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Abstract. We prove local regularity for axisymmetric suitable weak solutions of the 3D Navier-
Stokes equations, which are smooth before the terminal time t = 0, and satisfy Type II pointwise
bounds at a vanishing length scale ℓ(t). We say ℓ(t) is an Euler length if it is non-increasing, satisfies
a doubling condition, and if ℓ(t) → 0 and (−t)/ℓ(t)2 → 0 as t → 0−. This includes power laws
ℓ(t) = (−t)γ with 0 < γ < 1/2, and logarithmic enlargements of the parabolic length. Our main
result shows that local bounds of the type |u(·, t)| ≤ Cℓ(t)/(−t) and |∇2u(·, t)| ≤ C/((−t)ℓ(t)) for
all t ∈ (−1, 0) imply regularity. The proof adapts the circulation and potential-vorticity argument
of our earlier paper [4] to ancient limits obtained from the rescaled vorticity system by zooming in.
We show that the second derivative a priori assumption may be replaced by a Hölder bound on the
azimuthal vorticity and a corresponding bound on its potential vorticity.

1. Introduction

Whether an axisymmetric finite energy solution of the unforced 3D Navier-Stokes equations,
arising from smooth and decaying initial data, can develop a finite time singularity remains an
open problem.

In this paper, we consider the 3D Navier-Stokes equations without external forcing

∂tu+ (u · ∇)u−∆u+∇π = 0 , (1.1a)

div u = 0 , (1.1b)

where u : Q→ R3 is the velocity, π : Q→ R is the pressure, and Q = B(1)× (−1, 0) is an open unit
parabolic cylinder.1 Throughout the paper we take (u, π) to be a suitable weak solution of (1.1)

in the sense of Caffarelli, Kohn, and Nirenberg [1], with π ∈ L3/2(Q), which is smooth on compact
subsets of Q. We assume no regularity at time t = 0. Moreover, we assume throughout the paper
that the solution (u, π) of (1.1) is axisymmetric about the z-axis. With x = (x′, z), r = |x′|, and
the usual cylindrical frame (er, eθ, ez), we set

u = urer + uθeθ + uzez = b+ uθeθ ,

where ur, uθ, uz depend only on (r, z, t). We denote by b the meridional velocity.

1.1. Main result. In order to state our main result, we introduce:

Definition 1.1 (Euler length). A continuous function ℓ : (−1, 0) → (0,∞) is called an Euler
length if it is non-increasing, it satisfies the doubling property

ℓ(2t) ≤ Dℓ(t) , for all t ∈ (−1/2, 0) , (1.2a)
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1Here and throughout this paper, we use the notation B(ρ) = {x ∈ R3 : |x| < ρ} and Q(ρ) = B(ρ)× (−ρ2, 0).
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for a suitable constant D ∈ [1,∞), it asymptotically vanishes

lim
t↑0

ℓ(t) = 0 , (1.2b)

and it satisfies

lim
t↑0

(−t)
ℓ(t)2

= 0. (1.2c)

The term “Euler length” is motivated in part by the requirement (1.2c) that the viscosity
coefficient under Euler rescaling vanishes asymptotically, so formally the Euler behavior emerges
in the limit.

Examples of Euler lengths are ℓ(t) = (−t)γ for γ ∈ (0, 1/2) and ℓ(t) = (−t)1/2(log(e/(−t)))a
with 0 < a ≤ 1/2.

Recall that the point (0, 0) is called regular if

ess sup
Q(ρ)

|u| <∞ for some ρ > 0 . (1.3)

More generally, for x0 ∈ B(1) the point (x0, 0) is called regular if (1.3) holds with Q(ρ) replaced
by B(x0, ρ) × (−ρ2, 0) ⊂ Q, and singular otherwise. The simplest way to state the main result of
this paper is:

Theorem 1.2 (Local regularity under Type II bounds at an Euler length). Let (u, π)
be a suitable weak solution of (1.1) in Q, which is smooth on compact subsets of Q, and is axisym-
metric. Let ℓ = ℓ(t) be an Euler length, in the sense of Definition 1.1. Suppose that there exist
constants C0, C2 > 0 such that

∥u(·, t)∥L∞(B(1)) ≤ C0
ℓ(t)

(−t)
,

∥∥∇2u(·, t)
∥∥
L∞(B(1))

≤ C2
1

(−t)ℓ(t)
, (1.4)

for all t ∈ (−1, 0). Then, (0, 0) is a regular point.

Remark 1.3. The following comments on the hypotheses of Theorem 1.2 are in order:

(a) For the power law ℓ(t) = (−t)γ with γ ∈ (0, 1/2), the two Type II bounds in (1.4) say that the
natural self-similar Euler rescaling U(y, t) := (−t)1−γu((−t)γy, t) satisfies ∥U(·, t)∥L∞ ≤ C0

and
∥∥∇2

yU(·, t)
∥∥
L∞ ≤ C2, where the L∞ norm is taken on the expanding ball B((−t)−γ).

(b) If the first bound in (1.4) holds with the parabolic length scale ℓ(t) = (−t)1/2, then we have
a standard Type I bound. In that case, regularity is known due to the works of Chen, Strain,
Tsai, and Yau [2, 3], Koch, Nadirashvili, Seregin, and Šverák [9], or Seregin and Šverák [21].

(c) The Type II assumption made in (1.4) is more restrictive than necessary, and the bounds on
the second derivative can be relaxed. In Section 5 we prove the same regularity result under
weaker hypotheses: a Hölder seminorm bound on the azimuthal vorticity ωθ = ∂zur − ∂ruz
and a supremum bound for the potential vorticity Ω = ωθ/r, at the Euler length. Precisely, in
Theorem 5.1 we assume, for some 0 < α ≤ 1, the velocity L∞ bound in (1.4) together with

[ωθ(·, t)]Cα(B(1)) ≤
Cα

(−t)ℓ(t)α
, ∥Ω(·, t)∥L∞(B(1)) ≤

CH

(−t)ℓ(t)
,

for some constants Cα, CH > 0.
(d) The same weakening of regularity assumptions from Theorem 5.1 also applies to the main

result of [4, Section 4]. Theorem 4.5 in [4] excludes nontrivial C2 axisymmetric globally
self-similar Euler profiles with similarity exponent γ < 1/2 which obey the natural far-field
bounds [4, (3.8)]. In Proposition 6.1 we extend this result to continuous self-similar profiles
which vanish at the origin and are sublinear at infinity, whose azimuthal vorticity is locally
Hölder continuous, and whose potential vorticity is locally bounded; no far-field decay beyond
sublinearity is assumed.
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1.2. Prior results. In the absence of swirl, global regularity for the axisymmetric 3D Navier-
Stokes equations was established by Ladyzhenskaya [10] and by Ukhovskii and Yudovich [26].

In the presence of swirl, the regularity of axisymmetric solutions to 3D Navier-Stokes has been
established under the additional hypothesis of a Type I bound, an assumption which is invariant
under parabolic scaling. Chen, Strain, Yau, and Tsai [2] proved regularity of the solution at

t = 0 assuming the pointwise bound |u| ≤ C(r2 − t)−1/2. Chen, Strain, Tsai, and Yau [3] and
Koch, Nadirashvili, Seregin, and Šverák [9] proved regularity assuming that r|u| ≤ C. Seregin and

Šverák [21] imposed a temporal Type I bound on the meridional velocity alone: |b| ≤ C(−t)−1/2.
All of these proofs rely on the structure of the equations satisfied by the circulation and by the
potential vorticity Ω = ωθ/r. We refer to the book of Tsai [25, Chapter 10] for a detailed account
of the many conditional regularity results for solutions of 3D axisymmetric Navier-Stokes.

Escauriaza, Seregin, and Šverák [6, Theorem 1.4] proved the regularity of suitable weak solutions
which are bounded in the scale-invariant norm L∞

t L
3
x; their argument is by contradiction and gives

no quantitative bound. Tao [24] made this result quantitative for classical solutions on R3 and
obtained a quantitative lower bound, of triple logarithmic type, for the blowup rate of the L3 norm
at a finite time singularity, along a sequence of times approaching that singularity. Subsequently,
Palasek [14] replaced the triple logarithm by a double logarithm, for the weighted critical norms

∥r1−3/qu∥Lq , both for axisymmetric solutions with q ∈ (2, 3] and for solutions without any symmetry
with q ∈ (3,∞). Ożański and Palasek [13] then bounded every derivative of an axisymmetric
solution by a double exponential of its weak L3 norm. Seregin [15] proved that at a singular axis
point the three scale-invariant local energy quantities arising in the theory of partial regularity
all have an infinite upper limit, so that an axisymmetric singularity must be Type II also in the
local-energy sense. Seregin also formulated Type II blowup scenarios through such weighted scale-
invariant quantities and studied them in [16, 17, 18, 19].

The argument in this paper is inspired by the axisymmetric Euler profile theorem that we
have established in our earlier work [4, Theorem 4.5]. We adapt the potential-vorticity transport
along backward meridional trajectories, from the proof of [4, Theorem 4.5], to ancient limits of the
rescaled vorticity system; here the circulation is eliminated by the rescaling instead. The type of
argument employed here, in which we zoom in at a sequence of points and times where a desired
bound fails, and apply a rigidity statement to the resulting ancient limit, is the one through which
Type I singularities were excluded previously [9, 21]. We emphasize that in this paper we do not
assume a self-similar ansatz for the solution.

1.3. Main ideas of the proof. The proof of Theorem 1.2 has two parts. First, we show that
the gradient of the meridional velocity becomes small compared with its scale-invariant bound,
namely

lim
t↑0

(−t) ∥∇b(·, t)∥L∞(B(ρ0))
= 0 on a fixed ball B(ρ0) , 0 < ρ0 < 1 . (1.5)

Second, we show that (1.5) implies regularity at (0, 0).
For the first part we argue by contradiction. If (1.5) fails, we zoom in at the length ℓ(t) along

a sequence of times and points at which (−t)|∇b| stays bounded away from zero, and we ask what
the limit satisfies. In the context of Type II weighted scale-invariant bounds on shrinking cylinders,
this approach was considered by Seregin [16, 17, 18, 19]. At a length larger than the parabolic one
the pressure is not controlled after the zoom, so we pass to the limit in the vorticity equation rather
than in the momentum one. Two facts make the limit tractable. First, the circulation Γ is bounded
on a fixed ball, by partial regularity and the maximum principle for (2.3). A bounded circulation
is subcritical for the rescaling by an Euler length: after the zoom-in, it is bounded by a multiple of
(−t)/ℓ(t)2, which tends to zero as t ↑ 0. The swirl of every limit therefore vanishes, and with it the
source ∂z(u

2
θ/r

2) of the potential vorticity equation (2.5) vanishes as well. For the ancient limits
arising in his Type II scenarios, Seregin [17, Section 2] observed in the same way that the swirl
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vanishes. Since the swirl source vanishes, the limiting potential vorticity is transported by a locally
bounded, divergence free field which is Lipschitz in space with constant C1/|τ | (see (3.3)); here
τ ∈ (−∞,−1] is the rescaled time of the ancient limit of the vorticity system. The second is that
along the backward characteristics of that limiting divergence free field the potential vorticity is
constant, and at time τ it inherits the bound C/|τ | from the hypotheses (1.4). Therefore the limiting
azimuthal vorticity vanishes at τ = −1: in the finite-axis case through the potential vorticity, and
in the receding-axis case by transporting the azimuthal vorticity itself. This is the content of
Lemmas 3.2 and 3.3. The limiting meridional velocity at τ = −1 is then curl-free, divergence-free,
and bounded on R3, hence constant. On the other hand, the selection of the contradiction sequence
forces the gradient of the limiting meridional velocity to be nonzero at one point. This contradiction
proves (1.5); see Proposition 3.1.

For the second part, we apply the maximum principle in the swirl equation (2.3) to (−t)ηuθ
and obtain |uθ| ≤ Cη(−t)−η on a smaller fixed ball, for every η > 0. A localized enstrophy estimate
then gives u ∈ L4

tL
6
x on a fixed parabolic cylinder with top (0, 0). Regularity then follows from the

localized version of the Ladyzhenskaya-Prodi-Serrin criterion; see Section 4.

Remark 1.4 (What is special about axisymmetry?). The exclusion of Type I singularities
is not known without the assumption of axisymmetry, and we do not know how to prove Theorem 1.2
without it when ℓ(t) = (−t)γ with 2/5 ≤ γ < 1/2, or when ℓ is a logarithmic enlargement of the
parabolic length. What this rotational invariance supplies is not merely the reduction to the
variables (r, z), which leaves vortex stretching intact, but the two identities (2.3) and (2.5). The
circulation obeys a drift-diffusion equation with no zeroth order term, so that it satisfies a maximum
principle. Moreover, the circulation scales like viscosity: an axisymmetric solution carries an a
priori bounded critical quantity, and we know of none for (1.1) in the general setting of flows on
R3. The potential vorticity obeys a transport-diffusion equation whose only other term is the swirl
source ∂z(Γ

2/r4); without swirl this is the global regularity of [10, 26], and with swirl the Liouville
theorems of [9] are proved through the same two equations.

Remark 1.5 (Euler profiles and the viscous question). Consider a putative 3D Navier-
Stokes singularity in the absence of external forces, constructed from a self-similar Euler singularity
by treating the viscosity as an asymptotic perturbation. With the singular time at t = 0, the
similarity ansatz u(x, t) = (−t)γ−1U(x/(−t)γ ,− log(−t)) carries the viscosity coefficient (−t)1−2γ ,
which tends to zero as t ↑ 0 precisely when γ < 1/2. These are the power laws of Definition 1.1. In
essence, Theorem 1.2 shows what such a construction has to give up in the axisymmetric setting:
the viscous solution cannot remain bounded in C2 in similarity variables, on a fixed ball in the
original variables, no matter what profile it is meant to approach at the blowup time.

Organization of the paper. In Section 2 we record the axisymmetric identities, a regular
annulus obtained from partial regularity, and a transport lemma. In Section 3 we prove the two
ancient-limit lemmas and deduce Proposition 3.1 from them. In Section 4 we give the local regularity
conclusion and the logarithmic examples. In Sections 5 and 6 we prove the regularity statements
for Navier-Stokes solutions and for Euler self-similar profiles under weaker assumptions.

2. Axisymmetric identities and auxiliary results

In this section we record the axisymmetric identities (see e.g. [25, Chapter 10]) and a few
technical lemmas which will be used later in the proof. We decompose the velocity field into its
meridional and swirl components

u = b+ w , b := urer + uzez , w := uθeθ , (2.1)

and note that both b and w are divergence free. For the azimuthal component of the vorticity we
denote

ωθ := (curlu)θ = ∂zur − ∂ruz , Ω :=
ωθ

r
,
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and note that
curl b = ωθeθ .

We refer to Ω as the potential vorticity : denoting ω = curlu we have Ω = ω · ∇θ, which is Ertel’s
potential vorticity associated with the azimuthal angle θ, and θ is materially conserved precisely
when the swirl vanishes.

For a vector field F we write |∇F | to denote the Euclidean norm of the Jacobian matrix, so
that |curlF | ≤

√
2 |∇F |. Lipschitz and Hölder seminorms of rotation-invariant scalars are taken in

the Euclidean distance.

2.1. Axisymmetric identities. For smooth axisymmetric solutions, the meridional projec-
tion of (1.1) is given by

∂tb+ div (b⊗ b) +∇π = ∆b− div (w ⊗ w) , (2.2a)

div b = 0 , (2.2b)

with the swirl velocity contributing the Reynolds stress

div (w ⊗ w) = −
u2θ
r
er . (2.2c)

The swirl velocity uθ and the circulation Γ = ruθ satisfy

∂tuθ + b · ∇uθ +
ur
r
uθ =

(
∆− 1

r2

)
uθ , ∂tΓ + b · ∇Γ =

(
∆− 2

r
∂r

)
Γ . (2.3)

The azimuthal vorticity obeys

∂tωθ + b · ∇ωθ =
(
∆− 1

r2

)
ωθ +

ur
r
ωθ +

1

r
∂z
(
u2θ
)
. (2.4)

Dividing (2.4) by r, and using r−1(∆ − r−2)(rg) = (∆ + 2r−1∂r)g for axisymmetric scalars g, we
obtain

∂tΩ+ b · ∇Ω =
(
∆+

2

r
∂r

)
Ω+ ∂z

(u2θ
r2

)
. (2.5)

We recall the standard fact that near the axis of symmetry, the components of a smooth
axisymmetric vector field u take the form ur = r a(r2, z, t), uθ = r c(r2, z, t), uz = d(r2, z, t) for
some smooth functions a, c, d; thus, Ω and u2θ/r

2 extend smoothly to the axis, and (2.5) holds on
the whole domain.

The following lemma records bounds for Ω in terms of the Hessian of u.

Lemma 2.1 (Pointwise bounds across the axis). Let u be a smooth axisymmetric vector
field, not necessarily a solution of (1.1), defined on an open axisymmetric set U ⊂ R3 which meets
the axis of symmetry.

(a) We have
∣∣ωθ/r

∣∣ ≤ √
2 |∇2u| at every point of U off the axis, where ωθ = ∂zur−∂ruz and |∇2u|

denotes the Euclidean norm of the full tensor (∂i∂juk)i,j,k.
(b) With meridional part b = urer+uzez and swirl part w = uθeθ, we have |∇ju|2 = |∇jb|2+|∇jw|2

pointwise in U for j = 0, 1, 2, and |∇ωθ| ≤
√
2 |∇2u| off the axis. In particular, ωθ, extended by

zero to the axis, is Lipschitz on every open convex set K ⊆ U , with constant
√
2∥∇2u∥L∞(K).

Proof of Lemma 2.1. Every quantity in the lemma is invariant under rotations about the
axis; thus, it suffices to work at a point x0 = (x1, 0, z) ∈ U , with x1 = r > 0. In Cartesian
components, an axisymmetric field F = Frer+Fθeθ+Fzez, with Fr, Fθ, Fz functions of (r, z), reads

F1 = Fr
x1
r

− Fθ
x2
r
, F2 = Fr

x2
r

+ Fθ
x1
r
, Fz = Fz(r, z) . (2.6)
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Differentiating (2.6) and evaluating at x0, we obtain

∂2F1(x0) = −Fθ

r
(x0) . (2.7)

In order to prove item (a), we apply (2.7) to the smooth axisymmetric field F = ω := curlu. On the
half-plane {x2 = 0, x1 > 0}, where u1 = ur and r = x1, by (2.6) we have ω2 = ∂zu1 − ∂1uz = ωθ.
Since ω1 = ∂2uz − ∂zu2, it follows that ωθ/r = −∂2ω1(x0) = ∂2∂zu2 − ∂22uz, and hence∣∣∣ωθ

r

∣∣∣ ≤ √
2
(
|∂2∂zu2|2 + |∂22uz|2

)1/2 ≤ √
2 |∇2u| ,

because the two derivatives are distinct entries of the tensor (∂i∂juk)i,j,k.
In order to prove item (b), let S be the reflection (x1, x2, z) 7→ (x1,−x2, z), which preserves

U . By (2.6), the Cartesian components b = (ur
x1
r , ur

x2
r , uz) and w = (−uθ x2

r , uθ
x1
r , 0) satisfy

b(Sx) = Sb(x) and w(Sx) = −Sw(x) off the axis. Hence b = 1
2

(
u+S u(S ·)

)
and w = 1

2

(
u−S u(S ·)

)
extend smoothly to U , and b1, bz, w2 are even in x2, while b2, w1 are odd. On {x2 = 0}, a derivative
of an even function vanishes when ∂2 occurs in it an odd number of times, and a derivative of an
odd function vanishes when ∂2 occurs an even number of times. Thus, for each component k
and each j ≤ 2, the entries of ∇jbk and of ∇jwk which do not vanish at x0 occupy disjoint
index sets. Therefore, when contracting the tensors we obtain ∇jb : ∇jw = 0 at x0, and thus
|∇ju|2 = |∇jb|2 + |∇jw|2 there. By rotation invariance the identity holds at every point off the
axis, and on the axis by continuity.

We recall that ωθ = ∂zu1 − ∂1uz on the half-plane {x2 = 0, x1 > 0}. Differentiating this
identity along the half-plane, and evaluating at a point x0 = (x1, 0, z) with x1 > 0, we have that
∂1ωθ = ∂1∂zu1 − ∂21uz and ∂zωθ = ∂2zu1 − ∂1∂zuz, while ∂2ωθ = 0 because ωθ is constant on the
circle about the axis through x0, to which e2 is tangent. Thus |∇ωθ(x0)|2 ≤ 2

(
|∂1∂zu1|2+ |∂21uz|2+

|∂2zu1|2 + |∂1∂zuz|2
)
≤ 2|∇2u(x0)|2. The bound holds off the axis by rotation invariance.

Lastly, by item (a) we have |ωθ| ≤
√
2 r |∇2u| off the axis, so that the extension of ωθ by

zero to the axis is continuous on U . Let K ⊂ U be open and convex, let x, y ∈ K, and let
M =

√
2∥∇2u∥L∞(K). If the segment [x, y] lies in the axis, both values vanish. Otherwise the

segment meets the axis in at most one point, ωθ is continuous on [x, y], and C1 with |∇ωθ| ≤ M
off that axis point. The desired bound follows by the mean value theorem, applied on each side of
that point if there is one. □

2.2. A regular annulus and bounded circulation. By partial regularity, there exists a
sphere about the origin which contains no terminal singular point, and on the ball bounded by
this sphere the maximum principle bounds the circulation Γ = ruθ. These statements are used
in the proof as follows: the bounded circulation is what makes the swirl of every limit vanish in
Section 3, and the regular annulus is where the cutoff errors of the enstrophy estimate of Section 4
are supported.

Lemma 2.2 (A regular annulus and bounded local circulation). For every 0 ≤ R1 <
R0 < 1 there exist R1 < R− < R+ < R0 and t0 < 0 such that u and all its spatial derivatives are
bounded on the cylindrical annulus domain {R− < |x| < R+}×(t0, 0). For any fixed R∗ ∈ (R−, R+)
there is a constant CΓ <∞ such that

∥Γ∥L∞(B(R∗)×(t0,0))
≤ CΓ . (2.8)

Proof of Lemma 2.2. Let S0 ⊂ B(R0) be the set of x for which (x, 0) is a singular point. By
partial regularity [1, 12, 11], S0 has zero one-dimensional Hausdorff measure, so that its image
under the Lipschitz map x 7→ |x| has zero Lebesgue measure and we may choose R ∈ (R1, R0)
for which ∂B(R) carries no point of S0. Every point (x, 0) with x ∈ ∂B(R) is regular, so that by
compactness of ∂B(R) there are δ > 0, with R1 < R − δ < R + δ < R0, and t0 < 0 such that u
is bounded on {R − δ < |x| < R + δ} × (t0, 0). We fix R − δ < R− < R+ < R + δ and bound
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all spatial derivatives of u on {R− < |x| < R+} × (t0, 0), uniformly up to time zero, after possibly
increasing t0. For this purpose, we apply the ε-regularity theorem in the form stated by Seregin
and Šverák [20, Lemma 1.2] (see also [6, Lemma 2.2 and Remark 2.3]), which asks that the two
scale-invariant quantities

Cζ(ρ) :=
1

ρ2

∫
Q(ζ,ρ)

|u|3 dx dt , Dζ(ρ) :=
1

ρ2

∫
Q(ζ,ρ)

|π|3/2 dx dt ,

add up to less than a universal constant ε∗ > 0 at a single scale ρ; here we denote spacetime
cylinders by Q(ζ, ρ) := B(x, ρ)× (s−ρ2, s), for ζ = (x, s). Two scales enter, and the order in which
they are fixed is what makes the argument work: first ρ0, using only the supremum of |u| on the
annulus, and then ρ < ρ0, at the value of Dζ(ρ0) that the first choice determines.

Let M := sup{R−δ<|x|<R+δ}×(t0,0) |u|, and let ρ0 ∈ (0, 1], with ρ20 < −t0, be so small that

Q(ζ, ρ0) ⊂ {R − δ < |x| < R + δ} × (t0, 0) for every ζ = (x, s) with R− ≤ |x| ≤ R+ and
t0 + ρ20 < s < 0. For such ζ and 0 < ρ ≤ ρ0 the cylinder Q(ζ, ρ) lies in the region where
|u| ≤ M , so that Cζ(ρ) ≤ 4π

3 M
3ρ30. Using the pressure decay estimate of Seregin and Šverák [20,

Lemma 2.1] (with α = 1
2 , and after a parabolic rescaling of Q(ζ, ρ0) to a unit cylinder), we obtain

that Dζ(ρ) ≤ c( ρ
ρ0
)1/2Dζ(ρ0) + cM3ρ30 for a universal constant c > 0. Neither of the two terms

4π
3 M

3ρ30 and cM3ρ30 depends on ρ, so that both are made small by the choice of ρ0 alone, which
depends only on M , on c, and on ε∗; this is the first choice, and it fixes ρ0. Once ρ0 is fixed,

Dζ(ρ0) is bounded uniformly in ζ, since Dζ(ρ0) ≤ ρ−2
0 ∥π∥3/2

L3/2(Q)
, and the one term which remains,

c( ρ
ρ0
)1/2Dζ(ρ0), is made small by letting ρ < ρ0 be sufficiently small; this is the second choice. The

two cannot be made in the other order, because the bound on Dζ(ρ0) degenerates as ρ0 → 0. We
thus obtain Cζ(ρ) + Dζ(ρ) < ε∗ for every ζ = (x, s) with R− ≤ |x| ≤ R+ and t0 + ρ20 < s < 0.

Therefore, by ε-regularity we have |∇ku(x, s)| ≤ ckρ
−k−1 for all k ≥ 0 with universal constants ck,

for all R− ≤ |x| ≤ R+, and all t0 + ρ20 < s < 0; replacing t0 by t0 + ρ20 gives the desired bounds on
the cylindrical annulus.

We fix R∗ ∈ (R−, R+). By (2.3), the circulation Γ satisfies a drift-diffusion equation with
no zeroth order term, and it vanishes on the axis. For every s < 0, the maximum principle on
B(R∗) × [t0, s], where Γ is smooth, bounds |Γ| by its values at time t0 and on ∂B(R∗) × (t0, s).
The former are bounded since u is smooth at time t0, the latter by R∗ times the bound on u in the
annulus; neither bound depends on s. Although the coefficient 2r−1 of ∂rΓ in (2.3) is singular on
the axis, Γ vanishes there, so that a positive maximum or a negative minimum of Γ which is not
attained on the parabolic boundary is attained off the axis, where the classical argument applies.
Letting s ↑ 0, we obtain (2.8). □

2.3. Transport. In our proof we argue that certain limits of the vorticity obtained by zooming
in solve in the weak sense a transport equation whose drift is itself only a weak-∗ limit. For this
purpose, we recall that for a divergence free drift which is bounded and Lipschitz in space on com-
pact sets, with a Lipschitz constant which is locally integrable in time, a continuous distributional
solution of the transport equation is constant along the characteristics of the drift. We state here
a version adapted to our setting:

Lemma 2.3 (Constancy along characteristics). Let U ⊂ R3 × (−∞,−1] be relatively open.
Let B : U → R3 be bounded on compact sets, measurable in τ , Lipschitz in y on compact sets with a
Lipschitz constant λ(τ) which is locally integrable in time, and divergence free in y for almost every
τ . Let Λ: U → R be a continuous weak solution of the transport equation ∂τΛ + divy(BΛ) = 0 in
the interior of U .2 Let X : (−∞,−1] → R3 be absolutely continuous on compact subintervals, with

2That is,
∫
U Λ

(
∂τφ+B · ∇φ

)
dy dτ = 0 for every φ ∈ C∞

0 (intU).
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Ẋ(τ) = B(X(τ), τ) for almost every τ , and suppose that {(X(τ), τ) : τ0 ≤ τ ≤ −1} is a compact
subset of U for every τ0 < −1. Then τ 7→ Λ(X(τ), τ) is constant on (−∞,−1].

The proof of the above result is standard: with the notation of Lemma 2.3, it mollifies the
solution in space, bounds the commutator of DiPerna and Lions [5, Lemma II.1] uniformly on
compact sets by a constant multiple of λ(τ) times the modulus of continuity of Λ at the mollification
scale (this uses the continuity of Λ), and integrates the mollified equation in time along X. This
commutator bound is written out, in a stationary setting, in Step 3 of the proof of Proposition 6.1.
We omit further details.

3. Ancient limits at the Euler length

In this section we construct ancient limits at the Euler length, and use them to prove that on a
fixed ball the meridional gradient becomes small compared with the scale-invariant bound C1/(−t),
which our hypotheses give directly, see (3.3) below. In Section 4 we show that this smallness implies
regularity, and thus Theorem 1.2.

Proposition 3.1 (Smallness of the meridional gradient). Let ℓ be an Euler length, in the
sense of Definition 1.1, and assume that the bounds (1.4) hold for all t ∈ (−1, 0). Then

lim
t↑0

(−t) ∥∇b(·, t)∥L∞(B(1/2)) = 0 . (3.1)

We prove Proposition 3.1 by contradiction. If (3.1) fails, there are times tn ↑ 0 and points
xn ∈ B(1/2) at which (−tn)|∇b(xn, tn)| stays bounded away from zero. We zoom in at time tn
about a base point built from xn, in space using the Euler length ℓ(tn), and in time using |tn| itself.
Our goal is to analyze the ancient limits of the rescaled solution. A priori these limits are not
known to solve the Euler equations in their momentum form: at a length larger than the parabolic
one the pressure is not controlled after the zoom-in, so that we cannot pass to the limit in the
momentum equation. Instead, we pass to the limit in the vorticity equation.

Two facts make analyzing the limit tractable, and both were described in Section 1.3: by
Lemma 2.2 the circulation is bounded on a fixed ball, and a bounded circulation is subcritical for
this rescaling by (1.2c), so that the swirl of every limit vanishes together with the swirl source
∂z(u

2
θ/r

2) of (2.5); and Lemma 2.3 makes the limiting vorticity constant along the backward char-
acteristics of the limiting drift, so that the bound C/|τ | it inherits from (1.4) forces it to vanish. The
two eliminations, first of the circulation and then of the potential vorticity, each along backward
meridional trajectories, are the main idea of the proof of [4, Theorem 4.5]. Here the circulation
is eliminated instead by the rescaling, as observed for the ancient limits of an Euler scaling by
Seregin [17, Section 2]. What is new here is that the potential vorticity is transported along the
trajectories of a time-dependent field which is only a weak-∗ limit, for which the transport equation
holds only weakly and only off the axis (we keep these trajectories off the axis through a quantita-
tive lower bound on their distance to it), and that the potential vorticity vanishes because of the
bound C/|τ | inherited from (1.4), rather than because of an exponential weight as in [4].

The main result of the construction is the pair of Lemmas 3.2 and 3.3: along a subsequence, the
rescaled azimuthal vorticity converges locally uniformly to a limit which vanishes at τ = −1, and
the rescaled meridional velocity at τ = −1 converges in C1 on compact sets to a field which is curl
free, divergence free, and bounded on all of R3. Thus each component is bounded and harmonic,
hence constant by Liouville’s theorem. The selection of the points xn forces the gradient of this
limit to be bounded away from zero at one point, which provides the desired contradiction. In
Section 3.1 we define the zoom-in and record the bounds it inherits from (1.4), in Section 3.2 we
prove the two lemmas, and in Section 3.3 we select the sequences tn and xn and complete the proof
of Proposition 3.1.
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3.1. The rescaled fields and bounds uniform in the zoom-in. Throughout this subsec-
tion we assume that ℓ is an Euler length and that the bounds in (1.4) hold at every t ∈ (−1, 0).
We take T1 ∈ (0, 1] so small that

ℓ(t) ≤ 1

4
(−T1 < t < 0) . (3.2)

Applying Taylor’s formula along segments of length ℓ(t) inside B(1), we deduce from (1.4), (3.2),
and Lemma 2.1(b) that for t ∈ (−T1, 0)

∥∇b(·, t)∥L∞(B(3/4)) ≤
C1

(−t)
, C1 :=

√
3
(
2C0 +

C2

2

)
. (3.3)

Note that the length scale ℓ cancels in this balance, so that the two hypotheses in (1.4) interpolate
to a gradient of the scale-invariant size 1/(−t), whatever ℓ is. Lemma 2.1(a) in addition gives

∥Ω(·, t)∥L∞(B(1)) ≤
√
2C2

(−t)ℓ(t)
. (3.4)

We consider a sequence tn ↑ 0 with tn ∈ (−T1, 0), and we let

ℓn := ℓ(tn) , εn :=
(−tn)
ℓ2n

,

so that εn → 0 by (1.2c). We also let an ∈ R3 be such that |an| < 1
2 ; we call an the base point of

the zoom, since (3.5) below rescales about the point an. The sequences {tn}n≥1 and {an}n≥1 are
arbitrary both here and in Section 3.2; only in the proof of Proposition 3.1 do we build them from
times and points at which the contradiction ansatz (3.19) holds.

Upon recalling the decomposition u = b+ w from (2.1), we define

Bn(y, τ) =
(−tn)
ℓn

b
(
an + ℓny, tn|τ |

)
, (3.5a)

Zn(y, τ) =
(−tn)
ℓn

w
(
an + ℓny, tn|τ |

)
, (3.5b)

Pn(y, τ) =
(−tn)2

ℓ2n
π
(
an + ℓny, tn|τ |

)
, (3.5c)

Θn(y, τ) = (−tn)ωθ

(
an + ℓny, tn|τ |

)
, (3.5d)

for all τ < 0 with (−tn)|τ | < 1 and all y ∈ Dn, where

Dn := {y : an + ℓny ∈ B(1)} = B
(
− an

ℓn
, 1
ℓn

)
.

These are exactly the (y, τ) for which an + ℓny ∈ B(1) and tn|τ | ∈ (−1, 0), so that the right sides

of (3.5) are well-defined. We also introduce a smaller ball D♭
n ⊂ Dn, defined as

D♭
n := {y : an + ℓny ∈ B(3/4)} = B

(
− an

ℓn
, 3
4ℓn

)
.

See Figure 1. This smaller ball plays no role in definition (3.5); instead, this is the set on which
the gradient bound (3.3) is available after the zoom (see (3.8c) below). Since |an| < 1

2 , we have

D♭
n ⊃ B(ρn) with ρn := 1

4ℓn
→ ∞, so that every compact subset of R3 is contained in D♭

n for all n
sufficiently large.

With the definitions in (3.5), we return to (2.2) and obtain that

∂τBn + div (Bn ⊗Bn) +∇Pn = εn∆Bn − div (Zn ⊗ Zn) , (3.6a)

divBn = 0 , (3.6b)

holds on Dn. We set

Ln(τ) =
ℓ(tn|τ |)
ℓn

=
ℓ(tn|τ |)
ℓ(tn)

,
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{y′ = 0}

Dn

D♭
n

1/ℓn 3/(4ℓn)

−an/ℓn

|an|/ℓn

B(ρn)

y = 0

y∗n

(a) finite axis

{y′ = −a′n/ℓn}

Dn

D♭
n

1/ℓn 3/(4ℓn)

−an/ℓn

dn = rn/ℓn

B(ρn)

y = y∗n = 0

(b) receding axis

D♭
n: all of the bounds (3.8a)–(3.8e), on compact sets and for n large

Dn \ D♭
n: the bounds (3.8a), (3.8b), and (3.8d)

Figure 1. The domains Dn and D♭
n are centered at −an/ℓn, with radii 1/ℓn and 3/(4ℓn). The

dashed line is the rescaled axis. In (a), y = 0 lies on the axis and the image y∗
n of the selected point,

defined in Section 3.3, remains at bounded distance from it. In (b), y∗
n = 0 and the axis recedes.

The dotted ball B(ρn) is centered at y = 0, and its radius ρn = 1/(4ℓn) tends to infinity.

so that Ln(−1) = 1. For τ ≤ −1, the monotonicity of ℓ gives Ln(τ) ≥ 1, and the doubling condition
in (1.2a) gives

1 ≤ Ln(τ) ≤ CT := D⌈log2 T ⌉ , for all τ ∈ [−T,−1] , (3.7)

once 2⌈log2 T ⌉(−tn) < 1, which is what the iteration requires.
We now change variables in (1.4), (2.8), (3.3), and in (3.4), and we obtain, for every compact

set of (y, τ) with τ ≤ −1 and all n large depending on it,

max
{
|Bn(y, τ)|, |Zn(y, τ)|

}
≤ C0Ln(τ)

|τ |
, y ∈ Dn , (3.8a)

|∇2Bn(y, τ)| ≤
C2

|τ |Ln(τ)
≤ C2

|τ |
, y ∈ Dn , (3.8b)

|∇Bn(y, τ)| ≤
C1

|τ |
, y ∈ D♭

n , (3.8c)

|Ωn(y, τ)| ≤
√
2C2

|τ |Ln(τ)
≤

√
2C2

|τ |
, y ∈ Dn , (3.8d)

Rn(y) |Zn(y, τ)| ≤ CΓεn , y ∈ D♭
n , (3.8e)

where

Rn(y) :=
|a′n + ℓny

′|
ℓn
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is the rescaled distance to the original axis, and we have defined

Ωn(y, τ) :=
Θn(y, τ)

Rn(y)
= (−tn)ℓnΩ

(
an + ℓny, tn|τ |

)
. (3.9)

Since Rn(y)|Zn(y, τ)| = εn|Γ(an + ℓny, tn|τ |)|, the bound (3.8e) is precisely estimate (2.8). Here
Lemma 2.2 is applied with R1 = 3/4, some R0 ∈ (3/4, 1), R∗ ∈ (R−, R+), and t0 < 0, so that

an + ℓny ∈ B(3/4) ⊂ B(R∗) for all y ∈ D♭
n; the time tn|τ | lies in (t0, 0) for all n large depending on

τ , because tn → 0.
We note that the base points an occur in two configurations, according to their position relative

to the axis of symmetry:

• In the finite-axis configuration an lies on the axis, so that Rn(y) = |y′|. The quotient Ωn =
(curlBn)θ/|y′| is the potential vorticity of Bn with respect to the rescaled axis {y′ = 0}.

• In the receding-axis configuration dn := rn/ℓn → ∞, where rn := |a′n|. Then Rn(y) ≥ dn−|y′|,
and we do not use the quotient Ωn. After a rotation about the axis, we identify a′n = (rn, 0).

3.2. Two ancient-limit lemmas. Lemmas 3.2 and 3.3 below are at the heart of the limit
argument. They differ in whether the axis is present in the limit, and in which scalar we transport;
everything else is common to them.

Lemma 3.2 (Ancient limits, the axis present). Let tn, an, and the fields (3.5) be as in
Section 3.1, with every an lying on the axis of symmetry. Define O := R3 × (−∞,−1], and let
L̄ : (−∞,−1] → [1,∞) be non-decreasing in |τ |, bounded on bounded sets, and such that

lim sup
n→∞

sup
−T≤τ≤−1

Ln(τ)

L̄(τ)
≤ 1 for every T > 1 . (3.10)

Then, there exists a continuous Θ: O → R, with |Θ(y, τ)| ≤
√
2C1/|τ | on O, and

Θ(·,−1) = 0 on R3 , (3.11)

such that after passing to a subsequence we have

Θn −→ Θ uniformly on compact subsets of O . (3.12)

Moreover, along a further subsequence, Bn(·,−1) → B∗ in C1 on compact subsets of R3, where B∗

is divergence free, curl free, and bounded by C0, so that each of its components is harmonic.

Lemma 3.3 (Ancient limits, the axis receding). Let tn, an, and the fields (3.5) be as in
Section 3.1, with a′n = (rn, 0) and dn = rn/ℓn → ∞. Let O and L̄ be as in Lemma 3.2. Then the
conclusions of Lemma 3.2 all hold.

Proof of Lemma 3.2. For convenience, we break down the argument into five steps.
Step 1: compactness of the azimuthal vorticity. Since curl b = ωθeθ, by (3.5) we have that

curlBn(y, τ) = Θn(y, τ) eθ(y)

for all y off the axis. Here we have used that eθ(an + ℓny) = eθ(y) because an lies on the axis. For
y on the axis, both Θn and curlBn vanish, and we deduce that

|curlBn| = |Θn|
holds at every point of Dn. Since |curlBn| ≤

√
2 |∇Bn|, the bound (3.8c) gives |curlBn| ≤√

2C1/|τ | ≤
√
2C1 on every compact subset of O, for all n large depending on the set. The

bound (3.8b) makes curlBn Lipschitz in y, with constant
√
2C2, on every closed ball contained

in Dn. By Lemma 2.1(b) applied to u(·, t) on the convex axisymmetric ball B(1), and using the
change of variables in (3.5), the scalars Θn(·, τ) are Lipschitz on Dn with the same constant

√
2C2.

We use both Lipschitz bounds only on the closed balls appearing in the next paragraph.
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Taking the curl of (3.6), we obtain for every ȳ ∈ R3, ρ > 0, τa < τb ≤ −1, 1 < p < ∞, and all
n large depending on these,

∥∂τcurlBn∥L∞(τa,τb;W−2,p(B(ȳ,ρ))) ≤ Cτa,ρ,p .

Here W−2,p(B(ȳ, ρ)) denotes the dual of W 2,p′

0 (B(ȳ, ρ)), and we used the fact that the quadratic
terms are two derivatives of tensor fields bounded by (3.8a), the viscous term is εn∆curlBn with

curlBn and εn bounded, and the pressure term is gone. Since the embedding C0,1(B(ȳ, ρ)) ↪→
C0(B(ȳ, ρ)) is compact and C0(B(ȳ, ρ)) embeds continuously and injectively into W−2,p(B(ȳ, ρ)),
a standard compactness argument gives, for every η > 0, a constant Cη with

∥F∥
C0(B(ȳ,ρ))

≤ η ∥F∥
C0,1(B(ȳ,ρ))

+ Cη ∥F∥W−2,p(B(ȳ,ρ)) for all F ∈ C0,1(B(ȳ, ρ)) .

Applying this bound to F = curlBn(τ)−curlBn(τ
′), using (3.8b), (3.8c), and the previous estimate

for ∂τcurlBn, we find that the maps τ 7→ curlBn(τ) are equicontinuous with values in C0(B(ȳ, ρ)).
The unit vector eθ(an + ℓny) does not depend on τ , so that the scalars Θn are equicontinuous
in τ as well, and they are equicontinuous in y by the Lipschitz bound recorded in the previous
paragraph. Every compact subset of O lies in one such product, being bounded in y and in τ , and
O is the union of the products B(0, k)× [−k,−1] with k ≥ 1; applying the Arzelà-Ascoli theorem
on each of these and extracting diagonally, we obtain (3.12), where Θ is continuous on O. The
bound |Θ(y, τ)| ≤

√
2C1/|τ | is inherited from (3.8c).

The quotients Ωn = Θn/|y′| converge uniformly on compact subsets of O ∩ {y′ ̸= 0} to Ω∞ :=
Θ/|y′|, and by (3.8d) we have

|Ω∞(y, τ)| ≤
√
2C2

|τ |
.

Step 2: the limiting meridional velocity. By (3.8a) and (3.8c), the fields Bn and ∇Bn are
bounded on every compact subset of O. After a further diagonal extraction we have Bn ⇀ B and
∇Bn ⇀ ∇B weakly-∗ in L∞ on every such set, with ∇B the distributional spatial gradient of B.
The limit satisfies divB = 0, curlB = Θ eθ, and due to (3.8c), (3.8a), and (3.10) it obeys

|∇B(y, τ)| ≤ C1

|τ |
, |B(y, τ)| ≤ C0 L̄(τ)

|τ |
for almost every (y, τ) ∈ O . (3.13)

Since B is defined only up to a null set, for almost every τ we replace B(·, τ) by its continuous
representative, which is divergence free, Lipschitz on R3 with constant C1/|τ |, and bounded by
C0L̄(τ)/|τ | at every y ∈ R3. On the exceptional null set of times we set B(·, τ) = 0. The resulting
field is continuous in y at every τ by construction, and measurable in τ at every y. The Carathéodory
solutions of Ẋ(τ) = B(X(τ), τ), that is, the absolutely continuous X which satisfy the equation in
integral form, do not see the exceptional set. The fields Bn are axisymmetric and swirl free, and
thus so is B. Since B is continuous in y, its radial component Br vanishes on the axis, and the
Lipschitz bound gives |Br(y, τ)| ≤ C1|y′|/|τ |.

Step 3: the transport equation for the potential vorticity. From (2.5), the change of vari-
ables (3.5), and divBn = 0, we obtain that the potential vorticity Ωn satisfies

∂τΩn + div
(
BnΩn

)
= εn

(
∆+

2

|y′|
∂|y′|

)
Ωn + ∂z

( |Zn|2

|y′|2
)

on {y ∈ Dn, y
′ ̸= 0} . (3.14)

We fix φ ∈ C∞
0 compactly supported in the interior of O∩{y′ ̸= 0} and test (3.14) against φ. For all

large enough n, we have supp (φ) ⊂ D♭
n. The viscous term contributes at most εn ∥Ωn∥L∞

∫
(|∆φ|+

2|y′|−1|∂|y′|φ|), which tends to zero as n → ∞ in light of (3.8d). The swirl source contributes

−
∫
|y′|−2|Zn|2∂zφ, which tends to zero as n → ∞ because |Zn| ≤ CΓεn/|y′| on the support of φ
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by (3.8e). For the drift term, we have Ωn∇φ → Ω∞∇φ in L1 by Step 1, and Bn ⇀ B weakly-∗ in
L∞ by Step 2. Passing n→ ∞ we therefore obtain∫

O∩{y′ ̸=0}
Ω∞
(
∂τφ+B · ∇φ

)
dy dτ = 0 , (3.15)

for every φ ∈ C∞
0 compactly supported in the interior of O ∩ {y′ ̸= 0}. In (3.15) the transported

function Ω∞ is continuous and bounded on its domain, and the velocity is bounded on compact
subsets of O, divergence free, measurable in time, and Lipschitz in space on compact sets.

Step 4: characteristics and the vanishing of the limit vorticity. We fix a point y0 ∈ R3 off
the axis. Since B(·, τ) is Lipschitz on R3 with constant C1/|τ | and is bounded by C0L̄(τ)/|τ |, the
equation Ẋ(τ) = B(X(τ), τ) with X(−1) = y0 has a unique solution X on (−∞,−1], absolutely
continuous on compact subintervals. In order to apply Lemma 2.3 on U := O ∩ {y′ ̸= 0}, we need
the graph of X over [τ0,−1] to be a compact subset of U for every τ0 < −1. This follows from two
a priori bounds. First, the velocity bound in (3.13) gives

|X(τ)| ≤ |y0|+ C0

∫ −1

τ

L̄(τ̄)

|τ̄ |
dτ̄ , (3.16)

whose right side is finite on [τ0,−1], since L̄ is bounded on bounded sets. The path’s distance
to the axis, denoted by ϱ(τ) := |X ′(τ)|, is absolutely continuous. Since B is swirl free with
|B′(y, τ)| = |Br(y, τ)| ≤ C1|y′|/|τ | by Step 2, it follows that |ϱ̇| ≤ |B′(X, τ)| ≤ C1ϱ/|τ | almost
everywhere. Grönwall’s inequality on [τ,−1] then yields ϱ(−1) ≤ ϱ(τ) |τ |C1 , that is,

ϱ(τ) ≥ |y′0| |τ |−C1 , for τ ≤ −1 .

Hence, the graph of X over [τ0,−1] lies in {(y, τ) : τ0 ≤ τ ≤ −1, |y| ≤ M(τ0), |y′| ≥ |y′0| |τ0|−C1},
where M(τ0) is the right side of (3.16) evaluated at τ = τ0; this is a compact subset of U .

By (3.15) and Step 2, the pair (Ω∞, B) on U = O ∩ {y′ ̸= 0} satisfies the hypotheses of
Lemma 2.3, with λ(τ) = C1/|τ |. From the last estimate in Step 1, we therefore have

|Ω∞(y0,−1)| = lim
τ→−∞

|Ω∞(X(τ), τ)| ≤ lim
τ→−∞

√
2C2

|τ |
= 0 ,

which implies Ω∞(·,−1) = 0 on {y ∈ R3 : |y′| > 0}. This proves (3.11), since Θ(·,−1) =
|y′|Ω∞(·,−1) off the axis and Θ is continuous.

Step 5: extracting the limit at the terminal time. Being a weak-∗ limit in L∞ of the sequence
Bn (see Step 2 ), the field B is determined only up to null sets of O, and the slice {τ = −1} is one.
In order to obtain a limit for the fields Bn(·,−1), we appeal to a compactness argument rooted
in the convergence of the curl of these fields to Θeθ (see Step 1 ). By (3.8a), (3.8b), and (3.8c) at
τ = −1, where Ln(−1) = 1, the fields Bn(·,−1) are bounded in C1,1 on every compact subset of
R3 and satisfy |Bn(·,−1)| ≤ C0 there. Passing to a further subsequence, we obtain Bn(·,−1) → B∗

in C1 on compact subsets of R3. It automatically holds that divB∗ = 0 and |B∗| ≤ C0. This
subsequence refines the one of Step 1, and |curlBn| = |Θn| pointwise, so that |curlB∗| = |Θ(·,−1)|.
Due to (3.11) we thus obtain also curlB∗ = 0. By elliptic regularity B∗ is smooth and each of its
components is harmonic. □

Proof of Lemma 3.3. We follow the five steps of the proof of Lemma 3.2, and we only record
the necessary changes.

Step 1: compactness of the azimuthal vorticity. Since curl b = ωθeθ, by (3.5) we now have

curlBn(y, τ) = Θn(y, τ) eθ(an + ℓny)

wherever Rn(y) = |a′n+ ℓny′|/ℓn > 0. Since an does not lie on the symmetry axis we cannot equate
eθ(an + ℓny) with eθ(y); however, because dn → ∞ and a′n = (rn, 0) we have eθ(an + ℓny) → e2
uniformly on compact subsets of R3. Since Rn(y) ≥ rn/ℓn − |y′| ≥ dn − |y|, we deduce that
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|curlBn| = |Θn| on every compact subset of R3, for all n large depending on the set. The bounds
on curlBn and on Θn, the negative-norm estimate for ∂τcurlBn, and the compactness argument
of Step 1 of the proof of Lemma 3.2 apply verbatim, and give (3.12), where Θ is continuous on O
with |Θ(y, τ)| ≤

√
2C1/|τ |. Here we do not consider the limit of the potential vorticities Ωn.

Step 2: the limiting meridional velocity. Exactly as in Step 2 of the proof of Lemma 3.2, after
a further diagonal extraction we have Bn ⇀ B and ∇Bn ⇀ ∇B weakly-∗ in L∞ on every compact
subset of O, the limit satisfies divB = 0, curlB = Θ e2, and the bounds in (3.13). We fix a
representative in the same way.

Step 3: the transport equation for the azimuthal vorticity. In this proof we transport Θn itself.
From (2.4) and the change of variables (3.5) we obtain

∂τΘn +Bn · ∇Θn =
(Bn)r
Rn

Θn +
1

Rn
∂z
(
|Zn|2

)
+ εn

(
∆− 1

R2
n

)
Θn on {y ∈ Dn : Rn(y) > 0} ,

(3.17)

where (Bn)r is the radial component with respect to the original axis. We fix φ ∈ C∞
0 compactly

supported in the interior of O and test (3.17) against φ. On suppφ we have Rn(y) ≥ dn−|y| → ∞
and |∂z(φ/Rn)| ≤ C/(dn − |y|), so that every term on the right side tends to zero as n → ∞, by
the vanishing εn → 0 and the bounds (3.8a) and (3.8c) on Bn, Zn, and Θn. Here the receding axis,
namely the fact that Rn(y) → ∞, plays the same role as the circulation bound in Step 3 of the
proof of Lemma 3.2: it removes the stretching term and the swirl source, while the viscous terms
vanish because εn → 0. Passing n→ ∞ in the drift term as in that step, we obtain∫

O
Θ
(
∂τφ+B · ∇φ

)
dy dτ = 0 , (3.18)

for every φ ∈ C∞
0 compactly supported in the interior of O. Here too the transported function

is continuous and bounded on its domain, and the velocity is bounded on compact subsets of O,
divergence free, measurable in time, and Lipschitz in space on compact sets.

Step 4: characteristics and the vanishing of the limit vorticity. We fix a point y0 ∈ R3. As in
Step 4 of the proof of Lemma 3.2, the equation Ẋ(τ) = B(X(τ), τ) with X(−1) = y0 has a unique
solution X on (−∞,−1], absolutely continuous on compact subintervals, and the displacement
bound (3.16) holds. Since here U = O, that bound alone confines the graph of X over [τ0,−1] to
a compact subset of U , and we need no lower bound on the distance to the axis. By (3.18) and
Step 2, the pair (Θ, B) satisfies the hypotheses of Lemma 2.3, with λ(τ) = C1/|τ |, so that

|Θ(y0,−1)| = lim
τ→−∞

|Θ(X(τ), τ)| ≤ lim
τ→−∞

√
2C1

|τ |
= 0 ,

which proves (3.11).
Step 5: extracting the limit at the terminal time. As in Step 5 of the proof of Lemma 3.2, the

weak-∗ convergence to the field B gives no limit for the fields Bn(·,−1). By (3.8a), (3.8b), and (3.8c)
at τ = −1, where Ln(−1) = 1, the fields Bn(·,−1) are bounded in C1,1 on every compact subset of
R3 and satisfy |Bn(·,−1)| ≤ C0 there. Passing to a further subsequence, we obtain Bn(·,−1) → B∗

in C1 on compact subsets of R3, with divB∗ = 0 and |B∗| ≤ C0. This subsequence refines the one
of Step 1. Since |curlBn| = |Θn| on compact sets for n large, we obtain |curlB∗| = |Θ(·,−1)|, which
vanishes by (3.11). By elliptic regularity B∗ is smooth and each of its components is harmonic. □

3.3. Proof of Proposition 3.1. Since ℓ(t) → 0, we may fix T1 ∈ (0, 1] for which (3.2) holds,
so that the fields and the bounds of Section 3.1 are available. In particular, (3.3) shows that
supt∈(−T1,0)(−t) ∥∇b(·, t)∥L∞(B(1/2)) ≤ C1.
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Suppose by contradiction that (3.1) fails. Then there exist c0 > 0, times tn ↑ 0 with tn ∈
(−T1, 0), and points xn ∈ B(1/2) with

(−tn)|∇b(xn, tn)| ≥ c0 . (3.19)

By rotational invariance we may without loss of generality take x′n = (rn, 0). Recall that ℓn = ℓ(tn).
After passing to a subsequence, either rn/ℓn is bounded (finite-axis), or rn/ℓn → ∞ (receding-axis).
These are the two configurations discussed in Section 3.1, and we choose the points an from (3.5)
accordingly: in the finite-axis configuration we define an := (0, 0, xn · ez), while in the receding-axis
configuration we define an := xn. In both cases |an| ≤ |xn| < 1

2 , and the image y∗n := (xn − an)/ℓn
of xn under the zoom-in from (3.5) is (rn/ℓn, 0, 0) and (0, 0, 0) respectively, hence bounded.

In terms of the doubling constant D ≥ 1 from (1.2a), we define L̄ : (−∞,−1] → [1,∞) by

L̄(τ) := D⌈log2 |τ |⌉ .

This function is non-decreasing in |τ | and satisfies L̄(τ) ≤ CT for −T ≤ τ ≤ −1, with CT as
in (3.7). By monotonicity and doubling, Ln(τ) ≤ Dk for all τ ∈ [−2k,−2k−1) ∩ [−T,−1] and
0 ≤ k ≤ ⌈log2 T ⌉, for all large n (depending on T ). Therefore, Ln ≤ L̄ on [−T,−1] for every T > 1,
and all n large enough depending on T . Thus, we have verified assumption (3.10).

We apply Lemma 3.2 in the finite-axis configuration and Lemma 3.3 in the receding-axis con-
figuration. In both cases, along a subsequence Bn(·,−1) → B∗ in C1 on compact subsets of R3,
with each component of B∗ being harmonic. Moreover, |B∗| ≤ C0. A bounded harmonic function
on R3 is constant, and thus ∇B∗ ≡ 0.

Since y∗n is bounded, after passing to a further subsequence we have y∗n → y∗. Differentiat-
ing (3.5), we obtain ∇Bn(y

∗
n,−1) = (−tn)∇b(xn, tn), and since ∇Bn(·,−1) → ∇B∗ uniformly on

compact sets, passing to the limit in (3.19) yields |∇B∗(y∗)| ≥ c0. This contradicts ∇B∗ ≡ 0, and
Proposition 3.1 is proved. □

4. The local regularity conclusion

In this section we use the asymptotic vanishing statement (1.5) (which for ρ0 = 1/2 is (3.1)) to
prove regularity of the flow on a smaller fixed ball, which completes the proof of Theorem 1.2.

Proposition 4.1 (Smallness of (−t) ∥∇b(·, t)∥L∞ implies regularity). Suppose that (1.5)
holds for some ρ0 ∈ (0, 1). Then (0, 0) is a regular point.

Proof of Proposition 4.1. We fix a regular annulus for u inside B(ρ0), as in Lemma 2.2; we
also fix the time t0 and the radii R− < R+ this lemma supplies, together with an R∗ ∈ (R−, R+).
Let χ be a smooth radial cutoff supported in B(R∗), equal to one on B(ρ) for some ρ ∈ (R−, R∗),
so that the derivatives of χ are supported in the regular annulus {R− < |x| < R+} of u.

We write G(t) = ∥∇b(·, t)∥L∞(B(ρ0))
, and for each η > 0 we fix tη ∈ (t0, 0) so close to zero that

G(t) ≤ η

(−t)
on (tη, 0) . (4.1)

Note that since the radial component br = ur of b vanishes on the axis we have |br/r| ≤ G. Moreover,
the azimuthal velocity uθ vanishes on the axis of symmetry, is bounded on ∂B(R∗) × (t0, 0) and
on the initial time-slice B(R∗) × {tη}. From the swirl equation (2.3) we have that the function
ψ = (−t)ηuθ satisfies

∂tψ + b · ∇ψ −∆ψ +
(
r−2 +

br
r
+

η

(−t)

)
ψ = 0 .

Since |br/r| ≤ G(t) ≤ η/(−t), the zeroth order coefficient satisfies

r−2 +
br
r
+

η

(−t)
≥ r−2 ≥ 0
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on B(R∗) × (tη, 0). Although the coefficient r−2 is singular on the axis, ψ vanishes there, since
uθ does, so that a positive maximum or a negative minimum of ψ which is not attained on the
parabolic boundary is attained off the axis, where the classical argument applies. Applying the
maximum principle, we obtain a constant Cη > 0 such that |ψ| ≤ Cη on B(R∗) × (tη, 0), and
therefore

W (t) := ∥uθ(·, t)∥L∞(B(R∗))
= ∥w(·, t)∥L∞(B(R∗))

≤ Cη(−t)−η . (4.2)

We let
Y (t) = ∥χω(·, t)∥2L2 , M(t) = ∥χ∇ω(·, t)∥2L2 ,

where as usual, ω = curlu. Taking the curl of (1.1), and splitting the advecting velocity as u = b+w
(cf. (2.1)), we obtain

∂tω −∆ω + curl
(
(b · ∇)u

)
+ curl

(
(w · ∇)u

)
= 0 .

We test this equation against χ2ω. Because u and all its spatial derivatives are bounded on the
regular annulus, and thus on supp (∇χ), every term in which a derivative falls on χ is bounded
by a constant depending only on χ and the u-bounds. The diffusion term therefore yields M up
to such an a priori bounded term. For the nonlinear contribution from the meridional term, since
div b = 0 we have the identity(

curl
(
(b · ∇)u

))
i
= ∂j(bjωi) + εikℓ(∂kbj)(∂juℓ) ,

where εikℓ is the Levi-Civita symbol. By the definitions of G and Y , the second term is bounded
by G ∥χ∇u∥L2 Y 1/2. The first term contributes only a priori bounded terms which contain ∇χ
because div b = 0 implies

∫
∂j(bjωi)ωiχ

2 = −1
2

∫
b ·∇|ω|2χ2−2

∫
b ·∇χ|ω|2χ = −

∫
b ·∇χ|ω|2χ. For

the contribution from the nonlinear swirl term, we move the curl onto χ2ω, and by the definition
of W this contributes an a priori bounded term and a term bounded by 2W ∥χ∇u∥L2 M1/2. We
have thus shown that there exists C ≥ 1, which depends on the bounds of u and its derivatives on
the regular annulus, such that

1

2

d

dt
Y +M ≤ G ∥χ∇u∥L2 Y

1/2 + 2W ∥χ∇u∥L2 M
1/2 + C .

It remains to bound ∥χ∇u∥L2 . The whole-space div-curl identity, applied to the compactly sup-
ported field χu, together with div u = 0, gives

∥∇(χu)∥2L2 ≤ C(Y + 1) ,

upon possibly enlarging the constant C; since ∇χ is supported in the regular annulus, the same
bound holds for ∥χ∇u∥2L2 . Absorbing M1/2 into the dissipation by Young’s inequality, we arrive at

d

dt
Y +M ≤ C∗

(
G+W 2 + 1

)
(Y + 1) , (4.3)

for a constant C∗ ≥ 1.
At this point we fix η = 1/(16C∗) ≤ 1/16; this choice is permissible because C∗ depends only

on the cutoff χ and on the bounds on u on the regular annulus, and these were fixed before η was
chosen. Combining (4.3) with the bounds in (4.1) and (4.2), with the above choice of η we obtain
from Grönwall’s inequality that

Y (t) ≤ (Y (tη) + 1) exp

(∫ t

tη

( C∗η

(−s)
+

C∗C
2
η

(−s)2η
+ C∗

)
ds

)
≤ C ′

η(−t)−C∗η

for all t ∈ (tη, 0), for a suitable constant C ′
η > 0. The div-curl estimate above and the homogeneous

Sobolev inequality therefore give

∥u(·, t)∥L6(B(ρ)) ≤ ∥χu(·, t)∥L6(R3) ≤ C ′′
η (−t)−C∗η/2 ,
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for all t ∈ (tη, 0). Here B(ρ) is the fixed ball on which χ ≡ 1. Since 2C∗η = 1/8 < 1, the above
bound implies a local Ladyzhenskaya-Prodi-Serrin regularity condition (cf. Serrin [22] for u ∈ Lq

tL
p
x

with 3/p+ 2/q < 1, and Struwe [23, Theorem 3.1] for 3/p+ 2/q = 1)

u ∈ L4(tη, 0;L
6(B(ρ))) .

The specific form of local regularity we need here may be found for instance in Gustafson, Kang, and
Tsai [8, Corollary 1.2(i)]: if u ∈ L4((−r2, 0);L6(B(r))) for some r > 0, then the top of the cylinder

(0, 0) is a regular point in the sense of (1.3). Here we apply this result with r = min{ρ, |tη|1/2}. □

Proof of Theorem 1.2. By Proposition 3.1, the bounds (1.4) give (3.1), which is (1.5) with
ρ0 = 1/2, and Proposition 4.1 makes (0, 0) a regular point. □

Note that Theorem 1.2 gives regularity not just for ℓ(t) = (−t)γ with γ ∈ (0, 1/2), but also for
power laws with a logarithmic correction.

Corollary 4.2 (Local power laws and logarithmic corrections). Let (u, π) be as in
Theorem 1.2, with (1.4) being replaced by the two local bounds

∥u(·, t)∥L∞(B(1)) ≤ C(−t)γ−1
(
log

e

(−t)

)a
,

∥∥∇2u(·, t)
∥∥
L∞(B(1))

≤ C(−t)−1−γ
(
log

e

(−t)

)−a
,

(4.4)

for all t < 0 sufficiently close to zero, with

• either 0 < γ < 1/2 and a ∈ R,
• or γ = 1/2 and a > 0.

Then (0, 0) is a regular point of the Navier-Stokes solution (u, π).

Proof of Corollary 4.2. We take ℓ(t) = (−t)γ(log(e/(−t)))a. Its logarithmic derivative is

tℓ′(t)

ℓ(t)
= γ − a

log(e/(−t))
.

Since t < 0, in each stated range ℓ is non-increasing near zero, is doubling, and tends to zero. We
also have

(−t)
ℓ(t)2

= (−t)1−2γ

(
log

e

(−t)

)−2a

−→ 0 .

Thus, for some 0 < T1 ≪ 1, the function ℓ satisfies the requirements of Definition 1.1 with (−T1, 0)
and (−T1/2, 0) in place of (−1, 0) and (−1/2, 0), and on (−T1, 0) the bounds (4.4) hold and are
nothing but (1.4). Applying Theorem 1.2 to uλ(x, t) = λu(λx, λ2t), πλ(x, t) = λ2π(λx, λ2t), with

λ = T
1/2
1 and the Euler length λ−1ℓ(λ2t), for which (1.4) holds with the same constants, we

conclude. □

5. Weaker vorticity assumptions

The second derivative bound in Theorem 1.2 is more than the proof uses. In this section we state
the form of the theorem which the proof actually gives, with a Hölder seminorm of the azimuthal
vorticity and a bound on the potential vorticity in place of ∇2u. The only additional ingredient we
need is an interior div-curl estimate.

Theorem 5.1 (Local regularity under matched vorticity bounds). Let 0 < α ≤ 1. Let
(u, π) and ℓ be as in Theorem 1.2, with (1.4) being replaced by the assumptions

∥u(·, t)∥L∞(B(1)) ≤ C0
ℓ(t)

(−t)
, [ωθ(·, t)]Cα(B(1)) ≤

Cα

(−t)ℓ(t)α
, ∥Ω(·, t)∥L∞(B(1)) ≤

CH

(−t)ℓ(t)
, (5.1)



18 PETER CONSTANTIN, MIHAELA IGNATOVA, AND VLAD VICOL

for all t ∈ (−1, 0).3 Then (0, 0) is a regular point. When α = 1 the third bound follows from the
second, and may be omitted.

For the power law ℓ(t) = (−t)γ , the three upper bounds in (5.1) are (−t)γ−1, (−t)−1−αγ , and
(−t)−1−γ . That is, the rescaled field U(y, t) = (−t)1−γu((−t)γy, t) is bounded, has Cα azimuthal
vorticity, and has bounded potential vorticity on the expanding ball B(1/(−t)γ). Lemma 2.1(b)
turns the Hessian bound in (1.4) into the second bound in (5.1) at α = 1, and Lemma 2.1(a) turns
it into the third. Theorem 1.2 is therefore the case α = 1 of Theorem 5.1.

5.1. Interior div-curl estimates. The bounds in (5.1) control the velocity and the Hölder
seminorm of the azimuthal vorticity. The following lemma converts them into a gradient bound,
and after the zoom-in into a uniform C1,β bound. Part (a) passes from the scalar ωθ to the vector
ωθeθ, and part (b) records the interior Schauder estimates for the div-curl system, as used here.

Lemma 5.2 (Interior div-curl estimates). Let 0 < α ≤ 1.

(a) Let ϖ ∈ Cα(B(R)) be invariant under rotations about the z-axis and equal to zero on it. Then,
with ϖeθ extended by zero to the axis, we have

[ϖeθ]Cα(B(R)) ≤ 3 [ϖ]Cα(B(R)) . (5.2)

(b) Let F be a smooth divergence-free field on a ball B(x0, R), and let S = ∥F∥L∞(B(x0,R)) and

K = [curlF ]Cα(B(x0,R)). Then

∥∇F∥L∞(B(x0,R/2)) ≤ C(α)
(
SR−1 + S

α
1+αK

1
1+α

)
, (5.3)

and, for every 0 < β < α,

∥F∥C1,β(B(x0,R/2)) ≤ C(R,α, β) (S +K) . (5.4)

Proof of Lemma 5.2. For part (a), set M = [ϖ]Cα(B(R)). If one of the points x, y ∈ B(R)
lies on the axis, then the vanishing of ϖ on the axis gives

|ϖ(x)eθ(x)−ϖ(y)eθ(y)| ≤M |x− y|α.
Suppose now that both points are off the axis. After interchanging them if necessary, assume that
0 < ry ≤ rx, and let d = |x− y|. The projections onto the axis belong to B(R), so |ϖ(y)| ≤ Mrαy .
Moreover,

|eθ(x)− eθ(y)| ≤ min
{
2,

2d

ry

}
.

It follows that

|ϖ(x)eθ(x)−ϖ(y)eθ(y)| ≤ |ϖ(x)−ϖ(y)|+ |ϖ(y)| |eθ(x)− eθ(y)|
≤Mdα + 2Mrαy min{1, d/ry} ≤ 3Mdα,

where the last inequality follows separately from d ≥ ry and d < ry. This proves (5.2).
For part (b), we write G = curlF . Since divF = 0, we have −∆F = curlG, so that for every

x1 ∈ B(x0, R) each component of F solves the Poisson equation −∆Fj = ∂k
(
εjkℓ(Gℓ − Gℓ(x1))

)
.

On a ball B(x1, 2h) ⊂ B(x0, R) the interior Schauder estimate [7, Theorem 8.32], applied after
rescaling to the unit ball, gives for every 0 < β < α

∥∇F∥L∞(B(x1,h))
+ hβ[∇F ]Cβ(B(x1,h)) ≤ C(α, β)

(
h−1 ∥F∥L∞(B(x1,2h))

+ hαK
)
. (5.5)

Here we used that |G − G(x1)| ≤ (2h)αK and that [G]Cβ(B(x1,2h)) ≤ (4h)α−βK on B(x1, 2h).

For (5.3) we take β = α/2, x1 ∈ B(x0, R/2), and h = min{R/4, (S/K)1/(1+α)}, with h = R/4 when
K = 0. The right side of (5.5) is then at most C(α, β)(S/h+ hαK), which is bounded by the right

3Here ωθ is viewed as a rotation-invariant scalar function on B(1), equal to zero on the axis, and the Hölder
seminorm is taken with respect to the Euclidean distance.
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side of (5.3) after enlarging C(α). For (5.4) we take h = R/4 in (5.5) at every x1 ∈ B(x0, R/2);
pairs of points at distance at least R/4 are handled by the bound on ∥∇F∥L∞(B(x0,R/2)). □

5.2. Proof of Theorem 5.1.

Proof of Theorem 5.1. The last assertion of the theorem is immediate: when α = 1, since
ωθ vanishes on the axis, the second bound in (5.1) gives |ωθ(x, t)| ≤ Cα r/((−t)ℓ(t)), which is the
third bound with CH = Cα.

By Proposition 4.1, it suffices to prove that (3.1) holds under the assumption (5.1). The proof
of Proposition 3.1 uses the hypotheses (1.4) only through the bounds (3.3) and (3.4), through the
rescaled bounds (3.8), and through Lemmas 3.2 and 3.3. We first show that (3.3) and (3.4) hold
under the assumption (5.1). Then, we record what replaces the Hessian bound (3.8b) after the
zoom, and we verify that the two lemmas survive the replacement.

The gradient and potential vorticity bounds. We fix t ∈ (−T1, 0), with T1 as in (3.2), and we
apply Lemma 5.2(a) on B(1): the second bound in (5.1) gives

[curl b(·, t)]Cα(B(1)) = [ωθ(·, t) eθ]Cα(B(1)) ≤
3Cα

(−t)ℓ(t)α
. (5.6)

For x ∈ B(3/4) we apply (5.3) to b(·, t) on B(x, 1/4) ⊂ B(1), with S ≤ C0ℓ(t)/(−t) by the first
bound in (5.1), and with K ≤ 3Cα/((−t)ℓ(t)α) by (5.6). The length ℓ(t) cancels in the product

Sα/(1+α)K1/(1+α), while 4ℓ(t) ≤ 1 by (3.2). Taking the supremum over x ∈ B(3/4) therefore
gives (3.3) with constant

C1 := C(α)
(
C0 + C

α
1+α

0 (3Cα)
1

1+α

)
.

The bound (3.4) is the third bound in (5.1), with CH in place of
√
2C2.

The rescaled bounds. The fields and the domains of Section 3.1 are defined as before. The
bounds (3.8a), (3.8c), and (3.8e) hold as stated, and (3.8d) holds with CH in place of

√
2C2. In

place of the Hessian bound (3.8b), the change of variables (3.5) applied to the second bound in (5.1)
and to (5.6) gives, for every τ ≤ −1 and all n large depending on τ ,

[Θn(·, τ)]Cα(Dn) ≤
Cα

|τ |Ln(τ)α
≤ Cα

|τ |
, [curlBn(·, τ)]Cα(Dn) ≤

3Cα

|τ |Ln(τ)α
≤ 3Cα

|τ |
. (5.7)

Here we used that Ln ≥ 1 for τ ≤ −1.
The two lemmas. We claim that the conclusions of Lemmas 3.2 and 3.3 remain valid when the

Hessian bound (3.8b) is replaced by (5.7), with the other rescaled bounds retained as described
above. Indeed, the Hessian bound enters the proofs of the two lemmas in Step 1 and Step 5 only:
Steps 2, 3, and 4 use, besides the hypotheses of the two lemmas, only the bounds (3.8a), (3.8c), (3.8d),
and (3.8e), the vanishing of εn, and the conclusions of Step 1.

In Step 1 it makes curlBn and Θn Lipschitz in y, uniformly in n on compact sets. This informa-
tion is used twice: in the compactness inequality, through the compact embedding C0,1(B(ȳ, ρ)) ↪→
C0(B(ȳ, ρ)), and for the equicontinuity in y of the scalars Θn. Under (5.7) the two fields are instead
Hölder continuous in y with exponent α, uniformly in n on compact sets. Since the embedding
C0,α(B(ȳ, ρ)) ↪→ C0(B(ȳ, ρ)) is compact as well, the compactness inequality holds with the C0,α

norm in place of the C0,1 norm, and the equicontinuity in y follows from the Hölder bound. The
rest of Step 1 is unchanged. In particular, |Θ| ≤

√
2C1/|τ |, and in Lemma 3.2 the limit Ω∞ inherits

the bound CH/|τ | from (3.8d), so that the bound
√
2C2/|τ | used in Step 4 becomes CH/|τ |.

In Step 5, the bounds (3.8a) and (5.7) at τ = −1, where Ln(−1) = 1, together with (5.4) on
unit balls, which lie in Dn for n large, bound Bn(·,−1) in C1,β on every compact subset of R3,
for every β < α. This replaces the C1,1 bound. A further subsequence again converges in C1 on
compact sets, and the rest of Step 5 is unchanged. This proves the claim.
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Conclusion. The proof in Section 3.3 then gives (3.1) under the weaker assumption (5.1), and
thus Proposition 4.1 proves Theorem 5.1. □

6. Sublinear Euler profiles under weaker regularity

In this section we carry out, for the self-similar Euler profiles of [4, Section 4], the weakening
of regularity hypotheses announced in Remark 1.3(d). In Section 4 of our previous paper [4], we
considered axisymmetric, globally self-similar solutions of the 3D Euler equations, with self-similar
profile U and similarity exponent γ > 0. Constantin, Ignatova, and Vicol [4, Theorem 4.5] proved
that γ ≥ 1

2 for every nonzero C2 profile satisfying U(0) = 0, sublinearity at infinity, and the far-field
bounds

|U(y)| ≤ C|y|⟨y⟩−1/γ , |∇U(y)|+ |curlU(y)| ≤ C⟨y⟩−1/γ .

That paper also fixes the spatial units by the normalization ∥∇2U∥L∞ = 1. The normalization
does not enter the argument below. Here we retain U(0) = 0, continuity, sublinearity, local Hölder
regularity of the azimuthal vorticity, and local boundedness of the potential vorticity, but impose
no far-field decay beyond sublinearity. We use the pressure-free weak form of the self-similar Euler
equation (1−γ)U +γy ·∇U +U ·∇U +∇P = 0. The identity y ·∇U = div (y⊗U)−3U gives (6.1)
below.

Proposition 6.1 (Sublinear self-similar Euler profiles). Let γ > 0 and let U ∈ C(R3;R3)
be axisymmetric, with divU = 0 in D′(R3), U(0) = 0, |U(y)|/|y| → 0 as |y| → ∞, and∫

R3

(
(1− 4γ)U · Ξ− γ (y ⊗ U) : ∇Ξ− (U ⊗ U) : ∇Ξ

)
dy = 0 , (6.1)

for all Ξ ∈ C∞
0 (R3;R3) with div Ξ = 0. Let U = bU + Uθeθ, with bU = Urer + Uzez, be the

decomposition of U in the cylindrical frame of the variable y, where r = |y′|. Assume that curl bU =
ωθeθ in D′(R3), where ωθ is an axisymmetric scalar which vanishes on the axis and belongs to

C0,α
loc (R

3) for some α ∈ (0, 1]. Also assume that the potential vorticity ωθ/r is bounded on B(ρ)∩{r >
0} for every ρ > 0; this is automatic when α = 1. If U ̸≡ 0, then γ ≥ 1

2 . If Uθ ≡ 0, then U ≡ 0 for
every γ > 0.

Proof of Proposition 6.1. The proof is carried out in six steps.
Step 1: regularity of the meridional part. Since a continuous axisymmetric field is parallel to ez

on the axis, Ur and Uθ vanish there, and bU is continuous on R3. The identity div (Uθeθ) = 0 holds
in D′(R3): away from the axis it follows from the cylindrical divergence formula, while integration
over the angular variable and the identity (Uθeθ) · er = 0 exclude an axis contribution. Hence
div bU = 0 in D′(R3).

We fix ρ > 0, and for 0 < ε ≤ ρ/2 set bε = bU ∗ηε, where η is a radial mollifier supported in B(1).
Radial convolution preserves rotation equivariance and reflection symmetry across planes containing
the axis. Thus bε is smooth, axisymmetric, and meridional, with div bε = 0 and curl bε = (ωθeθ)∗ηε.
By (5.2),

[curl bε]Cα(B(ρ/2)) ≤ 3[ωθ]Cα(B(ρ)), ∥bε∥L∞(B(ρ/2)) ≤ ∥bU∥L∞(B(ρ)) .

The bound (5.4) on B(ρ/2) therefore bounds bε in C1,β(B(ρ/4)) uniformly in ε, for every β < α.
For a fixed β < α, we apply this statement with an exponent strictly between β and α. Since

bε → bU uniformly on compact sets, compactness gives bU ∈ C1,β
loc (R

3) and bε → bU in C1 on
compact sets. In particular, V := γy + bU is locally Lipschitz, with div V = 3γ.

Step 2: characteristics. Since V is locally Lipschitz, the equation Ẏ = V (Y ) has unique
solutions. By Step 1, Ur = 0 on the axis, so that V is parallel to ez there, the axis is invariant, and,
by uniqueness, a solution which starts off the axis stays off it. By sublinearity we may fix R♭ with
|U(y)| ≤ γ

2 |y| for |y| ≥ R♭; since |bU | ≤ |U |, we then have d
dτ |Y |2 = 2γ|Y |2 + 2Y · bU (Y ) ≥ γ|Y |2

whenever |Y | ≥ R♭, so that |Y (τ)| ≤ max{|Y (0)|, R♭} for τ ≤ 0. The standard continuation criterion
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for locally Lipschitz ordinary differential equations now shows that the backward characteristic
starting at a point y0 off the axis exists on (−∞, 0], stays in the compact setK0 := B(max{|y0|, R♭}),
and stays off the axis.

Step 3: a stationary form of Lemma 2.3. Let E ⊂ R3 be open, V : E → R3 locally Lipschitz
with div V = c, f ∈ C(E), κ ∈ R, and∫

E
f
(
κψ − V · ∇ψ

)
dy = 0 for all ψ ∈ C∞

0 (E) . (6.2)

Equation (6.2) is the weak form of V · ∇f + µf = 0, for µ := κ + c. If Y : [τ0, τ1] → E solves

Ẏ = V (Y ), then eµτf(Y (τ)) is constant. In order to prove this fact, we let N ⊂ E be a compact

neighborhood of Y ([τ0, τ1]), we take δ < dist(N, E∁), and we set f δ = f ∗ ηδ on N . Testing (6.2)
with ψ = ηδ(y − ·) and using

∫
(V (y)− V (ζ)) · (∇ηδ)(y − ζ) dζ = −c, due to div V = c, we obtain

that on N :

V · ∇f δ + µf δ =

∫ (
f(ζ)− f(y)

)(
V (y)− V (ζ)

)
· (∇ηδ)(y − ζ) dζ + c (f δ − f) =: eδ .

The error term eδ may be directly bounded as |eδ| ≤ C ν(δ) (LN + |c|), where ν is the modulus of
continuity of f , and LN is the Lipschitz constant of V , both on the closed δ-neighborhood of N ,
which is a compact subset of E . Up to sign, eδ is the commutator (V ·∇f)∗ηδ−V ·∇f δ of DiPerna
and Lions [5, Lemma II.1]. Since d

dτ

(
eµτf δ(Y (τ))

)
= eµτeδ(Y (τ)), letting δ → 0 proves the claim.

We shall also use this statement when the scalar identity is initially known only for axisymmetric
test functions. Suppose that E is invariant under rotations Rϑ about the z-axis, f is axisymmetric,
and V (Rϑy) = RϑV (y). For an arbitrary ψ ∈ C∞

0 (E), define

ψ(y) =
1

2π

∫ 2π

0
ψ(Rϑy) dϑ.

A change of variables shows that the left side of (6.2) has the same value at ψ and at ψ. Therefore,
validity for all axisymmetric test functions implies validity for all test functions.

Step 4: the swirl. We set Γ := rUθ = y1U2 − y2U1, which is continuous on R3. For an
axisymmetric ψ ∈ C∞

0 (R3), the test function Ξ = ψ (ez × y) = ψ reθ is divergence free, and satisfies
∂iΞj = ∂iψ (ez × y)j + ψ εj3i. Moreover, U · ∇ψ = bU · ∇ψ because ψ is axisymmetric. With this
test function Ξ, equation (6.1) gives

(1− 5γ)

∫
Γψ −

∫
ΓV · ∇ψ = 0.

By the rotational averaging observation in Step 3, this identity holds for every ψ ∈ C∞
0 (R3). Step 3

with E = R3, κ = 1− 5γ, c = 3γ, and µ = 1− 2γ gives e(1−2γ)τΓ(Y (τ)) = Γ(y0) for τ ≤ 0. Since Γ
is bounded on K0, if γ <

1
2 , then letting τ → −∞ gives Γ(y0) = 0 for every y0 off the axis, so that

Uθ ≡ 0 and U = bU .
Step 5: the potential vorticity. Assume U = bU , and let χ ∈ C∞

0 ({r > 0}) be axisymmetric.
Set Ξ = curl (χeθ), ψ := rχ, and q := ωθ/r, which is continuous on {r > 0}. We identify the three
terms of (6.1). First, ∫

bU · Ξ =

∫
ωθχ =

∫
qψ.

To justify the next two identities at the stated regularity, we write curl bε = ωθ,εeθ. By Step 1,
bε → bU in C1 on the compact support of χ, and hence ωθ,ε → ωθ uniformly there. Using curl (y ·
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∇bε) = curl bε + y · ∇curl bε and y · ∇eθ = 0, we obtain

−
∫
(y ⊗ bU ) : ∇Ξ = lim

ε→0

∫
(3bε + y · ∇bε) · Ξ

= lim
ε→0

∫
(4ωθ,ε + y · ∇ωθ,ε)χ

=

∫
ωθ(χ− y · ∇χ) =

∫
q (2ψ − y · ∇ψ).

Similarly, since div bε = 0, bε · ∇bε = curl bε × bε +∇(|bε|2/2), and div Ξ = 0, we have

−
∫
(bU ⊗ bU ) : ∇Ξ = lim

ε→0

∫
(bε · ∇bε) · Ξ

= lim
ε→0

∫
(ωθ,εeθ × bε) · curl (χeθ)

=

∫
(ωθeθ × bU ) · curl (χeθ) = −

∫
q bU · ∇ψ,

where the last equality uses the pointwise identity

(eθ × bU ) · curl (χeθ) = −r−1bU · ∇(rχ).

Summing the three terms gives

(1− 2γ)

∫
qψ −

∫
q V · ∇ψ = 0

for every axisymmetric ψ ∈ C∞
0 ({r > 0}), since any such ψ has the form ψ = rχ with χ = ψ/r ∈

C∞
0 ({r > 0}). By the rotational averaging observation in Step 3, the identity holds for every test

function in C∞
0 ({r > 0}). Step 3 with E = {r > 0}, κ = 1 − 2γ, c = 3γ, and µ = 1 + γ gives

e(1+γ)τq(Y (τ)) = q(y0) for τ ≤ 0. Since q is bounded on K0 ∩ {r > 0} by hypothesis, letting
τ → −∞ gives q(y0) = 0. Thus ωθ ≡ 0 on {r > 0}, hence on R3 by continuity.

Step 6: conclusion. We have shown that curlU = curl bU = 0 and divU = 0 in D′(R3), so
∆U = 0 in distributions. Thus, each component of U is smooth and harmonic. A harmonic
function with sublinear growth is constant, and U(0) = 0 gives U ≡ 0. The assumption γ < 1

2
was used in Step 4 only; therefore, this proof also shows that a swirl-free profile vanishes for every
γ > 0. □
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[21] G. Seregin and V. Šverák, On Type I singularities of the local axi-symmetric solutions of the Navier-Stokes
equations, Comm. Partial Differential Equations 34 (2009), no. 2, 171–201. doi:10.1080/03605300802683687.

[22] J. Serrin, On the interior regularity of weak solutions of the Navier-Stokes equations, Arch. Ration. Mech. Anal.
9 (1962), 187–195. doi:10.1007/BF00253344.

[23] M. Struwe, On partial regularity results for the Navier-Stokes equations, Comm. Pure Appl. Math. 41 (1988),
no. 4, 437–458. doi:10.1002/cpa.3160410404.

[24] T. Tao, Quantitative bounds for critically bounded solutions to the Navier-Stokes equations, in Nine mathe-
matical challenges, Proc. Sympos. Pure Math., vol. 104, Amer. Math. Soc., Providence, RI, 2021, pp. 149–193.
doi:10.1090/pspum/104/01874.

https://doi.org/10.1002/cpa.3160350604
https://doi.org/10.1093/imrn/rnn016
https://doi.org/10.1080/03605300902793956
https://arxiv.org/abs/2602.17570v3
https://doi.org/10.1007/BF01393835
https://doi.org/10.1070/RM2003v058n02ABEH000609
https://doi.org/10.1007/978-3-642-61798-0
https://doi.org/10.1007/s00220-007-0214-6
https://doi.org/10.1007/s11511-009-0039-6
https://www.mathnet.ru/eng/znsl2240
https://www.mathnet.ru/eng/znsl2240
https://doi.org/10.1007/s000210050015
https://doi.org/10.1002/(SICI)1097-0312(199803)51:3%3C241::AID-CPA2%3E3.0.CO;2-A
https://doi.org/10.1007/s40818-023-00156-7
https://doi.org/10.1007/s00205-021-01709-5
https://doi.org/10.1007/s13324-020-00392-1
https://doi.org/10.3934/cpaa.2023108
https://arxiv.org/abs/2402.13229v3
https://arxiv.org/abs/2507.08733v2
https://arxiv.org/abs/2606.29468
https://doi.org/10.1007/s10958-005-0383-9
https://doi.org/10.1080/03605300802683687
https://doi.org/10.1007/BF00253344
https://doi.org/10.1002/cpa.3160410404
https://doi.org/10.1090/pspum/104/01874


24 PETER CONSTANTIN, MIHAELA IGNATOVA, AND VLAD VICOL

[25] T.-P. Tsai, Lectures on Navier-Stokes equations, Graduate Studies in Mathematics, vol. 192, American Mathe-
matical Society, Providence, RI, 2018, xii+224 pp. doi:10.1090/gsm/192.

[26] M. R. Ukhovskii and V. I. Yudovich, Axially symmetric flows of ideal and viscous fluids filling the whole space,
J. Appl. Math. Mech. 32 (1968), no. 1, 52–62. doi:10.1016/0021-8928(68)90147-0.

Department of Mathematics, Princeton University, Princeton, NJ 08540
Email address: const@math.princeton.edu
URL: https://web.math.princeton.edu/~const/

Department of Mathematics, Temple University, Philadelphia, PA 19122
Email address: ignatova@temple.edu
URL: https://sites.temple.edu/ignatova/

Department of Mathematics, Courant Institute, New York University, New York, NY, 10012
Email address: vicol@cims.nyu.edu
URL: https://cims.nyu.edu/~vicol/

https://doi.org/10.1090/gsm/192
https://doi.org/10.1016/0021-8928(68)90147-0

	1. Introduction
	2. Axisymmetric identities and auxiliary results
	3. Ancient limits at the Euler length
	4. The local regularity conclusion
	5. Weaker vorticity assumptions
	6. Sublinear Euler profiles under weaker regularity
	Acknowledgments
	Disclaimer on the use of AI systems
	References

