VORTICITY BLOWUP IN 2D COMPRESSIBLE EULER EQUATIONS
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ABSTRACT. We prove finite-time vorticity blowup for smooth solutions of the 2D compressible Euler equa-
tions with smooth, localized, and non-vacuous initial data. The vorticity blowup occurs at the time of the first
singularity, and is accompanied by an axisymmetric implosion in which the swirl velocity enjoys full stability,
as opposed to finite co-dimension stability. July 10, 2024

1. INTRODUCTION
We consider the isentropic compressible Euler equations in multiple space dimensions
O¢(pu) +div(pu®@u)+ Vp =0, (1.1a)
Op + div(pu) =0, (1.1b)

where u: R? x [0,00) — R? is the velocity vector field and p: R% x [0,00) — R is the strictly positive
density function. The pressure p: R? x [0, 00) — R, is determined from the density via the ideal gas law

p=23p, (1.1¢)
where v > 1 is the adiabatic exponent. We supplement the Euler equations with initial data
(u7 P)’t:() = (anPO)a (lld)

which is as nice as it gets. By this, we mean that (ug, po) € C®(R?), pg > constant > 0 on R%, and
(|luo(z)], po(z)) — (0, constant) as |x| — oo, at a sufficiently fast rate; here, d > 2 is the space dimension.

With these assumptions on (ug, po), the classical well-posedness theory [39, 50, 52] guarantees the ex-
istence of a maximal time 7" > 0, and of a unique solution (u, p) € C(R? x (0,T)) of the Cauchy
problem for the Euler equations (1.1). Generically, we expect that 7' < oo, a singularity forms in finite
time [49, 53,67].

While it is well-known that at the time 7' of the first singularity the solution must develop infinite gra-
dients, i.e. limsup, .7 [[(Vu, Vp)(-, )| oo(re) = 00, a complete classification of all possible singularity
mechanisms attainable by smooth Euler solutions (u, p)(-,t) ast » T < oo remains, to date, elusive.

For instance, while it is known that a pre-shock singularity [6,8-10,27,29,55,56] or an implosion singu-
larity [5,11,62,63] may form as ¢t ~ T from smooth initial conditions, it is an outstanding open problem to
determine whether lim sup; 1 [|w(+, )| oo (ra) = 00, Where w = V x u denotes the fluid vorticity.

In the case that the Euler solution evolves to a stable gradient blowup at a time T' < oo, from generic,
compressive, and smooth initial data, the vorticity w(-, ) remains uniformly bounded in C'*/3(R?) for t €
[0,T7], as was shown in [6,8-10, 66]. The fact that the vorticity does not blow up at the time of the first
gradient singularity' should not come as a surprise for d = 2, since the specific vorticity w /p is transported
by the fluid velocity:

at(%) +(u- V)(%) ~0. (1.2)

Since the density in [6, 8—10, 66] remains bounded at the time of the first gradient blowup, and the initial
datum is non-vacuous, it follows from the maximum principle for (1.2) that |lw(-,T')|| fec(r2) < oo. For
d = 3, the proof of this upper bound for the maximum vorticity is more subtle (see [10]).

IThe spacetime point at which the first gradient singularity forms is the point on the spacetime co-dimension-2 manifold of pre-
shocks, with a minimal time coordinate (see [66]).
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The specific vorticity transport equation (1.2) shows that for d = 2 the vorticity can blow up at time
T only if an implosion singularity simultaneously develops at time 7', i.e. lim; .7 ||p(, )| oo (r2)- This,
however, need not be an if and only if statement. Indeed, the smooth implosions established in [5, 62, 63]
are confined to radially symmetric solutions, and hence w(-,¢) = 0 for all ¢ € [0,7]. The only rigorous
proof of a non-radially symmetric implosion from smooth initial data was recently established in [11] for
d = 3. Such non-radial imploding solutions possess non-trivial vorticity, but establishing vorticity blowup is
incongruous with the finite co-dimension stability framework employed in [11]. In particular, since vorticity
waves propagate along fluid-velocity characteristics®, there exists a distinguished initial fluid particle x,
such that wy(x,) is “carried to” the implosion along the fluid-velocity characteristics, thereby determining
the vorticity w(-, T') at the point of the implosion. As the stability analysis in [11] requires wy to be a finite
co-dimension perturbation of the zero function, and does not specify the precise subspace associated to this
finite co-dimension, it is not possible to guarantee that wy(z«) # 0 (which must be ensured in order to
establish vorticity blowup). We shall explain this issue in greater detail in Section 2.7 below.

The goal of this paper is to give the first proof of finite-time blowup for the vorticity in the compressible
Euler equations, with smooth initial data — see Theorem 1.1 below.

1.1. The two-dimensional axisymmetric ansatz. In order to state our main result, it is convenient to first
introduce a symmetric form of the isentropic Euler system (1.1), in which the fundamental variables are the
fluid velocity u and the rescaled sound speed o, which is defined by

— 1, /dp _ 1 _ -1
=% dp_ap’ o= 5

In terms of the unknowns u and o the Euler equations (1.1) are equivalent to the following system®:
ou+u-Vu+aocVo=0, (1.3a)
oo +u-Vo+aodivu=0. (1.3b)

For the remainder of the paper, we restrict our analysis to the two-dimensional case: d = 2. As such, it
is convenient to rewrite (1.3) in polar coordinates (R, 6), defined as

R=lz|, 0= arctan(%), er = (cosf,sinf), eg = (—sinb,cosb).

Throughout the paper, we shall use boldface font u, U, ... to denote vectors, and standard unbolded font
u, U, ... to denote scalars.

We analyze vorticity blowup within the class of two-dimensional axisymmetric flows, a class of flows
with built-in rotation. That is, we consider a velocity field u with the following axisyrnmetry4:

u=u(R,0,t) =ulf+u’, uf =uf(R,t)er, v =u' (R t)ey, o=0c(R,1). (1.4)
The vorticity and velocity-divergence associated to the axisymmetric ansatz (1.4) are given by
w=w(R,t)= (% + OR)uo(R,t),
divu = divu®(R,t) = (% + 0r)u"(R,1).
In general, for a smooth function f = f(|z|): R? — R we have div(fer) = R~10r(Rf(R)); as such, we
shall often abuse notation and simply write div(f(R)) = R~'0g(Rf(R)) in place of div(fer).

In order to show that the two-dimensional axisymmetric ansatz (1.4) is preserved by the Euler evolution,
we note that the system (1.3) is equivalent (for smooth solutions) to the system (1.7) below, which provides

2The specific vorticity w/p is transported when d = 2 (see (1.2)) and is Lie-advected when d = 3 (see (2.9)).

3In the full Euler system the specific entropy is transported along the flow of the vector field (9; + u - V). As such, for isentropic
initial data (i.e., with constant specific entropy at time ¢ = 0) the solution will remain isentropic up to the time 7" of the very first
singularity, which justifies the usage of the (1.1) and hence of (1.3) on [0, 7.

“fu® =0in (1.4), we recover radially symmetric functions (u, o).
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evolution equations for (uf*,u’ o) = (uf',u’ o)(R,t). For this purpose, it is convenient to recall the
following identities, which hold for smooth functions f = f(R):
RB.vf=ulorf, u’ey-V(fer)=fu’fey, uey-V(feg) =—%u’fer. (1.5)

Using the ansatz (1.4) and the identities in (1.5), we may decompose the system (1.3) into radial and angular
parts, leading to the equivalent formulation

8tuR+uR-VuR+u9-Vue—i—aUVJ:O, (1.6a)
o’ +uf . vul +u? - vult =0, (1.6b)
8t0+uR~Va+aadivuR:O. (1.6¢)
In terms of the scalar quantities (u?, u?, o) = (u® - e, u’ - ey, o), the system (1.6) may be written as
o + uftopul + acdpo = %( 9)?, (1.7a)
Ou? + ufopu’ + Lufult =0, (1.7b)
8t0+uR830+a0d1v( ) =0. (1.7¢)

Both reformulations of the isentropic Euler system for two-dimensional axisymmetric flows, i.e. systems (1.6)
and (1.7), when transformed to self-similar variables and coordinates (see (2.1) below), play important roles
in the subsequent analysis. The self-similar version of (1.7) is used to study blowup profiles, while the
self-similar version of (1.6) is used for energy estimates and the majority of bounds on the solution.

1.2. The main result. As mentioned in the discussion following (1.2), in two space dimensions the vorticity
can blow up at time 1" only if an implosion singularity simultaneously develops at time 7'. Since we seek
smooth Euler solutions on [0,7"), we aim to construct a stable perturbation (for the angular velocity) of a
smoothly imploding self-similar solution, as was recently constructed in [62], and further refined in [5].
The self-similarity employed in [62], [5], and herein, is of the second kind. A similarity exponent r > 1
is determined as the solution of a nonlinear eigenvalue problem, and is then used to define the self-similar

space £ = W and time s = —1 - log(T' — t) coordinates, together with self-similar state variables

(U, A, 2) (€, s) = (T — )= D/7(uf u? o) (R, t); see (2.1) below. The self-similar variables (U, A, X2)
solve the self-similar version of the Euler system; see (2.3) below. Of particular interest for our analysis are
special C*°-smooth stationary solutions (U, 0, ¥) to this self-similar system; we refer to the triplet (U, 0, %)
as the self-similar blowup profile.

We choose to work directly with the smooth imploding self-similar profiles (U, 0, %) from [62, Theorem
1.2, Corollary 1.3], as these profiles, together with their repulsive properties (see (2.4b) below), are readily
available for d = 2.° The slight drawback of using the results from [62] is that we need to exclude an
exceptional countable sequence of adiabatic exponents I' = {~,, },,>1, which is possibly empty, and whose
accumulation points can only be {1, 2, co}. For each v ¢ I, it is shown in [62] (and recalled in Theorem 2.1
below) that there exists a discrete sequence of admissible blowup speeds {ry}r>1 C (1,7eye(cx)), accu-
mulating at the value reye () defined in (2.2), such that the Euler equations (1.7) exhibit smooth, radially
symmetric (meaning that u?, A = 0), globally self-similar, imploding solutions with similarity exponent 7,
and profile (U, 0, 3) (see Section 2.1 below). With this notation fixed, we state our main result.

Theorem 1.1 (Main result). Fix a non-exceptional adiabatic exponent v ¢ T, let « = (v — 1)/2, and let
r > 1 be an admissible blowup speed satisfying (2.2), as in [62]. Then, there exists initial data (uOR, ug) €
C>®(R?) and oy € C™®(R?) with oo > constant > 0,° such that the solution (u®,u%, o) of (1.7) exhibits a

SWhile it is expected that the arguments in [5] also apply to the case that d = 2 (used in this paper), [5] only considers d = 3.
OThe initial sound speed oo may be chosen to equal a constant outside a compact set in R?; see Section 4.
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finite time singularity at a time T < oc. The radial velocity u®t, the sound speed o, and the vorticity w all

blow up at time T. The blowup is asymptotically self-similar in the sense that
r—1

thnTw(T—t)TuR((T—t)%g,t) = U(6), (1.82)
tli}rr%r(T—t)r;rlue((T—t)%g,t) =0, (1.8b)
tliHTlr(T—t)%la((T—t)%g,t) =3(8), (1.8¢)

for & € (0,00), where U and X are the similarity profiles from [62]. The vorticity blows up at R = 0 as

. =1 . $(0) 1
lim (T =) w(0,1) = wo(0) (MO(O)) £0, (1.8d)

and there are no singularities away from the point of implosion: (R,t) = (0,T).

An outline of the proof of Theorem 1.1 is given in Section 2. Before turning to the proof, we make a few
comments concerning the statement of Theorem 1.1.

Remark 1.2 (The set of initial data for vorticity blowup). As explained in Remark 4.2 below, there exists
an open set Xy (a ball in a weighted Sobolev space) and a finite co-dimension set X1 such that the initial
data in Theorem 1.1 may be taken such that (ug, 00) € X1 and ug € Xo. It is the fact that ug belongs to
an open set which allows us to ensure that the initial vorticity wgy does not vanish at R = (.

Remark 1.3 (The curl blows up slower than the divergence). Since wy(0) # 0, identity (1.8d) shows
that the vorticity blows up at R = 0 at the rate (T — t)_%. Moreover, since the admissible blowup speed
r satisfies the constraint (2.2), it follows that 0 < ™= < Tee(@)=1 for all a« > 0, and therefore

ar QU Teye()
fOT lw(-, t)||peedt ~ fOT lw(0,t)|dt < +oo. As the magnitude of vorticity is integrable in time, there
does not exist a Beale-Kato-Majda type blowup criterium for the compressible Euler equations. As to the
effects of compression, from (1.8a) and (2.4e), we have that |divu(0,t)| ~ (T — t)~Y(2/7)|U'(0)] =
(T — )L (r — 1)/(ar), which implies that fOT [|divu(-,t)||pedt = 4o00. The fact that divu blows up
faster than w indicates that sound waves steepen in compression much faster than particles can “swirl”.

Remark 1.4 (There are no singularities away from R = 0 and ¢t = T'). While Theorem 1.1 shows that
the rescaled sound speed o(0,t) and the magnitude of the gradients |Vu|(0,t) and |V |(0,t) blow up as
t » T, we emphasize that, by construction, the Euler solution in Theorem 1.1 does not form singularities
for times t < T, and moreover, as t » T no singularities develop at points v € R? with x # 0. Indeed, for
x # 0andt € [0,T) arbitrary, upper bounds for |[u(z,t)| are obtained in (4.47a), upper and lower bounds
bounds for o(x,t) are given by (4.48), while upper bounds for |Vu(x,t)| and |Vo(z,t)| are established
in (4.47b). We refer to Section 4.5 for these details.

1.3. Recent results concerning singularity formation for Euler. The literature concerning the formation
and propagation of singularities for the compressible Euler equations (and related hyperbolic PDEs) is too
vast to review here.” In this section, we shall focus only on results for the Euler equations,® and review only
those results for the multi-dimensional problem.’

As noted above, it is well-known that the Euler equations develop finite-time gradient singularities from
initial data which is as nice as it gets. The first proof of this fact was given in [67], using a proof by

"In contrast, relatively few results have been established for the finite time singularity formation of the incompressible Euler
equations; for instance, finite-time vorticity blowup remains open for the incompressible Euler equations posed on R or T¢,
for C2°, respectively C°°, initial conditions. We note, however, that very recently, the finite time blowup for the vorticity was
established in the presence of smooth solid boundaries [22, 23], for the equations posed in conical domains [35], or in the absence
of boundaries for C* data with o very small [21,30,33,34,36].

SThere is a large literature concerning singularity formation for quasilinear wave equations; see the recent review articles [43,68].
°For a detailed exposition of the 1D theory we refer the reader to [16,31,54] and references therein.
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contradiction, inspired by the classical results [49,53]. In recent decades, authors have given constructive
proofs of singularity formation, which yield a very precise description of the solution at the time of the first
gradient blowup. We categorize these constructive proofs into shock formation and smooth implosions.

1.3.1. Shock formation. Shock formation from smooth and localized initial conditions is, by now, well
understood, up to the time of the first gradient singularity. In the context of irrotational solutions for the
multi-dimensional Euler equations, blowup results based on ideas developed for second-order quasilinear
wave equations and general relativity were established in [2,3,27,29]; the latter two results were generalized
to allow for vorticity and entropy in the Euler solution [55,56]; results for 2D Euler solutions, with azimuthal
symmetry, using modulated self-similar analysis were proven in [7, 8]; results for 3D Euler solutions in
the absence of symmetry assumptions, based on modulated self-similar stability analysis were established
in [9, 10]. In the context of shock development, results for Euler solutions with spherical symmetry were
obtained in [28,72], while results for Euler flows with azimuthal symmetry were proven in [6].

Very recently, shock formation past the time of the first singularity was analyzed in [66] and [1]. In [66]
the last two authors of this paper analyze the evolution of fast-acoustic characteristic surfaces and use this
smooth geometric information to describe the Euler solution up to a portion of the boundary of the maximal
globally hyperbolic development (MGHD) of smooth Cauchy data, which includes both the singular set as
well as the Cauchy horizon; the results of [1] evolve the Euler solution up to a portion of the boundary of
the MGHD, containing only the singular set.

1.3.2. Smooth Implosions. The classical Guderley problem [42] deals with the implosion of a converging
shock-wave, and the continuation as an expanding shock. In spite of the vast literature on this subject,
the existence of a finite-time smooth implosion (without a shock already present in the solution at the initial
time), was established only recently in [62,63], and further refined in [5,11]. While these results are inspired
by the ansatz and general strategy in [42], the existence of C°° self-similar implosion profiles requires a
great deal of mathematical sophistication. Moreover, the stability of these solutions can only be established
for finite-co-dimension perturbations which are not precisely quantified (see the numerical work [4] which
attempts to quantify some of these instabilities). As explained in Section 2 below, this finite co-dimension
stability of the smooth implosion profiles is one of the fundamental obstacles in proving vorticity blowup.

1.3.3. Solutions evolving from a singular state. While throughout this paper we are only concerned with
smooth initial data, and we are only interested in the behavior of the resulting Euler solution up to the time
of the first gradient singularity, there are many physically important problems in which the Euler evolution
is initiated with data that already contains a singular state. A non-exhaustive list of examples includes the
following: the short time evolution of discontinuous shock fronts [59,60]; the shock reflection problem [14,
18]; the shock implosion [44] and shock explosion [45] problems; non-isentropic implosions with strictly
positive pressure fields [46,47]; the stability of rarefaction waves evolving from multi-dimensional Riemann
data [57, 58]; the long-time stability of an irrotational expansion fan bounded by two shock surfaces [40];
and the ill-posedness of the Euler equations in multiple space dimensions for admissible weak solutions [26,
32,51]. We also mention that there is a vast literature on transonic shocks for Euler both in the context
of airfoils [15,64] and in the setting of nozzles [69-71]; we refer the reader to the recent excellent review
articles [17, 19, 65] for an extensive literature review.

1.3.4. Other singularities. A complete classification of all possible singularities that multi-dimensional and
smooth Euler dynamics can reach in finite time is, to date, elusive. As discussed above, it is known that
for regular initial data, at the time 7" of the first singularity the Euler solution is capable of developing a
shock, an implosion, and the goal of this paper is to show that it can also develop a vorticity blowup. It
remains unsettled if these are the only possible first singularities attainable by smooth Euler evolution (with
the classical ideal gas law equation of state). It is, for example, an open problem to determine whether
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vacuum'? can form in finite time from smooth, localized, and non-vacuous initial data, in multiple space

dimensions."

2. MAIN IDEAS OF THE PROOF AND COMPARISON WITH PREVIOUS RESULTS

Recall that in the two-dimensional setting of this paper, the specific vorticity w/p is transported, see (1.2).
In order to prove Theorem 1.1, we construct initial data with non-trivial vorticity near R = 0, and for this
data we construct an imploding solution by perturbing the radial implosion from [62]. We emphasize that
the finitely many unstable modes of the self-similar blowup profile from [62] can potentially lead to either
trivial vorticity, or to the destruction of the smooth implosion mechanism. To overcome this difficulty, we
will crucially use the two-dimensional axisymmetric ansatz (1.4) and the structure of the equations (1.6), in
order to establish full-stability of the swirl velocity, and hence of the vorticity.

2.1. Self-similar coordinates. We introduce the self-similar coordinates, variables, and equations used in
our analysis. For » > 1 which satisfies (2.2) below, define the self-similar time and space coordinates via

1 T R

S Og (T— t)l/r, y (T _ t)l/T’ g |y| (T _ t)l/r

(2.1a)

Throughout the paper we will use y € R? to denote the self-similar vectorial space coordinate, and ¢ = |y|
to denote the self-similar radial variable. The self-similar velocity components and rescaled sound speed are
then given by

(uP 0 0) (R, t) = LT — )7 (U, A, £) (&, 5). (2.1b)

T

It is convenient to also introduce the vectorial form of the self-similar velocity, that is

U(y,s) =U(,s)er, A(y,s) = A&, s)ey, (2.1¢)

where as before, { = |y|. Throughout the paper we will assume that the parameter r appearing in (2.1a) and
(2.1b) satisfies the following inequalities'?

L<r <repe(),  Teye(a) = 7525, a> 1, (2.2a)
1{:(;2\75 < T < Teye(O[), Teye(a) - ]- + (\/ac_j_l)Q) 0 < a < % (22b)

Using the vectorial self-similar variables introduced in (2.1c), and with the self-similar rescaled sound
speed from (2.1b), the two-dimensional axisymmetric Euler system (1.6) may be rewritten as

U+ (r—1)U+(y+U)-VU+aSVE = —A - VA, (2.3a)
A+ (r—1)A+(y+U)-VA=—-A-VU, (2.3b)
X+ (r— )T + (y+ U) - VE + a¥ div(U) = 0. (2.3¢)

The initial data is prescribed at the self-similar time

Sin £ -1 log T,

T

which corresponds to t = 0 in (2.1a).

10By this we mean that at the time 7 of the first singularity, the density p(-, T") is equal to 0, at at least one spatial point.
"1n one space dimension, vacuum cannot dynamically arise form from nice initial data without a shock forming first [12, 13].
12The definition of Teye is directly adapted from [62], upon letting d = 2 and v = 1+ 2¢; (2.2) is the same as [62, equation (1.15)].
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2.2. Globally self-similar blowup profiles. We summarize the results of [62, Theorem 1.2 and Corollary
1.3], which give the existence of smooth stationary self-similar profiles in R?, i.e. of smooth solutions
(U,0,%) to (2.3) which are s-independent.

Theorem 2.1 (Existence of smooth similarity profiles [62]). There exists a (possibility empty) exceptional
countable sequence I' = {,, },>1 whose accumulation points can only be {1,2, 00} such that the following
holds. For each v ¢ T, there exists a discrete sequence of blow up speeds {ry}i>1 in the range (2.2),

accumulating at reye(%l),isuch that the system (2.3) admits a C*°-smooth radially symmetric stationary
solution U(y) = U(¢)er, A = 0,5(&).

The requirements on v and 7, stated above are the same as in [62, Theorem 1.2], with d = 2. Throughout
the paper we will fix a non-exceptional adiabatic exponent v ¢ I', a similarity exponent r € {7y }xr>1,
and a similarity profile (U, 0, %) in our analysis. We treat any constants related to the profile (U, 0, E_J): to
a= 77_1, and to r € (1, 7eye(c)), as absolute constants.

In the next lemma we collect some useful properties of the profiles (U, X) constructed in [62].

Lemma 2.2 (Properties of the similarity profiles). The radial vector field U(¢)eg and the radially sym-
metric function (&) > 0 are smooth. For every integer k > 0 we have the following decay' as € — oo:

0EU(&)] Sk ()%, 10ES(9)] Sk (9 F. (2.4a)

There exists k> 0 and & > ;' such that

14+ 0:U(8) — 0B (8)] >k, €€ 0,&l, (2.4b)
E+UE)—an(§) >0, &>, (2.4c)
14+&700¢) >k, €>0. (2.4d)

Lastly, since r lies in the range (2.2), we have
lime ,0+& U (&) = 0:U(0) = - 5L > —1. (2.4e)

Properties (2.4) of the profiles (U, X) were either stated as is in [62], or they follow from the proof given
there. For instance, the outgoing property of the flow (2.4c) follows from the phase portrait proved in [62]
and continuity. The limit (2.4e) has been proved in [62]. The interior repulsive property (2.4b) is proved
in [62, Lemma 1.6] for £ € [0, &]; since the solution is smooth, there exists £; > &, such the condition (2.4b)
holds for a domain [0, &;] strictly larger than [0, &]. The decay property (2.4a) was stated in [63, Theorem
2.3]. For the sake of completeness, we give a proof of Lemma 2.2 in Appendix B.

Remark 2.3 (No repulsive property in the far field). The repulsive property (2.4b) may not hold true in
the entire exterior domain & > £ for the 2D compressible Euler equations, which is related to [62, Lemma
1.7]. We also quote

The Euler case in d = 2 and d = 3 for | < \/3 requires special consideration. In those
cases, property (P) of (2.24), which ensures coercivity of the corresponding quadratic form
in (6.14), does not hold for Z > Z,.

from Section 8 on Page 846 in [63], which suggests that the exterior repulsive property does not hold. The
property (P) is related to the exterior repulsive property, and Zs corresponds to &5 in (2.4b).

3Here and throughout the paper we denote by (-) the quantity /1 + | - |2.
14The value &, corresponds to the point P> in the phase portrait of [62] or to the point Ps in the 3D phase portrait of [5].
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2.3. Evolution of the perturbation. We consider a solution to the two-dimensional axis-symmetric Euler
system in self-similar coordinates (2.3) in perturbative form:

(U,A,%) = (U,0,2)+ (U,A, %) = (Ueg,0,%) + (Ueg, Aeg, ). (2.5)

Our goal is to analyze the evolution of the perturbation

0,U = Ly(U, A %) + Ny (2.62)
OsA = LA(U, A, 2) + Ny (2.6b)
352 = ﬁz(U,A,i) + Ns (2.6¢)

where the linearized operators are defined as
Lu(U,AY)=Ly(U,2)=—-r—-1)U—(y+U)-VU-U. VU — aXVE — aXVX (2.6d)
LA(U,AY)=LA(A)=—(r—1)A—(y+U)-VA—-A-VU (2.6e)

and the nonlinear terms are defined as

Ny =-U-VU-aXVE — A-VA (2.7a)
Ni=-U-VA—-A.VU (2.7b)
Ny = —U -V — X div(0). (2.7¢)

The initial data for the system (2.6) is specified at self-similar time s;, = log T~/".

2.4. Two key observations. First, in the linearized equations around the profile (U, 0,%), the evolution
of the perturbation A and those of the perturbation (INJ, EN]) are decoupled. That is, in (2.6) the linearized
operators L7 and Ly do not depend on A. Therefore, we can perform linear stability analysis of (fJ, f]) and
A separately. We will show that the linearized equations for (fJ, f]) are stable upon modulating potentially
finitely many unstable directions, developing a simpler stability proof. See Section 2.5.

Second, from (2.6b) we deduce that the linearized equation satisfied by A(, s) /€ is given by

a(2) + e+ 0 (2) =~ (r+2Y) ()

Our crucial observation is that the blowup profile satisfies 7 + 2(U (§)/€) < 0 near £ = 0, see (2.4e), which
suggests the linear stability of A(§)/¢ near & = 0. Using this property, and the outgoing property of the
self-similar velocity, namely that £ + U (£) > k¢ for for some x > 0 (see (2.4d)), we obtain that A is stable
in a suitably weighted space. These stability properties can also be captured by performing weighted L?
estimates with weights that are singular near £ = 0. See Theorem 3.2.

In order to prove Theorem 1.1, we note that since the radial velocity U + U has 0 vorticity, and since A
is stable, we can choose initial data for A in an open set (in the topology of a weighted Sobolev space) and
thus construct non-trivial initial vorticity. Moreover, since (U + U+ A)(0,s) = 0, the origin is a stationary
point of the flow; thus, once we prove global nonlinear stability for (2.6)—(2.7), the finite-time blowup of
vorticity claimed in (1.8d) now follows.

15Recall from (2.1c) that A (y, s) = A(&, 5)eq, and thus the self-similar vorticity at £ = 0 is related to lim, _, o+ A(, 5)/(2£). We
note that for a smooth perturbation, we have A(0, s) = 0 and hence A /¢ is well-defined.
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2.5. A new stability proof of implosion. The goal of this paper is to also develop a new stability proof of
the implosion for the compressible Euler equations, which is simpler than the one given in [61, 63] (based
on estimates of nonlinear wave equation), and in [5] (based on the transport structure of Riemann-type
variables).

While in this paper we focus on the two-dimensional setting, the stability proof for the Euler equations
in R? with radially symmetric data (around a profile satisfying the properties in Lemma 2.2) would be the
same, by setting A = 0 in Sections 3, and 4. Our stability proof consists of the following steps.

Step 1: Weighted energy estimates. In the linear stability analysis of Section 3.2 we perform weighted H>™
estimates, with sufficiently large m and a carefully designed weight ¢s,,, to obtain coercive estimates for the
“top order” terms. The interior repulsive property (2.4b) allows us to obtain a damping term proportional to
m in the region |y| = £ < &, slightly beyond the sonic point £; < &;. For |y| = £ > &,, we use the outgoing
property related to the transport term (2.4c). We design a radially symmetric weight o, (y) decreasing in
ly| = & for € € [£1, Ro), with Ry large enough. The monotonicity of the weight and the outgoing property
provides a strong damping term in the energy estimates, as seen in Lemma 3.1. For |y| = £ > Rp, due to
the natural decay of the profile (2.4a), the linear dynamics is purely governed by the scaling terms, and is
thus stable. The upshot of the linear stability analysis is that we obtain weighted H 2™ estimates of the kind

(L(U,Z), (U, 2))am < AU, ) [Zm + / Ry 28)
Y|>1ig

for some inner product X™, m > mg with mg sufficiently large, a suitably chosen R4 > 0 and a coercive
parameter A > 0 (uniform in m > mg). Here, R, denotes some “lower order” remainder terms (in terms
of regularity, when compared to || (U, )| ), which is made explicit in (3.13a). For the stability estimates
of the A variable, we use the ideas discussed earlier in Section 2.4.

Step 2: Compact perturbation. To handle the lower order remainder term R, in (2.8), for each m > my,
in Section 3.3 we use Riesz representation to construct a linear operator X,,, from a bilinear form similar to

(K S, g)am = /xf'gdy,

where y > 0 is a smooth cutoff function with xy = 1 for |y| < R4. The second term on the right side of (2.8)
then arises as (Cp, f, f) xm for f = (U, X). Since the right hand side in the above display does not involve
derivatives on f and g, and since x has a compact support, we can show that C,,, : X™ — X™ is compact
and that it has a smoothing effect IC,,, : X 0 x™*3, Afterwards, we obtain that £ — CIC,, is dissipative,
for C' > 0 chosen large enough.

Step 3: Construction of semigroup. To handle the compact perturbation, in Sections 3.4 and 3.5 we use
semigroup theory to estimate the growth bound for the semigroups e(£=%m)s and e£5. We prove a local
well-posedness (LWP) result of the linearized equations in the space X'™ in order to construct the semigroup.
Note that the linearized equations are a symmetric hyperbolic system, whose LWP theory is classical.

Step 4: Smoothness of unstable direction. To construct a smooth initial data, in Section 3.6 we show that
the potentially unstable directions of the linearized operators are spanned by smooth functions. An unstable
direction f satisfies a variant of the equation (L—\)f = 0, for f € X0, Rewriting thisas (L—K,,—\)f =
—Kn f, the smoothing effect of ICppy: XY — X™T3 the invertibility (£ — K, — A)~L: &A™ — X™, and
induction on m > my, allows us to prove prove f € C*°. See Lemma 3.9.

We note that Steps 2 & 4 discussed above resemble the functional approach to solve the elliptic equations,
see e.g. [38]. The coercive estimates (2.8) allow us to construct the compact perturbation, which has a
smoothing effect. These steps do not depend on specific structure of the equations.
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Step 5: Nonlinear estimates. To close the nonlinear stability estimates, in Section 4 we decompose the
perturbation V = (fJ', A i) into a stable part V1 and an unstable part Vo, following the splitting method
of [22]. For the unstable part, we represent Vs using Duhamel’s formula and estimate it using the semigroup
eXs. The stable part V) is estimated purely using energy estimates. Such a decomposition allows us to
construct the global in self-similar time solution using a Banach fixed point argument and simpler bootstrap
assumptions; moreover, this decomposition implicitly determines the stable initial data in the correct finite
co-dimension space. See [36,48] for related constructions of a global-in-time self-similar solution based on
a Banach fixed point argument.

2.6. Comparison with the stability estimates in [63], [61] and [S]. Part of our stability estimates are
similar to those in [63], [61], and in [5]: high order weighted Sobolev estimates to extract the dissipation,
semigroup theory to estimate the compact perturbation, and finite co-dimension stability. Moreover, our
H?™ stability estimates based on the variable (U, X) are inspired by [5] particularly in the region |y| = ¢ <
&s. There are however several significant differences between our estimates and those in [5,61,63].

First, we do not localize the linearized operator, nor do we use Riemann-type variables to perform trans-
port estimates. Instead, we exploit the outgoing properties of the flow (2.4c) by designing decreasing weights
and incorporate such an effect in the weighted H?™ estimates. This allows us to obtain simpler nonlinear
estimates. We note that weighted energy estimates with singular weights and weights depending on the
profiles have been used successfully in a series of works by the first author and collaborators [20-22,24,25].

Second, we construct the semigroup based on the local well-posedness (LWP) of the linearized equations,
which is obtained by appealing to a classical result. See Step 2 mentioned above, and Theorem 3.5. In
contrast, in [5, 61], the construction is based on the notion of a maximal dissipative operator. Moreover,
using the functional approach outlined in Step 4 above, we do not need to solve specific ODE or PDE
problems as [5,61], and hence we obtain simpler linear stability estimates.

Third, we use a Banach fixed point argument to obtain nonlinear finite co-dimension stability, different
from the topological arguments employed in [5, 62].

Finally, we do not use the exterior repulsive property of the profile in the stability proof, which is required
in [5], but may not hold for the similarity profile of 2D Euler equations (see the discussion in Remark 2.3).
Thus, we cannot adopt the stability proof in [5] to establish the finite co-dimension stability of (fj, i‘)

Our stability estimates can be extended to the compressible Navier-Stokes equations in the same settings
as in [5,63], with a minor modification since the diffusion is treated perturbatively, and the main term of the
diffusion in the weighted estimates still has a good sign after performing integration by parts.

2.7. Comparison with the non-radial implosion in [11]. There appear to be essential difficulties in us-
ing the non-radial imploding solutions built in [11] to exhibit vorticity blowup for the compressible Euler
equations in three space dimensions.
We recall that for d = 3, the specific vorticity of isentropic Euler satisfies the vector-transport equation
w w w
at(—) + (u-V)(—) - (u-V)(—). 2.9)
P P P
If we denote by X (a, t) the Lagrangian flow'® generated by u, then (2.9) can be rewritten as
(f) (X(a,t),t) = VaX(a,t) (f) (a,0). (2.10)
P P
If we imagine u and o (and hence p = (o)) to be exactly the self-similar solutions to (1.3) built in [62]
and [5], then the vorticity w would just be identically 0 by radial symmetry.
Nevertheless, we can replace the w(X (a, t), t) appearing on the right side of (2.10) with a generic quantity

[= f(X(CL, t)’t) = p(X(a,t),t)VaX(a,t)g—g(a),

16The Lagrangian flow X solves the ODE 0 X (a,t) = u(X(t,a),t), with initial condition X (a,0) = a.



VORTICITY BLOWUP IN 2D COMPRESSIBLE EULER EQUATIONS 11

and ask whether || f(+,¢)|| L blows up as ¢ .~ T, with T being the time of the implosion. In the next lemma
we observe that f remains uniformly bounded in a and ¢, as long as we choose the initial data fy with a
high-enough vanishing order at a = 0.

Lemma 2.4 (Not all transported quantities blow up in a 3D implosion). Consider a self-similar profile
(U,X) as constructed in [62] or [5], and let (u, o) be determined according to exact self-similarity from
this profile via (2.1). Then, there exists kyan > 0 such that for every smooth function fy that satisfies
|fo(a)| < min(|a|®n, 1), we have

Sup |p(X(aa t)at)VCLX(aﬂf);:io(a” < +o00.
a€R3,t€[0,T) 0

The required vanishing order kyay, is some constant that depends only on the profile (U, X)), on r, and on o

We defer the proof to Appendix A. At this stage we note that the finite co-dimension of the initial data
considered in [11] equals to the number of unstable directions of £, which is a (sufficiently large) finite rank
perturbation K to a maximally dissipative operator. Since the rank of K is used as a large parameter, the
number of unstable directions ks is not quantified in [11], and therefore it is hard to determine whether
kuns < kvan. Moreover, it is not shown in [11] that the finite co-dimension set of initial data contain any
functions fy violating the vanishing order fo = O(|a|*2") near a = 0. Therefore, in light of Lemma 2.4 it
is not clear whether the setting of [11] is at all amenable to vorticity blowup.

2.8. Notation. Next, we discuss the notation used in the paper.

We use A < B to mean that there exists a constant C' = C(v,r,U, %, T) > 1 such that A < CB. We
use A < B to mean that both A < Band B < A. We use A £ B to say that quantity A is defined to
be equal to quantity/expression B. In Section 4 we shall use the notation A = B + Oy, (B’) if there exists
C, =C(y,r,U,%,T,h) > 1suchthat |[A — B| < C,B'.

We will use 7, 15, A, A\ to denote constants related to the decay rates; see (3.47), (3.48), and (4.9). We use
K1, k2, k3 to denote exponents for the weights; see (3.5), (3.15), and (3.20). We use ©1, Om, @b, ©f, g, PA
to denote various weights; see (3.5), (3.6), (3.15), (3.28), and use E, E», for energy estimates (4.22), (4.50).
We use X", X0, W™ W', Y7, Yo to denote various functional spaces; see (3.14), (4.7), and (4.13).

We will use ¢, C' to denote absolute constants that can vary from line to line, and use i, v, £, C, tom, 0, 6y
to denote some absolute constants that do not change from line to line.

Throughout Section 3, we shall use (U, X) to denote the perturbation (U, X) mentioned earlier in (2.5),
since for linear stability analysis there is no ambiguity. In contrast, in the nonlinear stability of Section 4,
(U, X) is reserved for the full radial velocity and rescaled sound speed, consistently with (2.5) and (2.3).

3. LINEAR STABILITY

In this section, we perform weighted H?™ estimates and study the asymptotic behavior of the linear
operators Ly, L4, and Ly, defined in (2.6). The design of the weights is done in Section 3.1, while the
Sobolev energy estimates are performed in Section 3.2.

3.1. Choice of weights. In this section, we design the weight ¢9,,, needed for weighted H2™ estimates.

Lemma 3.1. There exists a radially symmetric weight ¢1(y), and there exists a constant iy > 0, such that
p1r = <§>7 ’vwll S L, &= |y|7 (3.1a)

W)aﬁ‘mwag’aﬁ‘“‘ — (14 0:0 — ta|9S)) < —£L, (3.1b)
©1 ©1 ()

forall ¢ € (0,00) and all £ € {0,1}. Form > 1 and ¢, satisfying (3.1), define
em(y) = p1(y)™. (3.2)
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The quantity on the left hand side of (3.1b) appears in the damping term in the weighted H2* estimates.
The first term comes from the effect of the transport term. The last two terms come from the derivatives.
See (3.21), (3.23), (3.24).

Proof. Since aX > 0, we only need to prove the estimate for / = 1.
To design the weights, we will introduce several parameters and determine them in the following order

Ry ~ Ry~ c1 ~ R3 ~ kg ~ v~ g, (3.3)

with parameters appearing later being allowed to depend on the previous ones. Since we fix the profiles
(U,Y) and related parameters (e.g., %, &1, s in Lemma 2.2), we drop the dependence of Ry and R from
(3.3) on these parameters.

Recall the parameters &, & from Lemma 2.2. We fix R; with 1 < & < Ry < &;. From Lemma 2.2,
since 85(7, 8§i] decay, we can choose Rs such that for £ > Rs, we have

d(E+U) —aloS| >3, &> Ro. (3.4)
For kg, v > 0 to be determined (see (3.9) below), we construct the weights as

o) E o1 (W)™ o1 2P0, er(y) £ 1+ v{y), (3.5)

where (3, is chosen in (3.6) below. Here the sub-indices b, f are short for bulk, and far, respectively. We use
the bulk part to capture the outgoing effect (2.4c) for |y| > &, and the far part to capture the decay of the
perturbation. With s < R; < &; and R that have already been chosen, there exists ¢; = ¢;(R1, R2) > 0
which allows us to define ¢y as a radially symmetric function with

er(y) =1, |yl <&, (3.62)
o(y) =3yl =R+ 1, (3.6b)
Oepp <0, Vy € R?, (3.6¢)
Ocpp < —c1 <0, ly| € [R1, Ra]. (3.6d)
Denote the self-similar slow acoustic wave speed by
V=¢(+U—al.
From (2.4a), we can choose R3 large enough such that
— (140U —a]0eS]) < -1+ 5(&)7", V+2aE8<E+4, VE>Rs 3.7)
Next, we let
Dug 2 (€ + (7)85901 n 2‘8&;@1‘ _ Vagﬁpl L a¥ <‘85901‘ 85901) .
¥1 ¥1 Y1 $1

Using the definition of ¢ in (3.5), the monotonicity properties ¢ < 0 and d¢y > 0, and the identity
Ocor _ o) Ocob | 9Pt e deduce

©1 Pb pr
3% &spl o Ocps 20€
+ < — , (3.82)
‘ ’ or  (E)A+v(E)
Dug < k2 Vam’ LS H B (3.8b)

e (O +vE) (A +v(€)

Next, our goal is to find positive constants ko (see (3.10)) and v (see (3.11)), in order to ensure that

A V Do
= /{/2
b

Dy — (140U — a|deE|) < —e <0, (3.9a)

ap 7 |05 V420806
Dy 2 Dyy— (140U a|852\)SD0+<£>(1+V<5>)§ @ (3.9b)
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hold for some constants p; = p1(Ry1, Re, R, k2,v) > 0 and ¢ = ¢(Ry, R2) > 0. Here we recall that
V =¢4 U — aX > 0 due to (2.4c). Note that the estimate in (3.9b) is exactly the same as (3.1b).

In order to achieve (3.9), we first note that V@gpb < 0 by the definition of ¢ in (3.6). For £ € [0, ;] and
& > Ry, using the repulsive property (2.4b) and inequality (3.4), we get

Dy < —(1+4 0:U — a|9¢Z|) < max(—~k, —3) < 0.

For ¢ € [¢1, Ra), from (2.4c) we get V' > ¢ > 0 for some ¢ = ca2(R2) > 0, and from (3.6) we have
O¢on/p < —c1(R1, Ra) < 0; together, these bounds imply
Vo,
£Pb <
¥b
Since |1 + 9:U — a|9:X|| < C holds by (2.4a), choosing k2 = ka(R1, Rs) large enough,

—ci1c < 0.

Dy < —kgcieg +C = —%/{26162 £ _¢ (3.10)

for some ¢ = (Ry, R2) > 0, as claimed in (3.9a).
In order to prove (3.9b), we note that for v < 1, using (3.7) we get that for all ¢ > R3 we have

- P U a72>) 2 S| vg? L
Drs =400 =aldEN+ oy < Mg Y rva e s
(&) +v 1 (&) I
STOrare Tag S e T ue T e

For ¢ € [0, R3], using (3.92) and choosing v = v(Ry, Ry, R3) > 0 small enough, we get
Dy < Do+ v||V 4 2a5|| eojo,ry) < —¢+ V||V + 2aE|| oo, ry) < —3C- (3.11)

Combining the above two estimates, we establish (3.9b) for some p1 (R1, Ra, R3, k2, ) > 0. This concludes
the proof of (3.1b).

It remains to establish (3.1a). Since ¢, is constant for |y| < &, and |y| > Ry + 1, from the definition (3.5),
we get 1 =< @, [Voi| < |Vey| < 1 in this region; the implicit constants depend on R1, Ry, R3, v, ko
which have been already fixed. On the compact set £ € [{, Ra + 1], the claim (3.1a) follows since ¢ ¢ and
vy (hence ¢1) are C'* smooth. O

3.2. Weighted H>™ Coercive estimates. Throughout this section, since we are only concerned with linear
stability analysis, we will use (U, XJ) to denote the perturbation (U, X); that is, we drop the ~ in (2.6).
Recall the weights ¢,,, defined in (3.5) and recall the definitions (2.6d)—(2.6f) of the linearized operators
Ly, L4, and Ly. Note that the operators
L= (Ly,Ly) (3.12)

and L 4 are fully decoupled, in the sense that A does not enter in the definition of £, and (U, X) do not enter
in the definition of £ 4; see (2.6). With this notation, we have the following coercive estimates.

Theorem 3.2. Denote L = (Ly, Ly)), with (Ly, Lx)) as defined in (2.6). There exists mg > 6, Ry, C > 0
large enough and A > 0 smallienough,” such that the following statements hold true. For any m > my,
there exists €y, = € (mo, Ry, C, X) > 0 such that

(£(U,%), (U, %)) xm < =A|(U,3)|3m +C ) (U + [Z1*)pydy, (3.13a)
y|<R4
(La(A), A) g < =AA%p, (3.13b)

7 The parameters mo, R4, C and )\ depend only on the weight (o, from Lemma 3.1, ony > 1,7 > 0, and on the profiles (U, ).
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forany (U,X) € D(L£) = {(U,X) € X™: L(U,X) € X"} and A € D(La) = {A € X': La(A) €
X'\'}. Here, the Hilbert spaces X" and X" are defined as the completion of the space of C° (R?) radially-
symmetric'® scalar/vector functions, with respect to the norm induced by the inner products

(f,g)xm = em/Amf A" 50+ frgpgdy, m =1, (f,g)x0 = /f -9 Pg, (3.14a)

(f:9)ap = sm/Amf A"g Q309+ [ g pady, m> 1, (f,g)xq = /f "gpa, (314

where f,g: R? — R ¢ € {1,2}."° The inner products (-, -) xm and (-, ) a, and the associated norms, are

defined in terms of the constants e, (defined in the last paragraph of Section 3.2.1), the weight pa,, = gp%m
defined in (3.2), in terms of the weight

yTr1—2 , (3.15)

=

g = pg(y) =S (y y K1 =

and in terms of the weight © 4 constructed in (3.28) below. At this stage we note that ¢ 4 satisfies p4(y) <
ly| =P (y)P1=*1=2 for some By € (3,4), and thus @4 < @ for |y| > 1, and p, S @a forall |y| > 0.

We emphasize that the constants A\, C' appearing in (3.13a) are independent of m. Note also that the norms
X™ and X7 only differ by the weighted L2 parts, i.c. || f[3m — [l [35 = 130 — [I£]|%0, see (3.14).
A
Before proving Theorem 3.2, we note the following simple nestedness property of the spaces X", which
follows from Lemmas C.2, C.3 with §; = 1,09 = —2 — k1.

Lemma 3.3. For n > m, we have || f||xm Sy || f|lxn and X™ C X™.
Next, we turn to the proof of Theorem 3.2. Since £ and £ 4 are decoupled (cf. (2.6) and (3.12)), we prove
(3.13a) and (3.13b) separately, in Sections 3.2.1 and 3.2.2, respectively.

3.2.1. Estimates for L. Applying the operator A™ to the linearized operators Ly = Ly(U,¥X) and Ly, =
Lx(U, ) defined in (2.6d), (2.6f), and using Lemma C.1 to extract the leading order parts from the terms
containing VU, V3, we get

ALy =—(y+U)- VAU — aZVA"E —(r — 1)A™U — 2mde (£ + U)A"U — 2maVEA"E

7‘{1 Du
—A"U - VU — aA"SVE +Rym, (3.16a)
Su
ALy = —(y+ U) - VA™S — adiv(A™U)E —(r — 1)A™S — 2mde (€ + U)A™E — 2maVE - A™U
Ts Dyx,
—~A"U - VE — adiv(U)A"S + Ry m. (3.16b)
Ss

In (3.16) we have denoted by Ry, and Ry, remainder terms which are of lower order (in terms of highest
derivative count on an individual term); moreover, we have used the notation 7, D, S to single out transport,
dissipative, and stretching terms.

188y radially symmetric functions we mean f (y) = f(ly|) and by radially symmetric vectors we mean f(y) = f(|y|)er or
F () = f(|y|)es; recall the definition (1.4).
91t is also convenient to denote X>° = Nm>0X ™.
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Using Lemma C.1 and the decay estimates (2.4a), we obtain that the remainder terms are bounded as
’RU,m’ gm Z ‘v2m+l—iﬂ‘ ’sz‘ + ’v2m+1—ii‘ ’VZE‘
1<i<2m—1

Smo Y () TTEH(VIUL+ V), (3.17a)
1<i<2m—1

|R2,m’ ,Sm Z |v2m+1—ifj| |V’LE| + |v2m+1—ii| |VZU|

1<i<2m—1

Smo Y. (@)TTPH(VIUL+ V). (3.17b)

1<i<2m—1

Next, in order to bound the left side of (3.13a), we perform weighted H>™ estimates with weight given
by go%mtpg, as dictated by the definitions in (3.13a). To this end, we estimate the term

/ (A™Ly - A™U + A" L A™Y) 03,0, (3.18)

by appealing to the decomposition in (3.16).
Estimate for 7;;, 7x. Using the identity

VA™Y - A™U + div(A™U)A™S = V - (A™U - A™') (3.19)

and integration by parts, we obtain that the contribution of the transport terms in (3.16) to the expres-
sion (3.18) is given by

IT:—/((y+U)-VAmU-AmU+(y+U)-VAmZ-AmZ

+aX - VA™S - A™U + o div(AmU)Amz) Do Py

= 2

2 P3Py mre PomPyg mre

Recall from (3.2) and (3.15) that o, = ©3™, and pg = (y)~27%1, Using the decay estimates in (2.4a),
the outgoing property £ + U > 0 (2.4d), and denoting?’
kg =min(2,7) =r > 1, (3.20)

we obtain

— 7 % N —2 —r o —K3
0 pe EFU 2= 2 mt OO+ O™ < 24 C0{0™.

Using the above inequality and (2.4a) (with k£ = 1), we estimate

1V - ((y+ U)g3,,09)

= %(2 + div(U) + 4m(€ + 0)% + (£ + _)%)

2 g@%m@g 1 i
0
< CE)T 4+ 2m(€ + U)%Ol,
1
S¢3 s 510
M\ < alV3|+ az(4m|W1| + M) < 4mas %P1 4 gy,
PomPg v Y9 71

20The fact that r < 2 follows since for d = 2 (the case of this paper) the inequality r < Teye() implies r < 2, see (2.2).
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where we have used |V f| = |0¢ f| for any radially symmetric function f. Combining the above estimates
and using |ab| < 1(a® + b%) on AMUA™Y, we get

1/V-((y+U)pi, V(aZe3,, m m

2 @%m@g cp%msog
) 19
§/<2m<(£+U) £P1 +az) E‘PID+c<g>—*’~3)(|AmU|2+yAsz)gogm@g, 3.21)
¥1 P1

with C' > 0 independent of m.
Estimate of Dy, Dy, Sy, Sy. Recall the definitions of the terms Dy, Dy, Sy, Ss; from (3.16). Using the
decay estimates (2.4a), we get

Sul; [Ssl S (O (|A™U] + |A™X]).
For Dy, Dy, using Cauchy-Schwarz inequality for the cross term
IVEATY - A™U| 4+ |VE - A™U - A™%| < |[VI|(|A™E? + |A™U|?), |VE| = |0:2], (3.22)

we obtain

Ioss = [ (Du+S0)A™U + (Ds + S)A™E)

< / ( — (r=1) =2m(1 4 0:U) + 2mal9%| + C(g)_’”>(]AmU]2 + [ATE?) 3,04, (3.23)

with C' > 0 independent of m.
Estimates of R7, Ry. Recall that the remainder terms Ry7, Ry, from (3.16) satisfy (3.17). Moreover, using
that o, <, ()%™ from (3.1a), and recalling the definition of g in (3.15), we obtain

>7r72m+2' =m <§>2m+i77“71{172 _ <§>2m+i+252 52 _ —r—k1—2
= s .

O3m Py 5

At this stage we apply Lemma C.2 and Lemma C.3, with 4; = 1 and J2 as given in the line above, for
1 <17 < 2m — 1, and an arbitrary € > 0, to obtain

/ ()" VR AT G R,
< e ()2 ATGI2, + Con e | () 2 VF 2,
< )P ATG R, + el|{g) VI E|2, 4 Con | (4) 2 F 2
< 2| ()2 AT G2, + 26| ()2 AT E | 4 Co e | ()2 F

Y)
Y)

We may apply the above estimates to each term in (3.17). Using the bound (y)2(2m+%2) < <y>_T<P%m8099
and using the fact that € > 0 is arbitrary, we get

Ig = /\Ram AU + Ry - A™E] 05,0

<[40 (1A™UP +|A™ZP) gy + Cnl[UP + 2. (3.24
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Combining the bounds (3.21), (3.23), (3.24), using the estimates in Lemma 3.1, and recalling (3.20), we
arrive at

/ (A™Ly - A™U + A" Ly A"Y) 3, 00 = I+ Ipys + I

g/(-(r—1)+2m((g+U)afOfl+ z|85“’1|—( —|—8§U—a|852|))+0<£>_"3>

X (AT + |A™SP) A0 + Con / (P +15P)e,
< [ (=0 =) = 2mpn () + ©)7) (AU +A"ER )y + Cn(UF + [SP)gs,

for some constant a; > 0. Since k3 = r > 1 (see (3.20)), there exists mq sufficiently large, e.g. mg =
[2‘%1 + 1, such that for any m > my, we get

—(r=1) = 2mu1 (&) + ar(§) T < —(r — 1) = 2mopr (€) T + a1 (§) T < —(r — 1),
resulting in
/ (A™Ly - A™U + A" Ly, A" 03,00
<—(r—1) /(!A’”U!2 + |AE) 03,00 + Crm (U1 + |21y (3.25)

Weighted L2 estimates. For m = 0, we do not have the lower order terms Ru,0,Rs,0in (3.17) and we do
not need to estimate Iz as in (3.24). Combining (3.21) and (3.23) (with m = 0), we obtain

/ (Lu-U+ Ly D)e, < / (—(r — 1) + CLE) ™) ([UP + [=P)s.

for some constant C' > 0, independent of m. Since r > 1 and k3 > 0, there exists a sufficiently large R4

such that for all £ = [y| > R4 we have
—(r=1)+C{E) ™ < —(r—1)+C(Ry)™™ < —L(r —1).

Therefore, combining the two estimates above, we arrive at

/(cU-UJrag-z) ©g < /(01,y|<R4 L =1)(UP + 2]y (3.26)

Choosing the ¢,,,. In order to conclude the proof of (3.13a), we combine (3.25) and (3.26). Choosing &,,
sufficiently small, e.g. €,,, = %, where C), is as in (3.25), multiplying (3.25) with &, and then adding
to (3.26), we deduce (3.13a) for A > 0 sufficiently small which is independent of m, e.g. A = ’"%41.

3.2.2. Estimates for L 4. For L 4, the key step is to establish the weighted L? estimate, i.e. the bound (3.13b)
for m = 0. For a radially symmetric weight ¢ 4 which is to be chosen, using that A - VU = A% (see (1.5))
and integrating by parts, we obtain

[2aa) Apady=- [ (30+0) VAP + (r= 1+ D)IAP)oa = [ DateniaPon

where we have defined the damping term

Da(pa) & — 2o +

VD) Ty,
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Choice of weights. Our goal is to construct ¢ 4 such that the above defined damping term satisfies

Da(pa)(€) >X>0, V>0, (3.27)

for some A > 0. We will achieve this by designing ¢ 4 such that
pa=E g2 (14 B3(6)) 77, pre (3,4), 02> 1,0 < 3 < 1, (3.282)
pa = EPEHNTITL [Vpa| S € pa, (3.28b)

for a radial weight g < 1 (to be chosen), where x; is chosen in (3.15). Since A(0) = 0, for any sufficiently
smooth A, we have that | A2%|p 4 is locally integrable near y = 0 € R? when f; < 4. We use the singular
weight €21 to extract the damping effect of the transport operator (y 4+ U) - V; a direct calculation yields

C1(EHT)epa 1

5 ) 2(2+div(ﬁ))+g+(r—1).

3
Recalling that V - U = U + % and using the formula for ¢ 4 in (3.28), we further obtain

BT B (E+0)0g Hi—2—r (£+U)BsE
2 ¢ 2 g 2 (14 B3(£)) (&)
2 L&) + T2(€) + I3(€) + 14(6)-

We will choose 4 — 31 > 0, 83 > 0 small, 82 > 0 large, and J¢g < 0 with g < 1. Using (2.4a) and (2.4e),

51_13)1 (11 + 1) (&) = 31+ 0:U(0) + (r — 2) = (20U (0) + 1) — (2 = F)(1 + 9T(0)),

Da(pa) =

Da(pa)

1(7)

1 _
+(T—2—56§U+§E

; _ B

Jm (1 + 1) (€) = 3 + (r —2).

Using that r > 1, 20:U(0) 47 > 0 (see (2.4¢)), and 1+ 9 U(0) > 0 (see (2.4b)), we can choose 31 € (3,4)
close to 4 such that (20:U(0) + r) — $(4 — B1)(1 + 9:U(0)) > 2c1 for some 0 < ¢; < I (which only
depends on U and r). Therefore, by also appealing to 0¢g < 0,8+ U > 0 (see (2.4d)), and to the continuity
of I;(§) in &, there exist 0 < p < ¢ such that

(&) + 14(§) + I2(§) > I1(§) + 1u(§) =1 >0, §€10,p]U[g,00).

Next, we choose a smooth and radially symmetric function g such that

for some cz > 0 which only depends on p and ¢q. Since (2.4d) implies that £ + U > c3lpq) (&) for
cs = pk > 0, choosing - large enough we may ensure that
1(E) + 12(6) + 1a(€) > Feses — max (1(6)] + () > 1 >0, €€lp.g]

’

Thus, we have shown that by choosing the function g and the parameters 31 and (2, we may ensure that
I (&) + I2(&) + 14(§) > ¢1 > 0 forall £ > 0, for some ¢; > 0.

Finally, we handle /5. Note that the remaining free parameter in the definition (3.28) of ¢ 4 is 83, which
only enters the definition of /5. Since I > 0 and 81 — 2 — k1 > 0, using the asymptotics (2.4a), the bound

B3¢ 1
T < ¢ for& > 1 we have
— k1 —2NEFHTU _ K1+ 2
DAZI1+I3+I4Z(@—B1 = )5 +(r—2)—C) "> =
2 2 ¢ 2
By also appealing to the previously established lower bound for I7 + Is + Iy, for & < 1 we have
Da>15L+ 1o+ 14— CB3§ > c1 — CBsE.

Since k1 > 0 and r — 1 > 0, the first of the two lower bounds for D 4 above imply that there exists gz > 0
sufficiently large such that Dy > 7 = 1—16 for all £ > g2. On the other hand, taking 53 > 0 small enough

+(r—2)-C()".
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to ensure that 5+ > Cf33g2, from the second of the two lower bounds for D 4 above, we obtain D4 > - for
all £ € (0, go). Together, these bounds establish (3.27), for X = min{-, &} > 0.

We also note that the properties of ¢ 4 stated in (3.28b) follow from the definitions of g, ¢ 4.

Having established (3.27), we obtain the desired weighted L? stability estimate

/ La(A) Apa <) / AP0 (3.29)

Weighted H>™ estimates. The weighted H>*™ estimates with weights (3, ¢, are similar to those for £
in Section 3.2.1. In analogy to the derivation in (3.16), we may apply A™ to L4 (as defined in (2.6e))
and then decompose the resulting expression into a transport, damping, stretching, and remainder term; to
avoid redundancy we do not spell out these details. Analogously to the bounds (3.21), (3.23), (3.24), and
recalling (3.20), we obtain

/N"EA(A) - A" APSpgdy < /DA,zmIAmAIQsogmsog +Cn / |A gy,
where
— 8{()01 s —
Daom =2m(§ + U)T +C€)" = (r—1) —2m(1 + 0:U).
1

Compared to (3.21), (3.23), in the above estimates, we do not need to estimate cross terms (3.19), (3.22),
which contribute to the bounds ai[%| in (3.21) and 2ma|dX] in (3.23). Using Lemma 3.1 with £ = 0,
and choosing mg large enough, for m > mg, we obtain

DA,2m < _(T - ]-) - 2m,u1<£>_1 + C<£>_H3 < _(T - 1)a

uniformly in § > 0. Since ¢, S ¢4, combining the above estimates and (3.29), and then choosing ¢,,, small
enough, we obtain

[ (enA™£a(A) - A" A2y + La(A) Aga)dy < =S [ (nl A" APy + AP ) dy

for some A, > 0 independent of m. This proves (3.13b). Clearly, by choosing A smaller, my larger, and &,
smaller, we can obtain the coercive estimates (3.13a), (3.13b) for the same set of parameters. This concludes
the proof of Theorem 3.2.

3.3. Compact perturbation via Riesz representation. In this section, using the estimates established ear-
lier in Theorem 3.2, we construct a compact operator K, such that £ — K, is dissipative in X™. For this
purpose we fix mg > 6. We also recall from Lemma 3.3 that the Hilbert spaces {X?};>¢ are nested, with
XHtc Xt c...c X%foralli > 0; we will implicitly use this fact throughout this section.

Proposition 3.4. For any m > mq, there exists a bounded linear operator K, : X0 — X™ with:
(a) for any f € X° we have
supp(Kom f) € B(0,4Ry),
where Ry is chosen in Theorem 3.2 (in particular, it is independent of m);
(b) the operator K., is compact from X™ — X™;
(c) the enhanced smoothing property ICp, : X0 — X™+3 holds;
(d) the operator L — Ky, is dissipative on X™ and we have the estimate

(L= Kn)fy Fam < =AM flem (3.30)

forall f € {(U,X) € &™: L(U,X) € X™}, L = (Ly, Ls), and where \ > 0 is the parameter
from (3.13a) (in particular, it is independent of m).

Item (d) shows that £ is a compact perturbation of the dissipative operator D,,, = £ — K, in X™, for
any m > my. By further regularizing XC,,, one could define IC,, : X 0 5 X = Nm>o0X ", but we do not
need this extra regularity and thus do not seek this refinement; we only need the X" *3-regularity claimed
in item (c) in order to simplify the nonlinear estimates in Section 4.4.2.
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Proof. Fix R4 as in Theorem 3.2. We let 0 < x1, x2 < 1 be smooth cutoff functions such that

x1(y) =1, lyl <2R4, x1(y) =0, |y| > 4Ry, (3.31a)
x2(y) =1, [yl <4R4, x2(y) =0, |y| > 8Ry. (3.31b)

Throughout this proof we also fix m > mg, where m( > 6 is given by Theorem 3.2.
Riesz representation. We consider the bilinear form By, (-, -): X% x X™ — R defined by

Bu(f,9) = Zl§i§3/X1figia

for f = (U,X) = (U1,Us, %) € X%and g = (U, %) = (U], U}, X') € &™,
We note that for ¢, as defined in (3.15), we have that (4Ry)~™72 < g < 1 onsupp(x1) and hence by
also recalling the nested property X™ C X° (cf. Lemma 3.3) we have the trivial estimate

1B (f,9)| S I flxollgllaco Sm £ a0l gl a0m- (3.32)

Here and throughout the proof the implicit constants in < are allowed to depend on Ry. It is clear from the
above bound that B,,, (-, -) is well defined on the larger domain X° x X', but we shall not use this fact.

For each fixed f € X, since B,,(f,-) is a bounded linear functional on the Hilbert space X™, using the
Riesz representation theorem, there exists a unique /C,,, f € X™ such that

(Kif,g)xm = Bm(f,9), Vgea&x™
Using (3.32) and duality, we immediately obtain

K fllam = sup (Kmf,g)am = sup  Bun(f,9) Sm || f]lxo- (3.33)
llgllxm <1 lgllam <1

Since By, (f, g) is linear in f, from (3.33) we deduce that K, is a bounded linear operator from X° to X™.
Proof of item (a). For any f € X, from the definitions of x; and B,,, we deduce that {KC,,, f, g)xm = 0
for all g € X™ such that supp(g) C {y : |y| > 4R4}. By the definition of the inner-product on X
(it is equivalent to the H?™ inner-product on compact subsets), it follows that supp(K,,f) C B(0,4Ry).
Moreover, with y2 as defined in (3.31) we have By, (f, ") = B (x2f, ) and hence KC,,, f = K, (x2f). With
these two facts, it also follows that xo/Cp, f = Ko f.

Proof of item (b). Since 2, =<,,,0 1 and ¢, <o 1 on any compact set ) C R? (in particular, for 2 =
B(0,4Ry)), it follows that for any function % such that supp(h) C €, we have [|h||xm <. [|h] g2m (o)
this norm equivalence will be used several times throughout the remainder of the proof.

To establish the compactness of K, : X™ — X", we note that if { fj, } ;>1 is a bounded sequence in X",
then using ||x2f|lxm < ||f||lxm for any f € X", and appealing to the above discussed norm equivalence,
we obtain that {x2fx}r>1 is a bounded sequence of functions in H?>™(B(0,8Ry)). Using the Rellich-
Kondrachov compact embedding theorem, there exists a subsequence {xa2fx; };>1 which is convergent in
L?(B(0,8Ry)), and a-posteriori in X°. By the continuity of /C,, it follows that {/C,, (x2.fx;)}j>1 is con-
vergent in X™, and since Ky, (X2 fk;) = K (fr,;) we deduce the desired pre-compactness of the sequence
{Km(fi) }i>1 in X™. We obtain that K is a bounded compact operator from X™ — X™.

Proof of item (c). We fix f € XC. Using the definition of X™ in (3.14), the fact that ¢, =,, 1 and
g =< 1 on B(0,4R,), the middle inequality in (3.32), the inclusion in Lemma 3.3, the bound (3.33), and
the compact support property of IC,,, established in item (a), we deduce

[ A ) | S (o 9| + U 0]

Sm [fllxollgllzo + 1KCm fll xollgll 2o
Sm 1 fllzollgllaco + 1K fllamllgllao Sm £l xollgllaco- (3.34)

forany f € X%and g € A™.
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We would like to set g = A™(KC,,, f) in (3.34), but this is not immediately possible since we only know
Kmnf € X, which provides insufficient regularity. As such, we need to regularize K,, f. We choose a
radially symmetric non-negative function ¢ € C2° with [ ¢ = 1 and define ¢.(y) = e 2¢(y/¢). Let

FE2AYKpnf), G:%2¢.x(d-*F).

Using the equivalence of the norms || - ||xm and || - || 2= for functions which have compact support in
B(0,4Ry), from the fact that K, f € X™ and item (a) we deduce that F' € L? has compact support, and
G. € C* C X™. Inserting g — G, in (3.34), upon integrating by parts we deduce that

IV (65 F) s < | [ P A7 (605 (604 F))

S 1 flxollGellvo S 1 lxolFll 2 S If o 1 e S |11 o0-

Passing ¢ — 0, we deduce that V™ F € L% and |[V™F||;2 S ||f |0 Since Ky, f has compact support,
we thus obtain

1Ko f |l xetsmrzr Sm 1K f |l gram Sim / IVEA™Km ) = V" Fll2 Sm (1]l 20

Since m > 6, using the nested property from Lemma 3.3 we deduce the boundedness /C,,, : X0 — x™+3,
Proof of item (d). Using the definitions of B, and K,,, the estimate (3.13a), recalling that ¢, < 1, and
letting C' > 0 be exactly as in (3.13a), we deduce

(L= CEm)f, flam < =Mf, flam +C / (Lyi<ry = XOIfPde < =M(f, f)am,

where f = (U, ), L = (Ly, Ls). Upon re-defining K, to equal CK,,, which does not alter the proofs of
items (a)—(c), we deduce the dissippativity claimed in (3.30). ]

3.4. Construction of the semigroup. For any m > mg we construct the strongly continuous semigroups
ek ™ 5 XM P xm L XM L= (Ly,Ly) = D 4 K.

by directly solving the associated linear PDEs. Here KC,, is as constructed in Proposition 3.4. In this section,
without loss of generality we consider semigroups defined for s > 0, although in applications for Section 4
the interval s > s;, is the relevant one.

3.4.1. From linear PDE:s to semigroups. The relation between linear evolutionary PDEs and semigroups is
classical; see e.g. [37]. Following Definition 6.1, Chapter II of [37], we consider the abstract initial value
problem for a linear operator A : D(A) C X — X with domain D(A):

%u(t) = Au(t), t>0, u(0)==zc¢clX, (3.35)

where X is a Banach space. A function v : Ry — X is a (classical) solution of (3.35) if  is continuously
differentiable with respect to X, u(t) € D(.A) for all ¢ > 0, and (3.35) holds in X for all ¢ > 0. We use the
notation u(z, t) to denote a solution u from initial data z € X, at time ¢. We recall:

Theorem 3.5 (Theorem 6.7, Chapter II, [37]). Let A : D(A) C X — X be a closed operator. The
following properties are equivalent:

(a) A generates a strongly continuous semigroup.

(b) For every x € D(A), there exists a unique solution u(x,-) of the initial value problem (3.35). The
operator A has dense domain, and for every sequence {xy,}n>1 C D(A) satisfying lim,,_,o0 ,, =
0, one has limy, o0 u(xy,t) = 0 uniformly on compact intervals [0, to].

The above theorem states that .4 generates a strongly continuous semi-group if and only if the linear
PDE:s is well-posed: (3.35) has a unique solution, and satisfies continuous dependence on the data.
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3.4.2. Solving linear PDEs. We define the domains of the operators £ = (Ly, Lx) and D,,, = L — Iy, as

D(Dy,) = D(L) £ {(U,X) € X, L(U, %) € X™}. (3.36)

Recall from (2.6d) and (2.6f) that the linearized operator £ = (L7, Lx,) is defined via
Ly(U,2)=—(r-1)U—-(y+1U)-VU-U-VU - aXVE — aZVy, (3.37a)
Ls(UX)=—(r—-1)EX—(y+U)-VE-U-VE — adiv(U)X - adiv(U)X, (3.37b)

resulting in the linearized versions of the evolution equations (2.6a) and (2.6¢)
95(U,%) = L(U,%) = (Ly(U, %), Ls(U,%)). (3.37¢)

Note that £ does not involve A, so that (3.37) is a closed evolution for (U, ), which is why we drop the
dependence on A. We also emphasize that the linear operator £ preserves radial symmetry (recall (1.5)),
and so for initial data in D(L£) C X™, we may expect the solution of (3.37c) to lie in X".

Denote V = (U, X) = (Uy,Us, ¥) C R3. The linearized equations (3.37c) may be written in the form
of a symmetric hyperbolic system

OsV + B1(y)O1V + Ba(y)9oV = M(y) V,  Bi(y) = (yi + Ui(y))1d + aZ(y) (Eis + Esi),  (3.38)

where E;; € R3*3 is the matrix with 1 at the (4, 5) entry and Os at all other entries, and the matrix M €
R3*3 depends only on the profiles (U, Y). In particular, since the profiles (U, ¥) are smooth, so are the
coefficients B;, M. For initial data Vo = V],—g € C°(R?) the symmetric hyperbolic system (3.38)
has a unique, global-in-time, smooth solution V, and V(-,s) € CS°(R?); this fact may for instance be
established using the vanishing viscosity method (see e.g. [38, Section 7.3.2]), using the fact that the B; and
M are bounded with bounded derivatives on any compact domain, and using finite speed of propagation.?!

Next, we use approximation of the initial data to show that for Vo € X" the solution V of (3.38)
satisfies V(-,s) € &A™ for all s > 0. For any Vo € X™, there exists a radially symmetric Vé") € CX
such that [|[V{" = Vo|lxm — 0asn — oo. For initial datum V(()n), we obtain a unique, global-in-
time, radially symmetric smooth solution V(™) such that V(") (. s) € C®® c X™ for s > 0. Using
that the evolution (3.38) is linear, we may apply the energy estimates in Theorem 3.2 (more precisely, the
bound (3.132)) to both V(") — V() and V(™) t0 obtain

bas [V = VIR < AV =V R 4 OV = VIR0 < OV = VDR
SV < AV R + CIV R0 < OV |3
to deduce
[V = VO )l < ePIVEY = VE e, VO8]l < eCIVE . (3.39)
Since {V(()n)}nzl is a Cauchy sequence in X, from (3.39) we deduce V(" (-,s) — V(-,s) in X™ uni-

formly for s € [0, T}, for any T' > 0. Moreover, (3.39) yields ||V (-, s)|[xm < eC%|| V]| xm.
In order to show that ||V (-, s) — V|lxm — 0as s — 0, for n > 1 we use the decomposition

IVC,s) = Vollam < [VO8) = VEllam + [VO(8) = V- 8) aem + [V = Vol
< VO 8) = VElam + (€7 + DIIVEY = Vol L. (3.40)
We thus only need to show that for any fixed n > 1, we have V(") (. s) — V((]”) in X™ as s — 0. Since
we already know that V(™) (., s) € C'°(R?), with uniform compact support for s € [0, 1], we deduce that

LV™ € £2°([0,1]; ™), and so 9, V™ € L¥((0,1); X™). Thus, lim, o [V (-, 5) = VI || xm = 0.
Finally, we first pass s — 0, and then n — oo in (3.40), to deduce lim_,o ||V (-, s) — Vo|lxm = 0.

21 A much more general existence and uniqueness theorem is established in [50].
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From the energy estimates in Theorem 3.2 and estimates similar to (3.39), we also obtain the uniqueness
of solutions to (3.38) (hence (3.37¢)), from any initial data in X"*. Therefore, for any Vj € A", we have
constructed the solution operator S, (s) for (3.37) satisfying

Se(s) : X™ —= X™, Sp(s)Se(t) = Se(s+1t), s,t>0, (3.41a)
1S2(8) || agm—am < €€, lim [|S(s)Vo = V|l aom = 0. (3.41b)

The semigroup property follows from the uniqueness of the solution. The growth rate C'is as in (3.13a).

In order to apply Theorem 3.5, we need to verify condition (b). Consider Vy € D(L), as defined in (3.36).
Unique classical solvability requires that the solution V' of (3.37) with initial data Vy, i.e. V(-,5) =
Sr(s)Vy, satisfies V(-,s) € D(L) for s > 0. In order to prove this we observe that [0y, L] = 0 and
hence

05(0sV) = L(0sV), (0sV)|s=0 = LV € X™.

Applying (3.41) to 05V, we obtain LV (-, s) = IsV(+,s) = Sr(s)(LVy) € &A™, forall s > 0, as desired.
This argument also shows that V. € Lip([0,7], ™). The continuous dependence of data required in
item (b) of Theorem 3.5 follows directly from the growth bound of S, (s), see (3.41).

Concluding, we apply Theorem 3.5 with (A, X) = (£, X™), and obtain that £ generates a strongly
continuous semigroup S, (s) = e~*, which satisfies the growth bound (3.41).

3.4.3. Semigroup for Dy,. In order to show that D,, = £ — K,,, generates a strongly continuous semigroup,
we note that /C,,, : X™ — &A™ is bounded (see Proposition 3.4), and so the Bounded Perturbation Theorem
in [37, Theorem 1.3, Chapter III] applies directly. Using the coercive estimates (3.30), we moreover obtain

P xm 5 xm eS| pm < 7. (3.42)

The decay estimate of the semigroup (3.42) further implies the following spectral property of D,, (see [37,
Theorem 1.10, Chapter I1])

{z € C:Re(z) > —=A\} C p(Dny), (3.43)

where p(.A) denotes the resolvent set of an operator A.
Note that the estimates (3.42) and (3.43) apply to all (D,,,, X"™) for m > mg, with A independent of m.

3.5. Decay estimates of ¢“*. In this section, we follow [37] to obtain decay estimates for the semigroup
e, For a semigroup e”* : X — X on a Banach space X denote by o(.A) the spectrum of A4, i.e., the set
{z € C: z — Ais not bijective}. We also introduce the spectral bound s(.A), the growth bound wy(.A), and
the essential growth bound wess(.A), defined by

s(A) £ sup{Re(z): z € 0(A)},
wo(A) = inf{w € R: there exists M,, > 1 such that HeAtHX%X < M,e*t forall t > 0},
Wess (A) £ %I>l(f] % IOg HeAtH8557

where the norm || - ||ess is defined as ||7'||ess = infx: x— X is compact |1 — K || x—x . With this notation, we
have the following result:

Proposition 3.6 (Corollary 2.11, Chapter IV, [37]). Let e** be a strongly continuous semigroup generated
by A: D(A) C X — X, a closed operator. Then

wo(A) = max{wess(A),s(A)}.

Moreover, for every w > wess(A), the set 0. = o(A)N{z € C: Re(z) > w} is finite, and the corresponding
spectral projection has finite rank.
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We apply Proposition 3.6 to (A, X) = (£,X™), where L = (Ly,Ly) = Dy, + Ky, and Ky, is the
compact operator constructed in Proposition 3.4. From the decay estimate (3.42) we obtain wess (D) < —A.
Since wegs 1s invariant under compact perturbations (see [37, Proposition 2.12, Chapter IV]), we get

Wess(L) = Wess(Dm) < —A. (3.44)

3.5.1. Hyperbolic decomposition. In this section, based on the estimate of wess (L) from (3.44), we orthog-
onally decompose the space X (see (3.45) below) and obtain decay estimates on e~* for the stable part, and
growth estimates for the unstable part. For this purpose, we first recall the following spectral decomposition
for a closed operator .4, based on Riesz projections.

Proposition 3.7 (Theorem 2.1, Chapter XV, Part IV, page 326, [41]). Suppose A: D(A) C X — X isa
closed operator with specturm o(A) = o U T, where o is contained in a bounded Cauchy domain A such
that AN T = (). Let T be the (oriented) boundary of A. Then:
W P, = %m fF (z — A)~tdz is a projection,
(ii) the subspaces M = Rg P, (the image of P,) and N = ker P, are A—invariant,
(iil) the subspace M is contained in D(A) and A|ys is bounded,
(iv) o(A|p) = o and o(A|n) = 7.

Our goal is to apply the above result to (A, X) = (£, X"™). From (3.44) and Proposition 3.6, we have that
op = o(L)N{z € C:Re(z) > —n}, where nEIN<A,

only consists of finitely many eigenvalues of £, with finite multiplicity. Without loss of generality?? we have
that o, is isolated from o (L)\o,,. Applying Proposition 3.7 with A = £, X = A, and 7 = (L) \ oy, we
obtain the hyperbolic decomposition

X" =X" DA, o(Llxm) =0(L)\oy, C{z:Re(z) < —n}, o(Llxp) =0y (3.45)
Moreover, from Proposition 3.6 it follows that we can decompose the unstable part as
Xt = @ ker((z — L)), p. <oo, |oy| < +o0. (3.46)
zEoy

We will also show in Section 3.6 that X" is spanned by smooth functions.
Since X" is £ invariant, the restriction of the semigroup e~* on A" is generated by L] xm. Moreover,
since max(wess (L), s(o(L]|xm))) < —n, from Proposition 3.6 and the definition of wo(L|xm) we obtain

|‘€£SV0‘|XW < Cre | Vollam, VVpe X", s>0, where = %)\ < %A =n. (347

We also note that since X" has finite dimension, o (£L|xm) = oy, the operator L]y may be represented as
a matrix with eigenvalues > —n; therefore, we obtain

le 55V |l am < Crne™||Vo|lam. ¥YVoe X™, s> 0. (3.48)

3.5.2. Additional decay estimates of L. In order to localize the initial data (see (4.4a) below), we will need
the following decay estimates for the linear evolution (3.37c), with initial data supported in the far-field.

Proposition 3.8. Ler Ry be as defined in Theorem 3.2. Consider (3.37) with initial data Vo = (Ug, Xo)

with supp(Ug) U supp(Xy) C B(O,R)B for some R > 4Ry > & For any m > my, the solution
V(s) = (U(s), 5(s)) = e£*V satisfies

supp(V(s)) C B(0,4R)C, (% V|l xm < e[V xm.

22The rigorous argument would be as follows. For ;j = 5, we have that o = o(£) N {z € C : Re(z) > —1} only consists

of finitely many eigenvalues of £, with finite multiplicity. As such, for a.e. 6 € (1—70, 1%) the line in the complex plane with

real-abscisa —0\ does not intersect o(L£). We have assumed without loss of generality that this # may be taken to equal %, but of

course the below arguments all hold as is if we replace n = %)\ with 7 = 6\ for some 0 € (1—707 19—0).
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Proof. The proof of Proposition 3.8 uses that the support of the solution e“*V y is moving away from y = 0,
remaining outside of B(0,4R4) for all time. Since supp(K,,, f) C B(0,4R4) (item (a) in Proposition 3.4),
we get KC,,, V(s) = 0 for all time s, and the desired decay estimate follows from (3.30) or (3.42).

Based on the above discussion, we only need to show that the solution V(y, s) = 0 forally € B(0,4R4)
and s > 0. Let x be a radially symmetric cutoff function with x(y) = 1 for |y| < 4R4, x(y) = 0
for |y| > R > 4Ry, and with x(|y|) decreasing in |y|. Our goal is to show that the weighted L? norm
[(IU(s)|?+|2(s)[*)x of the solution V = (U, ¥) of (3.37), vanishes identically for s > 0. By assumption,
we have that [ (|U(0)|?>+|2(0)|?)x = 0, so it remains to compute - of this weighted L? norm using (3.37).

Recall the decomposition of £ from (3.16) with m = 0 (hence, with Ry, = Ry, = 0). Performing
weighted L? estimates analogous to the ones in the proof of Theorem 3.2, for the transport terms we obtain

/(TU-U+T22)X
:—/((y+U)-v(;\U\2) +(y+0)-v(ix?) +aivz-U+aidiv(U)2>X
_ /;div ((v+0)X) (UL +52) +av(x) - US
< /;((yH‘J) : vx+xdiv(y+ﬁ))(|U|2 +3%) 4+ a(S|Vx| + x| VE]) US| (3.49)

We focus on the terms in (3.49) involving |Vx|. Since x is radially symmetric, we get (y + U) - Vy =
(§ + U)0gx. Using Cauchy-Schwarz, the fact that 9 x(y) = 0, |y| < 4R4 and 9¢x < 0 globally, and using
that (2.4¢) yields £ + U (&) — aX(§) > 0 for £ = |y| > & (hence for £ > 4R,), we obtain

3((y+0) - Vx)([UP + ¥%) + o] Vx|| U] < 3((€ + U)ex + aX]9ex]) (U + 52)
< 3(6+U - aD)dex([UP +37) <0.
For remaining contributions, resulting from the x-terms in (3.49), and from the Dy, Sy, Dy, Sy-terms in
(3.16), in light of (2.4a) we have that
Ixdiv(y + U)(|UP + 22) + ax|VE[UE| - (r = D)x(JUP+£?) —x(U-VU-U + U - VEY)
< Ox(|UP* + %)

for some sufficiently large C' > 0 (depending on «, r, U, ). Thus, we obtain
s [qur+ 2= [eo v Lsmpes e [(UP -+
which implies via Gronwall that [(JU(s)|? + X(s)?)x = 0 for all s > 0. The claim follows. O

3.6. Smoothness of unstable directions. In this section, we show that the unstable space X" given in
(3.46) is spanned by smooth functions. This fact will be shown to follow from the following abstract lemma.

Lemma 3.9. Let {Xi}izo be a sequence of Banach spaces with X't C X' for all i > 0. Assume that for
any i > ig we can decompose the linear operator A: D(A) C X" — X" as A = D; + K;, where the linear
operators D; and IC; satisfy

Di:DA) C X' = X', Ki: X715 X', {z2eC:Re(z) > A} Cp(Dy). (3.50)

Here, p(-) denotes the resolvent set of an operator and \ > 0 is independent of i > 4. Fixn > 0and z € C
with Re(z) > —\. Assume that the functions fo, ..., f, € X' satisfy

(Z_A)fOIO, (Z_A)fi:fiflv for 1§’L§7’L
Then, we have fy, ..., f, € X® £ Ni>0X".
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Proof. It suffices to show that:
if f € X" satisfies (z — A)f = F € X, then f € X*.

Indeed, the lemma then follows by induction on i € {0,...,n}.

In order to prove the above claim, we further use induction on ¢ > ¢ to show that:

if f € XN X! satisfies (z — A)f = F € X*, then f € X*. (3.51)

The base case i = g in (3.51) holds true automatically. For the inductive step, for ¢ — 1 > ¢y we assume
that f € X1 = X% n X~ Using that A = D; + K; and IC; : X! — X' from (3.50), we get
(2 —D;)f = F+K;f € X*. From (3.50) and the assumption Re(z) > —\, we get z € p(D;) and thus
f=(2z—=D;) Y (F+K;f) € X*. This proves (3.51). By induction on i, it follows that f € X°°. O

We are now able to apply Lemma 3.9 with (A, {X"};>i,) ~ (£, {X™}1>m, ), and the decomposition
L = Dy + Ky, form > my, with IC,, as constructed in Proposition 3.4, in order to describe the regularity of
elements of ker((z — £)##) for n ~» p, < 00, and z € oy, (see (3.45) and (3.46)). Indeed, the assumptions
of Lemma 3.9 are satisfied in light of Lemma 3.3, Proposition 3.4, and (3.43).

We fix z € 0, = 0(£L) N {z € C: Re(z) > —n}, where we recall — > —A. We also fix g €
ker((z — £)##) C A" for some integer 11, < 00, as constructed in (3.45) and (3.46). We apply Lemma 3.9
with f; = (z — L)#= g for 0 < i < p, to deduce that { f;}) C X £ M54, X™. Since

X = ﬂmzmoxm C C™,

we deduce from (3.46) that X;]* is spanned by smooth radially-symmetric functions.

4. NONLINEAR STABILITY

The goal of this section is to prove Theorem 1.1, by constructing global solutions (U, 3, A) to (2.3), with
a number of desirable properties, in the vicinity of the stationary profile (U, 3, 0). Throughout this section
we fix m > mg, where my is sufficiently large, as in Theorem 3.2.

4.1. Decomposition of the solution. We will use V = (U, X, A) to denote the nonlinear solution to (2.3).
As in (2.5), we denote the perturbation to the stationary profile as

V2£(U,SA)2(U-U,Z-3%A),
aNnd recNall that thNis pe{turbation s~olve§ (2.6)~—(2.7). We shall further decompose the perturbation23 as V =
Vi + Vo, with U =U; + Uy, ¥ =¥ + Yo, so that
V=(UXA) =V +Vy+V, V;=(U,%,A), Vy=(Us¥0), V=(U1X0. 4l
The fields V1 and V5 are defined as the solutions of
0 V1 = Ly (V1) = Kn(V1) + Ny (V), (4.22)
0sVa = L(V2) + K (V1), (4.2b)
with initial data at time s = sj, = log T-1r given by Vl,m as described in Theorem 4.1, and with ng as

given by (4.4d). The operator /., in (4.2) is as defined in Proposition 3.4, while the linear operators £, Ly,
and the nonlinear term Ny, are given in terms of (2.6)—(2.7) and

L= (Ly,Lys), Ly = (Lu,Lx,La), Ny = Ny, Nx, Ny).

It is clear, by definition, that a global solution \71, \72 of (4.2) provides via (4.1) a global solution V of (2.3).

In (4.2), and in the remainder of the section, we have abused notation two-fold. First, in (4.2a) we note
that the output of the /C,,, operator is an element of X (hence, a U and a X.) and so it does not contain
an A-component (as is required by the A\ representation in (4.1)); as such, in (4.2a) we write ICm(Vl) =
Kum(U1,31) to mean (K,,(Uy, £1),0), i.e., (V1) does not act on the A-component. Second, we note

we emphasize that the “; or ~2 sub-index denote different parts of the perturbation, they do not represent Cartesian coordinates.
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that the \72 representation in (4.1) has a 0 in the A-component; as such, in (4.2b) we identify \72 with the
pair (fjg, f]g) which then matches the domain and range of the operators £ and C,,

There are a few important advantages to the decomposition®* (4.1) and the deﬁnltlons (4.2). First, the part
V5, which is used to capture unstable parts, is decoupled from the equation of V1 at the linear level, and so
we can obtain decay estimates for Vi directly using energy estimates and the dissipativity of (£ — KC,,,, L£4)
(see (3.13b) and (3.30)), without appealing to semigroups. Second, we can obtain a representation formula
(and an estimate) for \72 by using Duhamel’s formula

S
Va(s) = L5y, + / L=, (T, 51)(s)ds “3)
Sin
for some initial data Vo ;,,, to be chosen later. We note that for (4.2) without the nonlinear parts, we can first
obtain a decay estimate for V1, and then construct V2 using the above Duhamel formula, globally in time.
We obtain bounds for the full nonlinear system (4.2) by treating the nonlinear terms perturbatively.

The Duhamel representation (4.3) for the unstable part of the perturbation is deceivingly simple; this is
because we did not yet specify the initial data ng. In practice, we need to use the usual technique for
constructing unstable manifolds, and apply the semigroup backward-in-time on the unstable piece of V.
Additionally, in order to obtain initial data with compact support, we modify (4.3) as follows

V2(3) é V27S(S) _ VQ’U(S) + eL(S*Sin) (V2,U(Sin)(1 — X(ﬁ)))7 (44a)
Vas(s) & / LK, (U, 51)(8)ds, (4.4b)
V() 2 / L=, K (T, $50)(5') s, (4.4¢)

where x is a smooth radial cutoff function with x(y) = 1 for |y| < 2/3, and x(y) = 0 for |y| > 1, I1, is the
orthogonal projection from X" to X" (see (3.45)—(3.46)) and Il £ Id — II,. It is not difficult to see that
(4.4) agrees with (4.3) for initial data taken as

Vain = —Vz,u(Sin)X(ﬁ) = _X(ﬁ) / e L =S, K (U1, $1)(5')ds' (4.4d)

in

Since the cutoff x and elements of X" (the range of I, XC;;, being a subset) are radially symmetric, if follows
that so is Vg .in- The detailed representation (4.4) shows that V2 is computed as a function of (Ul, El) for
later purposes it is useful to codify this relation as a map, 73, and to denote

T5(U1, 1) £ Right Side of (4.4a). (4.5)

4.2. Functional setting. We introduce the following space for the perturbation V; = (le, >, A):
Zli= X x X x XL (4.6)

Next, we introduce the spaces W™ *+! and WZLH, which are used for closing nonlinear estimates. Our goal
is to perform both weighted H>™ and weighted H2™*2 estimates on (4.2), using the same compact operator
K1, and the same projections 1lg, I1,, appearing in (4.2) and (4.4b)—(4.4¢); that is, we do not wish to change
ICpp, into K,y 41 for the weighted H?"™*2 bound.

Fix an arbitrary m > mg. For some p,,+1 > 0 to be chosen sufficiently small, using Theorem 3.2,
Proposition 3.4 (which in particular gives that IC,,, : X° — X™*1), and the fact that by definition we have

24This decomposition was first developed in [22] for stable blowup analysis of the 3D incompressible Euler equations.
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| |x0 < - ||lxm, we obtain

<(‘C - ,Cm)f7 f>Xm + ,U/m-i-l((ﬁ - Km)f, f>)(m+1

< A Fem + pmsrt ((CF, Famsr + 1Ko fllma ]| £l ome1)
< =AF I + et (AL IR + ClLFlR0 + Conll fll o1 FlLaom)
< =oAL + smst | femsr) + (=162 + 1 (C + 3C) 1 f1Fm,

forall f € {(U,X) € X™*: £(U,X) € X™*!}. Choosing fin 1 > 0 small enough in terms of m and
A, from the above bound we obtain the coercive estimate

(L= Km)f Fam + pms1{(L = Km) f, flamer < =35 A1 1Fm + st [ f [ Femr)-

Note that coercive estimates for £ 4 in both A’}* and Xf“ are directly available from Theorem 3.2.
In light of the above coercive bounds, with p,,,+1 > 0 chosen as above, we define the Hilbert spaces
wmtl ¢ xymtl WK‘H - XX‘H according to the inner products

<fvg>Wm+l £ Mm+1<f,g>xm+1 + <fvg>Xm7 ||f”%/vm+1 = <fa f>Wm+17 (4.7a)
<f7 g>WZ”‘1 = Mm+1<f) g)XZH-l + <f7 g>XXL7 ”f”ivzz-kl = <f7 f>W,T+17 (47b)
and obtain that

<(£ - K:m)fa f>Wm+1 < _>\1Hf||12/\/m+17 <£Afa f>WZL+1 < _)‘1||f||)2/\;x1+17 >\1 = %Aa (48)

forall f € {(U,%) € &ML L(U,X) € A™*H}, respectively for all f € {A € X7 L4(A) €
XA”H}. Estimate (4.8) shows that we can use the same compact operator K., to simultaneously obtain
coercive estimates in weighted H*™+? and weighted H>™ spaces.

4.3. Nonlinear stability and the proof of Theorem 1.1. We recall from (3.47) (shifted so that the initial
time is s = s, instead of s = 0) and (4.8), that the decay rates 75, 7, and \; are given by

M) = (3,5 10)A  ms<n<A <A 4.9)
We also recall that the regularity parameter m > my has been fixed. The goal of this section is to prove:

Theorem 4.1 (Nonlinear stability). Fix m > mq. There exists a sufficiently small 6 > 0 such that for
any initial data V1 i, = (U1(sin), £1(Sin), A(Sin)) which is smooth enough® to ensure Vi € Zm+2
(see (4.6)) and small enough to ensure

[(O1(in)s 1 (sin) ymsr + 1A Csin) [Fyen < 67, (4.10)

there exists a global solution \71 to (4.2a) with initial data Vlm, and a global solution \72 of (4.2b) given
by (4.4), satisfying the bounds

1(01(s), Z1(8)) [3ymsr + HA(s)IIiVXLH < 4% Plsmsin) (4.11a)
1(Ua(s), Ba(s))]| xmsz Sy dye”T(55i) where 8y £ §%/3, (4.11b)

for all s > si,. We emphasize that we cannot prescribe the initial data \Nfgﬂ-n = (fjg(s;n), ig(sin)); rather,

this data is constructed via (4.4d) (simultaneously with the solution V1) to lie in a finite-dimensional sub-
space of X2,

Bwe require the Z™ "2 regularity of Vl,m, a space which is stronger than Z™T, in order to obtain the local-in-time existence
of a Z™ 2 solution (see Footnote 27); in turn, this allows us to justify a few estimates, e.g. (4.8) for (le, 531) which requires
ﬁ(le, f)l) € X™"! Note that this regularity requirement is only qualitative, and we only use Theorem 4.1 with an C° initial
perturbation (see (4.12)) in order to prove Theorem 1.1.The only guantitative assumption on the initial data is given by (4.10).
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Remark 4.2. The initial data for (U, X, A) is obtained from Theorem 4.1 and the decomposition (4.1) at
time s = sin. In light of Theorem 4.1, we identify the space Xo mentioned in Remark 1.2 with an open
ball in the weighted Sobolev space WEH defined in (4.7). On the other hand, the space X1 mentioned in
Remark 1.2 consists of functions which are given as the sum of an element (Uy(siy), il(sm)) which lies

in open ball in the weighted Sobolev space W™ (see definition (4.7)) and the element (Ug(sm) Eg(s,n))
constructed in (4.4d), which lies in a finite-dimensional subspace of X™2.

Using the above Theorem 4.1, we are now ready to prove Theorem 1.1. We note though that Theorem 4.1
implies more than what was claimed in Theorem 1.1; these additional fine properties of the solution are
discussed in Section 4.5.

Proof of Theorem 1.1. We choose an initial perturbation

Vi,in(y) = (U1(y, 8in), 21(Y, 8in)s Ay, 5in)) = (U1, sin)er, 21(E, sin), A(E, 5in)ep)

as in Theorem 4.1, where £ = |y|. By definition, this initial data consists of radially-symmetric vectors/s-
calars. Moreover, this initial perturbation may be chosen to ensure that

Ul('vsin) =+ Ue OEO(RJr)’ A(',Sin) € C(C:)O(R+)v 8€A(075in) 7& 0, i:1('35in) =+ r= 1, > Cin>

for some C;, > 1 large enough, to be chosen below. For example, we can choose

018 sin) = ~U(€) (1= x () ) (4.12)
E1(&sm) = (1= 2(9) (1 - x(&)) (4.12b)
A&, sin) = 2=x(9), (4.12¢)

where Cj,, > 0 is to be determined, and y : Ry — [0, 1] is a radially symmetric and smooth cutoff function
with x(§) = 1for0 < ¢ <1/2,and x(§) =0for & > 1.

In order to verify that the data presented in (4.12) satisfies the assumption of Theorem 4.1, we need to ver-
ify (4.10).%° Letting F(y) = (U1 (y, sin), 21(¥, Sin))» We note from (2.4a) that |F(y)| < Ly>c, o)t €
L*(pg), where ¢, is as defined in (3.15). Similarly, for i € {m,m + 1}, from (2.4a) we have |V*F| <;
1|y‘zcm/2<y>1_2i_7" € L*(¢3,p4), with p9; as defined in (3.15). Thus, by the dominated convergence
theorem we have that ||F'||xm — 0 and ||F||ym+1 — 0 as Cj, — oo. In particular, we may ensure
1(T1(5in), Z1(sin) | yym+1 < 6/2 by choosing Cj, sufficiently large. Next, we note that the function
F(y) = &x(§)eg = CinA(y, sin), is C* smooth and has compact support in the unit ball. Moreover,
using that the weight <pA defined in (3.28) satisfies p4(¢) =< &7 with 8, € (3,4), we deduce that
||F||X0 < fl€\<1 €2¢7b1gde =< 1. Thus, ”F||Wm+1 Sm 1, and hence HA(Sin)HWZH'l < §/2 for Ciy,
sufﬁ01ently large. Thus, the initial data in (4.12) satlsﬁes (4.10) whenever Cj, is sufficiently large.

Without loss of generality, we may choose Cin, > 16R4, and thus definitions (4.12a)—(4.12b) imply
that supp(U(sin), S1(sin)) C B(0,8R4)C. Moreover, we have supp(Ul(sm) +0U,-1+ El(s,n) +
¥) € B(0,Cy,) and supp(A(sin)) € B(0,1); combined with supp(VQ,m) = supp(UQ(sm) Eg(sm)) C
B(0,8Ry) (see (4.4d)), we deduce from (4.1) that the initial data (U(-, sin), 2(-, sSin) — 1, A(+, sin)) to (2.3)
has compact support in R2. Additionally, the initial datum has no vacuum regions. Indeed, we have already
shown that X(y, sin) = 1 for |y| > 8Ry. For |y| < 8Ry, we use the fact that 3, (y, sin) = 0, so that by (4.11)
we obtain X(y, sin) = S(y) + X2(y, sin) > miny<gp, B(y) — Cndy > %min|y|ggR4 Y(y) > 0, since
Sy = 6%/ was taken to be sufficiently small, and since || - ||fec Sy || - || 4m+2 for functions of compact
support. Thus, the initial data for (2.3) is bounded away from vacuum.

26]ndeed, initial data such as the one in (4.12) clearly satisfies the smoothness assumptions of Theorem 4.1 since the profile (U, %)
is C'*° smooth, radially-symmetric, and decays as £ — oo according to (2.4a).
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By construction (see (4.12c)), we have that Oz A(&, sin)|¢=0 = Cijll > (0. Moreover, since wo (R, t)|=0 =
wo(R) = (R~ 4 9r)uf(R), using the ansatz (2.1b) we obtain

o(0) = Jimn e (¢ + 06 A(E, sin) = 06 A0, si) = st # 0.

Moreover, note that for all ¢ € [0,7") we have u(0,¢) = %(T—t)%_l(U(O, s)+A(0,s)) =0, because U and
A are smooth radially-symmetric vectors (hence, they vanish linearly in £ as € — 0T, for all s > s;,); thus
the Lagrangian flow X (a, t) emanating from a = 0 is frozen at 0, i.e., X (0,¢) = O forall ¢ € [0, 7). In light
of the specific vorticity transport (1.2), the relation p = (aa)l/ @, and taking into account the self-similar
transformation (2.1b), we deduce

w r— s l/a —(r— ra); ¥ (0,5 «
w(0,1) = p(0,1) 208 = wo(0) (1= 4) "I ) = wo(0) (1 - ) 7T (FObEO e

for all t € [0, T). Since the perturbation 3. satisfies 2(0, s) — 0 as s — oo (equivalently, as ¢t — T'), expo-
nentially fast in light of (4.11), and since wy(0) # 0, we obtain the desired vorticity blowup as ¢ — 7. In
fact, the above identity also proves (1.8d). For a fixed y # 0, the asymptotic convergence claimed in (1.8a)—
(1.8b) follows from the ansatz (2.1b) and the exponential decay of the perturbation (U( s),2(-, s), A, s))
as the self-similar time s — oo (equivalently, as ¢ — T'), established in (4.11). ]

4.4. The proof of Theorem 4.1. The goal of this subsection is to prove Theorem 4.1.

Since the formula for Vg (see (4.4c)) involves the future of the solution (Ul, 21) and since V2 enters the
evolution (4.2a) for V4 through the nonlinear term, we cannot solve for the perturbation A\ directly. Instead,
we reformulate (4.2a) as a fixed point problem. We fix the initial data \'2] (sin) = (fh, Y1, A)ls—s, € ZMT2
(4.6) sufficiently smooth, and sufficiently small such that (4.10) holds. We define the spaces Y7 and Y5,
which capture the decay of the solutions in time

(7, S A A1(s5—sin) X S 2 1/2
(01,31, Allly, = sup e (1(T1(5), Za(s) [ymer + [|A(s )IIWm+1) , (4.13a)
5> sin

1/2

101,21, A) y, 2 sup M0 (T (5), E1() o + 1A )]y ) (4.13b)

82 Sin

Showing (U1, %1, A) € Y; fori € {1,2} implies that suitable norms of Uy (s), 21 (s), A(s) decay with a
rate e~ as s — oo; recall cf. (4.9) that \; = 1%)\. During the proof we sometimes abuse notation to write

1(O1, =)y, = (U1, %1,0) ]Iy, (4.14)

i.e., when the A-component is irrelevant for an estimate.

Next, we define an operator T (see (4.17)), whose fixed point (see (4.18)) is the desired solution of (4.2a).
We remark that throughout the remainder of this proof, we distinguish the (U, ¥)-components of an input
of a map (e.g. T, or T3) by variables with a “hat” (e.g. ([AJl, fll)), and the output of these maps by variables
with a “tilde” (e.g. (le, f]l)). With this notational convention in place, the two-step process is:

o first, for ([Ah, ﬁl) € Y,, we define
Vy = T3(U1, 54), (4.15)

where the linear map 75 is defined by (4.5), via (4.4);
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e second, we define \71 = (fjl, f]l, A) as the solution?’ of a modified version of (4.2a), namely

V1 = Ly (V1) — Kn(V1) + Ny (V1 + T5(U1, 51)), (4.16a)
\N/'1|s:Sin (Ul(s,n) (s,n) A(sin)) asin Theorem 4.1, (4.16b)

where we recall the notation lCm(\Nfl) = (ICm(fh, f]l), 0), and V, + 7}(61, f)l) = ((fjl, f)l) +
T2(Uq,%1), A); that is, neither /C,,, nor 75 act on the A-component.

Concatenating the two steps given above defines a map which takes as input (ﬁl, il) and outputs the
solution of (4.16):

. - - (4.16 ~ ~ ~ o

(01, 51),A) =V, L7070, 8) = (Tos(01,£1), Ta(01,£1)). (4.17)
Denoting by 7 s the restriction of 7 to the (U, X)-components, we have thus reformulated the system (4.2)
as a fixed point problem: find (Uy, %) such that

(U1,%1) = Tus (U1, 21), (4.18)

with A and (ﬁg, f]g) computed as 7}1([31, 21) and ’7'2(le, il), respectively.
The proof of Theorem 4.1 reduces to establishing that the operator 7y x; is a contraction with respect to
the norm in (4.14), in a small vicinity of the zero state, characterized by the smallness parameters

Sy =023, §<m 1, (4.19)

as in the statement of Theorem 4.1. The proof of Theorem 4.1 is broken down in two steps, according to
Proposition 4.3 (which shows that the map 77 s; maps the ball of radius dy in Y3 into itself), and Proposi-
tion 4.4 (which shows that 7y s is a contraction for the topology Y>).

Proposition 4.3. There exists a positive 0y <, 1 such that for any § < oy and any (ﬁl, fl) € Ys with
(U1, %1)ly, < by, we have

IT(OLE) v <26, [ Tos(ULE)|v, <y, [1T2(01,S1)(s)| | wmes S Sye MeE7m)
forall s > sjp,.

Pr0p0s1t10n 4.4. There exists a posmve 00 Km 1 such that for any 6 < &g and any pairs (U1 as 21 a)
(U1 by 1 b) € Yo with H(U1 0 1 a)llys < 0y and ||(U1 by 1 b)|lya < Oy, we have

||TU,Z(ﬁ1,aa i1,a) — TU,E(GLb, f31,1;)HY2 < %H([Ah,a, il,a) - (ﬁu), fh,b)HYQ-

From Proposition 4.3 and Proposition 4.4 we directly obtain:

27To construct the solution of (4.16) locally in time, we use an iterative scheme, and arguments similar to those in Section 3.4.2.
For a fixed Vo = 73(U1, 1), we first construct a C2° solution to an e-regularized version of (4.16), in which the operator C,, (-)
and the term V' are replaced by C2° approximations K, « (- ) and V... We start with initial data Go = V els=s;, € C° and
iteratively for n > 0 construct G, 11 by solving

aan+1 = [«V(Gn+1) - ICm,E(Gn+1) +-/§\/—V(Gn + V2,€, Gn+1 + V2,5)7 Gn+1|s:sin = G07

where we rewrite the quadratic nonlinearity Ay () from (2.7) as the bilinear form Ny (-, -) with the derivative acting on the second
entry (e.g. Nu((U, 2, A), (U, %', A’)) = —U-VU' —aXVY — A-VA'). Clearly Ny (V, V) = Ny (V). The above equation
is a linear symmetric hyperbolic system for G 1, which can be solved following the arguments in Section 3.4.2. By proving
convergence as n — oo of the Picard iterates {G }» >0, and afterwards taking the regularization parameter ¢ — 0, similarly to
Section 3.4.2 we obtain the local existence of a L:"(Z’"“) solution, where we recall cf. (4.16) that Z° = X% x X% x X§. We
emphasize that for initial data V1 ;,, € 2™, e.g. for the initial data from Theorem 4.1, since KC(-) : X0 — X™*+3 V, € x™+3
(item (c) in Proposition 3.4 and Lemma 4.6), the above described construction procedure via C2° approximations also gives the
local existence of a solution with this higher Z™*+? regularity, so that locally in time £(U;,31) € X™ ! and La(A) € xpth
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Proof of Theorem 4.1. Propositions 4.3 and 4.4 allow us to apply a Banach fix-point theorem for the operator
Tu,s, in the ball of radius dy- around the origin in Y5; this results in a unique fixed point (ﬁl, 21) in this
ball, as claimed in (4.18). Upon defining A £ 7?4((]1, f]l) and (fjg, 22) £ 7'2(1]'1, f)l), by construction
we have that V; = (le, 1. A) solves (4.2a) and V, = (fjg, Y, 0) solves (4.2b). In view of the definition
of the Y] norm in (4.13a) and the bound ||T(ﬁl, ‘21)||y1 < 2§ (which follows from the first estimate in
Proposition 4.3), we deduce that (4.11a) holds. Similarly, the third estimate in Proposition 4.3 (applied to
(U1,%1)) yields (4.11b), thereby concluding the proof of Theorem 4.1. O

The remainder of this subsection is dedicated to the proof of Propositions 4.3 and 4.4. In subsection 4.4.1,
we obtain suitable estimates for the linear map 7»; in particular, in Lemma 4.5 we demonstrate a smoothing
effect for Vo, which allows us to overcome the loss of a space derivative due to the termV Vs, present
in the first equation of (4.2). In subsection 4.4.2 we prove Proposition 4.3, while in subsection 4.4.3, we
prove Proposition 4.4; here we emphasize that due to the transport term U - VU, estimating the difference
TU,z(ﬁLa, f]l,a) — TU’2(617b, il,b) is made possible because in (4.13) we have chosen Y5 (modeled on
X and A}") to be less regular than Y7 (modeled on X™+ and /'\.’2”1) .

4.4.1. Estimates on To. Recall the decomposition (3.45) of X' into stable and unstable modes. In light of
definitions (4.4b) and (4.4c), we establish the following decay and smoothing estimates for the stable and
unstable parts of /C,,:

Lemma 4.5. For f € X™, we have
50T f |5 S €50 f | aom,
le™ S T f | ms S €767 f | m,
forall s > sin, where 1 and ns are as in (4.9).

Proof. Denote F(s) = eﬁ(s_si")Hlem f. Since II,, projects onto the finite-dimensional space X", defined
in (3.46), which is spanned by X'> smooth functions (see Section 3.6), we have the equivalence

HHugHX” =n,m HHugHXm7 Vg € va nz=m. (420)

Using (4.20), the fact that II; = Id — IL,,II, : &A™ — &A™, and the smoothing property K., : " —
X™+3 < xX™ (which follows from item (c) in Proposition 3.4), we obtain

[ (sin) [Lym+s < Ko fllam+s + [Tukm f | 20m+s
S [ fllem + Tk fllam Sm ([fllam + 1Cmfllaem S 1f ]| 20m-

Using the decay property (3.47) of the semigroup and the fact that F'(si,) € A", we deduce
1E ()| < Crme™ 50 F (sin) Lo < Crae™ 67500 || || .

Combining the above bound with the energy estimates on X™*3, which follow from Theorem 3.2 (more
specifically, (3.13a)), we obtain

3 IE ) mss < M) Zmsa + CIE($)F0 < =M E($)[Fmsa + COpMe™ 50| f] 3.

Since n; = %)\ < ), integrating the above estimate in time we deduce the first inequality of Lemma 4.5.
From Proposition 3.7 we have that X" is L-invariant and L] xm is bounded. Using (4.20) and (3.48), we
establish

le™ 2SI f [l mes S [l ™ WK fllam S €750 || flaem S €750 fem,

which is the second inequality claimed in Lemma 4.5. U
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Using Lemma 4.5 and the fact that £ generates a semigroup, we obtain a direct estimate for the operator
T2, as defined in (4.4). We recall from (4.13b) and (4.14) the definition of the norm Y5.

Lemma 4.6. For (ﬁl, il) €Y, forall s > si, we have
7501, S1) ()| gmss S e E750]|(T1, 1)y

Proof. Denote M = ||(U1, $1)||y,, and recall from (4.4a) that 73(U1,%1)(s) is given by the sum of three
terms. We also recall from (4.9) that s < n < A1. Applying Lemma 4.5 to Va5 (as defined in (4.4b)), and
to Vo, (as defined in (4.4c)), we obtain

[Vaa(8) ]l xmss S / =\ (T (), 1 () | aemds’

Sin

Sm M / s M ) g S Mes(575in), (4.21a)
Sin

1V 20(8) laomss Som / =5 (T (87), £ () | s’
Sm M/ M=) g=M(s =sin) g’ < MeM(s7sin) (4.21b)

The second estimates in particular implies |’v27u(3in)H‘){m+3 <m M. Denote g = ngu(sin)(l - X(ﬁ)),
corresponding to the third term on the right side of (4.4a). By definition supp(g) N B(0,5R,) = . Since
(1 —x(gf;)) is a smooth function and since Vi(l - X(gf;)) has compact support for each i > 1, using the
Leibniz rule and Proposition 3.8, we obtain

£ gl ymis < e gl pmis S e AETI Vo (810) | amts S e MM (4210)

~

Combining the bounds obtained in (4.21a)—(4.21c) with the definition of the operator 73 via (4.4a), and with
the ordering (4.9) of the parameters, we complete the proof of the lemma. g

4.4.2. Proof of Proposition 4.3. Before proving Proposition 4.3, we record the following product estimate
for the nonlinear terms appearing on the right side of (4.2a).

Lemma 4.7. Let Ny, Nx;, N'a be the nonlinear terms defined in (2.7). For any k > mg, we have
HWW;/Z (AkNU(fJ, 5,A) + U - VAU + aSVAFS + A - VAkA) HL2 < (0,5, A2,
|earel/?(AMNS(0. 5, A) + T VARS + aS aiv(a*D)) | | S 10T, D)l
oo/ (A*NA(T, S, A) + U - VARA + A VAT | 54 1100, A) 3.

Note that since ¢, < @4, we may a-posteriori bound the norm || A || v+ appearing on the right side of the
above estimates with || A | Xk

Proof. We estimate a typical term, for instance U-VU, appearing in NVy. Using the Leibniz rule, recalling
the definitions of the weights (o, (see (3.2) with (3.1a)) and ¢, (see (3.15)), and using Lemma C.4, we have

|eaney? (840 -vO) - T - VA O)| | si D [emer/ 9701 90| Sk 03

g
1<i<2k

All other terms appearing in the nonlinear terms Ny, Ny, and N4 (see (2.7)) are estimated similarly. ]
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Next, we prove Proposition 4.3. Recall the different notations from the beginning of Section 4, in partic-
ular (4.1), and (4.5). Per the assumption of Proposition 4.3, let || (U, X1)||y, < dy for some dy small to be
determined. Define V5 using (4.15), and then define V; as the solution of (4.16). Denote

Vo=T3(0L,%1), V=Vi+V, U=U,+0U, =35+, (4.22a)
E=/(T1,Z)]y, < by, (4.22b)
Brsr(s) 2 (1001(5), Z1(8) Bymes + AL yma) . (4.220)
E(s) = Emy1(s) + [[Va(s)| xme2. (4.22d)

Then, by the above definitions and (4.7) we have
10, D)l awms + [ All gmss + [ Vol gmz Son [(T1,31) [omer + [|All gmr + [ Vol gmrz Sm €. (423)

Note that since ¢, S @4, the bound (4.23) also gives || A || ym+1 S £, an estimate we use occasionally.

The term Vg is already bounded in light of Lemma 4.6. In order to estimate V1 = (fh, 531, A), we
performing YW™*!-energy estimates on (4.16), to obtain

vas B = 35 (100 B0 Fymer + 1AISner) = Iz + Iy, (4.24a)
I 2 (£ = Kn) (01, 21), (01, £1))ymer + (La(A), Ay, (4.24b)
Iy 2 (No(V),Ne(V)), (U1, Z0)hwmis + Na(V), A)yymia. (4.24c¢)

For the linear contributions appearing in (4.24b), using (4.8), we obtain the dissipative bound”®
I < = N[00, S) s = Ml Ao = =M E7 - (4.25)

Thus, it is left to estimate the contribution to (4.24a) from the nonlinear terms in (4.24c¢).
Estimate of nonlinear terms. We treat the nonlinear terms in (4.24c) perturbatively. Our goal is to prove

1| S E? By (4.26)

We first estimate the contribution to (4.24c) from the nonlinear term N U(V), focusing on the terms con-
taining most derivatives, with respect to the X™*!-inner product. Using Lemma 4.7, the Cauchy-Schwarz
inequality, and the bound (4.23) to absorb the lower-order terms, we get

Inu £ /Wg@%mHAmHNU(V) : Ameh
- / PgOami2 (fJ -VA™HU 4 aXVA™TIY 4 A - VAm“A) AU+ 04, (E2Epy).

Since i = ¢¥, 01 =< (y) > 1, using Lemma C.4 (withi = 0, j = 2m + 3, m — m + 1,n = m + 2), and
the bound (4.23), for G € {U, %, A} and F' € {U2, X9} we get

[ ami20y ) GVA™ L F | 2 S [(1)? " P20 2GVA™ | 12 S |Gl amst [|F || aem2 Som €.

Thus, combining the two displayed estimates above, we can reduce bounding I/ ;7 to bounding the main
terms, which involve VA™ 11V : that is, we have

Iy = — / PgPmr2 (fJ VA™HU, 4+ aXVA™HIS, + A - VAm+1A) AU+ 0,,(E2E ).

Z8Here we use that the solution V; of (4.16) has sufficient regularity to justify the applicability of (4.8); see Footnote 27.
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In order to estimate the contribution of the transport term U VAU, using Lemma 3.1, the definition
of Y242 in (3.2), the definition of ¢, in (3.15), estimate (4.23), and the embedding (C.5), we obtain

’v(¢%m+2(pg)‘ Sm @%m+2@g <y>—l’ (4.272)

IV (03m1209G)| Sm G299 (0) 7G|+ VG]) Sm D300 (4.27b)

forany G € {U,%, A}. Since (U - V)A™ U, - AU, = L(U - V)|A™ U, %, using integration by
parts and (4.27) we obtain

’/cpgw%mm(ﬁ-V)Am“fh-Am“ﬁl‘ Sim 5/¢§m+z¢9Am“ﬁl\2 Sm EE2 1.

For the lower order (-, -) ym-terms (which already contain the (-, -) yo-contribution) present in the inner
product (-, -)yym+1 (see (4.7)), using Lemma C.4 and estimate (4.23), we get

ING(V)llzem S [V [ Femsr S E2.

Upon recalling the definition (4.7) of the inner product W *+!, and the definitions of the inner products
X+ and X™ in (3.14), we may combine the above estimates to obtain

Nu(V), Ut)yymst = emitpmir vy + Om ([N (V) || xm [T [| m)
= — i1l / PgP3m (VAT IS + (A - V)A™ A - AU + 0, (E2E 1), (4.28)

In a similar fashion, for the contribution to (4.24¢) from the nonlinear term Ns; (\7), by using Lemma 4.7
and the same arguments/estimates as above, we may obtain

<N2(V), il>wm+1 = —5m+1,um+1/<pggogm+2 (Oéi diV(Am+lﬁl))Am+lil—|—Om((€2Em+1). (429)

It thus remains to estimate the contribution to (4.24c) from the nonlinear term N\ 4 (\7) Note that the inner
products on X" and X™, and hence W'§' and W™, differ only at the weighted-L? level, where the weight
4 needs to be replaced by o 4; see definitions (3.14) and (4.7). At this Weighted—L2 level, using (4.23) and
the embedding (C.5), we first obtain

V| + [y 10] S (VU2 S €.
Then, using integration by parts and the bound [V 4| < |y| 714 (see (3.28)), we deduce
- V(U -
[0 apa] < [ (750524 19001 ) AP ea S €llAlRg S B2 0.

For the terms in (N4 (V), A>W2n+1 which contain derivatives, the bounds and arguments are nearly identical

to those of employed earlier to handle (N7 (V), Uy )yym+1. Thus, using the same arguments as those leading
up to (4.28) and (4.29), and by appealing to the estimate displayed above, we may show

Na(V), Ayt = —Emi1fimi1 / Pmi20g (A - V)A™ T ) - A" A 4 00 (E2E1). (4:30)

To conclude, we estimate the term I\ defined in (4.24¢) by combining the bounds (4.28), (4.29), and (4.30).
Using the identities

(A-V)A™HT, - AMTLA + (A V)ATTLA . A™HT, = (A - V)(A™TIU; - A™HA), (4.31a)
aX div(A™TIU)A™TIY) 4 aX VAT - AU, = o2 div(A™TIU; A™HY), (4.31b)
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integration by parts, and the estimates (4.27), we establish

| = | (N (V), Oa)ymss + N (9), Syt + N4V, Ay
S [ 10v(Fms200 M)A D1 - ATTAL+ 0T (D) [ATHOLAT I 4 6By

<m & / Prmioy (A0 - AT A| + [A™TULA™ S |) + E2E g1 Sim E2 By (4.32)
This concludes the proof of (4.26).
Conclusion of the proof. Combining (4.24a), (4.25), and (4.26), we obtain the energy estimate

2 2 2
a1 < —MEj 1+ CnE B

Applying Lemma 4.6, recalling that E = I (ﬁl, f)l) |ly,» and using the definition of £ in (4.22), we obtain
E < Epmi1 + [ Va(s)||xmiz = Emer + | T2(U1, £1)(8) | wmsz < Byt 4+ Crpe 50 E. (4.33)
From the above two estimates we thus deduce
L Bt < —MEmi1 + CnE2  + Cpe 21575 (12, (4.34)

for some constant C,,, > 0.
We consider the bootstrap assumption

Enii(s) < 256_>‘1(3_8‘”), Vs > sin. (4.35)

Using the assumption (4.10) in Theorem 4.1, we have E,,11(sin) < 9, so that (4.35) holds at s = sjp.
We also recall from (4.22) and (4.19) that by assumption £ < dy = 62/3. Thus, since 2ns — A1 >0
(see (4.9)), by integrating (4.34) in time, and using the bootstrap (4.35), we deduce that for all s > sj,:

Em+1(3) S (5 + CYm/ <452€*)\1(S*5in) + 5}2/6*(2775*)\1)(575in)>d8
=5+ Crn (ANT10% + (205 — M) 10Y%) = (1+ PA 1 Cond + 2A1C6' )6,

Choosing 6y <, 1 small enough to ensure 45, + 1—3053/ 3 < AC.-1, we deduce from the above estimate that
for any 6 < Jg, the bootstrap assumption (4.35) is closed.

Recalling the definition of the Y7 norm in (4.13a), it is clear that (4.35) is equivalent to the first estimate
in Proposition 4.3. From (4.7) and (4.13) it follows that || - ||y; < || - ||v;, and hence (4.35) gives

1 To2(01, E0) v, < 101,20 lvy < supysy, €M Epi(s) < 26 < (265 %)dy (4.36)
The second bound in Proposition 4.3 thus follows as soon as 255/ 3 < 1. The third estimate claimed in
Proposition 4.3 was previously established in Lemma 4.6. This concludes the proof of Proposition 4.3.

4.4.3. Proof of Proposition 4.4. As in the assumption of the proposition, let {[AJM, il’g}ge{mb} € Y be
such that £y = H[AJM, ELE Iy, < dy. According to (4.15), (4.16), and (4.17), denote the associated solutions

Vo= 7-2(611, iu) = (Uay,294,0), Vig= T(ﬁ1,e7 iu) = (U0, %10,A0), Vi=Vi+Vay,

for ¢ € {a,b}. Here and throughout this proof, we use the subscript £ € {a,b} to denote two different
solutions, and we adopt the notation introduced (4.22); e.g. E,, 11 and &, for the “energies” of these two
solutions. Additionally, we denote the difference of two solutions by a A-sub-index:

(ﬁl,Aa fh,A) = (ﬁl,aa i31,a) - (61,17, i1,1;) (4.37a)
Via=Via—Vig, Vaoa=Va,— Vo, Nya=N (Vo) — Ny (Vy), (4.37b)
Ema(s) 2 ((O1,a,S1a) 3w + HAAHXE)m? EA(S) 2 Ema(s) + [[Vo,a(s)|lxmre.  (4.37c)
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With this notation, proving Proposition 4.4 amounts to showing that

In order to perform energy estimates for £, A, we use (4.16) and deduce that \717 A= (fJL A, 5317 A,AA)
solves the equation

(U1, 51,8, An)|ly; = supgsy, eMCT B, A(s) < L(Up 4, E1,4,0)]];- (4.38)

OsVia =Ly(Via) = Km(Via) +Mua,  Viales, =0. (4.39)
Similarly to (4.24), appealing to (3.30) for £ — K, and to (3.13b) for £ 4, we obtain
B2 8= 34 (10008, 1) e + [ As %y )

= (£ = Kn) (U180, 21.4), (U0, Z1.8)) am + (La(An), Ap)xp +Iva
< _)‘E’rQn,A + Iy A, (4.40a)

where we have denoted

Iva 2 (Nua, Nsa), (Una, Sia))am + (Naa, Aa)wyp. (4.40b)
For the nonlinear term defined in (4.40b), in analogy to (4.26), our goal is to establish the bound
[Inal Smo(Ea+ E)EAEmA, (4.41)

where {&;} te{ab} is defined according to the last line in (4.22), and €, Eyp, A are defined in (4.37).
Estimate of nonlinear terms. From (2.7) we have that Ny A = Ny (V) — Ny (V) is given by
Nua =Nua(Va) = Nua(Vy)
= —Uax-VU, —aXaAVE, — Ap - VA, — U, - VUA — aXpVEA — Ay - VAp,  (4.42a)
Nsa =Nsa(Va) = Nea(Vy)

= -—Ux - VE, — aXadiv(U,) — Uy - VEA — aXy div(Ua), (4.42b)
Naa=Naa(Va) —Naa(Vy)
=—-Upr-VA,— Ar VU, —U,-VAx — A, - VUA. (4.42¢)

In order to simplify our estimates for the terms in (4.42), we note that by (4.23) (a bound which is applicable
since {(U1,¢, ¥1,¢) }refa,py satisty the assumptions of Proposition 4.3), for £ € {a, b} we have

Vel omts + [Vl

omi2 S 1O, 210l omss + (1Al pmis + 1Tz, Zo0) [ omtz Sim . (4.432)
Moreover, by the definition of E,,, A and Ea in (4.37), and the fact that X' C X™, X m+2 - XM we have
[Vallam < [[Viallam + [Voallamee Sméa. (4.43b)

First, we focus on the contribution of N7 A to (4.40b), and denote

Iuan = Npa, Upa)am.

From (4.42a), (4.43a), (4.43b), using the Leibniz rule, Lemma 4.7, and Lemma C.4, similarly to the proof
of (4.28), we obtain

IU,A = —E&m / go%mgag (ﬂb . VAmel,A + OéibVAmiLA + Ab . VAmAA) . AmﬂLA

+ On((Ea + E)EAEm,A).- (4.44)
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For the contributions of Nz, A and NV, A,A to (4.40b), by using (4.42b)—(4.42¢), (4.43a), (4.43b), the Leibniz
rule, Lemma 4.7, and Lemma C.4, similarly to the proofs of (4.29)—(4.30), we obtain

Ina = (Nsa, 1 a)xm = —€m/902m90g( VA" A + Xy div(A™Ua)) - A™Eq A
+ Om((Ea + E)EAEmA), (4.44b)
Inn = Nan, Ap)x m/gogmgog( b VATAN + Ay - VAU p) - AT Ap
Om((Ea+ E)EAEm,A)- (4.44c¢)

Finally, we sum the three identities in (4.44), appeal to the vector calculus identities in (4.31), integrate by
parts, use (4.27) with 2m + 2 replaced by 2m and with G € {(Uy, 3¢, Ay): £ € {a,b}}, and appeal to the
bound (4.43a), to conclude

Ina=1ua+Isa+Ian
= —€m/¢%m¢>g <%(ﬁb : V)|Amv1,A‘2
+ a3 div(A"S A ATy 2) + Ay - V(AT A - AT L))
+ O ((Ea + E)EAEm.A)
= Om((Ea+ E)EZA) + Om((Ea+ E)EAEMA)-

This concludes the proof of (4.41).
Conclusion of the proof. Combining the estimates (4.40)—(4.41), we deduce

LB+ AEma S (Ea+ E)En, (4.45)

where we recall that &, Eb, Ep are defined i in (4.37). In order to bound the right side of (4.45), we note that
since 73 is a linear map, V2 A= 7§(U1 A, 21 .A), and so using Lemma 4.6, we obtain

Ea(s) = Ema(s) = [Vaa(s)llymez Sm e ™ [(Ua,Z1,a) llvs-

On the other hand, for the term &, + &, using (4.33) and (4.35) (applicable since {(Uu, il,f)}ée{a,b}
satisfy the assumptions of Proposition 4.3), we obtain

E(8) = Emyrp + | T2(U10, S10) [ omee < 20e 2106750 ¢ o7 ms(ssin) g5y
for ¢ € {a,b}. From the two estimates above and (4.45), we obtain
5 Bm A+ AEa < Cpn($e7 16700 ne(mom) §2/8) (B, x4 77| (U4, B1a)Iva),

for some constant C’ > 1. Since s < A1 < A (see (4.9)), we may choose dy € (0, 1] small enough to
ensure C), (6o + 52/3) < A — Ay, and thus, for all s > s;, and any 6 < &y we have

LB n + M Ema < 20,00 2216750 ||(T) 4, S1.0) 1va-

To conclude, recall that £, A(sin) = 0, and 215 > A; (see (4.9)), so that by integrating the above estimate
we arrive at

MO B A(s) < 20080 [(T1,a, S1,4) |1y, / e~ s s = D071, 60771 (Ty A, S1,0) [y

Sin

2/3

Upon further decreasing g, to also ensure that 20>\ 1Ch 0y " < %, the above estimate proves (4.38), thus

concluding the proof of Proposition 4.4.



VORTICITY BLOWUP IN 2D COMPRESSIBLE EULER EQUATIONS 39

4.5. Additional estimates of the solution from Theorem 1.1. In this section we establish sharp spatial
decay estimates for the self-similar solution (U, X, A) = (fh + U+ U5 + 55+ 5, A) constructed
in Theorem 4.1, with initial data as specified in (4.12); that is, for the self-similar solution described by
Theorem 1.1. We claim that:

Uy, )| + Ay, s)| S ()"~ (4.46a)
IVU(y, s)| + [VE(y, s)| + [VA(y,s)[ S (y) ™" (4.46b)

pointwise for y € R2, for all s > s;,, where we recall that » > 1 (see (2.2)). Note that (4.46a) is missing
a decay estimate for X; this is due to the fact that we have chosen the rescaled sound speed ¥ to equal a
constant in the far-field at the initial time (see (4.12b)).

The purpose of the decay estimates (4.46) is to prove that there are no singularities in the Euler solution
(u, o) (in original (z,t) variables) away from (z,¢) = (0,7, as claimed in Remark 1.4. Indeed, using the
decay estimates in (4.46) and the self-similar relation (2.1), which gives x = y(T' — t)l/ Tand T —t =¢e7 "9,
for any t € [0,7T) and = # 0 (so that |y| = |z|(T — t)~'/" — ccast » T) we obtain

f ()] = H(T — )7 1| F(y, s)]

S@-6 M <2, V(L F) € {(ufU), (uf,A)), (4.47a)
(V) (@, t)| = XT — )" |VF(s,y)
S@-0)7' T <7, V(AF) € {(ufU),(0,n), (", A)}.  @47b)

As a consequence of (4.47), we have that u, Vu, Vo may only blow up at the origin z = 0, at time ¢t = 7.
In order to control the undifferentiated rescaled sound speed (missing from (4.47)), we estimate o via
the Lagrangian flow associated to u. By choosing ¢ to be sufficiently small in Theorem 4.1, the estimates
established in Theorem 4.1 imply that the total self-similar radial velocity U = U; + U, + U satisfies
the assumption of Lemma A.1. Let a — X (a,t) be the flow map (recall, Footnote 16) associated with
u = uf® + u’, where u” and u? are given in terms of U and A via (2.1b)—(2.1¢). Fix  # 0. For any
0<t<T,denote zg = X (x,t),i.e. X(x0,t) = 2. From Lemma A.1, for 0 < ¢’ < t < T, we have

2| = [X (20, )| < lwol,  Ru(w) £ || min(L, [z|*) < [zo| min(1, |zo|*) | X (20, )] < |wol, (4.48)

for some positive constant ¢;. In particular, the above bounds imply that z # 0 < zp # 0. Next, we
use (1.3b) and the definition © = X (x¢, t) to write

(1) = oulzo) exp(—a /0 (divw) (X (20, ).t r').

Since for axisymmetric flows we have (div u)(2/,t) = (£ + Og)ul*(|2’|,t), by (4.47) and (4.48) it follows
that |(div u)(X (zo,t'),t")] < | X (20, t")|™" < Ry(x)~", forall ¢’ € [0, t]. Therefore, we deduce

”O’O_IHZ;O exp(—CRl(:):)_’") < o(x,t) <|oo|lLee exp(C’Rl(x)_T) (4.49)

forall z # 0 and ¢t € [0,7), for some constant C' > 0 which is allowed to depend on 7" but not on z. In
particular, we obtain that o (z, t) does not become vacuous and does not blow up away from (x,¢) = (0, 7).
The goal of the remaining part of this section is to prove (4.46).

4.5.1. Sharp decay estimates of the solution. Recall cf. (2.4a) that the steady state (U, 3, 0) satisfies the
bounds (4.46). We thus only need to perform weighted W estimates, for i € {0,1}, on the perturbation
V=(U-U,X-%A) = (U%,A) = V]| + V;y (see (4.1)). Adding the equations for V| and V3 in
(4.2), we obtain

OV = Ly (V) + Ny (V),
where Ly = (Ly, Ly, L4) and Ny = (Ny, Na, Ny) are defined in (2.6). In order to establish (4.46), we
consider the weighted quantity

£ (G3(IOP + [AP) + @1 VVIH)Y2, where  ¢o= ()", ¢1=(y)", (4.50a)
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and note that (4.46) is a consequence of the uniform boundedness of the associated “energy”
Exo(s) £ |F (-, 8)]| L, (4.50b)
for s > s;,. Note that since 3 does not decay, we do not include the term ¢o\§~l| in the definition of F'.

In order to estimate F(s), for f € {fJ, 3, A} we first focus on the linear terms (r — 1)f and y - V f
present in (2.6d)—(2.6f); accordingly, we re-write (2.6a)—(2.6c) as

Osf+y-Vf=0—=r)f+Lsr+ Ny, (4.51a)
Lyp=-U-VU-U VU - aXVE - aXVy, (4.51b)
Lir=-U-VA-A VU, 4.51c)
Ls,g=-U-VE-TU. VL - aXdiv(U) — aZ div(U) (4.51d)

for terms Ly, , Ny, which are quadratic in either the perturbation or the profile, and which decay faster than
the linear terms; we will treat these perturbatively and think of them as lower order.
For (i, f) € {(0,U), (0,A),(1,U),(1,%), (1, A)}, a direct computation yields

. , Vo, i i
0.0V )ty VoV ) = (=) — i+ LTI G ) oV (Lpnl H ). (452)
Since r > 1 we may directly verify that

(2

. Y-V : : L1
1—r)—17+ =1-r)—t+(r—-1449)~—~=—(r—1+1)— <0 4.53)
(1—=7) % (1—=7) ( ) )2 ( ) e

for all y € R2. For the contribution of the lower order terms present on the right side of (4.52), in Sec-

tions 4.5.2 and 4.5.3 below, we will establish the pointwise estimates

6V Lyrl SNV am, VNG| S IV, (4.54)
for all (i, f) € {(0,U),(0,A),(1,0),(1,%),(1,A)}. ) i )
Multiplying equation (4.52) with ¢;V* f, summing over (i, f) € {(0, U), (0, A), (1,U), (1,%), (1, A)},

recalling the definition of F' in (4.50), and combining the resulting identity with the bounds (4.53) and
(4.54), we deduce

yl*

OsF? +y - VF? < OV |am (1 + [[V]lam) F.
Upon dividing both sides by F, composing with the Lagrangian flow of the operator 0; + y - V, which
is given explicitly as Y (3o, s) = yoe® ®n, and using the nonlinear estimate ||V (s)||xm < §%/3e~"1s(5=5in)
established? earlier in Theorem 4.1, we obtain

LE(Y (yo,8),5) < C8*3em(s78n) (1 4 0§35 75in))

for some C' > 0 independent of § and of (yg, s). Using that by definition F'(yo, sin) < Eoo(sin) for all
yo € R?, integrating the above ODE with respect to s > si,, then taking the supremum over yq (here we use
that the map yo — Y (yo, s) is a bijection of R? for any s) we arrive at

Ex(s) < Exo(sin) + 052/3/ e (5" =sin) g’ 1 0254/3/ e~ 2ns(s'=sin) g o/

< Eoo(sin) + C6*3n71 + €643 (20,71,

for all s > sj,. Combining the above estimate with the boundedness of Eo,(sin) (which follows from
the definition of the initial data in (4.12), from the decay of the self-similar profiles (U, ¥) in (2.4a), and
from the fact that \72 (sin) has compact support (4.4d)), we deduce that the function F' defined in (4.50a) is
uniformly bounded in space and time, thereby proving (4.46).

It only remains to establish (4.54), which we achieve in the next two subsections.

29The norms wmtt W;”“, X™ %2 are stronger than the X'™ norm; see (3.14), the bound ¢, < w4, Lemma 3.3, and (4.7).
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4.5.2. Estimates of the linear terms. In this section, we establish the first estimate in (4.54), which concerns
the linear terms defined in (4.51b)—(4.51d). From Lemma C.4, we have
VIV SV am ()2, k=14, 0<i<om-—2 (4.55)
For the sake of brevity, we estimate only two “typical” terms appearing in the definition of ¢; V'L 1,R for
(4, f) € {(0,U),(0,A),(1,U),(1,%), (1,A)}; see (4.51b)~(4.51d). More precisely, we consider rVE
and VY, which arise when f = U. Recall the decay estimates of the profile in (2.4a) and the fact that
k1 € (0,1). Applying (4.55), for i € {0, 1}, we obtain

{HUVIEVE) S (T THIVIE]VE] + [E] V)
STV L ()72 SV e,
) TTHVIEVE) S (T THIVIE]VE] + [E]VE)
S )TV L ()T SV e

All the other terms present in (4.51b)—(4.51d) are estimated similarly; we omit these details and conclude
the proof of the first estimate in (4.54).

4.5.3. Estimates of the nonlinear terms. In this section, we establish the second estimate in (4.54), which
concerns the nonlinear terms defined in (2.7).
We note that each nonlinear terms N ¢ in (2.7) can be written as a sum of terms of the kind F'VG for
F,G € {U, X, A}. By using estimate (4.55), we obtain
GlFVG| S o [V [[am ()2 [V || am (y) =512 = ()" 24 | V|5
At this stage, we recall from (3.15) that k1 = 1/4, and from (2.2) that 7 < reye(a). Moreover, since (2.2)
gives an explicit expression for reye (), we may directly verify that reye(a) < v/2 for all @ > 0. Therefore,
r—2+4r <V2-2+1<0. (4.56)

The above two bounds proves the second estimate in (4.54) for ¢ = 0. o
It thus remains to consider the second bound in (4.54) fori = 1 and f € {U, X, A}. We proceed as
above, using (4.50) and (4.55) we deduce

$1|V(FVG)| S 01| VF| VG| + ¢1|F| [V?G
S 6111V Laom ()12 [V L (542 1 [V (2 [V ()12
= [V[[&m {y) 2

Appealing to (4.56), the above estimate yields ¢1|V(FVG)| < HVH?Vm for F,G € {U,%,A}. This
concludes the proof of (4.54).

APPENDIX A. TRAJECTORY ESTIMATES AND THE PROOF OF LEMMA 2.4

In this section, we first establish a trajectory estimate and then prove Lemma 2.4 using the properties of
the profile in Lemma 2.2 .

Lemma A.1. Assume that the physical space velocity 1 is self-similar according to the transformation (2.1).
In particular let U = U(y, s) = U(|y|, s)er denote the self-similar radial velocity, and recall that x =
ye SandT —t = e "°. Suppose that U € Cy17 s and that U satisfies the quantitative bound

[U(s,y) — U(y)| < 3 min(x, 551 ) min(Jy|, [y ~°), (A1)

) 2«
forall y € R2, s > sin, and some ¢ > 0, where U = Uepg and the parameters K, 7, > 0 satisfy (2.4).
Then, there exists a sufficiently small ¢; > 0, with ¢; = c¢1(e,k,r,a, U, T), such that the Lagrangian flow
map a — X (a,t) associated with u(z, t) in physical space variables, satisfies the uniform estimates

O~ a| min(1, |a|*) < |X(a,t)| < Clal, (A2)
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foralla € R? and all t € [0, T), for some constant C = C (e, k,r,o, U, T) > 1.

Proof. Fix a # 0. According to (2.1a), define the radial component of the corresponding self-similar
trajectory to be

[ X (a,1)|
(T _ t)l/'r
Since U(y, s) = U(]yl, s)er, it follows from £ X (a,t) = u(X(a,t),t) and the definition (2.1) of the
self-similar transformation that R(s) solves the ODE

R(s) £ = |X(a,t)|e’®

OsR(s) = R(s) + U(R(s),s), R(sin)= |a]T_% = |ale®n.
By (2.4d), the assumption (A.1) on U we get

1

0.R(s) > R(s) + U(R(s)) — LkR(s) > LkR(s) = R(s) > 2™ R(sip) = €275 |g[en. (A.3)

The above estimates show that R(s) is increasing and diverges exponentially as s — oc.
Since by the definition of R(s) we have | X (a,t)| = R(s)e™*, we compute

L (R(s)e™) = (R(s)e™*) L),

and therefore

R(s)e™® = |ale’®), where I(s) é/ %d ! (A.4)

Sin
resulting in an exact implicit formula for e=*R(s). The usefulness of (A.4) is seen once we recall the decay

estimate (2.4a) and the assumption (A.1); together with (A.3), these facts imply that the exponent appearing
and (A.4) satisfies

s)|§/ min(l,R(s’)_c)dslg/ min(l,]a]_ce_“‘"e_%c’f(s_si”)>ds

Sin in

where ¢ = min(r,e) > 0. Denoting s; = max(sin, (1 — 2)sin — 2log|al), we obtain from the above
estimate that

S+ 0o
5 S

in +

Ss+ ]a\fce*csi"e*%m(ﬂﬂin) <sy+ e~ 2SI < ¢ max (1, —log|al), (A.S)
where ¢; = c1(g, k,7, o, U, T) > 0 is a constant. From (A.4) and (A.5) we deduce
X (a,t)] = R(s)e™® > |ale MO > |g|e~er max(L=loglal) — | 4| min(|al, yer, (A.6)

which concludes the proof of the lower bound in (A.2).

In order to prove of the uper bound in (A 2), we seek an upper bound for I(s), without absolute values.
Since by (2.4e) we have 85U (0) = -1 < 0, by the continuity of U and assumption (A.1) on U, there
exists a constant & > 0 such that for all £ € [0, &) we have

U€) < —5%¢ U@ <UE©+|UE-UEI<0, VE€[0,&)
Then, since R(s) is increasing and diverges as s — oo (see (A.3)), there exists a time s, = sp(|al) > sin
such that R(sp) = max(|ale®, &,). From (A.3) we obtain R(s) > R(sb)e%“(s_sb) > &,e%"(s_sb) for all
s > sp. On the other hand, by construction we have that for s € [si,, s5) we have either s, = s;, or
R(s) < & (and hence U(R(s), s) < 0). Putting this information together, we deduce

I(S):/ e +/ UL g </ WaHs) sl g
Sin Sb
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Using the decay estimates |U (¢, s)| < £17¢ for ¢ = min(r, ¢) (which follows from (2.4a) and the assumption
(A.1)), we get

S o0
I(s) S / (R(s"))~¢ds" S / (e =)~ eds' <1 (A7)
Sp Sb
where the implicit constant depends on ¢, &, 7, a, U, T. We deduce
X (a,t)] = R(s)e™* = |ale’®) < Cla,
for some C' = C(e, x,r, o, U, T) > 1, which concludes the proof of the upper bound in (A.2).

In order to conclude the proof, we note that if a = 0, since U(0,s) = 0, we get X(0,¢) = 0 for all
t € [0,T), and in this case the bound (A.2) holds trivially. O

Remark A.2 (The three-dimensional case). We note that while Lemma A. I was stated in two space dimen-
sions, the same proof applies “as is” to the three-dimensional case; the only requirements are that the radial
part of the self-similar velocity U can be written as U (€, s)er with U(0,s) = 0, U is at least C' smooth
in space and time, satisfies the bound (A.1), and that the profile U satisfies (2.4a), (2.4d), and 85(7 (0) <0
(we did not use the precise formula (2.4e), only negativity of the slope near the origin).

With Lemma A.1 and Remark A.2, we turn to the proof of Lemma 2.4.

Proof of Lemma 2.4. We adopt the notation from the proof of Lemma A.1. Applying Lemma A.1, respec-
tively Remark A.2, with U = U (so that U is smooth, radially symmetric, and trivially satisfies (A.1)), we
get from (A.06) that
R(s)e_s > Rl((l), Rl(a) = ‘a| min(%v ’a|)617 (AS)
for all s > sj, and some constant ¢; > 0. From (2.1a), (2.1b), (2.4a), and (A.8), we get the estimate
o(X(a,t),t) < eTTVE(R(s) S efTVR(s)™ ) = (e7R(s)) """V < Ry(a)""Y. (A9)
Similarly, from (2.1a), (2.1b), (2.4a), and (A.8), we have
(Va)(X(a,t),8)] S (T =) [(VO)(R())| < (T — 1) "(R(s))™"
<min((T — )7L, (e *R(s))™") = min((T — t)~, Ry(a)™™"). (A.10)
We now proceed to estimate V,X (a,t). We observe that V, X (a,t) solves the ODE: 0;V, X (a,t) =

Vu(X(t),t)V,X (a,t), with initial data V, X (a, 0) = Id. Introducing t; = t, (a) = max(T — R;(a)",0)
we have min(7', Rj(a)") <T —t4 < Rj(a)”, and so by (A.10) we find

VX (0, 8)] < exp < /0 t |Vu(X(a,t’),t’)|dt’> <exp (€ /0 " in((T — !y Rifa) ')

ty T
<exp (O / (@)t +C [ Ria)ar)
0

ty

=exp(ClogT — Clog(T —t4+) + (T — t4)Ry(a)™")
< min(T, Ry(a)") ™ < max(1, Ry(a)~¢?) (A.11)

for some constant ¢y > 0.

In the assumption of Lemma 2.4, we choose kyan > (c2 + %1)(01 + 1), where ¢; is as in (A.8) and ¢
is as in (A.11); with this choice, if | fo(a)| < min(1,|a|*=n), since the initial data is bounded away from
vacuum, by combining (A.9) and (A.11) we obtain

(r=1)
p(X (a,8),)VaX (a,t) L (a, )| S [|pp | max(1, Ri(a)~~ = ) min(1, |af*=")

< max(1, |a| ™) min(1, |a[*) < 1,

uniformly for all 0 < ¢ < T and all @ # 0. If a = 0, then the assumption on fj implies fy(0) = 0 and so
p(X(0,1),t)VaX(0,t) fo(0) = 0 for 0 < ¢t < T, which concludes the proof of Lemma 2.4. O
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APPENDIX B. ADDITIONAL PROPERTIES OF THE PROFILE

The goal of this appendix is to clarify the proof of Lemma 2.2, based on the arguments in [62]. For this
purpose, we recall from [62] the properties of autonomous ODE for the profile (U, X). Denote

W(z) = -€0©), S@)=a%(¢), @) =log¢, I=%t=:2, w.="2U " @1

with d = 2. Here, the quantities (W, S, 1) are the same as (w,o,1) in [62]. The notation in (B.1) is only
used in this appendix, and it does not affect the rest of the paper.

B.1. Repulsive properties. We recall that the interior repulsive property (2.4b) is proved in [62, Lemma
1.6] for & € [0,&,]. By continuity, there exists & > & such that the condition (2.4b) holds for a domain
[0, &1], thereby proving (2.4b).

It thus remains to prove (2.4a) and (2.4c)—(2.4e). From [62, Section 2], we have that (W, S) solve the
2 x 2 system of autonomous ODEs

w _%, 4 — _%’ (B.2a)
where
A=(1-W)%-52% (B.2b)
Ay =WW =)W —r) = d(W = We)S* = (W — Wi(S))(W — Wa(S))(W — W3(S)),  (B.2¢)
Ay = %((z bd—1D)W2—W(+d+1Ir—r)+1lr— 152) = S (W Wi (S)(W — Wi (S)),
(B.2d)
where {W;(S)}3_, are the roots of the cubic polynomial A, and {W3(S)} are the roots of the quadratic
polynomial As. Here, (W;E, W;) are the same as (wzi, wj) in [62]. From [62, Lemma 2.1] for the roots W2i
of As, and from [62, Lemma 2.3] for the roots of W; for A1, we have the following properties:
(W )(S) <0, Wy (S)<W,(S), vS>SY, (B.3a)
Wi(S) <0, W3(S)<0, Wi(S) <0< W,<Wy(S)<1l<r<Ws(S), VS>0. (B3b)

From the proof of [62, Lemma 2.1], the value Séo) > 0 is chosen such that if Séo) > 0, then for any fixed

S € (0, Séo)) the equation A9(W,S) = 0 does not have a real root W. From the definition of Ay, this
implies that

Ay(W,S) >0, VSe S, WeR. (B.4)
To prove (2.4c) and (2.4d), we rewrite & + U (€) — aX(€),1 + 71U (€) as
E+UE) —aX() =¢1-W=18), £+UE)=E01-W). (B.5)

Denote®” by P, = (Py,s, Pow) and P3 = (Ps g, P3 ) the sonic points, where A = Ay = Ay = 0, and by
Ps = (Ps g, P5 ) other root of A; = Ag = 0. In particular, we have P, s + Pow = P35 + Py = 1.
From Location in [62, Lemma 2.4], P,, P3, P5 are on the curve of the middle root (S, W2(S)), which along
with (B.3) implies

Piw =Wy(Ps) >0, i=2,3,5. (B.6)
From Position of the middle root in [62, Lemma 2.4], we have the properties
S+ Ws(S) < 1, Pyg<S<Pg. B.7)

The following properties are proved in [62, Lemma 3.2].

30We use (Qs, Qw) to denote the coordinates of a point () in the system of (S, W).
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Lemma B.1. Assume (2.2). Let W (S) be the solution to (B.2) and W5 (S) be the middle root to A, (B.3),
(B.2). Suppose that W () intersects Wo(S) at S* with Ps g < S* < Py g and S* + W (S*) < 1.3! Then
we have:
(a) W(S) € C*>(0,S*] and
Moreover, S — 0 corresponds to & — oo and there exists (W, o) € R x R such that for
T — 00, we have

S(z) =S ™ (1 4+ 0(e™™)), W(x)=Wye "™(1+0(e")). (B.8)
(b) W(S) € C*[S*, Py,5) and
WQ(S) < W(S) < WQ_(S), VS* < S < P275', limSﬁ(Pg,S)*W(S) = P27w. (B.9)

Using the above properties and (B.5), we are ready to prove (2.4c), which is equivalent to
1-W(S)—-5>0, S<Ppg. (B.10)
The proof essentially justifies the phase portrait for S < S™* in [62, Figure 3], which is omitted in [62].
Proof of (B.10). From Py > 0 (B.6) and P» s + P> w = 1, we get
P s <1. (B.11)

Since W, (S) is only defined for S > Séo) > 0, we define its extension on (0, c0) as
Wyo($) = Wa(sy"), S <8, Wy (8) =Wy (5). 528y (B.12)

Note that S* + W (S*) = S§* + Wy(S*) < 1. If W(S) + S = 1 for some S € (S*, P g), since the
smooth solution (.S, W (S)) can only cross the sonic line 1 = W + S at P, or P3, where Ay vanishes, we
get AQ(S W(S)) = 0. However, since S € (S*, Py,g), from (B.9), (B.2), (B.3), we get

W(S) < W5 (8) W5 (S),  Aa(S, Wa(8)) >0,
which contradicts Ay (S, W (S)) = 0. Thus, by continuity, we get
W(S)+S<1, SelS* Pyg).
Next, we consider (B.10) for S < S*. Since W (S*) = W5(S*) and W5(.S) is a root of A1(S, W) = 0,

we get Ay(S*, W(S*)) = 0 and VL S)\S s+ = 0. Moreover, using W3(S*) < 0, (W5 )'(S*) < 0 (B.3)
and 0 < W, < W(S*) = Wa(S*) S W5 (5*) (B.9), we obtain

Wi(S) <0< W(S) < W(S*) < Wa(S), Wy (S),1— 8, SelS*—e, 5,

for some small € > 0.
Let0 < S, < S* — ¢ be the largest value, where W(S) intersects the curves W2 (5), W, .(S),1 — S, or
W1 (S). If such a point does not exist, we choose S, = 0. Then for S € (S,, S*), we obtain

W1(S) < W(S) < Wa(S), Wy (S),1 -,
which along with (B.2), (B.3) implies
Ag(S,W(8)) >0, A(S,W(5) >0, & =21>0, 5€(5%, 5.

We have Ay > 0 for the following reasons. If S < S (0), we obtain Ay > 0 from (B.4); if S > S. (0), from
(B.12), we obtain W (S) < W, (S) = Wy (S), which along with (B.2), (B.3) implies Ay > 0.

31The additional assumption S* + W (S*) < 1 (absent in the statement of [62, Lemma 3.2]), that the point P, = (S*, W (S*)) =
(5™, W2(S™)) lies below the sonic line, can be inferred from the phase portrait in [62, Figures 1, 2], where P; is the intersection
between the pink and red curves.
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The monotonicity of W (.S) implies W (S) < W(S5*), S € (Sq, S*). For S € (S, S*), we prove
S+W(S)<W(S*)+ 5" <1

If S, = 0, we prove (B.10). If S, > 0, since W5(S), W, (5),1 — S are decreasing on (S, S*), (B.3)
and W (S) is increasing on (S, S*), W (S) cannot intersect these three curves at S,. Therefore, W (.S) must
intersect W1 (S) at Sy: W (S,) = Wi(S,). Since W{(S) < 0 (B.3), W1(S) is a root of A;(S, W), and
Ao(Sq, W(Sa)) # 0 (the double roots satisfies Py > 0 > W (S,) (B.6))

D ls=s, =0, W(S,) = Wi(S,),
and A(W,S) > 0forW < 0,5 < S* < Ppg <1(B.l11),weget W(S)—W1(S) <O0forS € (S,—¢e2,5,)
with some small eo. If W (S7) = W1 (S) < 0 for some Sy € (0,.S,), since the roots P; of Ay =0,Ay =0
satisfies P; yv > 0 (B.6), we obtain Ay(Sy, W1(Sy)) # 0. Thus, using

d(W—-W. A1 (Sp,W1i(S
W) o5 = A;*Esi,wiésﬁi — WI(S7) = 0—W{(S;) >0,

we get that T/ (.S) is a upper barrier of W (S) for S € (0,S,). From (B.3) and (B.7), for S < S, < §* <
Pyg <1,wegetW(S) <Wi(S) <0, W(S)+ S < S < 1. We complete the proof of (B.10). O

The following property of W (S) for S > P; g is proved in item (2) Original variables and item (3)
Reaching P» in [62, Lemma 3.1].

Lemma B.2. Assume (2.2). We have W (S) € C>®(P,,g,00) and
Wy (S) <W(S) < Wa(9), limg,p, +W(S) = Pw, limg oW (S)=We.

For So > P» g large enough, the curve (S, W(S)) with S > Sy corresponds to the spherically symmetric
profile (X(|y|), U(y)) (see Theorem 2.1) defined on |y| € [0, yo| for some yo > 0.

Proof of (2.4d) and (2.4e). Below, we prove (2.4d), (2.4e).
Since W, Wo(Pag) = Pow =1 — Py g < 1,W5(S) < 1(B.3), using Lemma B.2, we obtain

W(S)<e<1, VS > Py s
for some ¢ > 0. For 0 < S < P, g, using (B.10) and continuity, we obtain
W(S) <ex <1, VS < Pyg.

By combining the above two inequalities, we have thus proven that W (S) < ¢3 < 1 for any S > 0. Using
(B.5), the inequality (2.4d) now follows.

From (B.1), we have W, = ”2_0} for d = 2. Since S(x) — oo corresponds to & — 0, using Lemma B.2

and W(z) = —% (B.1), we obtain

lime ¢ U (&) = — lim W(S) = W, = —=L.
S—o00
The bound —% > —% follows from (2.2). We establish (2.4e).

B.2. Decay of the profile for large £. In this section, we prove (2.4a). For x > x; with z; sufficiently large,
using (B.8) in Lemma B.1, we obtain |W| < 1,|S| < 1,A > % We focus on this region. For z > x;, we
use induction on k£ > 0 to prove

0FW | <p min(1,e"®), |9%S| <j min(1,e”"%). (B.13)

The base case k = 0 follows from (B.8). Suppose that (B.13) holds for £ < n — 1,n > 1. To estimate
On W, we take 97! on both sides of the ODEs (B.2) for W, S. Since Ay, Ay, A (B.2) are polynomials of
W, S, using Leibniz’s rule, the inductive hypothesis, and (min(1,e~"*))! < min(1,e~"*),1 > 1, we yield

0L AL, [0L A, [02A] <, min(1,e7™), 0<i<n-1,1<j<n-—1.
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We need j > 1 so that the constant 1 in A vanishes in A (B.2). Since A > 1, using Leibniz’s rule again,
we obtain

oW = |ar L (AL)| So min(1,e7),  |00S] = 0771 (42)| S, min(1, e 7).

Note that in the full expansion of 97 *(A;/A),i = 1,2, the numerator only involves &2A1,j > 1. We
prove the estimates for the case of k£ = n and establish (B.13) by induction.

Using the relations 9, W (z) = £9¢W (2(€)),W (z) = —£71U(€), and = = log € (see (B.1)), for & > e,
we obtain

|(€0e)" (671 0(©)| i (97", i=0.

Applying the above estimate and the Leibniz rule to U = (U /€) - €, we obtain |(£9¢)'U| <; (€)™ for
& > €. Using induction on 4, we further obtain ]82U| < (€)1 for € > e, Since U € C, for
& < e", the bound |8§U | <i (€)7"T17% s trivial. The decay estimate of ¥ is similar, thereby proving (2.4a).

APPENDIX C. FUNCTIONAL INEQUALITIES

The goal of this appendix is to gather a few functional analytic bounds that are used throughout the paper.
First, we record a Leibniz rule for radially symmetric vectors/scalars.

Lemma C.1 ([5]). Let f, g be radially symmetric scalar functions over R and let F = Fep = (Fy, .., Fy)
and G = Geg = (G1, .., Gg) be radially symmetric vector fields over R%. For integers m > 1 we have

|A™(F - VG;) = F - VA™G; — 2m0:F A™Gi| S Y [V HIF| - [VIG),
1<j<2m
|A™(fVg) = [VA™g = 2mV fA"g| S > [V f] W),
1<5<2m
|A™(F - Vg) —F - VA™g — 2m0cF A™g| < Y [VPHIR| - [Vg|
1<5<2m
|A™(f div(G) — fdiv(A™G) = 2mV f - A™G| S > VP fL VG,
1<j<2m

whenever f, g, {F;}¢_,,{G;}%_, are sufficiently smooth.

Lemma C.1 was established for d = 3 in the proof of [5, Lemma A.4]. The proof given in [5] also works
for any dimension d > 2, so we do not repeat these arguments here.

Next, we focus on Gagliardo-Nirenberg-type interpolation bounds with weights. In all of the following
lemmas, we do not assume that the functions are radially symmetric.

Lemma C.2. Let §; € (0,1] and 65 € R. For integers n > 0 and sufficiently smooth functions f on R%, we
denote

R A Ry R 1)
where as usual we let (y) = (1 + |y|>)Y/2. Then, for n < m and for ¢ > 0, there exists a constant
Cenm = C(e,n,m,01,02,d) > 0 such that

I, <ely + Cenmlo. (C.2a)
Moreover, for p < r < q we have the following interpolation inequality on R?:
Jr < Cpgrdidy ™, where o= 1=, (C.2b)

for some constant C,, 4 = C(p,q,r,01,02,d) > 0.
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Proof. Throughout the proof, all implicit constants depend on the index n of I, or J,, and on the parameters
01, d2. Using integration by parts, we have

= Z/a"vn_lf LN f (y)
=3 @V ) 4 B8 ) )

Using that 57 < 1 we have 3, — 1 < %(571—1 + B,), while by definition we have 3, = %(Bn_l + Bnt1)s
thus, by the Cauchy-Schwarz inequality we obtain

Iy < (I In )2 + Bu(Indn1)?, m> 1. (C3)
To prove (C.2a), it is sufficient to show that for any n > 0 and € > 0, there exists C. ;, > 0 such that
In < €In+1 + CE,TLIO~ (C4)

We prove (C.4) by induction on n. The base case n = 0 is trivial, with C, o = 1. For the induction step, let
n > 1. We use (C.3), the inductive hypothesis for n — 1, and the Cauchy-Schwartz inequality, to conclude

I, <elpi1 + %In + Cs,nlnfl <éelpy1 + %In + CE,nIO-

The above estimate concludes the proof of the induction step for (C.4); thus, we have proven (C.2a).
Combining (C.3) and (C.4) we obtain

Iy < (I - )Y 4+ 31, + Cooy < (L1 In—1)Y? + 31, 4 Cr o,
It follows that for all n > 1,
Jp = I+ Iy < 41 I 1) 2 + Culy < CL M2 T2
Iterating the above estimate, we deduce (C.2b). ]

Lemma C.3. Let 01 € (0,1],02 € R, and define 3, = 2ndy + 02. Let ¢, be a weight satisfying the
pointwise properties pn(y) =<, (y)P" and |V @, (y)| Sn (y)Pr~L. Then, for any € > 0 and n > 0, there

~n

exists a constant C. , = C(g,n, 01, 02,d) > 0 such that’?

[ 19 P < (4 0) [ 1872500+ Co [ 15200
for any function f on R® which is sufficiently smooth and has suitable decay at infinity.
Proof. We use the standard summation convention on repeated indices. Using integration by parts, we get

/|Anf| Y2an = Z Z /61218122 . Zn 8‘7218]22 : Jnf SOQ”

Ulyesln J1seeosdn

=— > > /611832. 07 £ (01,05, ... 02 f Bon + 02, ... 07 f OiPan)

i17'~~7in jl7"‘7jn

= Z Z /87/1.718222 azznf 87,1318]22 . 8]2”]0 @2%

i1y sln J1yeensdn

[I>

B,

/ 03,02 ... 07 f(05,05, ... 07 fOj,@on — O, ... 05 f Oy Pon) =T+ 11

32Throughout the paper we denote by |V* f| the Euclidean norm of the k-tensor V* f, namely, |V* f| = (X =k [0 f1%)/2.
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The term 11 in the above identity involves a derivative of the weight and we do not further perform inte-
gration by parts for it. For the first term, we iteratively integrate by parts with respect to 82 and 8]%, with
I €{2,...,n}, to obtain

Buz [ 1970~ Co [ 19 11] 991 [V
By assumption we have §; < 1, so that
VGanl Sn ()P S ()22 () P22 S | @ona V2] B2n] 2.

Using the Cauchy-Schwarz inequality, for any € > 0 we obtain
Buz (1-8) [ (99 Ppm — Cue [ 197 02001

In analogy to the proof of (C.2a) in Lemma C.2 (we need to replace the weight (y)ﬁ" with ¢, which is
permissible in light of the assumed properties of ¢,,), we may further show that for any £’ > 0,

/|V2n_1f|2952n—1 < 6// V2" 12 Gon + Cor / |12 @o-

Since ¢, &’ > 0 are arbitrary and ¢ < (y>50, rewriting the above two inequalities completes the proof. [

Lastly, we record the following product estimates for the functional spaces X" defined in (3.14). It is
convenient to state estimates for a general dimension d, not just for d = 2. For this purpose, we recall
from (3.15) that ¢, = (y)~®1~%, with k1 = 1/4 € (0,1). Moreover, we recall from Lemma 3.1 that the

weights op, satisfy o (y) <m (1) and [V (y)] Sm om-1(y)-
Lemma C4. Letm > d/2. For f : R% — R which lies in X™ and 0 < i < 2m — d, we have

IV F @) S 1 f e () 72, (C.5)

pointwise for y € R4, Moreover; forany i < 2m, j < 2n, withi < 2m — d or j < 2n — d, and for any
B > k1/2, we have

IVif Vg ()P 0y 2l 12 Sngn,s 1F N llgllen. (C.6)
Proof. Fix 1 < i < 2m — d. By a standard density argument we can assume that V’ f € C>°(R%). Consider

the cone with vertex at y extending towards infinity: Q(y) £ {z € R%: z;sgn(y;) > |y;],V1 < j < d}. In
particular, for any z € Q(y) have |z| > |y|. By integrating on rays extending to infinity, we have

V)] < /Q

Upon letting do = — (k1 + d) and 0; = 1 (choices with are consistent with the weights in (3.14)), from
Cauchy-Schwartz, Lemma C.2 with 5, = 2n + Jo (applicable since ¢ + d < 2m), and Lemma C.3 with

- 1/2 1/2
Pn = sOnwg/ = (y)”«pg/ , we deduce

Vi)l S H<Z>i+d+622Vde(Z)!!L?(Q(y))(/

[z[>]y]

|8162..6dvif(z)\dz.
(v)

. 1/2
<z>—21—2d—62d2>

3Bi ( > 9 " _ 1/2
g ”<Z>zﬁz+dv +df(z)”L2(Rd)</| <R> 2i—2d+( 1+d)Rd 1dR)
Y

e 1/2

S (I3 £ gy + 14613 F ) ([ (R0 a(m))

|y]
k1
S llaem ()™=

For the last inequality we have crucially used that 2¢ — x; > 0, which holds since 7 > 1.
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For i = 0, the aforementioned inequality (namely, 2¢ — k1 > 0) does not hold, and so the integral
appearing in the above estimates does not converge. Instead, using the fundamental theorem of calculus and
the decay estimate for |V f| obtained above, we have

ly| ] x "
<O+ [ 9A(E)ar S 1O+ Ul [ )75 b 170+ 1 e )
To conclude the proof of (C.5) for ¢ = 0, we note that | f(0)| < || f||xm. To see this, let x be a smooth bump
function 0 < y < 1 with y = 1 for |y| < 1/2 and x = 0 for |y| > 1. Then, we have | f(0)| < |Ixfllre <
Ixfllem S Ixfllam < || f||lxm, where the last inequality holds by Lemma C.2 and Lemma C.3.

In order to prove (C.6), assume without loss of generality that ¢+ < 2m — d. Using (C.5), and recalling
that ¢, = (y)~"1~%, we have

IV gy Pl 2 e Son IG9)' ™2 VP FllLoe IV g{y) P02 01 2 12 S 1 fllaem 1V gdy)? P2 | o
Next, Lemma C.2 with 6; = 1 and 62 = — (k1 + d), to obtain

. | . . 6
V99?72 = S IV9 ()" 2 (|12 S llgllam,
where we have used that —3 — d/2 < §,/2, which holds since 5 > k1 /2. O
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