solution (3, U, B)
of (2.1) is found, for suitable values of ¢, and €, upon reversing the self-similar transformation discussed in

33The Routh-Hurwitz criterion allows us to count the number of eigenvalues of a matrix with nonnegative real part by proving
a few inequalities on its entries, without deriving the eigenvalues explicitly.
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Section 1.5, we directly obtain globally self-similar solutions (&, @", b) of (1.7), defined as

(7 t) = (—t)érfli( i ) (2.22)
@ (rt) = (—t)af_lU<(_§)gr>, (2.2b)
b(r 1) == (—)B (W) (2.2¢)

The functions described in (2.2) describe an exact solution of the Euler equations in radial symmetry (1.7)
on [—~1,0) x R?, with initial datum &(r, —1) = %(r), @"(r, —1) = U(r), b(r, —1) = B(r). This solution
determines a smooth density p and smooth pressure p via (1.5); the smooth radially symmetric velocity
@ = é&.u" on [—1,0) x RY. The solution (p, @, p) is the unique smooth solution of (1.2) with initial datum
computed from RHS(22)|¢+=—_1 and (1.5). This solution experiences an implosion singularity at z, = 0 and
t« = 0, in the sense of Definition 1.3.

We now turn to the solvability of (2.1). Two important remarks are in order.

Remark 2.2 (Non-isentropic implies ¢, # 0). When ¢, = 0, then we observe that B = constant is an
explicit solution of (2.1c). Since for this solution 9B = 0, the system (2.1a)—(2.1b) becomes the self-
similar isentropic Euler system. As such, throughout this analysis we require that ¢, # 0, which precludes
us from re-discovering isentropic implosion profiles.

Remark 2.3 (¢, # 0 implies that smooth B and 5 must vanish at R = 0). Since U(0) = 0,* assuming
that |OrB(0)| < oo, we deduce from (2.1c) evaluated at R = 0 that ¢, 5(0) = 0. Since ¢, # 0, we
thus must have B(0) = 0. The same argument applied to (2.1b) evaluated at R = 0, and assuming that

|ORU (0)] + |0r%(0)| < oo, implies that limp_,q+ EQ(R)% = 0. Assuming that B does not vanish to

infinite order at R = 0, meaning that B(R) ~ R for some 0 < v < oo, this implies that £(0) = 0.

2.1. Renormalization at R = 0. We make three observations. First, the initial velocity u(x, —1) is smooth
at |x| = 0 if and only if the Taylor series expansion of u" (r, —1) around » = 0 contains only odd powers
of 7; as such, it is reasonable to expect that U(R) ~ R as R — 07 and U(R)/R is a function of R? for
|R| < 1. Second, if we wish to ensure that the initial density p(r, —1) does not vanish at 7 = 0, by (1.5)
and Remark 2.3 we obtain that ¥ and B need to vanish at the same rate as R — 07; a quick inspection
of (2.1) suggests that it is reasonable to expect X(R), B(R) ~ R as R — 0". Third, if we are to ensure
that the initial density p(r, —1) and the initial pressure p(r, —1) are smooth around r = 0, then by (1.5) we
obtain that £(R)/R and B(R)/R are functions of R? for |R| < 1. Based on these three observations, we
make the following ansatz, whose goal is to renormalize the profiles (U, 3, B) near R = 0:

U(R) =: RV(R), Y(R) =: RQ(R), B(R) =: RH(R), (2.32)
where the stationary renormalized profiles (V, Q, H) are smooth functions of R? for | R| < 1, and such that
V(0) <0, Q(0) > 0, H(0) > 0. (2.3b)

From (2.3) and (2.1) we obtain that (V, Q, H) must solve
(1+ (14 ad)V)Q+ (& + V)RORQ + aQRIRV = 0, (2.4a)
(V + V2 + 22Q%) + (& + V)RORV + aQRORQ — 2Q* B2 — ¢, (2.4b)
(G —C+V)H + (& + V)ROgH = 0. (2.4¢)

Remark 2.4 (The value of V(0), Q(0), and T, are determined). Since we have assumed that Q(0) # 0
and |OrQ(0)] + |0rV (0)| < oo, upon evaluating (2.4a) at R = 0 we deduce that

V(0) = — 13 (2.52)

34This condition is necessary in order to ensure that u(z, t) is smooth at z = 0.
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Since we have assumed that H(0) # 0 and also |0g H (0)| < oo, upon evaluating (2.4b) at R = 0 we obtain

0) = —V(O)\/% = 7 @ (2.5b)

Lastly, by evaluating (2.4c) at R = 0 we deduce that

B =5+ V(0) =% — 53 (2.5¢)

Since ¢, # 0, we need to ensure that &, # —V (0) = T + 17aq- Furthermore, we note that (2.4b)—(2.4c) remain

the same if we multiply H by a constant, so it is natural that H(0) > 0 is a free parameter in the problem;
for simplicity, we let
H(O)=1. (2.5d)

For compactness of notation, and for consistency with (3.9) below, we shall henceforth denote

v =V(0)=—1ts G=0Q0)=2;\/2,  ho:=H(0) =1

2.2. A closed system for V and ). We may use (2.4c) to express RBRH as a function of V alone, namely
ROgRH _ &tV _ Vo
/A wrs it (2-6)

Inserting the above expression into the last term of (2.4b) (which is justified as long as €, + V(R) # 0), and
appealing to (2.5), leads us to a closed system obeyed by the unknowns V' and @, namely

P1[V,Q] + (& + V)RORQ + aQRORV =0, (2.7a)
Po[V, Q] + o + V)QRORQ + (& + V)*RORV = 0. (2.7b)

Here P1[V, Q](R) and P5[V', Q](R) are two explicit polynomials in V and @ (quadratic, respectively cubic),
which vanish at R = 0; specifically, we have

PiV,Ql:=(1+(1+ad)V)Q = (14 ad)(V —1)Q, (2.7¢)
Po[V,Ql = & + V)(V + V2 + 22Q%) + 2Q*(V — 1)
= (V=) (G +V)1+V+50)+2Q) + 2 (Q- @) &+ V)(Q+d). (274

2.3. Power series for VV and Q) near R = 0 for a discrete family of similarity exponents. We aim to find
a power series solution for (2.7) near R = 0, by postulating that

V(R) =t + Y R,  QR)=q@+» @R, (2.8)
n>1 n>1
where 7 and gy are given by (2.5a)—(2.5b), and the coefficients {v,, },>1 and {g, },>1 are to be determined

from a recursion relation.

2.3.1. Recursion relation for the power series coefficients. Inserting (2.8) into (2.7a), leads to the recursion
relation:

2n(Sy + 00)Gn + (1 + ad + 2an) dovn = F1(n), (2.92)
for all n > 1, where we have defined
Fi(n) =12 > Gu0;(1+ad+2n—2(1-a)j). (2.9b)

mtj=n,m,j>1

Similarly, inserting (2.8) into (2.7b), leads to the recursion relation:

(Cr + UO)QO + 2n)qn + 2n(Er + 50)2 + (1 + 2w (Er + I_JO) + gqg Up = Fg(n), (2.10a)
ol
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for all n > 1, where we have defined
Fo(n) = —1ps2 > Om0;(1+& + 300 + 45 (& + 00))
m+j=n,m,j>1

. o 2 .
—1,>2 Z Um@;20q0(j + 1) — 1p>2 Z GmG; (S + UO)(% + 2047)
mtj=nm,j>1 mtj=nm.j>1

— 1,53 Z O (0005 + Geqy) (25 + 1). (2.10b)
m+£+j:n7mze7]21

2.3.2. A discrete family of similarity exponents. Upon introducing the matrix

M. 2n(Cr + vo) (1+ ad+ 2an)go @2.11)
" g+ ao)qo(%“ +2n)  2n(T + 7o) + (14 200) (T + Vo) + %qﬁ :
we may summarize (2.9)—(2.10) as
an o Fl(n)
M, [vn} - [FQ (n)} , 2.12)

foralln > 1.

We notice at this stage that by definition F1(1) = Fo(1) = 0, and thus if M; is invertible, then we must
have ¢ = 1 = 0. In turn, this implies F1(2) = F3(2) = 0, and so if My is invertible, then we must have
G2 = v2 = 0, and so on. By induction, we would obtain that q,, = v,, = 0 for all n > 1, which is the trivial
solution. This situation may only be avoided if we have that det(My) = 0 for some N € N. This imposes
a constraint on the admissible values for the similarity parameter c,, as follows. Using (2.5a) and (2.5b) we
may compute

det(M,,) = 4n?(T, + Bo) ((Er +T0)? + o (& + 7o) (1 + 200) — 73 (224 + En)>, (2.13)
where E,, = E, (7, d) is given explicitly by the expression
E, := a'ydig+2) + ad(21’;r2ad)' (2.14)

1
At this stage we recall from (2.5¢) and the requirements ¢, # 0, that ¢, —iT—L vg # 0. From (2.13) and (2.5a)
it follows that det(M,,) = 0 only if

We note that E,, > 0, {E,, },>1 is monotone decreasing in n, and E,, = O(=) as n — oc.

&+ 00 = — 4= (1+20) £ \/ﬁ(l +250)2 + 53(%2% + E,)
_ 2
- —170(123‘1 - \/“T’Yd +E, + U2 ) (2.15)

The branch with the negative sign in front of the square root in (2.15) leads to negative values of ¢, (e.g. for
n > 1) which is not a relevant parameter regime for implosion singularities. Therefore, we consider the
branch with the positive sign in front of the square root in (2.15), and define:

Definition 2.5 (Admissible values of the similarity exponents). Letd > 1, v > 1, and a = 77_1 For
each N € N, define the N** admissible similarity exponent by

_ 2 _
¢ (d, v, N) ;:ﬁ(u\/‘%dJrENJr%Jr 14,5“1), (2.16)

where Ey is as defined in (2.14). Moreover, according to (2.5¢) we define

* 1—ad)? —
ci(d,y,N) == ﬁ(\/%l +Ey + 0y 14,qd). 2.17)

We emphasize that the values of ¢, and cy defined above are explicit and exact.
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Example 2.6 (The “ground state” at N = 1). When N = 1, by appealing to (2.14) and (2.16), we arrive at
2

i (d,y,1) = (1 + \/4(“” +(2rdid)ad | (—ad)® | 1o ad) (2.18)

Example 2.7 (Similarity exponents for a monatomic gas in three space dimensions). Consider the ex-
pression for ¢/ in (2.16) for v = g (a monatomic gas), so that o = % and d = 3 (the three-dimensional
case). Then, upon drastic simplification one may show that

(B3N =1+ 3/24+ 2+ e (2.19a)

(3,5 N)=c'3,3N) - S =3/2+ 3+ 72 (2.19b)
These are both monotonically decreasing sequences in N, with ¢f(3,5,1) ~ 1.48953, ¢5(3,2,1) ~
0.98953, ¢ (3, 3, 00) ~ 0.956435, and cg (3, 5, 00) ~ 0.456435.

Lemma 2.8 (Properties of the admissible similarity exponents). The exponents ¢ and cy defined in
(2.16) and (2.17) satisfy the following properties:

e Fix N > 1 andlet T, = ¢/ (d,,N) in the definition of M,, in (2.11). Then, we have that det(M,,) = 0 if

and only if n = N. The eigenvector corresponding to the zero-eigenvalue of My is parallel to the vector
( = 1+ad+2aN )
903NGE +o0)
e Ford e {1,2,3}and 1 < v < 2d+1, the sequences c; (d,~y,N) and cy (d, v, N) are monotone decreasing
1 avd
T+adl 2

in N, and accumulate at ¢;(d,y, 00) =

1+1ad(1 + 4/ agd) respectively ¢ (d,y, 00) =

e ForanyN > land 1 <y < 2d + 1, we have that ¢;(d,~,N) + vy — L+jad

aqo = 44N(1+o¢d)

Proof of Lemma 2.8. We prove the claims in each bullet separately.

Proof of the first bullet. Let n > 1, potentially different from N. From (2.13), setting X := ¢, + v with
¢ = ¢/ (d,~, N), we have that det(M,,) = 0 (with X # 0) if and only if

X2 4 1453;70)( o VQ(O) (# + En> =0. (2.20)

The two roots of this quadratic in X are

+ _ 1—ad (1-a d
Xn - 1+ad( 4705 :l:\/ 16n2 04'2}’ +E”>

By definition (2.16), we have X, = ¢;(d,~,n) + vy. Moreover, X,, < 0 for all n > 1, since the square
root term exceeds ‘%l‘. For ¢, = ¢/ (d,~,N), we have ¢, + vg = X,\T > 0. Thus, we have det(M,,) =0
if and only if X} = X, or X = X,;. Since X = XJ > 0 and X,; < 0 for all n, det(M,,) = 0 if and
only if Xt = X;F, which is equivalent to ¢; (d,v,N) = c;(d,~, n). Due to the monotonicity claimed in the
second bullet, this equality holds if and only if n = N.

For the eigenvector computaton, when det(My) = 0, the null space is determined by the first row of My:

2N(Cy + v0)gn + (1 + ad + 2aN)goony = 0,

which gives gn = —%‘ Thus the eigenvector (g, Un) is parallel to (—go 71;,\'0(‘?12”0(‘))'\‘, )

Proof of the second bullet. The statements about the limit as N — oo are immediate consequences of
En — 0as N — oco. Moreover, the monotonicity of cj is equivalent to that of ¢;. Let

_ 1—ad)?
)i= VIN) R T(N) = g En o+ O
In view of (2.16), in order to prove that ¢, is strictly decreasing in N, it suffices to show that ~(N) is strictly

decreasing in N. It is clear that f(N) is strictly decreasing in N. Since for ad < 1 we have 1 4ﬁd > 0is
decreasing in N, in this case i (N) is the sum of two decreasing functions, hence decreasing.
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It remains to consider the case ad > 1. Since o € (0,d], we only need to consider d € {2,3}. For
N > 1, we have

N N+1 ad—
BN) = h(N + 1) = —FRLA — ety

We need to show that the above expression is positive. Recalling the definition of Ey in (2.14), we have that

F(N)—F(N+1) (a’yd(d+2)+ad(1+ad)(2N+1)+(ad71)2 ON+1 )
VFNF1)++/F(N) F AN(N+1) 2NZ(N+1)2 16 N2(N+1)2

and

2/ fF(N) < v/2avd + /282D L L 50d(1+ ad) + 24

Therefore, the inequality 2(N) > ~(N + 1) is true if we are able to show that

dlh?) | adlled N | (ads D Ny > 2! < 207d + 1/ 2UEED | LD0d(T + ad) + agN1> .

In turn, the above inequality holds if we are able to show that

3ayd(d+2) | 8ad(l+ad)—5(ad—1)? | 8ad(l+ad)—(ad—1)2 d—1
st 8N + SN(NT1) > 5=/ 2ad.

Since ad > 1, the above inequality does indeed hold for any N > 1, if we are able to establish

3vd +2(d + 2)Vad > 4V2d(ad — 1).

Since z = Vad € (1,d] (recall that é < a < d), the above inequality clearly holds true for both d = 2
(where it becomes 24z > 8(x? — 1), for € (1,2]) and d = 3 (where it becomes 15v/52 > 44/6(x? — 1),
for z € (1, 3]).

Proof of the third bullet. Recall that ¢/ (d,y,00) = ﬁ(l—k %j) = 1_s_oéd(l—kac\/i) = —Up+aqgo. The
claimed lower bound follows by bounding from below the quantity ¢;(d,~y, N) — ¢/ (d, 7, o0). From (2.16)
this difference is explicitly given as

(1+ ad) (¢ (d, 7, N) — &7 (d,7,00)) = 1/ 2% + En + 1 (1 — ad)? + 1584 — /3¢
En+ 1oz (1—ad)?

d farnd
%'i_lz’ﬁ_wN?(1 ad)?+ %

Recalling that Ey is monotone decreasing in N and positive, and using the explicit formula for the first term
on the right side of (2.14), we may thus lower bound

L (4N(1 + ad)(c/ (d, 7, N) — ¢f (d,7,00)) — 1 — 2ad)

_ 1—ad
~ 4N +

a)?
ANEy+ U2 > 54 (d+2)
a2 fayd, — 3 aw (- ad)
ad(y ) 224 +Ey+UIm20" 4 [ 23 +E U2 dm ) fand

ayd(d+2
w(4 )+ ad(

5
_§_|_

where E1 = 1+ad) (cf. (2.14)). A tedious but elementary analysis shows that the function
F(a, d) is monotone decreasmg with respect to « € (0,d] for all d € {1, 2, 3}; therefore, its minimum is
attained at & = d. An explicit computation shows that

2d+1)(1+2
(2d+1)(d+4) , (143d2)2 2d+1
4 + 16d2 + 2

PN

for d € {1, 2,3}, which concludes the proof of the lower bound claimed in the third bullet. U
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2.3.3. Solvability of the recursion relation. We return to the solvability of the recursion relation (2.12) for
the unknown sequences {v, }n>1 and {G, }n>1. As discussed earlier, (2.12) has a nontrivial solution only if
¢, is chosen to be equal to one of the similarity exponents defined in (2.16); we may thus prove:

Proposition 2.9 (Solvability of the recursion corresponding to R = 0). Fixan N > 1, and let T, :=
¢/ (d,, N)35 in the matrix My, (see (2.11)), in the forcing terms F1(n) (see (2.9b)), and Fa(n) (see (2.10b)).
Define:

o Forn # kN with k € N, let g, = v, = 0.

e For n = N, define (qn,0N) to be an eigenvector of My corresponding to the zero eigenvalue, more
precisely, let
- = l4+ad+2aN
N . [~90 NG T | 2.21)
UN 1
e Forn = kN with k € Nand k > 2, the matrix My is invertible, we let
@GN | . yg—1 [F1(EN)
[%N} =My |:F2(kN) . (2.22)

Then, the above defined sequences {Gy }n>1 and {vp}n>1 solve the recursion relation (2.12), equivalently
(2.9)—(2.10).

Proof of Proposition 2.9. The proof proceeds by verifying that the recursion relation (2.12) is satisfied for
each n > 1. We consider three cases.

Case 1: n is not a multiple of N. We claim that F1(n) = F2(n) = 0. Indeed, from (2.9b), the sum defining
F1(n) runs over pairs (m, j) with m + j = n.and m,j > 1. Since n is not a multiple of N, at least one of
m or j is not a multiple of N, and hence at least one of g,,, v; vanishes by definition. Therefore every term
in the sum is zero, giving F1(n) = 0. The same argument applied to (2.10b) shows Fy(n) = 0.

Since n # N, by the first bullet of Lemma 2.8, we have det(M,,) # 0, so M,, is invertible. The recur-
sion (2.12) then reads M,, (., 7,)T = (0,0)”, whose unique solution is ¢, = @, = 0. This matches the
definition in the first bullet of the proposition.

Case 2: n = N. Since ¢, = U, = 0 forall 1 < m < N (as these m are not multiples of N), every term
in the sums defining F;(N) and Fo(N) vanishes. Indeed, the constraint m + j = N with m, j > 1 forces
m, j < N. Thus F1(N) = FQ(N) = 0.

By the first bullet of Lemma 2.8, det(My) = 0, and the null space of My is one-dimensional, spanned
by the vector (—q()l;,r\l‘fg%f%')\', 1). The recursion (2.12) at n = N reads Mn(qn, on)” = (0,0)7, which is
satisfied by any vector in the null space of My. The choice (2.21) is precisely such a vector.

Case 3: n = kN for some k > 2. We proceed by induction on k. Assume that (G,,n, U,n) have been
defined for all 1 < m < k and satisfy the recursion. The forcing terms F; (kN) and F2(kN) depend only on
{@mN, UmN }fn_zll (since the sums in (2.9b)—(2.10b) run over indices strictly less than £N, and non-multiples
of N contribute zero). Thus F;(kN) and F2(kN) are well-defined.

Since kN # N for k£ > 2, by the first bullet of Lemma 2.8, we have det(Myy) # 0, so Mgy is invertible.
The unique solution to (2.12) at n = kN is therefore

GN| _ 1 |FL(EN)
VEN kN | Fy (k‘N) ’
which is precisely the definition given in the third bullet of the proposition. ([l

3Swe will simply write €, and suppress the dependence on d, v, N, as these are now fixed.
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2.3.4. Bounds for the power series coefficients. With Proposition 2.9, we return to the power series ansatz (2.8),
and establish a bound on the radius of convergence. The heavy lifting is done by the following result:

Proposition 2.10 (Bounds for power series coefficients). Let {G,}n>1 and {v,}n>1 be as defined in
Proposition 2.9. Then, there exist constants C223) = C2.23)(7,d,N) > 1and 0 < CE2.23) = C22A23)(% d,N) <
1, such that
_3
|qren| < Céz.zs)(c(2.23))kk 2, (2.23a)
_3
[oen| < CE2.23>(C(2.23))]€/€ 2. (2.23b)
foreach k € N.

Proof of Proposition 2.10. For compactness we omit the subscript for the constants C and C'. For k£ = 1 the

bound (2.23) holds as soon as C'C > max{1, | |%} For k > 2, from (2.11) and (2.13) we have
that

M1 . 1
N 4’€2N2(Er+170)((Er+io)2+ﬁ(fr+@o)(1+2170) (0 )( +EkN))
2

P
2k|\|(c,+v0) (1+2%) (E + 7o) + $Q*(0) —(1 + ad + 2akN)qo

—a(C, + vo)@?o(‘*a + 2kN) 2kN(T, + o) (2.24)
From (2.24) we deduce that there exists a constant Cyy = Cm(+y, d, N) such that
IM | < Cuk ™t (2.25)
On the other hand, from (2.9b), for each £ > 2 we have that
Fr(kN):= = > Guntin (L + ad+ 2kN — 2(1 — a)jN). (2.26)

m-+j=k,m,j>1

Using the fact that 3%~ i1 L g(k: - j)_% < 6k~ 3, and the inductive bounds (2.23), we deduce that there
exists a constant C; = Cy (v, d, N) such that

k—1
1
IFL(kN)| < Cik Y |ggejnl [ojn] < 6C1k~2(C)>CP. 2.27)
j=1
On the other hand, from (2.10b) we have
Fo(kN):=— > Opuntin(L 48 + 300 + 4iN(E + 7))
mej=k,m.j>1
— Y Gangin2aG(iN+1) - TGN (S + T0) (222 + 205N
mNGiN20qo (jN + 1) Z Gmndjn (Cr + T0) (%5~ + 2ajN)
mej=km.j>1 mej=km.j>1
— 13 > B (TenTjn + a@engin) (25N + 1). (2.28)

Al j=k,m,0,j>1
3

As before using that Zj Li 3(k: —j)y 2 < 6k~ 2, the bound Z ZZ Yy g(k —J - 6)7% <
36k~ 3 , and the inductive bounds (2.23), we deduce the existence of a constant Co = Ca(7y, d, N) such that

k-1
F2(kN)| < Cok >~ 1006 jn 1030 + 196wl 1@in] + (G- nl |Ein]
j=1
—2k—j—1
+1k>sC2/€Z > 10g—j—onl ([oen] o] + |Gen] |an])
j=1 ¢=1

< 18Cok 2 (C')2CH 4+ 72Cok 2 (C')3CF. (2.29)
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From (2.25), (2.27), and (2.29), we deduce that if C’ is chosen small enough to ensure 6C;CyC’ < 1 and
18CoCmC’ + 72C2Cy(C")2 < 1, then the inductive bounds hold. O

From Proposition 2.9, Proposition 2.10, and ansatz (2.8) we obtain the immediate consequence.

Corollary 2.11 (Convergence of power series for V and Q at R = 0). Let N > 1, and let ¢, = ¢;(d,~, N).
Let C2.23) > 1 be the constant from Proposition 2.10. Define the sequences {Gn }n>1 and {Uy}n>1 as in
Proposition 2.9. Then, the series

V(R) =+ Y onB™,  Q(R)=q+ ) anR™, (2.30)
E>1 k>1

_1 _ _
converge uniformly and absolutely for all 0 < R < C(z_%'\é)- The resulting real-analytic functions V' and @)

_1
solve the system (2.7) for all R € (0, C(z?zNg))-

Remark 2.12 (No free parameters). We emphasize that in the construction of V and ) in Corollary 2.11,
there are no free parameters; once we have chosen d € {1,2,3}, 1 < v < 2d + 1, and we have chosen the
integer N > 1, the solution is uniquely determined.

2.4. The global solutions V and Q. Fix N > 1. Corollary 2.11 provides a real-analytic solution (V', Q) of
1

(2.7), whose power series converges for all 0 < R < C(_Qg). Our next goal is to extend this solution curve
to all R < oo; see Proposition 2.17 below.

In order to achieve this, we note that (2.7) is a 2 x 2 system of autonomous ODEs (with respect to the
ROR derivative), whose coefficients that are rational functions of the unknowns. To see this, we may simply
diagonalizing (2.7), which leads to

RORV = w, RORQ = [g/ Q_Cj] (2.31a)

where we have denoted
AV,Ql =G+ V)& +V —aQ)E +V + aQ), (2.31b)
ApV, Q] == (& + V) (a@QP1[V, Q] — P2V, Q)), (2.31¢)
AplV, Q] == aQPy[V,Q] — (& + V)*P1[V, Q] (2.31d)

and we recall that

PiV,Q):=(1+ (1+ad)V)Q, (2.31e)
PV, Q) == (& + V) (V + V2 + 222Q%) + 2Q*(V — ). 2.31f)
Note that Ay and A are fourth order polynomials in the variables (V,Q), while A is a third order poly-

nomial. We may expand the expressions in (2.31c) and (2.31d) as

AplV,Q] = M(Er +V)QH(V —10) — & + V)2(V + V2 + 22Q7), (2.32a)
AglV, Q) = aQ(E + V)(V + V2 + 22Q%) + 2Q*(V — 1) — (1 + ad) (& + V)*Q(V — 7).
(2.32b)

Remark 2.13 (The fixed points of interest). We remark that the points (7, o) (corresponding to R = 0)
and (0,0) (corresponding to R — o0) are fixed points of the autonomous ODE system (2.31a). This is
because by (2.32), (2.5), and Lemma 2.8 we have that

Ay [vo, Go] = Aglvo, Go] = 0, (2.332)
A, Go] = (S + 00) (T + To + ado) (T + To — ago) > 0, (2.33b)
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and also
Ay [0,0] = AQ[O, 0] =0, (2.33c)
A0,0] =& > 0. (2.33d)
Additionally, one may verify that (g, gp) is a saddle and (0,0) is a sink, though this information is not
explicitly used in our analysis. The local-in-R solution we have constructed in Corollary 2.11 “escapes” the

saddle point (v, go) along its unstable manifold, in the direction of increasing V (this is because oy > 0,
cf. (2.21)) and decreasing @ (this is because gy < 0, cf. (2.5b) and (2.21)).
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FIGURE 5. The phase portrait of the 2 x 2 system of ODEs (2.31a), for the parameter choices (d,~y,N) =
(3,2,1) for the left panel, and (d,,N) = (3, 1,2) for the right panel. The vertical axis represents Q,
while the horizontal one is V. The pink point has coordinates (0, 0). The blue point has coordinates (o, Go ).
The green curve represents one branch of {A [V, Q] = 0}, while the orange curve represents a branch of
{Ag[V,Q] = 0}. The brown curve (which only enters our plotting area for the right panel) represents a
branch of {A[V,Q] = 0}. In this phase portrait it is evident that if a trajectory (V' (R), Q(R)) is able to
“escape” the blue point in the direction (4, —), which is precisely how we chose our eigenvector of My in
Proposition 2.9, then this trajectory is confined to the rectangle €2 from Definition 2.14, plotted here in black.
By Poincaré-Bendixson, this trajectory is forced to approach (as R — oo) the stationary point (0, 0) which lies
on the boundary of the confining region. The numerically computed trajectory {(V(R), Q(R)): 0 < R < oo}
is represented by the thin red curve.

Figure 5 motivates us to define an invariant region for the 2 x 2 autonomous ODE system (2.31a); from
a technical viewpoint, it is convenient to use a larger, “rectangular” invariant region, given by:
Definition 2.14 (Invariant region Q). We let Q = {(V,Q): Q € (0,0), V € (70, —%70)}.

Proposition 2.15. The closure of the domain §) from Definition 2.14 is an invariant region for the ODE
system (2.31a).
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Proof of Proposition 2.15. Let it = 7i(V,Q) denote the outward unit normal to 9; this vector is well-

defined and smooth except for the corner points (— d—@g, 0), (v0,0), (vo, qo), and (——vo, o). The proof of

the proposition amounts to showing that (Ay, Ag) - 7 < 0 for all (V,Q) € 09. We check this inequality

individually on the four pieces of 0€:

e Let Opoitom? = [1‘)0,—%7170] x {0}, so that i = (0,—1). Since Q@ = 0, by (2.32b) we have that
Ag[V,0] = 0, and thus (Ay, Ag) - 7 = 0 on the “bottom” part of OS2

o Let D12 := {00} % [0, Go], so that @ = (—1,0). By (2.32a), and recalling (2.5a), (2.5b), we have that

~Ap[vo, Q) = (& +v0)* (B0 + 73 + 2°Q%) = 2°(& + 10)*(Q* - @3) < 0.
Hence, (Ay,Ag) -7 < 0 on the “left” part of 9f).
o Let Oopf2 = [0, —512—7170] x {Go}, so that 7 = (0, 1). By (2.32b), and recalling (2.5a), (2.5b), we have
that

AQ[V,(jo]:a(ar+17)(17+_172+%(18)q0+(0‘ @ — (1+ad) (@ + V)?) (V - 9)do

= —Poly[‘_/ + (_Zr] (V — 170)(?0,
where
Poly[X] := (1 + a(d — 1))X? + a (g — 1 — 7p) X — L5]

is a quadratic polynomial in X = ¢, +V > ¢, +9o > 0, whose leading order coefficient is positive. Since
Go > 0and V — 1y > 0 for V € [0y, —%’YT}O], the sign of Ag[V/, go] is opposite to the sign of Poly[V +¢,].
Thus, if we show that Poly[V +&,] > 0 for all V € [y, —%7270], then (Ay, Ag) -7 = Ag[V,q0] < 0on
the “top” part of Of2.

An explicit computation, which appeals to the second bullet in Lemma 2.8, shows that for X > ¢, 4y,
we have

Poly[X ]| — Poly[c, + 7]

=(X-¢ — 170)((1 +a(d—1)X + (14 ad)e + (1 + a(d — 2))v — «)
> (X —-¢ (24 2ad —a)(1+ ) (24 2ad — 3) — a(1 + ad))

(2 + 2ad — af+1—ad)>0

d(
for d € {1,2,3} and a € (0,d]. Therefore, if we are able to show that Poly[c, 4+ ©g] > 0, then we

automatically have Poly[X] > 0 for all X > T, + vp. We are thus left to verify the positivity of the
explicit expression

z(X_Cr_UO

Poly[ty +&] = (1 + a(d — 1)) (& +v0)* + (& — 1 — %) (& + o) — 50

da 2
_ _ 2+o(2d— 1)+a2d— 1—a+F +a?d
= (1 +ad)g] T+ad S S w2

We may now view the above expression as a quadratic polynomial in ¢, whose leading order coefficient is

positive. Recall from Lemma 2.8 that ¢, > ¢/ (d,~y,00) = 1+ﬁ(l +4/ Md) Using the fact that 0 < o <

d, we may check that the above-displayed quadratic polynomial in <, is increasing for ¢, > ¢/ (d, vy, 00);
hence it attains its minimum at ¢, (d, v, c0). Therefore, for & € (0,d] and d € {1, 2,3}, we conclude that

o d 24 a(2d—1)+a2d dy , 1—a+%4a2d
POly[Uo+Cr] = ﬁ(l—k %)2— %(14— %)‘FW

o?d d a—«o
= 2(1(4323) b+ (1+ad)d V5> 2(1+ad)2 (2 +yd+ 4/ 55— V/2and ) =z 1+ozd)2

The last inequality follows by considering separately the cases ad < 1 and 1 < ad < d?. This concludes
the proof of (A, Ag) - 7 < 0 on the “top” part of 9<2.
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o Let Ohigni§) := {—%7170} x [0, qo], so that 7 = (1, O) By (2.32a), recalling (2.5a), (2.5b), and since
Lemma 2.8 implies €, > ¢;(d,y, 00) = (—p)(1 + ) we obtain that
— 2 —
A“/[—d%@o,Q] = M(Er _ d%'UO)QZ(_EO)(d% + 1) . (Er . %@0)2( d’Y*O 4+ (dV) 72 2+ 2a Q )

(22001 + D) - 1+ 4+ /PH(EE + ad)) (50 (& — Fo0)

2
— 52 ()

IN

IN

Cr *f’UU)<O

In the second to last inequality we have used that the complicated expression appearing on the third line
is maximized at y = 1, so that & = 0. Hence, (Ay, Ag) - 7 < 0 on the “right” part of 9.

This concludes the proof of the Proposition. U

From Proposition 2.15 we may immediately deduce:

Corollary 2.16. For all points (V,Q) € Q, we have the bounds

58V, Q] < %(V —p) < 0, (2.34a)
cr+v+aQ>cr+V>c,+V—aQ>4,§(+1+°;3) (2.34b)

Proof of Corollary 2.16. By definition, we have that Q > 0 in €2, which is an open set. Thus, the first two
inequalities in (2.34b) hold trivially. For the last inequality in (2.34b), due to the last bullet in Lemma 2.8

2
we have that for all (V, Q) € Q itholds that &, +V —aQ > ¢, + v — ago > 4N(1+ d) This proves (2.34b).
In order to prove (2.34a), we use (2.32b) to rewrite
L AQ[V Ql=al@+V)(V+V?+ Q %) + @ QQ( —39) — (1 + ad)(& + V)*(V — ).

This is a quadratic polynomial in ), which contains no linear term in () and the coefficient of Q? is strictly
positive. Thus, the above expression is maximized when () = g, and so

éAQ[‘Z Q] < #2856V, q)-

Recall however that in the proof of Proposition 2.15 (the third bullet in the proof) we have established
— - — _ 2 — _ .
AQ[V Qo] = —Poly[V +&](V — 7o) < —%(V — ¥p). This concludes the proof of (2.34a). O
We now are able to conclude the existence of a global solution (V, Q)(R) of (2.31a).

Proposition 2.17 (The globally defined profile). Fix N > 1, and let (V, Q)(R) be the solution of (2.31a)

constructed in Corollary 2.11, which is real-analytic in R for 0 < R < C(2 33)- This local-in-R solution may

be uniquely extended as a smooth (real-analytic) global-in-R solution of (2.31a), with (V,Q)(R) — (0,0)
as R — oo.

Proof of Proposition 2.17. As noted at the end of Remark 2.13, the local-in- R solution constructed in Corol-
lary 2.11 enters the interior of the invariant domain 2. Due to (2.34b), and recalling (2.31b) and (2.32), we

have that the right side of the 2 x 2 system of autonomous ODEs (2.31a), namely % [V, Q] and % V,Q],
are analytic functions of V' and @ in all of . Thus, the local-in- R solution can be extended to a global-in-R
solution. Recall that (g, go) and (0, 0) are the only fixed points of (2.31a) within the closure of the rectangle
€, and these lie on 9€2. Moreover, since Q(R) is strictly decreasing in R by (2.34a), (2.34b), and (2.31),
the trajectory (V, Q)(R) cannot return to (g, qo) as R increases and cannot produce a periodic orbit. By
the Poincaré-Bendixson theorem, we obtain that as R — oo the global-in- R solution approaches the stable
equilibrium (0, 0). Along this trajectory, Q(R) is monotone decreasing. O
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2.5. Power series for V and (Q near R = oo. Proposition 2.17 guarantees that the global-in-R solution
of (2.31a) is real-analytic in R, which is a qualitative statement. On the other hand, Proposition 2.10 and
Corollary 2.11 provide a quantitative description of the solution for R < 1. The goal of this section is to
obtain a similar quantitative description of the solution for R >> 1. We have that:

Proposition 2.18 (Convergence of power series for VV and Q near R = co). There exist real coefficients
{On}n>1 and {Gn }n>1, defined recursively in (2.37) below, such that the solution (V,Q))(R) from Proposi-
tion 2.17 may be described as the convergent power series expansion

=Y R =Y q,R 7, (233)
n>1 n>1

where T, = ¢/ (d,v,N), |v;] < oo, and 0 < g, < oo. Moreover, there exists a constant Coss =
Cnss)(d,v,N) > 1 such that the power series in (2.35) converge uniformly and absolutely for R >

Cfﬁ,3g)(‘ﬂl‘2 + ‘Ql‘Q)é

Remark 2.19 (Velocity of the ground state profile is negative). For the ground state at N = 1, the leading
order coefficient v, appearing in (2.35) is strictly negative and we have that V(R) < 0 for all R > 0. This
negativity of v; and of V is not used anywhere in the bulk of the paper, so we have relegated the proof of
this fact to Appendix A.

Proof of Proposition 2.18. Due to Proposition 2.17 we know that (V,Q)(R) — 0 as R — oo, and that
Q(R) > 0 for all R > 0. From (2.31b) and (2.32), a Taylor series computations shows that as (V,Q) —
(0,0) we have

RORV = =4V + 15V? — 25 (%, — $29)Q* + O(|V P + @°), (2.36a)
RORQ = —2Q + MVQ +O(VIPQ + Q). (2.36b)

From (2.36) and the qualitative statement (V', Q) — (0,0) as R — oo we deduce that there exists a constant
Co = Co(a,d,N) > 0 and Ry > 1 sufficiently large, such that for all R > R, we have

|ROR(R=V (R))| + | ROr(R= Q(R))| < CoR™% (R=|V(R)| + R=Q(R))’,

and

V(R)|+Q(R) < ga=-
From the two bounds above and the fundamental theorem of calculus we obtain that

1 1 _
R#|V(R)| + R% Q(R) < 2RZ |V (Ro)| + 2RE Q(Ro) =: C1, forall R > Ry.

Therefore, we may define

vy = lim REV(R) = RS V(Ro) + /R o (R)EV(R)) dR,
0

1
|<CoC2(R) & !

and

R—o00

g, = lim R%Q(R) = Ry Q(Ro) + / o (R)EQR)) dR,
Ro

HCocy () %!
and deduce that |v;| < co and 0 < q, < oo. Moreover, the second identity in (2.36) shows that there exists
C5 > 0 such that

1
_a_l

_ 1 _ _ R (s / 1 _ _
R=Q(R) > RG Q(Ro)e” IraB) "1 5 R& §(Ry)eeC2

for all R > Ry. Therefore, we have proven that q, > 0.
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In order to recursively compute the coefficients {v,,},>2 and {g },>2, formulation (2.7) of the system
of 2 x 2 autonomous ODEs (2.31a) is more convenient to use. Inserting the ansatz (2.35) into (2.7) leads to
the recursion relations

&(n—1)g = Z E(l+ad)—n+(1—a)j )q (2.37a)
m+j=n,m,j>1
Sn—1u, = Y (B4t —am)g, g + (& +1-2m)v,e,

mtj=n,m,j>1

+ 1,53 > (1= 2 )um (ve; +ag,q;), (2.37b)

m+e+]:n7m7£’]21
for all n > 2. Recursion (2.37) uniquely defines the coefficients {v,, }»>2 and {g_}n>2 from knowledge of
vy and g, . Moreover, as in the proof of Proposition 2.10, we may prove the existence of a sufficiently large

constant C(233) = C238)(d,y,N) > 1 and a sufficiently small constant 0 < C£2.38) = C22_38)(d,’y, N) <1
such that

NI

[0,] < Classy(Cas) " (Jua* + g, 1) 2 (2.38a)

|2, < Clhoag)(Caas)™ (fual* + lg,1*) 2 (2.38b)

for all n > 1. The proof of the bounds in (2.38) is identical to the proof of (2.23), and we omit it for the
sake of brevity. In particular, (2.38) implies that the power series expansions in (2.35) converge uniformly

and absolutely for all R > C(2 38)(|U1|2 + |gl\2)%. O

[N

2.6. The globally defined profile . The globally defined profile (V, Q) from Proposition 2.17 allows
us to directly compute the profile H which solves (2.4c), because the factor ¢, + V(R) does not vanish
(see (2.34b)). Using (2.4¢) and (2.5¢), we have

Siw = e <O
and thus, since H(0) = 1, we have
— R \/ / =
A(R) = exp(— /0 %d}z’). (2.39)

We note that H (R) > 0 for all R > 0. Also, note that from Corollary 2.11, (2.21), and (2.39) we have that
A(R) = exp( e BN+ O(R4N)) as R0t (2.40)

Similarly, using Proposition 2.18 we may deduce that for R > 1 we have

AR)=HUOR = exp(—/1 L) IR + O(R*é)), as  R—oo.  (241)

(R))
2.7. Main result: existence of globally self-similar profiles. We summarize the analysis in this section
by stating the precise existence theorem we have established:

Theorem 2.20 (Exact self-similar profiles for non-isentropic Euler). Letd € {1,2,3}, 1 <~y <2d+1,
and let o = %1 For each N € N, define the similarity exponents T, := ¢;(d,~y,N) and T, := ¢y (d, v, N),
via (2.16) and (2.17), respectively. Then, for each such fixed d,~y, N there exist unique real-analytic solutions
V,Q,H: [0,00) — R, of the system (2.4), with the following properties:
(i) (ODE system). The profiles (V, Q) solve the 2 x 2 system of autonomous ODEs (2.7), or equiva-
lently (2.31). The profile H is determined by (2.39).
(ii) (Behavior at R = 0). The profiles (V,Q, H) have explicit values at R = 0 given by (2.5a), (2.5b),
and (2.5d). Near R = 0, the profiles admit convergent power series expansions (see (2.30) and (2.40)).
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(iii) (Behavior as R — o0). The proﬁles vamsh asymptoncally as R — oo and have power law behavior

given by (V,Q,H)(R) ~ (R_a R & R~ . ) The profiles V and Q admit a convergent power
series expansion as R — oo (see (2.35)), whlle the behavior of H is given by (2.41).
(iv) (Global properties). The three self-similar wave speeds present in the system obey a global-in- R lower

bound (2.34b), which we refer to as a global outgoing property. Moreover, Q(R) is strictly monotone
decreasing in R, Q(R) > 0 for all R > 0, and we have H(R) > 0 for all R > 0.

Upon defining U(R) := RV (R), ©(R) := RQ(R), and B(R) := RH(R) (cf. (2.3)), the profiles (¥,U, B)
are smooth on [0, 00), real-analytic on (0, 00), and solve the self-similar Euler system (2.1).

Proof of Theorem 2.20. The existence and uniqueness of the similarity exponents ¢, and ¢y, is established in
Definition 2.5, with properties given in Lemma 2.8. The local existence of the real-analytic profiles (V, Q)
near R = ( is established in Corollary 2.11, with the power series coefficients constructed in Proposition 2.9
and the quantitative bounds given in Proposition 2.10. The values at R = 0 are determined by (2.5). The
global extension of the solution to all R € [0, c0) is established in Proposition 2.17, using the invariance
of the region {2 (Proposition 2.15) and the Poincaré—Bendixson theorem. Corollary 2.16 gives the global
outgoing property. The monotonicity of @ follows from (2.34a) and the fact that A > 0 in €2 (cf. (2.34b)).
The behavior of (V,Q) as R — oo, including the convergent power series expansion, is established in
Proposition 2.18. The profile H is constructed via (2.39), with asymptotic expansions near R = 0 and
R = oo given by (2.40) and (2.41), respectively. The positivity H(R) > 0 follows directly from (2.39).
Finally, the equivalence between the (V,Q, H) system and the original self-similar Euler system (2.1) for
(3, U, B) is established via the change of variables (2.3). O

3. STABILITY ANALYSIS IN RADIAL SYMMETRY

For any given 0 < a < d, in the previous section we have established the existence of a family (indexed
by N € N) of smooth implosion profiles (solutions of (2.1))

U(R)= RV(R),  S(R)=RQ(R),  B(R)= RH(R),

for suitable values of ¢, ¢, and Cp, which depend on d, o, N. Via (2.2), these profiles define globally self-
similar solutions (", &, b) of the Euler equations in radial symmetry (1.7). In this section we establish the
stability of these solutions (", &, b) within the class of radially symmetric solutions of (1.7), for which the
initial density, velocity, and pressure are smooth, and for which the initial pressure vanishes at » = 0. The
main result of this section is Theorem 3.15 below.

3.1. Modulated self-similar ansatz. The stability analysis is performed using carefully designed modu-
lated self-similar coordinates, which we define next. We let

7 € [0,00)
denote the self-similar time variable. The fundamental modulation functions will be denoted by
Cry Cu, Cp: [0,00) — R. (3.1

These modulation functions account for invariances of the system (1.7) as follows: ¢,(7) — rescaling of the
space variable, c,(7) — rescaling of the velocity, while c,(7) — the rescaling of the pseudo entropy. The
functions (c,, ¢y, ¢p)(7) will be chosen carefully in our analysis (cf. (3.24) below); for the moment, we only
emphasize that ¢,(7) — €, ¢y(7) = ¢, =& — 1, and ¢, (7) — Cp as 7 — 0.

Assuming for the moment that the modulation functions in (3.1) have been chosen, we define

Cr(1) = exp(—/OTcr(T/)dT/>, Cu(r) == exp(—/OTcu(T’)dT’>, Cy(T) := exp(—/Och(T/)dT’).

(3.2)
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The relation between the original time variable ¢ and the self-similar time variable 7 is not given by the

simple 7 = —log(—t); we need to account for time modulation. Since we aim to keep the initial time as
t = —1 (corresponding to 7 = 0), we define
-
L= t(r) = —1 + / Co (YO () dr (33a)
0

The self-similar radial coordinate is then defined as
R:=r C 7). (3.3b)

With this notation, the self-similar velocity U, the re-scaled sound speed 3, and square-root of the pseudo-
entropy are defined as

u"(r,t) == Cy(1)U(R,T), (3.3¢c)
o(r,t) == Cyu(T)2(R, 7), (3.3d)
b(r,t) := Cy(7)B(R, 7). (3.3e)

Remark 3.1 (Relation to the globally self-similar transformation and variables). We detail the usage
of the =~ symbol in Section 1.5 of the Introduction, by relating the modulated self-similar transformation
defined in (3.3) above, and the globally self-similar transformation used in (2.2). Assuming that we replace
the modulation functions from (3.1) with their limiting values as 7 — oo, that is, we replace (c,, ¢y, Cp) —
(Sr,Cu, Cp), then (3.2) becomes (C;., C,, Cp) +— (€757, =T e~%7), Importantly, since ¢, = ¢, — 1, we
have that (3.3) becomes ¢ — —1 + [/ e e @ DT gr = 1 4 N e ™ dr’ = —e~". Equivalently,
—log(—t) + 7, and so (Cy,Cy,Cp) — ((—t)&, (—t)%, (—t)%). Then, (3.3b) becomes R + re~7 =
r/(—t)%. Lastly, upon replacing (U, 3, B) — (U, X, B), the definitions (3.3c)—~(3.3¢) become (2.2).

Remark 3.2 (The blowup time). While the initial time for the both the globally self-similar and the mod-
ulated self-similar analysis is ¢ = —1 (equivalently 7 = 0), the time of blowup may differ. Indeed, in the
globally self-similar coordinates 7 — oo corresponds to ¢ — 0, while the in the modulated self-similar
analysis the blowup time 7 — oo corresponds to

t—te:=—1+ / C.(Tho M dr'.
0

Note that if we were to replace (C,., Cy,) with (e, e~%T), then the above definition directly gives t, = 0.

3.2. Self-similar evolution. After a short computation using the relations ‘fl—; = (C,C,~! (which follows
from (3.3a)), 22 = C;! and 4 = ¢,RC,C; ! (which follow from (3.2) and (3.3b)), one may show that
with the self-similar ansatz (3.3), the Euler equations (1.7) may be rewritten as

;S — cuX + ¢ RORY 4+ UORE + aX(9gU + 4HLU) =0, (3.42)
0-U — cuU + ¢, RORU + UORU + %0 — 252 2E — 0, (3.4b)
0B — cp,B + ¢,RORB + UdrB = 0. (3.4¢)

The self-similar evolution (3.4) with (R, 7) € [0,00) x [0, 00) is equivalent to the Eulerian evolution (1.7)
with (r,t) € [0,00) x [—1,4), via the transformations in (3.3).

In analogy to (2.3), since in this section we are working with solutions of (3.4) for which the density
is Or_,0(1), the radial velocity profile is Og_,o(R), and the pressure is Or_.o(R?), it makes sense to
normalize the solution (U, 3, B) of (3.4) near R = 0 by introducing

V(R,7) = :U(R,7), Q(R,7) = £X(R, 1), H(R,7) = 5B(R,T). (3.5)

o=
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The equivalent unknowns (V, @, H) solve the system

9:Q+ (cr—cu+ (1 +ad)V)Q + (¢r + V)RIRQ + cQRIRV =0, (3.62)
0V + (= )V + (V24 222Q%) + (¢ + V)RORV + aQRORQ — 2Q* 1% =0, (3.6b)
O-H + (cr —cp+ V)H + (¢, + V)ROgH = 0, (3.6¢)

where the 7-dependent modulation functions (¢, ¢, ) are to be chosen suitably.
It is also convenient to denote’®
K =logH, (3.6d)

o

so that the last term on the left side of (3.6b) may be rewritten as —;Q2R83K , and the evolution equa-
tion (3.6c) may be replaced by

0K+ (cr—cp+ V) + (cr + V)RIRK = 0. (3.6¢)
Henceforth we will interchangeably refer to the solution of (3.6) as (V,Q, H) or (V,Q, K).

3.3. Definition of the perturbation and their evolution. We write the solution (V,Q, K') of (3.6) as an
additive perturbation of the stationary profile (V', Q, K') which solves (2.1), as

V=V+V, Q=0Q+Q, K=K+K=IlogH+log(1+H). (3.7a)

Note that (3.7a) implies H = H(1 + H ); this multiplicative nature of the perturbation for H, stems from
the fact that (3.6) truly is an equation for K = log H, and that an additive perturbation should be considered
at the level of these logarithms.
Similarly, we denote the similarity exponents (c;, c,, Cp) as perturbations of their limiting values as 7 —
00, as
¢ =¢C + G, Cy=¢Cy+C =¢ —1+¢,, Cp = Cp + Cp. (3.7b)

Our goal is to show that if (f/, Q. K )|r=0 is sufficiently small (in a suitable sense), then by suitably choos-
ing (&, &,,&,)(7) to decay exponentially fast as 7 — oo, the unique local-in-7 smooth solution (V, @, K)
of (3.6) can be extended to a global-in-7 solution, and that for this solution we have (f/, Q, K ) — 0as
T — 00, thereby establishing the asymptotic stability of the profile (V', Q, K); see Theorem 3.15 below.

In order to achieve the aforementioned goal, we analyze the evolution equations satisfied by the pertur-
bation (V, Q, f(), which are deduced using (2.4), (3.6), and (3.7):

0-Q + (¢ + V) ROrQ + aQRIRV + Dy + N + F5 =0, (3.8a)
8-V + (¢ + V) RORV + aQRIrQ — 2Q°RIRK + Dy + Ny + Fyy =0, (3.8b)
0:K + (c; + V)RORK + D + F =0, (3.8¢)

where we have kept the transport terms explicitly, we have denoted the linear damping terms by
Dy = (1+ (1 +ad)V +aRrV)Q + (1 + ad)Q + RIrQ)V, (3.8d)
Dy = (14 2V + RORV)V + (*2°Q + aRORQ — 2QRORK)Q, (3.8¢)
Dy = (14 RORK)V, (3.8f)

the nonlinear terms are given by

Ny = (& —&)Q+ (1+ad)VQ, (3.82)
Ny = (& = &)V + (2° — 2RORK)Q?, (3.8h)

3610 writing log H we are implicitly assuming that H > 0. We know this positivity holds true for the steady state /. Moreover,
it is clear from the maximum principle that if H|-=¢ > 0 for all R, then the evolution equation (3.6¢) preserves this positivity.
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and the modulation forcing terms are

Fo = (& — &)Q + &RIRQ, (3.8i)
Fp = (& — &)V + &RORV, (3.8))
Fr ==& + &(1+ ROK). (3.8k)
3.4. Taylor coefficients at R = 0. We recall from (2.21), (2.30) and (2.40) that as R — 0 we have
V(R) = 5o + onR™N + Op_o(R™N), 5=V (0), on=1, (3.9a)
Q(R) = Go + guR™ + Op_o(R*™), Q0 =0Q0), q4n= —%, (3.9b)
H(R) = hg + hnR™N + Op_o(R™),  hog=1 N = — N (3.9¢)

Using that K = log H, relation (3.9c) may be rewritten as

K(R) = ko + knRAN + OR—>O<R4N)7 ko = log hg = 0, kn = hn = _Wlﬂ’)o)' (3.9d)
In the stability analysis performed in this section, we only consider perturbations (f/, QK ) which are
consistent with the Taylor series expansions in (3.9), namely, such that

V(R,7) = tio(1) + on(T) R*N + Op_yo (RPN?), (3.10a)
Q(R,7) = qo(1) + an(T)R™ + Op_o(RNT?), (3.10b)
K(R,7) = ko(7) + kn(T)R™N 4+ Op_yo(R2NT2). (3.10c)

In writing (3.10) we have implicitly assumed that the order of vanishing at R = 0 of the functions (V, Q, K),
and hence also of (V, @), K), does not change in time. This is indeed the case, and it is a consequence of the
following lemma.

Lemma 3.3 (Order of vanishing at R = 0). Fix any integer L > 2N + 1. Define L := {{ € N: 1 <
¢ < 2N —1}U{f € 2N+ 1: 2N + 1 < ¢ < L}. Assume that the initial conditions of (3.8a)—(3.8c)
are such that (9%V,0%Q,9%K)(0,0) = 0 for all integers { € L. Moreover, assume that the solu-
tion (V,Q,K) of (3.8a)=(3.8¢c) belongs to L>([0,T); W=T"(R,)) for T > 0. Then, we have that

loc

(6%‘7, 82@, 8%]%)(0, 7) = 0 for all integers £ € L, for all times T € (0,T).

Proof of Lemma 3.3. We consider the evolution equation (3.6a), (3.6b), (3.6d) for the unknowns (Q, V, K).
Denote (@, V, K)(0,7) = (qo,vo, ko) (7). For each integer 1 < ¢ < L, we apply %8% to (3.6) and restrict
the resulting at R = 0 to obtain the system of ODEs

0, (%2, IY PN T (g + 0B ) (%2, 2 BT = 105020, (3.11a)
where
¢—cut+(l+advy (A+adqg 0 a+vg  aqo 0
Ey = %qo c—cu+2u Of, Er:=|( agp c+vw —24 |,
0 1 0 0 0 ¢ + v

(3.11b)

%) 8
Ef 1 ( vav ,). )= 0(5—(1—a)z+(1+ad))
H._ —1¢s 8‘/8 a 8Q3 o i-aiKanaziiijQ
Z() T Zf:ll(z—"_]‘)( B = Z),)|R 0+(O‘Z+L)( b = 1)1)|R 0~ Z:l Z]’:OZ( g 1;! (F_i_j)1)|R=0
8
UL — i) (2B 2 e

We observe that the matrices Ey and F only depend on the Taylor coefficients vy and gy, while the forcing
functions Z () only depend on the Taylor coefficients with indices < £ — 1 and > 1. It is also convenient to
denote Z(") = (0,0, 0)T, when the sums defining Z(©) are empty,
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By construction, we have that %8%@\1%:0 = %8%‘7\3:0 = %(%%szo = 0 forall ¢ € £. Thus,
proving the lemma is equivalent to showing that 9%Q|r=0(7) = %05V |r=0(7) = 05K|r=0(1) = 0
forall ¢ € £ and 7 € [0,T]. Since by assumption the initial data is chosen such that %0%Q|r=0(0) =
0%V | r=0(0) = 04K |r=0(0) = 0 for all £ € L, the Lemma directly follows from the evolution equa-
tion (3.11a), if we are able to show that Z(Y) (1) = (0,0,0)T forall £ € L. The latter fact follows by induction
on /. For the base step ¢ = 1, by definition it immediately follows that Z(!)(7) = (0,0,0)T. For the induc-
tion step, consider two separate cases: ¢ € £ with / < 2N — 1 and ¢ € £ which is odd and ¢ > 2N + 1. For
the first case, the induction assumption implies that %0%Q| r=0(7) = £95V |r=0(7) = F%K|r=o(T) =0
forall 1 < ¢ < ¢ — 1; hence, the sum defining Z (©) vanishes identically. For the second case, we note that if
fisodd and 1 <4 < £ — 1, then either ¢ or £ — ¢ is also odd; hence every summand in the sum defining Z O]
vanishes, concluding the proof of the induction step and hence of the Lemma. (Il

3.5. Choice of modulation functions. In this section we choose the modulation functions (c,,cy,cp)
in (3.8) to ensure that (0, On, Go, 4N, ko, kn)(7) — 0 as 7 — oo; see (3.24) below.

3.5.1. The coefficients of R°. Restricting the dynamics (3.8a)—(3.8c) at R = 0, appealing to (2.5a), (3.9),
noting that the transport-terms vanish at R = 0, and using the notation in (3.10) results in

)+ (4 )@ e )R o
=:Ag
and the decoupled evolution
Lo+ o+ & — & = 0. (3.12b)
The matrix Ay present on the left side of (3.12a) has:

e a positive (stable) eigenvalue of fff L = 2(1 4 vo) with eigenvector (v, 402q)T;

e anegative (unstable) eigenvalue of —1 with eigenvector (go, o).

The first constraint on our modulation functions ensures that this unstable direction is “removed”. For this
purpose, we impose the constraint
&(r) — &(r) = =22 LGy (1) + 5-00(7). (3.13)
With (3.13), (3.12a) becomes
%(dﬁv vo)T + liac(jd (qo, 60)1- = _(NQ(O7 T)7N\7(07 )T (3.14)

It is now evident from (3.14) that (Go, 0o)(7) is under control as 7 — 0o; quantitative bounds are established
in (3.42) below.

Returning to (3.12b), we impose the second constraint on our modulation functions, whose goal is to
ensure that 150(7) is “damped” as 7 — oo. The precise damping coefficient is free, and for simplicity, and
consistency with (3.14), we choose

& (1) — &(1) = 2L ko(r) — Bo(7). (3.15)
With (3.15), the evolution (3.12b) becomes
deko + Fagho = 0. (3.16)

Combining (3.14) and (3.16), we obtain
%(Cjﬂa Vo, IEO)T + 12+agd(607 7707 ];:O)T = _(NQ(()) T)7N\7(07 7_)7 O)Tv (317)

From (3.17) it is now evident that we should expect global-in-time stability of the vector (o, @0, ko) (7).
Note that (3.13) and (3.15) only define two of the three modulation functions (namely ¢, and &), and that
one of the modulation functions (namely &,) is still free.
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3.5.2. The coefficients of RN, By either using (3.11), or by differentiating (3.8) 2N times with respect to
R, appealing to (3.9), (3.10), restricting the resulting dynamics at R = 0, and dividing by (2N)!, in analogy
to (3.12) we obtain

(G, o, k)T + AN (Gn, s, )T + ATV (1) (G, B, k)T = Nonlinear s gy (7), (3.182)
where we have denoted
0 (1 + Ozd)(jo 0 Cr + o aqo 0
AN = 900 1+20 0| +2N| a@ & +T —24 (3.18b)
O 1 0 0 0 S + 0o
vt (I+advy (1+ad)go 0 &+  ago 0
2 ~ ~ ~ Q= ~
AN (r) = 4&5 & —&+200 0| +2N| ady &+ —2gd
0 0 0 0 0 ¢+ o
—: N (& (7) + To(r))Ts + ANV (7), (3.18¢)
and the nonlinear terms are given by
(ORN)(0,7) & +v0  ago 0 N
Nonlinear(g.lga) = —ﬁ (8%%'\'./\/"7)(0, 7') — 2N qu~0 ¢ + Vo _%(10(250 + (10) ?N
(ONZ)(0,7) 0 0 & + o kn
(3.18d)

The terms on the right side of (3.18d) contain solely nonlinear terms. With the notation from (3.11b), we

recognize Ag ) = = Eo + 2NE;, A( ) represents the components of Ey 4+ 2NE; which are linear in the the

“tilde terms”. In (3.18c), we 1solate the term &, (7) + Uo(7) and will use it to determine the modulation
function &, (7) below; the “tilde term” fléN) (7) in (3.18c) depends only on the 0-th order Taylor coefficients

20, Go, 12:0 (recalling (3.13) for &, — &), which satisfy the ODE (3.17) with a linear damping term and are
expected to be stable global-in-time. The terms in (3.18d) are the nonlinear terms; note that the second term

in RHS3 18q) is equal to —QNEl(dN, N, kn)T. We remark that the explicit form of Aé'\')(f) in (3.18¢) and
the nonlinear terms Nonlinear 3 134 are not used in the stability analysis.

The matrix AgN) defined in (3.18b) has the following eigensystem:
e a positive (stable) eigenvalue

N, = 2N(&, + o), (3.19a)
with eigenvector
P = (@007 + 5)Ts (3.19b)
e apositive (stable) eigenvalue®’
My 1= ANJTol /232 + B + U002 _ AN(E, + ) + (1 + 270), (3.19¢)
with eigenvector
b . (_(1+ad+2Na)q 1 T.
DN = (2N(Eriﬁo)+1a+%%o7 ’2N(E,+170)+1+2170) ) (3.19d)
e a vanishing (neutral) eigenvalue
A =0, (3.1%)
with eigenvector
t . (_ (1+ad+2Na)g 1 (A =TT
PN = (_ 2§(c,+v0a) .1, - (Er+50)) = (QvaN’kN) : (3.196)

3THere we have appealed to (2.13)—(2.16).
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Let P be the matrix with columns [pﬁN IR pTN] so that
AN = Pdiag (AL, X3, 0)P L.
It is also convenient to denote
(%, @, 0T = P~ (G, O, )T (3.20)

With this notation, we multiply (3.18a) from the left with P!, noting the decomposition in (3.18c) and the
fact that P! pL = eg, to obtain

i o

® 0 3 N
4| |+ diag (A, AR,0) [ @ | +2N@& +30) |0 ] = =P PAMY [ on | + P~"Nonlinear( 15
ng ng 1 kn

(3.21)
With (3.21) in mind, the third and last constraint on our modulation functions ensures that the neutrally
stable direction corresponding to ¢ becomes stable. For this purpose, in analogy with (3.13) we impose

2N (&, (1) + To(7)) = Aol (1), (3.22)
so that (3.21) becomes
o o o [
% ¢ | + diag ()\?\,, 23 ,)\,{I) o | = —PflAé ) N |+ PilNonIinear(g,lga). (3.23)
ol ! kn

Since the matrix flgN) in (3.18c) depends only on vy, go, l?:o, which satisfy the ODE (3.17) with a linear
damping term, and since ¥ , )\',’\l > 0, (3.23) shows that we may expect global-in-time stability for the vector
(%, ¢, 1) (), and thus via (3.20) we expect global-in-time stability for (Gy, o, kn) (7). Equation (3.22)
provides the definition of the last modulation functions, namely &,.

3.5.3. The definitions of the modulation functions. Let ({o, To, ko)(7) solve (3.17), and let (of, ©°, ) (7)
solve (3.23). Combining (3.13), (3.15), and (3.22), we have

#
&(1) = et (7) — Bo(r) = (& + 7o) () — To(7), (3.242)
€u(7) = & () + 222 L45(7) — Loo(r) = (& + o) (1) + 12 Ly (r) — Lilogy(7), (3.24b)
& (1) = &(1) — 2L ko(7) + Bo(7) = (& + Do) (1) — 2L ko(7). (3.24c)

3.6. Differentiated Riemann-type variables. In order to avoid derivative losses at the level of (weighted)
C' estimates, and motivated by the propagation of regularity established in Proposition 3.14, we define

W := RORV + RORQ — LQRORK, 7 = RORV — RORQ + LQRORK, A= 2QRORK. (3.25)
In particular, we note that (3.25) implies
_ 1 1y 14 _ 1y 15 _ i
For compactness of notation, it is convenient to introduce the vector
V= (Z,AW)T, (3.27)

and denote its components as Y; for i € {1,2, 3}.
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3.6.1. Evolution of the differentiated Riemann-type variables. Let (V,Q, K) solve (3.6). After applying
ROR to (3.6), and then diagonalizing the resulting system, we obtain the system of equations

0:Y +T RORY + DY +N(,Y) =0, (3.28)
where the diagonal “transport matrix” 7 is given by
T := (¢ + V)Id + aQdiag(—1,0,1), (3.29a)
the “damping matrix” D is given by
D := (¢ — cu)Id + VD™ 4+ aQD@), (3.29b)

where D), D(9) are two constant matrices which depend only on « and d, and are explicitly given by

3+ad 0 1-ad _d+2 4 _ (d+2)+2a(d—2)
2 2 12 ol 127
DW= 0 1+4ad 0 |, D@ = > 0 > . (3.29¢)
1—ad 0 3+ad (d+2)+2a(d—2) 4 d+2
2 2 I~ =

and where N (-, ) is a quadratic nonlinearity, written in terms of its components N = (A7, N2, N3)T, each
of which is a bilinear form R3 x R3 — R given explicitly as

NV, V") = (HCDayr 4 2)yh + T2y 4 (22041, ,9) (V) + V)Y, (3.29d)
foreach i € {1,2,3}.

Remark 3.4 (Main terms for stability analysis). While the system (3.28)—(3.29) may appear complicated,
in order to prove nonlinear stability we mainly use the transport term 7 RJr) in (3.28) and the constant
damping terms (¢, — ¢, )Id in (3.29b). In particular, the damping terms associated with (VD(”) +a@D@)y
in (3.29b) and the nonlinearity ;(-, ) are treated perturbatively in the stability analysis.

3.6.2. Perturbations of the differentiated Riemann-type variables. The steady state of the variable ) is
Y= (2. A,W)" = (RORV — RORQ + 1QRORK, 2QRORK, ROrV + ROrQ — 1QRORK)". (3.30)

We shall denote the perturbation to this steady state as

V=Y-V=(Z,AW) = (Z-2,A— AW -W)". (3.31)

From (3.28)—(3.29) we deduce that the perturbation Y solves

;Y +TRORY +DY+TRIRY +DY+ NI, V) + NP, V) + ND,Y) =0, (3.32)
where in analogy to (3.29a)—(3.29b) we may introduce
T := (& + V)Id + aQdiag(—1,0,1), (3.33a)
T := (& 4 V)Id + aQdiag(—1,0,1), (3.33b)
D= Id+ VD® + aQD®, (3.33¢)
D := (& — &)Id + VD™ 4+ aQDW. (3.33d)

In order to close the bootstrap (3.47), we perform L -type estimates for the forced transport equation (3.32),
but only after subtracting a high enough Taylor polynomial at R = 0 for V.
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3.7. Subtracting the Taylor jet at ® = 0. Our goal is to introduce an operator Jy;, which takes as input

a CM+1 smooth function, and outputs the same function minus its MM order Taylor polynomial at R = 0,
divided by RM+! (near R = 0). In order to construct the operator Jy;, we first define a C™ smooth non-
increasing function ¢ = ¢(R) such that

$(R) =1 for R< Rin,  ¢(R)=0 for R>2Rin,  |ROre| <2 for R € (Rin,2Rin), (3.34)

where 0 < R;, < 1 is a parameters to be chosen later (see Proposition 3.10 below). Then, for any M > 0,
and any function f: Ri — R such that f(-,7) € CM, we define the cutoff Taylor polynomial

M
af(R.7) = &(R) Y £03f(0,7)R. (3.352)

J=0

The Leibniz rule implies the useful relations

Im(RORf)(R,7) — ROp(Imf(R,7)) = — 288y £(R, 7), (3.35b)
Imf (R, 7)lmg(R,7) — Im(f 9)(R,7) = K[, 9](R, T), (3.35¢)
where
IS [f: g](R, 7) := RM*1o(R)? > A ORS(0,7)Dg(0, 7)RITEM1
1<5,k<Mj+k>M+1
M ¢ ‘ )
+6(R)(A(R) = 1) D> =504 (0,7)05 7 g(0,7)R". (3.35d)
£=0 j=0

Second, we define a C'*° smooth monotone increasing function 1) = ¢ ( R) with the properties:

Y(R) =R for R < 2Ry, Y(R) = Y(Rout) for R > Rout, OrY(R) >0 forall R >0,
(3.36)
where 0 < Rj, < 1 < R, are chosen in Proposition 3.10 below. Lastly, we introduce the notation
f(R,7) = Imf(R,T)
¢( R) M+1 ’
to denote the Taylor remainder of f(-,7) at R = 0, weighted by the correct power of R (when f(-,7) €
CM+1) With our definitions, we have that

. M+1 — 1 .
Rli)Il(’)l+ JMf(Ra T) (M+1 8 f(o T) and JMf(R7 T) - Wf(RaT)7 VR > 2filn-

Inf(R,7) = (3.37)

(3.38a)
Moreover, the identities (3.35¢)—(3.35b) become:
I(f 9) = FImg + W gdmf + ylf, 9 = gdmf + ImgIm |+ Bylf. g, (3.38b)
IM(RORS) = ROR(Imf) + (M + 1) 28 Jy £+ 1y f (3.38¢)
where
alfs gl (R, 7) = ser WA [ 91 (R 7) = 6(R)? > O (0,7)05g(0, 7) RITFM
1<j, k<M;j+k>M+1
ABER-1) Z T ORf(0,7)0 Tg(0, )R,
(=0 j=
(3.38d)
M
Raf(R,7) 1= el iwf (R, 7) = 25580 S~ 403 £(0,7). (338¢)

Jj=0
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The fact that ¢ and ¢ are independent of time implies that
O (Imf) = Im(OLf). (3.38f)
We emphasize that the terms I’,jvI [f,g] and IKA f do not contain any singularity at R = 0 because

0 < ¢(R)? < 1pcar,, 0< HBEHZD < 1R <R<2Ry goirrs  —LR\<R<2R0 v < el < o,
! (3.39)

Moreover, I?vl [f,qg] and Ii*v' f are uniquely computed from knowledge of the Taylor coefficients of f and g at

R = 0, up to order M; because of this, it is fair to consider Ij,j\,I and Ii*v' as exponentially decaying error terms
(in 7). The following result will be useful in the subsequent analysis.

Lemma 3.5. Let f € CM*! and assume R, < %. For any R € (0,2Rin] we have the pointwise estimate
Umf(R)| < (g + Lrz2n, log %)\\Jm(RaRf)HLoo (0.7)

+ 1>y gy 0 [0R£(0)]. (3.402)

0Z1EM JH)‘
In addition, if there exists 0 > 0 such that (R)’ ROpf € L, then for all R > 2R;, we have

(B I (R)] < 5 (Lrzrow + Lorpnsnon (S IR I (ROR) | () (3:40D)
The above inequalities hold for any choice of functions ¢ and v which satisfy (3.34) and (3.36).
Proof of Lemma 3.5. Denote ROgf = F, then by (3.35) and (3.37) we have

R M1 ) M R ,
Inf(R) = / %JMF R)4E Zi, 0) sy / O d(RR’ AR, (3.41a)
0 0

while (3.38a) allows us to write

o \M /
Inf(R) = — /R w((RfMjf IuF (R4 (3.41b)

The bounds in (3.40) are now direct consequences of the properties of ¢ and v expressed in (3.34) and (3.36)
(in particular the monotonicity of ¢ and the bound (3.39)), identity (3.41a) for R < 2R;,, and iden-
tity (3.41b) for R > 2R;,. ]

3.8. Global-in-time bootstraps. The first set of bootstrap assumptions are related to the behavior of the
perturbations (V, Q, K) at R = 0 these are as follows:

e For the coefficients (g, Go, ko) defined in (3.10), we make the bootstrap assumption

[do(7)] + [50(7)] + [ko(7)] < e™", (3.42)
for all 7 > 0, where ¢ € (0, ] is taken to be sufficiently small with respect to v, d, and N, and
A= A(7,d,N) € (0, 57257] (3.43)

is to be defined explicitly in (3.71) below.
e For the coefficients (0, n, kn) defined in (3.10), we assume that

~ - ~ 3 g
[N (7)] 4 [ ()| + [k (7)] < g5e727, (3.44)
forall = > 0.
e Let M = 17N (see Proposition 3.10). We assume that for all even integers38£ suchthat 2N +1 </ < M

we have R R 3 ,
H1(0RQ)(0,7) + F1(OFV)(0,7)| + #1(05K)(0,7)] < g5e™7, (3.45)

38We recall that smooth radially-symmetric functions have power series expansions in powers of R at R = 0, so for all odd
integers £ € {2N 4 1,...,M} and all 7 > 0, Lemma 3.3 guarantees the vanishing of the £*" Taylor coefficient.
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forall 7 > 0.
e For the modulation functions defined in (3.24), we make the bootstrap assumption assume that

& (7)] + [€u(7)] + &6 (7)] < £5e727 (3.46)

forall = > 0.

We only make one bootstrap assumption on the behavior of the functions (R(‘?Rfﬂ R@RQ, RBRf( ), for
R > 0; in fact, we consider bootstrap assumptions for the differentiated Riemann-type variables defined
in (3.25):

e Let M = 17N and 6 = 1 min{1, E%} We assume that

(R IMI(R,7)| < ere ™" (3.47)
forall R > 0and 7 > 0.

3.9. Consequences of the bootstrap assumptions. The bootstraps (3.42)—(3.47) have a number of imme-
diate useful consequences, which we list below. Before stating these consequences, we record a few bounds
that pertain to the steady states V', ), H, and ).

Remark 3.6 (Estimates for V, (), K, and ))). The power law decay of (V,Q) as R — oo determined
in (2.35), implies that there is a sufficiently large constant My > 0, which only depends on d, , and N, such
that

|=

[V(R)|+|Q(R)| + |RIRV (R)| + |RORQ(R)| + [(RIr)*V (R)| +|(RIR)*Q(R)| < Mo(R) &, (3.48a)
and
~ 1
Q(R) > - (R) "= (3.48b)
for all R > 0. Identity (2.6) and the fact that V is monotone increasing, implies
_ _ B % ~yd
WtR=tl < |RopR (R)| < 02D, (3.48¢)
for all R > 0. After applying ROR to (2.6), and using (3.48a)—(3.48c), we obtain
_ ol(14-24
|(ROR)*K(R)| < U )EMh, (3.48d)

Combining (3.30) with (3.9) (recall that N > 1), (3.48a)—(3.48d) we we deduce that there exists a sufficiently
large constant M; > 0, which only depends on d, «r, and N, such that

Y(R)| + |RORY(R)| < MyR2(R)™> = (3.49)
forall R > 0.

Remark 3.7 (Estimates for Jy, applied to V, Q, H and ) for R small). From (3.35a), (3.37), the Taylor
reminder theorem, the fact that R;, < i, and recalling 6 = % min{1, é}, we have that for any f € C M+1.

IR ISl < aellOf T Fllieom, + B~ IR Fll o (00 (3.50)

Using the fact that V', Q, H are real analytic (hence so is ), and appealing to the bounds (3.48a), (3.49),
for M = 17N we deduce that there exists a constant My > 0, which only depends on d, o, and N, such that

(R IV, ImQ, I, I (RORY)) || < MaR M, (3.51a)
[V, M@, IuY, IM(RORY))|| e < Mo. (3.51b)
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3.9.1. Bounds for Y. From (3.35a), (3.25), and (3.31), we obtain that
Vi = RORV — RIRQ + 2 (QRIRK + (Q + Q)RIRK),
= 2(QRORK + (Q + Q)RORK),
Vs = RORV + ROrQ — L (QRORK + (Q + Q)RORK),

which may be combined with (3.9)—(3.10), (3.35a), (3.42)—(3.45), and the fact that R;, S to deduce that

M (R, 7)| + [Im(ROrY)(R, 7)| < Ci52yR25 1p<on, e 27, (3.52)

where C(352) > 0 is a constant that only depends on 7, d, and N (through the Taylor series coefficients of Q,
V,and K at R =0, of order < M + 1 = 17N + 1). From (3.37), (3.47), and (3.52) we immediately obtain

ID(R,7)| < R(R)™27%(e5 Ry, 2 (Roue) ! + 2C.52)25 ) e 27 (3.53)

forall R > 0and 7 > 0.

3.9.2. Bounds for V and Q. Appealing to (3.30)~(3.31), we note that
RORV = 3(V1+3), ROpQ = 3(V3— Y1+ 2)), (3.54)
and thus the estimates in (3.40) and the bootstrap (3.47) imply
(R)?ImV (R, 7)| + o(R)’ | ImQ(R, 7)]
<(2+a) (10SRSQRinML+1 + 1R2Rout%> I{R)? IV o=

out) \M+1 \)
(24 @) Loy <R o min { (R (1 + Tog o7, (LHEl) ™ UL |1(R) S|
2
5

4

+16(1 +04)1R,n<R<Rout¢(<}§?\/| egse —AT (3.55a)

0 1 _
<(2+ a)<10§R52Rin g T 1RoRow 5 JE5€7 2T

out M+1 L _ T

+ (2+ 0)Lar, <Rero, min { (B)’ (1 + log i), (Ufesd) ™ hede
2
5

(R)°

+16(1 + @) 1R, <R< Rowe )T E e AT, (3.55b)

Together with the bounds

2

V(R 7)| < 31pcon c5e ", |IMQ(R,7)| < 31pcon, c5e ", (3.56)

which are a direct consequence of the bootstraps (3.42)—(3.45) and definition (3.35a), the bound (3.55b)
implies

(R)IV(R,7)| + a(R)"|Q(R, 7)|
< (2 + Oé)].OSRSQRin ((QRm)MJrl&O + 198%> —AT

+
o
+
L
e
[\
=
AN
=
AN
Jos}
2
S
z
=]
—
Pox
-3
<
x
=
_
+
=)
o
N
=
=
=
o
£
<
F
—
—
\m‘
+
—_
2
ol
o
s
~
|
(S]]
N—
®|
>
\‘

+ (24 ) 1 g5 Ro ) (Rout) g5 e, (3.57)

forall R > 0 and all 7 > 0.
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3.10. Closure of the bootstraps for the Taylor coefficients and modulation functions.

Proposition 3.8 (Bootstraps for fundamental Taylor coefficients and modulations functions). There
exists a sufficiently small e* = ¢*(a,d,N) € (0, %] such that the following holds. Assume 0 < & < *, and
assume that the Taylor coefficients at T = O satisfy

<l (3.58)
£ (3.58b)

. 4
, respectively %g 5.

Proof of Proposition 3.8. We start the proof by closing the bootstrap assumption (3.46). In order to estimate
the right sides of (3.24), we need to obtain a bound for the function (' (7), which appears as the third
component of (3.23). In turn, to achieve this we need to bound the term Nonlinear3 15 defined in (3.18d),
and which may be written explicitly by appealing to (3.8g2)—(3.8h), (3.9)—(3.10), and (3.18d). Using the
bootstrap assumptions (3.44), we obtain

~ o~ - ~ 4 _ ~ ~ ~ ~
|GnTo| + [ongo| + g5 € AT(\qJ\'\ + |on| =+ 90| + 1gol)
[Nonlinear(3 18a)(7)| Sa,aN | |oNTo] + landol + [kndol + |Go? + e5e 2 (|gn| + [on] + [o] + |Gol)
|onko| + [knTol| + |Toko| + €5 €727 (|To| + |on| + |ko| + |kn])

which together with (3.42)—(3.44) yields
INonlinear (3 18a)(7)| < 0(3.59)§%e_237. (3.59)
In a similar fashion, we deduce from (3.42) and (3.44) that the matrix flgN) (7) defined in (3.18c) satisfies
ANV (7)) Saan g™, (3.60)
and the matrix P defined in (3.19) satiesfies
[P+ P! Saan 1. (3.61)

Returning to (3.23), we deduce from (3.59)—(3.61), (3.20), and the Gronwall inequality, and the initial data
assumption (3.58b), that

~ ~ A “Mr T T—Ss —As £ —2)s
ot (7)] S0(3.64)‘(QN(O)aUN(0)7kN(O))’€ A +C(3.64)/ el )(§6 A +§g€ 22 )ds
0

: ¢
< Caomze ™ + Ci o) (e 4 e727), (3.62)

2
g
A=A

for some constant C'3 64y > 0, which only depends on «, d, and N.

At this stage, we recall cf. (3.19) that )\ﬁN = 2N(& + vp) and )\,b\l = 4N(S, + vg) + 1 + 20p, which
together with the definition of €, = ¢/ (d, v, N) in (2.16), the second bullet in Lemma 2.8, and the standing
assumption that o < d, yields

# 2 avd V2« b 4 avd 2V2a
AN 2 TFadV 2 2 Trad> W2 T7adV 2 2 Trad (3.63)

for all N > 1. Thus, from the constraint (3.43), namely A < 5 fa ~» we obtain )\T,j\l, )\*,’\l > )\, which justifies
the estimate of the integral in (3.62). Combining (3.63) with (3.62), and the fact that A < ﬁ (cf. (3.43)),

we thus obtain

ot (7)] < Cpa 60 21 D) =27, (3.64)
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Similarly to (3.64), we have that the first two components of the solution of (3.21) satisfy

I6#(7)] < Capnze ™7 + ;?%;s( T+ e™) < Cp. 64)M§6—N, (3.65)
1 ()] < 0(3,64)§€7)‘b’\‘7 + |A€(364)\€( ATy e*)‘T) < C3.04) M ce 27, (3.66)
With (3.42) and (3.64) we return to (3.24a) and deduce that

&(7)] < (14 Caom|Tr + To| LEF2D ) go=AT, (3.67)

In a similar fashion, (3.24b) yields
[€4(7)] < (24 Bad + Can[& + 0| HEE2L ) ce 7. (3.68)

Lastly, from (3.24¢c) we obtain that
B (7)] < (224 + Ca.gm [T + | LD Y g2, (3.69)

Putting together the bounds (3.67), (3.68), (3.69), we deduce that if ¢ is chosen to be sufficiently small to
ensure that

1

41(14-ad —
i)<%§ 5,

34 3ad + 1+ad + 3C3.64)[Cr + Do

then the bootstrap (3.46) is closed.
Next, we turn to the bootstrap assumption (3.42), concerning the coefficients of R" in (3.10). We note
that (3.17) implies

~ adT T 2ad(T—s)
| (0. do, ko) (7)] < | (%0, Go. ko) (0)|e” tred +/ e~ THad
0

Restricting (3.82)—(3.8h) to R = 0, appealing to the bootstrap in (3.42), the definitions (3.24a)—(3.24¢), and
assuming that ¢ is taken to be sufficiently small in terms of « and d, we deduce

|(N5 N 0)(0.5)] < 5.

Combining the two above estimates, appealing to the initial data assumption in (3.58a), and to the A bound
in (3.43), we arrive at

(Ng, N, 0)(0, s)|ds.

|(@0,§0,’;¢0)(7’)‘ <e 11(1“2‘(@07@0,7;50)(0” + Mdl gie™ 27 < (3 + 133“1,3)@6‘37.
14+«

—2)

. 3
Upon ensuring that £5 =24

<3 L the above estimate closes the bootstrap (3.42).

At last, we turn to the bootstrap assumption (3.44), which concerns the coefficients of R?N. We recall
from (3.20) that the vector (O, 4n, kn) is obtained from the vector (¢f, ©”, ') upon multiplication by the
matrix P, which satisfies the bound (3.61). Thus, from (3.64)—(3.66) and the initial data assumption (3.58b),
we deduce that

|(n(7), an(7), kn(T)) | < CaonCaes (1 + w)ée_y- (3.70)
We deduce that if € is chosen to be sufficiently small to ensure that 0(3,61)0(3_64)(1 + M) < %gfg,
then the bootstrap (3.44) is closed. ]

Proposition 3.9 (Bootstraps for higher order Taylor coefficients). Let ¢* be as in Proposition 3.8, and
let 0 < g < g*. Define

A = A7, N) = min{ 5, (N 1) (67 (d 7 N) = i), (N + 1) (67 (7, N) = (7N + 1)) |

(3.71)
Upon potentially reducing the value of c*, the following holds. Assume that the initial data at T = 0 is such
that for any even integer £ € {2N + 1,..., M} the Taylor coefficients at R = 0 satisfy

H(0RQ)(0,0)] + 1(9RV)(0,0)] + 1(9RK)(0,0)] < &5, (3.72)
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and assume that the bootstrap bounds (3.42)—(3.44) and (3.46) hold. Then, the bootstrap bound (3.45) holds
forall T > 0.

Proof of Proposition 3.9. Let M = 17N, and fix an integer £ € {2N + 1,...,M}. When ¢ is odd, due to
the smoothness of the initial data in original variables, we have that (9%Q, 0%V, 05K)(0,0) = 0. Thus, by
Lemma 3.3, this vanishing is propagated forward in time for 7 > 0.

We are left to consider even integers £ € {2N + 1, ..., M}. For convenience of notation, we let £ = 2L,
where L € {N+1,..., L%J }, and for any sufficiently smooth function ' we denote
fu(r) =y (07 F)(0,7). (3.73)

The above notation is consistent with the notation used in (3.9) and (3.10). Our goal is to prove that there
exists a constant Cﬁﬂ > (), which only depends on «, d, and N, such that

| (7)] + [5L(7)] + [EL(7)] < €5 (Cp)-Ne, (3.74)

forallL € {N,..., {%J} and all 7 > 0. We shall prove (3.74) inductively on L. The bootstrap (3.44) implies
the bound (3.74) for L = N, and this serves as the induction base. For the induction step, fix L > N + 1, and
assume that (3.74) holds with L replaced by i, for all z such that N <7 <L — 1.

Next, we recall the notation for the matrices Ey and E; from (3.11b). We denote by £, and E; the
same matrices, with (c,, ¢y, cb) replaced by (€, Cy, Cp), and (vo, go) replaced by (v, o). We also denote
Ey = Ey—FEyand £y, = E;— E;. With this notation, it follows from (3.11) that for all L € {N+1,. L%J }
we have

L (G, v, k)T + (Eo + 2LE1) (G, o, k)T

—(Eo +2LE) (g, ou, k)T — Lisan(Z9, 29, ZP)T, (3.75a)
where
) L—N
W= " (B + Dii—i + Tid—i) (2L — 2(1 — )i + (1 + ad)), (3.75b)
i=N
L—N
5 . _ o~ ~ _ ~ ~ . 2 _ o~ ~ _ ~ ~
quL) = (2 +1) (UiUL—i + V0L + UiUL—z‘) + (2az + 2%) (QiQL—i + qiqL—; + QiQL—i)
N L—1
- % Z Z zQJQL i—j T szJQL i—j + quJQL i—j
:N =
+ kiGidu—i—j + kiGdL—i—j + ki@ G—i—j + %iij(ijifj% (3.75¢)
L—N
ZIEL) = Z 2(|_ — Z‘)(@ikL—i + @iEL—i + szI%L—z) (3.75d)
i=N

In deriving (3.75b)—(3.75d) we have used that §; = 0; = k; = 0 if ﬁ ¢ N, and the fact that Lemma 3.3
implies §; = 9; = k; = 0for1 <i <N — 1.

Using the inductive bound (3.74) and the fact that (Q, V, K) are real-analytic at R = 0, we deduce that
there exists a constant C(3 76y > 0, which only depends on «, d, and N, such that for all 2N < L < L | we
have

(ZD, Z1, ZP)(7)] < Ciaapet (CitMNe ™, (3.76)

for all 7 > 0. We emphasize that C'3 7¢) is independent of C’ﬁ,l.
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Next, we appeal to the bootstrap assumptions (3.42) and (3.46), and to the definitions of the matrices E
and F (cf. (3.11b)), to deduce that

|Eo + 2LE)| < Caomese 2T (3.77)

where C(3.77) > 0 is a constant that only depends on «, d, and N.
The last, and most important, ingredient of the proof concerns the eigenvalues of the matrix

0 (I+ad)@p O S +v  aqo 0
_ _ S - _ago )
Eg+2LE; = %qo 1420 O] +2L| agp © + 0 —%qg
0 1 0 0 0 ¢+ o

Observe that Fy + 2LE, = Ag , cf. (3.18b); thus in analogy to (3.19), and recalling the notation in (2.16),
we may show that the eigenvalues of Ej + 2LE are given by

oL(E +0), 2L(& —cf(d,v,L)), 2L(g —ci(d,,L)) + ljj;d\/a”d +E 4+ 378
By definition we have ¢, = ¢/ (d, v, N), and recalling the second item in Lemma 2.8, we have that
Cr — C;k(daﬁ)/: L) = C:(d77a N) - C;k(d77a L) > C;k(df% N) - C;k(df% N + 1) >0,

Vghenever_L > N + 1. Thus, for all L > N + 1 we have shown that all three eigenvalues of the matrix
Ey + 2LE; are larger than or equal to

2(N + 1) min{c/(d,~,N) — 1+ad’ ¢/ (d, v, N) = ¢f(d, 7, N+ 1)} > 2\,

Here we have appealed to the definition of A in (3.71). Since the eigenvalues of a matrix are continuous with
respect to small perturbations in the matrix (the amplification factor is the related to the condition number
of the original matrix, via the Bauer-Fike Theorem), the bound (3.77) implies that if Q% is sufficiently small
with respect to «, d, and N, all the eigenvalues of the matrix Ey 4+ 2LFE are larger than or equal to % A

Combining the above spectral information for the matrix Fy 4+ 2LE; with the bounds (3.76), (3.77), the
assumption (3.72), and the evolution equation (3.75a), we deduce that

(G, O, k) (7)] < [ (G, B, k) (0) e

.
+/ e 2T )(0(277)‘(QLaUL,kL)’% 2 +1L>2NC(376)5%(CﬁA)L_QNe_AS)dS
0

M\DJ

AT

3 4 3 _ _
<ene 22T 4 (0(3 1@, oL, kL) |5 + 1isanCE6)es (CﬁA)L 2N> %6 AT (3.79)
Thus, the induction bound (3.74) is established if we ensure that
_ 1 _ _
1+ %0(3.77)’((7La17L7kL)|§5 + %1L22N0(3.76)(C£/|)L N < (CﬁA)L N, (3.80)

Using the fact that maxy<; <m/2 [(qL, DL, ki)| is bounded solely in terms of d, a, and N, and recalling
definition (3.71), we obtain that there exists a constant C3 g1y > 1, which only depends on d, o, and N, such
that

LHS80) < Cizs1y + 1L22NC(3.81)(C|%/|)L72N‘ (3.81)

Since L > N+ 1, it follows from (3.81) that the inequality (3.80) holds as soon as we let Cﬁ,l =2C331) > 2.
This concludes the proof of the inductive bound (3.74).

The proof is completed by noting that if € is sufficiently small, then (Cﬁ,l) [(M/2]-N g_%. U
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3.11. Closure of the derivative bootstrap. In order to close the bootstrap (3.47) we first need to deduce

an evolution equation for IuY. We apply the operator Jy; to the equations (3.32) and then multiply the
resulting PDE by (R)?; using (3.38b)—(3.38f) we deduce

O-((R)"InD) + T ROr((R)" D) + (M + 1) FEE — 045) T ((R) ud) + D ((R)' )
+ (RYIMT (RORY) + (R IMDY + N (Y, (R IuY) + N((R) IuD, D)
= (R)? (= IMT W(RORY) = IuD I = T I (ROpY) — D Iy
— T8V — B\ (T, RORY) — 1, (D, V) — I, (T, ROrY) — I%,(D, D)
— NI, md) = N (D, Ind) — N, D) = NE(D, D) —N(JM37,37)). (3.82)

The remainder of this section is devoted to obtaining global-in-time stability estimates for the solution II¥R%
of (3.82); the terms on the right side of (3.82) will be treated as error terms which decay exponentially in
time, while for the terms on the left side of (3.82) we need to quantify the amount of helpful damping, by

carefully designing the weight ¢, and choosing M suitably. The main ingredient for treating the left side
of (3.82) is the following result: >

Proposition 3.10 (Global outgoing condition (2.34b) and M sufficiently large give damping for V). Let
M = 17N and let § = % min{1, E%} Assume that € is sufficiently small, with respect to -, d, and N. There
exists 0 < Rin < 1 < Rout, and a smooth non-decreasing weight 1 satisfying (3.36), with Ri,, Rout, and
1 only depending on v, d, and N (also through the profiles V and Q), such that for each fixed i € {1,2,3},
we have
RORY(R R?
((I\/I +1) w(R() ) _ 0<R>2> Ti(R, ) +Du(R-)— > |Dy(R,-)|

Je{1,2,3}5#i

_ ML (B InD) + Ni((R) Imd, D) (R, )
I(RY IV (R, )| o<

3 - ~
— |RORY ;i (R)| = +|V;(R)| -
D oW s A W T T
l 2 1
o+ 1 0(3,83) §567AT . C(3.83)§567AT7 (3.83)

“1+ad  |[(R)YIMV(R, )| e
forall R > 0and all T > 0, where C333) > 0 is a constant that only depends on o, d, and N.

Remark 3.11 (Global outgoing condition (2.34b) and M sufficiently large). The key stability mechanism
is the global outgoing condition (2.34b), which ensures that the transport matrix satisfies 7;;(R) > ﬁ for
any R > 0. By taking M sufficiently large and subtracting the M-th order Taylor polynomials, we obtain
stability for the perturbation JmY near the origin. The outgoing condition allows us to propagate the local

stability near the origin to the entire domain. The non-decreasing weight v plays a crucial role in capturing
this stability mechanism.

Proof of Proposition 3.10. The proof consists of four steps, which consider the cases of R = 0, R < 2R;,,
R > Rout, and lastly 2R;, < R < Rout.

Step 1: R = 0 and the choice of M. We start the proof by first considering the left side of (3.83) at R = 0,
which enforces the only condition on the value of M. By definition (recall (3.25)—(3.27) and (3.30)), we

have that Y(0,7) = Y(0,7) = (ROrY)(0,7) = 0. Thus, recalling the definition of the bilinear form N;

39The motivation for considering the quantity D;; — > i |D;;] in (3.83) is provided by the classical Gershgorin circle theorem.
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from (3.30), and recalling that ¢(R) = R in a vicinity of R = 0, we obtain that
+5 _
T = M+ D)T5(0,7) + 2000 + Dis(0,7) = > [Dy(0, 7).
J€{1,2,3},5#i

LHS(3_83)(0, T) —

Further, appealing to (2.5), (3.29), and the bootstrap bounds (3.42), and (3.46), we arrive at

o 1 . 4
LHSG.83)(0,7) — 1%;2 > (M + 1)<Er + v + (i — 2)04670) +1— (2dM + 10d%) (5 + ¢)
+ 00+ L+ DY 4 lLsedy _ ago(1rdtZald=2) _ D). (3.84)

For i = 1, using the last bullet of Lemma 2.8, and using that M = 17N, for any « € (0, d] we have

7 _
RHSGs > MEL(L + 2ad) + 1 + ad — 2ratodtiizad.  fad SHd2)(4 1) +2a(d-2)

\v |
— (14 ad)(2dM + 1Od2)(53 +¢)
TN (1 + 2ad) — (14 2ad) — (14 ad)(34dN + 10d%) (e 5+ +¢)

> L(m — (34dN + 10d?) (¢ +§)). (3.85)

7o

Y

Hence, RHS(3 84y > %N once gé + ¢ is taken to be sufficiently small, solely with respect to d and N. For
i € {2, 3}, using the last bullet of Lemma 2.8, and using that M = 17N, for any « € (0, d] we have

2a+3 +3ad+|1—ad _
L RHS(54 > MEL(1 + 2ad) + (M + 1)1/ %% + 14 ad - 22002000l Jord 10td120(d-2)

Tool
— (1 4 ad) (2dM + 10d%) (¢5 + <)
ITNEL(1 4 2ad) — (1 + 2ad) — (1 + ad) (34dN + 10d%) (5 +2)

4

> (24 &y — (4N + 108 (eF +2)), (3.86)

v

which is a lower bound strictly better than the one obtained for ¢ = 1. The conclusion of Step 1 of the proof
is that if 5 + ¢ is sufficiently small (with respect to d and N), then for any « € (0,d] and i € {1,2,3} we
have
+

LHS.83)(0,7) > 1"‘+a4d + 7 (3.87)
an estimate which is strictly better than the desired (3.83). Obtaining the lower bound in (3.87) is the only
part of the proof that imposes the requirement M = 17N.
Step 2: R < 2R;, and the choice of R;,. For the terms on the second line of the left side of (3.83), we
use (3.29d) and (3.30) to conclude that

Wi, (R)*InD)) + Ni({R)* Imd, D) (R, 7)
ICRY IV (-, 7)o

<6(1+ ) V(R)| < CoanRi, (3.88)

where C, 4N > 0 is a constant that only depends on the profiles V,Q, and H.
For the terms on the third line of the left side of (3.83), we use definitions (3.33b) and (3.33d) to rewrite

[ImTis] < Loy (e Lrzma &1+ DuV] + alu@l), (3.89)

|JMDU’ < M+1 1R>R.n|cr CU| + |JMVHD ‘ + a“MQHD | (3-89b)
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Appealing to (3.46), (3.55a), (3.55b), and the fact that R;, < 4, we deduce from (3.89) that

(R)°ImTi; (R, -)| (R)?|ImDyj (R, )|

3
> |RORY;(R)|

_ +|Y;(R)] -
= [(R)IMV(R, )| L ’ [(R)?IMV (R, )| Lo
1 )
< C,anR2(1 _ Se7AT), 3.90
~ ,d,N |n< + R:\:+1H<R>9JMJ}(R’ .)HLOOE ) ( )

where C, 4N > 0 is a constant that only depends on «, d, and N.
For the terms on the first line of the left side of (3.83), we recall that in Step 1 we have evaluated them

+ 7N We also recall that

at R = 0, and have shown (cf. (3.87)) that the resulting expression is > 1 +a vl

for R < 2R;, we have that R%%R) = 1, and we note cf. (2.34b) that the lower bound of m for T i
holds not just at ® = 0, but uniformly in R. Lastly, we note that using (3.47) and (3.52), in analogy to (3.57)

we may show that
[V(R,-) = V(0,)] + a|Q(R, ) = Q0,)|

R
< |V(R) — to| + a|Q(R) — Go] + (2 + a)/ IMV(R,7) + »(RYMTHIMP(R, 7) | 4&-

— — 1
< R (|0RV Il g 0,1) + allORQll Lo o, 1) + e smes + F (2Rin)Me5) (3.9

forall R < 2R;, and 7 > 0.
Using these observations, definitions (3.29a)—(3.29b), bounds (3.46) and (3.48a), in analogy with (3.85)—
(3.86) we may show that for any ¢ € {1,2,3} and R < 2R;,, we have

0 2 a+
M+ 1) IOT(R, ) = 05 Ta(R ) + Du(B) — Y [Dy(R)| - T
Je{1,2,3},ji
> - G(gz i(R,-) — Z IDij(R,) — Di(0,)] > =y — CaanBin, (3.92)
jef1,2,3}

where C, 4N > 0 is a constant that only depends on «, d, and N.
By combining (3.88), (3.90), and (3.92), we deduce that for all R < 2R;, we have the bound

+3 Coo: 2 )
LHS3) 2 (i = Coon i) + Trat — mremmmgm s € (3:53)

where C(393) > 0 is a constant that depends only on «, d, and N. Upon choosing R;j, < 1 such that

[

R, = (14NC(3.93))_§, (3.94)

so that R;, only depends on «, d, and N, we deduce that the bound (3.93) implies (3.83), as long as C(3 g3) >

+
C3.93)(14NC393)) 2 ;in fact, we have left ourselves a 1A}N amount of “room to spare”.

Step 3: R > Rout and the choice of Rout. Recall from (3.36) that by construction we have dry) = 0 for
R > Royt. Also, we recall from (3.29b) that the damping term D contains (¢, — ¢,)Id, while (3.29a) shows
that the transport matrix 7 contains c,/Id; these terms are independent of R, and are hence dominant as
R — oo. Using this information, the fact that § < 1, together with the first inequality in (3.88), and the
bounds (3.89), (3.51a), (3.55a), (3.48a), (3.57), and (3.49), we obtain that for any R > Ry, and 7 > 0 it
holds that

LHS (33 > 1 — &6 — 325 — 2(1 + @) C? Mo(Rout) ™
—(1+a) (12 +

ol

29+2 1v12

ol

% AT)C( 7q)M1<Rout>

|

t R Ry

Mzoe™

IR
(0% 042 v I a7
— R 08D 4 Roue) M+ 1<Rout> OgseaT, (3.95)
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where My, M7, and M, are constants that only depend on «, d, N, and we have denoted
oy =y Nady =1+ Y DY+ S DY (3.96)
je{1,2,3} je{1,2,3}

Taking into account (3.29c¢), and the choice § = mln{l } which implies 1 — ¢,0 > %, we deduce that
upon letting Royt = Rout(cr,d,N) > 1 be deﬁned by (note 1n particular that R, is defined independently
of the value of ¥)(Rout))

8(1 + ad) (14(1 o)+ %)o{;m max{Mo, My} =: (Rout) (3.97)
we have that for all R > Ryt and 7 > 0:
att 1 4 M. 2 7
LHSG.83) — 17aq 2 sag —32° — 112(1+ad)RM+1H(QR)9JM)7(R,~)||Loo55 B
1 M+1_L )
srrag T ¢ (Ro) M Hleme ™, (3.98)

and C3 g3y > max{ +11, an expression

Thus, 1f55 < m 112(14a d)R'V'“’ 8(1+ad) maX{Mo M1}¢(R°”t)M
which only depends on «, d, and N, we have proven that (3.83) holds for all R > Rq,t and 7 > 0; in fact,
we have left ourselves a m amount of “room to spare”.

Step 4: 2R;n, < R < Royt and the choice of 1. At this stage of the proof the values R;, and Ro,: have been
chosen (cf. (3.94) and (3.97)), depending solely on «, d, and N. Only the function v remains to be chosen.
For this purpose, we crucially use the outgoing condition (2.34b) in Corollary 2.16 for the transport matrix

T (3.29a):

&+ V(R)+aQ(R) > &+ V(R) > &+ V(R) — aQ(R) > ity > & = Tu(R) > gy

for any R > 0. In particular, for a non-decreasing weight 1), the coefficient associated with the term 82?}%?)

in (3.83) has a favorable sign for stability.

Analogously to (3.95), we may use the above condition together with (3.88), (3.89), (3.29), (3.33),
(3.51a), (3.55a), (3.48a), (3.57), (3.49), and choose §% to be sufficiently small with respect to «, d, N, to
obtain that for any 2R, < R < Royrand 7 > 0

RO R
LHS53 — Yt Py

> 1-G0 - 3ef 201+ )5 Mo ()
i out M v, o
~ () (124 dmin {{R)'(1+ log ). %ffm)) e oan

B (1-+0) My 1 Ar A(v0)
AR E = ¢ Cp MRy =

—4(1+a) ((M +1)R2anh) 4 ol ""’))¢(Rout)M+1<R>‘9§%e—Aﬁ (3.99)
Note that RHS(3.99) = RHS(3.99)(R) is a continuous function of R. Since %29 > 1, and Oryp(Rout) = 0,
by inspection we may verify that as R — Roy: we have that RHS(3 99)(R) — RHS(3.99)(Rout) > RHS(3.95).
Recall that at the end of Step 3 we have noted that at R = Ryt the bound (3.83) holds even if we add
m to RHS(3.83). By continuity in R, this “room to spare” allows us to show the existence of R €
(0, 1], which only depends on «,d, and N, such that RHS;399) > RHS(383), for all [Rout — 0 R, Royt).
Moreover, since ROy (R) > 0, we obtain that (3.83) holds for all [Rout — 0 R, Rout].

Recall also that at the end of Step 2 we have shown that at R = 2R;, the bound (3.83) holds even if we
add 5 4N to RHS3 g3). By continuity in R, and using an argument similar to the one above, we may show
that this “room to spare” gives the existence of an 0 R’ € (0, 2R;,), which only depends on «, d, and N, such
that (3.83) holds true on [2Ri,, 2R;, + d R']. To avoid redundancy, we omit these details.

LI
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We are left to establish the validity of (3.83) for R € [2R;, + dR/, Rout + 0R]. It is in this step that the
function v is designed more carefully, based on the lower bound established in (3.99). We remark that all -
dependent terms in RHS3 99) are either multiplied by the small parameter ¢, or they are bounded by constants
independent of ). Hence, the weight ¢)(R) can be chosen almost freely for R € [2R;, + 0 R/, Rout + dR].
More precisely, on the interval (2R;, + R, Rout + 0 R) we let 1) satisfy the ODE

Y
Mol B _ ot R (3.100a)

where
Cfx’d’N i= (14 ) (14 + 4(Row)’ (1 + log é%.:;))q()w) max{ Mo, M1 }. (3.100b)

Assuming that we succeed in solving (3.100) for 1, from (3.99), recalling that § = % min{1, Elr} taking
£ 3 to be sufficiently small, noting that Rfé < (2Rin)7é for R > 2R;,, we deduce that

(LE)MoC My 8
RYTH(RY IV (R, )| oo =

—4(1+a) (7NC§7d7N(2Rin)’é + Clg”’Q))w(Rout)M“g%e—N. (3.101)

ati
LHSG83) > 1o —

Hence, if the constant C(3 g3y is chosen to be large enough in terms of «, d, and N, in order to ensure that
1 M. C(“J])M _;
Cosy > M and Gy > 4(1 + ) (TNCE 4y (2Rin) "% + O )1 (Rour) M, then (3.101)

shows that (3.83) holds also on the interval (2R;, + dR', Rout + 0R), thereby completing the proof of the
Proposition.

It thus only remains to solve (3.100a) on (2R;, + 0R’, Royt + 0 R), and to extend the resulting solution
to match ¥)(R) = R for R < 2R;, and Ogy)(R) = 0 for R > Rou. The solution of (3.100a) with
V(2R + OR') = 4Ry, is given by

PR
(R) = 4Rin exp (w ((2R;n +OR)E - R‘%>) . (3.102)

The choice ¢)(2Rin+0R’) = 4Ri, > 2R, allows for a smooth and monotone increasing choice ¢ : [2Rin, 2Rin+
OR'] — Ry, with ¢)(2R;,) = 2R;,. It is clear that the function defined in (3.102) is monotone increasing in
R. Lastly, upon declaring

TNC? 1 1
(Rour) = 4Bin exp (M((?)Rm % — (2Row) cr)> ,

we may choose ¢: [Rout — R, Rout] — R to be smooth and monotone increasing, such that gy (Rout) =
0. For R > Rout, we declare ¢)(R) = 1)(Rout)- It is now clear that the above constructed function 1) satisfies
all the properties postulated in (3.36). U

With Proposition 3.10 in hand, we return to the evolution equation for (R>9JMJ7 (cf. (3.82)), and establish:
Proposition 3.12. Assume that the initial data satisfies

sup(R)’ [ JuY(R,0)| < &7 (3.103)
R>0

and that ¢ is sufficiently small, with respect to o, d, and N. Then, the bootstrap (3.47) is closed.

Proof of Proposition 3.12. Appealing to (3.29d), (3.33), (3.38), (3.42)~(3.46), (3.47), (3.48a), (3.51a), (3.51b),
(3.52), (3.53), (3.56), (3.89), we deduce that

2
IRHSG.82)(, )| L < Czr0mese ™27, (3.104)

for all 7 > 0, where C(3.104y > 0 is a constant that depends only on «, d, N, also through the previously
defined parameters M, 0, My, My, M, C352), Rin, C](Dv’q), and 1 (Rout)-
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From (3.82), (3.83), (3.104), and recalling from (3.29a) that the matrix 7 is diagonal, we obtain that for
each i € {1,2,3} (we emphasize that here we do not use a summation convention on repeated indices), we
have

(0r + Tii(R, 7)ROR) [(R)? IMY; (R, T)|
<-(fh+ X DGRDNRIMIRD] - D [Py(R IR (R,7)|
j€{1,2,3},j;£i j6{1,2,3}7j7éi
+ (Casy + Coaon)ese ™ (3.105)

Denote by ®; = ®;(R, 7) the ODE flow associated with the transport operator 0, + T (R, 7) ROR; that is,
recalling from (3.29a) that 7; = ¢, + V + (i — 2)aQ), the flow ®; is defined as the solution of

49,(R, ) = By(R, T)( (1) + V(®i(R, ), 7) + (i—?)a@(‘l’i<R,7),T)), (3.1062)
®;(R,0) = R. (3.106b)

We also denote

Gi(R,7):= > |Dy(®(R,7),7)], (3.107)
je{1,2,3},#i
and note that (3.29b), (3.29¢), (3.48a), and (3.55b) imply the existence of a constant C(3 103y > 0, which
only depends on «, d, and N, such that

sup 1Gi(-, 7)o < C3.108).- (3.108)
Upon composing (3.105) with ®; in space, appeahng to the bootstrap (3.47), to the bound A < 5 + Traq» to the
Gronwall inequality, and to the fact that G; > 0, we deduce that
AT(@(R, 7)) i (®i(R, 7), 7)| < (R IMDi(R, 0)| + 4(1 + ad) (Cis3 + Caton)e?
+es /Te wired L GBI G R g)ds (3.109)
To conclude, we note that the bound (3.108) and a sirr[iple barrier argument imply
/OT ¢~ Tiraq Js GBI G p ogs <1 T (3.110)

for all 7 > 0. By combining the above bound with (3.109) we conclude
AT(D;(R, 7)) InVi(Di(R, 7), 7))

~ 2 1 @
< H<R>0JMJ)Z'(R, 0)|lzee + 4(1 + ad) (C(3,83) + C’(3,]o4))§g +§31i&hi—m, (3.111)

for all R > 0 and 7 > 0. Since the map R — ®;(R,-) is a bijection from Ry — R, upon taking the
supremum over R > 0 we deduce from (3.111) that

() IVi( 7)o < ()P IMPi(0, )| oo
+4(1 4 ad)(Cas3) + Ca.104)

2
5

1 8(14ad)Ca.10s)
+ €5 TH8(1+ad)Coaron * (3.112)
Thus, if we assume that

1P IO, )| 1 < &5 < L e 3.113)
4(1+8(1+O¢d)0(3_108))7

S

and ¢ is taken to be sufficiently small with respect to o, d, N to ensure that

2 1 1
4(1 4 «ad) (0(3.83) + 0(3,104))§5 < T80 Fad)Cam) E° 2 (3.114)

then (3.112) implies

A 01 ~ 1 148(14+ad)C, 1
TNV I T e < €3 e < &5 (3.115)
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This closes the bootstrap (3.47). ]
3.12. Sharp bounds with respect to .

3.12.1. Bounds for Y. We return to the Y evolution in (3.32); upon multiplying this equation by the weight
1
(R)& , we obtain

0, ((R)E D) + T ROR((R)* D) + Danarp ((R)E D) + T (R)E RORY + D (R)FY
+ NG (R)EY) + N(R)&E D, D) + N((R)& D, D) =0, (3.116)

where
Deparp 1= (R) 2 + V(R)(D") — L1dR*(R)~?)
+aQ(R)(DYW — Ldiag(~1,0,1)R*(R)™%) + D(R,7) — £ T (R, 7)R*(R) 2.

Using the bounds established earlier in (3.48a), (3.49), (3.53), and (3.57) we deduce that there exists an
implicit constant which only depends on «, d, N (via M and the choices for R;, and Ryt), such that

1 ~ ~ ~
Davarpl S (R)" +5¢77, [T]+ D]+ | S (R)ese™. (3.117)
In particular, using the previously established bound (3.53), we may estimate
1 1 2 _ 1
| Deharp ((R)7 V)| Sese 2 +5e 2T|(R)F Y. (3.118)

By combining (3.116)—(3.118), with the bound (3.49) and the definition (3.29d), and composing with the
ODE flow ®; defined in (3.106), we obtain

Or ((Rﬁj&) o (R, 7’)’ < C(3.119)§%€_N + C(3.119)§%6_AT max ‘(<R>éj}z) o ®;(R,7)

3.119
i€{1,2,3} > )

foreachi € {1,2,3}, where C(3 119y > 1 is a constant which only depends on «, d, N (via M and the choices
for R;, and R,,:). Here we have also used that 6 < 2% It follows from (3.119) that for any R > 0 and
7 > 0, we have

- 12 -

max ‘(<R>5M) o ®i(R, T)’ < eClnmA™ies ( max )((Rﬁyi)(R, 0)‘ + 0(3,119)A15é> . (3.120)
i€{1,2,3} i€{1,2,3}

Taking a supremum over all R > 0, using that foreach 7 > Oand alli € {1, 2, 3} the map ®;(-, 7): (0, 00) —

(0, 00) is a bijection, and taking ¢ to be sufficiently small, estimate (3.119) implies that

<R>% :)N)(R, T)‘ S 26’(3.119)371§é + 2811p<R>é j(R, 0)| (3.121)
R>0

We note that RHS3 121) does not vanish as 7 — oo.
3.12.2. Bounds for (V, Q) and their derivatives. From (3.54), (3.53), (3.57), we obtain the bound
0rV (R, 7)| + |0rQ(R, 7)| < CaimR(R) 2 925¢2" YR >0, (3.122a)

where we recall that f = % min{1, Elr , while (3.121) further implies

~ ~ _1_1 1
0RV (R, 7)) + al0RQ(R, )| < R™'7 (Co et + (2 + ) sup(R)=

Y(R, 0)\), VR > 1,
R>0

(3.122b)

for some constant C3122) > 1 which only depends on «, d, N. Using (3.57) and the fundamental theorem
of calculus, we may further obtain

V(R,7)| + a|Q(R, )] < Caiany(R) Pe5¢2", VR >0, (3.122¢)

V(R )|+ alQ(R,7)| SER% (Caumet + 2+ a)sup(R)[P(R,0)[),  YR>1. (3.122d)
R>0

|=

ol

r
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The bounds in (3.122) are consistent with the estimates for (V, Q,0RV, 8RQ) established earlier in (3.48a).
In particular, we have proven:

Proposition 3.13 (Lower bound for ()). Assume that the initial data for Y is taken to be small enough to
satisfy

sup(R)# | V(R,0)| < 2= 5 (3.123)

R>0

where the constant My is as in (3.48b). Then, upon taking € to be sufficiently small with respect to o, d, N,
we have

2+a)M €

£6)Q(R) < Q(R,7) < (1+¢7)Q(R) (3.124)

NI
ca\»d

IQ(R,7)| < e5Q(R) = (1-
forall R>0andall T > 0.

3.12.3. Bounds for K and its derivatives. By definition, we have that cQRIgpK = 7Y — aQRORK.
Thus, from (3.48c¢), (3.53), (3.122), and (3.124), we deduce

0RK (R, 7)| < Ci3.105R(R) > Faese (3.125a)
and also
0RK (R, 7)| < C125/Reve X 1par + gebray R '€ Lzt + 5 |0pK (R)| < £7|0rK(R)|, (3.125b)

forall R > 0 and 7 > 0; upon taking ¢ to be sufficiently small.
The first bound in (3.125), together with (3.42), the fact that § < E% < 6+1, and the fundamental theorem

of calculus yield the local-in-R decay of the field K, according to
~ 1 1
|K(R,7)| < Cia2e)(R)& besea (3.126)

In order to obtain sharp estimates for K with respect to R (as R — 00), we appeal directly to its evolution
in (3.8c), which implies together with (3.48¢c), (3.122), and (3.46) that

‘8 ( CI)Q(R 7' )‘< 1—|—C)C(3122)€5€ = +2(1—|—C)€5€_>\T.

Upon integrating the above expression in time and then taking a supremum with respect to R, using that
Oy(-,7): (0,00) — (0,00) is a bijection, we deduce that

@b—\

|K(R,7)| < sup |K(R,0)| 4+ 227 (1 +&)Cp, 122)55 < sup |K(R,0)| 4 et (3.127)
R>0

3.13. Propagation of higher regularity. Recall that the propagation of the order of vanishing claimed in
Lemma 3.3 (which is to be applied with L = M = 17N in light of the bootstrap (3.45)) required that the solu-
tion (V, Q, K) of (3.8a)—(3.8c) belongs to L>([0, T7; I/VIZNH’OO(RJF)), for any 7' > 0. On the other hand,
the bootstraps from Section 3.8 only provide bounds for (V, Q, K) and their derivatives (gV, 9rQ, OpK).
In order to bridge this apparent mismatch, we establish the following qualitative results, which are analogous

to classical propagation of higher regularity results, using only a control on lower-regularity norms.

Proposition 3.14 (Qualitative propagation of higher regularity). Let ¢ be sufficiently small with respect
to a, d, N. Assume that the initial datum (VO, Qo, Ko) of (3.82)—(3.8c) is such that:

o the initial data is smooth, with (3% Vo, 95 Qo, 0%(Qo0rKo)) € L=(Ry.) forall 0 < £ < 17N;

olet L := {0 € N:1 < V¢ <2N—-1}U{l € 2N+ 1: 2N +1 < ¢ < 17N}; we assume that
(0%Vh, 0%Q0, 0% K0)(0) = 0 for all integers € € L;

o the leading order Taylor coefficients satisfy the bounds (3.58), while the higher order even Taylor coeffi-
cients satisfy the bound (3.72);

e the first order derivatives are such that Yy (R, 0) satisfies the bounds (3.103) and (3.123).
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Furthermore, assume™ that on the time interval [0, T'] on which the proposition is to be applied, the bulk
perturbation (f/, Q, f() enjoys the sharp pointwise bounds (3.122) and (3.53). Then, for any T > 0 and
0 < ¢ < 17N, we have (82+1‘7,82+1Q,8%(Q83K)) € L*([0,T7; L>®(Ry)). In particular, 82“[? €
Le2([0, TT; Lige(R+)).

Note that for simplicity we did not include any R weights (neither at R = 0 nor as R — o0) in the
statement of Proposition 3.14; sharp weighted bounds for these higher order derivatives may be obtained by

following the proof below and adding the natural weights at R = 0 and as R — oco; we do not pursue these
sharper bounds here.

Proof of Proposition 3.14. Let M = 17N. Note from (3.26) that OgV = %()}1 + V), OrQ = ﬁ(yg —
Vi + %yg), and QOrK = &yg. Therefore, for any 1 < ¢ < M, we have the identities:

OV = 20R(EV1 + £s),  05'Q = L0R(£Vs — V1 + 24£d0),  0R(QOrK) = 20R(£Vs).
(3.128)
Thus, it appears to be useful to estimate 8%(%)7) foralll </ <M.

Dividing (3.28) by R and then applying (9%2 to the resulting PDE, we obtain

0 (Or(HY)) + T ROp(05(H3)) + (D + (£ = 1)T + (RORT) (9p(1)) + 0 (RN (3, )
-1 ¢
¢ , _ » AN »
=-> (. (G + 1)ORT + RO T (5) = D (1 )oh(D — TR 7 (£Y).  (3.129)
Vi PV
Since the nonlinear term N is quadratic with constant coefficients (see (3.29d)), we may directly apply
estimate (B.1) to bound

108 (BN (Y, 1Y) 2= (0.
1+e

1—1
St 1BV oo 0,00 105 ) e 000 + IV EEE o)) 1051 0.0y
Similarly, using definitions (3.29a) and (3.29b), estimate (B.2) and identity (3.128) we may estimate

Jj—1 j—1

”aRT”LOO ([0,00)) Néja HRyHLoo ([0,00) )Haf( )”Loo (o, oo))
—1 —1
103D — Tl (000 Stair 1N o oo 105 BN L 0,00y

0~
1067 (V) Lo (0,000 St 12PN 000y IO ED N .
By appealing to Lemma B.3 we have that
0
1RO 0 (EV) e 000 St 1RV (.00 [0 (EI) 2 (0.00))-

Lastly, we note that because ¢ is sufficiently small, using that &, — &, = 1, &, + V(R) > 0, and appealing to
the bound (3.122), we deduce via (3.29a), (3.29b) and (3.26), that

(D4 (¢ = )T + LRORT) _|| oo (0,00)) Seasd 1V Lo (0,00)) + 10Q oo ([0,00)) + V]l oo ((0,00)) -

Here (z)_ denotes the negative part of z.
With these bounds, we return to(3.129), compose with the ODE flow ®; defined in (3.106), and appealing
to the six above-established inequalities, we obtain that

LIk o (7.7
Sasdt (Voo (0,00)) T 10Q1l Loc (0,00)) + H< Yl oo (10,000 ) 10 (EP) Lo (0,00)) + [E- B yHLoo(OOO))

40This assumption automatically holds true on the time interval [0, T'], by the closure of the bootstrap argument carried out in
Sections 3.8-3.12. Proposition 3.14 is therefore to be read as a regularity-propagation statement which is to be used in tandem with
the bootstrap closure, not in isolation.
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Integrating this inequality, taking the supremum over all R > 0 and the maximum over i € {1,2, 3}, we
obtain that

10R(FY) ()| 2 (0,00))

< <‘8f%(11«2y)(07')“L°°([0700)) +C(3.130)/0 \@y(nT')H%m([oym))dT)

X exp <0(3.130)/0 IV () Lo ((0,00)) + 10Q( T | Loo (10,00)) + ||@y('?T,)HLOO([O,oo))dT,) (3.130)

where C3 130) > 0 only depends on ¢, d, and ¢. By further appealing to (3.48a), (3.49), (3.53), and the third
estimate in (3.122), we deduce from (3.130) that there exists a constant C3 131) > 0, which only depends on
a,d, N, and ¢, such that

10R(F) ()| oo ((0,00)) < <||5fz(%y)(0’ Iz (0,00)) +TC<3.131)) e7 Con (3.131)

for all 7 > 0. In light of (3.128) the above estimate provides bounds for [|95™V || e, |05 Q|| 1, and
|05(QORK)|| > for all 7 > 0. o
To conclude the proof, we combine the above conclusion with the available regularity for V', ), K, and

the triangle inequality. The L5 regularity for 0?1[? now follows from the available upper and lower
bounds for @ in (3.124). O

3.14. Main result: stability of the implosion profiles in radial symmetry. The outcome of the analysis
in this section is that we have estalished:

Theorem 3.15 (Stability in Radial Symmetry). Fix d € {1,2,3}, 1 < v < 2d + 1, and let o« = 77_1
also, fix N > 1. Let (V,Q, H) denote the smooth self-similar profile constructed in Theorem 2.20, with
associated similarity exponents (C,,Cy,Cp) = (¢ (d,v,N),c(d,v,N) — 1,c5(d,~y,N)) given by (2.16)—
(2.17). Let K = log H. Define M := 17N, 6 := 1 min{1, é}, and let A = \(d,~,N) > 0 be defined
explicitly by (3.71). There exist a sufficiently small constant £* = £*(«, d,N) > 0, such that for any ¢ < £¥,
the following holds.

Denote the initial data for (3.6) by (V,Q, K)|r=o. With (3.3) and (3.5), this corresponds to initial data
for density, velocity and pressure in the original formulation of the Euler equations (1.1) given by

1 1
U(ZE,—].):IIZV(|"E|,O), p($7_1):(%)a(|x‘70)7 p(m,—l)z%]&iﬁ(%)a(\ﬂ,m
In particular, p(0, —1) = 0. In self-similar radial coordinates, we denote the initial perturbation by

(‘707(207[?0) = (V‘TZO - V; Q’TZO - QaK‘T:O - R),

this serves as a set of initial conditions for the PDE system (3.8). We assume this initial perturbation is
chosen such that:

(i) (Regularity). We have (u, p,p)|i=—1 € CMTH(R?) and (83%, OrQo, QuirKo) € WM-=2([0, 00)).
(ii) (Vanishing Taylor coefficients at R = 0). For all even integers { € {2,...,2N — 2}, we have
(iii) (Smallness of leading Taylor coefficients). The first two sets of nonzero Taylor coefficients satisfy

Vo(0)] +[Qo(0)] + |Ko(0)] < Le, (3.132a)
07 Vo(0)| + |97 Qo(0)] + |07 Ko(0)] < e. (3.132b)

(iv) (Smallness of higher order Taylor coefficients). For all even integers £ € {2N +2,... M} we have

lwo

LORVo(0)] + £]05Q0(0)] + 4|05 Ko(0)] < €5. (3.132¢)
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(v) (Smallness of first order derivatives). Using the initial conditions (%,Qo,ffo), define 370(}2) =
Y(R,0) — Y(R), where Y is given by via (3.25)~(3.27). We assume that

1 ~ 1
sup(R)& [Jo(R)| < €5. (3.133a)
R>0

Moreover, let 1) be the non-decreasing weight constructed in Proposition 3.10. In terms of this weight
1, define the operator Jy via (3.35a) and (3.37). Our last assumption is that

sup(R)?|ImIo(R)| < 5. (3.133b)
R>0

Under these assumptions, there exists a unique global-in-t smooth solution (V,Q, K) of (3.6) with the
prescribed initial data, with modulation functions (c,, c,, cp) given by (3.7b) and (3.24). Moreover:

(a) (Exponential decay of perturbation). The perturbation (V,Q,K) := (V -V ,Q — Q, K — K) satisfies

[V(0.7)] + 1Q(0,7)] + |K(0,7)
ANV, 7)] + G 9RO, 1) + O E (0. 7)

and the higher order Taylor coefficients at R = 0 decay exponentially according to (3.45). The fields
v, Q K and their derivatives decay according to

(3.134a)

| e~
| < §g AT (3.134b)

(RY|V(R, )| + (R)Y|Q(R, 7)| + (R) % |K(R,7)| < C*ere™, (3.1352)

(R 10RV (R, )| + (R)OrQ(R, 7)| + (R)'~%|0r K (R, 7)| < R(R)2C7eke™™,  (3.135b)
forall R > 0 and all T > 0, where C* = C*(a,d,N) > 0 is a constant.

(b) (Modulation functions). The modulation functions (&, ¢,,&) := (¢, — &, ¢y — Cu, Cp — Cb) defined

in (3.24) decay exponentially fast according to
& (T)| + [Eu(T)] + [Eb(7)] <§% —aT forall T > 0.
(c) (Sharp decay at infinity). For all R > 1 and 7 > 0 we have
R,7)| < C*es, (3.136a)

Re|V/(R, 7)| + B¥|Q
K(R,7)| < C*es. (3.136b)

(
1+1 ~ 1+4 A
R 7% |0rV(R, )|+ R & |0rQ(R, T)| + R|OpK (

Additionally, we have that K is globally bounded as suppq | K (R, 7)| < supp-o | K (R, 0)| + €6 for
all T > 0, and Q obeys global upper and lower bounds: (1 — %)Q( R)<Q(R,7) < (1+ gé)Q(R)
(d) (Propagation of higher-order regularity). For any T’ > 0 and 1 < ¢ < M:
oo

(057'V, 057 Q, 0%(QORK)) € L>([0, T); L*([0, 00))).
An immediate consequence of Theorem 3.15 is:

Corollary 3.16 (Blowup in physical variables). The solution (V,Q, K) constructed in Theorem 3.15 cor-
responds, via the transformations (3.3) and (3 5) to a smooth radially symmetric solution (u”, o, b) of the
compressible Euler equations (1.7) on [0, 00) t«), where the blowup time is defined by

:—1—1—/ Co( () dr’,

and satisfies the bound
4

It < 2X7les

Ast — t,, the solution develops a singularity at the origin with self-similar blowup rates determined by the
profile (V,Q, K).

01
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Remark 3.17 (Stability holds modulo finitely many, explicit, compatibility conditions). Inspecting the
assumptions on the initial data in Theorem 3.15, we notice that items (i), (iii), (iv), and (v) are open condi-
tions. These assumptions allow us to perturb the stationary self-similar profiles (V,Q, K) in an open set,
with respect to a suitable topology. The finite co-dimension stability aspect of Theorem 3.15 is entirely due
to assumption (ii). Assumption (ii) poses the compatibility conditions (8%170, 8%@0, 8%[? 0)(0) = (0,0,0)
for all even integers ¢, with 2 < ¢ < 2N — 2. There are (N — 1) many such integers. Thus, for smooth
perturbations we are only imposing 3(N — 1) many compatibility conditions on the initial perturbations at
R = 0 (these compatibility conditions are automatically propagated forward in time due to Lemma 3.3).
The important aspect of this precise characterization of the compatibility conditions for the initial data is
that for the “ground state” corresponding to N = 1, the number of compatibility conditions vanishes, and
thus we may perturb the globally self-similar ground state profiles in an open set.

Proof of Theorem 3.15. We provide the roadmap for the proof of Theorem 3.15; all estimates were already
proven earlier in this section, so here we only indicate where/how each component is proven.

Setup and local existence. The system (3.6) for (V,Q, K) is derived in Section 3.1. Local-in-7 existence
and uniqueness of smooth solutions follows from standard theory for symmetric hyperbolic systems, given
the smooth initial data satisfying assumptions (i)—(v); in our setting, this local existence also follows from
Proposition 3.14. The perturbation equations (3.8) are derived in Section 3.

Taylor structure at R = 0. By the assumed regularity of (u, p, p)|;=—1, for all odd integers 1 < ¢ < M we
have that (0%V,05Q,90%K)|;—0(0) = (0,0,0). Since the profiles V', Q, H also enjoy this property, we
deduce that (0% Vo, 8%Qo, 9%K0)(0) = (0,0,0) for all odd integers 1 < ¢ < M. Assumption (ii) also
implies that (9% V0, 9%Q0, 9% K0)(0) = (0,0,0) for all even integers 2 < ¢ < 2(N — 1). The Taylor
structure at R = 0 provided by the class of such functions is preserved by the flow due to Lemma 3.3 and
the propagation of W/l'(\)/lcﬂ’oo regularity established in Proposition 3.14.

Choice of modulation functions. The modulation functions (&, &,,¢p) are defined in (3.24). Note that the
constraint (3.13) removes the unstable eigenvalue of the matrix A (cf. (3.12a)), the constraint (3.15) ensures
damping for ko, and the constraint (3.22) removes the neutral mode at order RN,

Bootstrap assumptions. We introduce the bootstrap assumptions (3.42)—(3.47). These control:

The Taylor coefficients (%, qo, I;:O) at R = 0 via (3.42);

The Taylor coefficients (o, gn, IE:N) at order RN via (3.44);
Higher Taylor coefficients via (3.45);

The modulation functions via (3.46);

The weighted derivative (R)?Jy) via (3.47).

Closure of bootstraps. Propositions 3.8, 3.9, and 3.12 establishes the “closure” (meaning, improvement by
a factor < 1) of the bootstrap assumptions.

Sharp bounds. The stated decay estimates for the perturbations are either direct consequences of the boot-
straps, see Section 3.9, or they are established in Section 3.12.

Global existence and blowup. Since all bootstrap assumptions close with strictly improved constants, a stan-
dard continuity argument shows that the bootstraps hold for all 7 > 0. This establishes global-in-7 existence.
The transformation back to physical variables (u", o, b) via (3.3) yields a solution on [—1, ¢,) that blows up
at time ¢,.. The bound on ¢, follows from the exponential decay of (&, ¢,) and definition (3.3a). ]

4. STABILITY OUTSIDE OF RADIAL SYMMETRY

In Section 3 we have analyzed the stability of the globally self-similar solutions of the Euler equations
(w(x,t),5(x,t),b(z,t) = (-a"(|z|,t),5(|z|,t), b(]x|, 1)), defined via (2.2) in terms of smooth implosion
profiles (U, ¥, B), within the class of smooth radially symmetric solutions of Euler; that is, as solutions
to (1.7). In this section, we analyze the stability of these solutions with respect to smooth non-radial pertur-
bations to Euler; that is, as solutions to (1.4), or equivalently, (1.2).
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The main result of this section is Theorem 4.4, below. This result proves that the global-in-time stability
of the stationary profiles is controlled by the behavior of finitely many Taylor coefficients at x = 0. In par-
ticular, this implies finite co-dimension stability; see Remark 4.7. Theorem 4.4 does not seek a sharp bound
on the number of potentially unstable directions (see assumption (4.26)); instead, the sharp characterization
of non-radial instabilities is analyzed in Section 5, see Theorem 5.1.

4.1. A convenient change of unknowns. In the radial setting of Section 3, the stability analysis is carried
out via the modulated self-similar transformation (3.3), renormalization at |z| = 0 through (3.5), and the
evolution of the smooth functions (V, @, K) satisfying (3.6). A key underlying ingredient is the classical
fact that radial scalar functions which are smooth in x near the origin admit a representation as smooth
functions of |x|2.

In the non-radial setting considered in this section we lose this equivalence between regularity in x and
smoothness with respect to |2|2. As such, if we were to work with unknowns (V, Q, K) defined analogously
to (3.5), we would be dealing with functions that are a priori not smooth. To avoid this issue we recall that for
the Euler system in terms of the primary flow variables (p, u, p), namely (1.2), the initial data is smooth with
respect to z. Therefore, it is natural to perform our non-radial stability analysis directly at the level of (1.2)
(for (p,u, p)), not at the level of (1.4) (for (o, u, b)). For technical reasons, we do not do this. Instead of the
pressure equation (1.2c), which has a quadratic non-linear term, we use the transport equation for entropy
which has no (non-transport) non-linear term. Then, the nonlinear term in the velocity equation (1.2b) must
then be changed from p~!Vp to another nonlinear term which involves entropy gradients; in order to keep
this nonlinear term quadratic and without fractions (which do not behave nicely with respect to the Leibniz
rule), and taking advantage of the fact that the density does not vanish, we choose to work with the evolution

equation for p7~! instead of (1.2a). For convenience, let us denote
ni=p"t=p" b=t =120 4.1)
Note that b = b, where b is as defined in (1.3b). With this notation, the sound speed is

and we may rewrite the nonlinear term p~!'Vp in terms of 7, b as
p~IVp=p IV(2pTb) = 27 Vb + SL5bV (07 Y) = 2nVb + 55b V.

We may thus rewrite the Euler system (1.2) in an equivalent form as an evolution equation for (7, u, b):

on+u-Vn+ 2andivu =0, (4.2a)
du+u-Vu+ 5-bVn + %an =0, (4.2b)
Otb+u-Vb=0. (4.2¢)

Remark 4.1 (Velocity and pressure vanish at the origin). The initial data for (4.2) is taken to be smooth;
this initial data is such that the non-negative function b attains a global minimum at a unique point, and that
mingeps b(-, —1) = 0. By the Gallilean symmetry of the Euler equations, we may assume without loss of
generality that b(0, —1) = 0; being a global mimimum of a smooth function, it automatically follows that
Vb(0,—1) = 0. Also by Gallilean symmetry, we may assume without loss of generality that «(0, —1) = 0.
It follows from (4.2) that

9-u(0, ) +u(0, ) - Vau(0,-) + 5b(0,-)Vn(0,-) + 21(0,-)Vb(0,-) = 0,

0-b(0,-) +u(0,-) - Vb(0,-) =0,

0-Vb(0,-) + Vu(0,-) - Vb(0,-) + u(0,-) - VVb(0,-) =0.
It follows that as long as w remains C'* smooth near x = 0 and b remains C? smooth near z = 0 for
t € [-1,T), then we have

w(0,t)=0,  b(0,t)=0,  Vb(0,t)=0, (4.3)
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forall t € [—1,T). Throughout this section we work within the class of solutions which satisfies (4.3).

4.2. Modulated self-similar ansatz. In analogy to (3.1) and (3.2), we define
T T
Cr(1) = exp(—/ Cr(T/)dT/>, Cyu(r) = exp(—/ Cu(Tl)dT/>, (4.4a)
0 0

T

-
Cg(1) = exp(—/ CB(T/)dT/), C,o(r) = exp(—/ CQ(T')dT'>, (4.4b)
0 0
where the modulation functions
Cr, Cu, CB, Co: [0,00) — R.
are connected via
Co(T) + cg(7) = 2¢cu(T) (4.4¢)

which ensures that ¢ = /nb has dynamically the same scaling as u. Then we have three degrees of freedom
to rescale the system (4.2) dynamically: either (c;, cy, cg), or equivalently (c,, ¢y, Cc,). As in (3.3) we let

t=t(r):=—-1+ /T C.(rhe (dr, (4.5a)
0

rescale the space coordinate x as
y=2C7l(7), lyl=R=rC7l(r), (4.5b)

and rescale the unknowns from (4.2) as

n(x,t) = Co(T)o(y, 7), (4.5¢)
u(x,t) = Cu(T)U (y, 1), (4.5d)
b(z,t) = Csg(7)B(y, 7). (4.5¢)
Using the self-similar transform (4.5) and the chain rule, we rewrite the Euler system (4.2) equivalently as
Or0+ (cy +U) - Vo+2apdivU = cpp, (4.6a)
U+ (cy+U)-VU + £BVp + %QVB =cU, (4.6b)
0-B+ (¢,y+U) - VB = cgB. (4.6¢)

Remark 4.2 (Speed of sound). In original (x,t) coordinates the speed of sound ¢ = «wo relates to 1 and b
via ¢ = nb. Using the self-similar transformation in (4.5) we may thus define the non-negative self-similar
sound speed C = C(y, 7) via

C? .= 9B, 4.7)
and note that ¢(z,t) = ao(z,t) = Cyu(7)C(y, 7).
4.3. The globally self-similar solution. Fix d € {1,2,3}, o € (0,d], and N > 1. The radially symmetric

globally self-similar solution (@", &, b)(r,t) of (1.7) constructed in Section 2, see Remark 2.2, also defines
a radially symmetric globally self-similar solution of (4.2) via

¢=C, =G =¢G-1, =0 =20, =0 =20C &) =-72  (“48a
and
(e, t) = (0% 0( ). o) = () (1w = (5w @8b)
a(e,t) = (-0 70 (e ) U(y) = &U(|yl) = yV(ly)), (4.8¢)
b, 1) = (~0)°B( e ). B(y) := B2(lyl) = ly*H>(ly)). (480
o, 1) = (—6* ' ) C(y) = a%(Jy]) = alylQ(ly). (4.8¢)
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The solution (7, @, b) defined above is smooth for times ¢ € [—1,0), implodes at time #(cc) = 0, and is
radially symmetric.

Remark 4.3 (Properties of the globally self-similar profiles). We record a few useful properties of the
stationary solution to (4.6) defined by the profiles (g, U, B) and the modulation parameters (C;, Ty, Cg, Cp)
given in (4.8). The profiles (g, U, B) € C°°(R?) satisfy the lower bounds
oy) =1, Cy), U=yl Bly) =y vyl <1, (4.92)
o(y) >0, C(y)>0 B(y) >0, Vy # 0. (4.9b)

the upper bounds

c c

o _ _ Cu _ — B _
Vo) Sk ()& 5, VPO @)+ [VRC)| Sk ()& KL IVEB) Sk () R, 4.9¢)

for any integer k£ > 0. The implicit constants in the 2 and < symbols in (4.9) are assumed to depend on the
fixed values of d, , and N. Moreover, cf. (2.34b), we have the outgoing condition

_ = = 14+2ad
Clyl +U(y) = Cy) = Cusalyl,  Cusa = npraa > - (4.9d)

The scaling parameters satisfy

Cu=20 — 1, tg = 2(¢, + Uy) = 26, ¢, = 28, — g = 2adUy, U =—18g (4.102)
so that by the second bullet in Lemma 2.8,
& >0, 0<$L <1, &< it (4.10D)
For compactness of notation, it is convenient to denote
k=35 + U = (4.11)
Lastly, from (3.9) we deduce that the N-th profiles (g, U, B) in this family satisfy
o= 200+ onlY™ + Opso(lyI™), 20 = (0@)? = 23488, Gon = 20%G0(an — Gohn), (4.122)
U = Uy + Uonayly™ + Oy oo (JyI™ ), ) = To = — 15 Uany1 = On, (4.12b)
B = Baly|* + Bonoly/M? + O|y\%0(‘y’4N+2)7 By =1, Bonga = 2hn;, (4.12¢)

Vo =0y 5o(ly™ ™), VU =T11d + Opyo(ly*™N), VB =2Bay + Opyo(lyM™).  (4.12d)

4.4. Evolution of the perturbation. Our goal is to analyze solutions (o, U, B) of (4.6) which are close the
the stationary profile (g, U, B) discussed in Remark 4.3. For this purpose, we denote

(0,U,B):=(¢~0,U~U,B-B),
and write the modulation functions as
¢ = ¢ + Gy, Cy = Cy + Cy, cg = Cg + Cg, Co = Cp + Cp.
Note that due to (4.3) and (4.9) we have
U,7)=U(0,7)=0, B(0,7)=B(0,7)=0,  VB(0,7)=VB(0,7) =0, (4.13)

forall 7 > 0.
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4.4.1. Full linear-nonlinear decomposition. It is useful to introduce the following compact notation. De-
note the full solution, the profile, and the perturbation as the five-dimensional vectors
W = (o,U,B), W = (p,U,B), W :=W —-W = (5,U,B).

In order to rewrite quadratic nonlinear terms in (4.6), for w = (g(i), U, B(i)), i € {1, 2}, we introduce
the following bilinear operators, which are associated to the nonlinearities in (4.6)

B(WWH Wy = UM .vp®? —20pMdivU®, (4.14a)
Bo(W) w2y = W) .yu® — iB(l)V‘Q@) — %Q(l)VB(Q), (4.14b)
Bs(Wh w®)) = g . vB®, (4.14c¢)

In particular, with the notation in (4.14) the derivative falls on the second input variable W, We let
B = (Bla 827 83)

Similarly, in order to write the linear terms arising from the linearization of (4.6) in a more compact
fashion, we denote £ = (L1, L2, L3), where

LW = —Gy+U)-Vi—2a5divU +S,0 — U - Vg —2a5divU — &y -Vo+&E,0, (4.15)
LoW = —(cy+U)-VU — 5LBVo— LoVB+e,U - U - VU — 5;BVo - 15VB

- &y - VU + .U, (4.15b)

LW = —(Gy+U)-VB+¢B—U-VB-¢&y- VB +&B. (4.15c¢)

With this notation, we obtain from (4.6) that the equation satisfied by the perturbation W = (0, U, EB) is

W = LW — &y - VW + (£,6,8,U,EB) + B(W,W). (4.16)

4.4.2. A partially-nonlinear decomposition. The full linear-to-nonlinear decomposition in (4.16) is not al-
ways the most practical way to write down the evolution equations for W = (9, U, B). An alternative form
that can be derived from (4.6) is

9:0=—(cy+U)-Vo—200divU + c,6 — (&y + U)-Vg — 2a5divU + &, (4.17a)
0,0 = —(cy + U)-VU — £BVs— LoVB + U — &y + U)-VU — LBV — L5VB +&,U,

(4.17b)

aTé:—(cry—i—U)-Vé—l—CBB—((Niry—i-f])-VB—i-EBB. 4.17¢)

The equation set (4.17) is different from (4.16) as it combines pieces of the linear and nonlinear parts in the
transport term.

4.4.3. Constant density in the far field. Recall from Theorem 2.20, item (iii), and (4.8a)—(4.8b) that the

density profile o(y) = (%)2(|y]) behaves asymptotically as |y|%/% as |y| — oo, with & > 0 and ¢, =
ffgd < 0; in particular, g(y) — 0 as |y| — oo.
We wish however to allow for non-decaying densities, a physically more realistic setting; for the initial
data, we should consider densities which converge to a nonzero-constant in the far field. For this purpose,
instead of working with the spatially decaying self-similar profile p, we introduce a time-dependent, spatially

cutoff version of it, defined by

oy 7) = (75 ) o) + (1= x(#5) ) a(R(r)), where R(r) = ¢ Ro, 4.18)

with Ry > 1 a sufficiently large constant to be chosen later (see (4.134) and (4.139) below), where x : R —
R is a smooth non-negative cutoff function satisfying

x(z)=1, V|z| <1, x(z) =0, V|z|>2, I (2)] <2 V1<]|z] <2 (4.19)
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The function g(y, 7) serves as an approximation of o(y, 7), which solves (4.6). The initial data g;, = (0, -)
for (4.6) will be constructed (see Theorem 4.4) by perturbing g, which does not decay for large y.

4.5. Main result: finite co-dimension non-radial stability. The remainder of this section is dedicated to
establishing the global existence and decay to equilibrium for the perturbation (9, U, E%) which solves (4.17),
or equivalently, (4.16). A global existence and decay result for non-radial solutions of (4.17) implies—by
definition—the stability of the radially symmetric globally self-similar solution defined in (4.8), to pertur-
bations outside this symmetry class. The main result is Theorem 4.4 below.

4.5.1. Measuring Taylor coefficients at the origin. As we have already seen in Section 3 for the radially-
symmetric case, proving such a global existence result requires an a-priori control (globally in time 7) of
finitely many Taylor coefficients at y = 0 for the functions (g, U, B). In Theorem 3.15 we have shown that
Taylor coefficients of sufficiently high index are under control (3.45), and that the modulation functions may
be used to control the fundamental Taylor coefficients, see (3.42) and (3.44). How about the “in between”
Taylor coefficients, whose order is not high? In Theorem 3.15 we have chosen to turn these coefficients
“off” at the initial time, see assumption (77), and Lemma 3.3 then ensured these coefficients remain “off”
for all 7 > 0. We should thus expect that a similar difficulty must be faced when dealing with non-radial
perturbations of the radial profiles, i.e., for solutions of (4.17). Controlling Taylor coefficients for (g, U, B)
at y = 0 whose index is not large, is quite complicated; Section 5 is dedicated solely to this global-in-time
ODE analysis.

In this section, the control of all Taylor coefficients of sufficiently high index is taken as an assumption;
we do not need to assume that these coefficients vanish identically, we only need them to decay as 7 — oc.
For this purpose, for any M € Ny, we define a norm that controls the modulation functions and the Taylor
coefficients up to order M:

Eom(r) = [&(1)] + [Eu(T)| + [E8(7)] + [E(7)]
+ Zog\a|gm|(aaé)(0’ )|+ [(0°VU)(0,7)| + |(0*V?B)(0, 7)|. (4.20)

A comment regarding (4.20) is in order: we recall from (4.13) that U(0,7) = 0, B(0,7) = 0, and
VB(0,7) = 0 for all 7 > 0; it is because of this fact that we have chosen Eo m (cf. (4.20)) to measure
the Taylor coefficients of order < M for VU and V2B (instead of U and B).

4.5.2. Measuring the solution on the bulk. Assuming that Ep v is under control for a sufficiently large

integer M—see assumption (4.26) below—our aim is show that the solution (9, ﬁ, é) of (4.17) is global in
time. In order to achieve this we need to estimate the solution in a carefully designed norm, which takes
into account not just regularity (to take advantage of the energy structure of the system), but also (nearly)
optimal asymptotic behavior as |y| — 0 and |y| — oo. For this purpose we introduce:

e Let ¢ : R? — R, be a smooth non-negative cutoff function with
P(z) =1, V[z[ <1, #(z) =0, V[z[>2.

For an integer £ > 0 and a function f € C’“(Rd), we define (compare with (3.35a) and (3.37)) the cutoff
Taylor polynomial |5, f and the remainder Py, f by™*!

kf ) = o) (3, _, m0"FO0)y%). (“21a)

laj<k !
Pef(y) = f(y) = kf(y). (4.21b)

Using these operators, we decompose functions f into three parts: the profile f, the cutoff Taylor poly-
nomials I f, and the remainder Py, f, meaning that

f=f4+f=Ff+uf+Pyf. (4.21¢c)

4INote that as opposed to the definition of Jj, in (3.37) we do not divide P, f by any weight in y.



74 JIAJIE CHEN, STEVE SHKOLLER, AND VLAD VICOL

e The values of k (in the above decomposition) that we need to choose for the various components of the
vector W = (g, U, B) are different. Indeed, we recall from (4.13) that U (0,7) = 0, B(0,7) = 0, and
VB(O, 7) = 0 for all 7 > 0, and using the fact that the profiles W satisfy (4.12) we have that (4.6)
and (4.17) preserve the vanishing orders:

0,0 =0Os0(l), U, U =0y 0(z]), B,B=0,_0(z%. (4.22)
Therefore, if W € CM*3 for some integer M > 0, we may define
0=0+Imo+ Pwmo, om = Pwmo, (4.23a)
U=U+ Iy U+ Py.1U, Un = PuuiU, (4.23b)
B = B + Iy12B + Pumy2B, Bm := Pmy2B, (4.23¢)
and B o
W = (om,Um, Bwm). (4.23d)

Since Ep m controls (Iyp, IMHf], IM+2é), see (4.20) and (4.21), the entire analysis in this section is
dedicated to boundi~ng W w1, for a carefully chosen M.
e In order to bound W, we define a (weighted Sobolev) energy density by

Ex(Wi) = Zal:kEa(WM), (4.24a)
e 070l [0°0uf _|9Bu? :
< _|0%om |0Uwm 0“Bwm 20% M 0%Bm
Ea(Wn) = (2a0)2 ¢ TR Tl%., B
where C is the self-similar speed of sound (recall (4.7)), and kg > 1 is a sufficiently large constant, to be
chosen later (see (4.71)). Upon integrating the energy density Ek(WM) against a suitable weight in y,
we define the k™" order energy functional F}, as

Si(r) = / E(W) (7o) ly*dy, vk >0, (4.240)

for a weight ¢y > 0 which satisfies (4.60) and is defined precisely in Lemma 4.11.
o The total energy &ior in which we measure Wy, is given by

(4.24b)

Sror = &k, (1) + V& (T), (4.24d)
where the coupling parameter v > 0 is to be determined later (4.110), and the regularity parameter k. is
k.« = 2d + 10. (4.25)

The above value of k, is large enough to close the nonlinear energy estimates, but it is not too large; in
particular, it is explicir.*?
4.5.3. The stability result. We recall from (4.20) that Ep p measures the perturbations in the modulation

functions (&, &y, €, &,), and the Taylor coefficients of order < M for g, VU, and V2B, at y = 0. Our main
stability in this section is:

Theorem 4.4 (Finite co-dimension non-radial stability). There exists a sufficiently large integer M such
that the following holds. Assume that there exists a decay rate X\ > 0 and a constant C(426) > 0, such that

EO’M(T) S C(4.26)6_)‘TE07M(0), VT 2 0. (4.26)
There exist

e a sufficiently large radius Ry > 1,
o sufficiently small parameters &,v, 6y > 0,

42This differs from the weighted H" stability analysis for implosion in the isentropic compressible Euler equations [49, 7, 18],
where k is required to be sufficiently large and is implicit.
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o a weight @q function satisfying the bounds

Ci(o)o(y) < wo(y) < Calpo)oly),  where  Goly) == [yl + (y) =%,
for some positive constants Ca(po) > C1(po) > 0,

all depending on d, o, N, on the profiles (,U,B), and on M, \, Ca.26), such that the following holds.
For any Ry > Ry, consider initial data (0in, Uin, Bin) for (4.6) which satisfies

15(y,0) ()™ < oin(y) < 20(y, 0)(y)™, (4.27a)
1B(y)(y) ™% < Bin(y) < 2B(y){y)®, (4.27b)

where 0 is defined in (4.18) in terms of Ry, and such that the initial data (gin, Uin, Bin) := (0in, Uin, Bin) —
(0,U, B) for (4.17) satisfies
Eom(0) <&  &u(0) < &%, (4.27¢)
where the total energy &ior Is defined in (4.24), and depends on v and .
For any such initial data, the solution (9, U, é) of (4.17) is global in time and satisfies the bounds

Taly, 7)) < oly,7) < daly,7){y)™,
1B ()~ <B(y,7) < 4B(y) ()™,
Forall y € Reand T > 0, together with the stability estimate
Srot(T) < CF%e™27, (4.28)
for some constants Ao, C > 0 depending on pg, M, and on the profile.

Remark 4.5 (Stability assumption of £ \1). The Taylor coefficients and the scaling parameters appearing
in Ep v (recall (4.20)) form a finite dimensional and closed system ODEs. In Section 5, we analyze this
ODE system and prove that (4.26) indeed holds for initial data selected from a finite co-dimension set.
See Theorem 5.1. We also refer to Remark 5.3 for a discussion of the relation among the stability of the
ODE:s associated with £ v, the stability estimates for the PDE away from the origin, and the local-in-time
regularity of the solution.

Remark 4.6. By requiring the parameter £ in (4.27c) to be small enough, assumption (4.26) implies
Eom(T) < CEom(0) < Ce< 1 (4.29)
for all 7 > 0. The bound (4.29) is useful to simplify energy estimates.

Remark 4.7 (The set for initial data is non-empty). We give examples of initial data (gj,, Uin, é;n)
which satisfy the assumptions of Theorem 4.4. First, we may turn “off” the modulation functions, i.e.,
set (&, Cy,CB, &) = (0,0,0,0). Second, we note that for any non-negative integer M > 2, if the initial
perturbation is smooth enough at the origin and satisfies*

VMG (0) =0, VMg () =0, V=M2B (0) =0, (4.30)

then we have V=M5(0,7) = 0, V=M+1T (0, 7) = 0, V=M+2B(0, 7) = 0 for all 7 > 0. This fact is a direct
consequence of the ODE analysis in Section 5; that is to say, the vanishing order at the origin is preserved
forward in time. As a result, for initial data satisfying (4.30), cf. (4.38) we have that Ep m(7) = 0. Hence,
the estimate (4.26) and assumption (4.27¢) on Ep m(0) hold trivially.

Then, we note that the energy &iot(0) defined in (4.24) only depends on W (0,-), defined via (4.23) as
(PMin, PM+1ﬁin, PM+2I§;n) = (Oin, U, éin); the last equality holds due to (4.30). The condition (4.27¢c)
on &t (0) defines an open set Oy of initial data for W (0, -) in an appropriate weighted Sobolev space.
By the embedding estimates of Lemma B.5, condition (4.27c) implies the smallness of V2W . Thus, for
initial data satisfying (4.30) and (4.27c) with € small enough, the inequalities in (4.27a)—(4.27b) hold for

43We use the notation V=F£(0) = 0 to indicate that 9™ f(0) = 0 for all || < k.
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ly| < 2. For |y| > 2, since the cutoff Taylor polynomial I f vanishes by definition (4.21), inequalities
(4.27a)—(4.27b) define an open set Oz of initial data for W in a weighted L*° space. For fixed £, by
choosing Ry large enough, we obtain that the initial perturbation (o — g, 0, 0) associated with the initial
data (p, U, B) belongs to these two open sets O and Os. Therefore, for initial data of VVM in O; N Oo,
and assuming that the first M-th order Taylor coefficients satisfy (4.30), the assumptions in Theorem 4.4 are
satisfied. In particular, the set for initial data is non-empty.

In Theorem 5.1, we show that a more general class of initial data leads to (4.26) and we relax (4.30).

Remark 4.8 (Initial data may be constant outside a compact set). At 7 = 0, the cutoff self-similar
profile o( -, 0) defined in (4.18), satisfies o(y,0) = g(Ry) (a strictly positive constant) for all |y| > 2Ry.
Consequently, both the upper and lower bounds in (4.27a) on the initial density are themselves constant on
{ly| > 2Ry}, and the analogous upper/lower bounds in (4.27b) on the initial pseudo-entropy reduce, on the
same set, to upper/lower bounds for B(y) = |y|>H?(|y|). Moreover, the smallness condition &t (0) < &2
in (4.27¢) only constrains the bulk remainder VVM = (PM0in, Pm11 f];n, Pmao éin) defined in (4.23), and
does not constrain the values of (gin, Uin, Bin) at any individual point |y| > 2Ry > 2.

Therefore, the assumptions of Theorem 4.4 are compatible with initial data that are identically equal to
a constant non-vacuous state outside of a fixed compact set in R%: density and pressure are constant, and
velocity vanishes, on the complement of a ball. An explicit class of such initial data is obtained by smoothly
cutting the asymptotic profile (g, U, B) of Theorem 2.20 against the constant state (9(Ry), 0, B(Ry)) at a
radius ~ Ry, and then verifying (4.27) and (4.27¢c) for Ry sufficiently large; see also Remark 4.7.

The remainder of this section is dedicated to the proof of Theorem 4.4, whose summary is given in § 4.15.

4.6. Estimates of the Taylor expansion. We recall the definitions of the operator I, and P, = Id — I
from (4.21). In this section we record a few properties of these operators, and discuss their relationship to
the vanishing order of a given function at y = 0.

4.6.1. Functional spaces. For any k times continuously differentiable function f, we denote
— (67
FWler =D 105 ). (4.31)

Note: C* is not the C'*-Holder norm; no supremum over y is taken.
In order to measure the vanishing order of a function, for y # 0 we define

[F@)lex = Zoﬂagklyl'a‘_ll@“f(y)I, and [ fllps = supocyy <ol f(¥)Irs- (4.32a)

The supremum in the above definition is taken over |y| < 2 to match the support of the function ¢ appearing
in (4.21a), and hence, to match the support of I; f. Note that the above definition implies

O FWI < [y W)y, forall  |a] =k (4.32b)

Formally, a function f € Ff has a vanishing order similar to |z|' as |z| — 0, with bounded derivatives up to
k-th order. y 5
In order to measure the vanishing order of the triple (f, g, h), e.g. W, W, or W, we define

oo W = 1)l + oWl + s, (4320
1ol o= sup |(F. 0, M)Wl @320)
a,b,c |y|§2 (a,b,c)

k

When Hf”rf < ooorl(f,g, h)HFfZ ey OO WE sometimes write f € I'F, respectively (f, g, h) € L b

Lemma 4.9. With the notation in (4.32) and (4.21), we have:
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(a) Foranyi,p,q > 0,1 <p-+gq, and0 < |y| <2, we have

(9 Samat 1@y Lol (433%)
Moreover, for any i,p,q > 0 withp < q, and 0 < |y| < 2, we have
IVFWIry Sip 1FW)lpsers [F@)ly S 1F @)y (4.33b)

(b) For f € C*(By(0)) with ||f||1~{v < ooandk > 1> j, we have Pjf = f. In particular, for f,g €
C*9(By(0)) for some § > 0, we have

Pi(f-Prg) = f-Prg, forany 1<k, (4.34a)
Foranyl <k —1,orforl =kand f(0) =0, orforl =k + 1and f(0) = Vf(0) =0, we have
Pi(f - VPrg) = - VPyg, (4.34b)
Sorall |y| < 2.
(c) Forintegersi,k > 0, any f € C™(B2(0)) with n = max{k + 1,4}, and any 0 < |y| < 2 we have
IPrf(y )‘FZH Sik Hf”C”(m)’ n = max{k +1,i}. (4.352)

Moreover, if | > 0 and g is C' smooth near the origin, we have supp (f - l;g) C Ba(0), and
|P(f - Ilg)h"z Nzk \y|<2||f||cn (Ba0) )|g( )et, n=max{k+1,i}. (4.35b)

Proof of Lemma 4.9. Ttem (a). Estimate (4.33) follows from the definition (4.32) and the Leibniz rule.

Item (b). If HfHF;C < ooand k > [ > j, by definition (4.32), we have 9% f(0) = 0 for |a| < — 1. Since
[ —1 > j, by definition (4.21), we obtain |; f = 0; hence f = P; f.

For (4.34), the regularity assumption and Taylor’s theorem implies Prg(y) = (’)|y|_>0(\y]k+5). Thus, it
is easy to verify 0%(f - Pxg)(0) = 0 for |&| < k. When [ < k we thus have |;(f - Prg) = 0, which
implies (4.34a). Analogously, when ! < k — 1 we have |;(f - VPxrg) = 0. When f(0) = 0, then f - VPrg =
(’)|y‘_,0(\y|k+5), and hence I (f - VPyg) = 0. The third case is similar, and (4.34) follows.

Item (c). Estimate (4.35a) follows from the integral form of the remainder in the Taylor expansion;
when j < k it implies that |y|7~*+D|VIP, f(y)] < Hchk+1 B ) while for j > k + 1, we have

[y~ FHD|VIPL £ (y)| < 20~ (BHD) 1f 1l s (B, Taking the sum over j < i, estimate (4.35a) now follows.

For (4.35b), since f - I;g is supported in By(0), we use (4.35a) to prove

Pr(f - |l9)|r§g Nzk If- IlgHCn (B2(0)) Nzk ||fHCn (B2(0 HllgHCn (B2(0)) Ni,k’ ||f||cn(m)|g(0)|cla
completing the proof. ([

4.7. Derivations of the remainder equation. Here we use (4.17) to derive the evolution equation for WM
(Wthh is defined in (4.23d)), up to error terms which we shall denote by £y g in Py o-equation, &y 1 in
PMHU -equation, and &y 2 in PM+QB -equation. See (4.45)—(4.47) below.

We first make some preliminary remarks concerning vanishing orders at y = 0. From (4.22) and the
definition (4.23), we obtain

TV — (77T R 00 M+-3 I M+-3
W= (5,UB) €%,y WEeTHE,  Wuell? uiows (4.362)

with pointwise-in-y bounds which follow from (4.32b)

Vi om| Swi [y omlry, - (4.36b)
V'Owm| S v 0wl (4.36¢)
IVBMm| Smy [yMT3 Bl (4.36d)

M+3
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Note: in the remainder of the section we only use Ww € I‘?/'MJfl M-2,M+3) qualitatively to derive the PDE

that this vector satisfies (e.g., by using identities (4.34)); when aiming for quantitative estimates, we use
- ) :
W € Uiyt miomsg) With k<M.
To measure the error terms in various Taylor expansions, we introduce a function class which contains

functions f are similar to |x|M*7*! for 0 < || < 2; to make this precise, for an integer j > 0 we write
f=0(w,) (4.37a)

if f € CM+J+1(B5(0)) and we have the pointwise bound

F Wy, Sigm Rmiy), (4.37b)
where
Ruaiy) = Eom (1+ Wrn®lei, e ) (4.370)
for all y € By(0) and for any i < M + 1. Here we recall cf. (4.20) that
Eom = 18(0)lew + [U(0)[ews1 + [B0)|em+ + [&r| + [eul + [2a] + [ (4.38)
4.7.1. Transport terms. Consider the transport terms f - Vg in (4.17) with
f=cay+U.
Using linearity of Py and applying (4.34) in Lemma 4.9, we obtain
Pe(f - Vg) = P(f - VPg + (f + Imsr f + Pusrf) - VIkg)
= [+ VPj + Pu(Pmsf - VIkg) + Pu((f + Imsf) - VIkg)
= I+1I+1III. (4.39)

For (k,§) € {(M, 3),(M+1,U), (M + 2, B)}, applying the product rule (4.33), using the vanishing condi-
tions (4.36) for B € I'}, and recalling the definition of U in (4.23), we obtain

Pasif - VIegles | Sia IPmnflg, - IVIedle: o Sim (&l + [Umlpg, JBom (4.40)

forany 0 < ¢ < M + 3. Thus, using (4.34), we obtain

IT =Pi(Pusrf - VIkg) = Pupf - Vg,  and [y, S (&) + |I_7M|%+2)EO7M. (4.40b)

For the term I11 appearing in (4.39), applying the product rule (4.35), and using f, Ig, PM+1f e M+
together with (4.29), we obtain

1Ty, Swa (14 F(0)ews)]3(0)er S (1+ Eom)Eom Smi Eom (4.41)
for i < M 4 1. Thus, using the notation for the error (4.37) and (4.23), for f = ¢,y + U we obtain

Pm(f-Vo)=f-VPuo+ O(Emp) = f-Vom+ O(Emp) (4.42a)
Pyvsi(f - VU) = f-VPupU + O(Ewy) = f - VU + O(Ema), (4.42b)
Pumaa(f - VB) = f - VPy12B + O(Emz2) = f - VBu + O(Em2). (4.42¢)
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4.7.2. Other derivative terms. Next, we consider other terms involving V (o, U, B) in (4.17). Using (4.34),
Lemma 4.9, and the vanishing order in (4.36), (3, U, B), (0, U, B) € TM*3 ' we obtain

(0,1,2)°
Pm(odivU) = Pu(odiv Py U + (84 Pmo + Imé) div iy, U)
= odivUwm 4 om div Imp 1 U + Py((8 4 Imd) div Ime 1 U) == I + I + I3, (4.43a)
Pms1(BV3) = Pymy1(BVPMG + (B + Pymy2B 4 Ivs2B)Ving)
= BVim + BMVIMG 4+ Pmat (B + Ims2B)VInmG) == IT; + [Ty + I3 (4.43b)

Prmy1(0VB) = Py (QVPM+2B +(0+Pmo+ |M§)V|M+2|§>,
= 0VBM + oM - Vimg2B + Pup1((8 + WM@)VimeoB) := 11T + I1Ty + 1113, (4.43c)
Note that from the vanishing order of W, Wy (4.36), it is easy to check the vanishing order
I, I = O(zMTY), 1L, 1L, 111,111, = O(|z|M*?),

which along with the regularity of W and (4.34), implies the above identities.
Applying the product rule (4.33) in Lemma 4.9, for any ¢ < M + 2, we estimate I, [ 13, 1115

[olrg,  Swi lomlry, (U O)|ewir S [omlry,  Eom S R, (4.43d)
Bumlry,, ,1000)lew < [Bwmlry,, . Eom S Rw.is (4.43e)

oulry,  [Vims2Blry Swi [omlry, [B(O)lewsz < [omlry,, Eom S Rma- (443

|II2|F§,I+2 f,l\/l,i

. <pq s
‘IIIQ|F?\/I+2 NM,Z

The terms I3, 113, 1113 only depend on the profile ~V_V and ViW(O) and have compact support. Applying
the product rule (4.35) in Lemma 4.9, using W, [; W € C'*, and the bound (4.29), we estimate

slry,, S (1+18(0)|ew) [T (0)ewsr < (1+ Eom)Eom S R, (4.43g)
[ Is]ry, , Smi (1+ B(0)|em+2)[8(0)|ew < (14 Eom)Eom < R (4.43h)
I35y, S (14 18(0)]ew)[B(O)lewsz S (1+ Eom)Eom S R (4.431)
The above terms Is, I3, [ 15, 115, [115, I113 have compact support. From (4.37), we obtain
I, Is = O(Emyp), 1,113 =0(Em,1), 11,1113 =0(Ewm). (4.43))

4.7.3. Estimate of remaining terms. The estimates of remaining terms in (4.17) are similar, and are obtained
by applying Lemma 4.9. We sketch the estimates. Using the notation (4.23) and (4.37), we have

PM(CQQ) = CQ§|\/|, PM+1(CUI~]) = Cul-jM7 PM+2(CBB) = CBB|\/|. (4.44a)

Since W € C° and |W € C° for any [ > 0 such that W e C' at the origin, using (4.36) and Lemma
4.9, we obtain

Pw(—U - Vo — 2a5divU) = —Py ((PM+1ﬁ FlnsiU) - Vo + 2a(Pua + Ind) div I‘J)
=-Uwm-Vo—2apmdivU + O(Emyp), (4.44D)
oVB) = PM+1< — (Pu1U + lusU) - VU
— 2 (Pms2B + Im2B)Va — L (Pma + |M@)vé)
= —Uw-VU - 5;BuVo— 2amVB + O(ém1),  (4.44c)
—Pmy2(U - VB) = —Pyia((PmsrU + Iwy1U) - VB)
= -Uwm-VB+O(Eny). (4.44d)

Pusi(—U VU — £BVg —
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It remains to bound the terms on RHS(Mz) v_vhich are a product of the perturbed modulation functions
(&,¢€,, €u, &) and the stationary profiles (g, U, B). For this purpose, we note that for any smooth function f

satisfying f(y) > 0 fory # 0, f(y) < |y|* for [y| <1, f(y) =< |y|~for |y| < 1,and [V*f(y)| Si.c (y) "
for any ¢ > 0, using (4.35) in Lemma 4.9 and the fact that P;(f)(y) = f(y) for any |y| > 2, we have

IVPLEW)] S ly" T8 Soe WP £ (), ly| <2,
IV'PrfW)| =V fF W) Sive (W)™ Sie () "1f W) |yl > 2.

Applying the above estimates to pairs (f, k) € {(2, M), (U,M+1), (B,M + 2)}, using the decay estimates
of W in Lemma 4.3, the vanishing conditions in (4.36), and the asymptotic |C| =< |z| near z = 0, we obtain

o' (IV'PM(E0)| + &V Pu(y - Vo)) < [y (y) ™M Eom, (4.44e)
C (IVPM (D) + VP &y - VO)) S M ()™ Eom, (4.441)
B! - (IV'Pm2(28B)| + |V'Pmi2(&y - VB)) < M ()™M Eom, (4.44g)
where we recall that Ep v < Rm; (forany 0 < ¢ < M + 1) is defined in (4.38).
4.7.4. Summary of the derivations. Combining (4.42), (4.43), (4.44), and using the notation in (4.23), we

derive the equations for (owm, U, EM) by applying the linear operator Py to (4.17a), Py to (4.17b), and
Pm2 to (4.17c¢), resulting in

Orom = Ny + Emo, Em.o = O(Emp), (4.45a)
. Um = Ny + Ewu, Emu = O(Em), (4.45b)
9:Bm = Ng + Eme. Emg = O(Ema), (4.45¢)
where the nonlinear terms N, are defined as
Ny == (cy +U)-Vom — 2a0divUpy + cpom — Um-Va — 2a0m div U, (4.462)
Ny == (ey +U)-VUwn — 55BVim — 20VBum + ¢,Unm — Um-VU — 5.BuVo — LamVB,
(4.46b)
Ng :=— (¢ry + U)-VBpm + cgBu — Um- VB, (4.46¢)
and the error terms £y o satisfy the estimates
V' Em ol Sim o)yl () ™M R (), (4.472)
IViemul Sinm C@)ly™ ()™ R (y), (4.47b)
IVeemel Sim B)lyM )™M RMa(y), (4.47¢)

for any ¢ < M + 3. Here, Rm,; is defined in (4.37) and we used that p(y) < 1, C(y) =< |y|, B(y) =< |y|* for
ly] < 1,and g,C,B > 0 for all |y| > 0.

We note that the nonlinear terms in (4.46) may also be written in a more compact form by appealing to
the bilinear operators B = (1, Ba, B3) defined earlier in (4.14); indeed, we can rewrite (4.46) as

(NQ,NU,NB) = —CY- VWM + (CQ§|\/|, CulrJM7 CBBM) + B(W, W|\/|) + B(Wm, V_V)7 (4.48)
where W = (o, U, B), and Wy = (@M,f]M, BM).

4.8. Bootstrap assumptions. We first define the d, > 0 parameters which appear at various exponents

OB : dg = ﬁ min(l — %’ 1-— 53), 61 := g + 8dp. (4.49a)

= Ter,
Using (4.10), we obtain
do >0, 0<dg<dr <l (4.49b)
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Recall the modified profile g = o(y, 7) from (4.18) and the profile B = B(y) from (4.8). We introduce
the upper (with lower index u) and lower (with lower index |) barrier functions g, 94, By, By, Cj, C, via

o =20y, ou=2- ()™, (4.50a)
B :=B-(y)° B, :=B- ()%, (4.50b)
C = (2B)" 2<y>’5°, Cy = (aB)/?(y)%. (4.50¢)

Then, we impose the bootstrap assumptions
j0<0<4dq,  iBI<B<4B,, (4.51)

and

o Vol <o Y |Val + |y~ ()", (4.52a)
V(U = U)| < (y)~1+s+4%, (4.52b)
B~'|VB| < B~!|VB| + |yl (y)*™, (4.520)

forall y # 0 and all 7 > 0.
4.9. Consequence of bootstrap assumptions.

4.9.1. Properties of barrier functions. From Remark 4.3 and the definition (4.18), we obtain

_ S S _ = - —k=
o= )= +RMN=, ess VAo (4.53a)
with implicit constants independent of Ry, R(7). Applying the Leibniz rule and Remark 4.3, we obtain
VBl Sk ()" (B+x),  [VE(2B)| <k () (2B +x) (4.53b)

for all |y| > 0; here Y is the cutoff function from (4.19). For g € {g, B, (3B)/?} we have g> + x > 0 for
any y. Using (4.53), and the Leibniz rule, for any a € R, we obtain

VR ()% + )| Ska (W) F (P W)+ )Y, g€ {a,B,(aB)"?}.

As a result, for the barrier functions g € {g, 0y, By, By, C|, Cy} defined in (4.50), taking a = +dp in the
above estimates, we obtain

VR + )2 <k ) (P + )2, g €{ai,6u,B1, By, C, Cu} (4.54a)
Moreover, for k > 0, we have
V| <k lv ™% g, g € {a1,0u,Bi, By, C, Cu}- (4.54b)

4.9.2. Bounds related to the sound speed. Since C = (pB)'/2, using assumptions (4.51), (4.52), we obtain
CHvC| < 327 ' Vel + $B7HVB| + [y~ ) <yl )™, (4.552)
1C < C<4C,, (4.55b)
for all y # 0. The implicit constant appearing on RHS 4 55,) depends only on the profiles.
Since p <1,B < (y )Cr = (y)?% (see (4.49a)), C,(0) = 0, and &; < 1, we further obtain

C < 4C, S Iyl ™7 Slyliy) 10t < (). (4.55¢)
B)l/ 2 the above estimate, (4.51), and (4.53), imply that

C=(gB)"/* < (2B)'* < C(y)™, B < B)™, (4.56a)

LS o)™, Cu < Cly)™™, Bu < B(y)2%. (4.56b)
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4.9.3. Relative decay of quadratic nonlinearities. Under the bootstrap assumptions (4.52), using bounds on
U from Remark 4.3, the fact that U (0) = 0 and ¢, < %EB, we deduce

I U+ VU] S ()71 4 () T g () ~eerib ) m1hii, (4570

Under the bootstrap assumptions (4.51), (4.52), Remark 4.3, (4.55¢), (4.57a), and C = (98)1/2, we obtain
CHU-VC+B U - VB[ + o' [U- Vo SIU|(lyl " + [yl )*) < ()~ (4.57b)
07 !|CVe| +BHCVB| < Cly| ™ {y)™™ < (») 1, (4.57¢)

where the implicit constants only depend on the profiles.

4.9.4. Weights. Werecall that k. = 2d+-10 was fixed earlier in (4.25). Henceforth, we require the parameter
M (appearing for instance in the definition of W) to satisfy
M >k, + 2. (4.58)

The precise value of M is determined later in (4.100).
We recall that the weighted H* energy &, defined in (4.24c) contains the weight function

vo(W)|y1** =: er(y). (4.59)

We impose the following constraints on the weight g, which is defined precisely in Section 4.12:
C1(0)@o < @o < Ca(po)Po, Go = Jy| M (y) T, (4.60a)
Vol < Cs(0) - ol -y, (4.60b)

for any |y| > 0, where C; (o) > 0 are three constants which depend on ¢y.
In terms of the weight (g, it is convenient to define an auxiliary norm for the vector W = (0,U,B):

HW”Xl = Z Al/?,y‘ ( Vz~ C 1le B lvl
0<i<I

B)I-
4.9.5. Pointwise estimates. Under the bootstrap assumption (4.51), and its consequence (4.55b), since 0=
land B < 1 for |y| < 1, using the definition of ¢¢ in (4.60), for any i < k, < M, we obtain

Golyl*'g7 Z GolylPg? 2 () gl + 07 g€ {e,C,B}

From (4.54), we obtain that the weight h = (g2 +X)%, with g, € {0u, Bu, Cu}, satisfies [Vh| <; h(y) L,
which is precisely assumption (B.8) of Lemma B.5. Thus, for k¥ < (k. — 1) — d, applying Lemma B.5 and
recalling (4.58) and (4.60)—(4.61), we obtain

~ —d—46
(B2 4+ )YV Bum| Sr ()P0 FBm - (y) 2 (B2 4+ )"V 12
~ —d—46
+ <y>25o—k||vk*—lBM . < >#°+k*—1(82 + X)_1/2HL2

~1/2 1/2 _ _
Sk (y)? (HBM 5By 2 + [IV5 B - g 2 [yl™ lBu1HL2>
Sk W[ Wl o (4.622)

Similarly, we obtain
(0u® + )21V | + (C3 + )72V Om| Sk (902 Wl ane—- (4.62b)

In particular, the bounds in (4.62a)—(4.62b) show that WM (y) € Ck+=1=d pear y = 0, with CF—1=d_porm
(in the unit ball around the origin) bounded by |Wml xke—1. Since M > k, — 1 — d by (4.58), it follows
that V'W(0) = 0 for all i < k, — d — 2; thus, we obtain

VW) Sk, [y)? ran!Wm\ck+2 Sk [YPIW |1, Y]yl < 1. (4.62¢)
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forall |y| < landall k < k, —d— 4. We deduce that for any k with 0 < k < k, /2+1 (thus k<k.—d—4
cf. (4.25)), by combining estimates (4.62), (4.51), (4.55b), (4.56), and using that g, > 1,C, > |y|, By = |y|?
for |y| < 2, we arrive at

IVFEom()| Sk 0u(®) @) 20 Wnlaone—1 Sk 0(y) () 4% W] pre1, (4.63a)
IVEOM ()| Sk Cal@) (W) 20 W |kt Sk C) () F 40 W | ka1, (4.63b)
IVEBM ()| Sk Bu@) (W) F 20 | W | ka1 e B(y) ()~ F 4% [ W] k1, (4.63¢)

for all |y| > 0. In the above displays we have suppressed the time dependence relevant functions.
We recall from (4.21c) that any smooth function g may be decomposed as g = g + ;g + P;g; see
also (4.23). For any k > 0, using Remark 4.3, and the upper bounds for (g, C, B) in (4.56), we obtain

VFal Sk 1|y\<1 +0(y) ™" Sk alyl ™ Swelyl M), (4.64a)
VRO Sk lyl' ™ 1y1<1 + 121 Cly) ™ i Clyl ™" S Clyl ™ ()™, (4.64b)
IVPB| Sk lyP ™ Ly <1 + Ly>1B () ~* e Blyl™ Sk Blyl F(y)™. (4.64c¢)

Similarly, since |y applied to any function is smooth and has support in B2(0), we obtain
IVFIM| Sim 1\y|<2Eo,M Sim 01y " Eom Sim elyl ()0 Eom, (4.64d)
VM O] Sim [y 1 <2 Bom Siom Clyl ™ Eom Siem Clyl ™ () Eom, (4.64¢)
IVFIM2B] Siom [0 1 <2 Bom Sk Blyl ™" Eom Skm Blyl ™ ()® Eo m. (4.64f)

The final pointwise estimate is for C.=C-C. Using the estimates (4.63), (4.64) with k = 0, and the
definition C? = pB, we bound
5 _1C—C _[Bo—Bo| _[B—Blo+Blo—g|

C: — p—y — —
cl C+C c+C ~— C+C

S (CmEom + [|[W || pre—1)

Bo(y)**® + Bo(y)*™
C+C '
The implicit constant in the above bound is independent of M; to emphasize that the implicit constant

in (4.64d)—(4.64f) does depend on M, we have included the constant Cy in the above estimate. Using
(4.51), (4.55), and C? = B, we obtain

Bo(y)* + Bo(y)'® < Bo(y)*™ = C*(y)** < Clyl(y)*+*% " < Clyl(y)™ .
Combining the above two estimates, we derive the pointwise estimate
CW)I S (CrEom+ Wl w1 yly)™ (4.65)

with implicit constant that depends on k., but not on M.

4.10. Weighted H* estimates. Our goal is to perform weighted H* estimates on the evolution equation
(4.45), for 0 < k < k.. While the system (4.45) may be diagonalized, we do not do so to simplify the
derivations. For convenience of the reader, we recall from (4.24) the definitions of the relevant energy
norms. For a multi-index o with || = k and a large coupling parameter kg > v~ 2, to be determined, we
consider

o (2 oy, |2 ARy, |2 28%5 B 5
9% om| +|3 Uwm| +RB|3 M| L 20%m  0%Bwm Sk

7 |
E,(Ww) = ,
(W) (2c0)? Cc? B2 v 2ap B

(4.66)
The associated energy norm &, is defined by integrating the above against a time-independent weight ¢y,
which is to be defined precisely later:

&—/memw. (4.67)
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4.10.1. Choosing the coupling parameter rg. Note that although the fourth term appearing in the definition
of E,(Wnm) is not signed, the total energy density E, (W) is signed (positive). To see this, note that for
v > 1 we have

2| 0°gm 0°Bw
200 B

5| 0% 0m 9B
200 B

B aB 2 as |2
o172 (HBW M| n 0% owm| >

— "B B2 (2&9)2
Upon choosing kg > 100, we obtain
kgt <l = (I+rg)(1—rgD) < 1+3k5"7% (4.68)

and therefore the first inequality in (4.68) implies

_1jo (10%mf? 10°0Uwm |8*Bpm |2
1— Z =7
(J,B_/)( (2a0)? T e e )
>1/2
_1/9 ‘aa§M|2 |aaf]M|2 |3O‘B|\/||2
Ea(Wy) < (1 + #5" )( Gar Tt ) (4.69)
<3/2

The other constraint on g relates to the outgoing property of the stationary profiles (cf. (4.9d)). Since
C(0) =0, C(y) > 0 for y # 0, using the decay estimates (4.9c), we obtain that there exists a finite constant
C = 0(4,7()) > 0 such that

ICW)I < lylCua0y (4.70)
for any y # 0. Thus, if we define
1 36C% }

g = max{ 4.71)
100" CZqq
then the outgoing condition (4.9d) implies
Syl + Uy) — (14 3k57*)Cy) > (Cusg — 3Car0rg ")yl = LCuonlyl- 4.72)

Remark 4.10 (Treating ~g as an absolute constant). Since rp, defined in (4.71), depends only on the
profiles U and C, and on the parameters «, d, and N, we treat kg as an absolute constant throughout the rest
of the section. As such, we do not explicitly track the dependence of most constants on xg.

4.10.2. Energy identities. The time derivative of &}, is calculated via (4.45)—(4.46), and may be decomposed
as

1d&, 1d
2(17':2d7'/ Z / Wwmor =Ier+ Y (Ina+Tsa),  (4730)
|er|= k lo|=k
where Z; , denotes the terms with time derivative 0, acts on the denominators in (4.66)
dro |0%m)?  0,C |9°Uwm)? \6O‘BM\2 -0 0;B 10%m 0°Bwm
Too=— <— - 5 ' ) ’
8,0 / 0 (a0’ T C 2 +B 2 ", "B ) 200 B P
(4.73b)
the terms Zyr ,, are defined in terms of the nonlinear terms A, appearing in (4.45) as
o o U 9B
Tna: / (aa/\/ M oeng - LM N - LM
(200) B2
1
+ ("N, - "B + 0°Ng - 0° QM))% (4.73¢)
2ayC
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and Zg ;, captures the error terms €y o appearing in (4.45)

o OB o 0°Uwm o 9°Bwm
Ig,k = Z / (8 (‘:M@ . W + 8 (‘:M7U . T + HBa EM,B . ?
|a|=k

_|_

Sz P e 0°Bum + 0"Emg - 3aém)) - (4.73d)

The remainder of this subsection is dedicated to bounding the terms Zs o, Zx o, and Zg 4.
To simplify the notation, we shall denote the advection operator A and its action on log ¢;, by

cqy+U) -V
Af = (cy+U) -V, dy, = (cry 9013 L A(log ). (4.74)
In the following derivations, we use “mathcal” notation Z, to denote integrals, and I, to denote the corre-

sponding integrands.

4.10.3. Rewriting L . We rewrite the Z; ,, term defined in (4.73b) by using the equations (4.6), the defini-
tion C = (oB)'/2, and the identity c, = 2(co + cg), to arrive at

O _ —“‘;Q+cg—2adivU

s}

B B %
9.C 10,0 0,B

1,40 AB AC

C :§<7+ B ): 2( 0 +?)+Cu—OédiVU:—T—i-Cu—OédiVU.
Recalling (4.73b), it follows that
Ao : [0%am* | AC . 09U |
1-57a = / <<? — C,Q + 2adiv U) . (20(@)2 + (T — Cy + adiv U) . T
AB |0°Bum|? | AC , 20%%m 0“By
(5 —ca) me gyt + (T — Gt adiv D)5 IR S
_. / [ (4.75)

Note that the bound (4.9¢) and the bootstrap (4.52), together with ¢, < %EB, imply the pointwise bound
|divU](y) < (y) "7 4 |div U |(y) < (y) 7"+ + Crago (y) '+
< (1+ Cago)(y) 0%, (4.76)

4.10.4. Decomposition of Iy . into transport, dissipation, and remainders. For any multi-index o with
|a| = k. Applying 0¢ to (4.46) and recalling the notation in (4.48) and (4.14), we obtain

0N, :=—(cy +U) - VO%0om — 2cpdiv U + (co — kcr)0“0m +Ra1s (4.77a)
=To,a :zgg,a

"Ny :=—(cy +U) - VO"Uw — 535BVI*om — 20VI*Bm + (cy — kc,)0“Un +Ra2,  (4.77b)

Z:TU,a =DPu,a
N == —(coy + U) - VOB + (cg — kc,)0“Bm +Ra3, (4.77¢)

::7—B,a ::IDBAV(!

where the R, ; terms only contain derivatives of order < k acting on W, and are given by
Raﬂ' = 8aBi(W, WM) — Bi(W, 8aWM) + aaBi(VVM, V_V) (4.77d)

In (4.77), we have used the notation 7, D, R to single out transport, dissipative, and remainder terms.
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4.10.5. Estimates of the transport terms To o. We rewrite the contribution of the transport terms from (4.77)
to Inr o in (4.73c) as

9 0°U - 9°B
IT,a = _/{Aaaé (Q(XQ“)A +A8aU|\/| C2M + kg AI“Bpy - BQM

1 ~ - -
+ ﬁ(Aﬁ‘X@M - 0“Bm + AI*Bm - 0%0m) + 2a0div Uy -

0%om
(2ac0)?

0oU . 1 o .
c2M< BV oum + — gva )+72047C2 200div 9*Tn - 9B } o
1 o - .
=~ [ {zgag Aol + wA\a ul* o A0 B’
1  ~ B 1 . a ~ QT 1 . B QT
+ 5z A D om - 07Bu) + 5 —div (90w 9" Tm) + —gdiv (0°Bu UM)}%

In the second equality above, we have used that C2 = pB. Therefore, using integration by parts the diver-
gences and of the advection operator A = (c,y + U) - V, we obtain

Ty, = / {V ey +U)o2pp) [0%0m)* | V- ((cy +U)C2pyp) [0°Un|?
e 2072y, (2a0)? 2C 2y 2

o Vo (ley + UIB %) [0°Bml* | V- ((cry + U)C20k) 9%0m3*Bw
B 2B—2¢y, B2 C2p v(2a0)B
V(,Qilgok) aaUMaaéM V(Bflcpk) 0“Bp - 0°Uwm

FRAAN S 4.2 TR L }cpk

0 200 B~ o 7B
_g/klﬂlﬁ-fﬂ24‘fﬁ34‘Iﬁ44‘ITﬁ‘%ITﬁ)@ka (4.78)

where {IT’Z-}§:1 are defined in the natural way, in order of appearance on the right side of (4.78).

Next, we estimate the first-order-derivative-coefficients in the integrands of {I7;}%_;. Under the boot-
strap assumptions (4.51), (4.52), using the decay estimate in (4.76), and using the notation in (4.74) for A
and d,,, , we extract the main terms, which do not posses sufficient decay in y

V- ((c U)o? A ) A
((c yi )0 pk) =dy, — D +dec, +divU = (dy,, + dc) — 910 +O((y)~ 1+51)’ (4.79a)
0 “¥k 0 0
V- ((cy +U)C 20 AC . AC _
(« C‘zgok) k) =dy, — QT +dc, +divU = (dy,, + dc;) — 2T + O((y) 1+51), (4.79b)
V- ((cy +U)B2¢ AB . AB _
( B_QSOZ ) = dy, — 2@ +de, +divU = (dy, + dc;) — 2? +O({y) 1+61)- (4.79)

Applying (4.57), we also obtain

CV(Q_lcpk) — CVor +O(<y>fl+61) CV(B_ISOk) _ CVey

— + O((y) 110, (4.794d)
o Loy Pk B~ lpy Pk () )

It is important to remark that the implicit constants in the O symbols appearing in (4.79) are independent of
i and M.
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Using the above estimates, and recalling the definition of the energy density E,, from (4.66) (or equiva-
lently, using the bound (4.69)), we may bound the terms /7 ; defined in (4.78), for 1 <7 < 4, as

Ith+Irp+ 173+ I74

1 -
< (§(d<pk +dcy) + C(4.80a)<y>71+61)Ea(WM)

_ Ao |0%gml® _ AC [0°Uw[* _ AB
0o (2p)? C C2? B

0°Bm[*  AC 20%Gwm 0°Bwm

B2 C ~ 20 B ’

KB (4.80a)

for a constant C4 80,y > 0 which is independent of k, M, kg, and the weight ;.. Similarly, for I7 5, I,
we apply the Cauchy-Schwarz inequality and the bound (4.79) to deduce

CV(Qilgok) ] 8“UM 8a§|\/| CV(Bfl(pk) ) 1 8aé|\/| 8a0|\/|
o o C  2ap B~l¢p v B C
n ClVey| <|3affM\ 0% om| L1 0°Bw| [0°Uwm|
Ok C 2a0 v B C

|15+ IT6

< Clagony (y) T EL(W ) ), (4.80Db)

for a constant C430,) > 0 which is independent of k£, M, and the weight . Since v > 1, applying the
Cauchy-Schwarz inequality and the bound (4.69), we note that

0°Ow| [0%am| | 1]0*Bwm|[0*Om| _ 1 (\30‘01\4!2 0%am* | _1[0°Tw? n \3O‘BM!2>
bl - ot =ML M
C 2a0 v B c 2 C? (2a0)? B c? B B2
1+rgt —1/2\_ =
< (- kg '2) T EL (W),
Combining the above two estimates and using the second bound in (4.68), we derive
-1/2
_ ~ 143k av -
I75 + I76] < Clasony(y) T Ea(Ww) + 5| (Pk‘Ea(WM)- (4.80c)

2 Ok

4.10.6. Rewriting the dissipative terms D, o. Recall from (4.77) the definitions of the dissipative terms
D, «; their contribution to the energy estimate is via (4.73c), and is given by

0“0om aaﬁM 8O‘BM 1 ~ N
Ipa = Doo—"s5+Dyog——— Dg.o D,a0*B Dg 0%
D, /( 24 20.0)? +Dva—cy +reDBa— g +2a'yC2( 0,00“Bm + D o0 QM))%
_ 0% om|? 0°Um|? 0°Bu|?
_/((cg kcy) (a0)? + (cy — key) o + kg(cg — k) 52
2 9By 0% om /
u — ke )— =: | Ipoprk, 4.81
+ (c k‘C),Y B 9ao )SOk D,k (4.81)

Note that the main terms in Ip  (cf. (4.81)), I5 o (cf. (4.75)), and the terms on the last row of (4.80a) cancel
each other.

4.10.7. Combining the bounds for the principal terms. Combining the bounds in (4.80a) and (4.80c), with
the identities in (4.75) and (4.81), and then using 2c, = cg + ¢, (cf. (4.4¢)), the bound in (4.76), and the
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energy E, (cf. (4.60)), for |o| = k we obtain

Z IT,i + ID,a + Is,a
1<i<6

< <%(d% +dc,) — k:cr) EQ(WM)

~ . 143652 |CV .
+ (1 + Ca30a) + Cia9c) + Cias0m)) (¥) WaE, (Ww) + 5 e | go;pk| E.(Ww)
1 1 |CV . )
-5 (d% 4 (d— 2k + (1 + 3&81/2)|¢m> Ea(W) + Cly) 0B, (W), 4.82)
k

with implicit constant C' = C{4 g2y > 0 independent of the choice of ¢, and M .

4.10.8. Estimates for the lower order terms R .. We bound the contribution of the remainders R 1, Ra 2,
and R, 3 appearing in (4.77).

We begin with the pointwise estimate for R, ;. From the definition of B; in (4.14), applying 0 to
(4.77d), using the decomposition in (4.23), and rewriting functions as g = g + ;g + P;g, we estimate

Rl < |0°BUW, W) — Bi(W,0°W )| + [0°BL(Wu, W)
Sk Z |sz| . ‘Vk—‘rl—i@'v” + ‘VZQ‘ . |vk+1—if]M|

1<i<k
+ Z ‘VZ[JM‘ . ’vk’-i-l—i@’ + ’vzéM’ . ‘Vk+1_i0‘
0<i<k
gk Z ’viUM_karlfiéM’
1<i<k
+ D VO - [V (@ )] + [V au| - V(O s D)
0<i<k

=Ra1,r +Ra,11-
For Ry 1.1, since k < k, and min(4,k + 1 — ¢) < k. /2 + 1 we may apply estimate (4.63) to obtain
Raas Sk, ()" FF0H0 (0| V' O] + IV am]) W w1

1<i<k

For the second summation, we apply estimates in (4.64) to VFT17(g, I;¢g) with [ € {M, M 41}, and deduce
Rarrl Sk Y (1+CuEom)lyl™* 2 (1)%(C|V guml + o[ VT M)

0<i<k

Combining the two bounds above it follows that
Ranl Sk (IWnllge—1 + 1+ CuEom) Y [y~ )% - (C[Vigm| + ol V'UwM|).  (4.83a)
0<i<k

Similarly, for the terms R 2, Ro 3 defined in (4.77), using the Leibniz rule and the pointwise estimates
(4.63), (4.64), we obtain

Ropl Sk Y VULV 0w+ VB - [VF au| + [Vi| - [V B (4.83b)
1<i<k
+ > VOl VO 4 VB - VR ] + [Viaw| - [V B
0<i<k

Sk (Wl ra1 + 1+ CuBom) Yyl FH9()*(CIVIU M| + B[V om| + o VBu),

0<i<k
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and also
Rasl Sk D VUV By + Y [ViUM| - [VF7B (4.83¢)
1<i<k 0<i<k
Sk (Wl xre-1 + 1+ CuEom) Z |y| =170 (1)) 4% (B|V U | + C|V'Bw|).
0<i<k

For the bounds in (4.83) to be useful, we still need to estimate the W—to-W y; products present in the
summations over 0 < i < k in (4.83). Using that C < |y|(y)%+%~1 (cf. (4.55c)), the bootstrap in (4.51)
and its consequence (4.55b), the g, < g(y)2% for g € {C, o, B} (cf. (4.56)), we obtain

0" (CIV' am| + o[ V'Owml) = Clo™ [V am| + C V' Uwl)
< lyl(y)%e 3 (o Viam| + VT MI).
Similarly, using C2 = 9B, we obtain
CYCIVUM| + B|Viom| + 0|V'Bum|) = C(CTHVUM| + 07 |Viom| + B~ VBum|)
S lyl(y)?o T30 (V' O M| + 6o Vi ol + B [VBw]),
and
B~L(B|VIUwm| + C|V'Bm|) = C(CTL|VIU M| + B~ |VBu]|)
< lyl(y) P (CT VUM + B,V Bw)).

Since 91 < land dg+8g—1=91—1< %((51 —1) (see definition (4.49a)), plugging the above estimates
in (4.83), we obtain

0 [ Raal + CHRa2l + B Ru s (4.84)
Sk (Wwllaee—1 + 1+ CuBom) Y )P 0 y[~F0 (g, | Viam| + ;1 IVIO M| + B, [V Bwl)
0<i<k
y ! ) (5 =1 -1 if ~1|viR
Sk (Wwllee—t + 1+ CuBom) > )2 Dy~ * (g, Vigu| + €1 VT M| + B, V' Bul).
0<i<k

With (4.84) in hand, we turn to estimating the R, o contribution to Zs ., which is derived from (4.73c)
and (4.77), and is bounded using Cauchy-Schwartz as (we also recall the definitions of the energies in (4.66)—
(4.67) and their estimates (4.69) )

8aﬁ|\/| OQBM 1

%% 5 .
/ ‘Ra,lﬁ + Ra’ZT + KBRQ73 B2 + 20[’7@8 (Ra,laaBM + Ra73aO‘QM)‘Q0k Sk I’le/,iéakl/27
(4.85a)
where*
TR = / er(0°Re 1+ C*R2% 5+ BTPR2 3). (4.85b)

To estimate Zr , we use the fact that ¢, = |y\2k o (cf. (4.59)), the estimate (4.84), and recall the definition
of the X'-norm in (4.61), to conclude

Ira Sk ([Wwllxk—1 + 1+ CuEom)? /<y>5l‘1wk(5u—2|vkm|2 + C2 VPO M|? 4+ B 2 VFBM|?)

+ (Wl aker + 1+ CuEom)?Ca(p0) [Wml|%n-1- (4.85¢)

44We recall from Remark 4.10 that KB, as defined in (4.71), is treated as an absolute constant.
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For the second term in the above bound we have used (4.60), have recalled the definition (4.61), and the fact
that 97 < 1. Using that gu_1 < g tforg e {B, C, o} (cf. (4.51), (4.55)), and recalling the notation for FJ,
from (4.66), we arrive at

Tro < Cussay(|Wwmll k-1 +1+ CMEO,M)2</<y>51_1Ek(V~VM)SDk + C(@O)||WM||§(‘IC71>’ (4.85d)
where the constant C4 354) > 0 depends on k, but is independent of the weight ¢g.

4.10.9. Estimate for the error term Zg ;. Returning to (4.73a), we are only missing a bound for the error
term Z¢ ;, defined in (4.73d). First, analogously to (4.85a) we have

Ten Sk T 6)° (4.862)
where
Ter = [ oo IV Eual? + C 2T w0 P + B2 VEEwmal). (4.36b)

We recall that the error terms £y o satisfy the bounds (4.47); by also appealing to (4.56), we obtain

. 9
Tek Skm /900@)260 min (|y|M*!,1) Rﬁ/l,kdy

2 200 . M+1 1)2 12
i B /(p0<y> *min(jy M) (14 Wl )y, (4.86¢)
=:Je k,1+Te k2
where J¢ 1 1, J¢ k.2 denote the integrals associated with 1 and the function ]WM |1%k , respectively.

M+1,M+2,M+3
In the second inequality above we have used the definition of R in (4.37), namely

Rwmx = Eom + Eom|Wmlp

M+1,M+2,M+3

Using the definition of I'¥ in (4.32) and the bound min(|y|M*1, 1)|y| ™M~ <y (y) M1, we obtain

min(|y["*, 1) Wm(y)|r

k
M+1,M+2,M+3

Smin(jyl™ D) D (MY aM @)+ [y PIVIO M)+ MRV M)
0<i<k

S @)Y Wl (Ve + [yl Y T M)+ [yl 2 IVIBM(y)]).-

0<i<k

Using the above estimate and the interpolation Lemma B.4,* we obtain

Te k2 = /900<y>26° min(|y|M*, 12 Ww(y) 2
M+1,M+2,M+-3
< Clpo, k, M)/900<y>26°_2M_2 > WP (IViaml® + IV OMP + [y VBMP).
1€{0,k}
Note that Remark 4.3, the bootstrap assumptions (4.51), (4.55), and the bound dg + 269 < 1 (cf. (4.49a)),
imply that o < 1,C < |y|, B < |y|?. Further using the energy (4.66), the bound in the previous display, and

4SHere Lemma B.4 is applied with the weights @0 (y)2P=M=1)1y|2("=0 for ¢ € {0,1,2}. One may check that these weights
satisfy (B.4) with C(A1,n) = 1 and C(A2,n) = C(po, M, n). Here we are using that the weight ¢ is constructed to satisfy the
bound |Vpo| < C(wo)|y| o for some constant C(pg) > 1; see (4.60b).
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also 26¢g — 2M — 2 < 0 (cf. (4.49a)), we thus obtain

Tera < Cloo, kM) S / () 207 M2y 2 (g2 g2 + C2 |V T [? + B2V B )
1e{0,k}
< C(po, k,M) /<Z/>25°_2M_2(<P0E0(WM) + i Er(Ww))
< C(po, ks M)(& + &).
Returning to (4.86c), for the first integral we appeal to the bound (4.60) for ¢ and obtain

Te k1= /<Po<y>25° min(|y|M*, 1) < Ca (o) /(?J|_d+21|y§1 + <y>_26°_d1|y\21) < Clpo)-
Combining the estimates in the above two displays, we thus have
Tz < Clpo, k, M)ES (1 + & + &). (4.87a)
Together with (4.86a), the bound (4.87a) provides an estimate for Zg j, (defined in (4.73d)):
Ze x| < Clo, ks MY Eom(1+ & + &) 2812, (4.87b)
4.11. Summary of the estimates. We now have bounded all terms on the right side of (4.73a).
By summing (4.87b) with the sum over |o| = k£ > 1 in (4.82), (4.85), we arrive at
1 déak < 1 ’CVSOk‘
¥

34 =3 / (dsok +(d — 2k)c, + (1+3rg ) 8 4 0(40)88)< Y- 1>Ek(WM)
k x M - x %
+ Clb (1 IWwlrs + O BB ) ([ ) LW+ CR Ww ec

C, 5
+ CY%MEL (1 + 6 + &) + 2

(4.88)

where the various constants appearing in (4.88) have the following dependences:

C((f %8) > ( is a constant that is independent of g, k, M;

C(%)g) > 0 is a constant that only depends on M;

C((f 238) > () is a constant that only depends on k;

° C'((4 8§) > ( is a constant that only depends on g;

° C((f gél; M) 0is a constant that only depends on g, k, M.

Note that since dg, kg depend only on d, a, N, and the self-similar exponents (cf. (4.49a), (4.71)), we do not
track the dependence of various constants on dg, kg.

In the case of k = 0, we do not have terms with ¢ < k£ — 1 derivatives in the estimates of R ; (cf. (4.84)
and (4.85)), which contributes to the terms HWM || xx—1 in (4.88). Thus, for & = 0 the bound we obtain is

1dé&y 1 1/2 |CV 0|
20
2d7—2/<d¢0+d°f (1+3kg ")

0 ~ M _ -
+ C((4.239)(HWMH§(IH_1 + C((;Lg)g)E%,M) /<Z/>61 LEo(Ww)po

C(50

+ 0(4 89)< >61_1) Eo(Wwm)go

+ CESVE (1 + &) +

(4.89)

where the various constants appearing in (4.89) have the following dependences:

(0)

® Ciygo >0 is a constant that is independent of g, M;

o C (4 8)9) > 0 is a constant that only depends on M;

° C((f é)é;\/') > () is a constant that only depends on g, M.



92 JIAJIE CHEN, STEVE SHKOLLER, AND VLAD VICOL

4.12. Choosing M and ¢y. We aim to choose M sufficiently large and suitably construct the weight func-
tion (g, in order to obtain linear stability for &y and nonlinear stability for &%, + v&p, for a suitable coupling
parameter v > 0. In this direction, we have:

Lemma 4.11 (Choice of M and ). Suppose that the bootstrap assumptions (4.51) and (4.52) hold. Let

©r, = |y|*Fpo, with k. defined in (4.25). Let kg be as in (4.71). Fix the constants C((f 239) > 0 appearing in

(4.89), and the constants C'((f 238), C((f §%) > 0 appearing in (4.88) when k = k,.

There exists a sufficiently large integer M satisfying M > k, + 2 (cf. (4.58)), and a weight function g
satisfying (4.60), such that the following estimates hold for any y € R¢ :

3 1CV o

dyo + de; + (1 4 3r52) + Cho) () "0 < —28,80 + Caon B,
(4.90a)
1Y ) - ) )
dpy. + (d = 2k)e, + (14 3rg° )@Z”“*' +(CPhs) + 205 ) )™+ < —28:60 + Cavny B,

(4.90b)

where By := [|[Wullxr.o1 + Eom, dy, = SN2 (of (474) for k € {0,k.}), and Cugoy > Oisa
constant that depends on the choice of py and M.

Proof of Lemma 4.11. Note that k., C((E %9), C’é? 2;8), C’((f_ g%), and xpg only depend on «, d, N and the profile;
we treat these as absolute constants.
Let 0 < Ry < Rs and an integer ¢ > 1, to be chosen later, and define

o= o, goi=ly M (), (4.91a)

where 1) € C*(RY) is radially symmetric, to be chosen later, and satisfies
YY) =1, |yl < 3R v(y) =13, |yl > 2R, 3<U@) <1, yeR!  (@491b)
O(y) <0, yeR?, 0:(y) <0, |yl € [R2, Rs). (4.91¢)

Here 0,.1) denotes the radial derivative 2 - V). We determine the aforementioned parameters and the weight

lyl
1) in the following order
MWRQWRgWIbe,

with each parameter in this sequence being allowed to depend on those chosen earlier.
We verify that (4.91) implies (4.60). First, we note that by definition we have the useful property

Orpo(y) <0,  VyeRL (4.92)

Then, using the definition of g in (4.91c), we obtain

3oy < oo < g, Vol L UUIVYL IVl
©o ¥ %0
where C3(p0) = 2M + 2d + 1 + 20maxp, ja<y<2r, 70| Thus, oo satisfies properties (4.60) with

constants C' (o) = 27¢, Cay(pg) = 1, and C3(¢py) as defined before.
Further, using (4.57), (4.55¢), (4.64), (4.63), (4.65), and (4.93a), we obtain

(po) < 00, (4.93a)

\V4 \V4 - AV .
(ol + 1) ¥l < ¥l o gy Yel < Be @)
®o 2] ©o

~

where EM = EQM + ||WM||;\(7€**1~
In order to conclude the proof of Lemma 4.11, it remains to establish the two bounds in (4.90).
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Derivation of the main terms. Recall the definition of d, from (4.74); in particular, since yj, = |y 2R+ 0o,
we have Y2k — Voo | 2k, 2. Thus, we obtain
P ®o Iy

U)- _ C
(cy +U) V(p0+(1+3"931/2)‘ Vo

0 ®o
(cy+U) -y —1/2 C (0) (kx) —1+6
+ ((d — 2k e, + 2k:*rT + 2k. (1 + 3kg )m) + (0(4_88) =+ 2C’(4_88))(y> o1
0 ks _
— I+ I+ I3 + (P + 20050 ) ) 1401,
For I3, since kg defined in (4.71) is an absolute constant, and since k., = 2d + 10 (cf. (4.25)) is an absolute
constant, using (4.55c) and (4.57a), we obtain

Uly) - _ C
Tyy‘éy + 2]€*(1 + 3/%81/2)@ <dc, + 0(4_94)<y>_1+51. (4.94)

for some absolute constant C4.94) > 0. Combining the above estimates and the formula of LHS4 904), we
obtain

LHS4.900) <

I3 = dc, + 2k,

(cey +U) - Vo

_ cv _
maX{LHS(4.9()a), LHS(4.90b)} <dc, + + (1 + 3/@81/2)ﬂ + u<y) 1+6

%0 ¥0
= de,+ I + I + ply) "1+ (4.95)
where
p = max{Clyxo) Clrks) +2C s + Casa - (4.96)

is an absolute constant. B ~ o
Decomposing ¢, = ¢ + &, U = U + U,C = C+ C, using (4.93), and [&| < Ep m (4.38), we derive
the main terms

Ey+U) Voo  Ey+U)-Veo _ Gy +U)-Veo :

Il = =~ +C(¢0,M)EM,
%0 %0 ¥0
_ v cv _1/2,|CV .
L<(+ 3/@51/2)(’ vol | <p0|> <a+ 3/{81/2)\ vol o0, M) B,
0 %0 ©o
de, < de, + d&, < d&, + dEy.
Note that U = U (|y\)wy|, and (g is radially symmetric and decreasing (cf. (4.92)), so that |Vg| = —0,¢0.
Combining this information with the above three estimates, we obtain
der + Iy + I + p{y) ™ < Z(go) + dr + Cpo, M) En + pudy) %, (4.97a)
where Z (i) is defined by setting g = g in
_ —1/2 = O,
I(g) = (& + U — (1+3r5/%)C) Y, (4.97b)
g
with r = |y| and 9, = % - V. Note that the definition (4.91) implies % = % + za;f; thus, with the
notation in (4.97b) we may decompose
Z(po) = Z(Po) + LLZ(¥). (4.97¢)

At this stage we record a crucial lower bound, which is a consequence of the outgoing condition (4.9d)
and our choice of kg in (4.71): from (4.72) and C(y) > 0 we obtain

cr+U(y) —(143rg ))C(y) > aar >0, @ = 2Cuoa) > 0, (4.98)

forall r = |y| > 0.
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The choice of M and R5 : |y| < 1. By definition (4.91a) we have that ¢ = r—2M—d 1 (r>_d_45°, and using
the fact that |r(r)~1 — 1] < (r)~1, we obtain
ror@o  —(2M+ d)r=2M=d — (d + 45g)r (r)~4-4%0~1
b0 p=2M=d ¢ (y)—d—4
—(2M + d)r=2M=d — (d + 40 (r)~4—4%

-1
= r—2M=d ()~ 1% + (d + 4do)(r)
2M — 45q)r—2M—d _
= —(d + 4d¢) — r(sz n <)r>d450 + (d + 4dg) (r) ™
2M — 46 _
< —(d + 469) — 1—}—7’27'\"_4050 + (d+ 480) (r) L. (4.99)

Using (4.97), the fact that 0,9 < 0 (this follows from (4.91)), and the above estimates, we obtain
—1+6; S CL*TAC{)TSDO + ,U:<y>_1+51
¥o
< a,*(— (d + 460) —

Z(po) + uly)

2M — 46 B
m) + (a*(d + 4(50) + ,U«) <7«> 1+517

where we recall that s is the absolute constant defined in (4.96).
In light of the above estimate, we choose M as

dc 1 « (40 1
M:—max([ Crtpt 2+a( ot )—‘7k*+2>. (4.100)
(07

so that the constraint (4.58) is satisfied. Using continuity in r, the bounds §; < 1 and 2M — 1 — 469 > O,
we deduce that there exists 0 < Ry < 1, depending on M, such that

Z(go) + ply) ™+ < an(—(d + 460) — (2M — 480 — 1)) + (as(d + 4d0) + 1)
< —a*(QM — 469 — 1) +
< -1-dg, (4.101)

for any 7 = |y| < Ry. Specifically, we may choose Ry := (2M — §g — 1)1/ (2M—4d)

The choice of R3 : |y| > 1. We combine definition (4.97b) with the bounds (4.9¢), T,/ < g < 01
(cf. (4.492)), 355 "% < 1, and (4.71), to obtain

r0r P N |U| +2|C| 7|00l

" do |l Go

ORY, U|+2|C
TA800+(2M+2d—|—1)7‘ [ +2(C]
®o \y!

6/," z -
r @ZDO + (2M + 2d + 1)Cla.9¢)(y) o

where C4.9c) > 0 is the absolute constant in the second inequality of (4.9¢), for k € {0, 1}. Since M > 24,
using (4.99) we obtain

Z(o)

IN
ol

IN
ol

r

IN
ol

r

T(o) + ply) ™1 < —(d + 460)% + paly) "1, (4.102a)

for all y € R%, where p2 = d + 460 + (2M + 2d + 1)Cs.9¢) depends M. Since d; < 1, there exists a
sufficiently large Rs3, such that

I(go) + ply) T < —(d+380)E, Y]yl > Rs. (4.102b)
Specifically, we may choose R3 := 1 4 (pa/ (00, )Y/ (1+91),
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Choosing v and ¢ : |y| = O(1). With M, Ry, R3 already chosen, we let ¢) be any smooth function satisfying
(4.91b)—(4.91c¢). Since 0,1 < 0, using (4.98) and (4.97b), we obtain

I(y) <0,
which along with (4.101) and (4.102) imply
Z(@o) + (T(¥) + der + ply) 1 < =1 — de, + de, < —1, V|y| < Ro, (4.103a)
Z(Go) + LT() + d&y + ply) % < —(d + 380)& + d&, < 3808,  V|y| > Rs. (4.103b)

Since % < 0 for |y| € [Ra, R3] (cf. (4.91c)), there exists a strictly positive constanat C'(Ra, R3) > 0
such that

Tar@/)(y)
Y(y)

Recall the parameters po from (4.102a) and a, from (4.98); in terms of these, we define ¢ as

_ 2
{= L*C(RQ,Rg)-‘ . (4.104)

Using (4.98), 0,9 < 0 and the above estimates, for |y| € [R2, R3], we derive

rOp

< —C(Ra,R3), V R2<l|y| <Rs.

¢ I(w) < las < —ﬁa*C(Rg,R3) < —usa,

which along with (4.102a) implies

—(d+ 460)T, — po + d&y + pg(y) 1T
—460%,,  Vy| € [Ro, Ry). (4.105)

Z(o) + LZ(¢) + d&, + ply) ™0 <
<

Combining (4.95), (4.97), (4.103), and (4.105), we prove

A

max{LHSu.90a), LHS@.900)} < —300Sr + C(p0, M) Epn.

This concludes the proof of (4.90), and hence of the Lemma. (]

4.13. Closing the stability estimates. We are in a position to complete the nonlinear stability estimate
stated in (4.28). As we have determined g and M in Section 4.12, in order to simplify notation we do not
track their dependence in various constants in this section. The implicit constants C' appearing below may
depend on kg, ¢, M, d, and on the profile.

Assuming the bootstrap assumptions (4.51)—(4.52), upon combining (4.90a) and (4.89), and using that
01 < land Epom < 1 (cf. (4.29)), we obtain

1d .

55@@0 < (=&do + C[Ww| xk—1 + CEom) &

S0
4

(Wl s + B ) / ) B (Wan)go + CES (1 + &) + 7204,

< _3Er50
- 4

& + Cea106)(|| Wl ke -1 + | Wwl%n. 1 + Eom)éo + 0(4.106)E%7|\/|a (4.106)
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for a constant C4.106) > 0. Similarly, upon combining (4.90b) with (4.88) when k = k., and using that
01 <land Eom < 1 (cf. (4.29)), we derive

S i < (— o+ O Wl s + CEo )i+ Wl
4 C(W B + B ) ([ ) B (Wwdon, + Wl
OB (14 60+ ) + 50
< —3C % &, + Caa, 107>HWMHXk*—1 + Cu10nEd m

+ C<4.107>(HWMHXkrl + [Wwll3k 1+ + Eom) (€ + &, + [Wal3e. 1), 4.107)

for a constant C(4.197) > 0. Note that since we have determined ¢y and M in Section 4.12, and k. has been
chosen in (4.25), we do not track their dependence in constants in the above estimates.

4.13.1. Interpolation. We recall that the norm || - || yx.-1 is defined by setting [ = k, — 1in (4.61). Our aim
is to interpolate || W || yr.—1 between & and &, .

To do this, we consider the interpolation Lemma B.4 with the sequence of weights w,,(y) = |y|*" g, >
for g € {0,C,B}. In order to verify that these weights w;, satisfy assumption (B.4), we first note that by
definition it holds that

’2n

1/2

Wp = (wnflwnJrl)
Second, we note that (4.60b) and (4.54b) imply

an| 2n  C3(po) | |Vaul < 2n + Cs(po) + C(454b)

wy, T Iyl Y| Ju |y

Since |y|~w, = (wpw,_1)"/? this shows that assumption (B.4) is satisfied. Consequently, for any v > 0,
by appealing to the bounds ¢ < g (cf. (4.60)), g 1 < g tforge {0,C,B} (cf. (4.51) and (4.55b)), and
to the norm equivalence in (4.69), we obtain from Lemma B.4 that
5 1/2 - _ ~ 1/2 ~
IWwle. s < wllee Iyl (@' VH 8. €' VR T B VR B)|7. + C(v)lwy*(du™'2.C; UL By 'B) 72
S vék, + C(v)éo,

where the implicit constant in the last inequality is independent of v. Upon changing v to absorb the implicit
constant, we obtain that for any v > 0, there exists a constant C'(v) > 0 such that

W% -1 < 0, + C(v)é. (4.108)

4.13.2. Conclusion of the energy estimates. Using (4.108) with

&b
4C4.107)

we deduce from (4.107) that
1d C (50

+ C4.109)60 + Ca. 107)Eo M
+ C<4.107>(HWMHXkrl + [Wwll3k 1+ + Eom) (& + &, + [Wal3e. 1), (4.109)

for some absolute constant C4.109) > 0.
Now, we define the total energy
4C4.109)

Stot = 6, + V&D, vi= —
Cr50

(4.110)
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From (4.109) + v x (4.106), and appealing to (4.110) and (4.108) with v = 1 for the second inequality, we
obtain

1d S0 C,do
gagtot < —rTé"tot + (0(4.109) - r4 V) &0
+ C(IWwmllxre—1 + [Wml3r. -1 + Eom) (o + Gk, + W5k 1) + CES
S0
< o+ C(6’ + Gron + Eom)ian + CE
< Er‘SOéa 2 2
< 4 Grot + Cua1néior + CaninEp m, (4.111)
for some computable absolute constant C(4 111y > 0. Using assumption (4.26), we further obtain
1d _ . _
Eggtot < —Xobiot + Cunine” 2" Eom(0)? + Cannéin, Ao = min{1Ed0, A}, (4.112)
where ) is the exponent in assumption (4.26), and C4.112) = 0(24.26)0(4‘ 1y > 0.
Upon defining
A2
€y 1= , (4.113a)
1+4Cu4111) + Cui12)
if at the initial time 7 = 0 we have
EO,M(O> < Ex, éatot(o) < Ex,y (4.113b)

since
—X2 26, + Cut1es + Caanny - (264)% <0,
as long as the bootstrap assumptions (4.51)—(4.52) holds, the ODE (4.112) implies that
Erot (T) < 26, (4.114)
Thus if the bootstrap assumptions (4.51)—(4.52) hold for all 7 € [0, Tmax), and if (4.113b) holds, then
from (4.112)—(4.114), we derive
1d

oar 1 o
55&& < —Xa6ior + Cutie Eom(0)? + 2Cu 11164t = *iAzéatot + Curnime " Eom(0)2.

Since Ao < A < 2), integrating the above inequality we arrive at

r
éatot(’l') S e_)‘QT@@tot(O) + 20(4.112)/ e_AQ(T_T,)e_Q)‘T/E%7M(O)dT/
0

< e_A2Téatot(0) =+ C(4_115)€_>\27—E(2)7M(0), (4.1 15)
where 0(4.115) = 20(4.112))\_1 > 0, forall 7 € [O,Tmax).

4.14. Improving the bootstrap assumptions. In this section we show that by requiring
Eom(0) <&  &u(0) <& &< min(l,e,) (4.116)
with £ sufficiently small, and Ry (appearing in the definition of o in (4.18)) being sufficiently large, the
bootstrap assumptions (4.51)—(4.52) can be improved
Assume that the bootstrap assumptions (4.51)—(4.52) hold for all 7 € [0, Tmax), for some Tmax > 0.

Due to (4.116), assumption (4.113b) holds, and thus &, satisfies the bounds in (4.114) and (4.115) for all
T € [0, Tmax)- Using (4.108), (4.114), and assumption (4.26), on this time interval we also have

W)kt S Ge(MY2 ST, Eom(r) S Bom(0) S 1. @.117)
Moreover, by combining (4.26) and (4.115) with (4.116) we deduce that
Gl (T) + Eom(r) < 0(4.118)56_%A2T7 (4.118)

for all 7 € [0, Tmax), Where Ci4.118) = 1 + Ca.26) + Ca115) > 0.
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4.14.1. Improving bootstrap (4.52). Appealing to (4.63) and (4.64) with k£ = 1, to the bound (4.117), to the
second inequality in (4.55¢), recalling the &, definitions in (4.49a), and the fact that g = g — g = ;g + P;g,
we obtain

IVU| < CCu(y)(y) ™ 2| Wn(7) || xke—1 + CEomljy <a
< Cat10n(y) " 3% (Eo v + Eil), (4.1192)
for some constant C(4.1195) > 0. Similarly, for g € {o, B}, we may estimate
‘Vg Vg‘<‘ 9-9) Vg (9-9)| V-9l [Vdl-lg—dl
g 99 g g9

Using Remark 4.3, the bound (4.117), and estimates (4.63), (4.64d)—(4.64f) with k& € {0, 1}, for g € {0, B},
we obtain

Vg Vg _
- l<a V(g —a)l+9 Nyl g - al)

g
< C(lyl™ W) ™ IWm(s) | xra1 + [yl ) ® Eom)
< Clatiom [yl (1) (6> + Eom) (4.119b)

for some constant C'(4.119p) > 0.
Combining (4.118) with the bounds in (4.119), it follows that if £ is chosen small enough to ensure

1 1
€ < min , (4.120)
{0(4.118)0(4.119a) C.118)Ca.119b) }

then the bootstrap (4.52) is strictly improved on [0, Tmax)-

4.14.2. Improving the o bootstrap in (4.51). Define the transport operator 7 as
Jrf=0-f+(Cy+U)-Vf. (4.121)
Using the p-evolution in (4.6a) and the definition of g in (4.18), we have

8Té +(cqy+U)- Vé = (cg — 2adivU — m izé é
0 0 0 o 0
—(jTE 4 2adiv g — egé) 24 (cgg 20div UG — (&y + U) - vg) 2. @122
=I ¢ =1y ¢
Upon recalling the definition of g from (4.18), we have that
Va(y,7) = xin(y, 7)Vo(y) + Vxin(y, 7) (2(y) — 8(R(7))), (4.1232)

where

Xin(y,7) := x( '?')), and  R(r) = ¢“" Ro.

Moreover, since p (with ¢, and U) is the steady state to (4.6a), we have

T-aly.7) = —R(’y‘) ¥ (#5) (@) = a(R() + (1= xin(y, 7)) ER() (1 - Vo) (R(7))

ly|R(7)
= (1= Xin(y 7)) (2 ~ 204iv U ~ U - Vo) (R(7)

= vy , _ _
+xin(y,7) (€ = 20divD)aly) + [ () (0) — o(RT). 41230

Fxin(y )Gy +0) - Valy) + DI () (5(y) — a(R()
)
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From (4.18) and (4.123), we deduce that the terms /; and I defined in (4.122) may be rewritten as

I = —(1=xin(y, 7)) (U - Va)(R(7)) + U(y) - Vxin(y,7)(2(y) — 2(R(7))) (4.124a)
L= (&, —2adivU)o(y, 7) — xin(y, )&y + U) - Va(y) — &y + U) - Vxin(y, 7)(2(y) — a(R(7)))
(4.124b)

The bound for I is slightly easier to obtain; using (4.64a), (4.19), (4.53), (4.38), (4.63), (4.55¢), (4.117),
and (4.49a), we obtain

12| < [&, — 2adivU|g + Xin| &y + U) - Va| + | &y + U) - Vxin| [ — 2(R(7))|
S (Bl + & + [divT | + |y 7T )2 + (18| + [yl U) a(R(T)) Ly e r(r)2R(r)]
< (Bom + [yl C) () [ Wmllaw.—1) 2
S (14 ()% 1) (Eom + éﬁf)?
< Curnsy(Bom + 6512 @, (4.125)

for a computable constant C4 125y > 0. Here we have implicitly used the fact that o(y), o(R(7)) < o(y, T)
for all |y| € [R(7),2R(7)]. Similarly, for the term I; in (4.124), we use that R(7) > Rp > 1, and then
appeal to (4.18), (4.64a), (4.64b), (4.9¢), in order to obtain

| < (1- Xiny: ))l( |+ [U ) - Vxin(y, 7)| |0(y) — 8(R(7))|
< ((R(r))e™ _ + ()& 1|y|€ [R(r),2R(r)]) @
< CuneR(r)= 5, (4.126)

for a computable constant C4 126) > 0.
Thus, by combining (4.125) and (4.126), (4.118), we obtain that

[IRHS(4.122)| < %(0(4,125) (Eom + 5’11,42) + 0(4.126)R(7')%:71>- (4.127)

Note however that closing the p-bootstrap (4.51), amounts to controlling not just the ratio o/ o, but this ratio
multiplied with ()*% (cf. (4.50)).
For this purpose, we multiply (4.122) by (y)?, with = 4o, and obtain

0:(4)) + (v +1)- V(£(0)") = (gRHS(Mzz) + 6%5”) (Sw?) @

When 6 > 0, using estimates similar to those in (4.125), (4.126), and the bound &|y| + U(|y|) > 0
(cf. (4.72)), we derive

(cy+U)-y Gyl +U(y))lyl |, ,E&y+U)-y
0 =0 +6
) Yy
(y)? (y)? (y)?
y+U
= 9(y<y>2) > —Ca1200(Emh” + Eom), (4.129)
for some computable constant C4 129y > 0. Similarly, for § < 0 we have
gy +U) -y _ Clyl+0yDlyl | ,Ey+U) -y
) ) Yy
(y)? (y)? (y)?
&y +U)-
< QM < —Clarsnf(Et’ + Eom), (4.130)

B (y)?

for some computable constant C4 130) > 0.
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By combining (4.127), (4.128), (4.129), and (4.130), we thus deduce
(0 + (cry +U) - V) log<%< 1®) = ~Caran(Eom + Euk’ + R(D)E ) 4.131a)
(0 + (cry +U) - V) 1og(%<y>*5°> < Carsny(Bom + e’ + R(7) =) (4.131b)

where C(4.131) = C(4.125) + 0(4.]26) + 0(4.129)50 + C(4.130)(50 > 0. Note that under the bootstrap assumption
(4.51)—(4.52), and the smallness of initial perturbation (4.116) we have (4.118), and the bound (4.26) was
assumed. Recalling that R(7) = e“" Ry, with Ry > 1, and that ¢, — ¢, = 1, it follows that

. %0 -4
/0 (EO,M( )+ EF () + R(T)E )dT </ (C<4118)5€ 27 4 Ry ¥ >dT'
O Ry (4.132)

Thus, if we choose € to be small enough to ensure

20(4.13])0(4,113) _ log(3/2)
e <
A9 2

(4.133)

and Ry > 1 to be large enough to ensure

-1 log(3/2)

Cuasnly ™ < 5 (4.134)

we obtain from (4.132) that
cu1n>/n(EbAu )+ G () R dr' < log(3/2).
0

Then, integrating (4.131) along the characteristics of ¢,y + U, and using the assumption (4.27a) on the initial
data, we obtain the pointwise bounds

0 B > o 1o8(3/2) in (£ w) > 1 4.1

Syt > e min (£ (,0))") > 5. (4.1350)
2y ) )™ < D max (£ (y,0) ) ™) <3, (4.135b)
0 Y 1%

thereby improving the g bootstrap in (4.51).

4.14.3. Improving the B bootstrap in (4.51). In order to estimate B/B we appeal to (4.6¢) and the stationary
form of (4.6¢); this argument is very similar, but much simpler. First, we have

B . @Gy+U)-VB  (qy+U)-
(0 + (cy +U) - V) log(f<y>9) gy Gy U VB (e 2) Y (4.136)
B B (y)
Second, analogously to (4.125)-(4.130), we may show that
RHS4.136) = —Cia13n) (Eom + o>+ R(1)e ™ Y, 6 = do, (4.137a)
RHS@.136) < Cia137) (Eom + Gk’ + R(T)a_ b, 0 = —do, (4.137b)
for some computable constant C4 137y > 0. Thus, if we choose ¢ to be small enough to ensure
2 1 2
0(4‘137)0(4.118)5 < 0g(3/2) 4.138)
Ao 2
and Ry > 1 to be large enough to ensure
-+ log(3/2
C(4.137)R0 < M (4.139)

2 Y
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we conclude from (4.136)—(4.137), and using the assumptions (4.27b), that

B b0 > o—108(3/2) iy (B A

W)™ =e min (E(y,0)<y> ) > 2 (4.140a)
B B
= (4, 7)(y) ™ < €6 max (T(y, 0)<y>76°) <3, (4.140b)
B y B

thereby improving the B bootstrap in (4.51).

4.15. The proof of Theorem 4.4. Let M be as in Lemma 4.11. Assume that the modulation functions and
the Taylor coefficients satisfy the bound (4.26), with Fp v as defined in (4.20). Let By > 1 be large enough
to ensure that (4.134) and (4.139) hold, and let £ > 0 to be small enough to ensure that (4.116), (4.120),
(4.133), and (4.138) hold. Define v > 0 as in (4.110), and define §g > 0 as in (4.49a). Lastly, let g be as
defined in Lemma 4.11.

Assuming that (gin, Bin) obeys the bounds in (4.27), and take &0t(0) < &% and Eo m(0) < & Under
these assumptions, we have proven in Section 4.14 that the bootstraps (4.51) and (4.52) are strictly improved.
Thus, these bootstraps hold for all 7 € [0, c0). In particular, the bounds in (4.51) are exactly the pointwise
estimates claimed in Theorem 4.4. Finally, estimate (4.28) follows from (4.116) and (4.115). This completes
the proof of Theorem 4.4.

5. SHARP STABILITY ANALYSIS OF THE TAYLOR COEFFICIENTS OUTSIDE RADIAL SYMMETRY

In Section 4 we have established a global-in-7 exponential decay estimate for the bulk part of a non-
radial perturbation (9, U, I_Sz) of the globally self-similar solution (g, U, B), see Theorem 4.4, conditional on
assumption (4.26): the functional Ep m(7), which collects the modulation functions (&, ¢, €g, &,) and the
Taylor coefficients of (9, VU, V2 é) at y = 0 up to order M, decays exponentially in 7. The purpose of the
present section is to characterize sharply the set of initial data for which the assumption (4.26) holds.

Our analysis proceeds in four steps. First, we show that the Taylor coefficients V<, (7) of the perturbation
at y = 0, together with the modulation functions, satisfy a closed and finite-dimensional system of ODEs
(cf. Theorem 5.1, item (ii)). In particular, controlling these coefficients does not require any information
from the bulk PDE. Second, we provide an explicit and computable upper bound for the dimension of the
unstable subspace ¥,,ns of this ODE system, of the form dim(3,ns) < C/(d)N9, valid for every d € {1, 2, 3},
every adiabatic exponent 1 < v < 2d + 1, and every N > 1. Third, we prove that the unstable subspace
stabilizes at a finite order: for all orders n > n; := (18d)2N, the unstable subspace Yyns <5, is a trivial
extension of Xyns <5, , an n-independent subspace whose definition does not require knowledge of arbitrarily
many Taylor coefficients (cf. Theorem 5.1, item (iii)). Fourth, in five distinguished cases that include the
physically most relevant monatomic and diatomic gases for the ground state N = 1, we determine dim (X s)
explicitly, and we show that the unstable directions are confined to the Taylor coefficients of order < 2 at
the origin (cf. Theorem 5.1, items (iv)—(v)). Combining these four steps with Theorem 4.4, we obtain the
full nonlinear PDE stability picture for the implosions constructed in Section 2, outside of radial symmetry.

5.1. Main results of stability estimates for the ODEs. The main result of this section is Theorem 5.1
below. Before stating this result, we first need to introduce the following notation.

Taylor coefficients at the origin. We recall from (4.31) that

_ fe
@l =Y, 07 W)
controls the Taylor coefficients up to order n at a given point. We also recall from (4.38) that the functional
E0n(1) = 18(0,7)len + [U(0,7)|ens1 + [B(O, 7)[en2 + [&(7)] + [€u(7)] + [E8(7)] + [€,(7))]

controls the Taylor coefficients of order < n at the origin, and also the modulation parameters from (4.17).
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For any n > 0, we denote by V" f the tensor of n-th order mixed partial derivatives of f.*® We denote
Von(7) == (V"5(0,7), VU (0, 7), V' 2B(0, 7)), (5.12)
VSTL(T) = (V:(](T), V:l(’l'), X V:n(T)) € Ré<n (5.1b)

where d<,, denotes the dimension of the vector Vgn.47 We view V_,,, V<, as row vectors. Recall that by
(4.13), we have . 3 }
U,r7)=0, B(0,7)=0, VB(0,7)=0.
Thus, we do not include U (0, 7) and V='B(0, 7) in the definition and analysis of V<, (7).
For compactness of notation, in this section, we sometimes write f(0) instead of f(0,7), or f instead of

f (1), whenever confusion cannot arise.

Multiplicity of eigenvalues. Given an eigenvalue ) of a matrix M, we denote by
AM(X, M) (5.2a)

the algebraic multiplicity of the eigenvalue . We also introduce the notation AM>( to denote the sum of
the algebraic multiplicities of all eigenvalues of M with non-negative real part:

AMso(M) == > AM(\, M). (5.2b)

A is an eigenvalue of M
Re (A)>0

The Main Result. We have the following finite co-dimension stability of the modulation functions and the
ODE system for the high-order Taylor coefficients at y = 0.

Theorem 5.1 (Finite co-dimension stability for ODEs at the origin). Fixd € {1,2,3},1 <~y <2d+ 1,

N > 1, and let o = 77_1

(i) (Modulation functions). The modulation functions &, C,, Cy, C appearing in (4.17) are determined as
linear combinations of 5(0,7),divU(0,7), AB(0,7), ANg(0,7), AN*1(y - U)(0,7), AN*1B(0, 7).
The precise definition is given in (5.34).

(ii) (ODE system). For any n > 2N,*® the Taylor coefficients at y = 0 of the solution (g, ﬁ, é) to (4.17)
form a closed ODE system

%VSH(T)T = MSnVSH(T)T + Qn(VSH(T)a VSH(T))v (5.3)

for some constant (in T) matrix M<,, € Ré<n*d<n and some bilinear form Q,, : Ré<n x R¥<n — Ri<n
with constant (in T) coefficients); here d<,, is the dimension of the vector V<.

(iii) (Nonlinear stability estimates of the ODE system). Suppose that the matrix M<,, has k<), different
eigenvalues with non-negative real parts, which are given by {\y Smi}f:sf , and denote their algebraic
multiplicity by AM(Anr_,, i, M<y), for 1 < i < k<. We recall M<,, € Ré<nd<n_ We define the

following real linear subspace of R%<n:

AM(Aar oM<,
Yuns,<n := Re @ ker(()\M<mZ~Id — M<y,) g,y i M )) C R%<n (5.4)
1<i<k<n
46For n > 0, we let V" f denote a row-vector which enumerates the elements of the set {0%f: o € N3, || = n}; this

is instead of the usual meaning, of a symmetric n-tensor. The canonical enumeration of the aforementioned set is that following
graded lexicographic order on d-dimensional multi-indices of length n. At no point in the proof will we use a specific ordering for
the elements of V" f, so we do not insist on this detail.

n+d—1

47 1¢ f is a scalar function, then the length of the vector V" f is ( ) ) Consequently, given that U is a d-vector, we
obtain that V_,, has length ("}97") +d(%"%) + ("1*I"). Summing the lengths of V_; for 0 < j < n, we obtain that d<, =
(";d) + d(”+fil+1) + ("JFZH) — (2d + 1). The specific value of d<,, is not used in the proof, so we do not insist on this detail.

Our proof shows that the ODE system for V<, is closed for any n > 1, were it not for the modulation functions. The fact that
the modulation functions require information about V_on means that the ODE system is closed only when n > 2N.
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Forany N > 1, let
ny := (18d)*N.

There exists an explicitly computable constant C(d) > 1 such that the following statement holds. For
any n > ny, a column vector v<,, belongs to Yuns <y, if and only if

Ugn = (U;’VM’O’ ooy O)T,

for some column vector v<y, € Yuns <n,. As a result, for any n > n1, Xyns <n is a trivial lifting of the
n-independent space Yns,<n, from R%<n1 10 Re<n, and we have

dim(Euns,<n) = dim(Zuns.<ny ), with dim(Euns,<n;) < C(d)N.

Moreover, there exists 6 = §(n, M<y) > 0 sufficiently small such that given any initial data V' o €
Ra<n with IVioll2 < 6, there exists an initial data in the n-independent subspace Viynso € Suns,<n,
and a global-in-T solution V<, to the ODE system (5.3), with the initial condition

Vn(0) = Vi o + (Vuns,0, .-, 0), [Vinsoll2 Sn 1Violl2,
and exponential decay estimate
Eon(1) < Cre > Ep,(0), V72>0, (5.5)

where \ > 0 only depends on n, M<,, and the constant Cy, > 0 depends on the profile and on n > n;.
(iv) (Quantitative characterization of X.,,s). Consider the ground state N = 1 and five special cases:
(v.d) € {(2,3), (£,3), (2,2),(2,2)}, or vy € (1,3],d = 1. The same structural result for Suns <
and nonlinear stability results in (iii) hold with n1 = 2. In particular, for any n > 2, Yyns <p is a

trivial lifting of Xyns <2, and dim(Xyns <p) = dim(Xyns <2). Moreover, we have®
dim(Byns <2) = d* — 1+ d, for (v,d) € {(2,3), (2,2)}, ory € (1,3],d =1,
dim(Syns <2) = 18, for (v,d) = (%,3),
dim(Byns <2) = 7, for (v, d) = (3,2).

In other words, the unstable or neutrally stable modes for the ODE system of V<, (5.3) only arise from
a linear subspace of {V<y € RdSQ}, foranyn > 2.

(v) (Full stability for initial data with higher vanishing order) Let N = 1. Consider five special cases:
(v.d) € {(3,3), (£,3), (2,2),(3,2)}, ory € (1,3],d = 1. Foranyn > 2, there exists §(n, M<,) >
0 such that the following statement holds. If the initial data for the mixed-derivatives satisfies V<2(0) =
0 and ||V<n(0)||2 < 0, then V<o(T) = 0 for any 7 > 0 and

Eon(t) < Che " Ep,(0), V7 >0,
for some A > 0 depending on the matrix M<,, and n > 2.

Remark 5.2 (Complete characterization of X, <,,). In Section 5.5.1 we derive a relation between the
matrix M<,, in (5.3) and the lifted matrices {M,; }1<;<y,, defined in (5.49a). Each matrix M is a block lower

triangular matrix with diagonal blocks given by the matrices HS’; in (5.36a), H‘ 8|,k in (5.37), HZ(.Q) in (5.38),

or the scalar (—ix — 2U7 — 1) in (5.39). Since these matrices on the diagonal blocks are given explicitly and
have size m x m with m < 4, we can obtain explicit closed-form formulas for the eigenvalues of each M,;.°
Moreover, by Lemma 5.8, the eigenvalues of M<,, form a subset of those of {M, };<i<,. Hence, we also
obtain the explicit closed-form formulas for the eigenvalues of M<,,. For the five special cases in item (iv)
of Theorem 5.1, in the proof of Theorem 5.10 we construct an invertible map between certain sub-matrices

ORecall cf. (5.4) that Xyps,<2 C R9%<2. Also, note that d<s = (d;rQ) + d(df’) + (d:'f) — (2d + 1). In particular, for d = 1
we have d<2 = 9, for d = 2 we have d<z = 36, and for d = 3 we have d<2 = 98. This highlights the fact that the dimension of
Yuns,<2 computed in item (iv) is much smaller than the full dimension d<s.

3 0Polynomials of degree at most four have explicit closed-form formulas for their roots.
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of {M, }1<i<n and M<,,. Using these eigenvalues together with the definition (5.4), we obtain a complete
characterization of the linear subspace ¥ ns <5, Which determines the unstable + center manifold.

Remark 5.3 (Relation between the ODEs, the bulk stability estimates, and LWP). Theorem 5.1, which
provides the existence of a global, exponentially decaying solution to the closed ODE system (5.3), and The-
orem 4.4, which proves global exponential decay of the bulk perturbation, conditional on assumption (4.26),
interact through the local well-posedness (LWP) of the full PDE system (4.6). We summarize this interac-
tion below; this yields a self-consistent global-in-7 stability theorem for both the perturbation bulk and the
Taylor coefficients at the origin.

Given small initial data V7o € R4 for the ODE system (5.3), item (iii) of Theorem 5.1 produces
an exponentially decaying solution Vopg <, (7) from initial data Vopg,<,,(0) = Vi + (Vins,0,0,...,0)
defined for all 7 > 0. The construction of Vopg <, and the decay estimate (5.5) are valid regardless of the
lifespan of the solution W = (o, ﬁ, I:%) to the bulk PDE (4.16); that is, Vopg, <y, 1s constructed without any
input from the bulk analysis of Section 4.

Now consider PDE initial data for (4.16) whose Taylor coefficients at the origin agree with Vopg, <, (0),
which satisfies the smallness conditions (4.27¢) and the upper/lower bounds in (4.27a)—(4.27b). The in-
teraction between the ODE analysis (Theorem 5.1), the bulk PDE estimates (Theorem 4.4), and the local
well-posedness of (4.6) proceeds via the following three implications, each of which is valid on any interval
[0, T'] on which the high-regularity LWP of (4.6) holds:

(i) (LWP = ODE system). Local well-posedness of (4.6) in a sufficiently high-regularity class on [0, T']
(e.g. H* with k large) ensures that the Taylor expansion of W = (0, U, I%) at the origin is well-defined
for all 7 € [0, T]. By the uniqueness of the ODE flow (5.3), the Taylor coefficients Vppg, <, (7) of the
PDE solution coincide on [0, 7' with Vopg,<»(7), and therefore inherit the decay estimate (5.5). In
particular, assumption (4.26) of Theorem 4.4 holds on [0, T'].

(ii) (LWP = bulk stability estimate). On the same interval [0, 7], the validity of (4.26) allows us to per-
form the nonlinear weighted energy estimates of Section 4, yielding the bulk decay estimate (4.28) of
Theorem 4.4 for the perturbation W

(iii) (Stability estimates = extension of LWP). The ODE decay (5.5) together with the bulk decay (4.28)
ensure that W = (g, U, B) remains uniformly small in the high-regularity norm on [0, T']. The standard
continuation criterion for the symmetric hyperbolic system (4.6) then implies that the local solution
may be extended beyond 7', to an interval [0, 7" + ] for some £ > 0.

A standard continuity argument in 7 closes the cycle: the set of times 7" > 0 on which all of (i)—(iii) above
hold is non-empty, open, and closed in [0, c0), hence equal to [0, c0). We conclude that the PDE solution
W exists globally in 7, that its Taylor coefficients at the origin coincide with the prescribed ODE solution
VobE,<n for all 7 > 0, and that both the ODE decay estimate (5.5) and the bulk decay estimate (4.28) hold.

In the rest of this section, we first analyze the lower order ODE system V<3 in Sections 5.2, 5.3, and
determine the modulation functions in Section 5.4. In Section 5.5, we present the key structural result
Proposition 5.6 for the high order ODE system of V<, whose proof is defered to Appendix C. Using
Proposition 5.6, we analyze the number of unstable modes for the specific case and N = 1 in Section 5.6,
and for the general case in Section 5.7. In Section 5.8, we construct the stable manifold of the ODE system
(5.3) and prove the decay estimates in (5.5). In Section 5.9, we summarize the estimates in this section and
prove Theorem 5.1.

Notation for error terms. To track the lower order terms in the high order ODEs, for any I > 0, we
introduce the long vectors

Fi1 = (VEAIH(0), VEAI(divT)(0), VEA™ (y - U)(0), VFA™!B(0)), (5.6)
G = (1k20V§k§(0), Li> | VMU (0), 155 o VEFB(0), Er,Eu,EQ,EB>. (5.6b)
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To track the linear lower order terms, for a vector g, we introduce notation .%4},(g) to denote a scalar or
vector f, which depends linearly on g

feng) = f=Mnyg (5.6¢)

for some constant matrix M}, that depends on the parameter h. We mainly apply the notation .’ to the
vectors Zy, 1, 9, defined above. Using the standard big-O notation: f = O(g), which denotes | f| < Chyg
for constant C', > 0, we obtain the relation

L (Frg) = On(|T1al), (%) = On(|%:)) (5.7

with Cj, = | Mp|. Thus, (5.6¢) generalizes the standard big-O notation to additionally indicate linear struc-
ture.

Principal Taylor coefficients of the stationary self-similar profile. Throughout this Section, we refer
to the leading Taylor series coefficients (0o, gon, U1, Uan+1, B2, Banto) of the radial profiles (g, U, B),
see (4.12). For the convenience of the reader, we recall here that (4.12) gives

o= (aqo)? = 340%, U1 =10 =13 By=1. (5.8)
We also recall from (4.12) and (3.9) that

oan = 2020 (qn — Gohn) = —(0@0)2% = —éow, (5.9a)
Uoni1 = On = 1, (5.9b)
BQN+2 = 2BN = —m = —Ni,i, (5.90)

where we recall from (2.5¢) and (4.11) that we have denoted
H:Er—F@Q:Er—I-Ul = Cp.

We choose to work with « instead of the already-defined Ty, so as to not confuse with the ¢g or g modulation
parameters.

5.2. The 0-th order ODE system. In this section, we derive and analyz~e the 0-th ~order ODE , i.e., the
evolution equations for the components of the vector V<o = (5(0), VSIU(0), V=2B(0)). In light of the
vanishing condition (4.13), we start by analyzing the behavior of §(0), VU (0), and V2B(0), which are the

leading order terms for these perturbations at y = 0. We introduce the strain matrix for U and the Hessian
of B, defined according to

Here and throughout this section, we use the convention (VU );; := 9,U;.
The analysis of (3(0), VU (0), VZB(0)) proceeds in three steps:
o we first analyze the behavior of the scalar fields (which have direct radially symmetric analogues)

@(0, ) ) div ﬁ(ov ) ) (AB)(Ov ) )

e then we consider the evolution of the traceless part of the strain matrix for U and the traceless part of
the Hessian of B, namely the traceless symmetric matrices

S := 3(VU)(0,) + 1(VO)T(0,-) — L(V-T)(0,)1d,
H := (V?B)(0,-) — 1(AB)(0,)Id,

e we conclude with the analysis of the anti-symmetric part of VU, which contains the components of
vorticity, namely the traceless matrix

A= (VU)(0,-) — (VU)T(0,").
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5.2.1. ODEs for g, div U and AE. From (4.16)- (4.15) (equivalently, from (4.17)), and using (4.13), we
derive the ODE system for (g, VU, V2B)(0, -)

45+ 2adivU gy — €,00 = Ny, (5.10a)
EVU + 25Bold + LgoH + (14 200)(VU) + (& — &)011d = A, (5.10b)
L + 4B5S + (28, — &g)2Bo1d = g, (5.10c)
where .4, 77, A5 denote the nonlinear terms
Ny = —(2adivU —&,)0, (5.11a)
My i=—(VU)* = (& —&,)(VU) — LgH (5.11b)
N = —((VU)TH+ H(VU)) — (2 — &g)H. (5.11c¢)

Taking the trace in (5.10) and (5.11), we obtain
4 (5,divU, AB)(0)T + Go (3, div U, AB)(0)T
+ (&g — 2&4)00, (& — &,)dU1, (28 — €g)2dBs) " = (A, Tr (A7), Tr (MB))T, (5.12)
where in the exact expression for the modulation term we have used that ¢, = 2¢, — ¢g derived from (4.4¢)
and (4.10), and we have denoted
0 2000 0
Go := %ng 1+ 20, %@0 . (5.13)
0 4By 0
We may explicitly compute the eigen-system associated to the matrix G as:
e Neutral eigenvalue 0, with eigenvector (gg, 0, —2dB2)T = ((aqp)?, 0, —2d)T.
e Unstable eigenvalue 1 + Uy — %\/(1 +204)2 + 1,765032(1 + ad) = —1, with eigenvector
(2000, —1,4B2)T = (2a(ado)?, —1,4)T.
e Stable eigenvalue 1 + U; + %\/(1 +207)2 + %@032(1 +ad) = 224, with explicit eigenvector
(2000, 224, 4B2)T = (2a(ado)?, 2oL, 4)T.
As in the radially symmetric case, we use two (relations between the) modulation functions to remove
the unstable direction corresponding to the eigenvalue —1 and the neutral direction corresponding to the

eigenvalue 0, for the matrix Ggy. To achieve this, we consider the matrix P whose columns are the above-
mentioned eigenvectors, that is:

d 1
220420 o0  2apo ) 1 1@0 ] 1+ad i
— e
P:= 1%d (c)zB _Bl P = mosaa | @Tiad 0 3By (Ltad) (5.14)
ABy, -2 4 2 i
2 ? ? @o((erad) (1+ ad) 2Bza+ad)

Then, upon denoting
¥ =P~ Yg,divU, AB)(0)T,
we obtain from (5.12) that

LV + diag($£24,0,-1)¥ + P71 ((€g — 2&4) 00, (& — &u)dU1, (28 — &g)2dB,)"
= P~ (A, Tr (), Tx (A8))T.

Remarkably, the third term on the left side of the above equation does not have a component in the first

entry; using that By = 1 (cf. (5.8)), we may explicitly calculate

P~!((8g — 2&4)20, (& — &,)dUn, (2& — &g)2dDBs)" = (0,8 + 2U1 (& + adg,), —dU; (& — &))"
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Therefore, upon letting

es(7) + 201 (&u(7) + ad (7)) := 224 5(T)

= 2 (5,0 — $AB)(0,7) (5.152)
—dU; (& (1) —&u(7)) == (1 + £24) #5(7)
= kg (L0 - (1 +ad?divD + %AB)(0,7),  (5.15b)

we obtain

GV ey = PTG T (M), Tr ()T

In turn, multiplying the above identity from the left by P, we obtain

(0, divU, AB)(0)T + {£224(5,div U, AB)(0)T = (A, Tr (A7), Tr (A8))T . (5.16)

Thus, under the choice of modulation functions in (5.15), the system of ODEs (5.12) becomes the fully
stable ODE system (5.16).

5.2.2. ODEs for S, and H. Taking the symmetric part of (5.10b), (5.10c), and subtracting the trace part, we
derive the ODE system satisfied by the traceless symmetric matrices S and H:

&S+ Lo0H + (1+201)8 = A5, (5.17a)
L 4 4B,S = A, (5.17b)

where the nonlinear terms .45 and the traceless nonlinear terms .45, /g are given by

Ns = 5(M + M) = —(§% + A%) + (& — &)S — LaH, (5.17¢)
Ne = Ne— 1T 1d, (5.17d)
Mo =M — LTrAg - 1d, (5.17¢)
and A4 is defined in (5.11¢). To derive .45, we have used VU = A + S, (VfI)T =S — A, and (5.11).
Fix any (i,5) € {1,...,d}?. Since the matrices S and H are traceless and symmetric, we are only
interested in @ — 1 many pairs (¢, j). Then, using the notation % in (5.6), we have that
(S HT)(0)T 4 GY™(SY,HD)(0)T = (57, A7) = O(|%[?), (5.18)
where we have denoted
14+ 2[,_71 l@o
GY"M = _ v . 5.19
0 < 4B, 0 (>-19)
Note that here we do not have any modulation functions to help us. Using the information go By = (aqo)? =
a—gdU Zand Uy = —ﬁ from (5.8), we may explicitly compute the eigen-system associated to the matrix
Gy™ as:
_ — — _ 2
e Stable eigenvalue % + U + %\/(1 +2U1)% + %@032 _od 1+2V(E§3;i+(ad) >0
_ — — . 2
e Unstable eigenvalue % +U; — %\/(1 +2U7)2 + %@032 _ ad-l ;&frgzg”(ad) < 0.

Note that the signs of the above-computed eigenvalues are independent of the value of a.
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5.2.3. ODEs for A. Fix any of the {42 5 L independent pairs (4, j) € {1, ...,d}? for which A¥ is not equal
to 0. Taking the anti-symmetric part of (5.10b), for each such pair (7, j) we have
AT 4 (14 200)A7 = 47, (5.20a)
where .44 denotes the nonlinear term
N = (&4 —& — 2divU(0))A — SA — AS = O(|%]%). (5.20b)

Here, SA and AS denotes matrix multiplication. Note that 14 2U; = ?ﬁ;clz changes sign as « crosses the

“monatomic gas” value o = é.

Remark 5.4 (Stabilization of 0-th order ODE via a higher co-dimension constraint). From (5.17)
and (5.20) it is clear that if at 7 = 0 we specify initial data such that S( ) = H(0) = A(0) = 0, which are

dd+1) -2+ d(d D many constraints, then for all 7 > 0 we have S( ) = H(T) =A(1T)=0.

Remark 5.5 (Vorticity for the monatomic case o = 1/d). The coefficient ¢, — &, d1v U( ) appearing
in (5.20) may be rewritten using (5.15b) as

& — & — 2divU(0) = =220 5(0) + 2L ldiv U (0) — 5% (AB)(0).

As such, when o = é, the evolution equation for the vorticity in (5.20) becomes
. 9(14od y o o
AT = (2D 50) 4 e (AB)(0) AT — (SA)T — (AS)Y,

While this is not pursued in the present paper, it would be very interesting to further analyze the (neutral)
stability of the above ODE system for the vorticity (the components of A), in the monatomic case o = 1/d.

5.3. The ODE system for ANg AN+1Z AN+1B We introduce the scalar field Z, defined as

This is the analog of the radial velocity R2X~/(R, 7), which played an important role in the stability analysis
of Section 3. _ -

The evolution equations for the scalar quantities ANg, ANT1Z and AN*IB are coupled (see (5.22)
below); they are obtained as a particular case of the evolution equations derived in Proposition 5.6, and
(5.36¢)—(5.36d) below. To avoid redundancy, we do not repeat here the derivation of this system; we simply
note that (5.36¢)—(5.36f) yield

L (ANG, ANTLZ ANTIB)(0)T + G1 (AN, ANTIZ, ANTIB) (0)T + Go(g, div U, AB)(0)T
= ((2&y — & — 2N&/)en 100N, (Eu — (2N + 1)&)ent1,1Uan+ 1, (€8 — (2N + 2)& )ent1,1 Bon2) |
+ On(|%an]?) (5.22)

where using the convention k = ¢, + U, (see (4.11)), and we have denoted

2Nk NLH@O 0
Gy = —H® = [gN_ 2 5 7 2(N+1) - 2
E N 2N+ 2)(d+2N)(N+1)By 2Nk +1+20; Mg, |, (5.23)
0 2B, 2Nk

we have used the formulas (5.36g), namely
onai=(N+1) J] 20@2i+d), ena= [] 2i@2i+d-2),
1<i<N 1<i<N
and we have denoted the coupling matrix to the terms with lower order derivatives by
204(2N + d)cN 1U2N+1 2(04CN’1 + QNEN_LA)@QN 0
Gy = (2N + 2)ent1,1Bana 4Nen, AUaN+1 (2 + %)CN,A@2N , (5.24)

_ Y
0 (4N +4)CN7AB2N+2 —2cn,AUan+1
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where (o, U1, B2) are given by (5.8), and (02N, Usni1, Banyo) are given by (5.9).
We recall from (2.15) that kK = €, + Uj is the larger (of the two roots) of the quadratic equation

K24 1200 2 (29d By =0,
with Ey as given by (2.14). Using this fact and (5.9), we may explicitly compute the eigen-system associated

to the matrix Gy as:

e Neutral eigenvalue 0, with eigenvector (—ago, 2N(N + 1)k, —2(N 4 1)B;)T..
e Stable eigenvalue 2N« > 0, with eigenvector (o, 0, —(d + 2N)(Ny + 2a) B2)T. B
e Stable eigenvalue 4Nk +1+2U; > 0, with eigenvector (agg, (N+1)(2Nk+1+U7),2(N+1)Bo)T.

As in the spherically symmetric case, the final constraint on the modulation functions is used to modulate
the neutral eigenvalue of G;. For this purpose, we need to rewrite the first term on RHSs 27, taking into
account the definitions in (5.15). Indeed, using (5.15), after a tedious computation we arrive at

((28, — & — 2N&)en 102N, (& — (2N + 1)& )ent1,1Uant1, (Es — (2N + 2)& )ent1,1Bon2)”

= —2N & (cn,1 02Ny EN+1,1 Uang1, 11 Bang2) T + Gs(6, div U, AB)(0)T (5.25)
where
*% CN,102N 2aeeN,1 02N 0
Gg := —% o101 5P engr 1 Uonat —5rad) N+1,102N+1 (5.26)
0 2 cns1,1 Ban —Trad CN+1,1Ban+2

Combining (5.22) with (5.25)—(5.26) we thus arrive at
A(ANg, ANTTZ ANFIB)(0)T + Gy (ANg, AN Z, ANTIB) (0)T
+2N¢, (CN,1 02N, EN+1,1 UaNg1, EN1 1 B2N+2)T
= (G3 — G2)(8,divU, AB)(0)T + On(|%nl?) - (5.27)

As before, we next introduce the matrix whose columns are the eigenvectors of the matrix Gi; that is, we
define

0o - @00 —QQo
P:= | (N+1)(2Nk + 1+ 2071) 0 ~ 2N(N+ Dk |,
2(N+1)By —(d+2N)(Ny 4+ 2a)By —2(N+1)B>
and we define
W =P 1 (ANG, ANTLZ ANTIB)(0)T. (5.28)

Then, (5.27) may be recast as
L + diag(4Nk + 1 + 201, 2Nk, 0)# + 2N&P ™ (en1 O2n, EN1,1 Uang1, 1 Bonga) '
=P~ 1(Gs — Gp) (g, div U, AB)(0)T + On(|%n/?). (5.29)

Using (5.8), (5.9), the definition of P above, and definition (5.36g) (which gives 2(N + 1)(2N + d)cy 1 =
CN+1,1), Wwe may verify the remarkable identity

P~ (en,1 82ns et Uang s et Bong2) T = — P! (aen,1(d + 2N) do, —en1, 1Nk, en,1B2) T
_ __CON+41, —1p= __ CN41, T
= minet P = (0,0, ouimiay) (5.30)

which allows us the drastically simplify the third term on LHS s 2g). With (5.30) and (5.28), it is thus natural
to define the modulation function ¢, as

2
& (r) = NNED ey H4(r). (5.31)

K
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With the choice in (5.31), the evolution (5.29) may be recast as
%7/ + diag(4N/f + 1+ 207, 2Nk, QNK)W
=P (Gs — G2)(,divU, AB)(0)T + On(|%an|?). (5.32)

In particular, (5.32) implies that the full vector % inherits the temporal decay which is the worst between
(0,divU, AB)(0) and |~%N|2. The decay in time of #/(7) then directly implies the decay in time of
P (1) = (ANg, ANT1Z AN+IB) (0, 7)T.

5.4. Definition of modulation functions. Recall from (5.8) that U; = recall that k = ¢, + U7, and

recall from (4.4¢) the constraint:

_ 1
1+ad’

&,(7) + (1) = 28,(7), VT >0. (5.33)

Combining the formulas for the modulation functions (5.15a), (5.15b), (5.31), we deEermine the modulation
functions as follows. First, solve (5.12) for the evolution of the vector (g, div U, AB)(0, 7). Second, solve
(5.32) for the evolution of the vector (7). Finally, define:

& (r) = B 2wy (), (5.34a)
&u(7) = & (1) — m (aé—f@(o, 7) — (1 4+ ad)?divU (0, 7) + %2 (AB)(0,7)), (5.34b)
E8(7) = g (Cu(r) + adt (1)) + ez (580.7) — $(AB)(0,7)), (5.34¢)
Eo(7) = 28,(7) — Eg(7). (5.34d)

In the above definitions we do not substitute the formula (5.28) for #3, nor do we expand the formula for
Cg, since these explicit formulas are not used in later derivations; the formulas in (5.34) are only used to
show that the modulation functions decay exponentially fast in 7, under the standing bootstrap assumptions.

5.5. The fundamental high order ODE systems. In order to derive the evolution equations for V_,,(7) =
(V", VU, V" 2B)(0, 7), we apply V" to (4.17a), V"t to (4.17b), V12 to (4.17¢), and then restrict
the resulting PDE to y = 0. When n > 1 is general, the resulting system of ODE:s is quite complicated, and
the “accounting” becomes delicate. In order to deal with this “accounting problem”, for an integer £ > 0
and a multi-index 8 € N4, we introduce the mixed derivative vector

Vgi(7) := (0°AF5(0,7), O°AFdiv U (0,7), 9P A1 Z(0,7), 9°AFIB(0,7))T e R (5.35)

The reason for singling out powers of the Laplacian k, as opposed to just keeping track of all multi-indices
B at once, is as follows. Heuristically, since the profile p, U, B is radially symmetric, by taking a more
symmetric derivative combination of the perturbation (V*5(0, 7), VF1U (0, 7), VF+2B(0, 7)), one expects
that the ODE system associated with this combination is simpler; one of the most symmetric combinations
of mixed derivatives is the Laplacian. Guided by the above heuristic, we first analyze the ODE system
for Vg 5, with high powers of A (larger k), which has a simpler form, and then we analyze other mixed
derivatives.

Below, we fix the parameter N for the profile and treat it as an absolute constant. We recall the notations
F,9, < from (5.6). We have the following structural results for the ODE system.

Proposition 5.6 (Structure of the ODE system). Let gy, U1, B2, 9on, Uang1, Bangz be as in (5.8)~(5.9),
and let k = T, + U be as defined in (4.11). Denote a = max(a,0). Suppose that the system (4.6) admits a
solution with regularity CM+1(B1(0)) on a given time interval; then the following conclusions hold on the

same time interval.
Letn,k € Ng be such that 1 <n < Mand 0 < k < 5. Let 3 be a multi-index with | 3| = n — 2k. Then:

(i) ODEs for powers of the Laplacian. Let n be even, |3| = 0, and k = %, we have
p p 2

4 (ARG, AMLZARFIB)(0)T = HIP (A%, A1 Z, AR (0)T + 20 (D ony, ) + On(1%0]?). (5.362)
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(3)

where the matrix H;” associated with the top order linear terms is given by

—nK —,%2@0 0
HY = [ —(& +2)@d+ 4k)(k+ )By —nw—20,—1 —0 25| n=2k  (5.36b)
0 —2Bs —nK
In the special case || = 0,n = 2N, k = N, we have
g [ AVe L Ao Ly
— ANz =HP [ ANZ | 4+ [ Ly | + On(%an]?), (5.36¢)
dr AN+1B AN+LB Ly

where vector (Ly, Lo, L3) depends on the modulation functions and on the vector (, div U, AU)(0, 7),
and is defined as

Ly = (2&, — & — 2N& )en 100N

— 202N + d)en 1 Uan116 — (2aen1 + 4Nen_1.4)oon div U, (5.36d)
Ly = (& — (2N + 1)&)ent1.1Uan41
— %(QN + 2)CN+171B2N+2§ — 4NCN7AUQN+1 divU — (% + g)CN7A@2NAé, (5.36¢e)
Ls = (& — (2N +2)¢ )eny1,1 Banv2
— (4N + 4)eny A Boni2 + 2cnaUan 1 ABdiv U, (5.36f)
where cy A, CN,1 are defined as
onai=(N+1) J] 20@i+d), ona= J] 2iQi+d-2). (5.36g)
1<i<N 1<i<N
(ii) ODEs for mixed derivatives. Let 0 < k < § and |f| 4 2k = n; we have
drVak = HigaVak + 1a>2 L k(Fla2041) + Lox(Gin-an),) + On(l%]), (5.37a)
where the matrix H g ;. associated with the top order linear terms is given by
—nK —2a0g 0 0
o (d+2|ﬁ|+205k‘—1))]€B2 o (g + Q(d’;‘y-n));éz —nk — 201 o 1 0 7 _%@0
— (3% + 2)(2d + 41B| + 4k)(k + 1) B, 0 —nk—20, -1~ g
0 0 —2B5 —NnK

(iii) ODEs for derivatives of Z and B. After estimating the ODEs (5.37a) for all multi-indices (B, k) with

|B] + 2k = n, we may treat V" 9(0) as a given lower order term.
Then, for any multi-index 8 with |3| = n + 2, we have

Pz Pz <
# ( 85B> = H) ( aﬁé) +.23(V"6(0)) + Zn(Gn-on),) + On(|%n]?), (5.382)
—nk—92U; —1 —nht25
H@) — ( ””_2BU21 _ngo) . 1Bl=n+2 (5.38b)

(iv) ODEs for U. After estimating the ODEs for all mixed derivatives V"5, V"2 B, cf. (5.37a) and (5.38a),
we treat these terms as given lower order terms. Then, for any multi-index (3 with |3| = n+ 1, we have

LU = (—nk — 201 — 1)0°U + L(V"5(0), V'?B(0)) + Zn(Gin-on),) + On(|%l?).  (5.39)
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(v) ODEs in 1D. In the special case of d = 1, we do not have mixed-derivatives and (5.37) simplifies to
4 (0"8,0" U, 0" B)T = HP(9"5,0" U, 0" ?B)T + L (Gnon), ) + On(| %), (5.40a)

where
—nK —2a09 0
HOD = | -2 208 By —ps—20, -1 —1gp | (5.40b)
0 —2(n+2)By  —nk

The proof of Proposition 5.6 follows from a careful Taylor expansion near y = 0. Since the argument is
standard but technically involved and lengthy, we defer the proof to Appendix C.

Remark 5.7 (ODE:s for div f{ and y - U). When B = 0and k = n/2, the ODEs (5.37) for the quantities
AF(divU)(0) and A*+1(y - U)(0) are the same since

AM(y - U)(0) = 2(k + 1) AR (divT)(0), VE >0, (5.41)

due to the identity (C.2a). Note that in the non-radial case, and for 3 # 0, in general 9P A¥(div U)(0) is not
a constant multiple of 9° A¥*+1(y - U')(0) with a constant independent of U’

Schematic form of the ODEs for V_,, and V<,,. Recall the notation for the n-th order Taylor coefficients
from (5.1), namely the vector V_,, = (V"3(0), V**'U(0), V**2B(0)). Since the ODE system satisfied
by (ANg, ANT1Z AN+IB) (cf. (5.36¢), equivalently (5.22)) is quite special, we decompose the vector of
2N-th order mixed-derivatives V_oy as

Voon = Van @ Voans  Van == (ANg ANF1Z ANTIB) (0, 7). (5.42)

The vector Vo an includes all mixed derivatives of order 2N except for three mixed derivatives, chosen
so that the combinations of mixed derivatives in Voy\ an and in Van are linearly independent and together
span the space of all mixed derivatives of order 2N. For example, we can choose Voy an as all mixed
derivatives of order 2N except for 83'\' 0, 8§N+2I§, 82'\'“[7 4- Indeed, using identity (5.41), we note that
(ANg, ANH1Z AN+IBY = (ANg, 2(N + 1)ANdiv U, AN*1B), and thus the linear space of V_oy is that
same as that of VAn@®Von an. Moreover, the mixed derivatives in Van and Vo, o are linearity independent.

Schematic form of the ODEs for V_,,. The ODE system for V_g, and for VA~ has been derived in (5.10),
(5.36¢) (equivalent to (5.22)), respectively. Since the modulation functions chosen in (5.34) only depend on
V_o and Vn, the ODE system for V_q, Van is closed, modulo nonlinear terms. Using the notation ¢ from
(5.6b), we may schematically rewrite the closed system (5.10), (5.36¢) as

L (V_g, Van)T = mo(Vo, Van)T + On(|%n ). (5.43)

for some matrix mg. Since ¢ from (5.6b) also depends on the modulation functions &,, &, &g, €y, which in
turn depend linearly on V_q, Van by (5.34), using the notation .# in (5.6¢c), we obtain

Y. = L (Voo, Van, ng), Vk > 0. (5.44)

For n > 1, we Taylor expand equations to (4.15)—(4.16) around y = 0, and similarly to Appendix C we
obtain the ODEs>!

d 2
#Va, =mp VI, + Z0(G0 oy, ) + On(|%0]7),
2
- mnV;n + gn(‘/oa VANa VS(n—QN)+’ ‘/0) + On(|gn‘ ) (5453)
51The derivation of (5.45) follows from Taylor expanding (4.15)—(4.16) around y = 0, and is much simpler than the proof

of Proposition 5.6. This is because here in (5.45) we do not explicitly track terms other than the top order linear terms; to avoid
redundancy with the arguments in Appendix C, this proof is omitted.
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for some matrix my, that only depends on the profile and parameters n, &, d. By definition in (5.42), Vo an
is a sub-vector of V_on. Thus, restricting the ODEs (5.45a) with n = 2N to the ODEs for Vo, An, We obtain

%VYQTN\AN = mIQNVQTN\AN + N (‘/07 VANa Vg(n—QN)+7 ‘/0) + OQN(‘gZN ‘2) (5.45b)

Combining the ODEs (5.43) and (5.45), for any n > 2N + 1, we that the ODEs system for V<,, is given by

%((VZO) VAN)u V=1) ooy V:2N—17 ‘/QN\ANv V:2N+17 ooy V:n)T
= Mgn((VZOa VA’“)? V=17 oy V:QN_l, ‘/QN\ANa V:2N+17 ey V:n)T + On(|gn|2), (5463)

where M<,, is a block lower triangular matrix (see (5.49) for an illustration) with matrices on the diagonal
blocks of M<,, given by m; and m)y:

M<p = (Aij)lgi,jgn—l—la zzlz‘j =0 fori<y,

(Ay1, Agg, oy Ayt 1) = (Mg, my, .., moy_1, Mby, Moy 1, .., My,). (5.46b)

We do not derive the matrix M«, explicitly, since its exact entries are not used in the stability analysis.
At this stage, we emphasize the significance of the fact that the matrix M<,, is lower block triangular: this
indicates that the ODE system for the mixed derivatives V_; is allowed to depend on V_; forall j < ¢ —1
linearly, but is is independent of V_; for j > «. This fact is in accordance with (5.3) above.

5.5.1. Lower block triangular matrices. The key consequence of Proposition 5.6 is the following structure.
From V_,, we define an overdetermined vector of mixed derivatives of order n for g, n + 1 for U, and n + 2
for B; this vector is denoted as P,,V,,, and the constant-coefficient matrix P,, is defined as:

e If n is even, we choose a constant matrix P,, such that

anln = ((An/2§7 An/2+1Z,An/2+1é)7 Vﬁz,n/th Vﬁ4,n/2727 . V5n70 ,
VBn:|Bnl
VpB2:|B2]=2 VBa:|B4]=4 | Bn|=n
R ~2|2|T 4:] Bal (5.47)
(a nt27 9 n+2|3)7 B LESY i ) ’
N——

VBnt2:|Bno|=n+2 VBn+1:|Bnt1|=n+1

where each 3; € N¢ denotes a multi-index with |3;| = 4, and we order these vectors by first listing all
the vectors Vg, ,, /51 with different 32, and then the vectors Vg, ;, 1 with different 34, and so on.
e If n is odd, similarly, we choose a constant matrix P,, such that

- - - T
P,V — (vﬁl,(n_lm, Vi nes)zr o Vauo > (0727, 92B), bl ) . (5.47b)
VBu:lBil=1  VBs:|Bs|=3 VBnilBnl=n  VBnt2:lBniel=nt2  VPnitrilBnia|=ntl

Proposition 5.6 implies that we can lift the ODEs (5.45a) to the overdetermined ODE systems

F(PuVI,) = My(PyVI,) + - Z0(non), ) + On(%), (5.48)
where M, is a block lower triangular matrix
Ayq 0o .- 0
A Az - 0
M,=| . o : ; (5.492)
Apr A2 o Ag,

with diagonal blocks {Az‘z‘}fil given by the matrices H7(13/)2 in (5.36a) (when n is even), H| Bl,k in (5.37),

H£L2) in (5.38), or the scalar (—nk — 20U, — 1) in (5.39), arranged in the following manner as i = 1,..., 4,
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increases:
H® with k= 2, Higlewith |8] +2k=n H®@) . —nk—20; — 1,
~ | ——
one matrix,n even for each 0<k< ngl7 repeat pq.n_ox times repeat pq,n42 times repeat pq,n41 times
(5.49b)
where pg ;. denotes
d+k—1
pa =g et ol =w) = (1Y) (5.490)

Each matrix A;; on the diagonal of M, corresponds to a matrix for the main linear terms in the ODE systems
(5.36a) (one 3 x 3 ODE, when n is even), (5.37) (pq,n—2k different 4 x 4 ODEs, for each 0 < k < %),
(5.38) (pa,n+-2 different 2 x 2 ODEs), and (5.39) (pg,+1 different scalar ODEs).

Relation between the original and the lifted ODE systems. We view the ODE system (5.48) as a “lift”
of the ODE system (5.45) because the linear space of the mixed derivatives in P,,VZ,, (5.47) is the same as
that of V_,,. Moreover, the ODE system (5.48) is overdetermined since the dimension of P,,VJ,, in (5.47)
is larger than that of V_,,. As a result, we obtain P,, € R* > for some a,, > b,, and P,, has full column
rank b,,. By comparing (5.45) and (5.48), we obtain

P,m, = M,P,,, P, e R»*n m RN M, € R"X™" g, >0b,. (5.50)

Since we do not use the exact values of a,,, b, in the proof, although these integers are explicitly computable,
we do not specify their values.

Recall the notation for multiplicity AM(A, M) from (5.2). Given any real-valued matrix M and a real
eigenvalue \ of M, using Jordan norm form, we obtain >

dimp (ker(AId — M)AMOM)y — AM(A, M). (5.51)

Since \Id — M is real, in the above identity, we view ker(AId — M )AM()"M ) as a real linear subspace.
The lifting relation (5.50) between m,, and M,, allows us to relate the eigenspaces of m,, and M,,. In
particular, we have the following abstract linear algebra lemma.

Lemma 5.8. Suppose that m € RbXb, Pc R“Xb, M € R**% aq > b, P has full column rank, and
Pm = MP. (5.52)

Suppose that (\,v # 0) is a generalized eigenpair of m; namely, (m — \Id )¥v = 0 for some integer k > 1.
Then (X, Pv # 0) is a generalized eigenpair of M with (M — \Id )*Pv = 0.

Proof of Lemma 5.8. Using (5.52) repeatedly, we obtain
P(m — \d)F = (M — Ald)P(m — MId)F 1 = ... = (M — \Id)*P.

Using (m — AId )*v = 0, we obtain (M — Ad )¥Pv = 0. Since P has a full column rank and v # 0, we
obtain Pv # 0. We conclude the proof. (|

Due to the block lower triangular structure of M,,, using that A;; € R™*"™ with n; < 4, we can derive
all the eigenvalues of M,, explicitly. If M,, has no eigenvalues with non-negative real parts, then, by
Lemma 5.8, m,, has no eigenvalues with non-negative real parts.

32Note that the algebraic multiplicity AM(\, M) equals the total number of times that \ appears on the diagonal of the Jordan
normal form. While the identity (5.51) can be extended to complex eigenvalues A, we do not pursue this generalization, as we only
apply (5.51) for A € R.
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5.5.2. Relation between H'® and Hy .. Since A*+1(y-T7)(0) = 2(k + 1)A*(div T7)(0) due to the identity
(5.41), the matrices H,(f) € R3*3 and Higx € R**4 are not completely unrelated. We have the following
relation.

Lemma 5.9. For any z1, 22, 23, denote (vi,v2,v3)T = H,(f) (21, 22,23)T. Then

1 1
(’Ul,mvz,UQ,Uig)T = HOJC(Zl,mZQ,ZQ,Zg)T. (553)

)

As a result, if X is an eigenvalue of H](C3 , then it is an eigenvalue of Hy .

Proof of Lemma 5.9. Identity (5.53) follows from the definitions of H,(f) (5.36) and Hg j, (5.37) with 8 =0
and n = 2k + |B| = 2k. Suppose that (), z) is an eigen-pair of HS’). Then v = HS’)z = MAz. Using (5.53),
we obtain

Hok (21, g 22, 22, 28)" = (v1, 5502, v2,v3)" = A(21, gprs 22, 22, 23) -
Thus, A is an eigenvalue of Hg . g

5.6. Complete characterization of unstable directions for the ground state in five important cases. For
the ground-state profile at N = 1, we analyze five important special cases and compute the exact dimension
of the linear space of unstable or neutrally stable directions for the matrices IM,, appearing in (5.49), and
M<,, appearing in (5.46).

For this purpose, we introduce the following notation. Let A be a matrix with real coefficients, and
let {\;} be the eigenvalues of A. We introduce As(A),s € {+,0,—} to denote the number of unstable,
neutrally stable, and unstable eigenvalues of A:

Ao(A) := [{Ni(4) : sign(Re (Xi(A))) = o}|, o€ {+,0,—}, (5.54)

where | S| denotes the cardinality of the set S. With this notation, we have:

Theorem 5.10 (Exact number of unstable directions for specific cases). Let N = 1. Consider the follow-
ing five pairs of adiabatic exponents and dimensions: (v, d) € {(3,3), (2,2)} monotonic gas in three & two
dimensions; (y,d) € {(%, 3),(5,2)} diatomic gas in three & two dimensions; d = 1 one space dimension.

Part I. We have the following results concerning the exact number of stable, neutral, and unstable eigenval-
ues of the matrices appearing in (5.49b), in the aforementioned five special cases.

(i) (Eigenvalues of H,(gs)). Forn = 2k, we have
(A Mo A)(HP) = (2.1,0). k=1,
(A, Ao, A )(HP) = (3,0,0),  VE>2.
(ii) (Eigenvalues of Hg| 1,). For n = |B| + 2k > 1, we have
(A Ao, Ap)(Hig ) = (4,0,0),  V[B+2k =2, (B,k) # (0,1),
(A Ao, Ap)(Hig ) = (3,0,1),  (B,k) = (1,0).

Note that when n = 1, we have |3| = 1 and k = 0.
(iii) (Eigenvalues of H7(12)). We have

(A Ao, A )(HP) = (2,0,0),  Vn>1, (v,d) €{(3,3), (2,2)},
(Ao, Ao, AL)(HY) = (2,0,0), V=2, (v.d) € {({,3).(5,2)},
(A Ao ADHD) = (1L0,1),  n=1, (d) € {(1.3), (3.2}
(iv) (Sign of the ODE for U ). Consider (v, d) € {(2,3),(2,3),(2,2),(3,2)}. Foranyn > 1, we have

—nk—2U; —1<0. (5.55)
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(v) (Eigenvalues in the one-dimensional case). For d = 1, we have

(A*7A0>A+)(H(1)) = (31070)7 vVn > 37

(A_, Ao, A )(HWD) = (2,1,0), n=2.
(A, Ao, A )(HD) = (2,0,1), n=1.

n

When n = 1, Hi g has exactly one positive eigenvalue. When n = 1, (v,d) € {(£,3),(2,2)}, ng) has
exactly one positive eigenvalue.

Part II. Consider n > 2. Recall from (5.3) the matrix M<,, appearing in the closed ODE system for V<,
where Ve,, = (V=1g, VS"TLU VS"2B). Denote the eigenvalues of M<,, with non-negative real parts
by {)\Mimi}f:gf, and define the linear subspace ¥ ns <pn as in (5.4). We have the following results:
(i) (Real eigenvalues). The eigenvalues AMgn,i are real, for all 1 <1 < k<,
(ii) (Structure of Xyns <pn) For any n > 2, a column vector v<y, belongs to Yns <y, if and only if
V<n = (7}22, 0, ooy O)T,
for some column vector v<a € Yyns <2. As a result, for any n > 2, ¥ns <p is a trivial lifting of Yyns <2
from R4<2 to R<n, and dim(Eyns,<pn) = dim(Eyns <2)-
(iii) (Dimension of Yyns <2). For the following five particular cases we have

dim(Eyns <2) = d* — 1 +d, for (v,d) € {(2,3), (2,2)}, ory € (1,3],d =1, (5.562)
dim(Zyps <2) = 18, for (v,d) = (£,3), (5.56b)
dim(Zyns,<2) = 7, for (,d) = (2,2). (5.56¢)

Proof of Theorem 5.10. Proof of Part I The matrices in Theorem 5.10 are given explicitly in Proposi-
tion 5.6. We prove the results in Step I using the Routh—-Hurwitz criterion, which allows us to analyze
the number of unstable eigenvalues; this computation involves proving a number of inequalities connecting
the parameters «, d, k, 5. We defer the proof of Part I to Appendix D.

Proof of Part II. We consider n > 2. We recall the matrix M<,, and the ODEs for VS”@ VS"“ff, and
V="1+2B from (5.46).

Proof of Part I1, item (i). From the results in Part I of the Theorem, all the eigenvalues of H,(j’) with & > 2,
H)g) x with |B] + 2k > 2, Hg) with n > 2, and (—nk — 2U; — 1)Id with n > 1 have negative real parts.

In fact, any eigenvalue A of the matrices Hl(j) with k& > 1, Hig| , with |B| + 2k > 1, Hg) with n > 1, and
(—nk — 207 — 1)Id with n > 1 that has nonnegative real part, is simple. In particular, such an eigenvalue
A must be real.

Using this information, using the lower triangular block structure of M, for £ > 3 (see (5.49a)), using
the fact that the diagonal blocks are given explicitly in (5.49b), and using Lemma 5.8, we see that all the
eigenvalues of M, and m, with ¢ > 3 have negative real parts. Moreover, the eigenvalues of my with
non-negative real part are real, for any ¢ > 1. This proves item (i).

Proof of Part II, item (ii). Recall that the linear subspace X5, <, 1s defined in (5.4). Let n > 2 and suppose
that vl € ker((Ald — M, )AMAM<n)) for some eigenvalue A of M<,, with Re (\) > 0; here v<,, is a
row vector. By definition, we have

(AId — M<,,)AMOMn)yT < 0. (5.57)

Since M<,, is the matrix associated with the ODE for V<,, in (5.46), and since N = 1, we can assume that
V<, 1s a row vector with the following partition:

VU<n = ((UZO’UA)> U=1>U2\A>U=37 "7U=7L)'
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In the proof of item (i) above, we have shown that for each 7 > 3 the matrix m; does not have eigenvalues
with non-negative real parts. By assumption, we have Re (\) > 0; we obtain that A\Id — m,; is an invertible
matrix for all ¢ > 3. Since M<,, — AId is a block lower triangular matrix with matrices mg — AId , m; —
Ald, .., m) — A\Id,..m,, — AId on the diagonal (see (5.46)), from (5.57) we obtain that
v=; =0, Vi>3, AM(A, M<,) = AM(\, M<2).
Here we recall from (5.2) that AM(-) denotes the algebraic multiplicity of an eigenvalue. Thus, equation
(5.57) is equivalent to
()\Id - MSQ)AM()\7M§2)((U=0’ vA)a V=1, UQ\A)T =0, V<n = (((UZO7 UA)y V=1, V2\A 0,.., 0)

The above equation is further equivalent to ((v=o,va), v=1,v2\a)7 € ker((M<a — N)AMAM<2)) - Using
the definition of X, <2 from (5.4) (with n = 2), we conclude the proof of item (ii).

Proof of Part II, item (iii). Since M <, is block lower triangular due to (5.46), for any u € C, we have the
following factorization of the characteristic polynomial

det(uld — M<y,) = det(uld —mb) - J]  det(uId —my). (5.58)
0<i<n,i#2
As discussed above, when for all 7 > 3 and any A > 0, we have AM(\, m;) = 0. Therefore, using (5.58),
we obtain
AM(X\, M<,,) = AM(A, mg) + AM(A, m;) + AM(A, m}) = AM()\, M<3), VA > 0. (5.59)

Recall from (5.4) the definition of ¥,,s <;,. Since Apyz i is real (cf. Part II, item (i)), using identity (5.51)
and the notation AM>( from (5.2), we obtain

dim(Suns<n) = Y dim(ker(Ayr_, Jdd — M)V MenoMsdy = 5™ AM(Ayr, o, Mey).

’L'Skgn igkﬁn
Summing the identity (5.59) over all eigenvalues of M<,, with non-negative real part, we obtain
dim(zun&gn) = AMEO(MSn) = AMEO(M§2) = AMzo(mo) + AMzo(ml) + AMzo(mé) (5.60)

Thus, to prove the results claimed in item (iii) of Part II, we only need to count the multiplicity of eigenvalues
of my, m;, m), with non-negative real part.
Note that we have computed AM>((my) in Sections 5.2-5.3:

AM>o(mg) = d* — 1, for (d,7) € {(3,3), (3,), (2,2), (2,3)}, orfor d=1. (5.61)

It thus remains to calculate AM>((m;) and AM>o(mb)).
We recall the system (5.46) with n = 2, N = 1 and the matrix M<s:

dr (V=0 Va), Var, V)T = Mo ((Vo, Va), Vo, Vaa)T + O(1%f), (5.62a)

My = (Aij)i<ij<s, Aij =0, fori> j, (A11, Agy, Asz) = (mg, my, mj). (5.62b)
where the matrix m), is the square matrix in the ODEs for Vo\a in (5.45b) with N = 1. In the following
three steps, we show that all the eigenvalues of the matrix m, are negative (so that AM>((mj5) = 0), and
we compute AM>¢(my).

Step 1: Case d = 1. When d = 1, since there are no mixed derivatives and the Laplacian A reduces to 07,
from the definition of V5, 5 in (5.42), we obtain Vo, o = ). Thus mj = §).

By the definition of V_; (see (5.1)), we obtain V_1 = (01 0, 8%17, 8{’@). Thus, the ODE for V_; is given
exactly by (5.40) (with n = 1); appealing also to (5.45) with n = 1, we conclude that m; = H(ll). From Part
I item (v) in this Theorem, we know that m; has exactly one unstable eigenvalue, which is simple. Thus,
for d = 1, we have

AM>q(m3) = 0, AM>o(my) = 1. (5.63)
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We are left to consider the four interesting cases (v,d) € {(5,3),(Z,3),(2,2), (3,2)}; specifically, we
analyze AM>((m)) and AM>o(m; ).
Step 2: No unstable eigenvalues from m),. In this step, we show that m/, does not have unstable eigenval-
ues by relating it to the matrices Hyg 1, in (5.37), Hi in (5.38), and to (—nk — 201 — 1)Id in (5.39).

The ODE system in (5.62) is equivalent to the overdetermined system for ((V=o,Va), V=1, Vo\a)T,
where V5, o denotes the mixed derivatives

Vg0, (0°Z,0%B), 0%0.

Here, Vg, o denotes all the vectors Vg € R* with multi-index § € N¢ such that |3| = 2; (9717, 9%1B)
denotes all the vectors (9°Z, °B) € R? with multi-index 8 € N¢ such that | 3| = 4; and 9% U denotes all
the scalars 9°U; with multi-index 8 € N¢ such that |3| = 3. Using the ODEs (5.37) with k = 0, |3] = 2,
n = 2, the ODEs (5.38) with |3| = 4, n = 2, and the ODEs (5.39) with |3| = 3, n = 2, we derive the
system of ODE:s satisfied by 172\ Al

FVRa =MV |+ A(Fo1.%)) + O(%]?). (5.64)
Here recall the notation .% and ¢ from (5.6). Using (5.44), (5.6¢), and the identity (5.41), we obtain

<9\071 Z.,%(VA), g() :X(VZO,VA).
Similarly to (5.49), we may show that 1\712 (appeari~ng in (5.64)) is a block lower triangular matrix (see (5.49)
for an illustration) with matrices on the diagonal My given by m; and m:

My = (Cij)icijce; Cij =0, ¥i <j, Ciy € {Hag, H? (=2k — 20, — 1)1d }.

From the results in Part I of this theorem, the eigenvalues of the matrices Ho g, ng), and (—2k — 2U, — 1)Id
all have negative real parts. Due to the block lower triangular structure, we obtain

Re (A) <0, for all eigenvalues A of M. (5.65)
Combining (5.64) and (5.43), we obtain that
= (Vo V), Ve, Voya)T = M<o((Voo, Va), Ve, Vaa)T + O(1%]), (5.66a)

where Mgg is a block lower triangular matrix with diagonal blocks given by the matrices

Mcs = (Aij)i<ij<s, Ay =0, fori<j, (A1, As, Aso) = (mg, my, My). (5.66b)

Next, we note that by construction, we have the following relation

Id 0 O
(V=0,Va), V=1,Va\a)T = Pa((V=0,Va), V=1,V\a)T, P2=1{ 0 Id 0 (5.67)
A Ay As

for some constant matrices A;. Moreover, As, and hence also 152, have full colurpn rank. Here, one should
interpret Id as an identity matrix of an appropriate size. Comparing the ODEs Py x (5.62) and (5.66), we
obtain

PQMSQ = MSQPQ, — f’Q(MSQ —cC- Id) = (MSQ —C- Id)f’g, VceR.

Since M<5 is a block lower triangular matrix (see (5.62)), if m/, has an eigenpair (A, v) with Re (A\) > 0
and a right column eigenvector v # 0, we obtain that (0,0, vT)T is a right eigenvector for M<s. Thus, using
the above identity with ¢ = A and using the precise structure of Py, we obtain

0 = Py(M<y — A1 )(0,0,vT)T = (M<y — AId )P3(0,0,vT)T = (M<y — AId )(0, 0, (A30)T)T.
Due to the block lower triangular structure of 1\7152 in (5.66), we obtain
0 = (Mco — AId)(0,0, (A30)T)T = (0,0, (Ma — AId ) A30)")T.
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Since v # 0 and A3 has a full column rank, we obtain that (\, Azv # 0) is an eigenpair for M. However,
the assumption Re (A) > 0 contradicts (5.65). Thus, we prove that all the eigenvalues of m/, are strictly
negative.

To complete the proof, it remains to compute AM > (my) for (v,d) € {(2,3), (£,3), (2,2),(3,2)}.
Step 3: Invertible map for the case d = 2,n = 1. For d = 2 and n = 1, we can find a one-to-one linear
map from the vector of mixed partial derivatives V1, to a subset of the mixed derivatives in PV, (as
defined in (5.47b) with n = 1).

Denote e; = (1,0),e3 = (0, 1). We define a matrix Py so that

PV = (Ve,0,Ves0, (03 Z, O3B), (97022, 030-B)). (5.68)

It is not difficult to obtain that for d = 2, the vector V_; = (V, V2U, V3B) of all first-order mixed
derivatives has length 2 + 2 - 3 + 4 = 12, and the above vector P,V_; has length 4 x 2 + 4 = 12. Thus,
P, ¢ R'2X12 5 a square matrix and V_1, P,V € R'2,

Next, we show that P is invertible. To simplify the derivation, we use the notation . from (5.6). It
suffices to show that we can obtain all mixed derivatives in the vector V—_; = (Vp, V2U, V?’B) from linear
combinations of mixed derivatives in RHSs ¢3):

V6, VU, V3B = £ (Ve 0. Ves0, (05 Z, 0}B), (01022, 019:B)) = L(RHS563)). (5.69)
Firstly, using the definition of V¢, o in (5.35), and using the definition of P SV:Tl in (5.68), we obtain
V(0), VAZ, VAB, V(divU), 9?VZ,0?VB = .Z(RHSs 6)).- (5.70)

Next, we show that V3Z, V3B = Z(RHSsg)). A direct calculation yields
VOiZ =VAZ —V&#PZ = L(RHS;563)), VOB = VAB — VI?B = LRHS(s63)),
which along with (5.70) implies .
V3B, V3Z = ZL(RHS568))- (5.71)

Recall that Z = Y- U. Using (5.71) , for ¢ = 1, 2, we obtain

9;U:(0) = 507 (y - U)(0) = Z(RHS(s 63))-
Using the above identity and (5.70), we obtain

O12U1 = 0o(divU — 2U3) = LARHSs68)), 012U = 91 (divU — 0,U1) = Z(RHS(5.63))-
Finally, using (5.70) and the above identity, we derive
U 2(0) = 0207 (U1 + y2U2)(0) — 2012U1(0) = L(RHS 5 63)).

Similarly, we obtain 6% U, = Z(RHS 5 ¢3)). Combining the above identities, (5.69) follows; as a result, P,
as defined in (5.68), is invertible.
Following the derivation in Section 5.5.1 with n = 1, we obtain that PV, solves the ODE

EPVI = MP VI + L) + O(%7), (5.72)

where M is a block lower triangular matrix and has a similar structure as (5.49) with diagonal blocks given
by

(2)
H 1,0 ) H 1
~—~ ~—
repeat twice repeat twice

The matrices H1 p, ng) repeat twice since we have two different Vg, ¢ and two different (853 Z , 98 I:%) in
(5.68). Moreover, by comparing (5.72) and (5.45) with n = 1, we get

P.,m; = M,P;.
Since P is invertible, m; and M are conjugate, which implies

AMzo(ml) = AME(](MS).
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From the results proven in Part I of this Theorem, when n = 1,v = 2,d = 2, Hy o has one positive
eigenvalue, while the eigenvalues of Hf) all have negative real part. Whenn = 1,v = %, d = 2, both Hy o

and HgQ) have one positive eigenvalue. By counting these eigenvalues, we obtain

AMso(my) =2, for y=2,d=2, AMso(my)=4, for y=2 d=2. (5.73)

Step 4: Invertible map for the case d = 3,n = 1. For d = 3 and n = 1, we find a one-to-one linear map
from the vector of mixed partial derivatives V1, to a subset of the mixed derivatives in P1 V', (as defined
in (5.47b) with n = 1). Below, all the mixed derivatives evaluate at y = 0.

Denote e; = (1,0,0),e2 = (0,1,0),e3 = (0,0, 1). We define a matrix P so that

PV = (Ver0, Ve 0, Ves 0, (0°Z, 0°B) 7312171,313{]1,323&1,333I~J1,3131~J2)T. (5.74)
—
|8|=3,83<1,7 different 3

It is not difficult to obtain that for d = 3, the vector V_; = (V g, V2U, V?B) of all first-order mixed
derivatives has length 3 + 3 - 6 4+ 10 = 31, and the above vector P,V_; has length4 x 3+ 7 x 245 = 31.
Thus, P, € R31%31 jga square matrix and V—, P573V21 € R3L,

Following Step 3, we show that P, 3 is invertible by proving

V3, ViU, V3B = LRHS(5.24). (5.75)
Clearly, from the definition of Ve, o in (5.35), for any i € {0,1, 2,3}, € {0, 1,2}, we have
V3(0), VAZ, VAB, V(divD), 8037 (Z,B), 8105 793(Z,B) = L(RHS(5.74). (5.76)

Next, we consider V3B(0). For i € {1,2,3}, since 9;(d? 4+ 93)B contains at most one derivative with
respect to y3, namely 03, using (5.76), we obtain

0;02B = 0;AB — 9;(9? + 02)B = Z(RHS(5.74)).
Using the above estimates and (5.76), we obtain V3B = Z(RHS(574)). Applying the same argument to
Z, we establish 3 3 B
V3Z =V3(y-U), V3B = L(RHS(514)). (5.77)
Derivation for V2U. For i € {1,2, 3}, using the identities
302U; =3} (y-U), Ay -U)=8;2V-U+y-AU) =AU; +25;(V -U),
and the estimates (5.76) and (5.77), we obtain
(922[71, Af]l = g(RHS(5.74)), 1 E {1,2,3}. (5.78)

Using 8%[71, AU, = Z(RHS5.74)) from the above estimate and 8i8jl~]1 = ZL(RHSs.74) for (i,7) €
{(1,2),(1,3),(2,3),(3,3)} from (5.74), we obtain

03U, = (A — 0} — 93U, € L(RHS5.74)) = VU1 = Z(RHS(574)). (5.79)
Using (5.79) and (5.77), we obtain
0105 (12U2) = 0105 " (12Us + ysUs) = 9105 "(y - U — y1 - U1) = Z(RHS(5.74).
By choosing 7 = 2,1, 0 in order, we derive
Q027U = L(RHS(5.74)) (5.80)
Using (5.80), (5.76), and (5.78) , we derive
DUy = (A — 0 — 93Uy = LARHS572), 023U = 03(V -U — 01U — 93U3) = L(RHS(5.74y).
Using 013U = Z(RHS5.74)) and the above two estimates, we obtain
ViU = ARHS .74 (5.81)
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Finally, using (5.77), (5.79), and (5.81), for any 3 with |3| = 3, we obtain
(ys Us) =0°(y - U —y1 Uy —y-Us) = L(RHS;574)), = VU3 = ZL(RHS574)).

Combining the above estimates, we prove (5.75). Thus, P 3 defined via (5.74) is an invertible square
matrix.
Following the argument in Step 3, we derive the following ODE for

AP, sV =M 3P,V + A%) + 097, (5.82)
where M 3 is a lower triangular matrix and has a similar structure as (5.49) with diagonal blocks given by
Hio H§2) ., —2k—2U;—1.
repeat 3 times  repeat 7 times repeat 5 times

We have the above structure of the diagonal blocks since we have 3 different Ve, o, 7 different (0%37, 0% B),

and 5 different 972U ; in (5.74). Moreover, M, 3 and m are conjugate
P,3m; = M 3P,3, P,3 isinvertible.

From the results proven in Part I of this Theorem, when n = 1, (7,d) = (3,3), Hi has one positive
eigenvalue, while the eigenvalues of HgQ) all have negative real part. When n = 1, (vy,d) = (%, 3), both
Hi,0 and Hg2) have one positive eigenvalue. In both cases, we have —2x — 2U; — 1 < 0 from (5.55) of this
Theorem. By counting these eigenvalues and following the argument in Step 3, we obtain

AM>o(m;) =3, for y=35,d=3, AMso(m;)=3+7=10, for y=1%,d=3.  (583)

Combining identities (5.61), (5.63), (5.83), (5.73) to (5.60), we have thus proven:

dim(Buns,<2) = d° —1+d,  for (v,d) € {(§,3).(2.2)}, ory > 1,d =1,

dim(zuns’gz) =18, for (’7) d) = (%7 3)7
dim(Xyns,<2) =7, for (v,d) = (%, 2),
which completes the proof of item (iii) in Part II of Theorem 5.10. (|

Corollary 5.11. Consider the ground state profile at N = 1 and the five special cases:

(v,d) € {(3,3), (£,3), (2,2),(3,2)}, or ye(1,3,d=1.

For any n > 2, there exists 6 = §(n, M<y) > 0 such that the following statement holds. If the initial data
for the mixed-derivatives satisfies V<2(0) = 0 and ||V<,,(0)|2 < 6, then V<o(7) = 0 for any T > 0 and the
exponential decay estimate

Eon(1) < Cre ™ Ep,(0), V72>0,
holds for some X\ > 0 depending on the matrix M<,, and n.
Proof of Corollary 5.11. Since Vea|,—g = (V=2§, V=3U,V=*B)|,—0,—=0 = 0, since and V<o(7) obeys
a closed ODE system when N = 1 (see (5.46)), we obtain V<3(7) = 0 for any 7 > 0. Since the

modulation function &, ¢,,<,,Cg are linear combinations of V_g, VA (see (5.34)), we also obtain that
& (7),8&,(7),Cu(7),Cr(7) = O for all 7 > 0. Thus, using the definition of E ,, in (4.38), we have

Eo. = 18(0)lcn + U (0)|ens1 + [B(0)|ens2- (5.84)

For n > 3, the ODE system (5.46) reduces an ODE system for V3<.<,, = (V=3s, .., V=,), which may be
written as

%‘/;—S*Sn = M3S*S”V3TS*S7L + On(|v3§*§”|2)7 (5.85)
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where M3<.<y, is a submatrix of M<,, in (5.46) and is block lower triangular:

M3z<i<n = (Aij)3<ij<n+1s Aijj =0 fori <y,

(A337 A445 L) aAn+1,n+1) — (m3) m47 sy mn)-

Since M3<.<p is block lower triangular, and since all the eigenvalues of the diagonal blocks my (with [ > 3)
have negative real (see the proof of item (i) in Part II of Theorem 5.10), we obtain that all the eigenvalues
of M3<.<y have negative real part. Thus, using the classical nonlinear stability result of an equilibrium in
ODE theory, see e.g. [5, Chapter 4.3, Theorem 2], we obtain that there exists a small 6 = d(n, M<,) > 0
such that

it [[Va<i<n(0)l2 <6, then [[Va<izn(7)ll2 < Cre T [[Va<izn(0)]l2

for some A = A(M>3 <p,n) > 0and all 7 > 0. Using identity (5.84), and recalling definition (5.1), we
complete the proof. g

5.7. Upper bound of unstable directions in general case. For a general radially symmetric, globally self-
similar profile with N € N, dimension d € {1,2,3}, and for 1 < v < 2d + 1, we have the following
estimates on the number of unstable directions for (5.3).

Theorem 5.12. Fixd € {1,2,3},1 <y <2d+1,N > 1, and let o = 15,
(i) For any
n > ny = (18d)2N,
and any B3,k with |B| + 2k = n, the real part of eigenvalues X of the matrices H g 1., H,(CS), Hﬁf) in
(5.37) are strictly negative and satisfy Re (\) < —1. As a result, the real part of the eigenvalues \ of
the matrix m,, for the ODE system (5.45a) are strictly negative and satisfy Re (\) < —1.

(ii) Recall the notation s, <p from (5.4). For any n > ng, the column vector v<,, belongs t0 Xyns <p if
and only if

V< = (U;m,O, )T,
for some column vector v<,, € Yuns,<n,. AS a result, for any n > ni, Xuns <p is a trivial lifting of
Yuns,<n, from R<n1 10 RY<n, and dim(Eyns,<n) = dim(Xyns,<n, )-
(iii) We have
dim(Euns,<n;) < C(d)N.

for some explicitly computable constant C(d) > 0 which depends only on d.

To prove Theorem 5.12, we use a classical result on the eigenvalues of a weighted diagonally-dominated
matrix, a version of the Gershgorin circle theorem.

Lemma 5.13 (Gershgorin-type bound). Let A € R"*™. Suppose that for every 1 < i < n we have
Ay < 0, and assume that there exists p; > 0 and 0 > 0 such that

(Ail = O = > |Agjpg) (5.86)
J#
Then all eigenvalues A of A have negative real and Re (\;) < —6.

For the sake of completeness, we provide the proof.

Proof of Lemma 5.13. Let (\,v) be an arbitrary eigen-pair of A: Av = v with v # 0. Leti; =
arg max; il We have v, # 0 and
vt "

D Aijus = (Av)iy = dviy, (A= Aigiy vy, = Y Aoy
7 J#i1
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Using (5.86), the definition of ¢, and the fact that |v;, | > 0, we obtain

v [via |

|(A=Aq )] [vi, | = [(A— A4, Jvi, | < max ]‘ Z ’Ail,j:uj‘ < 1.1 (’Ailyil‘_e)uil = (‘Ai1,i1’_0)|vi1"
! I Gt Hia

Canceling |v;, | # 0, we obtain that |A — A; ;,| < |Ai,4, | — 0. Since A;, ;, < 0, it thus follows that \ lies in

the disk of radius |A;,;,| — 0 centered at —| A, 4,

, which then implies Re (\) < —6 < 0. O
Next, we prove Theorem 5.12.

Proof of Theorem 5.12. Our first goal is to show that if n > 1 is chosen large enough, then the matrices
H)g)« (as defined in (5.37b)) with |B| + 2k = n, are diagonally dominated, meaning they satisfy the as-
sumptions of Lemma 5.13. For this purpose, we choose the following weights

2

sz o) = (1 5o s ) (5.872)
and use the notation™
di == —(Hg k)it — Z GIERICE for1 <i<4. (5.87b)
J#i
Here C; (see (4.8¢)) denotes leading order coefficient of the sound speed at y = 0
Cuo= Jim [yl 7'Cw) = lm b~ @B = 5 = od = P/ FL 58)
where we recall gy = (ago)? and Uy from (5.8). Since v = 1 + 2 < (1 + ad)?, we obtain
C1 < Vad. (5.89)

Next, we show that d; > 0 for n sufficiently large.
Recall from (4.11) that k = & + U;. Dividing the outgoing inequality (4.9d) by ly|, evaluating the
resulting inequality at y = 0, and then using the definitions of C; in (5.88) and U in (4.12), we derive

1
6N’
In the following estimates, we derive the leading order terms for d; (as defined in (5.87)) in terms of

n. For the matrices Hg| 1, inspecting their definition in (5.37b), we see that only the (2,1) and (3,1)
components have a complicated form. For (H g ;)21 and (Hg| ,)3,1, since By = 1(5.8), |3 + 2k = n and

k+Ci>k>k—C >a, a: (5.90)

(n—kk < %2, we may bound

(d+2|8| +2(k —1))kBsy n o 2d+n), -
] - |- €52 o A
(6% o 0%
@4k -ktn  Adtn) 0 (@d-2ik+ntdin san
a Y 20 a 2% o
n 2 B
|(Higl)s.1| = ‘ - (% + ;)(2d+4|5\ + 4k)(k + 1)32‘
noL 2 (2 nd 12dn?
S5zt 2 1) +4(n — < .
_(2a+7)(n +2d(k+1) +4(n — k) < 5+

53We will prove later on that (H\m,k)ii < 0, as required by Lemma 5.13; thus, in the definition of d;, the term f(H|5|,k)“ is
the same as |(H),x )+ |, the form used in (5.86).
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Here we have denoted v, = max(z, 0) and we have used the bounds k+1 < n, 2d(k+1)+4(n—k) < 6dn,
and % < é in the last inequality. Using (5.88), U; = _Hﬁ (5.8),a < d, and v > 1, we obtain

1+20:] [1+20:]  [1—ad _ max(l,ad) _ d? _ 41 _ d'/?
2aC; % aT'yd 1Jr1 _ a3/2y/27d ad3/2dl/2 T a3/2d41/2 T @3/27 ay  ad/?

Using the above estimates, 11; from (5.87), go = C (5.88), a < d, the bounds in (5.90), and nx 42U +
1 > nk — |1 42U, |, we obtain

di = 1 - nk — pig - 2009 = nk — nCy > na,

dy = piz - (s + 201 +1) — ] (Mg )21 —M%

n’k  n? 1+20,] 4d 1 na  6d%/?
> ———(7- —+—)nz—_—7n,
20C; 2« 2aCy a ay 20C;  a3/2

_ 3 (n+2)2o
d3 = p3 - (nk+2U1 + 1) —pa|(Hig p)sp| — pa——

~
3 3 7 3 3/2
Zni{_ni_(|1+%U1] @+i>n22nfz_l6d n2,
20C; 2« 2aCy « oy 2aCy a3/2
n2k n? n2a

dy = g - NK — 2U3 = —5 — —= —,
1= Hs ozC% aCl_aC%

From the above estimates, definition (2.5b), the standing assumption a € (0, d], (5.89) for Cy, and (5.90),
we obtain that if we choose

n > (18d)% N (5.91)
then
na > 1+ 2a(ad)/? - 18432073/ > 1 + 2aC; - 184%/% . a3/,
and hence d; > p; for all 1 < ¢ < 4. Note that the above inequality and (5.90) also implies

nk 4200 +1>na+ ¢ >na—1> 1. (5.92)

Thus, for n as in (5.91), condition (5.86) is satisfied with # = 1, the matrix H| 3,k 1s weighted diagonally
dominated, and using Lemma 5.13, we obtain that all eigenvalues A of H g ; have negative real part and
satisfy Re () < —1.

For n = 2k satisfying (5.91), using the relation between the eigenvalues of H

5.9, we obtain that all eigenvalues A of H,(CS) have negative real part and satisfy Re (A) < —1.

For the matrix Hg) appearing in the ODE (5.38), we note that H%) is the lower-right 2 x 2 diagonal block

of the matrix H g, . (rows 3 & 4 and columns 3 & 4). Since the weighted diagonal dominated condition (5.86)

holds with 6 = 1 for A = H g , it follows that H® also satisfies this condition with 6 = 1; using (5.92)

18]
and Lemma 5.13, we obtain that all eigenvalues A of H\(ZI) satisfy Re (\) < —1.

,(C?’) and Hg j, from Lemma

Thus, for n satisfying (5.91), all eigenvalues A of the matrices H,(:’) in (5.36a), Hw"k in (5.37), Hg) in
(5.38), and (—nk — 2U; — 1)Id in (5.39) have negative real parts and satisfy Re (A\) < —1. In view of the
block lower triangular structure for M, in (5.49) and appealing to Lemma 5.8, it follows that all eigenvalues
A of the matrices m,, and M, have negative real parts with Re (\) < —1 (for n satisfying (5.91)).

Letny = (18d)2N. The proof of the results in item (ii) of Theorem 5.12 is the same as the proof of the
results in Part II, item (ii), of Theorem 5.10. To avoid redundancy, we omit this proof here.

For the proof of item (iii) of Theorem 5.12, we note that the number of mix-derivatives with order less
than n; = (18d)2N are bounded by C(d)N? for some explicitly computable C(d) > 0. We obtain that
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Mcy, € R%<n1:9<n1 has a size d<p, at most C(d)N9. By definition of Yuns,<n, in (5.4), it thus follows that
dim(ZUnS,STH) < dS”l < C(d)Ndv
which completes the proof. O

5.8. Global solution to the ODEs. In this section, we construct global solutions to the ODEs. Given a
matrix M € R™*", we denote by A\yr;,% < nyr < n the eigenvalues of M. We can decompose the complex
space C™ as
C'= P ker((Ani — M)AMA M) (5.93)
1<i<npy
where AM(Ajy 4, M) is the multiplicity of the eigenvalues Ays ;. Given a set o, the spectral projection II,,
associated with eigenvalues in o is defined as the linear map

M, :C" = 5= @ ker((Angs — M)AMOma)) (5.94)
Am,i€0
with range ¥, and kernel @)\]\/I ido ker((Aari — M)AM(’\MJ’M)).
We have the following abstract theorem for solving the ODE system.

Theorem 5.14. Let V(1) € R' and H € R™! be a T-independent matrix and N'(V, V) € R! be a bilinear
operator in V. Consider the ODE system

Ly (r)=HV +N(V,V). (5.95)
Let Ay ; be the eigenvalues of H and denote™
s :={An; :Re(Mn;) <0}, oy :={An;i:Re(An;) >0}, ppi= —&nax)\. (5.96)

If o5 = 0, we denote uy = 0. Let 11,,,, I1,, be the spectral projections associated with o, 0., respectively.
There exists 0, = 0.(H,N') > 0, such that for any initial data V1 € R! with IVioll2 < 6u, there exists
Vo € Rell,C! = Re %, and a global solution V' to (5.95) such that

V(0)=Vio+Vuo, Vuoll2 S [[Violle, (5.97a)

_3
V(T2 S e [Violle, (5.97b)
where the implicit constants depend only on H and the form of N.

For completeness, we provide a simple proof, which is a variant of the classical method for constructing
stable manifolds of nonlinear ODEs [66, Section 9.2]. Using the splitting method in [19, 18], we avoid the
analysis of central manifold when H has eigenvalues A with Re (A) = 0.

Proof of Theorem 5.14. 1f o5 = (), from the definition (5.94), we obtain X, = C! and Re Yo, = R!. Thus,
given any V; o, we can choose V,, o = —V/ ¢ to obtain trivial initial condition V' (0) = 0 and a trivial solution
V() = 0. Otherwise, we have py > 0.

We consider the following decomposition of the ODEs (5.95) V = V; + V5 with V; satisfying >

Ly = —punVi + N(V, V), Vilr—o = V0,

d (5.98a)
EVQ =HV, + KHV1, KH = UH + H.
Recall the projection I, II,,. We solve V> using the Duhamel’s formula
Va(7) := A2 (V1)(7),
(5.98b)

As(Vi)(7) = Re / HEOTL (K Vi) (£)dt — Re / HODTL (K Vi) (£)dt,
0 T

>4Note that o, can contain eigenvalues with Re (An,s) = 0.
3The decomposition (5.98) is similar to the compact perturbation in [19, 18]. Here, since the problem is finite-dimensional, we
can change HV; to AV; with any matrix A by a compact perturbation.
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which determines the initial data for V5 implicitly. By definition, we obtain
V2(0) € Re (IL,RY) € Re (s, ).

Since II,, is the projection onto the H-invariant subspace associated with eigenvalues with Re (Ay ;) > 0,
by definition, for any vector v € R!, we have

eIz S e 5 o2, Ve 20,
L (5.99)
eM L, v||s < em 3k |v]lo, WVt < 0.
Step 1: Fixed point map. Let V; o be the initial data in Lemma 5.14. We solve (5.98) using a fixed point
method. We define
3
[Vly := [les*" "V (7)||lzee, By (r) :=={V : [Vly <r,V(0) = Vi0}. (5.100)

The set By (r) is nonempty if r > ||V} o||2 as Vlyoe_%“HT € By (r). For any input Vi € Y, we first
construct Vo = A2(V7) via (5.98b) and then construct V; by solving (5.98a). This defines a map

Vi = A(W). (5.101)
The fixed point of (5.101) corresponds to a global solution to (5.95). Below, we show that for
d=|Violl2 (5.102)

sufficient small, A is a contraction mapping from By (20) — By (20).
Using (5.100) and (5.99), for any v € Y, we obtain

T (o)
| As(0) (7]l < / eS| + H)(#) adt + / e MO (g + H)w () odt
0 i 0T (5.103)
_7 _4) 3 _1 _4) 3 _3
S ol (| Bty [ b inta) < ol
0 T
Step 2: Estimate of 5, V. Suppose that HVl |ly < 24. Using (5.103) and V5 = Ag(ffl), we obtain
3
[Va(7)ll2 < e a7 VA |y (5.104)
Since N (+,-) in (5.95) is bilinear and V' = V; + V5, using the above estimate, we obtain
IN(WV V)2 SIVOIE S VA5 + 1Va(m)5 S IVA)II5 + e 3247 [

Since NV (V, V) is Lipschitz in V7, the V1-ODE (5.98) admits local-in-time solution. Multiplying V] to
the V;-equation and using the above estimate, we obtain

LIVi13 < —2unlVall3 + CIVAlla (VAL + e~ 27| VA 13). (5.105)
Using ||Vi||y < 26 and multiplying both sides by €3/2#H7 | we estimate v(7) = e h Vi (7)])2:
() < —%qum? + Cre” 1MTo (1) (0(r)? + 0%),
for some absolute constant Cy. Since [|V1(0)([2 = ¢ (5.102), by choosing § < £&- so that
—2un(26)* + C1(26) - (46% + 6%) = —2upé* + 10C16° < 0,

and using a bootstrap argument, we prove v(7) < 26 for all 7 > 0. Thus, we obtain a global in time solution
V1 with || Vi ||y < 20, and the map A maps By (20) into itself.
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Step 3: Contraction. Given any two different inputs V7 4, V2, € Y. Denote

V2 a = -/42(‘71,04)7 Vl,a — A(‘A/l,a)a Va = Vl,a + ‘/2,00 a € {aa b},

’ (5.106)
Via=Via—Vip, Von=Vo,—Vay,
From Step 2, for a € {a, b}, we obtain
IVia(m)llz < 267576, |[Vau(7)l2 S e 376, [|Va(r)l2 S e #76.  (5.107)
Since Aj is linear, applying (5.103), we obtain
IVas(llz = [A2(V1,2) (D)2 S e 347 [Vially- (5.108)

Since N is bilinear, using (5.107) and (5.108), we bound
IV (Va, Va) (7) = N (Ve, V) (7)ll2 S (IVa(T)ll2 + [IVe()l12)I| (Ve = Vo) ()2
< e E(Via(r) 2 + [[Vaa(7)ll2)
< e ATS(IVi a2 + e TTVr A ly)-
Using the V1-ODE in (5.98), we estimate
LIViall3 = —20mlViall3 +2Via - (N (Va, Vo) = N (Vi V)
< —2un[|Va Al + Cem 8|V all2(IVi,all2 + e~ 1497 V1 ally).

Since Vi A (0) = 0, applying estimates similar to those in (5.105) and by further requiring 6 small enough,
and solving the above ODE, we prove

_3 ~
Via(r)ll2 < ge” 17 [Vially.

Form the definitions (5.106), (5.101), (5.100), the above estimate implies that A is a contraction. Using the
Banach fixed point argument, we prove the existence of fixed point solution V; to (5.98) with ||[Vi ||y < 20.
Moreover, from (5.101), (5.104), ||V1||y < 26, the solution V; and Vo = Ay (V7) satisfy

3 3
[V200)[2 S 6= [[Viplle, [[V(T)ll2 S e +#70 = e aM7|[Vy g|2.

We complete the proof of (5.97) and Theorem 5.14. ([l

5.9. Proof of Theorem 5.1. We combine the results in the previous subsection to prove Theorem 5.1.

Result (i) in Theorem 5.1 follows from (5.34).

We have derived the n-th order ODE system in Sections 5.2-5.5; these ODEs have the schematic form
given in (5.48). By extracting the linearly independent mixed derivatives from P; V. for i < n, we derive
the ODEs for V<,,; see also (5.46). Since the nonlinear terms in these ODE systems are quadratic, result (ii)
in Theorem 5.1 follows.

For any n > 2N, by the definitions of ¥y,s <y, in (5.4), and that of >, in (5.94) and (5.96), we obtain that
the linear space ¥ ,us <, 1s given by Re X, in Theorem 5.14, with H = M<,,. Thus, the first part of result
(iii) in Theorem 5.1 is established in Theorem 5.12. Applying Theorem 5.14 with H = M,V = V.,
to the ODE system (5.3), and using Re Y,;, = Yuns <n, We establish the nonlinear stability results in the
second part of result (iii) in Theorem 5.1.

Result (iv) in Theorem 5.1 follows from Theorem 5.10 and the nonlinear stability results in Theorem
5.14.

Result (v) in Theorem 5.1 is established in Corollary 5.11, and this completes the proof of Theorem 5.1.
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APPENDIX A. SIGN OF THE LEADING COEFFICIENT FOR VELOCITY AT INFINITY

Recall from (2. 35) that the leadmg order asymptotic of the statlonary profiles (V,Q) as R — oo is given

by V(R) = iR~ g ORrsoo(RE ) and Q(R) = qi R~ g ORr—oo(RE 3 r). We have already shown
in Proposition 2.18 that 0 < g1 < oo; however, we were not able to determine the sign of v;. While for
the purpose of this manuscript this sign of v is irrelevant, in a future work we will address the problem of
continuing the solutions constructed in this manuscript past the time of implosion, as a self-similar explosion.
In this future work, the fact that v; < 0 plays an important role. The purpose of this Appendix is to show
that for the ground state (corresponding to N = 1), we have v; < 0 (see Proposition A.1). In fact, v; < 0
holds not just for the ground state. Our main result is:

Proposition A.1 (Lower bound for v, /q). Letd € {1,2,3}, 1 <y <2d+1,and N > 1. Let (V,Q) be
the global-in-R solution from Proposition 2.17, and let v, q, be the leading coefficients of (2.35). Then

2a v
5< (A.1)

Moreover, ifeither (1+ ) +1<¢, orzf2 Thad) + 1> ¢ and N = 1, then we have v; < 0.

A.1. Setup. Since Q(R) is strictly monotone decreasing on (0, o) (cf. Corollary 2.16), the map Q: [0, c0) —
(0, o] is a bijection. We may thus define a map V: (0, go] — R by V(q) = V(Q~'(q)), or equivalently, via
the implicit definition
V(R) = V(Q(R)).
By construction, V(go) = o, and taking limits as R — oo we may define V(0) = 0, so that )V extends as a
continuous function to all of [0, go]. By definition and (2.31a) we have
v dv Q" W Ap[V(9).4]

av._av _ dR = 2vi¥Ad) 4l A2
dg ~ dRIr=0-1(q) dq 49 1r=q-1(a)  Ag[V(9),d] (A2

forall ¢ € (0, qo).
It is convenient to denote

“o

Ag 1= = — 2&<0,

LS

0

and recall the identities (1 + ad)vp = —1 and vp + V3 + &(jg =0.

A.2. Lower bound.
Lemma A.2 (Lower barrier). We have V(q) > Aoq for all g € (0, o).
Proof of Lemma A.2. Define ¢(R) := V(R) — AoQ(R). Then by (2.31a) we have ROgr¢p = (F/A)[V, Q),
where F':= Ay — AAg.

From (2.11) we deduce that ¢(0) = 0, and more precisely, that ¢(R) = (on — Xogn) RN + O(R*N) as
R — 0*. From (2.21), (2.5a), (2.5¢), (2.17) we have

- _—_— l+ad+2aN _ 1 1+3ad
UN = Aogn = 1 = 2N(01[+ad§léb = (I+ad)d (En = S - o), (A3)

where

_ 2
= /2L + Ey + U0d?
Thus, appealing also to (2.14), we have

RHS(A 3) > 0 XN > 1+3ad + o

d(d+2 d(1+ad 1—ad)? 14+3ad)? 1+3ad
‘:*QTW+M4(N+)+Q(2|\J|F2Q)+(1GQN2) >(J1r6Na2) JFOC(;NOKH”O‘

& a¥(d— 1)+ o 4 D) | o) o,

2
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which is true. We have thus proven that oy — Aogn > 0, and hence ¢(R) > 0 for all sufficiently small
R>0.

Assume by contradiction that there exists a smallest/first R, > 0 such that ¢(R,) = 0. In particular,
¢ > 0on (0,R,), and

0> (RORd)|r, = (F/A)[MQ(R:), Q(R,)]. (A4)

If we are able to show that (F//A)[Aogq,q] > 0 & F[Aoq,q] > 0forall g € (0,qo) (cf. (2.34b)), then we
would contradict (A.4), and hence no such R, exists, concluding the proof. -

Lets:=1—¢q/q € (0,1)and A :=¢C, + )\oq = Cp + $|vg| > 0. Evaluating (2.32a)—(2.32b) at V' = \yq,
Q = g, using that (1 + ad)|vo| = 1 and vy + 03 + Qng = 0, after a tedious computation we obtain

Fhoq,q] = (Ay — AoAg)[Mog, gl
2 — oY
— afTo|s(1 — S)Q(d +22(d D(i+ad) 4 (1+ad)3( _ S)>, (A.5)

(1+ad)?

which is clearly strictly positive. O
Corollary A.3. The lower bound in (A.1) holds.

Proof of Corollary A.3. Dividing V(q) > Aoq by ¢ and sending ¢ — 0T, we obtain with the help of (2.35)
that v, / 4, > Xo. The proof now follows by the definition of \g. O

A.3. Upper bound. We first note that from the power series expansion (2.35) as R — oo, we have

Voq,—V1q
V(g) = g+ 257262 + O, L0+ (7).

g1 g1
By further appealing to the recursion relations in (2.37) for n = 2, we may compute v, = “—Lp? — ﬁgf,
where
—o?( d =
ﬂ._%(1+ad+2—2cr), (A.6)
and ¢, = W q,v;- Together with the previous expression for V, we obtain
- 2
V(g) = 3Ha - ("‘“’27‘”% + 6) ¢ + Ogyor (¢7). (A7)

The parameter (3 plays one more distinguished role; to see this, note that

(247d) = -22a2 a2 =
Apl0,Q) = 4B Q2 - 2 Q? = Q7 (1l +2 — %) = Q2B
Since (2.34a) implies

—e2 < 5A400,Q] < — 724,

it follows that when 3 < 0 we have
A ~ Aglo, & (1+ad)® A
(-8)Q < 3454 < (-850,

Thus, in this 5 < 0, if there exists a largest value ¢, € (0, go] such that V(g,) = 0, then due to (A.2) and the
above inequalities we have that

=2 a 3
0< (B < P _, < (-B)=adq,

contradicting the maximality of g.. We have thus proven:

Lemma A.4. Assume that the parameter [3 defined in (A.6) is strictly negative. Then, we have V(q) < 0 for
all g € (0, o). In particular, v1 < 0.

Proof of Lemma A.4. We have proven V(q) < 0, and thus V(q)/q < 0 for all g € (0, go. Passing ¢ — 07,
we deduce from (A.7) that v; < 0. If the extreme case v7; = 0 were to occur, then (A.7) implies V(q) =
—B¢* + O, 0+ (¢%); hence, if B < 0 we must have V(¢) > 0 for ¢ < 1, a contradiction. O
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Therefore, we are only left to analyze the situation in which

>0 & ¢ < 1. (A.8)

d
AT+ad)
Recall the notation

s=1—4Z
)

used in the proof of Lemma A.2. Our goal is find a function F': [0, 1] — [0, 1] such that
W(q) == to(1 — F(s)) (A.9)
serves as an upper barrier for the function V; that is, we must ensure:
(i) Endpoint matching: F'(0) = 0 and F'(1) = 1. This condition ensures WW(0) = 0 = V(0) and
W(Go) = to = V().
(i) Negativity: 0 < F'(s) < 1 forall s € (0,1). This condition ensures W(q) < 0 for all ¢ € (0, qo)-
(iii) Barrier condition: we must ensure that for all s € (0, 1) we have

(52) (1 — F(s)), a0(1 — )] > 2F/(s) AL0)

Equation (A.10) is a restatement of the inequality ﬁ—g W(q),q] > W'(q). In light of (A.2), which
gives ﬁ—g[V(q), q] = V'(q), if we are able to design I’ such that (A.10) holds, it directly follows
that W(q) > V(q) for all ¢ € [0, go], which is our goal.

Remark A.5. We note that the function /' must satisfies an priori linear lower bound. Since we already know
V(q) > U0q/qo, the desired inequality W(q) > V(q), which is equivalent to F'(s) > 1 — %V((jo(l —5)),
implies that F'(s) > s.

Our next result identifies a function F' which satisfies the above-listed assumptions (i)—(iii), for the ground
state profiles corresponding to N = 1, in the case that is complementary to Lemma A .4.

Proposition A.6. Let N = 1, d € {1,2,3}, and a € (0,d] be such that &, = ¢/ (d,2a + 1,1) satisfies
inequality (A.8). Then, the function
F(s)=2s—s°
satisfies F(0) =0, F(1) =1,0 < F < 1on (0,1), and inequality (A.10) holds.
Remark A.7. From (2.18), it follows that condition (A.8) is satisfied if and only if

i (d,204+1,1) < 5L~ 41

2(14+ad)
4(ad)?+(2+d+47y)ad 1—ad)? —ad d
< 1+1ad<1+\/ cdrGrdtied | G5 ¢ 1 ) < H(iragy T 1
- \/4(ad)2+(24+d+4'y)ad N (1—1046d)2 <41 ad— 1=ad
& 16(ad)® + 42+ d +4y)ad + (1 — ad)® < (2d — 1 + 5ad)?
& (24+d+4y)ad < d* —d+ (5d — 2)ad + 2(ad)?
& 24—-d)a?+42—-da—(d-1)<0. (A.11)

This last inequality is never satisfied when d = 1, and hence we must only consider Proposition A.6 for
dimensions 2 and 3.

By combining Proposition A.6 with (A.7), we obtain that not just v; < 0; the strict inequality holds.

Corollary A.8. When N = 1, d € {1,2,3}, and o € (0, d), we have that V(q) < W(q) = vo(1 — ), for
all q € [0, @o] (or equivalently, s € [0,1]). In particular, v, < 0.
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Proof of Corollary A.8. The fact that V(q) < W(q) = vo(1 — 5)? implies that v; < 0. If v; = 0, then (A.7)
would imply that —3¢? < W(q) as ¢ — 07T, which is equivalent to —3g3(1 — s)? < ©p(1 — s)2, which is
equivalent to 8 > %. Recalling (A.6), this condition is equivalent to —< (#‘lad +2— 26,) > 2¢,, which

14+ad
: . (24+d+2ad)ad _ : . )
is equivalent to ot 2ad) > (14 «ad)g,. To arrive at a contradiction, we appeal to (2.18), and obtain that

0] (2+d+2ad)ad \/4(ad)2+(2+d+47)ad (1-ad)? | 1-od
B=2T € Sifmg 21T 1 + e+ R

2(1+20d) 1
& —oobad 20 i 60d)” 5 | /16(ad)? + 4(6 1 d + 8a)ad + (1 — ad)?.

The last inequality fails because the right side (involving the square root) is strictly larger than 4ad, and we
may readily verify that —5 — 5ad + 2ad? + 6(ad)? < 4ad(1 + 2ad). This contradicts the assumption that
v, = 0; thus, v; < 0, as desired. OJ

We conclude this appendix with:

Proof of ‘Proposition A.6. We use (2.32) to express LHS4 10) in terms of F. First, we note that upon replac-
ing [V,Q] — [to(1 — F(s)),do(1 — s)], we have

S +V =2¢ +10(l—F(s)) =T + |U|F(s) =: A(s) > 0,
V =g = 0| F(s) = A(s) — T,
V4V 22207 = 5y(1 - F(s)) + 03(1 — F(5))® + 22g3(1 — 5)?
= Tp(25 — s* — F(s)) + 173(5 —F(s)(2—s—F(s))
= —7as(1 —8)%(2 — )

where in the last equality we have used the explicit representation F'(s) = 2s — s2. Inserting these expres-
sions into (2.32), we obtain

Aplto(1 = F(5)),qo(1 = )] = 5s(1 — $)(2 = ) A(s) (25 o] + A(s) ).
and
Aglto(L = F(s)),do(1 = 5)] = doofs(1 = )*(2 = 5) (%7l — aA(s) ) = dos(L = )(2 = 5)A(s)™

Since RHSa 10y = %2(1 —5),0<s< 1,79 <0, and cf. (2.34a) we have that Ag <0, we obtain

(A10) &  — |to]A(s) (a@*j‘”dwo\ + A(s)) 4 2a02(1 — S)Q(A(s) - d\%]) +24(s)2 > 0

2
S = ot Al) (B 1 As)) 4+ (1 - 92 (Als) - §) + A(5)P 20, (A12)

As) =58 = B b 52 —s) == (1-9)%, =12 +1=5>1

’T)o‘

We expand A in the last inequality in (A.12) and deduce (upon multiplying by 1 4+ ad > 0) that
(A10) & po—p(l—5)*+pa(l—s5)* >0, (A.13)

where

_ d)ad ii ’ i
po = 15 p? — B0l — (1— a4 20d)p — G, gy = 2
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Next, we note that

_ ] 4(«d)?+(2+d+4y)ad | (1—ad)? 1—ad A+7ad
\/ 1 t 1% t71 >3

1—ad)? (1+904d)2
= + U5t >
& 16(ad)® +4(6 + d + 8a)ad > 1lad + T (ad)?

& 13+4d+32a > Bad, which is true since d € {2,3},a € (0,d].

4(ad)?+(2+d+47)ad
4

Thus,
fi > 1tled » 3tad (A.14)
Using this information, we may bound
_ a(2(1+2ad) p—(2+~d)ad) a((1+2ad)(3+ad)—(2+yd)ad) _ p(3+ad(5—d)) i(3+2ad) (3+ad)(3+2ad)
Ho = 1 > 1 = 1 e 8 :

Thus, (A.13) automatically holds true when s is close to 1. Next, we show that @y > 2us9, so that the
minimum of the expression (A.13) is attained at s = 0; indeed, we have

(11— 219 = (1—a+2ad)ﬂ— a74d2 —(1+2a(d—1)) > (1—a+2a2d)(3+o<d) _ 4+8a(d—41)+a'yd2 > 1+a+02cd+a2d.

Thus, we have reduced the problem of verifying (A.13), meaning that g — p1(1 — )% + pa(1 — 5)* >0
for all s € [0, 1], to the problem of verifying that 1o — p1 + p2 > 0, which is the value at s = 0. We verify
this fact explicitly; first,

2_ 2 2 2
jo — iy + pip = L2042 a(d 4)+2(1+Z¢d) +2(1+3ad) ;4 old 4)+42(1+ad) —: (i),
Since
a(d2_4)+24((11:¢z‘2;)+2(1+30‘d) < ¥0d o 0d® < 2+ 4a + 4ad + 2(ad)?,  which is true,
3+ad

and since fi > =5*¢, it follows that g(f) is a strictly increasing function of fi, in the range of ji we are
interested in. Finally, in light of (A.14), we verify

1247ad\ _ 14+2ad (1247ad)?  a(d®—4)+2(1+ad)®+2(1+3ad) (12+7ad) | o(d>—4)+2(1+ad)?
9(==5*¢) = =5 64 - 2 8 + 4
4(1—a)+a?(73+84a) .
= {(4 1: )2%;22 2(34;6,7 ) =2
— (e} (63 «
8 , d=3.
Since a € (0, d], we deduce that g(i) > 9(124—6;770@) > 0; therefore (A.10) is true, which in turn shows that
(A.13) is true. This concludes the proof of the Proposition. (Il

APPENDIX B. FUNCTIONAL INEQUALITIES

In this Appendix, we establish an L°°-based interpolation inequality for the stability analysis in radial
symmetry in Section 3, and L?-based functional inequalities for the stability analysis outside of radial sym-
metry in Section 4.

B.1. An L°°-based interpolation inequality. We prove an inequality for the Nth derivative of the product
xf%(z), where 7 € Q and f: Q — R, and 2 = [0, 00). The main result is:

Theorem B.1 (Weighted interpolation inequality). Let N > 1. There exists a constant Cy > 0 such that
forall f € WN22([0,00)) with || (x) || < o0

141/N | p1-1/N
2w oy < O (1@ Pl 1 e + ALY UAYY). @y
A mutatis-mutandi estimate holds when x f (x)? is replaced by x f(x) g(x) with f # g.

Throughout this Appendix, we denote the nth derivative of a function f: (0,00) — R by f(™). Before
proving Theorem B.1, we recall a classical interpolation inequality on half-lines.
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LemmaB.2. Let N > 1,0 < j < N, and zg > 0. For any f € WY:>([z,0)), we have
i —j/N N
1F Dz (0,00 < OV L2 0 s 1 (a00) (B.2)
where C\ ; is a constant depending only on N and j; in particular, the constant is mdependent of xg.

Proof of Lemma B.2. We proceed by induction on /N. For the base case N = 1, we note that the only cases
are j = 0 or j = 1, for which (B.2) holds immediately, with C1 o = C11 = 1.

For the inductive step, assume that (B.2) holds at level N — 1, forall 0 < 5 < N — 1. We aim to
prove (B.2) at level N. The bound trivially holds when j = 0 and j = N, with Cy o = Cny N = 1. Fix
x > xo and h > 0. By Taylor’s theorem with integral remainder:

z+h
flx+h)= Z w8 (@) + ot 1),/ (x4 h—t)N LN (@) dt.
Setting Mo := || f{[ ;.00 ([9,00)) and My := Hf(N)HLoo([xoyoo)), we have

x+h
farmi<m, || <x+h—t>N1f<N><t>dt‘SMN]W.

Rearranging for f(N=1)(z) we obtain

N—

k=0

l\.’)

where R quantifies the integral remainder term, and is bounded as |Ry| < Myh? /N!. Using the induc-
tive hypothesis to bound ! ) (CL’)‘ for k < N — 2, we obtain the pointwise bound

_ _ C
‘f(N 1)($)’§h1 N< ( -1 'M0+Z N— lk hkM N 1HfN 1) HLOO [mooo))> +%hMN

< hN (CNMO + %hNAHf (N=1) ||L°°([mo,oo))> + +hMy

for some constant C'y, > 0. Taking the supremum over = € [z, 00), absorbing the %[ f(V =Y L% ([20,00))
term into the left side, and then optimizing in h, we obtain the bound (B.2) for j = N — 1, namely

1/N 5 ((N=1)/N

1FN D oo (fmoroe)) < Cnn—1 My M

For the intermediate derivatives 1 < j < N — 2, we apply the inductive hypothesis, interpolating f(/)
between f and fV—1, and deduce
j 1—5/N 5 /N
1FO o a0y < Oy~ Y™,
This concludes the proof of (B.2). ]

Next, we apply Lemma B.2 locally, to obtain pointwise decay estimates.

Lemma B.3 (Pointwise decay of derivatives). Let N > 1 and 0 < j < N. Suppose f € WN>°(]0, 00))
satisfies
Mo = (@) fll o)y < 000 My = [|f™)| 1o (0,000 < 0
Then, for all x > 0 we have
. B i N
FD(@)] < Ony(() ™ M) =N ar,
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Proof of Lemma B.3. Fix > 0. We aim to apply Lemma B.2 on the half-line [z, c0). First, we note the
trivial bounds

£l zoo (oo < @) Mo, (1™l zoc (fa,00)) < M.
Then, (B.2) implies
. i oy L
17Dl ooey) < OnallF 12 o1 I ey < O ()™ Mo) XD

0

Proof of Theorem B.1. As in Lemma B.3, set Mo := [|(z) f{| oo (j0,00)) and My := Hf(N)HLoo([O o0))” USING

the Leibniz rule we deduce
N

(:L,fQ)(N) _ Z <];7> xf(j)f(N—j) n NNz_:l (Nj— 1> f(j)f(N—l—j)' (B.3)
j=0 Jj=0

Consider a term from the first sum in (B.3), namely x f @) f(N=3) with 0 < j < N. Using Lemma B.3 we
may estimate

|xf(J)(:U)f(N7j)($)| < CN,jCN,ij (x<.7j>71)M0MN < CNJ'CN’N,jMQMN.

Next, consider a term from the second sum in (B.3), namely f(j) f (N=1-7) with 0 <j < N-1. By
Lemma B.3,

ja f 9 () fN 1) ()] < CN,jCN,N—l—jl'(@?)_lMO)Hl/NMz{f_l/N < CN,jCN,N—l—jM(}—H/NMJlV_1/N‘

Note that the powers of My and My are independent of 5 in both of the above bounds. Inserting these
estimates into (B.3) concludes the proof of (B.1). [l

B.2. L?-based functional inequalities.
Lemma B.4. Let {¢,, }n>0 be a sequence of weights satisfying

on < C(Alan)(SOnflSOnJrl)l/Qa [Vion| < C(A2an)(90n80n71)1/27 (B.4)

for some parameters Ay, Ay independent of n, and some constants C(Aq,n), C(Az,n) depending on n and
the parameters A1, Ao. Denote

I, := / V"™ fpnda.
If (B.4) holds forall1 < n < N, then forany 0 < n < N and § > 0, we have
I, < C(Al,AQ,k,5)Io + 61t (B.5)

Proof of Lemma B.4. The proof follows that of [18, Lemma C.2]. Throughout the proof, all implicit con-
stants depend on the index n of I,,, and on the parameters A; and As. Using integration by parts, we
have

I, = Z/@-V”‘lf OV fon == /(AV”‘lf VT o + VT VT fO0n).

Using the assumption (B.4) and the Cauchy-Schwarz inequality we obtain

Iy < (Insr L)Y + (L L—1)Y?, n> 1. (B.6)
To prove (B.5), it suffices to show that for any n > 0 and 6 > 0, there exists Cs,, > 0 such that
Iy < 0lnt1 + Cspnlo. (B.7)

We prove (B.7) by induction on n. The base case n = 0 is trivial, with Cs o = 1. For the induction step, let
n > 1. We use (B.6), the inductive hypothesis for n — 1, and the Cauchy-Schwarz inequality, to conclude

In S 5In+1 + %In + %(2 + 6_1)0(2B.6),n1n*1 § 6In+1 + %In + %05/77171 IO,
——

::Cﬁ,n
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where ¢’ := (24§ _1)_10(;26) .- The above estimate concludes the proof of the induction step for (B.7). [
Lemma B.5. Let d be the dimension. Let k > d. Suppose that the weight g € C™ satisfies g > 0 and
Vig@)l < pg(y)(w)™,  1<i<d, (B.8)

for a constant . > 1. Then, for any function f :RY 5 R, anya € Rand 0 < i < k — d, we have

Vg™ () < Clard, k) ()5 (17 )20 ], + V5 207 2) . BO)

Proof of Lemma B.5. Fix 0 < i < k — d. By a standard density argument we can assume that V'f &
C2°(R?). Consider the cone with vertex at y extending towards infinity: Q(y) := {z € R%: z;sgn (y;) >
lyj], forall 1 < j < d}. In particular, for any z € Q(y) we have |z| > |y|. By integrating on rays extending
to infinity, we have

()% g2V F ()] S / [on-dut e g @IV ER | B10)

Applying Leibniz’s rule, we obtain
= 010..04((2) g2 (2) [V f (2) )]
S D VPV )] VT ()] - VTR ).
JjHl+m+n=d
Further applying the Leibniz rule (the Faa di Bruno formula) and using (B.8), we obtain

IV 2(2)] Sn D 9(z) "2 > H [V g(2)]™

m<n t1+12+..+in=m k=1
1-2142-i24+..n1p=n

Snp Y927y H Y S 9(2) 722

m<n t1t+iz+..+in=m k=1
1-2142-i2+...n1p=n

Since d — j — n = [ + m, it follows that
V7 (2) 29 Vg2 (2)| Sadk 9(2) 22T = gk g(2) () PO

Combining the above estimates, we obtain the bound

) Sedin 30 (VI F(2)|g(2) 7 - ()G £(2) ()7
l+m<d

Next, we verify that the sequence of weights ¢, = (z)2"*%g~2 satisfy the assumption (B.4) for all
1 <n <k —1i. Clearly, we have ¢, = (@n_1¢n41)"/? for n > 1. Using (B.8), we obtain

V| Sn,a <x>2n+a|Vg|973 + <x>2n+a71972 S <x>2n+a71972 Snaam (Soncpn—l)l/%
Applying Cauchy-Schwarz inequality, and Lemma B.4 with weights {¢y, }»>0, we establish
_12
[ I Saaana 1071+ 19D )27 ®.11)
y

Combining the estimate (B.11) to (B.10), we prove (B.9). O]

APPENDIX C. DERIVATION OF THE HIGH ORDER ODES AND THE PROOF OF PROPOSITION 5.6

In this Appendix, we use (4.15)—(4.16) to derive the ODE system satisfied by the high-order derivatives
of the fundamental unknowns at the origin (namely V"5(0, 7), V**1U (0, 7), and V"*2B(0, 7)), and prove
Proposition 5.6. Throughout the appendix, we suppress time dependence, and denote g(0, 7) simply as g(0).
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C.1. High order identities. In order to simplify the arguments, we first establish several identities for high
order derivatives at y = 0.

Lemma C.1. Suppose that f € C™" with some v > 0 near y = 0. For any multi-indices 3,0 € Ng with
|B] < n, we have

*(y - Vf)ly=o = |81(8°£)(0), (C.1a)
(W (y - VI)ly=0 = (18] = 161)115>1610" (% f)ly=0- (C.1b)

Proof of Lemma C.1. Performing a Taylor expansion at the origin, we obtain f = ZIGIS k0N for? + R,

where the error term R satisfies [V*R|(0) = 0 for any i < k, and 6 is a multi-index. Since y - V¥ = |6]y?,
we obtain

0%y V)ly=o = Y 8°(161f6y")(0) = 181/50° (4”)(0) = |B1(9° /)(0),

61<k

thereby proving (C.1a).
In order to prove (C.1b), we note that if || < |d|, both sides equal 0. If | 3| > |d], using (C.1a), we have

0y’ (y -V f = (18] = 16)))(0) = > Cy,8,(079°)(0)0% (y - V£ — (18] = [3])£)(0) = 0,
|B1|=10],81+B2=5

which completes the proof. U

The system of Vg, to be derived in (C.12), (C.15), (C.16) is not closed due to terms such as \y|2§ in
(C.15). We use the following identities to show that it is closed up to some lower order terms. We recall the
notation .%y, ;, £(F},;) from (5.6)

Fry = (VFA'5(0), VEAN(divT)(0), VEAH (y - T)(0), V*FAT'B(0)),
g=0Ch- Ty, Vg€ L(Fry)

Lemma C.2. For any multi-index 5 and k > 0, we have

AML(y . U)(0) = 2(k + 1) AR (div U)/(0), (C.2a)
97 AR (1y?8)(0) = (2d + 4[] + 4k) (k + 1)07A*5(0) + 11120Z0(F 3 -2.841), (C.2b)
07 AM(|y1?A8)(0) = (2d + 418] + 4(k — 1))k A*5(0) + 1j520-Z0 (Fip)-2.841); (C.2¢)

AP (JyP*£)(0) = ek aAF(0), cra = (k+1) J] 2i(2i+d). (C2d)
1<i<k

We also introduce the following constant

ek =AMy = [] 2i2i+d-2). (C.2¢)
1<i<k

Proof of Lemma C.2. Throughout this proof, all identities are evaluated at y = 0.
Proof of (C.2a). Using Leibniz rule, for any ¢ > 1 and j > 0, we obtain
Al(y - NU) = AL 20y - AU +y - ATTIU) = 207 1divU + ALy - ATTIU).  (C.3)
Summing (C.3) overi = k + 1, k, .., 1 with j = k + 1 — ¢ and then evaluating at y = (0, we obtain
AF(y U)(0) = 2(k + 1) ARdiv U (0) + y - AFTLU(0) = 2(k + 1)A*div U (0).
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Proof of (C.2b), (C.2c). Using Leibniz rule, for any : > 1 and 5 > 0, we obtain
A'(|yPATg) = ATHAPAT g+2V|y[* VA o+ |y[P AT g) = ATH(2dAT g4y VA o+ [y[P AT g).
Using Lemma C.1, |3] + 2k = n and f = A7 we obtain
ATy - V1) (0) = (18] + 2(i — 1)) A f(0) = (|8] +2(i — 1))0° A" 5(0).
Combining the above two identities, we derive
PN (|yPA70)(0) = (2d + 4]8| + 8(i — 1) A1 5(0) + 0P AT (|y[P A7 §). (C4)
Summing the above identities over ¢ = k + 1, k, .., 1 with j = k + 1 — ¢ we obtain
0P A ([y?8)(0) = ((2d + 48] (k + 1) + 4k(k + 1)) 07 A*5(0) + 87 (ly[? A"+ 9)(0).
Summing (C.4) overi = k, .., 2,1 with j = k + 1 — 4, we obtain
D7 AR(|yPA0)(0) = ((2d + 4|B)k + 4k(k — 1))0° A*5(0) + 9°(Jy|* A" 5)(0).
Using Leibniz rule, we obtain the estimate of the error terms in (C.2b), (C.2c)

3 (lyPAF6)(0) = Cap - 11552 VIIT2ART5(0) = 1550 Z0 (F 5 —2.k41)-

Proof of (C.2d). Using the Leibniz rule, for any £ > 1, we have
APy PP ) = ARA(YP) f + [y PPAf + 2V [y -V ) =1 + L+ I,

Denote
Ch,1 = H 2i(2i +d—2), cpo= H 2i(2i+d+2), cpo2=1. (C.5)
1<i<k 1<i<k
Using Lemma C.1 and a direct computation, we obtain
L= A%(2k(2k +d = 2)ly[**2f), I3 = AF(kly* 2y - W f) = 8RAR(jy*2)),
I = A*(|yP)Af = 2k(2k + d = A (jyTHAS = = craAf.
It follows that
ARy PR f) = (2k)(2k + d + 2)AR(jy 72 ) + craAf.
Dividing both sides by cj, 2, we obtain

M) AN ey AR dd+2) o
Ck,2 Ck—1,2 Ck,2 Ck—1,2 (Qk +d+ 2)(2]€ + d)
Using the recursive relation, the telescoping identity ok +Zf$?%k ) = (d-;?)d ( 2k1+ 1= 9% +1 ) ),andcpo =1

from (C.5), we deduce that
AFFL(|y |2 A d+2)d/ 1 1
(y™f) _Af ( )( N )Af
Ck.,2 Cp,2 2 2+d 2k+d+2
7<d+2_ (d+2)d )Af*<d+2)(k+l)
SN2 22k +d+2)  2k+d+2

Af.

It follows that
(d+2)(k+1)

Ak+1(|y\2kf) = Ck,2 % +di2

Af=(k+1) ] 2i2i+d)Af=cralf.

1<i<k

We complete the proof. (|

C.2. Main terms in n-th order ODEs. In this section, we derive the main terms in the ODEs. Below, we
fix any multi-index (1, B2, B3 with |51| = n, |B2| =n+ 1,|83] =n + 2.
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Scaling terms. Since ¢, (5.6) contains the scaling terms &, &, &,, Cg, using Lemma C.1 and the notation .Z’
from (5.6), we treat the linear terms involving &, €, &,, g in (4.15) as

07 (—=&y - Vo +&,0)(0) = (—n& + &)™ 0(0) = Z, (%),
72 (=&y - VU +&,U0)(0) = (—(n+ 1) + &,)0%2U(0) = Z.(%), (C.6a)
9% (=& - VB 4 €gB)(0) = (—(n + 2)& + &)0™B(0) = %, (%).

We estimate the nonlinear terms involving ¢, €y, ,, Cg in (4.16) perturbatively

IV (=&y - Vi +€0)(0)| + [V (=&y - VU + &U)(0)| + [V (=&y - VB + &B)(0)| Sn %[>
. (C.6b)
The estimates of the terms €, 0, ¢,C,, CgB are straightforward

715,00 =¢c,0"p, 0%t,U =¢c,07U, 0B =cgd™B. (C.7)

Transport terms. Next, we simplify the transport term (Sy + U)-Vffor f = 5,U,B in (4.15). Since
U = Uy + O(|y|*N+1), using the vanishing condition (4.12), Lemma C.1 and the Leibniz rule, we obtain

" &y +U) - Valy=o = n(c: + 01)(878)(0) + Cp - V=""N5(0) - 1,,_an-130, (C.8a)
02@Ey +U) - VU|y—o = (n+ 1) + 01)(0720)(0) + C,, - V="H1=Ng(0), (C.8b)
9% @Ey +U) - VB|y=o = (n + 2)(T + U1)(0%B)(0) + C,, - V="T2-2NB(0). (C.8¢)

From the definitions of ¥, (%) in (5.6), we obtain
(V="=2N5(0), VEPH=NT (0), VETT2TANB(0) = A non) , )- (C.8d)
Nonlinear terms. For the nonlinear terms Bi(W, W) with B; defined in (4.14), using (4.13):
U0)=0, VB0)=0, i=0,1, (C.9)
and the Leibniz rule, we obtain

V' BUW, W)(0)| Sa Y VU] [V"5(0)] Sn 1903,

0<i<n+1
V' By(W, W)(0) S Y IVT(0)] - V200 + [ V'B(0)] - [V 5(0)] S %0,
0<i<n+2
V' EBs(W W)(0) S > IVIO|IVPPB| S [90)°. (C.10)
0<i<n+3

Remaining terms. Next, we estimate the remaining terms in L’iVV (4.15), which are not covered by (C.6),
(C.8), and (C.10). We choose arbitrary multi-indices §; with |31| = n, |B2| = n + 1,|83] = n + 2. In the
following derivations, we always evaluate at y = 0 and do not indicate this dependence.

For the remaining terms in L1 W (4.15), since |B1| = n, using Leibniz rule and (4.12), we obtain

"1 (=2ap(divU) —U - Vg — 204(V - )) (C.11a)
= 0% (—2a80(divO) — 205 - (V- U)(0)) + O, - (VEIAHI=2NG g=lbil=2N5) (C.11b)
= 0™ (—2ao(div )—2osz1@)+$(€4n )1 )5 (C.11c¢)

where we have used div U (0) = do,U(0) = dU1,
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For the remaining terms in LQW (4.15), since | 32| = n + 1, using (4.12), we estimate

0% (~3BVG— LoVB - U - VU - LBVo - 15VB) (C.11d)
= 0% (= LBolyPVo - LaVB - (10 - 2Byys) (C1le)

+ Gy, - (VSIBIFIZING () w1222 (), wsIBl=1=2N50)) (C.11f)

= o ( — = Baly’Va— 1o0VB - ThU — %Bgyé) + Zo(Gn-an),)- (C.11g)

For the remaining terms in L3W, since 3 with |3] = n + 2, using (4.12), we obtain
0% (~U-VB) = 8% (~U -2Bay) + O, (|V=I5I717NG ) = 9% (—2Boy - U) +. %, (% —ony. )- (C.11h)

Summary of the main terms. We recall the parameter x from (4.11)

Kk =¢ + Uj.
Therefore, combining (C.6), (C.7), (C.8), (C.10), (C.11), we rewrite (4.16) and (4.15) as
0r0 = (—nk — 20dU; +T,)0 — 2080(divU) + £, = —nrg — 2ag0(divU) + £,, (C.12a)
0-U = (=(n+ 1)k — U1 + &)U — 55 Boly[*Va — 220 VB — 2 Boyi + Ly
= (—nk =201 = 1)U — 55 Boly|’Va — 220VB — 2 Bayd + o, (C.12b)
0:B=(—(n+2)k+cg)B—2By(y-U) + g = —nkB — 2Bs(y - U) + I, (C.12c)

where we have used ¢, = 2adU; (see (4.10)) in the last identity in (C.12a), the following identity
—(n+1)k—-U+c=-nk—¢-U —U +& —1=—nk—20; — 1

in the last identity in (C.12b) (see (4.11) and (4.10)), and cg = 2(¢, + U1) = 2k (see (4.11) and (4.10)) in
the last identity in (C.12c), and the error terms satisfy

(V",(0), V"1(0), V'205(0)) = Z0(Gin_ony. ) + On(|9 ). (C.12d)
ODEs in 1D. For d = 1, we have V f = 0, f. Applying Leibniz’s rule to (C.12), then evaluating at z = 0,
and using the error bounds (C.12d), we obtain the ODEs for 97 5(0), 071U (0), 9772B(0)
%89?@ = _n"iag?é - 2a§062+10 + $n<g(nf2N)+) + On(’gn’2)7
LU = (—nk — 201 — )00 — (00 4 2 Bogrg — L5000 +2B
+ gn(g(nf2N)+) + On(’gn‘Q)a

Lont2B = —nkdi B — 2By (n + 2)00 U + Zy(Gin_ony, ) + On(|9]),

We prove (5.40).

C.2.1. ODEs for y - U,divU. In this section, we further estimate the ODEs for Z = y - U, divU and
prove Proposition 5.6. Using (C.12) and Lemma C.1, we obtain

V"2 (y - [y]*Ve — nly|*6)(0)] Sn [V™(y - V& —nd)(0)] =0, (C.13a)

V" 2(y - VB — (n +2)B)(0) = 0, (C.13b)

V" (V (|[yPVa) — ly? A8 — 2n3) (0) = V"(2y - V& — 2ng)(0) = 0, (C.13c)
V' (V- (y0) — (d+n)0)(0) = V"(y - Vo —np)(0) = 0. (C.13d)

From (C.12d), we obtain
(V"2(y - £u)(0), VYV - £y)(0)) = Cp - V"5 (0) = Z0(Gin—an), ) + On(1%]?). (C.14)
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Deriving the ODE for Z = Y - U from (C.12b), using (C.13a), (C.13b) and the error estimate (C.14), we
obtain
0:Z = (—nk — 201 = 1)Z — (£ + 2) Balyl*6 — "F25oB + tu1, (C.15a)
with error /71 satisfying
V" 2051(0) = Z0(Gn-2n), ) + On(|%a]?). (C.15b)
Taking divergence in (C.12b), using (C.13c), (C.13d), and the error estimate (C.14), we obtain
0-divU = (—nk — 201 — 1)divU — 35 Bo(|y[? A + 2n8) — 280AB — 2 Ba(d + n)a + Lu

= (—TLKZ — 2[71 — 1>d1V0 — iBQ’y‘QAé — (n + M)BQ@ — %@()AB + KU,Q

«

(C.16a)

with error (g7 5 satisfying
V'u2(0) = Zo(Gn-an), ) + On(|%al?)- (C.16b)
C.3. Proof of Proposition 5.6. For 8 = 0 and k = 3, applying AF to (C.12a), using (C.2a) from Lemma
C.2,2k 4+ 2 = n + 2, and taking y = 0, we derive
EARG = —nkA*G — 2000 (div D) + Z0 (Do), ) + On(|%])
= —nkA" o — FEAT Y U) + L Gony, ) + Oul[90), k=1 (C.17)

Recall || + 2k = n. Applying 9°AF to (C.12a) and 9° A*+! to (C.12c), and then using the error bound
(C.12d), we obtain

LN G = —nkdP AF 5 — 20000° A¥(divOD) + Z(Gin-ony, ) + On(|%l?), (C.18a)
LN = —nkd’ AFB — 2B,0° AF L (y - U) + Z0(Gony, ) + On(1%]?). (C.18b)
Applying (C.2c) in Lemma C.2 and applying 9” A* to (C.16), and then taking = 0, we obtain

- _ - 1 _
LAY U = (—nk — 20, — 1)0°A*V - U - o, (2d+41B] +4(k — 1)kByd° A*p

n D, ~ 1 — o

— (2 4+ 2 Brof ARG — gggaﬁAk“B + A 5 + 1550 %0 (P —2kr1).  (C.19)

Applying (C.2b) in Lemma C.2 and applying 9° A**1 to (C.15), and then taking y = 0, we obtain
AT =(—nk — 201 — 1)OPAMZ — (35 + 2)(2d + 48] + 4k) (k + 1) B20° A*5(0)

— (n,yﬁ@oaBAk—Hé + GﬁA"?“EU,l + 1|ﬁ\22-§/ﬂn(ﬁ|m—2,k+1)- (C.20)

Proof of ODEs (5.36a), (5.36b). When n is even, combining (C.17) with k = %, (C.18b) with 8 = 0,k = 7,
(C.20) with 8 = 0,k = 5, we prove (5.36a), (5.36b).

Proof of ODEs (5.37). For general 3, (C.18) implies the ODEs for 3° A¥ 5 and 8° A*+1B in (5.37).
Combining the second and third term in (C.19) and applying the error bound (C.16) to 9” A’%UQ in
(C.19), we prove the ODE of 9’ A*(div U) in (5.37).
Applying the error bound (C.15) to 85Ak+1€U,1 in (C.20), we prove the ODEs for P AR Z in (5.37).
We complete the proof of (5.37) in Proposition 5.6.

Proof of ODEs (5.38), (5.39) for B, Z, U. For any multi-indices 8 with |8| = n + 2, taking 8 to (C.15)
and (C.12c), and then using

9°(|y[*8)(0) = Cg - V"5(0),
we prove (5.38). For any multi-indices 3 with |3| = n + 1, taking 9° to (C.12b), and then using
9°(ly[*Va)(0) = Cs - V"8(0),  8(y2)(0) = Cp - V"5(0), 9°VB(0) = Cp - V"*B(0),
we prove (5.39).
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C.3.1. Special case ANg, ANt1(y - U), ANt1B. To derive (5.36) with n = 2N, k = N, we derive the next
order terms. Applying the expansion (4.12) to (4.15a)-(4.15¢), for £ < N + 1, we obtain

AFLi = A L+ AL g, (C.21a)

where £; 1, depends on the profile (o, U, B) via the leading order terms in (4.12), and we keep all the terms
involving ¢, &, Cp,Cg in L; g

L1 =— &y +U1y) Vs —2000(divU) + o — U - Voo — 205(V - (T1y)),
L1 =— Uniryly™ - Vo + (— 200Ny (divO) — U - V(@an]y™) — 206(V - (UQN+1?J|Z/\2N)))
+ (=&y - Vo+&0)
=T+ R1+ 51,
Lop =— (Gy+ Uyy)- VU — = Baly*Vo — %@OVE +&,U -U - -V(Uy) - ﬁévéo - %@V(BQLUF),
Loy = — Uonsryly™ - VU + ( — o= BonolyPN V5 — %§2N|y|QNVé —U - V(Uaniryly™)
— 22BV(2anly™N) - %éV(B2N+2|y\2N+2)> +(~&y- VU +&,0)
=To+ Ra + Sz,
Ly =— Gy +Uiy)- VB+eB—U - V(Ba|yl),
Lan =~ Usnaaylyl™ - VB = U - V(Bonyoly™M?) + (~&y - VB + &B)
= Ty + Ry + S,

where we have used the notation 7,R,S in £; g to single out transport, remaining, and scaling terms.
Below, we evaluate at y = 0. We have estimated

ANLyL(0), ANy Lor)(0), ANTILy(0),

in the right hand side in (C.17), (C.18b) with 8 = 0, and (C.20) with § = 0, without the error terms
AYn—any,) + On(|%,]?). In these equations, we treat £; ; as a lower-order linear term and track its
contribution implicitly using O,,(%). Below, we further expand

ANELH(O), ANH(y . £2,H)(0)7 AN+1£37H(0).

For transport terms 7; (C.21), using (C.1b) in Lemma C.1 and then (C.2d),(C.2¢), and A(f] cy) =
2(divU), we derive

AN(Uangayly™ - V8)(0) = 0,
AN (Oonga[y™Ny - (y - VO)) = AN (Uania [y1™Ny - U) = ena U1 Ay - U)
= 2en AUant1div U,
AN (Uan1yly™N - VB) = 20an 11 AN (|y|?NB) = 2cn aUan11 AB.

(C.22)
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For the scaling terms S;, applying (C.6) with n = 2N, |31| = n,|f2| = n + 1,|53] = n + 2, and then
using the constant in (C.2e), and €, = 2¢, — ¢g (5.33), we derive

AN(=&y - Vo +€,0)(0) = (—2N&, + &) aanAN(|yI?N) = (28, — &g — 2N&;) ganen1,
ANy - (<& - VO + &,0))(0) = AN (- (~(2N + 1) + &) Uan 191y
= (& — (2N + 1)&) Uan1 AN (|y[PNF2)
= (& — (2N + 1)&)Usns16N41,1,
(—(2N + 2)& + ) Ban 2 AN (Jy[PN+?)
= (&g — (2N + 2)&,) Bon42CN+1.1-
Next, we estimate the remaining terms R; in (C.21). For R, using (C.2d), (C.2e), we have
ARy = AN(=2a0nly ™M (div D) = U - V(2anly[™) — 208(V - (Uan1yly[*M)))
= —2a0n A ([yN)(div T) = 2Naon AN (|y[*N 72U - y) — 2a(2N + d)Uan18AN (Jy M)
= —2agonen,1 (div D) — 2Nganen— 1A A (U - y) — 2a(2N + d)Uan1on,1 0- (C.24a)

(C.23)

ANFL(—g,y - VB + &gB)(0) =

Since A(U - y) = 2(div U), we further obtain
ANR; = —(2a0anen,1 + ANGanen—1,4)(div T) — 2a(2N + d)Uan16N,1 8- (C.24b)
For R4 (C.21), by definition, we have
AN (y - Ry) ZANH( — e Bon2ly M2 (y - Vo) = Soanly™N(y - VB) —y- (ff : V(UzNHy!y\QN))
— 5By - V(aanly™) — Loy - V(BzN+2|y\2N+2)>-

The first term on the right side is 0. Using Lemma C.1 and then (C.2d), (C.2e), we simplify the above terms
as

ANy PNy - v
y - (U - V(yly™™

) 2AN+1(|y’2N B) = 2C|\| AAB

)
ANy - (U -V (yly ™M)

)

) =

y- (T @dly™) + 2N - y)yly™=2) = 2N+ 1)y O)ly™,
2N+ AN (y - T)[y[™N) = 2N + DenaA(y - U),
ANFL2NB|y[>N) = 2Ney, A AB,
(2N +2)AM (gly[V2) = (2N + 2)6AN |y N2) = (2N + 2)en1,2.

B)
)

ANJrl(By v’y|2N
AN gy - v (Jy M)

Using the above identities and A(y - U) = 2div U , we derive

AN+1 (y . R2)
= —%CN,A@NAQ — (2N + ey aUoni1A(y - U) — AN cN.AGaNAB — %(QN + 2)ent1,1 Ban20
= —(2 + Moonen aAB — (4N + 2)en aUon11 (V- U) — 2(2N + 2)eny1,1 Ban26 (C.25)

For R3 (C.21), using (C.2d) and A(U - y) = 2div U, we derive
ANFIRs = ANTY (U - V(Banyoly[™MT?)) = —(2N + 2) Bony o ANTH(U - yly[™N)
*(QN + 2)BQN+2CN7AA(U . y) = *(4N + 4)BQN+2CN7A(V . U) (C.26)

Combining the estimates of £; ;, in the right hand side of (C.17), (C.18b) and (C.20) with (n,k, ) =
(2N, N, 0), and replacing £o(%(,,—2n), ) by the above estimates of £; i, we prove (5.36¢)—(5.36f). We
complete the proof of Proposition 5.6.
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APPENDIX D. PROOF OF THE RESULTS IN PART I OF THEOREM 5.10

In this section we prove the claims in Part I of Theorem 5.10; these concern on the number of unstable
eigenvalues for the ODE systems at y = 0 for ground state profile corresponding to N = 1, for either
(v,d) € {(3,3),(%,3),(3,2),(2,2)}, orfor d = 1 and 7y € (1, 3]. The proofs follow from Lemma D.2 and
Lemma D.4 below.

To count the number of unstable eigenvalues, we use the Routh—Hurwitz Theorem, a classical stability
result in control theory. Given an [—th degree polynomial p;(x) = a;z! 4 ... + ag. The first two column of

the Routh table A are given by the coefficients of p;

a a2 a4
A= @1 a3 a5 .. |, Ayj = apyo2jlaj<iy2, Agj = ary1-2j12j<i41-

For i > 3, given the ¢ — 2 and ¢ — 1-th rows of A, the i—th row of the Routh table is constructed as

Ai21
Ai—1n

Theorem D.1 (Routh-Hurwitz). Suppose that A;1 # 0 for 1 < i < 1+ 1. The number of roots of p;(x) with
positive real parts is equal to the number of changes in sign of the first column of the Routh array, i.e. the

Aij = Aiz gy — A

. LA ) . .
number of negative terms in %7 1 <@ < 1. Moreover, there is no root with 0 real part.
i,

See [27, Chapter V] for detailed discussion and [46, 4] for simpler proofs. The Routh—Hurwitz theorem
can also handle the case with A;; = 0 for some i. We only use the regular case with 4;; # 0 for simplicity.
We apply Theorem D.1 to analyze the characteristic polynomial of H € R!*!

p(N) =det(A\ld — H) = X+ ai A7+ o+ ag) +ap, ap = 1.
with [ = 3,4. In particular, we use (H,1) = (Hg| x,4), (H,(ll), 3).

D.1. Estimates of H g ;. We can derive the first column of the Routh table as

ag az ag O
as aq 0 0
A A
A=| 22 a0 0 0|, Ap=a—a—2="2 An=a—aqx =5, (D.1a)
A: as as 22 AQ
X 0 0 0 os
2
agp 0 0 O
where ay4, Ay, A3 are given by
as =1, Ag =agas —ajaq, A3 =azasa; — a%ag - a%a4. (D.1b)

To apply Theorem D.1 to Hyg 5, we estimate the signs of a3, A2, Az, and ag, which determine the signs
of Aj; for1 < j <5.
Lemma D.2. ConsiderN =1, (,d) € {(%, 3),(£,3),(2,2), (g, 2)}, andn = |B|+2k. Recall the matrices
Hysp from (5.37), HY from (5.36b), H from (5.38), and (—nrk — 20, — 1)1d from (5.39).
(I) Estimate of Hg| . € R**4, For any n > 1, we have

a3 >0, Ay >0, Az>0. (D.2a)

For ag, we have the following estimates:
aop > 0, V6| +2k>2, (|8,k) #(0,1), (D.2b)
ap <0, (18], k) = (1,0). (D.2¢)

Thus, for |B| + 2k > 2 and (|B],k) # (0,1), Hgx has 4 eigenvalues with negative real part; for
(18], k) = (1,0), Hig| . has 1 eigenvalue with positive real part, and 3 eigenvalues with negative real part.
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(IT) Estimate of H,(cg) € R¥>3, Fork > 2, H,(f) has 3 eigenvalues with negative real part.

(IIT) Estimate of Hg) € R?*2, For H,(f) € R?*2, the signs of the real parts of its eigenvalues are determined
by its trace and determinant, which satisfy the following estimates.
Foranyn >1,~v > 1andd > 1, we have

Tr (HP?) < 0. (D.3)

For det(Hg)), we have
det(H®) > 0, (7,d) = (3,3), (2,2), n> 1, (D.4a)
det(H) > 0, (v:d) = (5.3), (3,2), n>2, (D.4b)
det(H}) <0, (r.d) = (£.3), (3,2), n=1. (D40)
Thus, H? has 2 eigenvalues with negative real part for (y,d) = (%, 3), (2,2) withn > 1 and for
(v,d) = (g, 3), (2,2) with n > 2; it has 1 eigenvalue with negative real part and 1 with positive real part

for (7,d) = (£,3), (3,2) andn = 1.
(V). Foranyn > 1,y > 1, and d € [1,4] satisfying ad > %, we have

—nk —2U; — 1 < 0.
.2
i (

)}
2.2 Hg2) has

wlot

In particular, the assumptions on (v, d) are satisfied for (v, d) € {(% 3), (7 3),(2,2),(
=1,(v.d) € {(.3

~—

(V). When n = 1, Hy g has exactly one positive eigenvalue. When n
exactly one positive eigenvalue.
Before we prove the above Lemma, we have a simple estimate of .. We denote w = ad.

(1—ad)y
2(14ad) "

Lemma D.3. Consider N = 1. Forany v > 1,d < 4, we have ¢, > 1 +

Proof of Lemma D.3. Recall ¢, from formula (2.16) and Ey from (2.14)

o N) = o (14 /930 4 By ad® iged) gy = dldn) y adliad ()
Using v = 2a + 1 and d < 4, we obtain
—Had—1]>20+1—2ad—3>La(d—d) >0
For N = 1, it follows
_ 2 2 2 _ 2 _ 2
ad L E) 4 (=ad)” éd) > %l + O‘T'yd + Q(MII)d + (ag) +a féd) > ayd + (ad)? + @ %d)

— _ 2
> ad - \12701d|+(ad>2+ (1 féd) > (1= adl\g-4ad)

Plugging the above estimate in the formula of ¢,, we obtain

_ 1 4dad+|1—ad| 1—ad (l—ad)4
G > Ttad <1 + 1 + ) 1+ (1+ad) ;
which completes the proof. ([l

In the following subsections, we estimate the signs of the entries in the first column of the Routh array

for the matrices H| .k (5.37), H (5 36b), and similar terms for H( ) from (5.38). Since these matrices
are given explicitly, we first use symbohc computation to derive formulas for Ay, A3, and a3 in (D.2), and
related variables. Based on these formulas, we prove the inequalities in Lemma D.2 analytically.

D.2. Estimate of eigenvalues of H g ;.. In this section, we estimate a3, Az, A3z, ap in Lemma D.2.
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D.2.1. Estimate of a3. Using a direct calculation, w = ad, and ¢, > 1 from Lemma D.3, we obtain

-2+ 4(¢ — 1)n + 2a(d + 2¢,dn) < —24+4(C — 1) + 2w + 45w

az =

1+ ad - 14w
Using Lemma D.3, d > 1, and w > 0, we prove
2(1 — 4
4(Er_1)_2+2w+4<_3rw2w+6w—226w—7w > 0.
I+w 1+w

D.2.2. Estimate of Ay. To simplify notation, we denote b = |3|. Below, we prove As > 0 for n =
|8] + 2k > 1, and discuss four cases (v, d) € {(2,3),(£,3),(2,2),(2,2)} separately.

Case (v,d) = (2,3). We obtain

1 /4
Ay = 5 g(b + 2k) (235b% + 20b(46k — 1) + 920k* — 50k — 24)

-~

=1

If £ > 1, since each coefficient of *,i = 0,1,2 in I is positive, we prove I > 0. If & = 0, we get
I = 235b? — 20b — 24, which is positive since b = n > 1. We prove Ay > 0.

Case (v,d) = (£,3). We obtain
(15b + 30k — 2) (11250% + 192b(23k — 2) 4 4416k — 810k —80)  (15b+ 30k —2) x [

1024 T 1024 ’

where I denotes the second term in the numerator. Since b + 2k = n > 1, we get 15b + 30k — 2 > 0.
If £ > 1, since each coefficient of b*,7 = 0,1,2 in [ is positive, we prove I > 0. If £ = 0, we get
I =1125b% + 192b - (—2) — 80 > 0 since b = n > 1. Thus, we prove Ay > 0.

Case (v,d) = (2,2). We obtain
Ay = 2(b+ 2k) (106 + b(39k — 1) + 39k* — 2k — 1) .

=1

Ay =

If £ > 1, since each coefficient of b°,7 = 0,1,2 in [ is positive, we prove I > 0. If & = 0, we get
I =100>—b—1 > 0since b=n > 1. Thus, we prove A > 0.

Case (v,d) = (g, 2). We obtain

A (V/321b+b+2k+2v/321k—2)-(5(v/321+161)b2+10b(2(V/321+157) k—v/321-9) +4(5(v/3214+157) k2 —5(/321+9) k—18))
2 =

1000

_ 11T
~ 1000°

where I and 11 denote the first and second terms, respectively, in the product appearing in the numerator.
Since b + 2k > 1, I is positive. If k£ > 1, since each coefficient of *,7 = 0,1, 2 in 11 is positive, we obtain
II > 0.If k=0, we get

IT := 5(v/321 + 161)b? + 10b(—v/321 — 9) + 4 - (—18).
Since v/321 < 20 and b > 1, we obtain
IT > 8006 — 300b — 100 > 400 > 0.
Thus, we prove Ay > 0.

D.2.3. Estimate of As. Below, we prove Az > 0 for n = b+ 2k > 1, and discuss four cases (y,d) €
{(3:3),(£,3),(2,2),(3,2)} separately.
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Case (v,d) = (2,3). We have

a7 (2209b4+188b3 (89Kk—5)+b% (484162 —5910k—992 ) +4b( 15842k% —3115k2 ~943k+69) +(—178k2+25k+12)2)

Az _
(b+2k)%2 — 1728
For k > 1, since each coefficient of b*,7 < 4 in (bfT?;ﬁ)Q is positive, we obtain Ag > 0.

If k=0and b =n > 1, we obtain

Ag _ A47(22096%—9406° —9926%+276b+144) _ 47(1000b3+1000b2—940b3 —992b2)
= = >
n 1728 1728

We prove Az > 0.
Case (v,d) = (£,3). We have

> 0.

3(—2+ 15b + 30k)? - IT

Aa =
3 262144

where I1 is given by
IT = 16875b" + 900b*(143k — 17) + 6b* (62348k* — 15349k — 522)
+4b (122694k> — 46761k> — 2767k + 843) + 245388k* — 128700k” — 9493k* + 6760k + 640.

‘ Clearly, for b + 2k = n > 1, we have (—2 + 15b + 3014:)2 > 1 > 0. For k > 1, since each coefficient of
b*,i < 4in I is positive, we obtain Az > 0. For k = 0 and b = n > 1, we obtain

IT = 640 4 3372b — 31326% — 153000° + 168756 > 3132(b — b?) 4 15300(b* — b%)
= (b—1)(153006% — 3132b) > 0.
We prove Az > 0.
Case (v, d) = (2,2). We obtain

sk = 646" +320° (15k—1)+b? (1380k% — 184k — 27)+8b (225k° — 45k — 13k + 1)+4 (—15k> + 2k + 1%,

For k > 1, since each coefficient of b*,i < 4 in (bfTZ‘)Q is positive, we obtain A3 > 0.
For kK =0and b = n > 1, we obtain

Grosmr = 4+ 80— 276% — 320% 4 646" > 270 — 32b° + 270% + 32° = 0.

We prove Az > 0.
Case (v,d) = (2,2). We have

_ (V321b+b+2k+2V/321k—2
= 125000

)2
Ag IIa

where /1 is given by
IT =(161v/321+13121)b*
+4b° (8(39v/32143079) k—911/321—1851)
+b2(16(229v/321+17719) k?—8(263+/321+5343 ) k-+451/321—4467 )
+2b(16(151v/321+11561 ) k> —48(43+/321+873) k2 +10(9v/321 875 ) k+39v/321+799)
+4((604v/321+46244) k*—16(43v/321+873) k> +5(9v/321—875 ) k2 +(39/321+799 ) k+180)..

We rewrite [1 as [1 = 3, ,pi(k)b*, where each p; is a polynomial in k, given in the corresponding row
of the above formula for 1. Since /321 € (10, 20), for k > 1, clearly, we get p4(k) > 0,p3(k) > 0. For
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k > 1, we estimate po, p1, po as
p2(k) > 16 - 10000k — 8 - (300 - 20 + 6000)k — 5000 > 160000k% — 100000k — 5000 > 0,
p1(k) > 2- (16 - 10000k — 50(50 - 20 4+ 1000)k? — 10 - 1000k) > 2(160000k> — 10°k? — 10%k) > 0,
po(k) > 4(46000k* — 16(50 - 20 + 1000)k> — 5 - 1000k?) > 4(46000k* — 32000%> — 5000%%) > 0.

Since b + 2k > 1, the factor of 17 is strictly positive. Thus, for k& > 1, we prove Az > 0.
Fork=0and b =n > 1, we get

I = (161\/321 n 13121) bi_g (91\/321 T 1851) b3+(45\/32 _ 4467) 242 (39\/321 n 799) b+720.

When b = 1, we get
IT = 3568 — 80v/321 > 3000 — 80 - 20 > 0.
For b > 2, since /321 € (10, 20), we get
IT > 130006 — 4 - (100 - 20 + 2000)b® — 50006% > 8000b* — 160000> > 0.

Combining the above estimates, we prove Ag > 0 for 2k + b > 1.
D.2.4. Estimate of ag. The estimate of ag is more delicate. In this subsection, we prove

ag > 0, Vn=2k+b>2, (bk)+#(0,1),

ap <0, n=1, (b,k) =(1,0).
The parameter (b, k) in the first case is equivalentto k > 2ork=1,0 > 1lork =0,b > 2.

(D.6)

Case (v,d) = (2,3). We obtain
ag - 2304 = 2209b* + 3760 (—5 + 42k) + 752k*(—12 — 25k + 37k?)
+ 4b*(—600 — 3055k + 10904k?) + 16b(—9 — 564k — 1645k? + 3478K>).

For k > 1, each coefficient of b*,i < 4 is non-negative. Moreover, since b* > 0 for b > 1 and
752k2(—12 — 25k + 37k2) > Ofor k > 2, weobtainag > Ofork >2o0rk=1,b> 1.
For Kk = 0 and b > 2, we obtain

ap - 2304 = b(—144 — 2400b — 1880b% + 2209b%) > b(940b* (b — 2) + 600b(b* — 4) + 1006 — 144) > 0.
For £k = 0 and b = 1, we obtain
ag - 2304 = —144 — 2400 — 1880 + 2209 < 0.

Case (v,d) = (£,3). We obtain
ag - 65536 = 45 (1125b4 + 480b° (17k — 3) + 4b” (5700k> — 2209k — 184)
+ 16b (1830k” — 1143k* — 157k + 11) + 16k (915k* — 797k* — 150k + 32) )

Note that po (k) := 16k (915k® — 797k* — 150k + 32) satisfies po(1) = 16-(915—797—150+32) = 0.
For k > 1, each coefficient of b*,7 < 4 is non-negative. Moreover, since b* > 0forb > 1 and po(k) >0
for k > 2, we obtainag > Ofork > 2o0rk =1,b> 1.

For k = 0 and b > 2, we obtain

ag - 65536 = 45b(176 — 736b — 14406% + 11256%) > 45b(720(b> — 2b%) + 4006 — 800b) > 0.
For kK = 0 and b = 1, we obtain
ap - 65536 = 45 - (176 — 736 — 1440 + 1125) < 0.
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Case (v, d) = (2,2). We obtain
ap = b+ b*(Tk — 1) + b* (19k* — 6k — 1) + 4bk (6k> — 3k — 1) + 4k* (3k* — 2k — 1)

Clearly, we have a9 > Ofor k > landag > Ofork >2ork=1,b> 1.
For kK = 0and b > 2, we have

ag = bt — 0% — T S pt 5 9p? = 02 (b— 2)(b+ 1) > 0.
For k = 0 and b = 1, we have
ag = —% < 0.
Case (v,d) = (2,2). We obtain
20000ag =(161v/321+13121)b*
+4b3( (302321423022 ) k—101v/321-3461)
+4b2 ((866+/321+62626 ) k2 —2(283v/321+10363 ) k-+211/321—3307)
+16b(2(141v/3214+9901) k> —21(13v/321+493 ) k?+(21/321-3019) k+10(v/321+1))
+16(k—1)k((141v/321+9901) k2 +(2999—41v/321 ) k—20(v/321+1))

::Ei§4pi(k)bi,

where p; denotes the coefficient of b’ and is a polynomial in k, given in the corresponding row of the above
formula. For k& > 1, it is easy to obtain that p;(k) > 0 for 2 < i < 4. For p;(k) and k£ > 1, since
321 € (10,20), we have

p1(k) > 16 - (20000k3 — 21 - (15 - 20 + 500)k? — 3000k) > 16 - (17000k> — 16800%?) > 0.

It is easy to obtain py(0) = po(1) = 0 and po(k) > 0 for & > 2. Since b* > 0 for b > 1, combining these
estimates, we obtainag > O fork > 2ork =1,b > 1.
For k = 0 and b > 2, we obtain

20000a0 = b ((161\/321 v 13121) b4 (101\/321 n 3461) b+ 4 (21\/32 - 3307) b+ 160 (\/321 v 1)) .
Since /321 € (15,20) and 501/321 < 1000, for b > 2, we obtain
20000ag > b((210\/321 +7000)b? 4 40006° — (410+/321 + 14000)b* —4-4000b) > 4000b(b> — 4b) > 0.

For £k = 0 and b = 1, we obtain
20000ap = (161v/321 + 13121) — 4(101v321 + 3461) + 4(21v321 — 3307) + 160(v321 + 1)
=321 + 13121 — 4 x 3461 — 4 x 3307 4+ 160 < 0.

Combining the above cases, we prove (D.6): ag > 0 for n = 2k + b > 2 with (k,b) # (1,0) and ap < 0
forn = 1.

Combining the estimates of as, ag, Az, Agz in Sections D.2.1-D.2.4, we prove estimates (D.2).
Summary. Using Theorem D.1, we prove the statement of eigenvalues of Hg) ;, in Lemma D.2.

Since Hog , with £ > 2 have 4 eigenvalues with negative real part, using Lemma 5.9, we prove that all

eigenvalues of H,(CS) with £ > 2 have negative real parts. We prove Part (I) and (II) in Lemma D.2.

). For any v > 1,d > 1, a direct calculation yields

fyi= T (HP) = n( L g ¢ —HEAE D e in b ]
Using Lemma D.3 and ¢, > 1, we obtain that f3 is decreasing in n. Since n > 1, we get
3 — ad—2¢(1+ ad)
1+ ad ’

D.3. Estimate of eigenvalues of Hg

f3 < f3ln=1 =



SMOOTH AND STABLE EULER IMPLOSIONS 149

Using the lower bound of ¢, in Lemma D.3, we obtain
3—ad—26(1+ad) <3 —ad—2(14+ad)— (1 —ad)y =1 —ad— (1 — ad)+ —2ad < 0.

Thus, we prove f3 < 0 and prove (D.3).
Next, we estimate fo = det(H(Q)). A direct calculation yields

fa(b, k) = 48 (4707 + 4b(4Tk — 3) + 4 (47k* — 6k — 6)),  (v,d) = (3,3),
fa(b, k) = 32 (15b° + b(60k — 8) + 60k> — 16k — 8), (v,d) = (£,3),
fa(bok) =b* +b(4k — 1) +4k* — & — L (v,d) = (2,2),

and
Ja(b, k) = 55 (V321+161)6%+ 555 b(4(V321+161 ) k—2(V/321+25) )+ 5a5 (4(V321+161 ) k2 —4(V/321+25) k—96),

for (v, d) = (3,2).
For k > 1, each coefficient of b’ < 2 is positive. Thus, fo > 0 for k > 1.
For k = 0, we obtain

F2(0,0) = g5 (470" =126 —24) . (v,d) = (3,3),

fa(b,0) = g5 (156" = 8b=8) . (7,d) = (5,3),

fo(b,0) =& — 1, (v,d) = (2,2).
Clearly, for (v,d) = (2,3),(2,2) and b > 1, we obtain f»(b,0) > 0. We prove (D.4a).

For (7,d) = (£, 3), we obtain f(b,0) > 0 for b > 2, and

fg(l,()) 256 < 0.

For (7,d) = (3,2) and b > 2, we obtain

161 25 12

1 12
b,0) = — (V321 4+ 161)b? — — (/321 + 2 b—— b——b—
Fa(b,0) = 555 (V321 +161)p? (‘/37+ b= 55 Z 100° " 100" 25 >0

For (v, d) = (%, 2) and b = 1, we obtain
f2(1,0) = 55 (15 — V/321) < 0.

Combining the above estimates, we prove (D.4b), (D.4c). The signs of the real part of the eigenvalues
follow from (D.3) and (D.4). This completes the proof of Part (III) in Lemma D.2.
Proof of Part (IV). We estimate f; := —nkx — 2U; — 1. For n > 1, a direct estimate yields

I = —a(Gdn+d)—Sn+n+1 < —a(cd+d) —¢T +2
17 ad+1 - ad+1 '

Using Lemma D.3, we prove

(1 —ad) (1 —ad)+

—a(Gd+d) - +2<—-1—-2ad— 5

+2<1-2ad—

For ad > % the upper bound is strictly negative and we prove fa < 0. In particular, for (v,d) €
{(2,3), (L, ) (2,2),(5,2)} with a = 771, we obtain ad > 5 and prove f; < 0. We prove Part (IV) in
Lemma D 2

D.4. Proof of result (V) in Lemma D.2. From result (I) and (IIl) in Lemma D.2, H; ¢ has exactly one

eigenvalue with positive real part; for (v, d) € {(2,2), (,3)}, H§2) has exactly one eigenvalue with positive
real part. Since these eigenvalues have multiplicity one, they are real. We prove result (V) in Lemma D.2.
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D.5. Estimates of Hq(ll). Recall the matrix Hg) from (5.40). We write
p(\) =det(A\Id —HD) =X+ N+ L+ ead+c, a=1, 1=3.
The associated Routh table is given by

cs ¢ 0
co ¢y O c3  N\y
A= A, E A1 =c1—cp—=—, Ayg=cac1 —coc3, c3=1. (D.7)
co €o (o)) C2
Co 0 O

To apply Theorem D.1 to Hg), we estimate the signs of ¢z, Ay, ¢o, which determine the signs of A;;.
Lemma D.4. Consider d =1 andn > 1. For any v > 1, we have
ca >0, Ay>0. (D.8a)
For cy and any v > 1, we have
cp>0,Yn>3, cg=0,n=2, cy<0,n=1. (D.8b)
As a result, Hg) has 3 eigenvalues with negative real part for n > 3; 2 eigenvalues with negative real part

and a 0-eigenvalue for n = 2; 2 eigenvalues with negative real part and 1 eigenvalue with positive real part
forn =1.

Proof of Lemma D.4. We denote w = ad = «.

Estimate of c;. A direct calculation yields

3n(VA49w? + 26w + 1+ 1) + (4 — 3n)w — 4
4(w+1) '

Since c3 is increasing in n, n > 1, and w > 0, we obtain

> ol 3\/49w2+26w+1+w—1>0
C C -1 = .
2 = C2in=1 4(w+1)

Cy =

Estimate of A,. We show that A4 is monotone in n for n > 1. Firstly, a direct calculation yields

I = 4(1 + w)> Ay =n3(~720°+ (243007 F 26w 1+35 ) w?+ (9v/A907 + 260+ 1+35 )w-+2(VA9w+ 26w 1+1) )
+n2 (102w3 — (10V49w? +26w+1+53 ) w?+5 (V49w +26w+1—9 ) w—4( V49w +26w+1+1))
+n(=10w3 —2(vVA9w+26w+1—6 ) w? —4(2v49w2 +26w+1+1 ) w+2 (V49w +26w+1+1) ) —8w+8uw,

which is a cubic polynomial in n. For the n-term, since (24v/49w? + 26w + 1 + 35)w? > 24 - Tw - w? >
72w?3, the coefficient of n?3 is positive. Thus, 31 > 0 and 921 is increasing in n for any n > 0.
Using a direct computation, for n > 1, we obtain

921(n) > (921)(1)
— 578 + (31\/49102 T 2%6w+ 1+ 26) w? 42 (8\/49w2 T 2%6w+ 14 15) w4 V/49w? + 26w + 1 + 1.

Since (31v49w? + 26w + 1 + 26)w? > 31 - Tw? > 57w?, we get 921(n) > 0 and 9,1 (n) is increasing in
n forn > 1.
Using a direct computation, for n > 1, we have

OpI(n) > (O,1)(1) = tu (—22w2 + (50\/4911)2 + 26w+ 1+ 11) w + 29v/49w? + 26w + 1 + 11) :

Since 50v/49w?w > 22w?, we prove 9, 1(n) > 0 and I(n) is increasing in n for n > 1.
Using a direct computation, for n > 1, we deduce

I(n) > I(1) = 3w(2w + 1)(v/49w? + 26w + 1 +w — 1) > 0.




SMOOTH AND STABLE EULER IMPLOSIONS 151

We prove Ay > 0 forn > 1.

Estimate of cy. Recall d = 1 and w = ad = «. A direct computation yields
- 32(1+w)?
N n

Il coz(n—2)<\/49w2+26w+1—w—|—1>

X ((17n +8)u? 4w (8 —n (\/49w2 26w+ 1— 8)) +tn (\/4911)2 26w+ 1+ 1))
= (77, - 2)J1J2.
Clearly, the first factor J; > 0. Below, we show that J5 > 0. We can rewrite .J; as

J :n(17w2 _ <\/49w2+26w+1 —8>w+ \/49w2+26w+1+1) + 8uw? + Sw.

Since v/49w? + 26w + 1 < Tw + 2, we obtain
17w? — (V49w? + 26w + 1 — 8)w + v/49w? + 26w + 1 + 1 > 17w? + 8w + 1 — (Tw + 2)w > 0.

We prove Jo > 0. Thus, we obtain sgn (cg) = sgn (n — 2). Combining the above estimates, we prove (D.8).
For n > 3 or n = 1, the signs of the eigenvalues follow from (D.8) and Theorem D.1. In particular, Hg)
has three eigenvalues with negative real parts for n > 3; it has two eigenvalues with negative real parts and
one with a positive real part for n = 1.
For n = 2, since ¢y = 0, we obtain p3(\) = A(c3A\2 + c2A + ¢1). From (D.7) and (D.8), since ¢y = 0,
we have c3 = 1,¢c0 > 0,A4 = coc; > 0, which implies ¢y, co,cs > 0. Thus, the quadratic polynomial
c3A? + e\ + ¢1 has two roots with negative real part. We complete the proof of Lemma D.4. g
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