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ABSTRACT. We consider a sequence of Leray-Hopf weak solutions of the 2D Navier-Stokes
equations on a bounded domain, in the vanishing viscosity limit. We provide sufficient con-
ditions on the associated vorticity measures, away from the boundary, which ensure that as
the viscosity vanishes the sequence converges to a weak solution of the Euler equations. The
main assumptions are local interior uniform bounds on the L'-norm of vorticity and the local
uniform convergence to zero of the total variation of vorticity measure on balls, in the limit of
vanishing ball radii.

The behavior of high Reynolds number flows is a major open problem of nonlinear and
statistical physics and of PDE theory. Here we discuss a limited aspect, namely the question
whether solutions of the unforced two dimensional Navier-Stokes equations converge weakly on
a fixed time interval to solutions of Euler equations in bounded domains. This problem is well
understood in the absence of boundaries, in a smooth regime; the answer is then positive, and
the convergence holds in strong topologies, see [2, 5|. The problem is however widely open in
general in the presence of boundaries, and the answer is not obvious. Boundary layers exist,
and their limiting behavior is poorly understood. Also, weak-strong uniqueness is not known,
i.e. there may be a smooth solution and a different, weak, vanishing-viscosity, solution of the
Euler equations, with the same initial data. This was remarked in [2].

In this paper we follow up on a result obtained in [6] by the first and fourth author for
two dimensional flows. We extend [6, Theorem 2.1] by weakening the hypotheses; our main
result (see Theorem 1 below) allows us to consider solutions of the ideal fluid equations whose
vorticity is a Radon measure with no atomic part. We moreover give an explicit example
of a vortex sheet limit Euler solution satisfying our weaker hypotheses (See Proposition 1
below). It is known that if the convergence is assumed in the vanishing viscosity limit, then
vortex sheets must develop at the boundary [18]. In fact, instability of strong shear flows and
detachment of the boundary layer suggests that the limiting flow will not be smooth, see [26]
for a broad discussion and relevant numerical experiments. Our result, in contrast with the
Kato criterion [17], applies without assuming closeness to a given smooth solution of the Euler
equations, and allows considering weak solutions, such as vortex sheets. The uniform conditions
are imposed on the Navier Stokes solutions away from boundaries.

The problem of studying weak continuity of the quadratic nonlinearity in the Navier-Stokes
and Euler equations is at the heart of this work. There is a large literature associated to this
problem, going back to [24]. One natural avenue is to seek conditions which guarantee strong
convergence of velocities in L?, see [11, Theorem 1.2] and [22]. In [12, 10] R. J. DiPerna and A.
J. Majda went beyond strong convergence and investigated concentration sets for kinetic energy.
In 1991 J. M. Delort obtained a breakthrough, establishing weak continuity of the nonlinearity
in two dimensions, under the assumption that vorticity is a single-signed measure, using a
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compensated-compactness argument, see [9]. Delort’s insight has been extensively clarified,
extended and used, see [14, 23, 19, 25, 27, 28]. The present work is based on Delort’s main
idea and on Schochet’s reformulation, [27]. In addition, we rely on results described in [15, 16].
These articles adapt the Delort-Schochet weak vorticity formulation to flows on domains with
boundary, with [15] concerning bounded domains and [16] concerning exterior domains. For
convenience of the reader we have included brief outlines of proofs contained in [15, 16| whenever
pertinent.

Let T > 0 and let Q C R? be a bounded, smooth, connected and simply connected domain.
Consider the initial boundary value problem for the incompressible Navier-Stokes equations
with viscosity v > 0, given by:

U+ (u-V)u=—-Vp+rAu, in (0,7) x Q,

divu =0, in [0,7) x €, (1)
u =0, on (0,7) x 09,
U|,_, = U, at {0} x Q.

The initial boundary value problem for the incompressible Euler equations corresponds to
taking v = 0 and substituting the no slip boundary condition w = 0 by the non-penetration
condition w-m = 0 on (0,7") x OS2, where n represents the unit outer normal to 0.

Let us begin by recalling the definition of a weak solution of the Euler equations.

Definition 1. The vector field w € L*((0,T); L*()) is said to be a weak solution of the
incompressible Euler equations if:
o divu(t,:) =0, a.e. t € (0,T), in the sense of distributions, and
o for each test vector field ® € C*((0,T) x Q) such that div®(t,-) = 0, the following
wdentity holds true:

T T
/ /@CI)-udxdt—i—/ /V@:u@udmdt—o. (2)
0o Jo 0 Jo

Throughout we will use the notation V+ = (=0,,, 0., ).
We are now ready to state our main result.

Theorem 1. Let v, be positive numbers such that v, — 0. Let u™ € L=((0,T); L*(Q)) N
L2((0,T); HL(2)) be a family of Leray-Hopf weak solutions of (1) with viscosity v = v,. Suppose
that there exists u™ such that u™ — u™ weak-+ L°°(0,T; L?(Q)). Set w™ = w"(t,-) = curlu™ =
V4 un(t, ).
Assume the following:
(1) {w"} € L*>((0,T); L. () and, for each K CC Q, there exists Cx. > 0 so that

loc

sup sup ||w"(t,)||rrp) < Ck < 00;
n  te(0,T)

(2) For any IC CC Q2 we have

T
Sup/ <sup/ |w"(t,y)| dy) dt — 0 asr — 0.
n Jo z€ J B(x;r)NQ

Then u™ is a weak solution of the incompressible Euler equations in the sense of Definition 1.

Remark 1. Note that no further passage to subsequences is necessary in Theorem 1.
Let {uj}, C L*(Q) be such that |[ul|z < C. If u™ is the unique Leray-Hopf weak so-
lution of (1) with viscosity v™ and initial condition uy, then {u"} is a bounded subset of
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L>((0,T); L*(Q)). Hence, passing to subsequences as needed, u™ — u™ weak-+ L>(0,T; L*(2))
for some u.

Remark 2. There is no mention in Definition 1 of initial conditions. We observe however
that it is easy to incorporate initial data into the weak formulation by taking test vector fields
® € C(0,7);). Now, if in Theorem 1 the initial data u"(0,-) = uy converge weakly in
L3(2) to some u’, then it follows that u>(0,-) = uy® in this (new) weak sense as well.

Remark 3. We note that, by linearity, divu™(t,-) = 0 in the sense of distributions, a.e.
t € (0,7T), since divu™(t,-) = 0. Now, because u> € L>*((0,T); L*(Q)) is divergence free, its
normal component at the boundary has a trace in L*(0,T; HY/?(00)). Because of weak conti-
nuity of the trace operator, and as u™ € L*((0,T); H}(R)), the trace of the normal component
of u™ wvanishes on 0f).

Remark 4. Let BM(2) denote the space of bounded Radon measures on §2 with the total
variation norm. It will become apparent in the proof that the vorticity w™ = curlu™ = V+ . u*®
belongs to L=((0,T); BMio.(2) N HY(Q)). Moreover, we further show that w™ is a weak
solution of the vorticity formulation of the incompressible 2-D Euler equations, in a sense to be
made precise, see Definition 2. We contrast the solutions u> obtained here with wild solutions
of the Euler equation (see for instance the review articles |7, 8], and the papers [1, 2] in the case
of bounded domains). These wild solutions are also weak solutions in the sense of Definition 1,
but the corresponding vorticity w™ is not reqular enough to be a weak solution of the vorticity
formulation. Also, the wild weak solutions of the 3-D Navier-Stokes equation constructed in [3]
have vorticity which does lie in L>(0,T; LN H=*€) for some € > 0, and they do converge
in the inviscid limit to weak solutions of the Euler equations, but the L' norm of their vorticity
degenerates as the viscosity vanishes (in contrast to Assumption (1) of Theorem 1), and they
are not Leray-Hopf solutions.

Remark 5. Assumption (2) is referred to as (time integrated) uniform decay of the vorticity
maximal function. Recall that the mazimal function of vorticity is defined as

Mg () = sup — [ w(t, )] dy,
>0 T J B(a;r)nQ
so the object being considered in (2) is only reminiscent of the mazimal function of vorticity. The
terminology “mazimal vorticity function” was used in the work of DiPerna and Majda, see [10,
page 65] and [11, Theorem 3.1], while studying the weak evolution of vortex sheet initial data.
Conditions such as Assumption (2) have appeared previously as non-concentration conditions,
for instance, in [27], see also [23].

Remark 6. We note that if we replace Assumption (2) by Assumption (2°):

n 0<t<T \zek

sup sup (sup/ |w"(t,y)] dy> dt — 0 asr — 0,
B(z;r)NQ

then Assumption (2°) implies Assumption (1). However, Assumption (2) is more natural in
view of the analysis for mirror-symmetric flows, see [23].

Remark 7. We emphasize that the assumptions of Theorem 1 are only posed on compact
subdomains IC. The constant Cx. of Assumption (1) and the convergence rate of Assumption
(2) are allowed to degenerate as dist(IC,02) — 0. A different practical set of interior sufficient
conditions such that u™ is a weak solution of the Euler equations is provided by [6, Theorem
3.1] in 3D and [13, Theorem 1| in 2D. These are uniform bounds for the interior second order
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structure function of w"™, with arbitrarily small exponent, in a suitably defined inertial range
of scales. These assumptions imply the uniform boundedness of w™ in L?(0,T; H=1T<(K)) for
some €x > 0, and thus from the point of view of scaling, the assumptions of Theorem 1 appear
to be more general.

Before we give the proof of Theorem 1 we introduce the notion of interior weak solution and
then we discuss the equivalence between this notion and the weak solutions as in Definition 1.

Denote G = Gq(z,y) the Green’s function for the Laplacian A, with homogeneous Dirichlet
boundary conditions on . We write Go[f] to denote Ay'(f), and we denote the Biot-Savart
kernel on Q by Kq = Kq(z,y) = ViGq(x,y). We write Kq[f] to denote VXGqlf].

Definition 2. The scalar w € L*>((0,T); BMioe(2) N H~1(Q)) is said to be an interior weak
solution of the vorticity formulation of the incompressible Euler equations if:

for each test function ¢ € C°((0,T) x ) there exists x = x(x) € C(Q), satisfying 0 < x <1
and x = 1 in a neighborhood of the support of v, such that the following identity holds true:

/OT/3tgo(t,a:)w(t,x)da;dt+/T/Q/QHg(t,x7y)x(x)w(t,x)x(y)w(t,y)dxdydt

/ / / Kole,9)(1 = x(y)x(@) - Veo(t, 2) wlt, 2) w(t, y) dudydt = 0,
where HS = HE(z,y) is the auxiliary test function given by

5 .
As discussed in Remark 10 below, this Definition is independent of the choice of .

(3)

Hg(m,y) = (4)

Remark 8. We are abusing notation above, as the low reqularity of w does not allow to write
the integrals in identity (3). However, we remark that all the expressions above make sense
when suitably interpreted (cf. the discussions after (10) and (15) below).

Remark 9. If instead, w € L=((0,T); BM(Q) N H~'(Q)) then the identity (3) makes sense
even if x € C(Q), x = 1, giving rise to the usual weak vorticity formulation of the 2D Euler
equations, see [27], and also [15, 16] for the case of domains with boundary.

Lemma 1. Let w™ € L*®((0,T); BMo.(Q) N H1(Q)) be an interior weak solution of the
vorticity formulation of the incompressible Euler equations. Then u™® = Kq[w™] is a weak
solution of the Euler equations in the sense of Definition 1.

Conversely, let u™ € L>((0,T); L*(Q)) be a weak solution of the Euler equations in the
sense of Definition 1. Let w™ = w"o(t,~) = curlu™(t,-) = VL -u®(t,-), ae. t € (0,7), in
the sense of distributions. Assume that w™ € LOO((O,T),BMloc( )). Then w™ is an interior
weak solution in the sense of Definition 2.

Remark 10. In view of Lemma 1 it follows that, given ¢ € C°((0,T) x Q), identity (3) in
Definition 2 is independent of the choice of x € C°(2) such that 0 < x <1 and x =1 in a
neighborhood of the support of .

We postpone the proof of the lemma until after the proof of our main result.

Proof of Theorem 1: The strategy of the proof is to use the vorticity equation and pass to the
limit in a suitable weak formulation, namely the interior weak vorticity formulation. The proof
is concluded once we establish the equivalence between this weak formulation for the vorticity
equation and the weak velocity formulation in Definition 1, which is the content of Lemma 1.
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Let v, — 0 and let «” be a solution of the Navier-Stokes equations (1) with viscosity v, as
in the statement of Theorem 1. Then w™ = curl w” is a solution of the vorticity formulation of
the Navier-Stokes equations:

Oyw" + div(u"w") = v, AW, (5)
n (0,7) x Q.
First, let us note that {w"} is bounded in L>(0,T; H'(2)). Next, we observe that we can
rewrite the nonlinear term div(u™w™) in (5) as second derivatives of terms which are quadratic
with respect to the components of u™:

div(u"w") = (07, — 0;,) uyuy — 07, [(uy)” — (u3)?].

T1T2

It follows that {0;w"} is a bounded subset of L>=(0,T; H *()), for some large L > 0. Thus,
from the Aubin-Lions lemma, we obtain that {w™} is a compact subset of L>(0,7T; H=M(Q)),
for some 1 < M < L. Because we assumed that u™ — u™ weak-x in L>°(0,T; L*(92)), it follows
by linearity that the accumulation points of {w"} are all w™ = V+ - 4> and hence the whole
sequence { w"} converges strongly in L>(0,T; H M ()), to w™. Furthermore, clearly we have
w" — w>® weak-* in L>(0,T; H~1(Q)).

We note that the vector field given by Kq[w™] is divergence free, has w™ as its two dimen-
sional curl, and is tangent to 9€2. Since €2 was assumed to be simply connected there is a unique
vector field which is divergence free, has curl equal to w™ and is tangent to the boundary of
€. Since u™ satisfies these same conditions, see Remark 3, it follows that u™ = Kq[w®™].

Fix ¢ € C*((0,T) x ). Multiplying (5 ) by ¢, integrating in (0,7") x Q and transferring
derivatives to ¢ leads to

/0 /Qatgo(t, )W (t,x) + Vo(t,z) - u™(t, ) w"(t, z) dedt = l/n/o /QAgo(t, x)w"(t, x) dedt.

(6)
We wish to pass to the limit in each of the terms of (6).
The Convergence of the linear terms follows easily from the convergence w™ — w™ weak-%
in L°°(0,T; H*(2)) and, in particular, in D’((0,7T) x Q). Hence we have

/ /&gpt x)w"(t, x) dxdt—)/ /&pt ) w™e(t, z)dxdt, and (7)

" /0 /Q Ag(t, 2) " (t, 2) dadt — 0, (8)

as n — oo.

It remains to treat the nonlinear term in (6). Let x = x(z) € C°(2) be a cutoff so that
0 < x <1and y =1 in a neighborhood of the support of ¢. In particular, there exists n > 0
such that the supports of 1 — y and of ¢ are at a distance n apart.

We show that

/OT /Q Vo(t,x) - u(t, ) w"(t, z) dedt —

/ ' / / HE(t, x,y)x (@) w™ (¢, 2)x(y) w™(t, y) dedydt ()
/ //K” y)(1 = x()x(x) - Veo(t, z) w>(t, ) w™(t, y) dedydt

as n — oo, where H{; was given in (4).
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Note that because u"(t,-) satisfies the no slip boundary conditions, we have in particular
that u"(t,-) can be recovered from w"(t,-) by the Biot-Savart law:

w'(t,z) = / Kol y)w"(t, y) dy:

this holds true in L>(0, T; L*(Q2)).
We write the nonlinear term as:

/OT/QVsD(t,w) cu(t, z) W (t, x) dadt
:/ //Kﬂ(f’%y)w”(t,y)'Vso(tax)w"(t,x)dydmt
0 QJQ
:/ //Kﬂ(f’%y)w”(ty)-V@(t,x)x(w)w”(t,x)dxdydt
0 QJQ
:/0 /Q/QKQ(%CU)X(?J)WH(WU)-V@(t,x)x(x)w”(t,m)dxdydt
+/0 /Q/QKQ(WJ)(l—X(y))w”(t,y)-Vgo(t,x)x(x)w”(t,x)dxdydt

= A"+ B".

We also introduce

A‘X’=/OT/Q/QHé(l‘,y)x(y)w""(uy)x(x)w“(tfv) dxdydt

B* = /O /Q /Q Ko(z,y)(1 — x(1) w™(t,y) - Voot z)x(x) w™(t, ) dudydt.

Let us first consider the limit of B”. We note that, if O, = {(z,y) € Q x Q| |z —y| > n},
then, for a.e. ¢ € (0,7, the support of the integrand in B" is contained in O,,, which avoids
the singularity at the diagonal of Kq(x,y). Hence,

and

— /0 /o Kq(z,y) - Vo(t,z)(1 — x(y))x(x) w"(t,y) w"(t, z) dedydt.

Now, for each ¢ € (0,T), we have Kq(-,-) - Vp(t,-) € C*(0,). Moreover, since the support of
¢ is a compact subset of (0,7") x Q, Kq(x,y) - Vp(t, z) vanishes if z € 0Q, for every t € (0,7T).
Because Gq(z,y) vanishes for x € Q, y € 99, it follows that Ko(z,y) = ViGq(z,y) also
vanishes for x € Q, y € 9). Recall that W™ — w™ weak-* in LOO(O,T H~1(Q)). By linearity,
the tensor product w” ® w™ converges weak-*, in L>=(0,T; H'(Q x Q)), to w™® ® w™. From
what we have argued it follows that Kq(z,y) - Vo(t,2)(1 — x(y))x(x) € LY(0,T; H3 (2 x Q)),
and so we conclude that

B" — B* as n — o0, (10)

with the spatial integral in B> being interpreted as a duality pairing between H (2 x Q) and
H}(Q x Q).
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Next we address the convergence of A”. Symmetrizing with respect to the variables x and y
as was done in [27] for flows in all of R?, we find

/ / / Ka(z,y)x(y) w"(t,y) - Vo(t, z)x(z) w" (¢, z) drdydt
N /0 /Q /Q Ka(y, v)x(x) w"(t, x) - Vo(t, y)x(y) w" (t,y) dydzdt

-/ ' [ [ #aoxt) e € pxta) e o) dodyt.

We already know that yw” — yw™ strongly in L>=(0,T; H-M(Q)) and that yw" — yw™
weak-+ in L>(0,T; H~'(Q)). By hypothesis (2), {xw"} is bounded in L>(0,T’; L'(2)), hence,
passing to subsequences as needed, we find xy w” is weak-* convergent in L>°(0,7; BM(f2)).
Putting these facts together allows us to identify the weak-x-L>°(0,7; BM(£2)) limit as y w®™
so that there is no need to pass to further subsequences; moreover, we have that yw™ €
L>(0,T; BM(Q2)).

We have that

HE € L=((0,T) x Q x Q),

analogously to what holds in R?  see [27]. In the case of bounded domains, this was first
established in the proof of [16, Proposition 2.2], see also [15, Proposition 2.1]. Set M =
1 HE Lo 0.7y x71x5) - In addition, it was observed in [15, Proposition 2.1], see also [16, Proposition
2.2], that H§ is continuous on Q x Q\ {(z,7) ; x € Q}. It is the fact that the diagonal, in
Q x €, is excluded from the set of continuity of H that makes the convergence of A" above a
delicate problem — we must split the integral in A™ into a portion far from the diagonal and a
portion near the diagonal.

Before we proceed let us note that, in this proof, we only use the boundedness of HZ, and
its continuity away from the diagonal, in the interior of {2 x €. It is a simple matter to verify
these properties in the interior of €2 x ) because the Biot-Savart kernel K¢ is the sum of the

kernel for the full plane, Kz, (for which these properties are trivial), with an analytic vector
field.

Let p € C*(R ) be such that p = 1 on [0,1/2], supp(p) C [0,1], and 0 < p < 1. For each
d > 0set ps = ps(x,y) = p(|lx —y|/J). We rewrite A™ as:

/ //Hsoxy Jw" (t, y)x(z) w"(t, x)ps(x, y) drdydt

[ [ B @ ) ) ) ded
0 JaJa
= Al + A5,
We have:
T
sup [AY| < M sup [|x w" || (o,7;01(2)) SUP/ sup / Ixw"(t,y)|dy | dt.  (11)
n n n 0 xesupp(x) J B(x;6)
It follows from the decay of the vorticity maximal function, Assumption (2), that

lim sup |AT| = 0. (12)
6—0 o
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In addition,

Ay = / / / HE (2, )X (y) &t )x(2) 0= (t, 2)(1 — po(z,y)) dadydt,  (13)

as n — oo, since Hy(x,y (1 — ps(z,y)) is a legitimate test function for the convergence of
XwW" @y w" to x w™® @ y w™ weak-+-L>(0,T; BM( x Q)).

The measures x w™(t,-) are weak-+ limits of continuous measures, i.e., measures with no
atomic parts. Because norms are weak-* lower semicontinuous, we find

/ X w™(t,y)|dy < lim inf/ [xw"(t,y)| dy. (14)
B(z;0) B(w;0)

n—oo

Here we are abusing notation, writing /
B(z;0)
Therefore, from Assumption (2) and (14), we obtain

T
/(sup/ \Xw‘”(t,y)ldy> dt — 0,
0 \z€suppx J B(x;0)

as 0 — 0. An argument similar to what was used to study A} now gives
lim lim A = A™, (15)

6—0n—o0

Sty tor [ ()l
B(z;8)

where the integral in A* is to be interpreted as integration against a continuous measure,
namely y w™ ® y w*™
It follows that

A" — A% as n — 0. (16)
Putting together (16) and (10) we deduce
A"+ B" 5 A® + B®, (17)

as n — oo. This establishes (9).

It follows from (6), (7), (8) and (9) that w> satisfies the interior weak vorticity formulation
(3). Since we already know that w™ € L>®((0,7); H1(Q)) N L>=((0,T); BMc()), we have
established that w® is an interior weak solution of the incompressible 2D Euler equations, in
the sense of Definition 2.

As u™® = Kq[w™], the proof of the theorem is concluded once we establish Lemma 1. O

Now we give the proof of Lemma 1, which is a result on the equivalence between the weak
velocity formulation and the interior weak vorticity formulation. The argument is based on
the proofs of equivalence contained in [15] and [16], with variations due to the fact that the
vorticity is only a bounded Radon measure locally, in the interior of the fluid domain. When
regarded as a distribution in the entire fluid domain, the best regularity for w™ is H~!, which
is the same as for wild solutions.

Proof of Lemma 1. Let us first assume that w™ € L®((0,T); BM,.(Q) N H71(2)) is an inte-
rior weak solution in the sense of Definition 2. Set u® = Kq|w™]. Now, Kq = V1(4Aq)™?
and therefore the operator Kq[-| is continuous from H~(Q) to L?(Q2). Tt follows that u™ €
L>=((0,T); L*(Q)). We also have from the definition of Kq that diva®™ = 0 and curlu™ =
V+-u>® = w™ in the sense of distributions, and that the trace of the normal component of u™
vanishes at 0, see also Remark 3.

Let ® € C(0,T;9Q) with div®(¢,-) = 0. Then ® = V¢ for some ¢ € C>(0,7T;), and
©(t, ) is constant in a neighborhood of 9€2. Since (2 is connected and simply connected we may
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assume without loss of generality that this constant is 0, so that ¢ € C°((0,T) x ). From
the relation between 4> and w* we obtain that

T
/ / 0r® - u™ dadt = / /&tgp (t,x) w™(t, ) dadt. (18)
o Ja

Let x = x(x) € C°(Q2), such that 0 < x < 1 and x = 1 in a neighborhood of the support of
¢. In order to establish the weak formulation (2) for 4, in view of (3) and (18), it remains
only to show that

T
/ /u°°®u°°:V<I>dxdt:
o Jao

_/T//Hg(tvxay)X(ﬂi) W (t, 2)x(y) w™ (¢, y) dadydt (19)
/ //KQ z,y)(1 = x(y)x(@) - Vo(t,z) w>(t, x) w™(t, y) dedydt.

To prove (19) it is enough to establish the following identity a.e. in time:

/u°°®u°° VOdx =
- /Q/Qﬂé(tmy)x(x) w™(t, 2)x(y) w>*(t, y) dzdy (20)
- / / Ko, 1)(1 — x(1)x(x) - Vp(t, 2) o= (1, 2) w* (£, y) dudy.

Because time is frozen at ¢t we omit it in this discussion.

We adapt what was done in [16, Theorem 6.1 and Proposition 6.2}, see also [15, Theorem 3.4
and Proposition 3.5], to the situation we have, where only interior estimates are available. Let
pr be a cutoff away from the boundary. More precisely, we assume that

kaOSO(Q, [O, 1]), pkzlm EC%, pkEOIH 2%, vak”Loo(E%\E%) SC]{,

where
Yo ={z € Q; dist(z,00) < a}.
In addition, we introduce

¢ € C(R%:R,), Cis even, supp( C B(0;1/2), /C =1,

and set

Go(z) = K*C(kx). (21)
Next, set w* = (pp w™) * G, u* = Kq[w"]. We first note that u* and w* are smooth functions,
wk = curlu®, and u* is divergence free and tangent to 9. Since ® = V¢ and ¢ is compactly

supported, we obtain, by integration by parts,

/Q wh(z) @ uH(z) | VO(x) dr = — / wb(z) - V() ot () da. (22)

Q
We wish to show that the left-hand-side and right-hand-side of (22) converge, respectively,
to the left-hand-side and right-hand-side of (20).
We begin by analyzing the left-hand-side of (22). To this end we claim that u* — u™
strongly in L?*(2). The proof of this claim follows precisely the proof of [16, Proposition 4.8],
see also [15, Proposition 2.10], once we observe that w* — w™ in D'(Q). We give an outline
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for the convenience of the reader, omitting some of the details. There are three steps: first it
is shown that u* is bounded in L?(Q), then it is established that u* — u™ weakly in L?*(Q).
Finally, it is proved that [|u*||;20) = [|[u™||12(0). To show the first step consider F' € C*(Q),

and set f = Gglcurl F], where curl F = V4. F. Then f € C®(9), f is bounded and vanishes
at 0. Step 1 follows from the observation that

Jurp = [ = @ T (G [ (G @)

Using the Hardy inequality it follows that
Q

Step 2 holds by virtue of the convergence w* — w™ in D'(2), which is classical. To prove Step
3, F = u” is used in (23), so that

k22 — oo'vJ_ G k oo | k .
220 /Q<u pk><a[w1*<k>+/9pku (u* % Gs)

The first term vanishes as k — oo and the second term converges to ||u™||%, @

In view of the strong convergence of u® to u® it follows that the left-hand-side of (22)
converges to the left-hand-side of (20).

Now we discuss the right-hand-side of (22). Let x be a cutoff for the support of ¢ as in the
proof of Theorem 1 and set

n = dist{supp (1 — x),supp ¢} > 0.
We decompose w” into an interior part and a boundary part:

1= (pexw™) * G, W= W = wf = [l = x) W) * G

Correspondingly, we decompose the velocities u*:

ub = Kolwl], b =u" —uf = Ko[wh).

With this notation we rewrite the right-hand-side of (22) as
[ w@) - Vet da
= [ @) Vet de+ [ o) V(o) @) do (24)
+ [ uble) Vola)bo) o+ [ whla) - Vola) (o) do

We claim that for sufficiently large k the two integrals in the last line above vanish. To see
this, first recall that the support of 1 — y is at a distance > 0 from the support of ¢. Let
k > 1/n. Then, by construction, if z € supp ¢ and y € € is such that |z — y| < n/2, it follows
that wh(y) = 0. In particular, if kK > 1/n, Vi wh =0 on all of Q.

Next we analyze the second integral on the right-hand-side of (24):

/Q ub(z) - V() wh(z) de = / / Kalz,y) - Vo(z) b () wh (y) dedy. (25)
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As noted above, if k > 1/ then dist{supp ¢, supp wk} > n/2. Let ¢ = 1)(z) be a cut-off of
|z| > n/2, so that ¥ € C®(R?), 0 < ¢ < 1, ¥(2) = 1if |z] > n/2 and ¢(2) = 0 if 2| < n/4.
Then, for k > 1/n, we may re-write (25) as

/Q uhy(z) - V() wh(x) d = / / Kalz.y) - Vo(o)i(z — y) ol (2) oy (y) dady.  (26)

Now, arguing similarly to what was done in the proof of Theorem 1, we obtain Kq(x,y) -
Vo(z)p(z —y) € HE (2 x Q). We easily deduce that wh @ wh — yw™® ® (1 — x) w™ weakly in
H71(Q2 x Q). Therefore, the sequence of integrals on the left-hand-side of (25) converge to the
second integral on the right-hand-side of (20).

Finally, we deal with the first integral on the right-hand-side of (24). We have:

uk(z) - )W () de = 2z, y) wh(z) Wk xdy.
[ b Vet s = [ [ H(w0)wte)f0) dody (27)

Now, y w™® € BMNH (), hence the result in [16, Proposition 4.8], see also [15, Proposition
2.10], applies to wh:

w¥ is bounded in L'(Q), wF — xyw™ weak — *BM(Q) and
any weak—x* limit in BM (), i, of |w¥| is a continuous measure, (28)
i.e.,u(P) =0, for any P € Q.

For convenience of the reader we give an outline of the proof of (28); more details can be
found in [15, 16]. The statements on the first line of (28) follow from the definition of w¥.
Let us discuss the last statement in (28), regarding weak—sx limits in BM(Q) of |w¥|. Let
xw™ = vt + v~ be an orthogonal (Hahn-Jordan) decomposition into positive and negative
parts, with disjoint supports. Since yw™ € H~!(Q) is a measure, it is necessarily a continuous
measure. Since the supports of v+ and v~ are disjoint, they too are each continuous measures.
Write wh = (prv™)*Ce+ (prv ™) *Ce; this is a decomposition into positive and negative measures,
albeit with supports that are no longer necessarily disjoint. Still, we have

|wi| < (prvt) * G — (k™) * G

In addition, (prv®) x ¢ — v+ weak-x in BM(Q). Now, let u be a weak-x BM(Q) limit of
| w¥|. Then we find p is a nonnegative measure which is bounded in the sense of measures by
vt — v~ = |y w™®|. Therefore, 0 < p(P) < |xw™®|(P) =0 for any P € €, as desired.

Next we recall [4, Lemma 6.3.1], where it was established that, if v, — v weak-x BM, then
[ fvr = [ fv for any bounded test function f which is continuous off of a p-negligible set,
where p is any weak-x limit of |vx|. We may use this result with f = H§ and v, = wf @ wh,
since it has already been observed, in the proof of Theorem 1, that H§ is continuous off of
the diagonal of Q x €, and we have established in (28), that the diagonal is a negligible set
for any weak-* limit of |wk ® wk|, together with the fact that wh ® wh — yw™® @ yw™. We
conclude that the integrals on the left-hand-side of (27) converge to the first integral on the
right-hand-side of (20).

Putting together our analysis of the terms in (24) we obtain that the right-hand-side of (22)
converges to the right-hand-side of (20). This establishes (19).

Conversely, suppose that u> € L*((0,T); L*(Q)) is a weak solution of the Euler equations
as in Definition 1, and assume further that w*> = curlu™ € L>®((0,T); BM.(Q) N H~1(Q)).
Let p € C°((0,T) x ) and set ® = V4. It is easy to see that ® € C°((0,T) x ), divd =0
and (18) holds true. In addition, in view of the regularity assumption on w®, the proof we
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gave of (19), for a suitable cut-off function y, may be used once again. Putting together (18),
(19) and (2) yields that w® satisfies (3). This concludes the proof. O

Next we give an example of a sequence of solutions of the Navier-Stokes equations which
satisfy the hypothesis of Theorem 1 and for which the limiting Euler solution is not smooth.
In fact, it is a vortex sheet and thus it falls outside the scope of the Kato criterion.

We take Q = {z € R? | |z| < 1}, the unit disk. Set

0, if |z < 3,
_ 1
Yo=9y L if <z <1 (29)
|z
The corresponding vorticity is
Wo = Ofjz|=1/2}- (30)

Let v, be any sequence of positive numbers such that v, — 0. Choose circularly symmetric
approximations uj € C*(Q) N L*(Q), divul =0, uf -n = 0, such that
{lzl=1}

ul — ug strongly in L?(Q) and, for wj = V* -, it holds that

wy >0, wy circularly symmetric, and || wyl/z1@) < || wollBm@) = T

Let 4" be the unique solution of the initial boundary value problem for the Navier-Stokes
equations (1) with viscosity v,, and initial velocity u above, as in Theorem 1. Let w" = V+-u™.

Proposition 1. The sequences {u"}, {w"} satisfy Assumptions (1) and (2) of Theorem 1.
Furthermore, u"™ has a weak limit, u™>, which is time-independent and equal to uy.

Proof of Proposition 1. We first note that uy € L*(Q) is circularly symmetric. Let v™ denote
the solution of (1) with viscosity v, and initial data ug. It follows from the analysis developed
in [20], see also [1], that

v" — uy, strongly in L°((0,T); L*(2)).

In addition, u™ — v"™ is the solution of (1) with viscosity v, and initial data u{ — uo. The most
elementary of energy estimates yields that

sup [[u" —v"|| 2 < |lug — ol L2() — 0 as n — oo.

te[0,T

Hence {u"} converges strongly to 4™ = uy.
Next we recall the result in [21, Proposition 9.4], where it was established that

| w™llzoo o0,z () < 4l wollzr -

Therefore we find, from the construction of ug,

le™ [z 0.1y (0)) < 4,
which gives Assumption (1).

Lastly, we establish the uniform decay of the vorticity maximal function. We first show that
w" locally may be written as the sum of a positive measure in H1(Q) and a uniformly bounded
function. To see this, fix £ CC 2 and let € > 0 satisfy K C {|z| < 1—3¢e}. Choose x. € C°(2)
such that 0 < x. <1, xe(z) =1if [z| <1 -2, xo(2) =0if 1 —e < |z| < 1. Let w? = x.w",
and note that w” = w™ on K. We extend w” to all of R? by setting it to vanish outside of €.
Observe that w! is a solution of the following heat equation in the full plane:

Oyl = vy AW — vy WIAY: — 20, VW™ - VY = v Aw” — F7
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It follows that

We will analyze (w?)‘ = wr . We make two claims.

K K

Claim 1. We have {I,, = e’"'**[w™(0, )]}, is a bounded subset of L=((0, T'); BM(R?)NH 1 (R?))
and e’"*2[w™(0,-)] > 0.

Claim 2. There exists C = C(||wollBm(a), €) > 0 such that, on IC,

¢
I, = / e”"(t_s)A[Fg(s, )] ds
0

<C,

for alln, t €[0,T].

It follows from Claim 1 and well-known estimates in potential theory, see also [27], that

/ I,dy < <sup HInHH—l(Q)> | log r|’1/2 — 0,
B(z;r)NQ n

as r — 0, uniformly in n and z € K. In addition, from Claim 2 we find
/ [I,|dy < Cr® =0,
B(z;r)NQ

as r — 0, uniformly in n and x € K. Thus Claims 1 and 2 are sufficient to establish Assumption
(2) of Theorem 1.

Proof of Claim 1. Recall w™(0,-) = x.wj. By hypothesis, wy > 0 and, also, y. > 0. It follows
from the maximum principle for the heat equation that e’*A[w?(0,-)]}, > 0. In addition,
the L'-norm of e""'2[w™(0, )]}, is a non-increasing function of time, so that, using again the
hypotheses we made on wy,

e w2 (0, Ml ey < 620, s < llwollsmmca

Lastly, we argue that e’"'2[w?(0,-)] is uniformly bounded in L*°((0,7); H~'(R?%)). We first
observe that
w?(oa ) = Xe Wg = vl ’ (Xsug) - ug ’ VLX&-
Therefore,
(0, )] = V- {2 ]} — e 2 V],

£

Clearly, e""*2[y.u?] and e"*A[u - V*x.] are, both, bounded subsets of L>((0,T); L?(R?)),
hence the desired assertion follows. U

Proof of Claim 2. We write
t ¢ t
— e (t=9ATEn (o N ds =y e (=BT Ay (s, )] ds + 2v, e/ (=R Ty (s, )] ds
£ 9 ) n Xé‘ Y n Xs Y )
0 0 0
= A" + B".
Now,

|A"(t, )| =

t
1 2
—le—y|*/(dvn(t=s)) ,n A dud
o[ ] i (5. )AXp) dyds
1%

IN

W—; sup(pe””)T| wnHLOO((O,T);Ll(Q)) ||AX5||L°°(R2)a
P
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since supp Ax. C {1 —2¢ < |y| < 1—¢} and |z| < 1 — 3e. It follows that |A"| is bounded,
uniformly with respect to n, t € (0,7), for x € K.
Next, we examine B™:

t
1 2

B"(t = 2u, e WA CZA G v VA (y) dud

|B"(t,z)| = |2v /o/ﬂ@mun(t—s)e w"(s,y) - VxZ(y) dyds

t
1 2
—_ —2 n - *\:vfyl /(4I/n(tfs)) n A n d d
‘ Y \/O /R? 477Vn<t—8)€ w (S’y) Xs(y) yas

! r—Y —|z—y|?/(4vn (t—s n n
+41/n/0 /RZ W(4£ (t_)s))2e /=D W (s, y) - VX2 (y) dyds

Therefore, reasoning similarly as for A", we find

n Vn — n
|B"| = — sup(pe™”) T w* [z oy @ Axell=e2)
p

Uy B "
t—3 sup(p’e ") T|| w"|| oo (0,120 ) IV Xe || Lo r2) -
P

Hence it follows that |B"| is uniformly bounded, for x € I, with respect ton and ¢t € (0,7). O
This concludes the proof of Proposition 1. 0
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