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Abstract

In this review article we discuss a number of recent results concerning wild weak solutions of the
incompressible Euler and Navier-Stokes equations. These results build on the groundbreaking works of
De Lellis and Székelyhidi Jr., who extended Nash’s fundamental ideas on C'* flexible isometric embed-
dings, into the realm of fluid dynamics. These techniques, which go under the umbrella name convex
integration, have fundamental analogies with the phenomenological theories of hydrodynamic turbu-
lence [47, 188, 50, 51]. Mathematical problems arising in turbulence (such as the Onsager conjecture)
have not only sparked new interest in convex integration, but certain experimentally observed features of
turbulent flows (such as intermittency) have also informed new convex integration constructions.

First, we give an elementary construction of nonconservative C’gj weak solutions of the Euler equa-
tions, first proven by De Lellis-Székelyhidi Jr. [49, 48]. Second, we present Isett’s [102] recent resolution
of the flexible side of the Onsager conjecture. Here, we in fact follow the joint work [18] of De Lellis-
Székelyhidi Jr. and the authors of this paper, in which weak solutions of the Euler equations in the
regularity class C’;/ . are constructed, attaining any energy profile. Third, we give a concise proof of the
authors’ recent result [20], which proves the existence of infinitely many weak solutions of the Navier-
Stokes in the regularity class Cp L2t N CP W11+, We conclude the article by mentioning a number of
open problems at the intersection of convex integration and hydrodynamic turbulence.
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1 Introduction

The Navier-Stokes equations, written down almost 200 years ago [153, 186], are thought to be the funda-
mental set of equations governing the motion of viscous fluid flow. In their homogenous incompressible
form these equations predict the evolution of the velocity field v and scalar pressure p of the fluid by

o +div(v®@v)+ Vp—vAv =0 (1.1a)
dive = 0. (1.1b)

Here v > 0 is the kinematic viscosity. One may rewrite the nonlinear term in non-divergence form as
div (v ® v) = (v - V)v. The Navier-Stokes equations may be derived rigorously from the Boltzmann equa-
tion [3, 134, 91], or from lattice gas models [163]. In three dimensions, the global in time well-posedness
for (1.1) remains famously unresolved and is the subject of one of the Millennium Prize problems [74].

Formally passing to the inviscid limit v — 0 we arrive at the Euler equations, which are the classical
model for the motion of an incompressible homogenous inviscid fluid, and were in fact derived a century
earlier by Euler [65]. The equations for the unknowns v and p are

O +div(v®v)+Vp=0, (1.2a)
dive =0. (1.2b)

As for their viscous counterpart, the global in time well-posedness for the three-dimensional Euler equations
remains an outstanding open problem, arguably of greater physical significance [34]. Indeed, an Euler
singularity requires infinite velocity gradients and is thus intimately related to the anomalous dissipation of
energy for turbulent flows [81].

When considering the Cauchy problem, the Navier-Stokes and Euler equations are to be supplemented
with an incompressible initial datum vg. For simplicity, throughout this paper the systems (1.1) and (1.2)
are posed on the periodic box T2 = [, 73, and the initial condition vy is assumed to have zero mean on
T3. Since solutions v(-, ¢) preserve their mean, we have [ v(z,t)dz = [4 vo(z)dz = 0 forall ¢ > 0. The
pressure is uniquely defined under the normalization ng p(z,t)dx = 0 by solving —Ap = divdiv (v ® v).
In order to ensure a nontrivial long-time behavior, it is customary to add a zero mean forcing term f(x,t) to
the the right side of the Navier-Stokes equations (1.1a).

In the bulk of this paper (cf. Sections 5-7) we consider weak, or distributional solutions of the Navier-
Stokes and Euler equations (defined precisely in Section 3). The motivation for considering weak solutions
of (1.1) and (1.2) stems from the Kolmogorov and Onsager theories of hydrodynamic turbulence [81]. The
fundamental ansatz of these phenomenological theories is that in the vanishing viscosity limit solutions of
the Navier-Stokes equations do not remain smooth uniformly with respect to v (in a sense to be made precise
in Section 2), and thus may only converge to distributional solutions of the Euler equations. Therefore, in
an attempt to translate predictions made by turbulence theory into mathematically rigorous questions, it is
natural to work within the framework of weak solutions.

Organization of the paper

Section 2: In this section we discuss some of the fundamental features of the Kolmogorov [115, 116, 114]
and Onsager [157] phenomenological theories of fluid turbulence. This topic is too vast to review here
in detail. For a detailed study of turbulence theories we refer the reader to the books [6, 149, 150,
81, 79, 194], the surveys papers with a mathematical perspective [32, 66, 165, 33, 71, 180, 5, 69],
and to the references therein. In Section 2 we focus on the features that relate most to the convex
integration constructions considered in later sections: the anomalous dissipation of energy, energy
fluxes, scalings of structure functions, and intermittency.



Section 3: The phenomena modeled by the Euler and Navier-Stokes equations are not just important, but
also fascinating; see e.g. the images in van Dyke’s Album of fluid motion [196]. Consequently, the
literature concerning the analysis of these equations is vast. For an overview of the field we refer
the reader to the classical texts [37, 191] and also to the books [56, 133, 22, 192, 79, 141, 126, 143,
127, 166, 193]. In order to place the convex integration constructions in context, in this section we
recall only a few of the rigorous mathematical results known about (1.1) and (1.2). We focus on the
definition(s) and regularity of weak solutions, we discuss the results which have led to the resolution
of the Onsager conjecture, and present the recent results concerning the non-uniqueneess of weak
solutions for the Navier-Stokes equations and related hydrodynamic models.

Section 4: In this section we summarize some of the key aspects of Nash-style convex integration schemes
in fluid dynamics. A number of excellent surveys articles on this topic are already available in the
literature, by De Lellis and Székelyhidi Jr. [47, 188, 50, 51]. These surveys discuss in detail the
Nash-Kuiper theorem [152, 118], Gromov’s h-principle [92], convex integration constructions for
flexible differential inclusions inspired by the work of Miiller and Sverdk [151], the Scheffer [173]-
Shnirelman [179] constructions, leading to the constructions of non-conservative Hélder continuous
solutions of the Euler equations. Our goal here is to discuss some of the intuition behind Nash-style
convex integration schemes for the Euler equations, and to provide the mathematical intuition behind
the intermittent building blocks the authors have introduced [20] for the Navier-Stokes equations.

These heuristic arguments are made precise in Sections 5, 6, and 7, below where we give the proofs
for some of the more recent developments in the field. Our aim in these subsequent sections is to
present concise proofs, rather than the most general results.

Section 5: We present the main result of De Lellis and Székelyhidi Jr.’s paper [48], cf. Theorem 5.1 below.
This work gave the first proof for the existence of a CSI weak solution of the 3D Euler equations
which is non-conservative, following a Nash scheme with Beltrami building blocks. To simplify the
presentation we only show the existence of a non-conservative weak solution in this regularity class,
cf. Theorem 5.2 below.

Section 6: The ng construction discussed in the previous section may be viewed as the start in the race
towards proving the flexible side of the Onsager conjecture. In this section we present the resolution
of this conjecture on the Holder scale, recently established by Isett [102], cf. Theorem 3.3 below. We
discuss the papers on which Isett’s construction relies (e.g. the Mikado flows by Daneri-Székelyhidi
Jr. [44]) and the main ideas in Isett’s work [102]. The proof we present in this section is that of
Theorem 3.4, established by De Lellis, Székelyhidi Jr. and the authors of this paper in [18]. This work
extends and simplifies [102], allowing one to construct dissipative weak solutions in the regularity
class C’;/ i’ . The exposition follows [18] closely, but the presentation of Mikado flows is slightly

different, as to be consistent with the intermittent jets which we introduce in the next section.

Section 7: We discuss the main ideas of the authors’ recent result [20], cf. Theorem 3.7 below. To sim-
plify the presentation we only give the proof of Theorem 7.1 which establishes the existence of a
weak solution to the Navier-Stokes equations in the regularity class CY (L2 N . ’H), with kinetic
energy that is not monotone decreasing. This result directly implies the non-uniqueness of weak so-
lutions: compare the solution of Theorem 7.1 to the Leray solution with the same initial condition;
the later’s energy is non-increasing, hence they cannot be the same. The main idea in the proof is to
use intermittent building blocks in the convex integration construction, such as intermittent Beltrami
flows [20] or intermittent jets [15]. The development of intermittent building blocks was for the first

time announced in the context of the authors’ unpublished work with Masmoudi.



Section 8: We conclude the paper with a number of open problems. Most of these problems are well-known
in the field and concern the regularity of weak solutions for the Euler and Navier-Stokes equations.
We additionally discuss open problems regarding convex integration constructions in fluid dynamics.
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2 Physical motivation

Hydrodynamic turbulence remains the greatest challenge at the intersection of mathematics and physics.
During the past century our understanding of this phenomenon was greatly enriched by the predictions of
Prandtl, von Karman, Richardson, Taylor, Heisenberg, Kolmogorov, Onsager, Kraichnan, etc. The success
of their theories in modeling the statistics of turbulent flows has been astounding [81]. Nevertheless, to date
no single mathematically rigorous (unconditional) bridge between the incompressible Navier-Stokes equa-
tions at high Reynolds number and these phenomenological theories has been established (cf. Section 2.1).

To fix the notation in this section, let us denote by v = N.SE" (v, t) a solution of the Cauchy problem
for the forced version of the Navier-Stokes equations (1.1) with viscosity' v, at time ¢, and with initial datum
vo € L? which is taken to be incompressible, zero mean, and sufficiently smooth. The forcing? term fV is
taken to have zero mean, is (statistically) stationary, and injects energy into the system at low frequencies.?
The equations are posed on T? with periodic boundary conditions.*

Given the complex nature of turbulent flows, it is unreasonable to expect to make predictions about in-
dividual solutions v to the Cauchy problem for the forced system (1.1). Indeed, theories of fully developed
turbulence typically attempt to make statistical predictions about the behavior of fluid flow at high Reynolds
numbers, away from solid boundaries, for length scales in the inertial range, and under certain assumptions
— for instance, ergodicity, statistical homogeneity, isotropy, and self-similarity. Note that typically it is not
possible to rigorously prove these assumptions directly from first principles (e.g. from the Navier-Stokes
equations), and so certain ambiguities arise. One of these ambiguities lies in the definition of a statistical
average, denoted in this section by (-).

Given a suitable observable F of the solution v", theoretical physics considerations typically use (F'(v"))
to denote an ensemble average with respect to a putative probability measure p* on L? which is time inde-

!Throughout this paper we abuse notation and denote also by v the inverse of the Reynolds number Re ~! = v/(UL), where
L = 2 is the characteristic length scale of the domain T%, and U is an average r.m.s. velocity, e.g. U = ({33 |vo() |*dx)"/2. The
infinite Reynolds number limit Re — oo is used interchangeably with the vanishing viscosity limit v — 0, keeping U and L fixed.
2While in this paper we restrict ourselves to the deterministic framework, in turbulence theory one typically considers a stochas-
tic forcing term [156, 9, 200, 67]: a wave-number localized, gaussian and white in time forcing as a source which drives turbulent
cascades. In this setting, one may sometimes rigorously establish the existence, uniqueness, and mixing properties of invariant
measures for the underlying Markov semigroup, e.g. [94, 95, 122] for two dimensional flows and [2, 80] for dyadic shell models
(see also [53, 90]). These invariant states are expected to encode the statistics of turbulent flows at high Reynolds number [81].
3To make this precise, one may for instance assume that there exists an inverse length scale 7, independent of v, such that
P<.f" = P<,, f" forall Kk > k;. Here and throughout the paper P<, denotes a Fourier multiplier operator, which projects a
function onto its Fourier frequencies < & in absolute value. Equivalently, P<, is a mollification operator at length scales < £~ *.
“Here we leave aside the physically extremely important, but mathematically very challenging issue of fluid motion in bounded
domains [174, 140]. In laboratory experiments the generation of a turbulent flow involves the presence of a solid boundary, such as
flat plate or a grid mesh. Classically, the Navier-Stokes system (1.1) is supplemented with no-slip Dirichlet boundary conditions for
the velocity field at the solid wall, whereas for the Euler system (1.2) the non-penetrating boundary conditions are imposed. The
vanishing viscosity limit » — 0 leads to the consideration of boundary layers which typically separate from the wall; one of the
fundamental driving mechanisms for the transition from a laminar to a turbulent regime [108, 57]. See also the discussion in [5, 39].



pendent.’ That is, ones assumes to be at statistical equilibrium, and that the probability measure ;' encodes
the macroscopic statistics of the flow. On the other hand, in laboratory experiments a measurement of the
turbulent flow is usually a long time average at fixed viscosity, in order to reach a stationary regime. That
is, one observes solutions which are close to, or on, the attractor of the system.® In analogy with classical
statistical mechanics, turbulence theories deal with the possible discrepancy between ensemble averages and
statistical averages by making an impromptu ergodic hypothesis. The implication of the ergodic hypothesis
is that averages against an ergodic invariant measure (possibly also mixing), are the same as long time av-
erages, giving a meaning to (-). Lastly, we note that in this section (-) sometimes includes a spatial average
over T3, which may be justified under the assumption of statistical homogeneity.

2.1 Anomalous dissipation of energy

The fundamental ansatz of Kolmogorov’s 1941 theory of fully developed turbulence [115, 116, 114], some-
times called the zeroth law of turbulence, postulates the anomalous dissipation of energy — the non-vanishing
of the rate of dissipation of kinetic energy of turbulent fluctuations per unit mass, in the limit of zero
viscosity (cf. (2.8) below). The zeroth law of turbulence is verified experimentally to a tremendous de-
gree [184, 160, 106], but to date we do not have a single example where it is rigorously proven to hold,
directly from (1.1).

To formulate this ansatz, we use the aforementioned notation and denote by v” be a solution of (1.1) with
stationary force f”. We start with the balance of kinetic energy in the Navier-Stokes equation, in order to
derive a correct formula for the energy dissipation rate per unit mass. By taking an inner product of v* with
the forced (1.1) system, and assuming the functions v¥ are sufficiently smooth, one arrives at the pointwise
energy balance

V|2 v|2 v|2
&'UZ' +V- <v” <|v2| +p”> Vv|v2| ) = [0 — vV 2.1

Integrating over the periodic domain we obtain the kinetic energy balance

i ‘,UZ/‘Q
dt T3 2

dr = fYvvdr — 1/][ |Vo”|?dx (2.2)
T3 T3

where the first term on the right side denotes the total work of the force and the second term denotes the
energy dissipation rate per unit mass. Note that all the terms in (2.2) have dimensional units of U3L 1.
Estimate (2.2) is the only known coercive a-priori estimate for the 3D Navier-Stokes equations, and it gives
an a-priori bound for the solution v” in the so-called energy space L{°L2 N L?HL. Leray [128] used the
energy balance for a suitable approximating sequence, combined with a compactness argument, to prove the
existence of a global in time weak solution to (1.1) which lies in L L2 N L2 H, and obeys (2.2) weakly in
time with an inequality instead of the equality. See Definition 3.5 below for the definition of a Leray solution
for (1.1). A-posteriori one may ask the question of whether the local energy balance (2.1) may be actually
justified when v* € L{°L2 N L?H} is a weak solution of equation (1.1). To date this question remains
open (see however the works [132, 177, 120, 24, 129] for sufficient conditions). Instead, following the work
of Duchon-Robert [60] — equivalently, the commutator formula of Constatin-E-Titi [35] — one may prove

Following the pioneering work of Foias [76, 77], in a purely deterministic setting one may consider the concept of a stationary
statistical solution to the Navier-Stokes equation. Stationary statistical solutions are probability measures on L? which satisfy a
stationary Liouville-type equation, integrated against cylindrical test functions. Their existence may be rigorously established using
the concept of a generalized Banach limit from long time averages, but their uniqueness remains famously open. This notion of
solution has been explored quite a bit in the past decades, see e.g. the books [200, 79].

81t is typical in certain laboratory measurements to recast measurements from the time domain into the space domain by appeal-
ing to the Taylor hypothesis [81].



that for a weak solution v” in the energy class (by interpolation v” also lies in L;(j{g D L%t), the following
equality holds in the sense of distributions

|UV|2 v |UV|2 vy ‘UV‘Q _ U v V2 v
O 5 +V-(v 5 +p vV 5 = Y- v’ —v|Vo'|* — D(v") (2.3)

where the (z, t)-distribution D(v") is defined by a weak form of the Karman-Howarth-Monin relation [107,
148] (see also [149, 81])

1
D(")(x,t) = %1_{% 1 )0 Vu(z) - 0v” (x, t; 2)|60” (2, t; 2)|2dz . (2.4)

In (2.4) we have denoted the velocity increment in the direction z by
¥ (z,t;2) = v (z + 2, t) — v (x,t) (2.5)

and the approximation of the identity ¢, is given by ¢y(z) = e%‘P (%) where ¢ > 0 is an even bump
function with mass equal to 1. The limit in (2.4) is a limit of Li,t objects in the sense of distributions,
and it is shown in [60] that D(v") is independent of the choice of ¢. When compared to (2.1), iden-
tity (2.3) additionally takes into account the possible dissipation of kinetic energy, due to possible singu-
larities of the flow v¥, encoded in the defect measure D¥. Note that if v¥ is sufficiently smooth to ensure
that lim,|_,o ﬁ fOT Jpa 160v” (2, t; 2)|dadt = 0, then one may directly show that D(v”) = 0 (cf. [24]). See
Sections 2.3 and 3.1 below for more details. Similarly to (2.2), once we average the local energy balance
(2.3) over T3, the divergence term on the left side vanishes, and we are left with

i |,UI/|2
dt Jps 2

dr = fr-vdx — V][ \Vo”|?dx — + D(v”)dz, (2.6)
T3 T T3
which yields a balance relation between energy input and energy dissipation.
With (2.6), we define the mean energy dissipation rate per unit mass by

e’ = v{|Vv’[%) + (D(v")) , (2.7

where as discussed before, (-) denotes a suitable ensemble/long-time and a space average. The quantity
¥ has physical units of U3L~!. The zeroth law of turbulence, or the anomalous dissipation of energy,
postulates that in the inviscid limit » — 0 (keeping U and L fixed) the mean energy dissipation rate per unit
mass does not vanish, and moreover that there exists an € € (0, c0) such that

e = liminfe” > 0. (2.8)
v—0
Figures 1a and 1b below present classical experimental evidence which is consistent with the positivity
of €. Further compelling experimental support for (2.8) is provided by the more recent numerical simula-
tion [106], see also the recent review of experimental and numerical evidence [197].”

"It is worth emphasizing that ¢ > 0 implies that the sequence of Navier-Stokes solutions {v* },~0, say of Leray-Hopf kind,

cannot remain uniformly bounded (with respect to v) in the space L?Bgf,oo,,c for any s > 1/3. In fact, in [59] it is shown that even if
€ = 0, but the rate of vanishing of €” is slow, say lim inf, lfog;(s:)) = « € (0, 1], then the sequence of Leray solutions v” cannot
14+

remain uniformly in the space L} B3 . With s > 3= Thus, experimental evidence robustly points towards Euler singularities.
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Figure 1: Experimental and numerical evidence for the anomalous dissipation of energy.

2.2 Basics of the Kolmogorov (’41) theory

Based on the anomalous dissipation of energy and certain scaling arguments, in 1941 Kolmogorov [115,
116, 114] proposed a theory for homogenous isotropic turbulence, whose key predictions we summarize
below. We follow the presentation in [81, 150, 71, 180], to which we refer the reader for further details.

Besides the zeroth law of turbulence (2.8), the assumptions of Kolmogorov’s theory are homogeneity,
isotropy, and self-similarity. Let Z € S? be a unit direction vector and let £ > 0 be a length scale in the
inertial range, meaning that £p < { < {j, where £ is the integral scale of the system (the inverse of
the maximal Fourier frequency ; active in the force), and £p = v**c~'/* is the Kolmogorov dissipative
length scale (the only object which has the physical unit of L and may be written as v%c?; recall that v has
units of LU). Recall the notation (2.5) for velocity increments. Homogeneity is the assumption that the
statistics of turbulent flows is shift invariant: at large Reynolds numbers the velocity increment dv” (z, t; £2)
has the same probability distribution for every = € T3. Isotropy is the assumption that the statistics of
turbulent flows is locally rotationally invariant: the probability distribution for dv” (z, t; £Z) is the same for
all Z € S%. Lastly, self-similarity postulates the existence of an exponent & > 0, such that §v¥(z, t; \(Z)
and \"§v” (z, t; £Z) have the same law, for A > 0 such that both £ and M/ lie in the inertial range. Based on
these assumptions,® the theory makes predictions about structure functions and the energy spectrum.

For p > 1 one may define the p** order longitudinal structure function

SI() = (60" (z,t; £2) - 2)P)

where the ensemble/long-time (-) takes into account homogeneity and isotropy, so that we do not have to
explicitly write averages in 2 over T® and in Z over S2. Note that for p which is odd, Sll;l (¢) need not a-priori

8The assumptions listed here are not minimal, in the sense that one can deduce a number of the predictions of the Kolmogorov
theory by assuming less. We refer the reader for instance to [36, 81, 154, 38, 60, 68, 26, 58] in the deterministic setting, and
to [75, 80, 8] in the stochastic one.



have a sign. Instead, one may define the p!"* order absolute structure function
Sp(€) = (|0v” (2, t; £2)[7)

which is intimately related to the definition of a Besov space.” S,,(¢) scales in the same way as SI‘,‘ (¢), and
they both have physical units of UP. Notice that since £/ has units of U3, it follows that (¢£)”/* has the same
physical units as S,,(¢). Consequently, the only the value of the self-similarity exponent which is consistent
with physical units as £ — 0 is h = 1/3, and thus the Kolmogorov theory predicts the asymptotic behavior

Sp(l) ~ (e0)"F? (2.9)

for / in the inertial range, in the infinite Reynolds number limit. Denoting by ¢}, the limiting structure
function exponent

¢, = lim lim 208 5(0)

2.1
t0v—0 log(ef) (2-10)

the relation (2.9) indicates that in Kolmogorov’s theory of homogenous isotropic turbulence we have
Gp =73 for all p>1, (2.11)

in view of the assumption of self-similarity of the statistics at small scales. Figure 2 shows that this heuristic
argument for the value of ¢, yields a surprisingly small deviations, at least for p close to 3. Nonetheless, as
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Figure 2: Mild deviations of ¢, from p/3. [Chen, Dhruva, Kurien, Sreenivasan, Taylor [23]]. The graphic plots
p versus ((jp| — g)% for various nonzero moments p, as gathered from experiments (circles) and direct numerical
simulations (crosses and stars). The solid line is the outcome of the p-model of [Meneveau-Sreenivasan [144]]. The
dashed and dotted lines are predictions of the 5 model of [Yakhot [204]].

seen in Figure 2, except for p = 3, when the Kolmogorov prediction (3 = 1 is indeed supported by all the
experimental evidence, for p # 3 experiments do indeed deviate from the Kolmogorov prediction. This is
related to the phenomenon of intermittency discussed in Section 2.4 below.

For the third order longitudinal structure function .S. ”, Kolmogorov derived what is considered an exact
result in turbulence, the famous 4/5-law, which states that

sl ~ —%55 (2.12)

%Recall that v € B ., means that v € L? and that SUP|.|>0 ﬁ lldv(2; 2)| » < oo, for s > 0and p < oo.



holds in the infinite Reynolds number limit, for / < /7. Identity (2.12) is remarkable because a-priori,
there is no good reason for the cubic power of the longitudinal increments to have a sign,'” on average.
Moreover, in addition to claiming that (3 = 1, (2.12) predicts the universal pre-factor of —4/5. Compelling
experimental support of the 4/5-law is provided for instance by the measurement in Figure 3. From a
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Figure 3: Experimental evidence for S:! (¢) = —%(el). The quantity —Sz! (£)/(e¥) is plotted as a function of /.

Squares denote experimental observations of centerline in pipe flow at Re = 230000. Circles indicate data from a
5123 DNS of homogenous turbulence at Re = 220. Dots indicate the 4 /5 law. [K. R. Sreenivasan et. al. [185]]

mathematical perspective the 4/5-law is particularly intriguing because under quite mild assumptions one
may establish it rigorously. We refer the reader to the results and excellent discussions in [154, 68], where
evidence is provided that in the inviscid limit, i.e. for the Euler equations, the (2.12) should hold with
just local space-time averaging in (z,¢) and angular averaging over the direction of the separation vector z
(without the assumption of isotropy). This viewpoint is intimately related to Onsager’s predictions discussed
in Section 2.3 below.'!

For p = 2, from (2.9)—(2.11) the Kolmogorov prediction yields (2 = 2/3. One may translate this
scaling of the second order structure function into the famous —5/3 energy density spectrum, defined in
terms of Fourier projection operators as follows. For x > 0 the mean kinetic energy per unit mass carried
by wavenumber < k in absolute value is given by % <|P§Hv”|2>. The energy spectrum is then defined as

1d
E(k) = S dr {IP<,v”|?) (2.13)

so that the total kinetic energy may be written as & (|v”|?) = [ £(k)dk. The Kolmogorov prediction
(2 = 2/3 then translates into

E(K) ~ /3703, (2.14)

for £~ in the inertial range, and in the infinite Reynolds number limit. See [81] for experimental support
for (2.14). This power law requires however that velocity fluctuations are uniformly distributed over the
three dimensional domain, which as discussed in Section 2.4 below, is not always justified (see Figure 5).

'We also note here that the 4/5-law has an analogue in Lagrangian variables, the so-called Ott-Mann-Gawedzki relation [158,
73]. It relates the anomalous dissipation rate € to the time-asymmetry in the rate of dispersion of Lagrangian particles in a turbulent
flow. This Lagrangian arrow of time may be proven rigorously under mild assumptions, see the recent work [58].

!See also [8] for a derivation of the 4/5-law in the context of the stochastic Navier-Stokes equations, with forcing which is white
in time and colored in space, under the seemingly very mild assumption of weak anomalous dissipation: lim, o VE Hv”||2Lg = 0.
Here v" is a stationary martingale solution.



2.3 Basics of the Onsager (’49) theory

In his famous paper on statistical hydrodynamics, Onsager [157] considered the possibility that “turbulent
energy dissipation [...] could take place just as readily without the final assistance of viscosity [...] because
the velocity field does not remain differentiable”. The pointwise energy balance for smooth solutions v of
the Euler equations (1.2) is

2 2
o (o1 ) ) s a5
Integrating over the periodic domain we obtain the kinetic energy balance
d 2
— @daz = f-vdr, (2.16)
dt T3 2 T3

which becomes a conservation law when f = 0. Onsager is referring to the fact that if the solution v of
(1.2) is not sufficiently smooth, i.e. it is a weak solution, then the energy balance/conservation (2.16) cannot
be justified. Onsager’s remarkable analysis went further and made a precise statement about the necessary
regularity of v which is required in order to justify (2.16). This has been phrased in mathematical terms
as the Onsager Conjecture (see Conjecture 3.2 below). We refer to the review articles [71, 180, 69] for a
detailed account of the Onsager theory of ideal turbulence, and present here only some of the ideas (in terms
of Fourier projection operators, as in Onsager’s work [157]).

We regularize a weak solution v of the Euler equations (1.2), by a smooth cutoff in the Fourier variables
at frequencies < , and consider the kinetic energy of P<,v. Then, similarly to (2.15)—(2.16) we obtain that

d P 2
][ [P<rv] dx 2][ Pe.f - P vdr — 1, (2.17)
dt T3 2 ™ -

where as in [157, 70, 35, 81, 24] we denote by II, the mean energy flux through the sphere of radius x in
frequency space, i.e.

I, = —][ Pep(v®@v): VP<,vde = ][
']I‘?)

3 ((Pgﬁv ® Pyt) — Pei(v® v)) VPepvdr.  (2.18)
T

=i (z,t)

The above defined mean energy flux I1,;, and corresponding density 7, may also be computed as in the right
side of (3.1) below, with £ ~ x~1.1> From (2.17) we deduce upon passing x — oo that the energy balance
(2.16) is holds if and only if the total energy flux

IT= lim II,, (2.19)
KR—r 00O
vanishes. Onsager’s prediction is that in order for II to be nontrivial, and thus for the weak solution v of
the Euler equation to be non-conservative, it should not obey |6v(z; 2)| < |z|? with @ > 1/3 (see Part (a) of
Conjecture 3.2 below).

"ZRecalling the notation D(v) from (2.4) for the measure obtained from the Kérmén-Howarth-Monin relation, we note that
Duchon-Robert [60] proved that if v € Li,t is a weak solution of the Euler equations, then D(v) = limx_ o 7 (in the sense of
distributions). Thus, setting ¥ = 0 in (2.3) we obtain a pointwise balance relation which is valid for weak solutions of the Euler
equation. In fact, in [60] it is shown that if v is a strong limit (in Li,t) of Leray weak solutions v” of (1.1), then lim, o v|Vv” |2 +
D(v") = D(v), and thus a-posteriori we obtain that D(v) > 0 in the sense of distributions.
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We emphasize that in 3D turbulent flows the energy transfer from one scale/frequency to another is
observed to be mainly local, i.e. the principal contributions to II, come from Py v, with K ~ k. A
rigorous estimate on the locality of the energy transfer arises in [24], where it is proven that

o0
My | < 272307127 [P ggiu|3 s . (2.20)
=1

Estimate (2.20) gives the best known condition on v which ensures Il = 0, namely v € L?B;{ (?;o,sc (cf. [24)),
a condition which is for instance sharp in the case of the 1D Burgers equation [180].

It is not an accident that the 1/3-derivative singularities required by Onsager for a dissipative anomaly
IT # 0, matches Kolmogorov’s assumed 1/3 local self-similarity exponent required for ¢ > 0. As already
observed by Onsager [157], if v is a weak solution of the Euler equations which is a strong limit of a
sequence {v”} of Navier-Stokes solutions for which the anomalous dissipation of energy (2.8) holds, then
the total energy flux associated to v must match this dissipation anomaly in the vanishing viscosity limit:

e = (II). (2.21)
On the experimental side, the evidence for (2.21) is quite convincing, see e.g. Figure 4. The energy flux

2 T AL T AL
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Figure 4: Kolmogorov’s anomalous energy dissipation rate ¢ and Onsager’s energy flux II,; appear to agree, at least
for x in the inertial range. [Kaneda et al [106]]: 20483 DNS runs on Earth Simulator computing system.

provides a connection between the Kolmogorov and Onsager theories, and a physics derivation of (2.21)
is as follows [81]. Assume for simplicity that f* = f is statistically stationary, and that P, f = f for
some integral frequency ;. Denote by IIY the energy flux through the frequency ball of radius « for a
solution v” of the Navier-Stokes equation, i.e. replace v in (2.18) with v”. Then similarly to (2.17), since
the ensemble/long-time average (-) is stationary, we obtain that

I12) + v (|VP<, 0" ) = (f - P<,0”) (2.22)
for k > k. On the other hand, assuming that the Euler solution is statistically stationary, (2.17) yields
(i) = (f - P<sv) (2.23)

To conclude, we recall that from the definition (2.4) we have (D(v")) = lim,_,o (II¥) (cf. [60]), and with
e” as given by (2.7), we pass kK — o0 in (2.22) and (2.23), to arrive at

e —(I) = lim (¢ — (IT)) = lim (f - (v" —v)) =0 (2.24)

v—0 v—0

since we assumed v¥ — v. Note that here we have made a number of assumptions which are not justified.
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2.4 Intermittency

In this last part of Section 2 we consider the intermittent nature of turbulent flows. This is a topic of
significant debate [117, 142, 83, 82, 183, 145, 176, 204]. Large parts of the books [81, 150] are dedicated
to this mystery, and we refer to these texts, and to the recent papers [87, 26] for a more detailed discussion.
Our interest stems from the fact that this phenomenon is the primary motivation for the intermittent convex
integration scheme discussed in Section 7.

In a broad sense, intermittency is characterized as a deviation from the Kolmogorov 1941 laws. Already
in 1942 Landau remarked that the rate of energy dissipation in a fully developed turbulent flow is observed to
be spatially and temporally inhomogeneous, and thus Kolmogorov’s homogeneity and isotropy assumptions
need not be valid (cf. [125, 81]). Figure 5 shows a typical signal used in experiments to measure €”. The
main feature seems to be the presence of sporadic dramatic events, during which there are large excursions
away from the average.

)

torx

Figure 5: [Meneveau & Sreenivasan [145]]. Two typical signals, with ¢’ = (duy/dt)?, serving as the surrogate of
the energy dissipation rate, are plotted here upon normalizing by their mean values. Graph (a) was in a laboratory
boundary layer at a moderate Reynolds number. Graph (b) was obtained in the atmospheric surface layer at high
Reynolds number (10%). The increased intermittency at the higher Reynolds number is clear.

A common signature of intermittency is that the structure function exponents ¢, deviate from the Kol-
mogorov predicted value of »/3, and moreover, for p # 3 they do not appear to be universal. Figure 6,
compiled by Frisch in [81], highlights this fact. We again see in Figure 6 that the prediction (5 = 1 seems
to be confirmed by all experimental data, but for p > 3 we have ¢, < p/3, while for p < 3 we have
(p > P/3. While there are many phenomenological theories!? for predicting the structure function exponents
(p in intermittent turbulent flows, none of them seem to be able to explain all experimental data, and their
connection to dynamical evolution of the underlying Navier-Stokes/Euler equations seems to be limited.'*

A particularly appealing intermittency model is the S-model of Frisch-Sulem-Nelkin [83], which was
revisited recently by Cheskidov-Shvydkoy [26] from a modern analysis perspective. In order to make a
connection with the measure-theoretic support of the defect measure D(v), the authors in [26] define active
regions A, whose volumes V, are given in terms of an L2 — L3 skewness factor which measures the saturation

BFor instance: the log-normal model of [117], the 8-model of [83], the multifractal model [82], the log-Poisson model of [176],
or the mean-field there of [204]. Interestingly, all these models predict (2 > 0.694. See [81, Chapter 8] for a detailed discussion.

14 As noted in [78], the deterministic bounds on the structure function exponents which one may rigorously establish from the
Navier-Stokes equations [32, 36, 38] always seem to be bounded from above by the phenomenological predictions.
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Figure 6: [Frisch [81]]: Anomalous scaling of structure functions. Data: inverted white triangles: [Van Atta-
Park [195]]; black circles, white squares, black triangles: [Anselmet, Gagne, Hopfinger, Antonia [1]] at Re =
515,536, 852; + signs: from S1 ONERA wind tunnel.

of the Bernstein inequalities at frequencies ~ 29. More precisely, using the active volumes defined as

= L3<|P~2q”’2>3

! (|Paaav]3)®

the intermittency dimension D is defined as

log,(L?V, )

)

D =3 — liminf

q—o0 q

and then the S-model yields corrections [83, 81, 26] to the Kolmogorov predictions (2.11) and (2.14) as

Cp = g +(3-D) (1 — g) and  E(k) ~e BRI (

Note that the Kolmogorov theory corresponds to D = 3, in which the turbulent events fill space. On the
other hand, the simulation of [106] estimates D ~ 2.7.
We note in closing that in the intermittent convex integration construction of Section 7, it is essential that

the building blocks concentrate on a set with dimension strictly less than one. This translates (cf. estimate
[l
-l L2
frequency of the building blocks to the power —1. This is one of the essential aspects of the construction,

and is discussed in detail in Sections 4 and 7.

ﬂ)l‘%.

KR

scales better than the

(7.24)) into the fact that the skewness ratio of our intermittent building blocks

3 Mathematical results

3.1 The Euler Equations

Local well-posedness for smooth solutions to the Euler equations is classical [130] (cf. [141]).15 By the
Beale-Kato-Majda criterion, global well-posedness for the Euler equations is known to hold under the as-
sumption that the L> norm of the vorticity is L' integrable in time [7]. In 2D, vorticity is transported,

'>In some critical spaces, the Euler equations are known to be ill-posedness in the sense of Hadamard [10, 63, 61].
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leading to global well-posedness of smooth solutions [96, 203] as well as weak solutions with L°° bounded
vorticity [205, 141, 198]. Global well-posedness for smooth solutions to the 3D Euler equation is fa-
mously unresolved, and is intimately related to the Clay Millennium problem [74]. Indeed, there ex-
ists numerical evidence to suggest that the 3D Euler equations may develop a singularity [137, 136] (cf.
[162, 88, 89, 30]). Recently, Elgindi and Jeong demonstrated the formation of a singularity in the presence
of a conical hourglass-like boundary [62].

Within the class of weak solutions, the Euler equations are known to display paradoxical behavior. In
the seminal work [173], Scheffer demonstrated the existence of non-trivial weak solutions with compact
support in time (cf. [178, 179]). These results represent a quite drastic demonstration of non-uniqueness for
weak solutions to the Euler equations. For the purpose of this article, we define a weak solution for (1.2) as:

Definition 3.1. A vector field v € CYL? is called a weak solution of the Euler equations if for any t the
vector field v(-, t) is weakly divergence free, has zero mean, and satisfies the Euler equation distributionally:

/R/]T3 v (O + (v V)p)dzdt =0,

for any divergence free test function p.'® For a weak solution to the Cauchy problem this definition is
modified in the usual way.

As mentioned in Section 2, one motivation for studying weak solutions to the Euler equations, is that
in the inviscid limit, turbulent solutions exhibiting a dissipation anomaly are necessarily weak solutions.
In [157] Onsager conjectured the following dichotomy:

Conjecture 3.2 (Onsager’s conjecture).
(a) Any weak solution v belonging to the Holder space C’%t for 6 > 1/3 conserves kinetic energy.
(b) Forany 0 < 1/3 there exist weak solutions v € C'g’t which dissipate kinetic energy.

Part (a) of this conjecture was partially established by Eyink in [70], and later proven in full by Con-
stantin, E and Titi in [35] (see also [60, 24], and the more recent work [182], for refinements). The proof
follows by a simple commutator argument: Suppose v is a weak solution to the Euler equations, and let vy
be the spatial mollification of v a length scale ¢. Then, v, satisfies

/TS |oe(x, )| dw — /1r3 lvg(z, 0)[? da = Q/Ot /T3 tr (v ® v)o(Vuy))dads .

Applying the identity
/ tr ((ve ® vg)(Vup))de =0,
T3
yields
t
/ gz, £)| d — / v (z, 0)[2 da = 2/ / tr (0 ® V) — (0 @ 0))(Vog)) dwdr. (1)
T3 T3 0 JT3
Applying the commutator estimate Proposition 6.5, in Section 5, we deduce

[ ot da = [ Juute, 0 da
T3 T3

'®Note the pressure can be recovered by the formula —Ap = div div (v ® v) with p of zero mean.

< OB o)2s .

14



Thus, if @ > 1/3, the right hand side converges to zero as £ — 0.

Concerning part (b) of the Onsager conjecture, strictly speaking the weak solutions of Scheffer are not
dissipative, as dissipative solutions are required to have non-increasing energy. The existence of dissipa-
tive weak solutions to the Euler equations was first proven by Shnirelman in [179] (cf. [45, 46]). In the
groundbreaking papers [48, 49], De Lellis and Székelyhidi Jr. made significant progress towards Part (b) of
Onsager’s conjecture by proving the first construction of dissipative Holder continuous weak solutions to
the Euler equations (see Theorem 5.1). After a series of advancements [98, 16, 14, 17, 44], part (b) of the
Onsager conjecture was resolved by Isett in [102]:

Theorem 3.3 (Theorem 1, [102]). Forany 3 € (0,1/3) there exists a nonzero weak solutionv € CP (T3 xR),
such that v vanishes identically outside of a finite interval.

Like the original paper of Scheffer [173], the weak solutions constructed by Isett [102] are not strictly
dissipative. This technical issue was resolved in the paper [18], in which the precise statement of part (b)
was proven:

Theorem 3.4 (Theorem 1.1, [18]). Let e: [0,T7] — R be a strictly positive smooth function. For any
B € (0,1/3) there exists a weak solution v € CP(T? x [0,T)]) of the Euler equations (1.2), whose kinetic
energy at time t € [0, T equals e(t).

The exponent 1/3 in Onsager’s conjecture can be viewed in terms of a larger class of threshold exponents
at which a dichotomy in the behavior of solutions arises. In a recent expository paper [112] on the work
of Nash, Klainerman considered various threshold exponents in the context of non-linear PDE (see also
[19] for a discussion of thresholds exponents in the context of hydrodynamic equations). In order to simply
the discussion, consider Banach spaces of the form X® = CPC2. As in [112, Page 11], let us define the
following exponents:

* The scaling exponent o, determines the norm for which the X+ is invariant under the natural scalings
of the equation.

* The Onsager exponent ap determines the norm for which the Hamiltonian of a PDE is conserved.

* The Nash exponent oy determines the threshold for which the PDE is flexible or rigid in the sense of
the h-principle.

* The uniqueness exponent oy determines the threshold for which uniqueness of solutions holds.
* The well-posedness exponent ayy p determines the threshold for which local well-posedness holds.

Since flexibility implies non-uniqueness, and well-posedness implies uniqueness, we have ay < ay <
awp. For the Euler equations, ayyp = 1 (cf. [96, 4, 10, 63]), ary is conjectured to be 1 (the Beale-Kato-
Majda criterion implies that oy < 1), ap = 1/3 (cf. [35, 24, 102, 18]), and o, = 0. In general, one expects
the ordering a. < ap < ay < ay < agyp (cf. [112, Equation (0.7)]).

3.2 The Navier-Stokes Equations

The global well-posedness for the 3D Navier-Stokes equations, is one of the most famous open problems in
mathematics, subject to one of seven Clay Millennium Prize problems [74]. Local well-posedness in various
scale!” invariant spaces follows by classical contraction mapping arguments [84, 109, 113, 127] and global
well-posedness typically follows when the datum is small in these spaces. If one relaxes one’s notion of

""Recall that if v(z, t) is a solution of (1.1), then so is vy (z,t) = Av(Az, A\?t) for every A > 0.
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solutions and considers instead weak solutions, then Leray [128] and later Hopf [97] proved that for any
finite energy initial datum there exists a global weak solution to the Navier-Stokes equation. More precisely,
Leray proved the global existence in the following class of weak solutions:

Definition 3.5. A vector field v € C9 . ([0,00); L*(T?)) N L?([0, 00); H'(T?)) is called a Leray-Hopf
weak solution of the Navier-Stokes equations if for any t € R the vector field v(-,t) is weakly divergence

free, has zero mean, satisfies the Navier-Stokes equations distributionally:

/wa v (O + (v V) + vAyp)dedt + /1r3 v(+,0) - (-, 0)dz = 0,

for any divergence free test function p, and satisfies the energy inequality:

1 1
L @ o) de +/ Vo(z, ) deds < = [ |o(z,0)[ da. (32)
2 Jrs T3 x[0,4] 2 Jrs

Leray-Hopf solutions are known to be regular and unique under the additional assumption that one of
the LadyZenskaja-Prodi-Serrin conditions are satisfied, i.e. the solution is bounded in a scaling invariant
space LY L for 2/p + 3/ = 1 [111, 161, 175, 104]. One possible strategy to proving that the Navier-Stokes
equation is well-posed is then to show that the weak solutions are smooth [74]. Since smooth solutions are
necessarily unique, such a result would imply the uniqueness of weak solutions.

In recent work by the authors [20], another class of weak solutions was considered, namely:

Definition 3.6. A vector field v € CP L2 is called a weak solution of the Navier-Stokes equations if for any
t the vector field v(-,t) is weakly divergence free, has zero mean, and

// v (Opp+ (v- V) +vAp)dedt =0,
RJT3

for any divergence free test function .

The above class is weaker than Definition 3.5 in the sense that solutions need not satisfy the energy
inequality (3.2); however, they are stronger in the sense that the L? norm in space is required to be strongly
continuous in time. Such solutions satisfy the integral equation [72]

t
v(-,t) = e"A(-,0) +/ e"AU=)Pdiv (v(-, ) @ v(-, 8))ds,
0

and are sometimes called mild or Oseen solutions (cf. [127, Definition 6.5]). As is the case for Leray-Hopf
solutions, weak solutions of the form described in Definition 3.6 are known to be regular under the additional
assumption that one of LadyZenskaja-Prodi-Serrin conditions is satisfied [72, 85, 135, 126, 119, 86]. The
principal result of [20] is:

Theorem 3.7 (Theorem 1.2, [20]). There exists B > 0, such that the following holds. For any nonnegative
smooth function e(t): [0,T] — [0,00), and any v € (0, 1], there exists a weak solution of the Navier-Stokes
equations v € C°([0,T); H?(T3)) n C([0, T); WHIHB(T3)), such that [ |v(z,t)|*dz = e(t) holds for
allt € [0, 7).

Since the energy profile may be chosen to have compact support, and v = 0 is a solution, the result
implies the non-uniqueness of weak solutions to the Navier-Stokes equations, in the sense of Definition 3.6.
Theorem 3.7 represents a failure of the strategy of proving global well-poseness via weak solutions, at least
for the class of weak solutions defined in Definition 3.6.
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One may naturally ask if such non-uniqueness holds for Leray-Hopf weak solutions. This problem
remains open. Non-uniqueness of Leray-Hopf solutions were famously conjectured by LadyZenskaja [123].
More recently, Sverak and Jia proved the non-uniqueness of Leray-Hopf weak solutions assuming that
a certain spectral assumption holds [105]. While Guillod and Sverdk have provided in [93] compelling
numerical evidence that the assumption of [105] may be satisfied, a rigorous proof remains to date elusive.'®

An alternate, stronger version of Leray-Hopf solutions is often considered in the literature:

Definition 3.8. A Leray-Hopf weak solution to the Navier-Stokes equation satisfying the local energy equal-
ity, is a vector field satisfying the same conditions as detailed in Definition 3.5; however, with the energy
equality (3.2) replaced with the local energy inequality

1
5 | @0 dm—i—/

1
\Vo(z,s)|* deds < / lv(z, to)|* da . (3.3)
T3 T3 x [to,1] 2 Joe

for almost every tg > 0 and all t > t.

The advantage of Definition 3.8 over Definition 3.5 is that from the localized energy inequality (3.3),
one can deduce that the solutions possess epochs of regularity, i.e. many time intervals on which they are
smooth. Indeed, in [128], Leray proved that such solutions are almost everywhere in time smooth since the
singular set of times ¥ has Hausdorff dimension < 1/2. Improving on this, Scheffer [168] proved that the
1/2-dimensional Hausdorff measure of X1 is 0. More detailed results, concerning the Minkowski dimension
have been obtained in [167, 121].

A curious consequence of the partial regularity result of Leray [128], the local-wellposedness theory
and the weak-strong uniqueness result of Prodi-Serrin [161, 175, 127, 202], is that if a Leray-Hopf solution
in the sense of Definition 3.8 is not smooth for some time ¢ > 0, then on an open interval in time the
solution would be in fact a strong solution that blows up, implying a negative answer to Millennium prize
question. Thus assuming for the moment that the Millennium prize question is out of reach, one is left to
prove the non-uniqueness result of Leray-Hopf solutions in the sense of Definition 3.8 via a bifurcation at
t = 0 — this is indeed the strategy employed by Sverdk and Jia [105]. Unfortunately, this suggests that
convex integration is perhaps ill-suited for the task of proving non-uniqueness of Leray-Hopf solutions in
the sense of Definition 3.8. However, the above argument does not apply in the context of the Leray-Hopf
solutions defined in Definition 3.5, and thus the argument does not rule out a proof of non-uniqueness of
such solutions via the method of convex integration.

The partial regularity theory for Leray-Hopf solutions leads to the natural question of whether there
exists weak, singular solutions to the Navier-Stokes equations that are smooth outside a suitably small set in
time. In [15], jointly with M. Colombo, the following result was established:

Theorem 3.9 (Theorem 1.1, [15]). There exists 3 > O such that the following holds. For T > 0, let
uM ) € CO([0,T); H3(T3)) be two strong solutions of the Navier-Stokes equations. There exists a weak
solution v € C([0, T]; H5(T?)) and is such that

o(t) = uM(t) fort €[0,75] and v(t) =uP(t) for t € [2T)5,T]

Moreover, there exists a zero Lebesgue measure set of times Yp C (0,T] with Hausdorff dimension less
than 1 — B, such that v € C*((0,T) \ S x T3).

Theorem 3.9 represents the first example of a mild/weak solution to the Navier-Stokes equation whose
singular set of times X7 C (0, T'] is both nonempty, and has Hausdorff dimension strictly less than 1.

181f one considers the analog of a Leray-Hopf solutions for the fractional Navier-Stokes equation, where the Laplacian is replaced
by the fractional Laplacian (—A)“, then non-uniqueness is known to hold for o < 1/3 in view of the recent works [31, 52].
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In additional to localizing the energy inequality in time, as was done in (3.3), one can also localize it in
space, leading to the generalized energy inequality of Scheffer [169]:

2 // \Vo|? o dadt < // (|U]2 (01 + Ap) + (|v]* + 2p)v - V(p) dxdt (3.4)

for any non-negative test function (. Weak solutions satisfying the generalized energy inequality are known
as suitable weak solutions [169, 21]. Note that (3.4) is a restatement of the condition that the defect measure
D[v] in (2.3) is non-negative. Following the pioneering work of Scheffer [169, 170], Cafferelli, Kohn and
Nirenberg famously proved that the singular set of suitable weak solutions has zero parabolic 1D Hausdorff
measure. Analogously to the case of Leray-Hopf solutions in the sense of Definition 3.8, convex integration
methods seem ill-suited for proving the non-uniqueness of suitable weak solutions to the Navier-Stokes
equation.

In view of the discussion of Section 2, we are led to consider the question of whether the nonconser-
vative weak solutions to the Euler equations obtained in [102, 18] arise as vanishing viscosity limits of
weak solutions to the Navier-Stokes equations.!® In this direction, as a direct consequence of the proof of
Theorem 3.7, one obtains:

Theorem 3.10 (Theorem 1.3, [20]). For 3 > 0letv € Cf (T3 x [=2T,2T)) be a zero-mean weak solution
of the Euler equations. Then there exists 3 > 0, a sequence v, — 0, and a uniformly bounded sequence
v) e C9([0,T); H. B (T3)) of weak solutions to the Navier-Stokes equations in the sense of Definition 3.6,
with vn) — v strongly in C2([0, T]; L2(T?)).

The above result shows that being a strong L? limit of weak solutions to the Navier-Stokes equations,
in the sense of Definition 3.6, cannot serve as a selection criterion for weak solutions of the Euler equation.
See also Remark 6.4 below.

Lastly, in relation to the threshold exponents considered in Section 3.1, if one considers the family of
Banach spaces C:HZ, then av, = awp = 1/2 [84, 109, 113, 127, 11]. If we relabel o the exponent in
which the energy equality holds, then as a consequence of Theorem 3.7, and the simple observation that
regular solutions obey the energy equality, 0 < ap,any < 1/2. As a consequence of the expected ordering
ax < ap < any < ay < ayp, one would naturally conjecture that o, = ap = ay = ay = awp = 1/2.

4 Convex integration schemes in incompressible fluids

The method of convex integration can be traced back to the work of Nash, who used it to construct exotic
counter-examples to the C'' isometric embedding problem [152] — a result that was cited in awarding Nash
the Abel prize in 2015 (cf. [118]). The method was later refined by Gromov [92] and it evolved into a general
method for solving soft/flexible geometric partial differential equations [64]. In the influential paper [151],
Miiller and Sverdk adapted convex integration to the theory of differential inclusions (cf. [110]), leading to
renewed interest in the method as a result of its greatly expanded applicability.

4.1 Convex integration schemes for the Euler equations

Inspired by the work [151, 110], and building on the plane-wave analysis introduced by Tartar [189, 190, 55],
De Lellis and Székelyhidi Jr., in [48], applied convex integration in the context of weak L°° solutions of

Vanishing viscosity limits of Leray-Hopf solutions to the Navier-Stokes equations are known to be Lions dissipative measure-
valued solutions of the Euler equations — these solutions however do not necessarily satisfy the Euler equations in the sense of
distributions. Under additional assumptions, it was in fact shown earlier by Di Perna-Majda [54] that vanishing viscosity limits are
measure-valued solutions for (1.2). See [12, 202] for the weak-strong uniqueness property in this class. On the other hand, if one
assumes an estimate on velocity increments in the inertial range, which amounts to (> > 0, it was shown in [39] that weak limits
of Leray solutions are weak solutions of the Euler equation.
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the Euler equations, yielding an alternative proof of Scheffer’s [173] and Schnirelman’s [179] famous non-
uniqueness results. The work [48], has since been extended and adapted by various authors to various
problems arising in mathematical physics [46, 41, 181, 201, 27], see the reviews [47, 188, 50, 51] and
references therein.

In a first attempt at attacking Onsager’s famous conjecture on energy conservation, De Lellis and
Székelyhidi Jr. in their seminal paper [48] developed a new convex integration scheme, motivated and re-
sembling in part the earlier schemes of Nash and Kuiper [152, 118]. In [48], De Lellis and Székelyhidi Jr.
demonstrated the existence of continuous weak solutions v to the Euler equations satisfying a prescribed
kinetic energy profile, i.e. given a smooth function e : [0, 7] — R, there exists a weak solution v such that

1 2
— [ |u(t,x)|” de =e(t). 4.1)
2 Jrs

o

See Theorem 5.1 below. The proof proceeds via induction. At each step ¢ € N, a pair (vy, R, ) is constructed
solving the Euler-Reynolds system

Opvg + div (vg ® vg) + Vpg = div inq (4.2a)
divug = 0. (4.2b)

such that as ¢ — oo the sequence ]%q converges uniformly to 0 and the sequence v, converges uniformly to
a weak solution to the Euler equations (1.2) satisfying (4.1).

The Euler-Reynolds (4.2) system arises naturally in the context of computational fluid mechanics. As
mentioned in [81], via [124], the concept of eddy viscosity and microscopic to macroscopic stresses may be
traced back to the work of Reynolds [164]. Given a solution v to (1.2), let ¥ be the velocity obtained through
the application of a filter (or averaging operator) that commutes with derivatives, ignoring the unresolved
small scales. Then (v, R) is a solutionto (4.2)for R=v®v —-0® v = (v —v) ® (v — v). In this context
the 3 x 3 symmetric tensor R is referred to as the Reynolds stress.

For comparison, the iterates (v, ]O%q) constructed via a convex integration scheme are approximately
spatial averages of the final solution v at length scales decreasing with . Owing to the analogy to com-
putational fluid mechanics, we refer to the symmetric tensor ]iZq as the Reynolds stress. Without loss of
generality, we will also assume ]O%q to be traceless.

At each inductive step, the perturbation wy1 = vg41 — v 1s designed such that the new velocity vg41
solves the Euler-Reynolds system

Ovg+1 + div (Vg1 ® Vg41) + Vpgq1 = div éq+1
divvger = 0.

with a smaller Reynolds stress ]O%qﬂ. Using the equation for v, we obtain the following decomposition of
Rq+13

div éq-i-l = div (wg+1 ® wg41 — Rq) + V(pg+1 — pq)
+ Oiwgy1 + vg - Vg ,
+ Wq+1 - V’Uq
which we denoteo(line-by—line) as the oscillation error, transport error and Nash error respectively. The
Reynolds stress 2441 can then be defined by solving the above divergence equation utilizing an —1 order
linear differential operator R ~ div 1 (see (5.34)).

The perturbation wg41 = vg41 — V4 is constructed as a sum of highly oscillatory building blocks. In
earlier papers [48, 49, 16, 14, 103, 17], Beltrami waves were used as the building blocks of the convex
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integration scheme (see Section 5.4 for a discussion). In later papers [44, 102, 18, 101], Mikado waves were
employed (see Section 6.4). These building blocks are used in an analogous fashion to the Nash twists and
Kuiper corrugations employed in the C'! embedding problem [152, 118]. The perturbation wq1 18 designed
in order to obtain a cancellation between the low frequencies of the quadratic term div (W41 @ wg41) and
the old Reynolds stress error Rq, thereby reducing the size of the oscillation error. Roughly speaking, the

(p)

principal part of the perturbation, which we label w, ", , will be of the form
wih Z% DWe. (43)

where the W represent the building blocks oscﬂlatlng at a prescribed high frequency A 41, and the coeffi-
cient functions a¢ are chosen such that

> aZ(R,) ]i WeaWe = ~R,, (4.4)
3

where  denotes the trace-free part of the tensor product. As we will see in Section 5.5.3, the principal
part will need to be modified from the form presented in (4.3) in order to minimize the transport error. This
will be achieved by flowing the building blocks W along the flow generated by v, (see Section 5.5.1).
Additionally, in order to ensure that wq1 is divergence free, we will need to introduce a divergence free

corrector wc(l +)1 such that

(») (©)
Wat1 = Wiy + Wepr s

is divergence free.
Heuristically, let us assume for the moment that the frequencies scale geometrically,?’

Ag = A
for some large A € N. In order that to ensure that the inductive scheme converges to a Holder continuous
velocity v with Holder exponent 3 > 0, then by a scaling analysis, the perturbation amplitude is required to

satisfy the bound
lwgrillco < Agth - (4.5)

In view of (4.4), this necessitates that the Reynolds stress R obeys the bound
|2, =227 46)

As a demonstration of the typical scalings present in convex integration schemes for the Euler equations, let
us consider the Nash error. Heuristically, since v, is defined as the sum of perturbations of frequency A for
¢’ < g and w41 is of frequency A\g11 > Ay for every ¢’ < g we have

[wgtllco llvgll
R e
q+1
where we recall that R is a —1 order linear differential operator solving the divergence equation. Applying
(4.5) and assuming that 5 < 1 then we obtain

1—
IR (wqs1 - Vog)llo S Mgty > A"
/<q
B—1y1-5
SAn A
268438-1
SAquQ)\

In practice, it is convenient to use a super-exponentially growing sequence A\, which obeys A1 ~ )\g, where b > 1.
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Thus in order to ensure that ]O%qH satisfying the bound (4.6) we ¢ replaced by ¢ + 1, we require that 8 < 1/3.
Thus, from this simple heuristic, we recover the Onsager-critical Holder regularity exponent 1/3.

4.2 Convex integration schemes for the Navier-Stokes equations

Analogously to the case of the Euler equation, in order to construct the weak solutions of the Navier-Stokes

equations, one proceeds via induction: for each ¢ > 0 we assume we are given a solution (vy, R,) to the
Navier-Stokes-Reynolds system:

Ovg + div (v ® vg) + Vpg — vAv, = div ]%q (4.7a)
diveg =0. (4.7b)

where the stress ]f%q is assumed to be a trace-free symmetric matrix.
The main difficultly in implementing a convex integration scheme for the Navier-Stokes equations, com-
pared to the Euler equations, is ensuring that the dissipative term vAw,1 can be treated as an error in

comparison to the quadratic term div (wg4+1 ® wg1).

As in the case for Euler, the principal part of perturbation, wé’jr)l is of the form (4.3), satisfying the

low mode cancellation (4.4). The principal difference to the Euler schemes is that the building blocks are
chosen to be intermittent. In [20], intermittent Beltrami waves were introduced for this purpose, and in [15]
the intermittent jets were introduced (see Section 7.4), which have a number of advantageous properties
compared to intermittent Beltrami waves.

In physical space, intermittency causes concentrations that results in the formation of intermittent peaks.
In frequency space, intermittency smears frequencies. Analytically, intermittency has the effect of saturat-
ing Bernstein inequalities between different LP spaces [26]. In the context of convex integration, intermit-
tency reduces the strength of the linear dissipative term vAwg1 in order to ensure that the nonlinear term
div (wg+1 ® wy41) dominates.

For the case of intermittent jets, in order to parameterize the concentration, we introduce two parameters
7| and r | such that

A
L <ri<r <. (4.8)
Ag+1

Each jet W is defined to be supported on ~ (r L)\q+1)3 many cylinders of diameter ~ ﬁ and length
~ +—l—. In particular, the measure of the support of W is ~ r73. We note that such scalings are

T1Ag+1”
consistent with the jet W being of frequency ~ A,y1. Finally, we normalize W such that its L? norm is
~ 1. Hence by scaling arguments, one expects an estimate of the form

2/p—1 =12y N
Wellyynp ST/ 7 Agt1 - 4.9)
In contrast to the Euler equations schemes, the inductive schemes for the Navier Stokes equations measure
the perturbations w1 and Reynolds stresses R, in L? and L' based spaces respectively. Assuming the
bounds

lwgsalls < Ay, (4.10)

in order to achieve (4.4), heuristically this requires that the the Reynolds stress }?q obeys the bound

|2

_Qﬁ
LS 4.11)

We note that (4.10) is suggestive that the final solution v = ) ¢ Wq converges in H A however in this review
paper (as well as in the papers [20, 15]) we are not interested in obtaining the optimal regularity, we actually
obtain a worse regularity exponent.
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Using the —1 order linear operator R, (4.9) and (4.6) we are able to heuristically estimate the con-

(»)

tribution of the dissipative term resulting from the principal perturbation I/Aw
erTor:

/1 to the Reynolds stress

HR <VAwq+1>H V)“JHZH% H ‘WEHLl

L/ L2
S VTLTH )‘q+1 ||RQ||L°°
Thus, to ensure the error is small we will require
1/2
T‘LT‘”/ < )‘q-i-l .

This condition, together with the condition (4.8), rules out geometric growth of the frequency A,. Indeed
for the purpose of proving non-uniqueness of the Navier-Stokes equations let )\, be of the form

Ay =a®) for a,b>1.

Now consider the estimate (4.10). Naively estimating, the principle perturbation, we have
o 52 et

We do not however inductively propagate good estimates on the L°° norm of ]D%q and as such, the above naive
estimate is not suitable in order to obtain (4.10). To obtain a better estimate, we will utilize the following
observation: given a function f with frequency contained in a ball of radius x and a A~!-periodic function
g,if A > & then

[y

1f9lle S N lze llgll o - (4.12)

Hence using that R, is of frequency roughly A\, we obtain
(p) 5
Hw L2 SZH%(RQ)‘H
3

g+1
S Hfﬂ

IWell .-

—p

where we have used (4.11).

In comparison to Beltrami waves, or Mikado waves used for the Euler constructions, the intermittent
building blocks used in [20, 15] introduce addition difficulties in handling the resulting oscillation error. For
the intermittent jets of [15] we have

div ( @) @ wh + R ) ~ 3" 2aZWe - VW + (high frequency error) (4.13)
¢

Similar to how the Nash error for the Euler equations was dealt with, the high frequency error experiences
a gain when one inverts the divergence equation. In order to take care of the main term in (4.13), the
intermittent jets are carefully designed (cf. (7.20)) to oscillate in time such that the term can be written as a
temporal derivative:

1
Sowe W= L ( Siwre
£ 3
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for some large parameter p. This error can absorbed by introducing a temporal corrector w((ﬁl

1

t

wc(]ll = —;PHP;AO E a?!Wd%ﬁ ;
3

where Py is the Helmholtz projection, and P, is the projection onto functions with mean zero. Thus
pairing the oscillation error with the time derivative of the temporal corrector, we obtain

div (wéﬁ)l ® wc(li)l + ]o%q) + 6tw((121 ~ (pressure gradient) + (high frequency error).
(c)

g+1
is not, as defined, divergence free. The perturbation w1 is then defined to be

Finally, analogous to the Euler case, we define a divergence corrector w to corrector for the fact that

(p)

Wyt

t
Wyt = wt(ﬁr)l + wéll + wéﬂl .

An important point to keep in mind is that the temporal oscillation in the definition of the intermittent jets
will introduce an error arising from the term 6twé’jr)1 which is proportional to . The oscillation error is
inversely proportional to u, and thus i will be required to be chosen carefully to optimize the two errors.

More recently, the intermittent convex integration construction introduced in [20], combined with ad-
ditional new ideas, has been successfully applied in related contexts. Using intermittent Mikado flows,
Modena and Székeyhidi Jr. and have adapted these methods to establish the existence of non-renormalized
solutions to the transport and continuity equations with Sobolev vector fields [146, 147]. In [43], Dai demon-
strated that these methods can be adapted to prove non-uniqueness of Leray-Hopf weak solutions for the 3D
Hall-MHD system. T. Luo and Titi [138] demonstrated that these methods are applicable also to the frac-
tional Navier-Stokes equations with dissipation (—A)®, and av < 5/4 (the Lions criticality threshold [131]).
X. Luo [139] demonstrated the existence of non-trivial stationary solutions to the 4D Navier-Stokes equa-
tions. The extra dimension allowed Luo to avoid adding temporal oscillations to the intermittent building
block used in the construction (compare this to the oscillations introduced in Section 7.4 and parametrized
by w). Very recently, Cheskidov and X. Luo [25] have further improved this construction by introducing
new building blocks called viscous eddies, which allowed them to treat the 3D stationary case.

5 Euler: the existence of wild continuous weak solutions

We consider zero mean weak solutions of the the Euler equations (1.2) (cf. Definition 3.1). In [48, Theorem
1.1], De Lellis and Székelyhidi gave the first proof for the existence of a C’g,t weak solution of the 3D Euler
equations which is non-conservative. The main result of this work is as follows:

Theorem 5.1 (Theorem 1.1, [48]). Assume e: [0,1] — (0,00) is a smooth function. Then there is a con-
tinuous vector field v: T2 x [0,1] — R3 and a continuous scalar field p: T3 x [0,1] — R which solve the
incompressible Euler equations (1.2) in the sense of distributions, and such that

e(t) = /1r3 lv(z,t)|?dx

forallt € 0,1].

In order to simplify the presentation, we only give here the details of an Euler C°* convex integration
scheme, without attempting to attain a given energy profile (this would require adding one more inductive
estimate to the the list in (5.1) below, see equation (7) in [48]). The main result of this section is the existence
of a continuous weak solution which is not conservative:
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Theorem 5.2. There exists 3 > 0 such that the following holds. There a weak solution v € C°([0, 1]; C?)
of the Euler equations (1.2) such that ||v(-,1)|| ;2 > 2 ||v(-,0)]| 2.

In Section 6 we present the necessary ideas required to obtain a C''/3~ solution, and discuss the necessary
ingredients required to fix the energy profile.

5.1 Inductive estimates and iteration proposition

o

Below we assume (v, R, ) is a given solution of the Euler-Reynolds system (4.2). We consider an increasing
sequence {Ag}qeny € 27N which diverges to oo, and {d,}sen € (0, 1) a sequence which is decreasing

towards 0, and such that 5;/ 2)\q is monotone increasing. It is convenient to specify these sequences, modulo
some free parameters. For this purpose, we introduce a € N, g € (0, 1), and let

Ag = 2ra®)

g =N
The parameter 8 will be chosen sufficiently small, as specified in Proposition 5.3. The parameter a will be

chosen as a sufficiently large multiple of a geometric constant n, € N (which is fixed in Proposition 5.6).
By induction on ¢ we will assume that the following bounds hold for the solution (vq, Rq) of (4.2):

[vgllco < 1 — 672 (5.1a)
loglle, < 64%Aq (5.1b)
Hécho < ot (5.1¢)

where cg > 0 is a sufficiently small universal constant (see estimates (5.26) and and (5.33) below). Condi-
tion (5.1a) is not necessary for a C°-convex integration scheme, but it is convenient to propagate it.
The following proposition summarizes the iteration procedure which goes from level ¢ to ¢ + 1.

Proposition 5.3 (Main iteration). There exists a sufficiently small parameter 5 € (0,1), such that the
following holds. There exists a sufficiently large constant ay = ag(cg, ) such that for any a > ag which is
a multiple of the geometric constant n., there exist functions (vVg1, ﬁqu) which solve (4.2) and obey (5.1)
at level q + 1, such that

[vg+1 = vgllco < 5;61 5.2)
holds.

Remark 5.4. Inspecting the proof of Proposition 5.3,we remark that it is sufficient to take § = 1/100.

5.2 Proof of Theorem 5.2

Fix the parameter ¢ > 0 as in Lemma 6.6 below, and the parameters § and ag from Proposition 5.3. By
possibly enlarging the value of @ > ay, we may ensure that 69 < 1/4.
We define an incompressible, zero mean vector field vy by

(Sin()\[l)/2x3), 0,0).

Uo(l‘, t) = (27:)3/2

Note that by construction we have sup;c( 1] [[vo(-; t)[|co < [lvo(, 1)llco = (2m)~* <1 - 5(1)/2, so that
(5.1a) is automatically satisfied. Moreover, HUOH(Jlt < )\(1)/ ? < )\05(1)/2 = /\(1)_5 . This inequality holds
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because (3 is strictly smaller than 1/2, and Ay = 2wa > 1 may be chosen sufficiently large, depending on /.
Thus, (5.1b) also holds at level ¢ = 0.

The vector field vg defined above is a shear flow, and thus vg - Vvg = 0. Thus, it obeys (4.2) at ¢ = 0,
with stress éo defined by

) 1 0 0 — COS()\(l)/ziL'g)
2
Ag (27) —cos()\(l)/ng) 0 0

Therefore, we have

—1
0 <N 2 < epdy .

|

The last inequality above uses that \; 5 = (2m) 228 =48 > gta > c}bl. This inequality holds because
we may ensure 5 < 1/16 (see Remark 5.4 above), and a can be taken to be sufficiently large, in terms of the
universal constant cg. Thus, condition (5.1c¢) is also obeyed for ¢ = 0.

We may thus start the iteration Proposition 5.3 with the pair (vo, ]D%o) and obtain a sequence of solutions
(vg, }O%q). By (5.1), (5.2) and interpolation we have that for any 3’ € (0, 3), the following series is summable

1—8' / 1 !
S loger — vgllgs 3 lvgst — vllgn” llogrn —vallin 3 600 < S NP <1

q>0 q>0 q>0 q>0

where the implicit constant is universal. Thus, we may define a limiting function v = lim,_,~, v4 Which lies
in CY([0, 1} o ). Moreover, v is a weak solution of the Euler equation (1.2), since by (5.1c) we have that
limg— 00 Rq = 0in C°([0,1]; C°). The regularity of the weak solution claimed in Theorem 5.2 then holds
with 3 replaced by 3.

It remains to show that ||v(+,1)||;2 > 2][v(+,0)| ;2. For this purpose note that since 29! > 2(¢q + 1),
we have

_ _ 12 —B(27t) —Bbye+l — @
o= vollgo <3 llvgsn —vgllgo < D85 < 3 a™PD < N (P —a 5 S Ganyh

q>0 q>0 q>0 q>0

once we choose a sufficiently large. Since by construction |[vg(-,0)[/;2 = 0, and |lvg(-,1)|| ;2 = 1/v2, we
obtain that

2 [, 02 < 2o (-, 0)ll 2 + 2(2m)%* (-, 0) = o (-, 0) | ca

| =
—

1
S3 s 6= loo(, Dl 2 = llv(5 1) = v Dl e < flo 1)l 2
holds. This concludes the proof of Theorem 5.2.

5.3 Mollification

In order to avoid a loss of derivative, we replace v, by a mollified Velocity field vy. For this purpose we

choose a small parameter £ € (0, 1) which lies between )\q and A\, jl ~ )\

=2"" (5.4)
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Let {¢-}~0 be a family of standard Friedrichs mollifiers (of compact support of radius 2) on R? (space),
and {p¢ }e>0 be a family of standard Friedrichs mollifiers (of compact support of width 2) on R (time). We
define a mollification of v, and R, in space and time, at length scale and time scale ¢ by

v = (Vg *z Bp) *t P (5.52)
Ry = (Ry %y ) %t 0 - (5.5b)

Then using (4.2) we obtain that (vy, ]O%g) obey
Orve + div (v @ vg) + Vpr = div (Re + Reommutator ) - (5.6a)
dive, =0, (5.6b)
where traceless symmetric commutator stress Reommutator 18 glven by
Reommutator = (ve@vg) — ((04®0q) *4 o) *1 @p - (5.7)
Using a standard mollification estimate we obtain
| Reommtatorllco < €llvgller  lvglleo , S 64°Aq = Ag7 7 < G (5:8)

In the last estimate above we have used that 5 may be chosen to be sufficiently small and a sufficiently large.
Moreover, with ¢ small as above we have

1
v = velleo < Cllvgllen S Oy < 5/ (5.9)
while for N > 1 we obtain from standard mollification estimates that
loellew, S €N ogllea, S b2V S N, (5.10)

For N = 0 we simply use that the mollifier has mass 1 to obtain

[vellco < Ilvgllgo < 1= 542 (5.11)

5.4 Beltrami waves
Given £ € S? N Q3 let A¢ € S? N Q? obey

Ae-£=0, A_=A¢.
We define the complex vector

Bgz%(A,g—foAg) .
By construction, the vector B¢ has the properties

|Bel=1, Be-£=0, iéxBg=DB¢, B_¢=Bc.
This implies that for any A € Z, such that \¢ € Z3, the function
Wie)(z) := Wea(z) 1= Bee™™ (5.12)

is T3 periodic, divergence free, and is an eigenfunction of the curl operator with eigenvalue A. That is, Wi
is a complex Beltrami plane wave. The following lemma states a useful property for linear combinations of
complex Beltrami plane waves.
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Proposition 5.5 (Proposition 3.1 in [48]). Let A be a given finite subset of S*> N Q3 such that —A = A, and
let \ € 7 be such that A\A C Z3. Then for any choice of coefficients ag € Cwithag = a_¢ the vector field

W(z) = Z agBee™e® (5.13)
EeN

is a real-valued, divergence-free Beltrami vector field curl W = AW, and thus it is a stationary solution of
the Euler equations

2
div (W @ W) = v@. (5.14)
Furthermore, since By ® B_¢ + B_¢ @ B¢ = 2Re (B ® B_¢) =1d — { ® &, we have
1
W®de:52|a£|2(1d—§®§). (5.15)

3
T e

Figure 7: Example of a Beltrami flow W (x) as defined in (5.13).

Proposition 5.6 (Lemma 3.2 in [48]). There exists a sufficiently small c, > 0 with the following property.
Let B, (1d) denote the closed ball of symmetric 3 x 3 matrices, centered at 1d, of radius c,. Then, there
exist pairwise disjoint subsets

Ay CSPNQ* a€{0,1},

and smooth positive functions
1 e 0 (B.1)  ae{0,1},€¢€ A,

such that the following hold. For every £ € A, we have —§ € A, and ’y(a) = 'y(_(?. For each R € B, (1d)
we have the identity

R= % 3 <7§°‘)(R))2 (Id—£®6). (5.16)

e
We label by n the smallest natural number such that n.\,, C Z3 for all o € {1,2}.
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It is sufficient to consider index sets Ay and A; in Proposition 5.6 to have 12 elements. Moreover, by
abuse of notation, for j € Z we denote A; = Aj,0q42. Also, it is convenient to denote by M a geometric
constant such that

gezA:a HVEQ)HCI(BC*(M» =M (5.17)

holds for o € {0, 1} and ¢ € A,. This parameter is universal.

5.5 The perturbation
5.5.1 Flow maps and time cutoffs

In order to have an acceptable transport error, the perturbation wy41 needs to be transported by the flow
of the vector field 9, 4+ vy - V, at least to leading order. The natural way to achieve this, is to replace the
linear phase & - « in the definition of the Beltrami wave W \, with the nonlinear phase £ - ®(x,t), where ®
is transported by the aforementioned vector field.

We subdivide [0, 1] into time intervals of size ¢, and solve transport equations on these intervals.?! For
j €{0,...,[¢711},2 we define the map ®; : R® x [0, 1] — R? as the T? periodic solution of

(8t + vy - V) (I)j =0 (5.18a)
®;(z,jl) = . (5.18b)

This map ®; obeys the expected estimates

sup [V®;(t) = 1d]|po S €llvellen S EA0,2 < 1 (5.19a)
tel(G-1)6(+1)4
sup [V (1)llen S Mgy (5.19b)
tel(G—1)6(+1)4
sup IV ()]l gn S " AS2 S €T (5.19¢)

te[(G=1)6(+1)

for n > 1, which are a consequence of the Gronwall inequality for derivatives of (5.18) (see, e.g. [16,
Proposition D.1]). We also let y be a non-negative bump function supported in (—1, 1) which is identically
1 on (—1/4,1/4), and such that the shifted bump functions

Xi(t) = x(flt - j) : (5.20)
form a partition of unity in time once they are squared

> X =1 (5.21)
j

for all t € [0,1]. Note that the sum over j is finite, j € {0,1,..., [¢71]}, and that at each time ¢ at most
two cutoffs are nontrivial.

IStandard ODE arguments show that the time 7 such that the flow of d; + v, - V remains close to its initial datum on [—7, 7],
should obey 7 |lv¢||o1 < 1. This is the same as the CFL condition [42]. Since in this exposition we do not aim for the most
optimized possible convex-integration scheme, instead of introducing a new parameter for the CFL-time, which is then to be
optimized later, we work with the already available parameter ¢. Indeed, (5.4) shows that Z)\qéé/ P =) Y278 <« 1, which in view
of (5.10) shows that £ ||ve|| ;1 < 1 holds, as desired.

Here we use [z] to denote the smallest integer n > .
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5.5.2 Amplitudes

In view of Proposition 5.6, we introduce the amplitude functions

/41 ]o{g z,t
CL(E) (IL‘, t) = aq+17j7§(ZL‘, t) = CR/45q{il Xj(t) e (Id - 1/2( )> . (522)
CRr 9¢+1

The division of ]Q%g by the parameter sz(;q+1 ensures via (5.1c) and the fact that the mollifier has mass 1,
that

]?(x’t) <ep <e
/2 R
CR 0g+1 o
Therefore, Id — If%gc}_;/ 25;:1 lies in the domain of the functions 7(¢) and we deduce from (5.16) and (5.21)
that
o 1
cf'dgld = Re= 53 3 afy (ld - £@¢) (5.23)
J EeA;

holds pointwise, for any o € {0, 1}. For a given j, we write A; = Ao if j is even and A; = Ay is j is odd.
This justifies definition (5.22) of the amplitudes.

5.5.3 Principal part of the corrector
Using the notation from (5.12), (5.22), and (5.18) we let
wie) (2, 1) 1= a1 e (@,1) = agp1je(@, 1) Wer,,, (D5(2, 1)) = agrnje (@, t) BeePare®iloh - (5.24)

(p)

and define the principal part w ., of the perturbation wg1 as
wéﬁzl(m,t) = Z Z we)(z,t) . (5.25)
J EEA]'

From (5.17), (5.22), and the fact that ng form a partition of unity, it follows that
») fp Ot
p 1/4 <1/2 q+1
qu+1Hco < Moz, < <2 (5.26)

where we have used that cy may be taken sufficiently small, in terms of the universal constant M.
5.5.4 Incompressibility correction
In order to define the incompressibility correction it is useful to introduce the scalar phase function
Do) (@, 1) 1= Pgp (@, 1) 1= ePar1& (@D =) (5.27)

In view of (5.19a), we think of ¢ as oscillating at a frequency < Ag4+1. Also, with this notation, (5.24)
reads as

wiey (T, 1) = a) (@, t) e (T, ) Wie) (z) = age) (2, t)de) (z,1) BeeMat16
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and the term W) oscillates the fastest (at frequency A,41). We will add a corrector to w(¢) such that the
resulting function is a perfect curl, making it thus divergence free. For this purpose recall that curl W) =

Ag+1 W(g) and therefore, since ae) and (;5(5) are scalar functions, we have

1
Agt1

aiey bW, curl (a(g)de)Wie)) — +—V (a@)de) X Wee)-

Ag+1
‘We therefore define

(¢) 1 16
wiey (@) = 5V (agdie) X Bee e

1 |
= (Vag + a(g)ide1 (VO;(x, 1) —1d)8) x Bee' €00
q+1

Va
= ()\ J(j) +iag (Ve;(x,t) — Id)f) X Wiey(®j(z,1)).

(©)

The incompressibility correction w,, is then defined as
win (@) =3 3 wgle
J EeA;

so that setting
(p) (c)

Wqt1 = Wely + Wiy
we obtain from the above computations that
= 5 33 el ag Wi o )
Q+1 J EeA,

and so clearly wq1 is divergence and mean free.
Note that by (5.1c), (5.21), standard mollification estimates, (5.17) and (5.19a) imply that

[Vae |
qu-l‘lH < 281jlp52 Tlco Ha(f)HCU HV(I)J - IdHCO(suprj)

1/ 1 1 /

5.5.5 The velocity inductive estimates
We define the velocity field at level ¢ + 1 as
Vg+1 = Vg + Wgt1-

At this stage we verify that (5.1a) and (5.1b) hold at level ¢ + 1.
First, we note that (5.26) and (5.31) give that

3
lwgsilloo < 58,5

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)

which combined with (5.9) gives the proof of (5.2). Moreover, combining the above estimate with (5.11)

yields

logrillgo < 1— 06 + 6.7 < 1—68.,

30



since 40441 < &4 holds upon choosing a sufficiently large. This proves (5.1a).
A short calculation shows that upon applying a spatial or a temporal derivative to (5.25) and (5.29),
similarly to (5.26) and (5.31) we obtain that for some g-independent constant C' we have

lwgiilles < e MAg8)E + O/

L L OO S+ OGSO < A0 (5.33)

q+1%+1 g+1 = q+1-

In the above inequality above we have used that £ = )\, NG )\;j/f, have taken cp sufficiently small in

terms of M, (8 sufficiently small and a sufficiently large. This proves (5.1b) at level ¢ + 1.

5.6 Reynolds Stress
5.6.1 Inverse divergence operator and stationary phase bounds

We recall [48, Definition 4.2] the operator R which acts on vector fields v with ng vdx = 0 as

(Ru)* = (O,A™ b 4+ §,A7 1) (ke + OkOA™Y) div A~ 1o (5.34)

1
2
for k,¢ € {1,2,3}. The above inverse divergence operator has the property that Rv(x) is a symmetric
trace-free matrix for each z € T3, and R is an right inverse of the div operator, i.e. div (Rv) = v. When
v does not obey [1; vdx = 0, we overload notation and denote Rv := R(v — [15 vdx). Note that VR is a
Calder6n-Zygmund operator.

The following lemma makes rigorous the fact that R obeys the same elliptic regularity estimates as
|V|~1. We recall the following stationary phase lemma (see for example [44, Lemma 2.2]), adapted to our
setting.

Lemma 5.7. Let \X¢ € 73, a € (0,1), and m > 1. Assume that a € C™(T3) and ® € C™(T3;R3) are
smooth functions such that the phase function ® obeys

cl<ivel<c

on T3, for some constant C > 1. Then, with the inverse divergence operator R defined in (5.34) we have

< lallgo  llallgme +llaligo [Vl gm.«

e strercs)], < el ol V0L,

where the implicit constant depends on C, o and m (in particular, not on the frequency \).

The above lemma is used when estimating the C° norm of the new stress. Indeed, for a fixed ¢ €
[(7—1)¢, (j+1)£], in view of the bounds (5.19), assuming that €Aq5;/2 < lwehavethat < |[V®,(-,t)] <2
on T3. Thus, by Lemma 5.7 we obtain that if a is a smooth periodic function such that

||CZHCn ,S Cag_n (535)

holds for some constant C, > 0, for all 0 < n < m + 1, where the implicit constant only depends on m,
and if m + 1 > 1/a, then

Ca g—m—l Ca
IR (aWig) o )l o S Sa (1+ Am—1> S e (5.36)
q+1 q+1 q+1

The implicit constant depends only on « and m. In the second inequality above we have used that /=1 <

3 —
/\q/il, and thus E‘m_l)\éﬁ” < lassoonasm > 7.
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The same proof that was used in [44] to prove Lemma 5.7 gives another useful estimate. Let { € A; and
¢ € Aj for |j — j'| < 1be such that  + & # 0. Then we have that | + £'| > ¢, > 0, for some universal
constant ¢, € (0,1). By appealing to the estimates (5.19), one may show that for a smooth periodic function
a(x) which obeys (5.35) for some constant C, > 0, we have that

Ca g—m—l Ca
IR (a (Weyo @5 @ We 0 @) || o < N (1 = ) Sora- (5.37)
q+1 q+1 q+1

The implicit constant depends only on o and m.

5.6.2 Decomposition of the new Reynolds stress

Our goal is to show that the vector field v, defined in (5.32) obeys (4.2) at level g + 1, for a Reynolds
stress 441 and pressure scalar p,1 which we are computing next. Upon subtracting (4.2) at level g + 1
the system (5.6) we obtain that

div ]%qH — Vpg+1 = (0 + v - V)w[(ﬁr)l +div (w((fi)l ® wéi)l + Ry)

div (Rtransport) div (Roscillation)+VPoscillation
+ wgt1 - Vug+ (0 + vg - V)wéﬁl + div (w(il ® Wgt1 + w((fjr)l ® w(ﬁl)
—_———

q
div (RNash)

diV (Rcorrector)"!‘vpcorrector
+ div (Rcommutator) - fo . (538)

Here, Rcommutator 18 as defined in (5.7), and we have used the inverse divergence operator from (5.34) to
define

Rtransport =R <(8t + v v)w((]ﬁ)r)l) (5.39)
RyNash := R (wg+1 - Vy) (5.40)

corrector +— t T Ve Wyt Wy 1 QW + W QW [y + Wy [ QW1 .
while peorrector 1= Qwﬁ:l . wéﬂ)l + |wéle\2. The remaining stress Roscillation and corresponding pressure

Poscillation are defined as follows.

First, note that for j, 7' such that [ — j/| > 2, we have x;(t)x;/(t) = 0. Second, for |j — j'| = 1, we have
that A; N Aj = (). And third, we note that similarly to (5.14) we have div (W) @ Wig) + Wy @ Wig)) =
V(W(g) . W(E'))’ which follows from the identity (Bg X Bg/ + BE' &® Bg) . (f + fl) = (Bg . Bgl)(f + 5/)
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Therefore, we may use (5.15), (5.23), (5.21)—(5.25), and the notation (5.27) to write

div () @ wl) + Ry =div [ 3 we @ we + Re
j7j/7§’fl

=div | D we@uw g+ R |+ D div (e @ we))
75, 7,3, E+E'#0

(1 . .

= le 5 Z a%g) (Id — 5 ® 5) + Re + Z le (a(f)a@/)é(ﬁ)gb(g/)W@) ® W(S’))
KBS JJ"§+E'#0

=5 Y agaendedediv (We @ Wen + Wiey © W)

53", §+E'#0

+ Y (Wi @ W) V (geaendede))

7,3",6+E&'#0
1

=5 2. aeuetese)y Weo W)+ D W ®We) V (agaedode)

33" ,§+E'#0 53" &+E'#0

= Vposcillation + div (Roscillation) .

Above, we have denoted

1
Poscillation = 5 Z a(f)a(§/)¢(f)¢(§/) (W(f) ) W(é’)) ’
3,3",6+E€'#0

and

Wiey - Wier
Roscintation := Z R ((W(g) @ Wigny — @)2(£)Id> \Y (a(g)a(g/)qﬁ(g)(ﬁ(g/))) . (5.42)
3,36+ #0

At this point all the terms in (5.38) are well defined. We have p,11 = ps — Doscillation — Peorrector and

o

Rq+1 = Rtransport + Roscillation + RNash + Rcorrector + Rcommutator (5-43)

which are stresses defined in (5.39), (5.42), (5.40), (5.41), and respectively (5.7).

5.6.3 Estimates for the new Reynolds stress

To conclude the proof of the inductive lemma, we need to show that the stress defined in (5.43) obeys the
bound (5.1c) at level ¢ + 1. Recall that the commutator stress was bounded in (5.8), and that it obeys a
suitable bound if ¢ is sufficiently small. The main terms are the transport error and the oscillation error,
which we bound first.

Transport error. Inspecting the definition of wéﬁ)l from (5.24) and (5.25), we notice that the material
derivative cannot land on the highest frequency term, namely W) o @, as this term is perfectly transported

by vg. Therefore, we have

(@ +ve- Vywl)) =30 + v Vage Wiey 0 ®; .
j)é-
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Returning to the definition of a(¢ in (5.22) we may show using standard mollification estimates, that the
bounds (5.1c) and (5.11), imply

ot v 5[] ek

Rme < Hécho <Ol (5.44)

In a similar spirit to the above estimate, and taking into account (5.20), we may in fact show that

1 _ —1—
lalon S 50 and{|@ + e Vagg | S 05 (5:45)
holds for all n > 0. Thus both a(e) and the material derivative of ae) obey the bound (5.35), with C, = 6;&1,
respectively C, = 5;4?18_1. We thus conclude from (5.35) that for a sufficiently large universal m, we have

)\1704 )\m,1 )\1701 ~ “‘g+1

-1 1/21 E_m_l —1(51/21 y

+ + —1/4

HRtransportuco SJ : 1 + S g < Aa < 6q+2 .
g+1 q+1 q+1

Here we have taken « and 3 sufficiently small, and « sufficiently large.
Oscillation error. For the oscillation error we apply the (5.37) version of the stationary phase estimate.
First we use (5.42) to rewrite

Wigyo @ - Wiery o @y

Roscillation - Z R( (W(g) @) (I)j ® W(f/) o) (I)j/ — 2 Id>
J:j" €+ #0

(V(a(g)a@/)) + i>\q+1a(§)a(£/) ((V‘I)j — Id) . f + (V<I>j/ — Id) . 5/) >> .

Then, similarly to (5.45) we have

HV(CL(E)CL@/)) ch 5 6q—i—1€—n_1

and by also appealing to (5.19) we also obtain
A+t [aagey (V85 —1d) - €+ (VB —1d) - €) || o S Ag18g1 (CA0) 0™
for n > 0. Using (5.4) and (5.37) we thus obtain from that the oscillation stress as defined in (5.42) obeys

S0t l™1 o Ay 10011 (ENg0° o ~
| Roscittation]|co <~ ;ﬁ_a‘“ (PAedq7) A Az <5

q+1

as desired.
Nash error. Using that

Wq+41 - va = Za(@ W(g) o (I)j . VU[,
FES

and the available estimate
1/2 1/9 )
Ha(f) vWch S 5q+1)‘45q/25 i
for all n > 0, allows us to appeal to (5.36) and conclude that
1 1
q/+21 qéq/Q

-«
)\Q+1

HRNashHCO 5 5 )\ga—l < 5q+2 .
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Corrector error. The corrector error has two pieces, the transport derivative of w((1521 by the flow of vy,

and the residual contributions from the nonlinear term, which are easier to estimate due to (5.26) and (5.31):

(©)

q+1 ® w(C)

O+ w(C) (p) (p) (¢)

g1 O Way +wWe iy @ wg g

1
Hw o~ Og+1 <£/\ +€Aq5j/2> < By

q+1

Inspecting the definition of w((;fgl from (5.28) and (5.29), we notice that the material derivative cannot land

on the highest frequency term, namely W) o ®;, as this term is perfectly transported by vy. We thus have

c Va .
(0 + vg - V)wé_zl = Z ((81& + vy - V) ( )\q_’(j) +rag (Vfbj(x, t) — Id)f)) X W(g)(‘bj(l’, t))
J€

The available estimates for a(¢) and V®; — Id yield

g (V®;(z,t) —1d)|| . < R OW Yot

and using (5.44) we also obtain

1 2572,
- . < 4Tl pn
ot H(@t + vy V)Va(g)HCn S et !/

for all n > 0. From (5.36) we thus obtain that

(© (© 2.0
q+1 + v qu+1> HLOO S )\2—qa S )\2%1 < 5q+2~
a+1

I (o

5.6.4 Proof of (5.1¢c) at level ¢ + 1

Summarizing the estimates obtained for the five stresses in (5.43), we obtain that
Héq“Hco < crigea. (5.46)

By taking a sufficiently large and S sufficiently small, it follows that the constant cp may be taken arbitrarily
small. This concludes the proof of Proposition 5.3.

6 Euler: the full flexible part of the Onsager conjecture

The result of the previous section gives us the existence of Holder continuous weak solutions of the 3D Euler
equations which are not conservative (more generally, which can attain any given smooth energy profile). In
this section our goal is to describe the Holder 1/3~ scheme of [102, 18].

Remark 6.1 (The Holder 1/5~ scheme). In order to achieve a Holder exponent < 1/5, in the proof of
Theorem 5.2 one has to carefully take into account estimates for the material derivative of the Reynolds
stress (Op + vy - V)]:Bq (cf. [98, 13, 16] for details). In principle, material derivatives should cost less than
regular spatial or temporal derivatives. Indeed, by scaling, one expects material derivatives to cost a factor
roughly proportional to the Lipschitz norm of v,. Taking advantage of this observation, one can improve on
the estimate (5.44). As it stands, the estimate (5.44) scales particularly badly and is the principal reason the
proof of Theorem 5.2 given above requires significant super-exponential growth in frequency.
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Remark 6.2 (Almost everywhere in time Holder 1/3~ scheme). As noted in Section 5.6.3 the principal
errors are transport error and the oscillation error. Note that the transport error is concentrated on the subset
of times where the temporal cutoffs y; and x;41 overlap. In [14] it was noted that one can obtain any Holder
exponent < 1/3 almost everywhere in time, by designing a scheme that concentrates such errors on a zero
measure set of times. By taking advantage of this idea and using a delicate bookkeeping scheme, in [17]
non-conservative solutions were constructed in the space L} C"/5~.

The flexible side of the Onsager conjecture was resolved by Isett in [102], who proved the existence
of non-conservative weak solutions of 3D Euler in the regularity class Cfvt, for any 8 < 1/3. The proof
of Isett builds upon the ideas in the above mentioned works, and utilizes two new key ingredients. The
first, is the usage of Mikado flows which were introduced earlier by Daneri and Székelyhidi [44]. These
are a rich family of pressure-less stationary solutions of the 3D Euler equation (straight pipe flows), which
have a better (when compared to Beltrami flows) self-interaction behavior in the oscillation error as they are
advected by a mean flow. We discuss Mikado flows in Section 6.4 below. The second key ingredient is due

to Isett, and may be viewed as the principal main idea in his proof: prior to adding the convex integration
perturbation w1, it is very useful to replace the approximate solution (v, I-qu) with another pair (7, R,),

which has the property that 7, is close to v, but more importantly, R,(¢) vanishes on every other interval
of size =~ HVUqHEé within [0, 7"]. We discuss this gluing procedure in Section 6.3 below. The main result
of [102] is Theorem 3.3 above. This result was subsequently extended in [18] to the class of dissipative
weak solutions, which in particular can attain any given energy profile, cf. Theorem 3.4 above.

In this section, we will present an outline of the arguments employed in [18] in order to prove Theo-
rem 3.4. The principal new idea in [18] that allows for the construction of dissipative solutions involves
adding kinetic energy at each iterative step that wiggles through space-time (this is explained in detail in
Section 6.5). Additionally, the gluing procedure is implemented differently in [18] which leads to a more
efficient proof when compared to [102]. Since the proof outlined below will follow [18] very closely, some
details will be omitted and we refer the reader to [18] for the complete proof. We note however that com-
pared to [18], in Section 6.4, we have adopted a slightly different presentation of Mikado flows in order that
their construction be more directly comparable to the intermittent jets of Section 7.

Finally, we note that in [101], Isett showed that one can further optimize the schemes of [102, 18] in
order to construct non-conservative weak solutions to the Euler equations that lie in the intersection of all
Holder spaces C for 3 < 1/3. It is an open problem to determine whether non-conservative weak solutions

to the Euler equations exist that have Holder exponent exactly 1/3. Or, in view of [24], it would be desirable
1/3

to determine whether there exist non-conservative weak solutions which lie in the space L} By .

6.1 Iteration lemma and proof of Theorem 3.4

Define the frequency parameter A\, and the amplitude parameter ¢, by
Aq = [al™)] (6.12)
8g = A28 (6.1b)

q

where a > 1 is a large parameter, b > 1 is close to 1 and 0 < 8 < 1/3. Note that with this notation we have
1< /\qa*(bq) < 2. To simplify matters, we will assume the prescribed energy profile satisfies the bound

supe(t) < 1. (6.2)
t

In the proof of Theorem 3.4 below, we will demonstrate how this additional constraint may be removed.
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The inductive estimates on the approximate solution (v, R;) of the Euler-Reynolds system (4.2) are
nearly identical to (5.1), except that now we also include the estimate for the energy iterate:

H}"quCO < Sgairg (6.32)
[vgll e < M2\ (6.3b)
[vgllco <1 — 5;/2 (6.3¢)
Sqr1Ag® < e(t) — /T ] lvg|? dzz < 6441 . (6.3d)

Here 0 < a < 1 is a small parameter to be chosen suitably in terms of 5 and b, and M is a universal
geometric constant which is fixed throughout the iteration scheme. The wiggle room given by the )\;?’a

factor in (6.3a) (when compared to (5.1c)), is useful in the gluing step ]O%q —> Eq, and in bounding errors
arising from the fact that Calderén-Zygmund operators are not bounded on C°. The iterative proposition
used to go from step g to step g + 1 is as follows.

Proposition 6.3. Assume 0 < f < 1/3and0 < b—1 < (1 =36)/28. Then there exists an oy = ao(B,b) > 0,
such that for any 0 < « < «q there exists an ag = ao(B,b,a, M) > 0, such that for any a > ag

the following holds: Given (vy, Ry) which solve (4.2) and obey the estimates (6.3), there exists a solution

o

(Vg+1, Rg41) to (4.2) which satisfy (6.3) with q replaced by q + 1, and moreover, we have
-1 1/2
[vg+1 = vgllco + A g1 — vgllcn < M. (6.4)

6.1.1 Proof of Theorem 3.4

We first observe, that without loss of generalization, we may restrict ourselves to considering normalized
energy profiles that satisfy the following estimates

i];lfe(t) > 012y 7, sup e(t) <61, and sup et) <1, (6.5)
Indeed, the reduction to normalized energy profiles follows as a consequence of the scaling scale invariance
v(z,t) — T'v(z,I't) of the Euler equation (see [18] for details).

Observe that by setting (vg, Rg) = (0,0), the pair (vg, Rp) trivially satisfying the assumptions (6.3a)—
(6.3¢); moreover, (6.3d) and (6.2) are implied by (6.5). Applying Proposition 6.3 iteratively, we obtain a
sequence of velocities v, converging uniformly to a weak solution v of the Navier-Stokes equations (1.1).
Utilizing the estimate (6.4) yields

3 N 1 # < N g (52 0) < S8
Z lvg+1 —vgll s < Z lvg+1 = vallco” llvgs1 = vallen S Z‘Sqfl <5q+1)\Q) < Z g
q=0 q=0 q=0 q=0

Hence we obtain that v € C’,?C’f ' for all B' < 8. The time regularity follows as a consequence of the work
[99] (see also [18] for a simplified argument).

Remark 6.4 (Vanishing viscosity of smooth solutions to the forced Navier-Stokes equations). A direct
consequence of Proposition 6.3 is that for any § < 1/3 one may prove the following statement, which is
motivated by the discussion in Section 2. For every v > 0, one may find a C'* smooth solution v* of the
Navier-Stokes equations (1.1) with a C'*° smooth forcing term f“ = div I, such that as v — 0 we have:

28 .
|F¥||co S v+ and thus F¥ — 0as v — 0; |[v”|| s < 1, independently of v; and such that v” converges
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as v — 0 to a dissipative weak solution v of the of Euler equation. However, inspecting the energy balance

for this forced Navier-Stokes solution, we see that the work of force term on the right side of (2.2) has size
38—1
~ v %8 , which does not remain bounded as ¥ — 0 since § < 1/3. In light of this remark, it would be

interesting to see whether a convex-integration scheme could be designed to reach the endpoint exponent
B = 1/3. See Problem 10 below.

6.2 Mollification

Similarly to Section 5.3, here we replace the pair (vy, }oiq) with a mollified pair (vg, R¢) which obey the
Euler-Reynolds system. Notationally, unlike the definition of R, in Section 5.3, here, R, will denote the
sum of the mollified stress and the commutator stress (compare to (5.5) and (5.7)). For ¢ > 0 defined as

5.2

— q+1

we let
Vg 1=Vq *y 0]
Ry :=Rq %4 ¢p — (vqé)vq) sz Do + VIQUY

which obey the Euler-Reynolds system (4.2) for a suitable pressure p, which has zero mean.
In order to bound R, we use from [40, Lemma 1] the following generalization of the Constantin-E-
Titi [35] commutator estimate:

Proposition 6.5. Let f,g € C°°(T3 x [0,1]) and ¢ a standard radial smooth and compactly supported
kernel. For any r > 0 and 0 € (0, 1] we have the estimate

|7 w0 v = oy e, SN llcollglies

where the implicit constant depends only on r and ).

With the choice of ¢ given above in (6.6), using the usual mollification bounds and Proposition 6.5, we
obtain (cf. [18, Proposition 2.2])

1 —x
v = vllco < 3,505 (6.7a)
Vel v S OPALTN (6.7b)
C q 7\q
i e

< bgel® (6.7d)

[l = o do
T

for all N > 0 where the implicit constant may depend on N and a.

6.3 Gluing

The gluing step is the fundamental new idea introduced in [102]. The idea is to replace vy with T4, which is
obtained by gluing in time exact solutions v; of the three dimensional Euler equations whose initial datum

matches vy at certain times ¢;. The resulting glued stress R, will then be localized on pairwise disjoint
time intervals ; of length proportional to 7, = |t; — t;_1|, and that the spacing between this intervals is
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also proportional to 7,. The stress Ry will then be corrected in a convex integration step involving Mikado
flows (cf. Section 6.5). As mentioned previously, the Mikado flows need to be advected by the mean flow vy
causing them to be twisted and deformed. However, if the intervals I; and I;, with ¢ # j, were to intersect,
then this could result in cross-interactions between the deformed Mikado flows, leading to unacceptable
Reynolds errors. In this subsection we describe an efficient implementation of the gluing procedure, as
detailed in [18].

6.3.1 Exact solutions of the Euler equations and their stability.

To make the above idea precise, we introduce the parameter

P2
Tq = %- (6.8)

and define
ti = i7q, I = [t; + 73, t; + 27/3] N [0, T, Ji = (t; —7af3,t; +74/3) N[0, T]. (6.9)

In order to justify the choice (6.8), we recall that the Euler equations with C' T initial datum may be solved
uniquely locally in time on a time interval with length which is inversely proportional to the C'*% norm of
the initial datum. From (6.7b) and (6.8) we note that indeed 7, obeys the CFL-like condition:

Tallvelliha S 70227 S 02 < 1 (6.10)

as long as a is sufficiently large.
With the above considerations, for each ¢ we solve on [t; — 74, t; + 7,] the Euler equations exactly, with
initial data given by vy (-, t;):

Ow; +v; - Vu; + Vp; =0 (6.11a)
dive; =0 (6.11b)
Ul(atz) = vf('ati) (611C)

By (6.10) and the classical local existence theorem [96] for (6.11) we have that v; is a uniquely defined
O smooth function on T? x [ti — 74, ti + T4]. Moreover, using bounds similar to (5.19), we have that

|’Ui(t)HCN+a < 51/2)\q£17N7a g qulelfN+a (6.12)

~ q

holds for all t € [t; — 74, t; + 7] and N > 1.
In fact we can say more: the solution v;(-, t) is in fact very close to v,(-,t) for all |t — t;| < 7, in the
sense that the following estimates hold (cf. [18, Proposition 3.3])

l|lvi — WHcN+a < Tq5q+1ffN71+a ) (6.13a)
IV (pi — po)llonsa S Gl N1, (6.13b)
10 + ve - V)(v; — ve) | onsa S Ggprl N1, (6.13¢)

for all N > 0, uniformly on [t; — 74, t; + 74]. The bounds (6.13) hold upon noting that the incompressible
vector field v; — vy obeys

(O + v - V) (vg —v;) = (v; —vg) - Vg — V(pe — pi) + div Ry. (6.14)
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with 0 initial condition at ¢ = ¢;, whereas V(p; — py) is given explicitly as
V(pe — pi) = VAT div (Vog(vi — ve) + Vs (v; — vg) + div szg) ) (6.15)

Equations (6.14) and (6.15) imply the desired estimates (6.13) using standard estimates for the transport
equation (see also (5.19)), mollification and interpolation bounds for Holder spaces.

Lastly, as we shall see in (6.19a) below, we require sharp estimates on v; — vy in negative order spaces.
For this purpose we introduce vector potentials associated to the exact solutions v;

2 = Bu; = (=A) tcurlw; .

Note that divz; = 0 and curl z; = v; — ng v;dz. Similarly we use the Biot-Savart operator B to define
z¢ = Bvy. With this notation we then have (cf. [18, Proposition 3.4])

2 — zell gnra S Tglqr1l N, (6.16a)

10 +ve - V) (2 — 20)|| givra S GV, (6.16b)

forallt € [t; — 74, t; +74) and all N > 0. Proving (6.16) for N = 0 already contains all the necessary ideas
required for N > 0. Here the main idea is to explicitly compute the commutator between the advective
derivative operator 0; + v, - V and the Biot-Savart operator 3. Using a delicate but explicit computation,
one arrives at

(O +ve - V) (21 — 20) = A Leurl div (f%g) + ATV (2 — 20) - V)oe)
+ A~ eurldiv (((2i — 20) x Vv + (2 — 20) x V)] ) .
Since A~ 'curldiv, A~'Vdiv, and A~'curldiv are bounded operators on C®, the bounds (6.16) follow

from the above identity by using standard estimates for the transport equation (Grénwall’s inequality).

6.3.2 The glued velocity and the glued stress

Having constructed the exact solutions (v;, p;), we glue them together using time-dependent cut-off func-
tions y; as follows

Ug(,t) = ZXi(t)Ui(xa t), and i) (x,t) = ZXi(t)pi(l‘at) : (6.17)

Here, the {;}; form a partition of unity in time for [0, 7'| with the property that supp x; N supp xi+2 = 0
and moreover

supp Xi C [ti — 27a/3,t; + 273 = L1 U J; U I, (6.18a)
xi=1 on (ti — TQ/S,ti + 74/3) =J;, (6.18b)
[0 xillgo S 74 (6.18¢)

Since the cutoffs y; only depend on time, we notice that the vector field v, defined in in (6.17) is divergence-

free. Moreover, by the definition of the cutoff functions, on every J; interval we have 7, = v; and ﬁgl) = p;.

Therefore, on U;.J; we have that (7, ﬁgl)) is an exact solution of the Euler equations. On the other hand, on

every I; interval we have

vg=xvi+(1=x)vip  and YY) = xapi + (1= Xxo)pis1 »
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which leads to
8@1 + div (ﬁq ® 511) + Vﬁgl) = atXi(Ui — Ui+1) — Xi<1 — Xi)diV ((Uz — 'Ui—i-l) ® (’Ui — 1)2'_:,_1)) .

Using the elliptic inverse divergence operator R from (5.34), for all ¢ € U;I; we thus define
Ry = 0xiR(vi — vig1) — xi(1 — Xi) (vi — vig1)@(v; — vig1) (6.192)

Py =D = xi(1 = xa) (’Uz' —vip1]? - /TS lv; — Ui+1|2d$> : (6.19b)

As discussed above, on [0,T] \ Uil; = U;.J; we have R, = 0 and let p, = pé ), By construction, R,

is traceless symmetric, supported on the union of the I}s, and we have that (7, Rq,Toq) solve the Euler-
Reynolds system (4.2) on T2 x [0, 7.

Thus, it just remains to estimate the glued velocity field and Reynolds stress defined in (6.17) and (6.19a).
For this purpose we note that upon rewriting v; — v;+1 = (v; — v¢) — (v;+1 — v¢) we obtain from (6.7) and
(6.13) that (cf. [18, Proposition 4.3])

15 — vellga S 602167 (6.20a)
1Tg — vell onsa S Tglgpr TN (6.20b)
[Tgllonsn S 62 Agl™N (6.20¢)

< B l” (6.20d)

[0 = e
T

holds for all N > 0. On the other hand, for the glued stress ﬁq we obtain from (6.13) and (6.16), upon
rewriting v; — vy as curl (z; — z¢) and using that Rcurl is bounded on C?, that (cf. [18, Proposition 4.4])

Hﬁqucm < B4l N (6.212)
L S0 8 AN (6.21b)

For the estimate (6.21b) above, we additionally need to commute the first order operator v, - V past the zero
order operator Rcurl. The bound (6.21b) we use that this commutator is bounded on C¢, and the operator
norm of the commutator is bounded by a constant times ||vg||1+a. A similar estimate in CV* also holds
after applying the Leibniz rule.

6.4 Mikado flows

In this section we recall the definition and the main properties of the Mikado flows constructed in [44]. Here
we give a slightly different presentation of the construction of [44], which is consistent with our definition
of intermittent jets in Section 7.4. The below geometric lemma is a variation of [152, Lemma 1] (cf. [44,
Lemma 2.4] and Proposition 5.6 above).

Lemma 6.6. Denote by B.,(1d) the closed ball of radius 1/2 around the identity matrix, in the space of
symmetric 3 x 3 matrices. There exist mutually disjoint sets {A;}i—0.1 C S* N Q3 such that for each & € A;
there exist C°° smooth functions ~y¢ : Bi,(Id) — R which obey

R=) "#R)(E®E)

EeA;
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for every symmetric matrix R satisfying |R — 1d| < 1/2, and for each i € {0, 1}.
For a sufficiently large geometric constant Cn > 1, to be chosen precisely in Section 6.5.5 below, we
define the constant

M = Cy sup (Iellgo + IVl o) (6.22)

which appears in (6.3b). Moreover, for i € {0,1}, and each § € A;, let use define A¢ € S2 N Q3 to be an
orthogonal vector to &. Then for each § € Ay, we have that {€, A¢, § x A¢} C S?2NQ?3 form an orthonormal
basis for R3. Furthermore, similarly to the constant n, of Proposition 5.6, we label by n., the smallest
natural such that

{ne &, e Ag, ni € x Ay C 7P (6.23)

for every & € A; and for every i € {0,1}. That is, n is the l.c.m. of the denominators of the rational
numbers £, A¢, and § X Ag.

For 5 > 0, to be chosen later in terms of the set A;, let ¥ : R2 — R? be a C> smooth function with
support contained in a ball of radius €5 around the origin. We normalize W such that ¢ = —AW obeys

¢2 (1‘1, 172) d.%'ldl'g = 47T2 . (6.24)
R2
Moreover, since supp ¥, ¢ C T?, we abuse notation and still denote by ¥, ¢ the T?-periodized versions of
¥ and ¢. Then, for any large A € N and every £ € A;, we introduce the functions

Uiey () i= Wea(2) = V(AT — ag) - Ag,na (T — ag) - (§ x Ag)), (6.25a)
Do) (@) = B (@) i= DM@ — ag) - Ae, oA — ag) - (€ x A)), (625b)

where a¢ € IR are shifts whose purpose is to ensure that the functions {¥(¢) }een, have mutually disjoint
support. Note that since n.A¢ and n.§ x A¢ € Z3, and X € N, the functions W(¢) and ¢ are (T/3)?-
periodic. By construction we have that {§, A¢,& x A¢} are an orthonormal basis or R3, and hence £ -
V¥ (r) = £ Vo) (z) = 0. From the normalization of ¢ we have that frs gb%g)d:x = 1 and ¢ ) has
zero mean on (T/A)%. Since ¢ = —AW we have that (n,\)%p) = —AW (. Last, we emphasize that
the existence of the shifts a, which ensure that the supports of W (¢ are mutually disjoint for § € A, is
guaranteed by choosing €, sufficiently small solely in terms of the set A;. Indeed, we can always ensure
that the rational direction vectors in A; give (periodized) straight lines which do not intersect, when shifted
by suitably chosen vectors ag.
With this notation, the Mikado flows Wg): T? — R are defined as

W(g) (I’) = W&)\(.%') = f(ﬁ(g) (iL') . (626)
Since § - V¢ = 0, we immediately deduce that
divWie =0  and  div (W @ W) =0. (6.27)

Therefore, the Mikado flows are exact, smooth, pressureless solutions of the stationary 3D Euler equations.
By construction, the functions W, have zero mean on T3 and are in fact (T/x)3-periodic. Moreover, by our
choice of a¢ we have that

Wiy @ Wy =0 whenever & #E €Ay, (6.28)
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fori € {0,1}, and our normalization of ¢ ¢ ensures that
W) @ Wig(2)de =£®¢. (6.29)
T

Lastly, using (6.29), the definition of the functions ~, in Lemma 6.6 and the L? normalization of the func-
tions ¢y we have that

> R (R) ]{r Wig(@) © Wigy(z)de = R, (6.30)
EeN;

for every i € {0,1} and any symmetric matrix R € B ,(Id).

We summarize the above properties (6.27)—(6.30) of the Mikado building blocks defined in (6.26) in the
following result:

Lemma 6.7 (Lemma 2.3, [44]). Given a symmetric matrix R € B, 1o(Id) and X € N, the Mikado flow

W(R,x) = Y ve(R) We ()
§EA;

obeys
diviw =0, diviWe W) =0, Wdx =0, W@ Wdz = R.
T3 T3

That is, YV is a zero mean, presureless, solution of the stationary 3D Euler equations, which may be used to

cancel the stress R.
7 -

Figure 8: Example of a Mikado flow W restricted to one of the (T/x)? periodic boxes.

—

D

To conclude this section we note that W(¢) may be written as the curl of a vector field, a fact which is
useful in defining the incompressibility corrector in Section 6.5.4. Indeed, since - V(¢ = 0, and since by
definition we have that —%)QAQ(Q = ¢(¢) we obtain

(n

1 1 1
curl <WV\IJ(§) X f) = curl <(n*>\)20url (5\11(5))> = —f (WA\I’@)> = W(g) . (6.31)
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For notational simplicity, we define

1

so that curl V(g) = W(g). With this notation we have the bounds
N
[Wig ll o + A1 [Vigllon < Agha (6.33)

for N > 0.

6.5 The perturbation

In order to define the perturbation wq41 = v441 — Vg, we need to introduce a few objects.

6.5.1 Cutoffs

Recall that ﬁq has support in T2 x U;I;, where I; is as defined in (6.9). Accordingly, we define a family of
cutoff functions {n; } with the following properties

(i) mi € C55,0<mn; <1, andn;n; =0 foreveryi#j,
(i) i =1onT3 x I;,
(i) supp () C T3 x I;, where I; := J; U I; U Jit+1,
(iv) ¢p < Jps n2 (@, t)da < 2(2m)3, for all ¢ € [0, T, where ¢;, > 0 is a universal constant,
W) 197 nillgm Snm 74", for all n,m > 0.

The construction of such a sequence of cutoff functions is elementary (see, e.g. [18, Lemma 5.3]), and
Figure 9a shows how the supports of the 7); relate to the support of R,. We emphasize that condition (iv) is

the one which allows us to alter the energy profile of v4+1 even on time intervals where R, = 0.
We introduce the function p,(t), which measures the remaining energy profile error after the gluing step,
and after leaving ourselves room for adding a future velocity increment

) =5 (et0- 22 [ o)

By (6.7d) and (6.20d) we have UT;; ]qu — |6q\2‘ S 0g4+1¢%, which may be combined with (6.3d) and the
choice of ¢ < A\, 172 (6 deduce that

YL < py(t) < G (6.34)
8\G

< 1, the energy inequality for the Euler-

~

for all t € [0,7]. Similarly, using the assumed bound ||J;e|| o

Reynolds system obeyed by (74, R,), and the bounds (6.20c) and (6.21a), we obtain
Hatpqn(jo N 5q+15;/2>\q .
The last cutoff function combines 7; and p,, and is defined by

_ n; (1)
pqﬂ-(l‘,t) - IOQ(t) Zj f’I[‘S n]z(y,t)dy :

(6.35)
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t4 3

By fommrmmm s

2

to | tO

il €
(a) The support of ﬁq is given by the blue regions. (P) In contrast, in the construction of [102], the sup-
The support of the cut-off functions 7;, which marks POIt of the convex integration perturbation is (nearly)
the region where the convex integration perturbation the same as the support of ;. Consequently, on the

is supported, is given by the region between two con- time intervals between two consecutive blue regions,
secutive red squiggling stripes. no energy is added to the solution.

Figure 9: The support of ﬁq and wg1.

By the normalization of p,; we have that Y, [15 pq.i(x,1) = pg(t) for all t € [0,T], and tracing back the
properties of p, and n; we may verify that the following estimates hold

Sqi1 B
1Pg.illco < % Ipgillen < g1 1pgillon S g1y (6.36)
n

for all N > 0, where ¢, is the universal constant from property (iv).

6.5.2 Flow maps

Similarly to Section 5.5.1, we define the (backward) flow maps ®; for the velocity field v, as the solution of
the transport equation

(Gt + Vg - V)(I)Z =0, (6.37a)
<I>Z' (1‘, ti) =, (637]3)

for all ¢ € supp (n;) C T3 x I;. For the reminder of this section, it is convenient to denote the material
derivative as D; 4, that is

Dt,q:(?t—kﬁq'vx.

Since forevery ¢t € I; we have |t —t;| < 274, by the definition of 7, in (6.8), and using the estimates (6.20c),
we have that 74 | V7|l oo S ¢2* < 1, and thus the CFL-condition is obeyed on J;. From standard estimates

for the transport equation (cf. [16, Proposition D.1]), similarly to the bounds (5.19) discussed earlier, we
have

1
[V®;(t) —1d[| g0 S ** < 3 (6.38a)
IVl on + [|[(VR) | v S €N (6.38b)
[ De,gV®illon S 5;/2)\(15_1\] (6.38¢)
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forallt .TZ and NV > 0. In order to establish these bounds it is useful to recall that after applying a gradient
to (6.37) we obtain the identity

Dt,qV<I>i = -V, Dﬁq .

Also, we note from (6.38a) that (V®;) ! is a well-defined object on I;.

6.5.3 Amplitudes
Since n; = 1 on T? x I;, pym; = 0 for i # 7, and since supp (R,) C T? x U;1;, we have that

> niR,=Ry. (6.39)

i
Moreover, the cutoff functions 7; already incorporate in them a temporal cutoff (recall that supp (1;) C
T3 x I,), and thus it is convenient to introduce
Ryi = pgild —n? Ry

which is a stress supported in supp (7;), and which obeys » " Io%q,i = —R,.

For reasons which will become apparent only later (cf. (6.47)), we also define the symmetric tensor

ZL
L 9, R, VOT = 1d + (V& Va7 — 1d) — v, 11 yer (6.40)

Ry
o pq % Pq,i

)

for all (z,t) € supp (n;). By the above identity, estimate (6.21a) with N = 0, the property (iv), the bounds
(6.34) and (6.38a), we have that

1 ~
<< - for all tel;,
0 2
once we ensure a is taken to be sufficiently large. Furthermore, using the estimates (6.21), the properties of

the 7;, (6.36) and (6.38), one may show that

H‘é%i('v t)

SN on supp (mi), (6.41)

~

HR‘]’i cN

+ Ty HDt,qEq,i

CN

for all N > 0. One last important property of the stress Eq,i is the identity

3 00i(V8:) T Ry i(V) (Z Pqi ) d-R,, (6.42)

which is useful in cancelling the glued stress. Here we have again appealed to (6.39).
1/2

Thus, since éq,i obeys the conditions of Lemma 6.6 on supp (7;), and since p 0

may define the amplitude functions

ae.i) (2, 1) = pgi(a, 1) ve(Ry,i) (6.43)

where the ~, are the functions from Lemma 6.6. Note importantly that the amplitude functions already
include a temporal cutoff, which shows that supp (a(g’i)) C supp (n;). The amplitude functions a(¢) inherit

is a multiple of n;, we

the expected CV bounds and material derivative bounds from (6.36), (6.41), the product at the chain rules
12,
laalon +7a | Pegaenllen < 05067 (6.44)

for N > 0.
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6.5.4 Principal part of the velocity increment and the incompressibility corrector

For the remainder of the paper we consider Mikado building blocks as defined in (6.26) with A = A4, i.e.

Wigy (@) = We g () -

Recall: for the index sets A; of Lemma 6.6, we overload notation and write A; = A fori even, and A; = Ay
for ¢ odd. With this notation, we now define the principal part of the velocity increment as

qH =D ) e (@, )(Vi(x, 1) Wigy(@4(x, 1)) - (6.45)

1 EEN;

When compared to the ansatz we made earlier for the C° result (see (5.24)—(5.25)), we notice the presence
of (V®;)~L. The reason for this modification is as follows. At time t = t¢;, we have ®;(z,t;) = =,
V&; = 1d, and by (6.27) we have that the vector field

Uie = (v(bi)—lw(f)(cbi)

is incompressible at t = ¢;. We then notice that U; ¢ is Lie-advected by the flow of the incompressible vector
field vy, in the sense that

Dy Uie = (Uie - V), = (VU ) Uig . (6.46)

This implies directly that D, ,(div U; ¢) = 0, and thus the divergence free nature of U; ¢ is carried from

t = t; to all ¢ close to ;. This shows that the function wéi)l defined in (6.45) is to leading order in A\g41
divergence-free (i.e. the incompressibility corrector will turn out to be small).

At this stage we may also explain why R, ; was not just normalized by p,; but also conjugated with
V®; respectively (V®;)7, in order to obtain fiq,i (cf. (6.40)). Using the spanning property of the Mikado
building blocks (6.30), the fact that they have mutually disjoint support (6.28), identity (6.42) above, and

the fact that the 7; have mutually disjoint supports, we obtain

q+1 q+1 =3 > afe sy (VE)H (W) 0 ®i) @ (Wiey 0 By)) (V)T

i EEN;
= Zf’w (Vi)™ | D2 2 (Raa) (Wig © Wigy) 0 i) | (V)7
£€A
= 2 PuilVE) T Ry (VE) T4 D D TH(Pa(Wig © Wig)) 0 ;) (V)"
i EEN;
(Z Pui ) 1d =Ryt 323 ol (V2) ™ (Bonis(Wig © Wiey) 0 1) (V)T (647)
i EEN;
where we have denoted by P f(x) fTS y)dy, the projection of f onto its nonzero frequen-

cies. We have also used that since W( £) ® W(€ is (T//\q+1) -periodic, the identity Po(Wg) @ Wg)) =
Poxgiip(Wiey ® Wig)) holds. The calculation (6.47) shows that by design, the low frequency part of

wéi)l ® w(gpjl cancels the glued stress R,, modulo a multiple of the identity, which is then used to cor-

rect the energy profile and which contributes a pressure term to the equation.
Based on the definition (6.45) of the principal part of the velocity increment, we construct an incom-
pressibility corrector. As was observed in [44], for any smooth vector field V', we have the identity

(V@)™ ((cwrl V) 0 @;) = curl (V®;)"(V 0 ®;)).
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Recalling identity (6.31) and the definition (6.32), we may write W(¢) = curl V(¢ and thus the above identity
shows that

(V(I)Z')_l(W(g) o (I)i) = curl ((V(I)z)T(V(g) o (I)z)) .

From the above identity and (6.45), it follows that if we define the incompressibility corrector as

q+1 =Y Vaga(a,t) x (V8i(x, )T (Vi) (@i, 1)) (6.48)

i EEN;

then the total velocity increment w,1 obeys

wgrr = wl +wld = curl [ YN g (V)T (Vg 0 @) (6.49)
i EEN;

so that it is automatically incompressible.

6.5.5 Velocity inductive estimates
The velocity field at level g + 1 is constructed as
Vg1 = Vg + Wet1 = Vg + (V¢ — vg) + (Tg — v¢) + Wey1 - (6.50)

From (6.22), (6.36), (6.38a), (6.43), and (6.45), and the fact that the 7; have disjoint supports, once a is
sufficiently large we obtain that

(P) MM(SVQ <= M C1po 651
qu+1 co — c:/QCA q+1 ] Va+l (6.51a)
4 A,‘ Mk M
ngﬁ o S %M@ﬁy\ﬁ <3 5;21)\(#1 (6.51b)
¢ Cp

by choosing the parameter C'y from (6.22) to be large enough. Note that C'y only depends on the cardinality
of A;, on the universal constant ¢y, the geometric integer n,, and on the 1 norm of the function ¢, which
in turn depends solely on the geometric constant €.

For the incompressibility corrector we lose a factor of /=1 from the gradient landing on ae,q)» but we
gain a factor of A\, because we have V(g) instead of W(g) (recall (6.32)). Therefore, we may show that

-1
1/2 é
w w < . (6.52)
Joillon 5, el 85
We note that by choosing « to be sufficiently small in therms of b and 3, we have
Eil 51/2/\1_1,_304/2 )\1—B+3a/2 3 / b-1)(1-8) (b-1)(1-8)/
_-q q . q 3a/o—(b— — _(b— _ o
ol A =1 <2, <A <1, (6.53)
o+ 044 17q+1 q+1

and thus by choosing a sufficiently large we may ensure that the velocity increment defined in (6.48) obeys

1 M ap
— < =46/ .
[wg1llco + Moot |wet1llor < 5 %g+1

By combining the above estimate with (6.7), (6.20), and (6.50), after choosing a sufficiently large, we deduce
that (6.4) is satisfied, and moreover that the bounds (6.3b) and (6.3c) hold with ¢ replaced with g + 1.
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6.6 Reynolds stress

Recall that the pair (7, ﬁq) solves the Euler-Reynolds system (4.2), and that v,y is defined in (6.50). In
this subsection we define the new Reynolds stress 17,1, and show that it obeys the estimate

5.2 54\
2 < q+1 q
HRq+1‘ Cca ™ )\;_,_lea (6.54)

The above bound immediately implies the desired estimate (6.3a) at level ¢ + 1, upon noting that the fol-
lowing parameter inequality holds (after taking « sufficiently small and a sufficiently large)

12 ¢l
(Sq-il(S 2)\(1 < 5q+2

s (6.55)
-4 4
)‘q+1a )‘qil
The remaining power of \_* q+1 1s used to absorb the implicit constant in (6.54).
In order to define Rq+1, similarly to (5.38) we write
div Ryy1 — Vpgr1 = Dt,qwg’fl +div (wéﬂ)l ® wg’fl + Ry) + wgy1 - VT,
div (Rtranb‘port) div (Roscillation)+vposcillation div (RNaSh)
+ Dt,qwc(li)l + div (wfli)l ® Wgs1 + wz(zi)l ® wéizl) —Vp,. (6.56)

div (Rcorrcctor)+vpcorrcctor

The various traceless symmetric stresses present implicitly in (6.56) are defined using the inverse divergence
operator R, and by recalling the identity (6.47) (for the oscillation error) as

Rtransport =R (Dt,qw((lﬁ_)1> (6.57a)

Roscillation = Z Z Rdiv ( (€, z) V(I) ) ((PquHh(W(g) & W(g))) o (I)l) (V@Z)iT) (657b)
1 EEN;

RNash = R (wq+1 : V§q) (6.57¢)

Rcorrector =R (Dt,qwéfgl) + ( ((1_21®w((1_21 + ’LU((I_21®’LU((1_31 + wﬁ)l@wéﬁzl) (657d)

while the pressure terms are given by poscillation =  _; Pq,i A Peorrector = 2w((]21 . wé’_’gl + |w§21\2. With

this notation we have Pg+1 = ﬁq — Poscillation — Peorrector and

Rq+1 = Rtransport + Roscillation + RNash + Rcorrector . (6-58)
Prior to estimating the above stresses, it is convenient to adapt the stationary phase bounds of Section 5.6.1
from Beltrami flows to Mikado flows.
6.6.1 Inverse divergence and stationary phase bounds

In order to apply Lemma 5.7, and obtain bounds similar to (5.36) and (5.37), but for Mikado flows instead
of the Beltrami flows, we decompose the function ¢(§) which defined W(f) in (6.26) as a Fourier series.
Recall that ¢¢) defined in (6.25) is (T/x,11)? periodic and has zero mean. Additionally, the function ¢ is
C*° smooth. Therefore, we may decompose

b)) = Perga (@) = D fe(k)ePartFlrmed (6.59)

kez3\{0}
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where the complex numbers f¢ (k) are the Fourier series coefficients of the C> smooth, mean-zero T? peri-
odic function z — ¢(n.z - Ag, ez - (€ X Ag)). The shift 2 — 2 — o has no effect on the estimates. More-
over, the Fourier coefficients decay arbitrarily fast. For any m € N we have |f¢(k)| = | fe(k)ePrarihoe| <
C|k|~™, where the constant C' depends on m and on geometric parameters of the construction, such as n.,
the sets A;, the shifts ¢, and norms of the bump function ¢(x1,22). Thus, C is independent of A\y41, or
any other g-dependent parameter.

A similar Fourier series decomposition applies to the function ﬁvqj(ﬁ) = (V) ¢) which is used
in (6.32) to define V). For this function we also obtain that its Fourier series coefficients decay arbitrarily
fast, with constants that are bounded independently of ¢ (and hence Ay 1).

Therefore, for a smooth function a(x,t), in order to estimate R(a W¢) o ®;), we use identity (6.59),
and apply Lemma 5.7 for each k individually, and then sum in k using the fast decay of the Fourier
coefficients f¢(k). Without giving all the details, we summarize this procedure as follows. Let a €
C([0, T]; C™<(T?)) be such that supp (a) C supp (7;), which ensures that the phase ®; obeys the condi-
tions of Lemma 5.7 by (6.38a). Using (6.38b) we obtain from Lemma 5.7 that

lallgma + llallgo 7™

IR (a (Wigy 0 @))|| o + Ags1 | R (@ (Vigy © 20))]] o S lallgo

— , (6.60)
11—« m—ao
)‘q—i—l )‘q+1

where the implicit constant is independent of q.
Recalling that W) @ W) = (€ ® £)¢%§), and using that the function P>, ,, /ngé) is also zero mean

(T/x,4:)3-periodic, a similar argument shows that

W lallco . llallgma + llal o 7™
; <
H'R (a ((Pqu+1/2( € ® W(g))) o CI)Z)) Hca < )\;—_’—? + )\;f_fla (6.61)

holds. The above estimate is useful for estimating the oscillation error.

6.6.2 The estimate for éq+1

In this section we show that the stresses defined in (6.58) obey (6.54). The Nash error and the corrector error
are in a sense lower order, and they can be treated similarly (or using similar bounds) to the transport and
oscillation errors. Because of this, we omit the details for estimating Ry,sh and Reorrector-

Transport error. Recalling the definition of w(gi)l in (6.45), and the Lie-advection identity (6.46) we

obtain that the transport stress in (6.57a) is given by

Rtransport = Z Z R (a(g,i) (vgq)T(v(pz)ilw(g) ((I)Z)) + R ((qu(l(éi)) (V(I)l)ilm/v(g) ((I)l)) . (662)
7 {eAi

-1+«
q+1

on the highest frequency term W) o ®;. The derivatives of a(¢ ;), Vg, and (V®;)~! are estimated using
(6.44), (6.20c), and (6.38b) respectively. These bounds show that each additional spacial derivatives costs a
power of /~!. We obtain from (6.60) that

51/2 51/2>\ g-m—a 51/2 1 P
HRtransport”Ca S —atl 7 1+ + qg+l'q 1+ ‘

11—« m—1 l—« m—1
)‘q+1 /\q+1 )‘q+1 )‘q+1

In order to bound the terms in (6.62) we use (6.60) to gain a factor of A from the operator R acting

Recalling (6.53), we have that ({A,41) 7" < )\q_(b mres B>/2, and thus upon taking the parameter m in to

be sufficiently large (in terms of 5 and b), we obtain that Rt ansport indeed is bounded by the right side of
(6.54), as desired.
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Oscillation error. For the oscillation error, which is defined in (6.57b), the main observation is that
when the div operator lands on the highest frequency term, namely (IP’Z Agt1 /Q(W(g) ® W(f))) o ®;, due to
certain cancellations this term vanishes. Since by construction we have (£ - V)¢ = 0 it also follows that
(&- V)IP)ZAQH/Q(QZ)%&)) = 0. Therefore,

div (af ) (VO™ ((Poreapn(Wig) & Wie))) 0 @) (VR) )
= div (a (V) (€@ )(TP) T ((Por,npa(6)) 0 @) )
= ((Porsinp(@he)) 0 @) div (o) (VO:) (€ @ €) (V)T
+ade o (VO) TN €@ €)(Vy) T ((vq)i)T (VPEM /2(¢?£))) 0 @i) .

=0

The above identity shows that
Roscinlation = Z Z R (((P2A4+1/2(W(£) ® W(f))) © (I)Z) div (a%g,i) (V(I)Z)il(g ® 6)(V(I>Z)7T)> s
i EEN;

at which point we may appeal to the stationary phase estimate (6.61) combined with the bounds (6.44) and
(6.38b) to obtain

— PSSO 1/9 1/2
Sqarl! pm=a\ 626
”RoscillationHCa ~ g+l (1 + ) S.; —qt179 74

-« m—1 1—5a/2

Here we have again taken m sufficiently large, and have recalled the definition of ¢ in (6.6). Thus the
oscillation error is also bounded by the right side of (6.54), as claimed.

6.6.3 Energy increment

To conclude the proof of Proposition 6.3, it remains to show that (6.3d) holds with ¢ replaced by ¢ + 1. In
order to prove this bound we show that

51/2 61/2)\1+2a

J
— / g1 (, t)[2dx — 2] < gtl 1 (6.63)
T3 2 )\q—i-l

holds. Recalling the parameter estimate (6.55), and taking a sufficiently large to absorb all the implicit
constants, it is clear that (6.63) implies the bound (6.3d) at level ¢ + 1.

In order to prove (6.63), the principal observation is the following. Taking the trace of (6.47), since Eq
is traceless we obtain

/1I3 w1 |Pde = 32 /3 pqidx
+> > / aieptr (V) THE@E (V)T (Porgerp(Wie) @ Wie))) © ®5) da.

i EEN;

The second term in the above identity can be made arbitrarily small, since it is the L? inner product of a
function whose oscillation frequency is < £~! (cf. (6.44) and (6.38b)) and a function which is Ag+1 periodic
and zero mean. On the other hand, by the design of the functions p, ; (cf. (6.35)) we have

32/ puida = 3p,(0) = e(t) = “5% = | oy, t)Pdo.
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Since vg11 = Uy + wy41, the above identity implies that

J (
—/ Vg1, t)[2dx — QTH = —2/( Uq - Wyt1da — 2/, wéﬁ)l ) (dx —/ \w 1ldz .
T3 T3 T3

The corrector terms in the above give estimates consistent with (6.63) by appealing to (6.51a), (6.52), and
(6.53). For the first term on the right side of the above we recall (cf. (6.49)) that w,11 may be written as the

curl of a vector field whose size is § q{l-l)\q——i-l Integrating by parts the curl and using (6.20c) with N = 0

we conclude the proof of (6.63), and hence of Proposition 6.3.

7 Navier-Stokes: existence of weak solutions with finite energy

We consider weak solutions of the Navier-Stokes equations (1.1) (see Definition 3.6 above). The viscosity
parameter obeys v € (0, 1], and we consider solutions v which have zero mean on T3. The main result
of [20] is Theorem 3.7.

In order to keep the exposition as simple as possible, without omitting any of the main ideas involved in
proving Theorem 3.7, in this section we prove a simpler result which states that there exists a weak solution
in the aforementioned regularity class, whose kinetic energy is not monotone decreasing. Thus, this weak
solution is not equal to any of the Leray-Hopf weak solutions arising from the same L? initial datum v|;—q.

Theorem 7.1. There exists 5 > 0, such that the following holds. There exists a sufficiently small v €
(0,1] and a weak solution v of the Navier-Stokes equations (1.1), which lies in C°([0,1]; H5(T%)) N
CO([0, 1); WIH(T2), and such that ||o(-, 1) 2 > 2 [[o(-,0) | 2.

Theorem 7.1 is proven in Section 7.2 below. This proof can be used to also establish Theorem 3.7 if one
adds a few inductive estimates to the the list in (7.2) below, cf. (2.4)—(2.6) in [20]. For simplicity we omit
these details here, and only prove this more restrictive result.

7.1 Inductive estimates

Let (vg, }O%q) be a given solution of the Navier-Stokes-Reynolds system (4.7). We consider the same param-
eters Ay — +oo and §, — 07 defined by

Ay = 2ma) (7.1a)
5= A" (7.1b)
The sufficiently large (universal) parameter b is free, and so is the sufficiently small parameter 8 = [3(b).

The parameter a is chosen to be a sufficiently large multiple of the geometric constant n, from (6.23) above.
For ¢ > 0 we make the following inductive assumptions

vgll ;2 < 16,/ (7.22)
logllon, < Ag (7.2b)
HﬁquLl < cRgit (7.2¢)

where cr > 0 is a sufficiently small universal constant (determined in (7.31) in terms of the parameter M
from Lemma 6.6 below). The inductive proposition is almost identical to Proposition 5.3.
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Proposition 7.2 (Main iteration). There exists a sufficiently large universal parameter b > 1, and a suf-
ficiently small parameter f = (3(b) > 0, such that the following holds. There exists a sufficiently large
constant ag = ao(cr, B, b) such that for any a > ag which is a multiple of the geometric constant n,, there
exist functions (Vg1, éq+1) which solve (4.7) and obey (7.2) at level q + 1, such that

1
g1 — vgll 2 < 6% (1.3)
holds. All parameters in the Proposition, b, 3, and ay, are independent of v € (0,1] .

Remark 7.3 (Quantifying the parameters 3 and b). For the purpose of specifying the parameters b and [ it
is convenient to first fix an auxiliary parameter 0 < o < 1. It is sufficient to take o < 1/240, arbitrary. Then,
inspecting the proof of Proposition 7.2, we may verify that b € N may be chosen to be any multiple of 7
which obeys b > 4/a. With such a value of b fixed, 5 may be chosen to obey 5 < @/b. We did not try here to
optimize these conditions. The particular choices o« = 1/240, b = 1001, and 3 = 1/2'* are permissible.

7.2 Proof of Theorem 7.1

Fix the parameters b, 5, cg and ag from Proposition 7.2. By possibly enlarging the value of a > ag, we may
ensure that 5y < 1/4.
We define an incompressible, zero mean vector field vy by

vo(x,t) = e t) e (sin(Agz3),0,0)

and define the kinematic viscosity
v=2X2€(0,1].

Note that by construction we have sup;c(o 1] [[vo (-, )|l 72 < llvo(-, D)2 = 1/vV2 <1~ 51/2 so that (7.2a) is
automatically satisfied. Moreover, ||U0HCl < A\ < \§ since \g = 27a > 1 by construction.

The vector field vy defined above is a shear flow, and thus vg - Vvg = 0. Thus, it obeys (4.7) at ¢ = 0,
with stress R defined by

0 0 cos()\l/2:v3)
. 1+ viA; 0
Ro= -0 0 0 0 . (7.4)
)\0(27‘(’) /2 1/2
cos(Ay x3) 0 0

Recalling that v = A 2 we see that for some universal constant C' > 0 we have

<£<51.

R
HO o

The last inequality above uses that \gd; = (27)'=2%a'=20% > ¢'2 > C. This inequality holds because
Bb < 1/4 (see Remark 7.3 above), and a can be taken to be larger than C?, which is a universal constant.
Thus, condition (7.2c¢) is also obeyed for ¢ = 0.

We may thus use the iteration Proposition 7.2 and obtain a sequence of solutions (v, ]O%q) which obey
(7.2) and (7.3). By interpolation we have that for any 5’ € (0, ﬁ), the following series is summable

4 B(1—B")+4p
D vgrr = vall g S llvgsr — vgll s ¥ loger — vgll 2 < Z%fl Aqil < quﬂ( <1

q>0 q>0 q>0 q>0
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where the implicit constant is universal. Thus, we may define a limiting function v = limg_,, v4 Which
lies in C9([0,1]; H A ). Moreover, v is a weak solution of the Navier-Stokes equation (1.1), since by (7.2c)
we have that lim, R = 0in C°([0, 1]; L!). From the maximal regularity of the heat equation we also
obtain that for some 3" € (0, 8’) we have v € C9([0, 1]; W1+8"(T3)). The regularity of the weak solution
claimed in Theorem 7.1 then holds with 3 replaced by 3” > 0.

It remains to show that |[v(-, 1)||;2 > 2||v(+,0)]|| 2. For this purpose note that since b%*% > b(g + 1),
we have

—b
/2 —B(prtl byg+1 @ 1
o= voll e < logss = vgll o < 20050 < 3 a0 < 3@yt = <o

q20 920 q>0 q>0
once we choose a sufficiently large, in terms of 3, and b. Using that by construction we have ||vg(-,0)| ;2 =
0, and |lvg(+,1)]|;2 = 1/v2, we obtain that

2[[o(, 0)ll 2 < 2[[vo (- 0)l[ 2 + 2 v (-, 0) — vo (-, 0) [ 2
1 1 1
<3< 75— <lwl Dl = v 1) = vl Digz < [lo( D2

holds. This concludes the proof of Theorem 7.1.

7.3 Mollification

Similarly to the Euler section 5.3, we replace the pair (v, ]Q%q) by a mollified pair (vy, Rg) defined exactly
asin (5.5) by

Vy = (Uq *x Cbﬂ) *t Qe and ]O%Z = (Rq *z d)é) *t Qg -
similarly, to (5.6), we obtain that (vy, ég) obey

Oy + div (Uf & 'UZ) + Vpy — vAv, = div (éé + Rcommutator> , (7.5a)
divey =0, (7.5b)

where traceless symmetric commutator stress Reommutator 1S given by

Rcommutator = (Uééwf) - ((Uqé)vq) *g (z)é) *t Qg - (7.6)

Note that this definition is the same as the one for Euler in (5.7), since the Laplacian commutes with molli-
fication.
The parameter ¢ has to be chosen similarly to the Euler case, e.g. so that it obeys

Oy <Ay and TSN (1.7)

for 0 < a@ <« 1 as in Remark 7.3. This choice is permitted because ab > 4. In particular, we may define ¢
as the geometric mean of the two bounds imposed by (7.7)

_3a/2

t=2Xn

A2 (78)

With this choice for ¢, the same arguments which gave us (5.8)—(5.11) in the case of Euler, may be used in
conjunction with the inductive assumptions (7.2) to yield bounds for the commutator stress and the mollified
velocity. We have

g+1-

Hécommutator I S Hécommutator o S, 14 quHCét HU‘IHC'g < E)\ < AL (7.9)
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For the mollified velocity we have the bounds

_ 1
lvg = vell 2 S llvg = vell o S Ellvgllen S OAE S AT < 6051, (7.10)
vell 2 < llvgll 2 < 1— 672, (7.11)
HWHC% N N ”UQHC;,t N )‘2571\“1 S )‘q_f%iNa (7.12)

where N > 1 and we have taken [ sufficiently small, in terms of b and a.

7.4 Intermittent jets

Recall the geometric Lemma 6.6 discussed earlier. For the Navier-Stokes construction we do not require two
sets of wave-vectors Ag and A1, and instead choose just one of them, which we label as A. Moreover, we
consider the constant Cy in the definition of M to equal Cy = 8|A|(1 4 873)"/?, where |A| is the cardinality
of the set A. We also recall the vectors A¢ € S? N Q3 and the constant n, introduced in Lemma 6.6.

Let ® : R? — R? be a smooth function with support contained in a ball of radius 1. We normalize ®
such that ¢ = —A® obeys

1
m /2 ¢52(l’1,l’2) d:Eldl‘Q =1. (7.13)
R

We remark that by definition ¢ has mean zero. Define 1 : R — R to be a smooth, mean zero function with
support in the ball of radius 1 satisfying

1
- /R P (ws) das = 1. (7.14)

For parameters r , 7 > 0 such that
r <L <L 1,

we define ¢, , ®, and er to be the rescaled cutoff functions

¢TJ_(1"17$2) = i(b (IEl 112) ) (PTJ_(xl)xQ) = i(b (J:l m) ) d)T‘” (1’3) = %/27/) <$3> . (715)

) b
T Ty Ty L L T TH 7|

With this rescaling we have ¢, = —riACIJT | » the functions ¢,., and ®,, are supported in the ball of radius
r1 in R?, ¥y, is supported in the ball of radius 7| in R, and we maintain the normalizations ||¢; H2L2 =47

U,

are treated as periodic functions defined on T2, T2 and T respectively. These periodic functions (rescaled
and tilted version of them) form the building blocks for our intermittent jets, which are defined next.

Consider a large real number A such that Ar;, € N, and a large time oscillation parameter p > 0. For
every £ € A we introduce the shorthand notation

= 27. Lastly, by an abuse of notation, we periodize ¢, , ®, , and wr” so that the functions

2
and ‘
L2

¢(5) (z,1) := ¢£:TL1T||7>\7M(J:’ t) = lm (nar Az - €+ put)), (7.16a)
D) () == Pe o A(7) 1= Pp (Rur L AT — ) - Ag, nur L AT — ag) - (§ X Ag)) (7.16b)
B(e)(7) = Pe . AT) = B (N LA (T — ) - Ag,mar L M — ag) - (€ X Ag)) - (7.16c¢)

where a¢ € R? are shifts which ensure that the functions {<I>(5)}5€ A have mutually disjoint support. In
order for such shifts a, to exist, it is sufficient to assume that r | smaller than a universal constant, which
depending only on the geometry of the finite set A. It is important to note that by (7.15), the function
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¢y oscillates at frequency proportional to r lrﬁl)\ < A, whereas ¢ and P oscillate at frequency
proportional to .
With this notation, the intermittent jets W) T3 x R — R? are then defined as

W(E) (l‘, t) = W&H_,TH,)\,M(‘%.? t) = flﬁ(g) (x, t) (ﬁ(é) (x) . (7.17)

In view of (6.23) and the condition r; A\ € N, we have that W(¢) has zero mean on T? and is (T/r )
periodic. Moreover, by our choice of g, we have that

Wiey @ Wiy =0 whenever E£E €A, (7.18)

i.e. the {W( £) }eca have mutually disjoint support. As a consequence of the normalizations (7.13) and (7.14),
the rescaling (7.15), the fact that translations and orthogonal transformations are volume preserving, and the
fact that rescaling a periodic function does not alter its LP norms, we have

L W(g) (z,t) ® W(é) (x,t)dr =E®E.
As a consequence, using Lemma 6.6 and the cancelation (7.18), we have that

> %(R) ][3 Wiey(z,t) @ Wey(x,t) dz = R, (7.19)
gcA T

for every symmetric matrix R satisfying |R — Id| < 1/2.
The essential identity obeyed by the intermittent jets is

. 1 1
div (Wig) ® Wie) = 2(Wie) - Viio)dieb = ¢l = 0 (SFutee) - @20

Identity (7.20) follows from the fact that by construction we have that W) is a scalar multiple of &, by
(7.16a) we have

1
(€ V)ihe) = ﬁaﬂb(g) ;
and lastly, because ¢¢) is time-independent.
Lastly, we note that the intermittent jets W ¢ are not divergence free, however assuming 7 < 7| they

may be corrected by a small term, such that the sum with the corrector is divergence free. To see this, let us
define Vig) : T3 x R — R? by

1
Vig(@,1) 5= Veryman(@:8) 1= —355€ 0 (1) g (),
*
where we still use the notation from (7.16). A computation then shows that

1 c
curl curl Vig) — Wie) url (2(geurl (Ye)8)) + 535 Vi) x curl (@€) =W (721)

= ——cC
n2\2

=0

~

Thus, by the definition of W((Ec) , we have

div (W(g) + W((g))) =0.
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Figure 10: The intermittent jets in one of the (T/r, x)® periodic boxes.

Moreover, since we have r | < 7| the correction W is comparatively small (say in L?) compared to Wiey.
This follows from the estimates obeyed by the first two terms on the left side of (7.24).

Having established the important geometric properties of the intermittent jets, namely (7.19) and (7.20),
we summarize the bounds obeyed by the intermittent jets, their incompressibility correctors, and their corre-
sponding building blocks. By construction we have that the directions of oscillation for the functions defined
in (7.16) are orthogonal. Therefore, we may use Fubini to combine the estimates obeyed by ¢y (which is
a 1D function) and ¢(§), @ ¢y (which are 2D functions), to obtain estimates for the 3D functions W) and
Vie)- We claim that for N, M > 0 and p € [1, oo] the following bounds hold:

vN oM < =1 E v T AL M 722
[ 2ol R (7.22)

Ul 7

V¥ |0 + (V¥ @) |, S 777" AY (7.23)

r C
[0 wigll,, + 2L 0o

_ _ A\
G+ 17 0 vigl,, < e (Y g

l T

where implicit constants may depend on p, N and M, but are independent of A, r 1, r|, p. For N, M = 0,
the corresponding L? estimates follow directly from simple scaling arguments and the bounds implied by
(7.15) on the unit periodic box. For the derivative estimates we have assumed that

—1 —1
Ty <A

holds, in order to identify the largest frequency of oscillation.

7.5 The perturbation

In this section we will construct the perturbation wq41 which defines vy41 = vy + wqy1.

7.5.1 Parameter choices

In Section 7.4 above, we have worked with abstract parameters A, y1,7 1, and 7. They had to obey the
heuristic bounds A7 <« r| <« T < 1, and Ar | had to be a natural number. It is convenient to now fix
these parameters, all in terms of A\,41. At this stage in the proof not all these choices are motivated, and
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some of the choices only become justified based on arguments in Section 7.6 below. However, in order to
specify the bounds on the velocity increment w41, and the new velocity v, 1, it is convenient to specify
these parameters at this stage already.

Recall that )\, is defined in (7.1) as 2wa(®"). We define

= At (7.25a)
—1 _ _ —6 _

ro=r Mg @m) T =0 e T (7.25b)

= Agryr]t = )‘zé:1(277)1/7 (7.25¢)

In (7.25b) we have introduced a strange power of 27 in order to ensure that

Agrirs = ((2m) " Ag) " = a1 e N,
which ensures the correct periodicity of Wg), Vie), @(¢), ¢(¢) and ¢ (¢). For this purpose, it is sufficient to
ensure that b is a multiple of 7. For the remainder of the Navier-Stokes section we use these fixed choices
of A, 71, 7|, and p, for the short hand notation W), V(¢), @(¢), ¢(¢) and ¢ introduced in Section 7.4. We
also recall that the parameter ¢ was chosen to obey (7.7) above.
7.5.2 Amplitudes
Let x be a smooth function such that

x(z) =

1 if 0<2z2<1
z if z>2

and with z < 2x(z) < 4z for z € (1, 2). For such a function x we then define

p(z,t) = 4dcrdg1X ((cRéqH)_l ‘]o%g(:v,t))) .

This simplified definition of p was introduced in [138]. The main properties of p are that pointwise in (z, t)
we have

. e
p@,t) | Ax((crdgs1) "  Re(x,t)]) ~ 2

and moreover for any p € [1, co] we have
1ol < 16 (ca(87®) 76,41 + H}?ZHLP) (7.27)

Moreover, using the Sobolev embedding whl c €9 from (7.2¢), standard mollification estimates and
repeated applications of the chain rule (see e.g. [16, Proposition C.1]), we obtain that

lellcy, < Sqr 04N < AN (7.28)

for any N > 0, where the implicit constant depends on V.
Next we define the amplitude functions

” Rz, t
e (5,) = g (w,0) = ple,0) 7 <Id— p‘;ft))> . (729)
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In view of (7.26), the matrix Id — p_lég lies in the domain of definition of the functions ¢ from Lemma 6.6.
We note that as a consequence of (7.19), (7.29), and of Lemma 6.6, we have

> ale ][W)®W( ydz = pld — Ry, (7.30)
gEA

which justifies the definition of the amplitude functions ag).

The amplitudes a¢) have a good L? norm. Indeed, using (7.27), the bound (7.2c), the fact that the
mollifier has mass 1, the definition of the constant M/ in Lemma 6.6, and choosing the constant C, as
discussed in the first paragraph of Section 7.4, we obtain

1/o 3 1/2 1/2
1/2 dep ((87T )+ 1) M 1/ 1) 1
Ha(ﬁ)Hp < el ||7§||CO(31/2(1d)) < 8|A|((873) + 1) ‘at! < ﬁ (7.31)

by choosing cp sufficiently small, in terms of the universal constants M and |A|. Lastly, we note that since
p is bounded from below by 4cgd, 1, using the chain rule and standard mollification estimates, similarly to
(7.28), we have

lall o < 85107275 < 720N (132)
x,t

forall N > 0.

7.5.3 Principal part of the perturbation, incompressibility and temporal correctors

The principal part of w41 is defined as

wl = ag (7.33)

el

Note that in view of (7.18) we have that the summands in (7.33) have mutually disjoint supports. Also,

by (7.30) we have that the low-frequency part of wé{?l ® w((fjr)l cancels the mollification stress f?g. More

precisely, we have

wih @ wfly + Re=3" P (Wi @ Wig)) + p1d. (7.34)
£eA

In order to fix the fact that wéﬁ) 1 1s not divergence free, we define an incompressibility corrector by

w((ﬁzl = Zcurl (Va(g) X V(g)) + Vag x curl Vig) + ae )W((g)) (7.35)
£eA

The above definition is motivated by a computation similar to (7.21), which guarantees that

q+1 + wq+1 Z curl curl (a)Vie)) , (7.36)
£eA

and thus ensures

div (wéﬁ)l + wéizl) =0.
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(©)
q+1°

(t)

In addition to the incompressibility corrector w g+1> Which is

defined by

we introduce a temporal corrector w

wply = —*ZPHP’#O (a0 o€ (7.37)
£€A

where as before Py is the Helmholtz-Leray projector. By construction, div wé?l = 0, and the choice of p

ensures that this corrector is much smaller than the principal corrector wél-?r The purpose of introducing

the temporal corrector only becomes apparent when considering the oscillation error in Section 7.6. More
precisely, we use the key identity (7.20) obeyed by the intermittent jets, and the fact that Id — Py =
VA~ldiv, to rewrite

oyl +Y P < odiv (Wi @ W@))

e
= E%P P00, (a?@(/’?&)ﬁaf) + ; Z P20 (aé)at (¢%§>¢(25>5>)
§€
— (1d — Ppy)~ Zmoat N Zmo (0t (i) - 39)

EGA

=:VP

Identity (7.38) shows the essential role played by temporal oscillations in our construction.

7.5.4 The velocity increment and verification of the inductive estimates

The total velocity increment w41 is defined by
t
W1 1= w((ﬁr)l + w((]izl + wéll , (7.39)
and is by construction mean zero and divergence-free. The new velocity field vg 1 is defined as
Vg+1 = Vq + Wg41 - (740)

In this section we verify that the inductive estimates (7.2a), (7.2b) hold with g replaced by ¢ + 1, and that
(7.3) is satisfied.

In order to efficiently estimate the L? norm of the principal part of the perturbation wc(li)l we need to use
the fact that the amplitudes a(¢) oscillate at a much lower frequency than the intermittent jets W¢). For this
purpose, we recall the LP de-correlation estimate [20, Lemma 3.6]:

Lemma 7.4. Fix integers N,k > 1 and let { > 1 be such that

2mV3¢ and c(%%}) <1. (7.41)
K 3 K

Let p € {1,2}, and let f be a T3-periodic function such that there exists a constant C + > 0 such that
holds for all 0 < j < N + 4. In addition, let g be a (T/x)3-periodic function. Then we have that

If9llze < Crliglie ,

where the implicit constant is universal.
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We wish to apply the above de-correlation Lemma 7.4 in L? with f = a(gy and g = Wiy, which is by
construction (T/x)3 periodic with x = A,417 . For this purpose, note that by (7.31) and (7.32) we obtain
that

. 1 e
[Dag)| 2 < m@/jlg 5,

and thus we can take C'y = L(Sl/gl and ¢ = ¢~8. Since by (7.7) we have ¢ < M99 whereas by (7.25b) we

2|Al ¥ g+ q+1°
have that \j;17 ~ A q/+1‘ Thus, since « is sufficiently small, condition (7.41) is satisfied for any NV > 1,
and thus Lemma 7.4 is applicable. Combining the resulting estimate with the normalization of W) as

HVV@)HL2 = 1, we obtain

1/7

2 4 1.
i . < grde Wl < 5ok (7.42)
L2 2|A| 2
EeA
For the correctors wﬁl and wfﬁl, and for bounds on the other LP norms of w((]]i)l we may afford slightly

less precise bounds (which do not appeal to Lemma 7.4), which follow directly from (7.24), (7.32), and the
parameter choices in (7.25):

H“’gﬁlum S llagllco Wil
EeEA

S ot (7.43a)
[, 53 Nla@leo [WE)|, + llalles Vil
EeEA
SO e (mql - A;il) L (7.43b)
[, <573 llaolien 9161220 140 132,
EeEA

-4, =1 Yp=1/2, —1 -1 —1/2 —4,2/p—1 1/p—24-1
S Ol " 7”||/p /(M LA /)§5q+1£ H/p TH/p Agi1-

Combining (7.42) with the last two estimates of (7.43) for p = 2, and using the parameter choices (7.25),
we obtain that for a sufficiently large constant C' (which is independent of ¢), we have

(7.43c)

1 1 _ _ _4 —3/a\_
Jwg+1ll2 < 5qf1 <2 +Ct 127"J_7’H Ly or 4r|| /2)\%&1)

1/2 1 240—2/7 8a—1/7 3 1/2

In the last inequality we have used that « is sufficiently small, that [ is sufficiently small in terms of «, and
that by letting a be sufficiently large we have C' )\; +1/110 < 1/8. Moreover, from (7.10) we have that

_ —a 1 1
lvg —vell 2 S A < Aq+{2 < léq/jl (7.45)

once we ensure that (3 is sufficiently small, in terms of a, and we take a to be sufficiently large. Combining
(7.44) and (7.45) we obtain that

1
[ogr1 — vgll g2 < lwgrall 2 + lloe — vgll 12 < 6721,

and thus (7.3) is satisfied.
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The bound (7.2a) at level g + 1 follows from (7.11), (7.44), and the inequality —5;/ 4+ 5;&1 < —6;&1.
The latter simply requires that a is taken sufficiently large.

In addition, taking either a spatial or a temporal derivative, using the bounds (7.22)—(7.24), the estimate
for £~! in (7.7), and the parameter choices (7.25) we may prove

— T _
wépﬁl o S gﬂTllTH g <1 + i”) S 5_77"117““ 1/2>\3+1 (7.46a)
x,t
(c) —17,.—3/2 FLH —17,.—3/2y2
Wqt1 o1, S/ 7 Ag+1 (1 + 7“) St a Ag+1 (7.46b)
®) —9 —1 —2y—1 1+ (Y —9 —1 —2+1+
Wy iy o, S 7 )\q+1)\q+‘f‘ <1+r> SO0 7l Agit - (7.46¢)

In the last inequality we have paid an extra power of ¢’ ; because P[P is not a bounded operator on Cv.
Combining the C;t estimate for vy with the above obtained bound (7.12), we obtain from (7.40) that

14a+-22/7 34a+20/7 19+3
logriller, S leelley, + lwgrllon, S Mg + A5 + 00557 + 3%
2 35a+22/7 4
<2 BT <N

once we take « to be sufficiently small. This proves (7.2b) at level ¢ + 1.

7.6 Reynolds stress
7.6.1 Decomposition of the new Reynolds stress

Recall that vy41 = wgy1 + vy, where vy is defined in Section 7.3. Subtracting from (4.7) at level ¢ + 1 the
system (7.5), we thus obtain (compare to (5.38) in the case of Euler)

div ﬁ’qﬂ — Vpg1 = —vAwg + 8t(w((1i)1 + w((;fgl) + div (vp ® wgt1 + Wgr1 ® V)

div (Rlil)car)+vplincar

+ div ((wé‘ﬁl +wl) @ werr +w) @ W, + wflﬂl))

div (Rcorrcctor)+vpcorrcctor

+ div (wt(lli)l & w((;j_)l + RZ) + 8tw((13)_1 + div (Rcommutator> - fo . (747)

div (Roscillation)+vposcillation

Here Rcommutator 1S as defined in (7.6) and we have used the inverse divergence operator from (5.34) to
define

Rijnear = —VRAwg11 + R@t(wéﬂ)l + wﬁl) + 0 @Wg 1 + Wat1QV; (7.48)
Reorrector = (wé‘fﬁl + wc(ltll)(f@wqﬂ + wé@lé(wéﬂl + wéﬂl) (7.49)
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where plinear = 207 - Wg+1 and Peorrector = |wq+1|2 - ]wé{?lp. The remaining stress Rogcillation and
corresponding pressure poscillation are defined as follows. By (7.34) and (7.38) we have that

q+1 q+1 g+1
= Z div ( )P?go (W(é) X W(g))) + Vp + Otwétll
e
= 3P0 (Valo P (Wiey © Wie)) ) + Vo + > Pro (afoydiv (Wiey @ W) ) + 0,
EeA EeA
=) Py (VaiyPr (W@ W, \Y VP—l P (O’ (212
2 _Bro (ValoPro (Wi @ Wee)) ) + Vo + VP = 2 Pro (g (0fg¥fes) ) -
§EA 13N

where the pressure term P is as defined by the first term on the right side of (7.38). Therefore, we define
Poscillation = P + P, and let

Roseitsion = > R (VaZ P (Wie) @ Wig)) ) — Z R (0ray) (0% u€) ) - (7.50)
EeEA

(We recall there that R = RIP-q.) Now all the terms in (7.47) are well defined. We have p,11 = py —

Poscillation — Pcorrector — Plinear and
Rq+1 = Rlinear + Rcorrector + Roscillation + Rcommutator (751)

which are stresses defined in (7.48), (7.49), (7.50), and respectively (7.6).

7.6.2 Estimates for the new Reynolds stress

We need to estimate the new stress ]O%qﬂ in L'. However, Calderén-Zygmund operators such as VR just
fail to be bounded on L. For this purpose, we introduce an integrability parameter

€ (1,2 such that p—1<k1. (7.52)
We may now use that Calderén-Zygmund operators are bounded on L?. Recalling (7.25), we fix p to obey

7n2(1—p)/p a-p)/p < (2 )1/7)\16@ 1/(7p) < )\a (7.53)
") ‘

where 0 < v < 1 is as in Remark 7.3. For instance, we may take p = 32/(32 — 7o) > 1.
Linear error. Recalling identity (7.36), using that v € (0, 1], that Rcurl is a bounded operator on L?,
and appealing to the Sobolev embedding H? C €, the linear stress defined in (7.48) obeys

| Riincarll o S ¥ IRAwg i1l + [[oewg 1 + wgravel] , + RO, +wle)

Lp
SIVwgrll o + el oo llwgsa o + > [|Brcurl (g Vig)) || L,

EeEN
S A+ llvellen) Y llallon Wil
EeEN
+> (H%)Hcl 10:Viey |y + 1100y [| oo HV<5>HW1,p) :

e
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By appealing to (7.12), (7.24), (7.32), and (7.53) we obtain from the above estimate that

—8 2/p—1 1/p—1 _7 2 1/,—3 —12 2/p—1 1/p—1 -1
| Rinear | p S ¢ TL/p rH/p /2/\q+1 + ¢ TJ_/pr”/p /Q/A—i-f TJ_/p 7"”/' /2)\q+1

2(1 — 1— 1 —1
N E‘urj p>/pr‘<‘ P/ (Ur||/2)\q+1 + rirH /2M)

< 6‘12/\§+1 <T’J_7“i/2)\q+1 + Tir[%ﬂ) . (7.54)

Corrector error.  Recall the definitions (7.33), (7.35), (7.37), and the estimates (7.43). From the
parameter choices in (7.25), we see that the worse L?P estimate is the one for for the principal corrector.

Therefore, using that d,41 < 1, from the parameter inequalities (7.43) is used, and the choice of p in
(7.53), it follows that the corrector stress defined in (7.49) obeys

(c) (®)

HRcorrectorHLP < qu-t,-l + Wei1 (c) (®)

Wapr T wq+1‘

gl + |||

L2p L2p L2
< <f—l2rj_/zﬂri/2p*3/2 + 5_4/\(;&17“1/?717“;/%72) 6—2741/17*174&/2?*1/2
— _ _ -3
</ 14)\2‘+1 (m_r” Ty )\q_&lr” /2> . (7.55)
Oscillation error. The oscillation error defined in (7.50) has two terms, let us call Réﬁgmmon the one

(®)

when the spatial gradient lands on a () and let us denote by R (1. ion

land on ag)-

Let us treat Rggmation first. Note that by definition Wigy is (T/r.A,.)" periodic. Therefore, so is
Wi¢) ® W¢) and we obtain that the minimal active frequency in P.o(Wig) @ W) is given by 71 Agq1.

Equivalently, we have

the one when temporal derivatives

Po(Wie) @ Wig)) = Poringap(Wig) @ Wg)).

On the other hand, the amplitude term Vaé) oscillates at a much lower frequency (proportional to £~°), so
that we expect the inverse divergence operator R to gain a factor of | A, 1. To make this intuition precise,
let us recall [20, Lemma B.1].

Lemma 7.5. Fix parameters 1 < ( < k, p € (1, 2], and assume there exists a N € N such that
Let a € CN(T3) be such that there exists Cy > 0 with
| D7al| o < Cal? (7.56)

forall 0 < j < N. Assume furthermore that f € LP(T?) is such that [y a(z)P>,f(z)dx = 0. Then we
have

V7 @ Porf)]| 1 S CaHfI!L” (1.57)

Lp ~
where the implicit constant depends only on p and N.

From (7.32) we see that Va%g) obeys (7.56) with C, = 7%, and ¢ = £7°. Since £7° < \[19 < /\«1;/4:1 ~

71 Ag+1, we are justified to use Lemma 7.5 (with any N > 3), combined with the bound (7.24), to conclude
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that

oscillation

|2

<> HR (Va%@IF’zuml/a (W ® W(&))) i

Lp
e

Lp
Wi & Wiolly < o [V oll22
T1Ag+1 M)\qﬂ

—9 2(1717)/17 Q=p)fp, —1 1
< ¢ || ( )‘q+1)

< 9)\q+1(rL1>\qJ&1) (7.58)

<€—9i

On the other hand, for the second term on the right side of (7.50) we just use that ‘R is a bounded operator on
LP (we don’t use that is a smoothing operator), Fubini’s theorem to integrate along the orthogonal directions
of gﬁ(g) and 1/1(5) via (7.22) and (7.23), and the bound (7.32) for the amplitude functions, to conclude

| A inaion] |, < 17" > A N e

oscillation
_16_9 2(1 - P)/p 1=p)/p
")
< ;ﬂz 9)\q y (7.59)

7.6.3 Proof of (7.2¢) at level ¢ + 1

The stress ]iZqH as defined in (7.51) above, may now be estimated by combining (7.9), (7.54), (7.55), (7.58),
(7.59), the bound for ¢ given by (7.7), the parameter choices (7.25), and choosing « and b to be sufficiently
small. Since LP(T?) C L'(T3), we obtain

Héq+l HLl S ||R1inear”Lp + ||Rcorrector||Lp + ||RoscillationHLP + ||RcommutatorHL1

29a— 30a— >
S Agel i T AH S Agn i T )‘q+{ < Og+2-
In the second to last above inequality we have used a power of A7, to absorb the implicit q independent
constant, while in the last inequality we have used that by Remark 7.3, we have o < 545 40, and b < «. This

proves that (7.2c) holds at level g + 1, thereby concluding the proof of Proposition 7.2.

8 Open problems

Prior to the work [20], a proof of non-uniqueness of weak solutions to the Navier-Stokes equations via
convex integration was widely believed to be infeasible via the techniques of convex integration. The use of
intermittency in the context of convex integration, significantly widens the scope of applicability of convex
integration to nonlinear PDE [146, 147, 139, 138, 15, 43, 25]. Previously, in the language of Gromov, convex
integration achieved flexibility of PDE via low regularity. The paper [20] demonstrates that flexibility may
also be attained via low integrability. This leads us to the following rather open ended problem.

Problem 1. Given the expanded applicability of intermittent convex integration techniques, in what new
contexts can one apply convex integration?

It is interesting to observe that while Onsager’s conjecture was originally stated in the context of the 3D
Euler equations, the arguments used to prove Part (a) are not dimension dependent. Indeed, the arguments
of [35, 24] apply equally for any dimension d > 2. It is then natural to ask whether Onsager’s conjecture
holds in 2D. Currently, the best known result in 2D is that there exist non-conservative weak solutions to the
Euler equations lying in any Holder space with Holder exponent less that 1/5 [29, 28, 19, 155].
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Problem 2. Can one prove Onsager’s conjecture in 2D, i.e. for every 5 < 1/3 can one construct non-
conservative weak solutions to the 2D Euler equations lying in the Holder space C’fﬂ,

Motivated in part by the successful application of entropy conditions to conservations laws, the local
energy inequality (see (2.4))

) ('”'2> + div (('”'2 —l—p) v) = —D(v) <0 (8.1)
2 2 =

which is meant in a distributional sense, has been proposed as a possible admissibility criterium to recover
uniqueness for the Euler equations. In [46], De Lellis and Székelyhidi Jr., demonstrated that unlike the
entropy condition for the Burgers equation, the local energy inequality does not uniquely select a solution
to the initial value problem. Nevertheless, owing to the fact that the local energy inequality is strictly
stronger than the regular energy inequality, it remains of interest to determine whether for every Holder
exponent < 1/3, there exists non-conservative weak solutions to the Euler equations satisfying the local
energy inequality. This would in effect verify a stronger version of Onsager’s conjecture. We refer the
reader to [100] for recent progress in this direction.

Problem 3. For any 5 < 1/3, can one construct non-conservative weak solutions v € C’f:t satisfying the
local energy inequality (8.1) ?

It also a natural question to ask, what happens at the critical exponent 1/3? As was mentioned in Sec-
tion 6, in this direction, Isett proved in [101] the existence of non-conservative weak solutions lying in the
intersection of all Holder spaces C’ﬁt for 8 < 1/3. More specifically, for any B > 4/3, a non-conservative
weak solution v can be constructed satisfying

—1/34+B /M
sup [0v(z, t; £)] |¢] ~ gl ™! < 00

[£]>0

Problem 4. Does there exist non-conservative weak solutions to the Euler equations lying in the critical
space L;?’By 3 ., 1dentified in [24] ?

,O0

One may also consider Onsager’s conjecture in the context of L? based Sobolev spaces. In [187] (see
also [24]), the authors prove that kinetic energy is conserved for any weak solution v € H®/®. Tt is an
open problem to determine whether or not this result is sharp. Such a result has important implications for
the physical theory of intermittency. As mentioned in Section 2.4, as a consequence of intermittency, one
expects the second order structure function to satisfy (2 > 2/3. It would be interesting to determine the
largest possible deviation from the Kolmogorov prediction which is sustained by the Euler equations. In
terms of weak solutions realizations, this corresponds to the existence of non-conservative weak solutions
u € L HE for B> 1/3,

Problem 5. For every 8 < 5/6, does there exist non-conservative weak solution to the Euler equations that
lie in H7?

As was mentioned Section 3.1, in the context of the Euler equations, the Onsager exponent ap = 1/3
is not the sole interesting threshold exponent. In the context of the 2D Euler equations, a classical problem
tracing back to the work of Yudovich is to determine where non-uniqueness occurs in the class of weak
solutions with vorticity bounded in L? for p < oo [205]. If such non-uniqueness holds for all p < oo this
would demonstrate that the uniqueness threshold exponent is oy = 1 and would constitute a proof that
the threshold of regularity for which kinetic energy is conserved does not coincide with the threshold of
regularity for which uniqueness holds. We refer the reader to a recent paper of Vishik in this direction [199].
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Problem 6. Given p < oo, can one demonstrate non-uniqueness in the class of weak solutions to the 2D
Euler equations with vorticity bounded in LP? More generally, for either the 2D or 3D Euler equations, can
one demonstrate that ap # ay?

In view of the partial regularity results of Leray [128], Scheffer [168], the Navier-Stokes inequality
results [171, 172, 159], and the recent work [15] it is natural to investigate the limits of partial regularity in
the context of the Navier-Stokes equations. This leads us to following open problem.

Problem 7. For any 0 < dyx,. < 1, can one demonstrate the existence of weak solutions to the Navier-Stokes
equations with non-empty singular set X7 with Hausdorff dimension less than ds; . ?

We note that for weak solutions (either of the type described in Definition 3.6 or of Leray-Hopf type
in Definitions 3.5 and 3.8), regularity and uniqueness is implied if one of the LadyZenskaja-Prodi-Serrin
conditions is satisfied, i.e. the solution is bounded in a space LY L% for 2/p+3/q < 1[111, 161, 175, 104, 72,
85, 135, 126, 119]. The converse statement is however open:

Problem 8. For every p, ¢ satisfying 2/p + 3/¢ > 1, can one demonstrate the non-uniqueness of weak
solutions (in the sense of Definition 3.6) bounded in LY L%.

Perhaps the most fundamental question regarding weak solutions in fluid dynamics is to verify the fa-
mous conjecture of Ladyzenskaja [123] regarding the non-uniqueness of Leray-Hopf solutions to the Navier-
Stokes equations. As already mentioned, Sverak and Jia proved conditional non-uniqueness, assuming a
spectral assumption. Although there is compelling numerical evidence [93] to support this assumption, the
assumption appears to be remarkably difficult to verify analytically. While a non-uniqueness result involv-
ing Leray-Hopf solutions satisfying the local energy inequality (Definition 3.8) appears to be out of reach
of methods involving convex integration, a proof of non-uniqueness satisfying the regular energy inequality
(Definition 3.5) via convex integration remains plausible.

Problem 9. Are the solutions to the initial value problem for the Navier-Stokes equation unique in the class
of Leray-Hopf (in the sense of either Definition 3.5 or 3.8) weak solutions?

The last problem is motivated by a desire to better understand the mechanisms of anomalous dissipation.
In spite of the extensive experimental evidence supporting (2.8), and the fact that € > 0 is the fundamental
ansatz of the Kolmogorov and Onsager theories of fully developed hydrodynamic turbulence, to date this
has not been proven in a mathematically rigorous context.?®

Problem 10. Can one produce a sequence of Leray-Hopf solutions {v"},~¢ of the forced Navier-Stokes
system (1.1), with smooth forcing acting only at large (v-independent) scales, for which the corresponding
sequence {€”},~o (defined in (2.7) by a long-time and space average), has a finite and non-zero limit?
Moreover, can one show that v¥ converges to a dissipative weak solution of the Euler equations?
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