Uniformly attracting limit sets for the critically dissipative SQG equation
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ABSTRACT. We consider the global attractor of the critical SQG semigroup S(¢) on the scale-invariant space
H'(T?). Tt was shown in [15] that this attractor is finite dimensional, and that it attracts uniformly bounded
sets in H*°(T?) for any § > 0, leaving open the question of uniform attraction in H*(T?). In this paper we
prove the uniform attraction in H'(T?), by combining ideas from DeGiorgi iteration and nonlinear maximum
principles.

1. Introduction
We consider the critical surface quasi-geostrophic (SQG) equation

80 +u-VO+ kA0 = f
u=RY9=VA10 (SQG)
0(0) = 6o

posed on T2 = [0, 1]?, where x € (0, 1] measures the strength of the dissipation, §p(x) is the initial datum,
and f(zx) is a time-independent force. As usual, V+ = (—,,9;) and A = (—A)Y/2 is the Zygmund
operator. We assume that the datum and the force have zero mean, i.e. [ f(z)dz = [ 6p(z)dz = 0,

which immediately implies that
/ O(z,t)de =0
T2
forall ¢t > 0.

In this manuscript we consider the dynamical system S(¢) generated by (SQG) on the scale-invariant
space H'(T?). The main result of this paper establishes the existence of a compact global attractor for S(t),
which uniformly attracts bounded set in H'(T?).

THEOREM 1.1. Let f € L>(T?)NH'(T?). The dynamical system S(t) generated by (SQG) on H'(T?)
possesses a unique global attractor A with the following properties:
(i) S(t)A = Aforeveryt > 0, namely A is invariant.
(i) A C H3/?(T?), and is thus compact.
(iii) For every bounded set B C H'(T?),

tll)rgo dist(S(t)B,.A) =0,

where dist stands for the usual Hausdorff semi-distance between sets given by the H'(T?) norm.
(iv) A is minimal in the class of H'(T?)-closed attracting set and maximal in the class of H'(T?)-
bounded invariant sets.
(v) A has finite fractal dimension.
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The study of the long time behavior of hydrodynamics models in terms of finite dimensional global
attractors is closely related to questions regarding the turbulent behavior of viscous fluids, especially in
terms of statistical properties of solutions and invariant measures (see, e.g. [10-13,24-26, 29, 40,42] and
references therein). Several fluids equations have been treated from this point of view, in contexts including
2D turbulence [10-13,24,26,30,31,42,45], the 3D Navier-Stokes equations and regularizations thereof [4,
8,19,28,34,39], and several other geophysical models [2,7,15,23,33,43], just to mention a few.

Concerning the critical SQG equation, in [15] the authors have obtained the existence of a finite dimen-
sional invariant attractor

A c H3*(T?)

such that all point orbits converge to this attractor

lim dist(S(t)6p, A) =0, Vb, € HY(T?),

t—o0

and all bounded sets in a slightly smoother space contract onto it

lim dist(S(t)B,A) =0, VB C HY(T?), §>0. (1.1)

The question of uniform attraction in H'(T?) remained open in [15], and is now answered in the positive
by Theorem 1.1. Moreover, it is in fact not hard to verify that

A=A (1.2)
Indeed, since A attracts bounded subsets of H'(T?2) and A is invariant, we have
dist(A, A) = dist(S(t)A, A) = 0,  ast— oo,

implying A C A, since A is closed. On the other hand, by the invariance of A C H3/2(T?2) and (1.1), we
have

dist(A, A) = dist(S(t)A, A) = 0,  ast — oo,
proving the reverse inclusion A C A. Henceforth, equality holds in (1.2).
Comparing Theorem 1.1 to the results in [15], the new ingredient of this manuscript is to obtain an
absorbing ball for the dynamics on H'(T?). That is, we prove the existence of a ball B, C H'(T?) such
that for any bounded set B C H'(T?), there exists tz > 0 with

S(t)B C B,

for all t > ¢p. The first difficulty here is that the space H' is critical, i.e. || - || is invariant under the
natural scaling of (SQG), and thus the time of local existence of a solution arising from an initial datum
0o € H'(T?) is not known to depend merely on ||| 1 (rather, it may depend on the rate of decay of
the Fourier coefficients, such as the rate at which |k||6y(k)| — 0 as |[k| — oo). The second difficulty
comes from the fact that the Sobolev embedding of H!(T?) into L°°(T?) fails, and thus we may not directly
consider the evolution of the L norm of the solution.

To overcome these difficulties we proceed in three steps:

(i) First, we use the L? to L™ regularization given by the DeGiorgi iteration [1,7,41] to obtain an L>
absorbing set (cf. Theorem 3.1), with entry time that depends only on ||0y|| 72 and on || f|| 2z,
(cf. Theorem 3.2).

(ii) Second, we use a quantitative L°° to C'* regularization [21] via nonlinear maximum princi-
ples [16] to obtain a C“ absorbing set (cf. Theorem 3.1) with entry time that depends only on
00|/ L (the solution already lies inside the L>° absorbing set) and on || f|| e (cf. Theorem 4.2).

(iii) Lastly, we use [15] to show the existence of an H 1 absorbing set (cf. Theorem 5.1) with entry time
that depends only on ||6p|| ¢« (the solution already lies in the C'“ absorbing set) and on || f|| f.conp1-
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The existence of the global attractor then follows from the H3/2 absorbing ball estimate obtained in [15].
The remainder of the properties (i)—(v) stated in Theorem 1.1 follow along the lines of [12,29, 38, 40,42],
as summarized in Section 6 below.

Lastly, we note that recently in [7] the authors have shown that the dynamics of weak L?(T?) solutions
to (SQG) possesses a strong global attractor A2, which is a compact subset in L?(T?). The proof in [7]
uses the DeGiorgi regularization ideas of [1], the weak continuity property of the nonlinearity in (SQG) for
L*° weak solutions (which may be established along the lines of [6, 14]), and the compactness argument
of [5]. As noted in [7], we have that A C A2, but it is not clear whether the two attractors coincide, which
remains an interesting open problem.

2. The dynamical system generated by SQG

We recall the following well-posedness result which summarizes the local in time existence and regu-
larization results of [9,17,22,32,37,44] and the global in time regularity established in [1,15,16,27,35,36]:

PROPOSITION 2.1. Assume that f € L> N H'. Then, for all initial data 6y € H' the initial value
problem (SQG) admits a unique global solution

9 € C([0,00); H) N L},.(0, 00; H3/?).

loc

Moreover, 0 satisfies the energy inequality
O+ [ IN206) s < 10l + St ez 0 @
and the decay estimate
16622 < [Bollzze™" + | fll2, Ve 20, 2)
where co > 0 is a universal constant. If furthermore 60y € L*°, then cf. [15,17] we have
16z < Wolme™™" + | flum, Ve 20, 3)

Proposition 2.1 translates into the existence of the solution operators
S(t): H' — H!
acting as
0o — S(t)0o = 6(¢), vt > 0.
Since the forcing term f is time independent, the family S(¢) fulfills the semigroup property
S(t+7)=S8(t)S(r), vt, T > 0.

However, no continuous dependence estimate in H 1 is available, since the existence of solutions has been
obtained as a stability result of the equation posed in H'*9 (see [32,37] for details). Consequently, it is not
clear whether S(t) : H' — H' is continuous in the H' topology for each fixed ¢ > 0. Along the lines of the
classical references [12,29,40,42], the theory of infinite-dimensional dynamical systems has been adapted
to more general classes of operators in recent years (see [3, 5,18, 38]). It turns out that continuity for fixed
t > 0 is only needed to prove invariance of suitable attracting sets, while their existence holds under no
continuity assumptions on S(¢). We shall however see in Section 6 that invariance of the attractor may be
nonetheless recovered. We recall that:

DEFINITION 2.2. A set B, C H' is said to be an absorbing set for the semigroup S(t) on H' if for
every bounded set B C H' there exists an entering time 5 > 0 (depending only B) such that

S(t)B C B,
forallt > tp.
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The absorbing set, besides giving a first rough estimate of the dissipativity of the system, is the crucial
preliminary step needed to prove the existence of the global attractor. In particular, a sufficient condition for
the existence of the global attractor is the existence of a compact absorbing set.

3. De Giorgi iteration yields an L>° absorbing set

The first step towards the proof of the existence of a regular uniformly absorbing set consists in showing
that the dynamics can be restricted to uniformly bounded solutions. To put it in different words, we aim to
show the existence of an absorbing set B,, C L>® N H!.

THEOREM 3.1. There exists cqg > 0 a universal constant, such that the set

2
Bo = {go € LA H : g~ < ||f||Loo}
CoR

is an absorbing set for S(t). Moreover,
3
sup sup [[S(t)bol|lLe < —|[[f] Lo~ 3.1
t>0 0p€Boo Cok

The above theorem is a consequence of Theorem 3.2 below. It is worth noticing that at this stage B is
an unbounded in H'.

The main result of this section is an L°° estimate on the solutions to (SQG) based on a De Giorgi type
iteration procedure and standard a priori estimates. The proof closely follows that of [1] and [7].

THEOREM 3.2. Let 0(t) be the solution to (SQG) with initial datum 0y € H'. Then

c 1 1
o < = - —cokt - o .
1001 < |Ioll + =731 lz2 | € + . (32
forallt > 1, for some constant ¢ > (.

PROOF OF THEOREM 3.2. We split the proof in two steps: first, we prove that §(7) € L for almost
every T € (1/2,1), and then we will exploit (2.3) to conclude the proof.
For M > 2||f||1 to be fixed later, we denote by 7y, the levels

M= M(1-27%)
and by 6}, the truncated function
Or(t) = (0(t) — 1)+ = max{0(t) — nk, 0}.
Define also the time cutoffs
Ty = %(1 — 27k, (3.3)
As observed in [1,7], in view of pointwise inequality of [17], the level set inequality

to to
16k (t2)1 72 + 2*@/ IAY20,(7)[|72dr < [0k (t0)I[72 + 2||f||L°°/t 10k ()l L2dT
1

t1
holds for any to > t; > 0. Taking t; = s € (7x_1, 7x) and to =t € (74, 1], we then obtain

1 1
sup [|6k(t)[172 + 2%/ IAY200 ()| F2dr < [10k(s)]172 + 2HfHLo<>/ 10 (7)l| L2 d-
Tk

telmy,1] Th—1

Upon averaging over s € (7;_1, 7% ), it follows that the quantity

1
Qu= sup 003+ 25 [ (A0t
tE[Tk,l] Tk



UNIFORMLY ATTRACTING SETS FOR CRITICAL SQG 5

obeys the inequality

1 1
Qu < 2* / 16(5) [22dls + 2I| ]| / 16(6)]| 1. (3.4)

kE—1 Tk—1

for all £ € N, Moreover, due to (2.1), we also have

1
Qo < |60]22 + Ei)7;||f||'§2. (3.5)

We now bound the right hand side by a power of (). By the Holder inequality and the Sobolev embedding
HY2 < L[4, itis not hard to see that

C
102117 5 vy 17) < m@& vl e N. (3.6)

Since
Op_1 >27FM, ontheset {(z,t): O(z,t) > 0},

we deduce that
k

Lp, >0 < Mgk—l-

Using the fact that 65, < ;1 and that the bound (3.6) holds, we infer that

1 1
ok / 165 (3)|2ds < 2 / 02\ (. 5)11, -0y ds

k—1 Th—1 J T2
22k 1 3 22k‘ 3/2
S M /Tkl /rﬂ‘2 Hk_l(x, S)d.T ds S Cm@k_l,

and similarly,

1 1
/ 10 () || L2 dt < / / Op—1(x, 5) 17y, ooy dz ds
Tk—1 Thk—1 T2

22k: 1 3 22k 3/2
S W /rk—l /VT2 ekil(.’lf', S)dl’ ds S CM72K/QI€71'
From (3.4), the above estimates and the fact that M > 2|| f|| Lo, it follows that

22k 3/2
Qr < TPt (3.7

Hence, if we ensure
M > 5/Qu,
K
then Q) — 0 as k — oo. In light of (3.5), the above constraint is in particular satisfied if

c 1
M2 fi6ulle + 0 lie). 68)

This implies that ¢ is bounded above by M. Applying the same argument to —#, we infer the bound

c 1
o e < £ (1ol + il aeor e /2.

Once 0(7) € L for some 7 € (1/2,1), we can exploit the decay estimate (2.3) to deduce the uniform
bound (3.2), thereby concluding the proof. ([l
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PROOF OF THEOREM 3.1. Define
2
Bo= {120 sl < 20l }.
CoR
For a fixed bounded set B C H'! let
R = ||B| g1 = sup ||| g
peB
Thanks to (3.2) and the Poincaré inequality, we deduce that if 6y € B then
c 1 1
o < — — —cort 4~ o > 1.
I@llm < £ [R+ ] e+ e, 21

Define the entering time tg = tg(R, || f||2Ar~) = 1 so that

£re attie| emmin < e,
for which we see that S(t) B C By for all t > tp. Thus By is absorbing, and Theorem 3.1 is proven. [J
REMARK 3.3. If we replace the time cutoffs in (3.3) with
m=1to(1-27%),  t€(0,1),

it follows that the solution regularizes from L? to L instantaneously.

4. Nonlinear lower bounds yield Holder absorbing sets

We devote this section to the improvement of the regularity of absorbing sets, namely from L>° to C'%,
for « € (0, 1) small enough depending on B.

THEOREM 4.1. There exists o = a(|| f| e, k) € (0,1/4] and a constant ¢y > 1 such that the set

C1
Bo={peC®nH" :|plce < 2l |

is an absorbing set for S(t). Moreover,

2¢c
sup sup [|S(t)ollce < = fllzee, 4.1)
t>0 6peB,, K

holds.

In light of Theorem 3.1, the solutions to (SQG) emerging from data in a bounded subset of H' are
absorbed in finite time by a fixed subset of L°°. Therefore, in order to prove Theorem 4.1, it suffices to
restrict our attention to solutions emanating from initial data 85 € L™ and derive a number of a priori
bounds solely in terms of ||f||z,e-. For convenience, in the course of this section we will set

Koo = ol + 1o, 2
so that in view of (2.3) the solution originating from 6 satisfies the global bound

10@) [l < Koo,  VE20. (4.3)
The main result of this section is the following a priori estimate in suitable Holder space.

THEOREM 4.2. Assume that 6y € L N H'. There exists o = a(||0o]| =, || fll, &) € (0,1/4] such
that
3

M —a) (4.4)

1
10@)llce < e 0ol +—fllze |, VE2ta=
CoR

for some positive constant ¢ > 0.
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The precise expression of « is given below in (4.19). The proof of Theorem 4.2 requires several inter-
mediate steps culminating in Lemma 4.7. For now, let us prove Theorem 4.1 assuming Theorem 4.2.

PROOF OF THEOREM 4.1. We first show that there exists « € (0,1/4] and ¢; > 1 such that B, is
absorbing. Clearly, it is enough to prove that the L°°-absorbing set B, is itself absorbed by B, . Fix « as
suggested by Theorem 4.2, namely,

2
o = || Bool| Lo, || fll Lo, &),  where || Bo|pee = sup |@free < —||f|[Lo=-
pEB CoR

Take 0y € Baso. By (3.1),
3
[S®)bolle < —|fllL,  VE>0.
CoR

Consequently, (4.4) implies that

4c

7”.]0”[/007 Vit > ta,
CoR

15()bollce <

namely S(t)0y € B, for all t > t,, upon choosing ¢; = 4c¢/cy. The fact that t,, depends only on || B || 2o,
| f|| o=, and r, implies that
S(t)Boo C Ba, YVt > ta,
as sought. The uniform estimate (4.1) follows from the propagation of Holder regularity proven in [15],
namely the property that if 8y € C'%, then
1
1S®bollo~ < [Bolo= + ¢ [llfollee + I fllze|, vt =0. (4.5)

This concludes the proof of the theorem. g

The rest of the section is dedicated to the proof of Theorem 4.2. The techniques employed have the
flavor of those devised in [15,16], although the approach is closely related to that of [21] used for a proof of
eventual regularity for supercritical SQG.

4.1. Time dependent nonlinear lower bounds. In order to estimate C'“-seminorms it is natural to
consider the finite difference

onb(x,t) = 0(x + h,t) — 0(x, 1),
which is periodic in both = and h, where x, h € T2. As in [15,16], it follows that
L(6,8)* + D[6,6] = 0, (4.6)
where L denotes the differential operator
L=0+u-Vy+ (dpu) -V +A 4.7)

and

2
Dl = [ P et Ol,, 438)

RR2 ly[?
Let ¢ : [0,00) — [0, 00) be a bounded decreasing differentiable function to be determined later. For

1
0<a<-
*=7

to be fixed later on, we study the evolution of the quantity v(z, ¢; h) defined by
‘5h6($7 t) ’

V@) = e 1 Ry

(4.9)
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The main point is that when £(¢) = 0 we have that

|lv(t )HLoo = esssup |v(z,t;h)| = sup = = [0(t)]ce.
x,heT? z#yeT? [z —y
From (4.6) and a short calculation (see [21]) we obtain that
DI[6,0] h onf
L2+ o7 — 20— . § 24, n
P+ i = M R e g e
3 | | 2|[fllze-
<2 2 o, —_— 4.10
Kl pe + gm0

where §,u = R16,0. We will bound the terms on the rlght—hand side of (4.10) in such a way so that they
can be compared with the dissipative term D][d;6] and its nonlinear lower bounds derived in the following
lemma.

LEMMA 4.3. There exists a positive constant cy such that
Disy)(a.t) oz, 1)
(€2 IR ey 0(1) | o (1) + [R]2)="
holds for any x, h € T? and any t > 0.

4.11)

PROOF OF LEMMA 4.3. In the course of the proof, we omit the dependence on ¢ of all functions. It is
understood that every calculation is performed pointwise in ¢. Arguing as in [15], it can be shown that for
r > 4|h| there holds

1 h
DIt () > o-16n0()? — el 6] o
where ¢ > 1 is an absolute constant. A choice satisfying r > 4(£2 + |h )1/2 > 4]h| can be made as

4cl|0]| 2 241/2
= 02 (€2 4 nH)Y2,
DI
from which it follows that

[6n0()” [, _ 1 ]

DI[6,0 11—
[ h ]( ) 2 2 9 (§2+ ’h‘2)1/2
I3 _ )P
I U 16¢||0|| Lo (€2 + |h|2)1/2
The lower bound (4.11) follows by dividing the above inequality by (£2 + |h|?)®. O

The choice for the function £ is now closely related to the lower bound (4.11). We assume that & solves
the ordinary differential equation

E=—¢5%, €o0)=1. 4.12)
More explicitly,
2 2(1—a)
[1 - §(1 - a)t] , ift € [0,14],
£(t) = (4.13)
0, ift € (tq,0),
where
to = 3 (4.14)
“ 21 —a) ‘

We then have the following result.
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LEMMA 4.4. Assume that the function § : [0,00) — [0, 00) is given by (4.13). Then the estimate

: £() 2 wlv(z,t; h)? 2
20|€(t)| =t | (x, t; h) [ < O 4.15

holds pointwise for z,h € T? and t > 0, where cy is the same constant appearing in (4.11).

PROOF OF LEMMA 4.4. We again suppress the ¢-dependence in all the estimates below. In view of
(4.12) and the fact that o« < 1/4, a simple computation shows that

4+2a

0 € 2 1 &5 1 \v(fv'h)\Q
20| =———=|v(z; h)|* < v < e
gy e < g el < 5ot S
Therefore, the e-Young inequality
2 1
ab < §a3/2 +o50% abe>0 (4.16)
with e = k/(12¢2]|0|| ) implies that
: Klo(z; h) 2
20/¢| 5 lv(zs b < — 00z,
&+ |hf? 8callf]l L (€2 + |R[2) 2" K7
which is what we claimed. 0

In the same fashion, we can estimate the forcing term appearing in (4.10).
LEMMA 4.5. For every x,h € T? and t > 0 we have

2 flum o, )P
e+ I = e a2+ e T

where ca is the same constant appearing in (4.11).

e 2 FIEZ16wINE, @)

PROOF OF LEMMA 4.5. Applying once more Young inequality (4.16) we infer that

21| 1| o0 klv(z; h)|? 4o 3/2 1 11/2
A=y < I eler+ ) n /2 132 o) 2
(€% + [n]?) 8|0l Lo (€2 + |AI*) 2
The conclusion follows from the assumption o < 1/4 and the bounds &, |h| < 1. O

If we now apply the bounds (4.15)-(4.17) to (4.10), we end up with

3
Lt 4 5Dl o
2(E+[P)™  dcol|] L~ (€2 + [n]2) = wis)
|h| 1/2 3/2 1/2
< o )
0 gl + e (161 + £ el

In the next section, we provide an upper bound on the remaining term containing o u.

4.2. Estimates on the nonlinear term. We would like to stress once more that the only restriction on
« so far has consisted in imposing « € (0, 1/4]. This arose only in the proof of Lemma 4.5. In order to deal
with Riesz-transform contained in 65w, the Holder exponent will be further restricted in terms of the initial
datum 6 and the forcing term f. It is crucial that this restriction only depends on ||6p|| = and || f|| zoc.

LEMMA 4.6. Suppose that 8y € L™, and set

K 1 1
=min{ —, - Koo = |60l + — I fll o 4.19
« mln{ch ,4}, 0 H OHL CO%HfHL ) ( )
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for a universal constant cz > 64. Then

[hllonu(z, )] e o 8 _Donb](, 1) A )3
£(0)2 + [h|? [o(a,t; h)| < 2 + — [v(z, & h)]7,  (4.20)

20 262 +1hP)™ " 8eyKoo(£(1)2 + |h[2) 2

for every x,h € T? and t > 0, where cy is the same constant appearing in (4.11).

PROOF OF LEMMA 4.6. By the same arguments of [15,16], for » > 4|h| it is possible to derive the
upper bound

6] o< |A]

r

)

(o)) < e |12 (Do) 7+

pointwise in =, b € T? and ¢ > 0. Using the Cauchy-Schwarz inequality, we deduce that

2alh| 2 9
—— |6 h |0 i h
§2+‘h|2\ pu()|[v(z; h)|? < ( QHh‘Q)l/Q\ nu(z)|[o(z; b))l
t DI[6p0](x) o a4, IOllzes 2
< — -h i1 00 h
Sa(@ v ey O s e e b
We then choose r as
_ RIZIOIR (2 4 BT RM2)6]R (62 + )1
- al/2v(z; h) B al/2|5,0()]
In view of (4.19), this is a feasible choice, since
1/2||9H1/2 o 1/2 1/2
—0———|h| = h| > h| > 4|h|.
= 2a1/2H9HLOO| | 2&1/2”9Hi{3)’ ’ = 20[1/2](;({2’ ‘ = ‘ ‘
Thus, thanks to (4.19), we obtain
/2
_ Il r_D[50)(x) 3/2||0\|1 3
2a Spu(z)||v(z; h))? < = c T2 v(z; h
k D[6n0)() a /2K;<§2 s
=572 Na 1 = [v(@; h)|
2(&2+ |h?) KL/2(€2 4 |h|2) 2
t D[op0](z) a (s B[P,
T 2(&+|hP)e (52+ |h[2)*2"
By possibly further reducing « so that
<
~ 8ceo K o
we deduce that
A t_DI[6x0)(x) K 3
20— |onu()|Ju(z; h)? < 5 —v(z; h)[”,
&2 + |hf? 2 (4102 8euKoo(€2 + |h)2) 2"
which concludes the proof. U

We now proceed with the last step in the proof of Theorem 4.2, which consists of Holder C'* estimates,
where the exponent « is given by (4.19).
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4.3. Locally uniform Holder estimates. From the global bound (4.2), (4.18) and the estimate (4.20),
it follows that for av complying with (4.19) the function v? satisfies

K|l
8C2Koo(£2 + |h’2)

Taking into account that £2 + |h|? < 1 + diam(T?)? = 2 for all h € T?, and that || f||z~ < corKoo, We
arrive at

Lo? + <c|KZ+ PR KL

e
2

klvf®
16c0 K
which holds pointwise for (x,h) € T? x T2. In the next lemma we show that the above inequality gives
uniform control on the C'* seminorm of the solution.

Lv* + < cKZ (4.21)

LEMMA 4.7. Assume that 0y € L*°, and fix o as in (4.19). There exists a time t, > 0 such that the
solution to (SQG) with initial datum 0 is a-Hélder continuous. Specifically,

1 3
O(t)|ce < Ool|pe + — oo VE>tg = —0———.
[0(t)]ce < c |00l L + coanHL : Zta = 50— o
PROOF OF LEMMA 4.7. Thanks to (4.21), the function
Y(t) = lv(®) e,
satisfies the differential inequality

d K 3/2 2
— e — <cKZ,. 4.22
AT Rt (*22)

This can be justified as follows: v? is a bounded continuous function of  and h, so that we can evaluate
(4.21) at a point (Z,h) = (Z(t), h(t)) € T? x T? at which v?(t) attains its maximum value. Since, at this
point we have dpv? = 0,v% = 0 and Av? > 0, the inequality (4.22) holds in view of the Rademacher
theorem (see [15,17,21] for details). Moreover, by the very definition of v,

4foll7~ 2 2
P(0) < =55 — =4l < 4K,

0
From a standard comparison for ODEs it immediately follows that

Y(t) < K2, vt > 0, (4.23)
for some sufficiently large constant ¢ > 0. With (4.23) at hand, we have thus proven that
[O(O)]ea =w(t) < KL, Vt>ta,
where ¢, is given by (4.14), thereby concluding the proof. g

PROOF OF THEOREM 4.2. The bound (4.4) follows from estimate (4.3) for the L°° norm and the bound
of Lemma 4.7 for the Holder seminorm

10@)llca =10z + [0(D)]ca < Koo +[0(t)]ca < cKoo VL0,
and a sufficiently large constant ¢ > 0. n

REMARK 4.8. The quantitive regularization estimate at time ¢, from L* to C* is given by the ODE
(4.12). More precisely, t, is determined by the initial datum £(0), conveniently chosen to be 1 in the proof
above. If instead we let £(0) = & > 0, then

2(1-a) 2 2(1—a)
& ° —g(l—a)t ) ift € [0,t4],
§(t) = (4.24)

0, if t € (tg,00),
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and
L B (4.25)
“T 201 -a) S " ‘
In particular, ¢, can be made arbitrarily small by a suitable small choice of £y. This observation, together
with Remark 3.3 recovers the result of [1] and shows that solutions to forced (SQG) regularize instanta-

neously from L? to C®.

5. The absorbing set in H'
With Theorem 4.1 at hand, it is now possible to ensure the existence of a bounded absorbing set in H!.

THEOREM 5.1. There exists o = o(||f|| >, ) € (0,1/4] and a constant Ry = R1(||f||oorm1, k) > 1
such that the set
Bi={peC*NH":|olf +ll¢llée < RT}
is an absorbing set for S(t). Moreover,

t+1
sup sup (SO0l + 1SW0IE + [ 15 )0l a07] < 288 6
t>0 6p€eB; t

The expression for Ry can be computed explicitly from (4.1) and (5.8) below.

Since in establishing the existence of an H' absorbing ball the dynamics can be restricted to the C*
absorbing ball, in order to prove Theorem 5.1 it is enough to establish an a priori estimate for initial data
that are Holder continuous.

LEMMA 5.2. Assume that 0y € H' N C®. Then
107 < l6ollFne 4" + i, (52)
where K1 = K1 (|| f|| poonms &, [|00||ce) > 1is given in (5.8) below. Moreover; for every t > 0 we have

t+1 ) c )
| 100 s < £ il + ). 63)
PROOF OF LEMMA 5.2. The proof closely follows the lines of [15], and thus we omit many details. We
apply V to (SQG) and take the inner product with V8, to obtain
(O +u -V + A)|VO|* + kD[VO] = —20,u,;0;00,0 + 2V f - V0, (5.4)
pointwise in x, where, as before,

2
pivel() = [ T =Vt

dy.
From (4.5), we also know that
1
16Ol < 31 = |Ifollen + I l| . w20
CoR
Thanks to [16, Theorem 2.2], we then deduce the lower bound

_ Vo)

D[Vé](z,1) i
C4Mﬁ

(5.5)

Arguing as in Lemma 4.6, we obtain for > 0 that

M
r )

Vu(z,t)] < [7‘1/2 [DIVO)(x,1)]"? + ==
By choosing r = !/2M'/2|V6(z,t)|~! and the Cauchy-Schwarz inequality we then infer that

[Vu(a,t)[|V0(x, 1) < 5 DIVO) (1) + —7 M2 |V(x, 1)
K
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From (5.4), we have

(9 +u-V +A)|VOP + S D[VE] < — M'2|Vb(, ) + 2|V f|| V6]
K

3—a 1
0 T-a M | 2
S
4 M= K
so that together with (5.5) we arrive at
, K cM7ia
(O +u-V+A)|Vo| +1D[V0] < [H} + 2|V f]IV0|. (5.6)

Integrating over T? and using the identity

1
3 [, PIVel(@)a - [ Vo) AVl = ol
we obtain the differential inequality

1

d K cM | 2=
1O+ 5100 < | |+ 2ol

From the Poincaré inequality, we then have

1
d .2 K\ a2 cM | 4 4 9
IO+ 100 < | 2| 4 1B 5)
From the above, (5.2) follows from the Poincaré inequality and the standard Gronwall lemma, provided we
set
1
4 cM 2o 4
K= [() + ||f||in] . 58)
CoR K CoR
By integrating (5.7) on (¢, ¢ + 1) and applying (5.2), we also recover (5.3). g

6. The global attractor

Once the existence of an H !-bounded absorbing set for S(t) is established, we aim to prove the existence
of the global attractor by improving the regularity of the absorbing set to H3/2 (see Theorem 6.1 below).
Following the general theory recently developed in [3], this automatically implies the existence of a minimal
compact attracting set for S(t) which, however, might not be invariant, due to the possible lack of continuity
of S(t), for fixed ¢t > 0, as a map acting on H' (see [3,20] for examples of non-invariant attractors). Full
invariance will be recovered in a subsequent step (Section 6.2), by exploiting the H?/2-regularity of the
absorbing set and a continuity estimate proven in [15, Proposition 5.5].

6.1. Compact absorbing sets. The existence and regularity of the attractor in Theorem 1.1 follow from
the existence of an absorbing set bounded in H 3/2,

THEOREM 6.1. There exists a constant Ry = Ra(||f|| ponmt, k) > 1 such that the set
By = {QD c H3? . ol grare < RQ}

is an absorbing set for S(t). Moreover,

sup sup [|S(t)00|| 32 < 2Ra. (6.1)
t>0 OpE B2
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PROOF OF THEOREM 6.1. As usual, it is enough to show that By absorbs Bj, the H! absorbing set
obtained in Theorem 5.1. If 6y € By, then (5.1) implies that

t+1
sup / 1S(7)00|3s,2d7 < 2RY. (6.2)
t>0 J¢
By testing (SQG) with A3# and using standard arguments, we deduce that

d 1
7”0”1%[3/2 + /<;|19H§{2 < —Hinp +2 ’/ [A?’/?(u -VO) —u- VAS/ZQ} A3/20d
dt K T2

By means of the commutator estimate

IA%2 () — pA¥2 12 < ¢ [Vl IAY20l 1 + A2 0] a9l 4]

and the Sobolev embedding H'/2 ¢ L*, we therefore have

d 1
31O + 6110152 < —I1F 7+ cllOll a2 [HAUHL4HA3/20HL4 + HAP’/ZUHULIIA@HM}

IN

1
|11z + ellO a2 10112

1 2 c 4 K 2
=1 + =181z + 5100

IN

Hence,
d
dt
Thanks to the local integrability (6.2) and the above differential inequality, the uniform Gronwall lemma
implies

2 K 2 1 2 c 4
101572 + S8 < £ + <1603

(001 < [28+ LfI 5, vz
Thus, setting
B = (284 LI | 55,
we obtain that

S(t)Bl C BQ, Vit > 1,

as we wanted. 0
We summarize below the consequences of the above result, as they follow from [3, Proposition 8].

COROLLARY 6.2. The dynamical system S(t) generated by (SQG) on H' possesses a unique global
attractor A with the following properties:
o A C H3? and is the w-limit set of Ba, namely,

A=w(By) = S()B..

>0 7>t
e For every bounded set B C H*,
lim dist(S(t)B,.A) =0,

t—o00

where dist stands for the usual Hausdorff semi-distance between sets given by the H' norm.
o A is minimal in the class of H'-closed attracting set.
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6.2. Invariance of the attractor. To conclude the proof of Theorem 1.1, we establish the invariance
of the attractor obtained in Corollary 6.2. To this end, we recall the following continuity result for S(¢).

PROPOSITION 6.3 ([15, Proposition 5.5]). For everyt > 0, S(t) : By — H" is Lipschitz-continuous in
the topology of H.

In other words, the restriction of S(t) to the regular absorbing set B C H 3/2 is a continuos map. It
turns out that this suffices to complete the proof of Theorem 1.1.

PROPOSITION 6.4. The global attractor A of S(t) is fully invariant, namely
SHA=A,  Vt>0.
Moreover, A is maximal in the class of H L_bounded invariant sets.

PROOF OF PROPOSITION 6.4. This proof is classical, so we only sketch here some details. Since the
global attractor is the w-limit set of Bo, we have that

A=w(By) = {neH":S(t,)n, — nforsomen, € By, t,, — o0}

According to [3, Proposition 13], full invariance of .4 follows if one can show that A C S(¢().A for some
to > 0. Since By is absorbing, we may fix ty > 0 such that S(¢)By C Bs for all t > ty. Let € w(Bs).
Then there exist t,, — oo and 1,, € By such that

S(tn)mm —n as n — oo, strongly in H'.
We may suppose t,, > 2t for every n € N. Since w(Bs) is attracting, we get in particular
nh_)rgo dist(S(t,, — to)B2,w(B2)) =0,
which in turn implies

lim | inf : 1S (tn — o) — &l | = 0.

n—o00 EEw(BQ

So there is a sequence &, € w(B2) such that
lim [[[S(tn —to)m — &nll ] = 0.
n—oo
But w(B3) is compact, thus, up to a subsequence, &, — £ € w(Bs), which yields at once
S(tn — to)?]n — f
Note that S(t,, — to)n, € Bs since t,, > 2ty. Using the continuity of S(to) on Ba
S(to)S(tn — to)nn — S(to)f
On the other hand,

S(t0)S(tn — to)nn = S(tn)nn — 0.

We conclude that n = S(t0)&, i.e., n € S(to)w(B2). Hence, A C S(to).A, and full invariance follows. Once
this is established, the maximality with respect to invariance is classical. U

Acknowledgements

The work of PC was supported in part by the NSF grants DMS-1209394 and DMS-1265132, MCZ was
supported in part by an AMS-Simons Travel Award, while the work of VV was supported in part by the
NSF grants DMS-1348193 and DMS-1514771, and an Alfred P. Sloan Research Fellowship.



16 P. CONSTANTIN, M. COTI ZELATI, AND V. VICOL

References

[1] L. A. Caffarelli and Al. Vasseur, Drift diffusion equations with fractional diffusion and the quasi-geostrophic equation, Ann.
of Math. (2) 171 (2010), 1903-1930.
[2] C. Cao and E. S. Titi, Global well-posedness and finite-dimensional global attractor for a 3-D planetary geostrophic viscous
model, Comm. Pure Appl. Math. 56 (2003), 198-233.
[3] V. V. Chepyzhov, M. Conti, and V. Pata, A minimal approach to the theory of global attractors, Discrete Contin. Dyn. Syst.
32 (2012), 2079-2088.
[4] V. V. Chepyzhov, E. S. Titi, and M. L. Vishik, On the convergence of solutions of the Leray-a model to the trajectory attractor
of the 3D Navier-Stokes system, Discrete Contin. Dyn. Syst. 17 (2007), 481-500.
[5] A. Cheskidov, Global attractors of evolutionary systems, J. Dynam. Differential Equations 21 (2009), 249-268.
[6] A. Cheskidov, P. Constantin, S. Friedlander, and R. Shvydkoy, Energy conservation and Onsager’s conjecture for the Euler
equations, Nonlinearity 21 (2008), 1233-1252.
[71 A. Cheskidov and M. Dai, The existence of a global attractor for the forced critical surface quasi-geostrophic equation in L?,
ArXiv e-prints (2014), available at 1402.4801.
[8] A. Cheskidov and C. Foias, On global attractors of the 3D Navier-Stokes equations, J. Differential Equations 231 (2006),
714-754.
[9] P.Constantin, D. Cérdoba, and J. Wu, On the critical dissipative quasi-geostrophic equation, Indiana Univ. Math. J. 50 (2001),
97-107.
[10] P. Constantin and C. Foias, Global Lyapunov exponents, Kaplan-Yorke formulas and the dimension of the attractors for 2D
Navier-Stokes equations, Comm. Pure Appl. Math. 38 (1985), 1-27.
[11] P. Constantin and C. Foias, Navier-Stokes equations, Chicago Lectures in Mathematics, University of Chicago Press, Chicago,
IL, 1988.
[12] P. Constantin, C. Foias, and R. Temam, Attractors representing turbulent flows, Mem. Amer. Math. Soc. 53 (1985), vii+67.
[13] P. Constantin, C. Foias, and R. Temam, On the dimension of the attractors in two-dimensional turbulence, Phys. D 30 (1988),
284-296.
[14] P.Constantin, A. Tarfulea, and V. Vicol, Absence of anomalous dissipation of energy in forced two dimensional fluid equations,
Arch. Ration. Mech. Anal. 212 (2014), 875-903.
[15] P. Constantin, A. Tarfulea, and V. Vicol, Long time dynamics of forced critical SQG, Comm. Math. Phys. 335 (2014), 93-141.
[16] P. Constantin and V. Vicol, Nonlinear maximum principles for dissipative linear nonlocal operators and applications, Geom.
Funct. Anal. 22 (2012), 1289-1321.
[17] A. Cérdoba and D. Cérdoba, A maximum principle applied to quasi-geostrophic equations, Comm. Math. Phys. 249 (2004),
511-528.
[18] M. Coti Zelati, On the theory of global attractors and Lyapunov functionals, Set-Valued Var. Anal. 21 (2013), 127-149.
[19] M. Coti Zelati and C. G. Gal, Singular Limits of Voigt Models in Fluid Dynamics, J. Math. Fluid Mech. 17 (2015), 233-259.
[20] M. Coti Zelati and P. Kalita, Minimality properties of set-valued processes and their pullback attractors, SIAM J. Math. Anal.
47 (2015), 1530-1561.
[21] M. Coti Zelati and V. Vicol, On the global regularity for the supercritical SQG equation, ArXiv e-prints (2014), available at
1410.3186.
[22] H. Dong, Dissipative quasi-geostrophic equations in critical Sobolev spaces: smoothing effect and global well-posedness,
Discrete Contin. Dyn. Syst. 26 (2010), 1197-1211.
[23] A. Farhat, R. L. Panetta, E. S. Titi, and M. Ziane, Long-time behavior of a two-layer model of baroclinic quasi-geostrophic
turbulence, J. Math. Phys. 53 (2012), 115603, 24.
[24] C. Foias, D. D. Holm, and E. S. Titi, The three dimensional viscous Camassa-Holm equations, and their relation to the
Navier-Stokes equations and turbulence theory, J. Dynam. Differential Equations 14 (2002), 1-35.
[25] C. Foias, M. S. Jolly, and 1. Kukavica, Localization of attractors by their analytic properties, Nonlinearity 9 (1996), 1565—
1581.
[26] C. Foias, O. Manley, R. Rosa, and R. Temam, Navier-Stokes equations and turbulence, Encyclopedia of Mathematics and its
Applications, vol. 83, Cambridge University Press, Cambridge, 2001.
[27] S. Friedlander, N. Pavlovi¢, and V. Vicol, Nonlinear instability for the critically dissipative quasi-geostrophic equation,
Comm. Math. Phys. 292 (2009), 797-810.
[28] J. D. Gibbon and E. S. Titi, Attractor dimension and small length scale estimates for the three-dimensional Navier-Stokes
equations, Nonlinearity 10 (1997), 109-119.
[29] J. K. Hale, Asymptotic behavior of dissipative systems, American Mathematical Society, Providence, RI, 1988.
[30] A. A. Ilyin, A. Miranville, and E. S. Titi, Small viscosity sharp estimates for the global attractor of the 2-D damped-driven
Navier-Stokes equations, Commun. Math. Sci. 2 (2004), 403-426.
[31] D. A. Jones and E. S. Titi, On the number of determining nodes for the 2D Navier-Stokes equations, J. Math. Anal. Appl. 168
(1992), 72-88.


1402.4801
1410.3186

(32]
(33]
(34]
(35]
(36]
(371
(38]
(39]

[40]
[41]

(42]
[43]

[44]

[45]

UNIFORMLY ATTRACTING SETS FOR CRITICAL SQG 17

N. Ju, Dissipative 2D quasi-geostrophic equation: local well-posedness, global regularity and similarity solutions, Indiana
Univ. Math. J. 56 (2007), 187-206.

N. Ju and R. Temam, Finite dimensions of the global attractor for 3D primitive equations with viscosity, J. Nonlinear Sci. 25
(2015), 131-155.

V. K. Kalantarov and E. S. Titi, Global attractors and determining modes for the 3D Navier-Stokes-Voight equations, Chin.
Ann. Math. Ser. B 30 (2009), 697-714.

A. Kiselev and F. Nazarov, A variation on a theme of Caffarelli and Vasseur, Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat.
Inst. Steklov. (POMI) 370 (2009), 58-72, 220.

A. Kiselev, F. Nazarov, and A. Volberg, Global well-posedness for the critical 2D dissipative quasi-geostrophic equation,
Invent. Math. 167 (2007), 445-453.

H. Miura, Dissipative quasi-geostrophic equation for large initial data in the critical Sobolev space, Comm. Math. Phys. 267
(2006), 141-157.

V. Pata and S. Zelik, A result on the existence of global attractors for semigroups of closed operators, Commun. Pur. Appl.
Anal. 6 (2007), 481-486.

G. R. Sell, Global attractors for the three-dimensional Navier-Stokes equations, J. Dynam. Differential Equations 8 (1996),
1-33.

G. R. Sell and Y. You, Dynamics of evolutionary equations, Springer-Verlag, New York, 2002.

L. Silvestre, Eventual regularization for the slightly supercritical quasi-geostrophic equation, Ann. Inst. H. Poincaré Anal.
Non Linéaire 27 (2010), 693-704.

R. Temam, Infinite-dimensional dynamical systems in mechanics and physics, Springer-Verlag, New York, 1997.

M. Wang and Y. Tang, On dimension of the global attractor for 2D quasi-geostrophic equations, Nonlinear Anal. Real World
Appl. 14 (2013), 1887-1895.

J. Wu, Existence and uniqueness results for the 2-D dissipative quasi-geostrophic equation, Nonlinear Analysis 67 (2007),
3013-3036.

M. Ziane, Optimal bounds on the dimension of the attractor of the Navier-Stokes equations, Phys. D 105 (1997), 1-19.

DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY, PRINCETON, NJ 08544, USA
E-mail address: const@math.princeton.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MARYLAND, COLLEGE PARK, MD 20742, USA
E-mail address: micotize@Rumd.edu

DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY, PRINCETON, NJ 08544, USA
E-mail address: vvicol@math.princeton.edu



	1. Introduction
	2. The dynamical system generated by SQG
	3. De Giorgi iteration yields an L infinity absorbing set
	4. Nonlinear lower bounds yield Hölder absorbing sets
	5. The absorbing set in H 1
	6. The global attractor
	Acknowledgements
	References

