WILD SOLUTIONS OF THE NAVIER-STOKES EQUATIONS WHOSE SINGULAR SETS IN TIME
HAVE HAUSDORFF DIMENSION STRICTLY LESS THAN 1
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ABSTRACT. We prove non-uniqueness for a class of weak solutions to the Navier-Stokes equations which have bounded
kinetic energy, integrable vorticity, and are smooth outside a fractal set of singular times with Hausdorff dimension strictly
less than 1.

1. INTRODUCTION

Throughout this paper we consider the incompressible three dimensional Navier-Stokes equations:

ov+diviv®v)+Vp—Av =0 (1.1a)

divyo =0 (1.1b)

V|t=0 = vo (1.1¢)

posed on the torus T? = [—m, w]3. We consider solutions of zero mean, i.e. [; v(z,t)dz = 0 for all ¢ € [0, T]. The

notion of weak solution of (1.1) that we work with in this paper is that of a distributional solution, which has bounded
kinetic energy, and is strongly continuous in time:

Definition 1.1 (Weak solution). Given any zero mean initial datum vy € L%, we say v € C°([0,T); L*(T?)) is a weak
solution of the Cauchy problem for the Navier-Stokes equations (1.3) if the vector field v(-, t) is weakly divergence-free
forallt € [0,T), has zero mean, and

T
/ v0-<p(-,0)dx—|—/ / v (Op+ (V- V)p+ Ap)dedt =0
T3 o Jrs

holds for any test function ¢ € C§°(T? x [0,T)) such that (-, t) is divergence-free for all t.

In view of the C°([0, T"); L?(T?)) regularity, by [13] we have that the above defined weak solutions are also mild
or Oseen solutions (see also [30, Chapter 6]) of the Navier-Stokes equations. That is, for ¢ € [0,7T") we have

¢
v(-,t) = ePug + / e=IAP L div (v(-, 8) @ v(-, 5))ds . (1.2)
0
Here Py is the Helmholtz projector and e*2 f is the heat extension of f. Our main result of this paper is as follows.
Theorem 1.1 (Main result). There exists a § > 0 such that the following holds. For T > 0, let uM u® e
C([0, T); H3(T3)) be two strong solutions of the Navier-Stokes equations (1.1a)—(1.1b) on [0, T], with data u) (0, z)
and u® (0, z) of zero mean. There exists a weak solution v of the Cauchy problem to (1.1) on [0, T| with initial datum
V|t—p = u® |¢t=0, which has the additional regularity
v € CO([0, T]; HP(T%) nWHH(T?))

and such that

v=uV on [0,7/3, and  v=u? on [2T),T].

Moreover, for every such v there exists a zero Lebesgue measure set of times X C (0,T] with Hausdor{f (in fact
box-counting) dimension less than 1 — [3, such that

v e C®(((0,T]\ 1) x T?).
In particular, the weak solution v is almost everywhere smooth.

The outline of the proof of Theorem 1.1 is given in Section 2, while the detailed estimates are done in Sections 3-5.
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Remark 1.2 (Non-uniqueness of weak solutions for strong initial datum). Theorem 1.1 immediately implies that
weak solutions of the Cauchy problem for the Navier-Stokes equation (1.1), cf. Definition 1.1, are not unique.

The cheap way to see this is to take any T' > 0, u® =0, and ©? to be any nontrivial mean-free solution of the
Navier-Stokes equation on [0, 7] (e.g. a shear flow). Then the weak solution v given by Theorem 1.1 is nontrivial on
[0, 7], and thus 0 is not the only weak solution with 0 initial datum. Conversely, we note that taking u(*) to be any
nontrivial solution to the Navier-Stokes equation, and u(?) = 0, Theorem 1.1 gives a counterexample to backwards (in
time) uniqueness for weak solutions of (1.1), in the sense of Definition 1.1.

More generally, we emphasize that Theorem 1.1 proves the non-uniqueness of weak solutions to the Cauchy prob-
lem for the Navier-Stokes equation (1.1) for any strong initial datum. To see this, consider any vy € H?3 and take
T = c|lvo H;I}o,, where ¢ > 0 is a sufficiently small universal constant (cf. Proposition 3.1). Then there exists a unique
solution u(!) € C°([0,T7]; H?) to the Cauchy problem (1.3) with datum vo. Moreover ||[u*)(T)|| ., < [[vol| > How-

ever, using Theorem 1.1 one can glue to this solution the shear flow u(?) (1, zo, z3,t) = (Ae~*sin(xy),0,0). Then
if A is chosen such that Ae=" > 2 |[vol| >, we have [[o(T)| 2 = [|[u®(T)]| . > llvoll > = [[u™(T)]| .. Therefore
v is a weak solution to (1.3) with datum v, but v is not equal to the smooth solution ™) at time 7.

While for the above argument we have considered vy € H 3, it is clear that Theorem 1.1 also implies the non-
uniqueness of weak solutions to the Cauchy problem for (1.1) for any initial datum for which one has unique local
in time solvability of (1.1) (examples include vy € H'/2 cf. [15], vy € L? with zero mean cf. [24]; vg € BMO~!
which is small and has zero mean cf. [26]; see [29] for further details). Indeed, for any such initial datum the unique
local in time solution u(!) is smooth in positive time, and hence for any ¢ > 0 we have u(!)(-,¢) € H3. We then
apply Theorem 1.1 on the time interval [e, T'], rather than [0, T, in order to glue the strong solution to a shear flow
with kinetic energy which is either strictly larger, or strictly less at time 7T'.

1.1. Background. We make a few comments concerning different notions of solutions to the Navier-Stokes equation,
other than from those in Definition 1.1 (see [30] for a more detailed discussion). The weakest notion of solution to the
Cauchy problem for (1.1) is that of a very weak solution: these are distributional solutions of (1.1) which only lie in
CY . (0,T; L?), and are weakly divergence free. However, one typically proves the existence of solutions which are
stronger than this.

Indeed, for any L? initial datum vy, Leray [31] constructed a distributional solution v € C9_,(0,00; L%) N
L2(0,00; H'), and obeys the energy inequality ||uv(t)|>. + 2f: [Vo(r)||22 dr < |lu(s)|32 for ae. s > 0, and
all t > s. See also the work of Hopf [18] on bounded domains. These are the Leray-Hopf weak solutions. One nice
feature of Leray-Hopf weak solutions is that they possess epochs of regularity, i.e. many time intervals on which they
are smooth. In fact, already Leray [31] made the observation that these weak solutions are almost everywhere in time
smooth, since the putative singular set of times Y has Hausdorff dimension < 1/2. This fact follows directly from
two ingredients: the fact that for vy € H' the maximal time of existence of a unique smooth solution is bounded from
below by ¢ [|vo|| 51, and a Vitali-type covering lemma which may be combined with the L?H! information provided
by the energy inequality. Scheffer [42] went further to prove that the 1/2-dimensional Hausdorff measure of X is 0.
These results were strengthened to bounds on the box-counting dimension for X7, cf. [41, 27]. See [30, 40] for further
references.

Remark 1.3 (Weak solutions with partial regularity in time). We note that while the weak solutions constructed
in Theorem 1.1 are not Leray-Hopf, they give the first example of a mild/weak solution to the Navier-Stokes equation
whose singular set of times X C (0,77 is both nonempty, and has Hausdorff (in fact, box-counting) dimension
strictly less than 1. This is in contrast with the prior work [5], where > has dimension 1. It is in an interesting
open problem to construct weak solutions to (1.1), in the sense of Definition 1.1, where the ! /2-dimensional Hausdorff
measure of the nonempty set of singular times is 0.

A fundamental step towards understanding the uniqueness and smoothness of weak solutions was to introduce the
concept of a suitable weak solution, by Scheffer [42] and Caffarelli-Kohn-Nirenberg [6]. Suitable weak solutions
obey a localized in space-time version of the energy inequality, and they have partial regularity in space and time: the
putative singular set of points in space-time has 1-dimensional parabolic Hausdorff measure is 0. See the reviews [40,
30] for more recent extensions and further references.

The uniqueness of suitable weak solutions or of Leray-Hopf weak solutions is an outstanding open problem. The
weak-strong uniqueness result of Prodi-Serrin [39, 43] states that if there exists a weak/mild solution v € L{°L2 N
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Lf H j N Lf L2 of the Cauchy problem for (1.1), with 2/p+3/q < 1'and p < 00, and if u is a Leray-Hopf weak solution
with the same initial datum, then v = v. This is a conditional uniqueness result within the class of Leray-Hopf weak
solutions. Moreover, the solutions are smooth in positive time [28]. The LQ’OLi endpoint was established in [21].
Similar weak-strong uniqueness results hold within the class of mild solutions, except the ¢ = 3 endpoint which
requires continuity in time [13, 16, 34]. See [30, Chapter 12] for further references. A very interesting conjecture of
Jia-Sverak [22, 23] essentially states that the Prodi-Serrin uniqueness criteria are sharp, and that the non-uniqueness of
Leray-Hopf weak solutions may already be expected in the regularity class L9 L2:°°. Compelling numerical evidence
in support of this conjecture was recently provided by Guillod-Sverak [17]. A related interesting open problem is to
establish the non-uniqueness of mild/weak solutions to (1.1) in the regularity class CY L4 N L? H}, for any ¢ € [2, 3).
We conclude this subsection by revisiting the non-uniqueness result of Remark 1.2, for rough initial datum:

Remark 1.4 (Non-uniqueness of very weak solutions for any L? initial datum). If instead of the weak solutions of
Definition 1.1 we consider very weak solutions of (1.1), so they only lie in C?_, (0, T’; L?), then Theorem 1.1 implies
that the non-uniqueness for the Cauchy problem holds for any L? initial datum of zero mean, within the class of very
weak solutions. Indeed, for any such datum, by the work of Leray there exists at least one very weak solution « to
the Cauchy problem for (1.1), which in fact is smooth most of the time. Pick any regular time ¢y > 0 of w, and let
vy = u(ty) € H3. We then apply the argument of Remark 1.2 on the time interval [to, to + 77, with u(!) being the
unique local in time smooth solution of (1.1) with initial datum v at time ¢y. Note that by weak-strong uniqueness we
in fact have that the Leray solution u is equal to u(!) on [to,to + T]. In view of Theorem 1.1 we can construct a very
weak solution v which is equal to w on [0, tg + 7/3], and equal to a shear flow of our choice on [tg + 27/3,T]. This
solution v is smooth except for a set of times of Hausdorff dimension < 1, and is different from the Leray solution .

1.2. The energy supercritical hyperdissipative Navier-Stokes equation. The proof of Theorem 1.1 uses essentially
that the kinetic energy space is supercritical with respect to the natural scaling invariance associated to (1.1). In fact,
the proof applies mutatis mutandis to the energy supercritical a-hyperdissipative Navier-Stokes equation

Ow+div(v@v)+ Vp+ (—A)%v =0 (1.3a)
divo =0 (1.3b)
Ultzo =19 . (130)

Here we consider the energy supercritical regime o € [1,5/4). Indeed, (1.3) is invariant under the scaling map
v(z,t) — vr(z,t) = N2> ty(Ax, \2“t), and the energy norm L$°L?2 is invariant under this map for « = 5/a.
Definition 1.1, with Ay replaced by —(—A)%¢, gives the notion of a weak solution for (1.3). Our result is:

Theorem 1.5 (The hyperdissipative problem). For o € [1,5/4) there exists § = B(«) > 0 such that Theorem 1.1,
and thus also Remark 1.2, holds with system (1.1) replaced by the more general system (1.3).

The system (1.3) was first considered by Lions in [32, 33] for « in the critical and subcritical regime « > 5/4. Lions
proved the existence and uniqueness of Leray-weak solutions, for any L? initial datum. These solutions are regular
in positive time. In [45] it was proven that slightly below the critical threshold o = 5/4 the existence of a globally
regular solution still holds when the right-hand side of the first equation in (1.3) is replaced by a logarithmically
supercritical operator. For o € [3/4,1) and (1,5/4) partial regularity results a la Caffarelli-Kohn-Nirenberg were
established in [25, 44] and [8]. These works show the existence of a weak solution whose putative singular set (in
space-time) has (5 — 4«a)-dimensional Hausdorff measure 0. In the opposite direction, the recent works [7, 12] prove
the non-uniqueness of Leray-weak solutions to (1.3) in the parameter ranges o < 1/5, respectively o < 1/3. The
non-uniqueness of weak solutions in the sense of Definition 1.1 is also shown to hold for o < 1/2.

We note that very recently, by adapting the arguments in [5], Luo and Titi [35] demonstrated the non-uniqueness
of very weak solutions for (1.3) in the parameter range o € (1,5/4). When compared to [35] the weak solutions
constructed in this paper have the additional property that their set of singular times has Hausdorff dimension strictly
less than 1. Together, the uniqueness result [33], the non-uniqueness results of [35], and of this work, confirm the
well-posedness criticality of the exponent o = 5/4, within the class of weak solutions defined in Definition 1.1.

We give the proof of Theorem 1.5 for general values of o < 5/4. Theorem 1.1 follows by restricting to o = 1.

IThe LP LY norm, for 2/p + 3/q = 1, is invariant under the Navier-Stokes scaling map v(z,t) — v (z,t) = Mv(Az, A2t). Spaces that obey
these properties are called scaling critical spaces. Since the Leray-Hopf energy space L L2 N L?H;; obeys 2/oo +3/2 =2/2+3/6 =3/2 > 1,
we may call the system (1.1) energy supercritical.
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2. OUTLINE OF THE PROOF

The proof of Theorem 1.5 proceeds via a convex integration scheme based on the scheme introduced in [5], which is
itself built on a long line of work initiated by De Lellis and Székelyhidi Jr. [10], culminating in the eventual resolution
of Onsager’s conjecture by Isett [19] (cf. [11, 2, 1, 3, 9, 4, 20]). Such a scheme is used to inductively define a sequence
of approximate solutions, converging to a weak solution of (1.3). The principal new idea of this paper is to create good
regions in time where the approximate solutions are strong solutions to (1.3) and are untouched in later inductive steps.
This is achieved by employing the method of gluing introduced by Isett [19] (cf. [4]). Taking the countable union
of the good regions over each inductive step, one forms a fractal set, whose complement has Hausdorff dimension
strictly less than 1. This is explained in detail in Section 2.1 and 2.2 below. The concept of good regions is partially
inspired by similar concepts introduced in [1] (cf. [3]). An additional novelty of the present work is the introduction
of intermittent jets which replace the intermittent Beltrami flows of [5] as the fundamental building blocks on which
the convex integration scheme in based (see Section 2.3 and 4.1).

o

2.1. Inductive estimates and main proposition. For every index ¢ € N we will construct a solution (vg, Ry) to the
Navier-Stokes-Reynolds system

By + div (vy @ v,) + Vpg + (—A)%0, = div R, (2.1a)
dive, =0, (2.1b)

where }D%q is a trace-free symmetric matrix. The pressure p, is normalized to have zero mean on T? and is explicitly
given by the formula

pg = div A7 div (R — v, @ vg) - 2.2)

Here we use the convention that for a 2 tensor S = (S% )f’ j=1 the divergence contracts on the second component, i.e.
(div S)* = 9,;5%. The summation convention on repeated indices is used throughout.
Fix a sufficiently large integer b = b(a) > 0.2 Depending on this choice of b, fix a sufficiently small parameter
B = B(a,b) > 0. In particular, 8b < 1.
The size of the Reynolds stress 12, will be measured in terms of a size parameter
g = NN (2.3)
where )\, is a frequency parameter defined by

Ay = a®

where a > 1 is an large real number to be chosen later. Note that §; = )\16 = aP? is large if a is sufficiently large.
For every ¢ > 0 we assume that 2, obeys the estimates

Héq L1(T3) = )\IJ_ER6Q+1 (2.42)
7
HRqu(W) <N (2.4b)

for some € > 0 to be chosen later, which depends only on the values of «, 3, and b. For the approximate velocity
field vg, we assume that it obeys the estimates

1/: 1
||UqHL2(1r3) < 250/z - 5q/2 (2.52)
gl s psy < Ag- (2.5b)
These inductive estimates will ensure that the approximate solutions v, converge strongly in C°(0,7'; L?) to a weak
solution v of the Navier-Stokes equation (1.3).

Consider T' > 0 and fix the parameter sequences {7, }4>0 and {,},>1 defined in (2.7) and (2.8) below, which
obey the heuristic bounds

Vg1 < 7q K Vg < 1. (2.6)

2For instance, it is sufficient to take b(5 — 4cr) > 1000, which verifies (4.43).
3For instance, it is sufficient to require that 2008b2 < 5 — 4a. This verifies both (4.43) and (5.7).
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In particular, for ¢ > 1 we make the choices

Vg = A, 716, 2.7
and
o = 0N = AT (2.8)
For the special case ¢ = 0 we set
T
T0 +— E .

For 9%y we do not need to assign a value.
In order to ensure that the singular set of times has Hausdorff dimension strictly less than 1, at every ¢ > 0 we split
the interval [0, T into a closed good set G'? and an open bad set

B — 0,77\ g(Q)
which obey the following properties:
(i) GO =[0,7/3) U [2T/3,T).
(i) Gl < G for every g > 1.

(iii) B is a finite union of disjoint open intervals of length 57'q.4
(iv) For g > 1, the bad sets have measures which obey

IB@| < |B(q—1)|1§:’1. (2.9)
(v) The velocity fields obey
if teg) forsome ¢ <gq, then uy(t)=vy(t). (2.10)
(vi) The residual Reynolds stress obeys
Ry(t)=0 forall ¢e][0,7] suchthat dist(t,G?) <r,. (2.11)

Due to (2.11) and the parabolic regularization of the Navier-Stokes equation (cf. (3.4) below) we have that v, is a
C> smooth exact solution of the Navier-Stokes equation on G(@). In addition, (2.10) implies that v = v, on G(®\ {0},
and thus the limiting solution v is C° smooth on (G(@) \ {0}) x T?. This justifies that the singular set of times Sp
obeys

Src () BY. (2.12)
q=>0
It thus follows from (2.9) and the definitions of 7, and ¥, in (2.7) and (2.8) that

q q—1 a_q __=
B9 < [BOI ] % <1077 [] A, < T10%a 4 < 1107y, S (2.13)
¢=1 1 q’'=0
Here we have also used the definition of A4, and the fact that b > 2. To estimate the box-counting (Minkowski)
dimension of >, we note that for every ¢ > 0, the set X1 is covered by B (@) which itself consists of disjoint intervals
of length 57,. Due to (2.13), the number of such intervals is at most

__°R
T109)\, 577 (57,) !
By (2.12), and the super-exponential growth of A\, we conclude that
log(T') 4 qlog(10) — g2y log (Ag) — log(57¢)

dimpex (X7) < lim

q—o0 —log (57)
b
= 1 — llm —% log ()\qil)
g—o0 —log (4)
SRb ER
=1- <l-—x<1. 2.14
8(b— 1)(7 + /s + Bb) 61 @19

This implies that 27 also has box-counting dimension strictly less than 1.

4Observe that this condition is consistent with property (i) and the definition 79 = 7/15.
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Proposition 2.1 (Main Iteration Proposition). There exists a sufficiently small parameter cp = eg(a, b, 8) € (0,1)
and a sufficiently large parameter ag = ao(c, b, B,er) > 1 such that for any a > ay satisfying the technical condition
(2.24), the following holds: Let (v, szq) be a pair solving the Navier-Stokes-Reynolds system (2.1) in T? x [0, T]
satisfying the inductive estimates (2.4a)—(2.5b), and a corresponding set G\9 with the properties (i)—(vi) listed above.
Then there exists a second pair (Vg41, IO%QH) solving (2.1) and a set G\9Y) which satisfy (2.4a)—(2.5b) and (i)—(vi)
with q replaced by q + 1. In addition we have that

1
Vg1 — vgll o < 8,51 - (2.15)

2.2. Gluing stage. The first stage of proving Proposition 2.1 is to start from the approximate solution (v, ]O%q) which
obeys (2.4a)—(2.5b) and (2.11), and construct a new glued pair (7, Rq), which solves (2.1), obeys bounds which are

the same as (2.4a)—(2.5b) up to a factor of 2, but which has the advantage that Rq =0on T3 x Blath),
Specifically, the new velocity field v, is defined as

vqa:t an Yui(x,t),

where the 7; are certain cutoff functions with support in the intervals [t;, t;11 + 74+1] (With ¢; = ¥4417) that form a
partition of unity (see (3.26) below), and the v; are exact solutions of the Navier-Stokes equation with initial datum
given by v;(t;—1) = Vg (ti—1)- Due to parabolic regularization, these exact solutions v; are C°*® smooth in space and
time on the support of 7;, so that T, inherits this C°° regularity. This is in contrast to (v, f{q), which is only assumed
to be H? smooth. Trivially, in the regions where a cut-off 7; is identically 1, T, is an exact solution to (1.3).

Observe that property (2.11) ensures that v, is already an exact solution of (1.3) on a large subset of [0, T'], namely
the 7, neighborhood of G (@), In particular if ¢;_; and t; both lie within this neighborhood, then by uniqueness of the
Navier-Stokes equation in CY H32, we have v; = v;1; = v, on the overlapping region supp 7;7;+1. Hence v, = v, is
an exact solution here. In order to single out overlapping regions where 7, is not necessarily an exact solution of (1.3)
we introduce the index set

C= {z €{1,...,ngq1}: there exists ¢ € [t;—1,t;+1 + Ty+1] With }D%q(t) + O} . (2.16)
‘We then define

Bla+t) — U (t; — 27441, ti + 37411) - (2.17)
1€C Or 1—1eC

By the discussion above, it will follow that 7, is an exact solution on the complement of Bt namely Glat1), We
prove in Section 3 below that the above defined good and bad sets at level g + 1 obey the postulated properties (i)—(iv).
In Section 3 we prove the following proposition:

Proposition 2.2. There exists a solution (vq, q) of (2.1), such that

Ty=v, on 3% gl (2.18)

and moreover the velocity field v, satisfies:
15 2 < 285 — 6" (2.19a)
10g]l s < 275 (2.19b)
15 = vgll L2 < Fg1Ag < 46;/j1 (2.19¢)
108 DN g || oo (75 27 115y S Toiy 19q+1 Ay SNV (2.19d)

and the stress tensor ﬁq satisfies:

R,(t) =0 forall te[0,T] suchthar dist(t,G0"D) < 27,4, (2.202)
HR’H S LTED Wl MR W (2.20b)
| o STRTNE N S 7N (2:200

forall M, N > 0.



2.3. Convex integration stage. In this step we start from the pair (74, Jg%q), and construct a new pair (vg1, }O%qﬂ)
with R, 1 obeying (2.11) at level ¢ + 1, and which obeys the bounds (2.4a)—(2.5b) at level ¢ + 1.

The perturbation w1 := vy+1 — v, will be constructed to correct for R,. Moreover, w1 will be designed to have

support outside a 7441 neighborhood of G (a+1) _ this ensures properties (v) and (vi) in Section 2.1 will be satisfied.

As in [5], the perturbation w,1 will consist of three parts: the principal part wffjr)l, the divergence corrector wf;)l,

(c)
and the temporal corrector w, ;.

The principal part w(p ) 1 will be constructed as a sum of intermittent jets W ¢y (defined in (4.4), Section 4.1). The use
of intermittent jets replaces the use of intermittent Beltrami waves in [5]. The principal difference of intermittent jets
from intermittent Beltrami waves is that their definition is in physical space rather than frequency space. Consequently,
intermittent jets are comparatively simpler to define and they can be designed to have disjoint support, mimicking the
advantageous support properties of Mikado flows, as introduced in [9]. We note that the intermittent variants of the
d — 1 dimensional Mikado flows found in [37, 36], lying in d-dimensional space, are insufficiently intermittent to
be used as building block for a 3-D Navier-Stokes convex integration scheme.’ Intermittent jets are inherently 3-
dimensional (in space), with the trade-off that they are time dependent. We note in passing that utilizing intermittent
jets, it is likely that the convex integration results [37, 38] on the transport equation may be improved.

In the definition of w((ﬁr)l , the intermittent jets W,y will be weighted by functions a¢):

wiy = Z ae)Wie)

where aey are constructed such that

. 2 1 . .
div ( ffjr)l ® wé’ﬁl + Rq) ~ ;&PHE’QO Z aé) Wie) |2€ | + (pressure gradient) + (high frequency error)

3
(2.21)
for some large parameter p. As is typical in convex integration schemes, the high frequency error can be ignored since
its contribution to 2,41 can be bounded using the gain associated with solving the divergence equation. The temporal

corrector wfl le is then defined to be

1
wey = — btz D aig Wil |
3

where Py is the Helmholtz projection, and P is the projection onto functions with mean zero. That is, Py f =
f—V(A~tdiv f) and Po f = f — frs f- Hence we have

div (wé’jr)l ® wé’jr)l + }glq> + atwgtll ~ (pressure gradient) + (high frequency error).

(e)

Finally, the divergence corrector w, |,

is designed such that div ( (p )1 + w((;gl) = 0, and hence the perturbation

c c t
1(1421 = wéﬁ_)l + w( )1 + wé_f_l
is divergence free.
The intermittent jets will be defined to have support confined to ~ (£ A\g41)3

((11-)1—)1 has measure ~ EHKQ Using the heuristic that qu+1 H

and length ~ f\'il In particular the support of w

should be roughly the size ‘

estimate on wé +)1 of the form

by the LP de-correlation result in Lemma 4.5 below, one would expect an L”
[wih]|,, ~ ot 2.22)

SFor Navier-Stokes in dimensions greater than 3, they are however applicable, as demonstrated in [36].
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Indeed we will prove estimate (2.22) for p = 2 and prove a slightly weaker estimate for 1 < p < 2 (see Proposition
4.4). Utilizing (2.22), one may heuristically estimate the contribution of (—A)“w () to the new Reynolds stress Rq4 1

Wat1
|—1 (—A) (P) H (p)

A R S PR

[
with p > 1 arbitrarily close to 1. Here we see the necessity of the 3-dimensionality of the intermittent jets.

In order to ensure that an identity of the form (2.21) holds, the cylinder supports of the intermittent jets will be
shifting at a speed ¢, A\g+1p. Heuristically, one would then expect that in order to ensure that the contribution of
atw((ﬁr)l to }D%QH is small, one would need to impose an upper bound on the choice of p. One then needs to choose
w carefully in order to balance different contributions to the Reynolds stress error. Explicitly, we will define the
parameters p, £1 and £ by

VA4l 2001 a0a_1s
= T, £y = )\q+124 and EH = )\q+1 R (2.23)

With these choices, we have
O < < A

since o < 5/4. For technical reasons, we will require that A\;+1¢; € N. This may be achieved by assuming that

25—20«

a z eN, (2.24)

where we recall that we have previously assumed that b € N.

2.4. Proof of Theorem 1.5. Let u(") and u(® be two zero mean solutions of the Navier-Stokes equations (with
different, zero-mean initial data), as in the statement of the theorem. Also, let b, 3, €r, and aq be as in Proposition 2.1.
Letn: [0,T] — [0, 1] be a smooth cutoff function such that 7 = 1 on [0,27/5] and n = 0 on [37/5, T).

Define

vo(z,t) = n(t)u™ (z,t) + (1 — n(t)u® (z,t).
and
Ry = 9 R(u® —u®) —n(1 = n)(u® — u@)@u® —u@), (2.25)

where a®b denotes the traceless part of the tensor a ® b, and R is a standard inverse divergence operator acting on
vector fields v which have zero mean on T? as

(Ro)* = (9 A7 0" + 9y A™10P) — % (ke + OkOA™Y) divA~to (2.26)

for k,¢ € {1,2,3}. The above inverse divergence operator has the property that Rv(z) is a symmetric trace-free
matrix for each € T3, and R is an right inverse of the div operator, i.e. div (Rv) = v. When v does not obey
Jps vdz = 0, we overload notation and denote Rv := R(v — [rs vdx). Note that that VR is a Calderén-Zygmund
operator, and that R obeys the same elliptic regularity estimates as |V|~*.

Observe that the pair (vo, fio) obeys the Navier-Stokes-Reynolds system (2.1), for a suitable O-mean pressure scalar
po which may be computed by solving a Poisson equation Moreover, let ag, 8 and b be as in Proposition 2.1. Then
choosmg a > ay sufficiently large, the pair (vq, RO) satisfies (2.4a)-(2.5b). From the definition (2.25), it follows that
Ry is supported on the interval [27/5, 3T /5]. Since by definition G(©) = [0,7/3] U [27/3,T] and 79 = T/15, we obtain
property (2.11).

For ¢ > 1 we inductively apply Proposition 2.1. The bound (2.5b) and (2.15) and interpolation yields

1 !
Z [vg11 = vgll o S Z vt = vgll 12" lvgstll s + logll )"

3-8’ ap’

oo
_ﬁ |
S Z)‘q+1 ° qurl
=0

<1

~ )

for0 < g’ < where the implicit constant is universal (independent of a). Hence there exists

515
v:= lim v, EHB

q—r o0
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Since H]Q%q
that v is a weak solution of the Navier-Stokes equation. Moreover, as a consequence of properties (i) and (v) from
Section 2.1 and the definition of vy we have

v=uY on [0,7/, and v=u® on [2745T].

L 0 as ¢ — o0, and since v, — v also in Lf"L“BW for some 3" > 0, it is straightforward to show
L

The argument leading to (2.14) implies that the singular set of times of v has box-counting dimension (and hence
Hausdorff dimension) less than 7 /64. Finally, the claimed CP W }1+5 " regularity on v, for some 3" > 0, follows from
the maximal regularity of the heat equation (fractional heat equation if o > 1), once we note that ||Pz (v @ v)|| ;1457 S
Hv||§{g/ if 3" is chosen suitably small. The theorem then holds with 3 = min{3", 3’,sr/64} > 0.

3. GLUING STEP

3.1. Local in time estimates. It is well-known Navier-Stokes equations are locally (in time) well-posed in H?3, which
is a scaling subcritical space. Moreover, away from the initial time, parabolic regularization takes place. We summarize
these facts, in version that is suitable for the applications in this paper.

Proposition 3.1. Ler vg = v|i—¢, € H3(']T3) have zero mean on T3, and consider the Cauchy problem for (1.3) with
this initial condition. There exists a universal constant ¢ € (0, 1] such that if t1 > tg is such that

c
0<tyi—to < 7, (3.1
l[voll grs
then there exists a unique strong solution to (1.3) on [to, t1), and it obeys the estimates
2 h 2 2
sup [Jo(®l3+2 [ o) dt < ol (3.22)
t€to,t1] to
sup |[[v(t)[[ g < 2{voll s - (3.2b)
tE[to,t1]
Moreover, assuming that
c
0<t;i—tg < — (3.3)
[voll s (1 + [[vollp2) 2T
we have that
N y
sup [t —to| 22T |0} DY u(t)|| o S Hlvol s (3.4)

te(to,t1]

forany N > 0 and M € {0, 1}. The implicit constant may depend on o, N, M.

Proof of Proposition 3.1. The energy inequality gives a global in time control on |[v(t)]| ,.:

5 12 < Il
From the Gagliardo-Nirenberg-Sobolev and the Poincaré inequalities, and using that V - v = 0 we obtain
Ld o 2 2 2 3
3 gz 1ol +llollFrasa S Mol VOl + 10l g [AVILa S 0l

which gives the bound (3.2b) for a time interval [to, ¢;] with ¢; that obeys (3.1). The bound (3.2b) is subcritical, in the
sense that an L° H? a priori estimate is sufficient to establish the uniqueness of the solution. The higher regularity
claimed in (3.4) follows from the mild form of the solution

t
v(t) = e~ (tto)(=2)% 0 4 / e~ =) (=2 P iy (v(s) ® v(s))ds, (3.5)
to
and properties of the fractional heat equation which may be derived from Plancherel.
Let us first focus on the case M = 0. For o = 1, estimate (3.4) is well-known, and follows from the instantaneous
gain of analyticity of the solution [14], or a small modification of the below argument. For a@ > 1 we briefly sketch
the argument. Using Gallilean invariance, let us only consider the case ¢y = 0. From the inequality

1/2 1/2 1/2 1/2
o)l s S Nl 0] oo 4 el oo 110l s S Nl g I35 10l e+ Nl Nl 32 W0l s (3.6)

9



the formulation (3.5) and the boundedness of the Leray projector Pz on L2, we obtain

t
L S —t(— L 2 —(t—s)(—A)> 3/2 /2
35 | Du(t)] s < t3 | De! ol 3 [P0 ol o) 12 s
3 1 ds
S leoll s + 425 ool 73 1eoll / o)t
0o (t—s)a

L 1
S lvoll s (1477 flooll % llvoll )

< loollyzs (14755 ooll 5 1uoll 35 )

from which (3.4) with N = 1 and M = 0 follows in view of (3.3). In order to treat the case N > 2 and M = 0, we
first note that for 1 < n < N — 1 by induction on N we have

[D™"(v @)l s S ) ||D?v @ D" 0|

-

<
I
o

n— 1/ n—j 1/
1D ] s [P0l g (|97 22

A
NE

<.
I
o

3
w

P70 12 ol 1773l 4+ D" D% el 5 o £

”Hm

n— 1 1 1 n 1 1
+HD Lol o D0l [0l 5 1[0l 3 4+ 1D 0l s 1ol 5 lloll 2

11/6

[

<||vo||H3t A 4 ool b 32 ool s
+ llvoll s £33 flooll 3 + loll 7 35 [luoll /2
< llooll 5t % (ol 2 35 + fluoll2)
Using the above estimate with n = N — 1 we obtain that

DYoo) < 05 et

t
+t%/
t/2

i
+t%/ 2HDN+1ef(tfs)(fA)"
0

L2412 l[voll g

D2e—(t=5)(=A)

A AR COETIE)] [

Lo o 10(5) @ 0(8) s ds

3 llvoll 2 535 + Jlvoll /3 v [P ds
< llvoll s + 3% JJwo] /2/ e~ TN st [|uol| 7 [lvoll fa — %
t/2 (tfs)as 2o 0 (t*S) o

5 _ 1 1 1
S lvoll s (1435 oo | 1 + 177 [lool1 3 llvoll 3 )

from which (3.4) follows in view of (3.3).

To obtain the desired bounds for M = 1, let us consider the case N = 0 first. Using the equation, the already
established bounds for M = 0 and NV > 0, the Gagliardo-Nirenberg-Sobolev inequalities, and the fact that the Leray
projector is bounded on L2, we have that

00 () o < t]I(—A)0(t >||Hs F V) | g 0153 0@ + o178 0@ s o) g
3 1 11 1
< Nlvoll s + 172 [lvoll753 l[voll fa + ¢ [[voll 5 lvoll /s

and the desired bound follows from the assumption (3.3). The remaining cases N > 1 are treated in a similar manner,
using the Leibniz rule. We omit these details. ]

3.2. Stability estimates. In this section we estimate the difference between an approximate solution v, and an exact
solution of the Navier-Stokes equation. Let R be the inverse divergence operator defined in (2.26). The main result is:
10



Proposition 3.2. Fix o € [1,5/4) and an integrability index py € (1,5/4). Assuming the parameter & is sufficiently
large, depending on py, the followmg holds.

For ¢ > 0, assume that (v, R q) isa C’OH3 smooth solution of (2.1) which obeys the estimates (2.4a)—(2.5b). Let
to € [0,T) and define

Vo ‘= Uq|t=t0-
Assume that t1 > g is such that [to, t1] C [0,T] and
0 <ty —to <85 A" 3.7)
Then, in view of (2.5b) and Proposition 3.1 there exists a unique CY H> smooth zero-mean solution v of the Cauchy
problem for (1.3) on [to, t1], with initial datum vy. We claim that there exists a constant C' = C(pg, ) > 0 such that
for any p € [po, 2], we have that

I0(8) = g0l < Clt = tol 19U [, (3.8

Ro(t) — Rug(1)||,, < Clt —t HR H 3.8b
[Ru(t) — Rug(t)]l, |t — tol Lo (fto 4217 (3.8b)
holds for all t € (to, t1].

In particular, letting
po =1+ 3—2 € (1,5/4), 3.9
from the bounds (3.8a)—(3.8b) we obtain the following stability estimate:

Corollary 3.3. Fix « € [1,5/4). Assuming that a > 1 is sufficiently large, depending only on eg, and if t1 € (to, T
obeys (3.7), then we have the bounds

1o = Vgll poo (tg 322y < [t = TolAg (3.102)
—3
[R(v = 0a)ll oo (10,413:21) < T2 — TolAq AR (3.10b)

Proof of Corollary 3.3. We show that estimates (3.8a)—(3.8b) imply the bounds (3.10a)—(3.10b). Recall the stress ]D%q

has zero mean. For p € (1,2] and § € [0, 1] by interpolation we have the inequalities || |V|5f||Lp ||f||1L;7 ||f||W3 .

1 1
and || fl .. S IfI7s ||f||1L,X,” Moreover, since H®> C L™ and H? C W3P, we obtain the Gagliardo-Nirenberg-type
inequality
1= 1 4

. with  y=-— 2. G.11)

Uas p 3p

o], =

The implicit constant depends only on p and 6.
In order to prove (3.10a), we use (3.8a) and apply estimate (3.11) with § = 1 and p = 2. We obtain from (2.4a)—
(2.4b) that

A;(%+%)

m\»a

[191%]| , S O=r0,1)4 :
from which estimate (3.10a) follows, since d441 < >\1, and /3 is sufficiently small. The leftover power of A\, may be
used to absorb any constants.
Similarly, in order to prove (3.10b), we use (3.8b), the bound (3.11) with § = 0 and p = pg, and the embedding
LPo C L', to obtain
] = |

(A “8031) 7 (N]) %5

e 1 o-y o=l
()‘q Og+1) 70 Ag

R —1
A;%ERéqH ()\q— = (5q+11)\5R+7) >

)\ ZsR5q+1/\ =B 4 (po—1)(e r+7+28b)
)\

Il A

w

IN

ER(S - 4'+8(p0—1)
g+1A :

IN
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In the last inequality above we have used the definitions of §,41 and Ay, and the fact that py > 1. Estimate (3.10b)
follows from the assumption (3.9) on py, upon using the leftover power of A\, to absorb the implicit constants. |

Proof of Proposition 3.2. For simplicity, by temporal translation invariance it is sufficient to consider the case ¢y = 0.
In order to prove (3.8a) we let u = v, — v and ¢ = py — p. Then divu = 0, u|t=o = 0, and u obeys the equation

Ou+ (—A)%u :IF’diV]:Zq —Pdiv(v®@u+u®uvy,), (3.12)
where PP is the Leray projector. Then, since u(0) = 0 the solution of (3.12) may be written in integral form as
t . i
u(t) = / e~ =) =8 Py (Rq —VQuU—uU® vq) (s)ds. (3.13)
0
Next, we use that that for p € [1,2], ¢t > 0, and any periodic function ¢ of zero mean we have that

e 27| S 9l (3.142)

« 1
Hve*“*A) ¢>H < = (3.14b)
e ™t

where the implicit constant only depends on a.. These estimates follow from L! bounds for the Green’s function of
the fractional heat equation. We will also frequently use the Gagliardo-Nirenberg estimates

IVl e < 6l 5 Il (3.15)
6]l e < Nllf2 ol L (3.15b)

which hold for zero-mean periodic functions ¢.
We return to (3.13) and obtain that

ds

Lp

t
()| o < / He_(t_s)(_A)a]P’div (Rq —VRQU—uU® vq> (s)‘
0
+

¢
S / P
0 Ly (t —s)za
¢ ) 1
<o [ |l + —+
SR, s
for a suitable constant C'; > 0 which only depends on py, since p € [pg,2] and « € [1,5/4]. Next, we claim that if
ty > 0 is chosen sufficiently small, depending on ||v[| ;. and ||vy]|; ., then we have

V| Ry(s)

(v ®@u+u®uvg) (s)ll L, ds

()l Loe + 0g($)ll oo ) u(S)]l o ds, (3.16)

¢ p<20t“vé H forall ¢ e (0,ty]. 3.17
Ol <26 VIR, foral e 6.17)

This estimate follows from Gronwall’s inequality, using the following bootstrap argument. Assuming that the bound
(3.17) holds, we claim that the same estimate holds with the constant 2C replaced by the smaller constant 3C /2.
Indeed, inserting (3.17) in (3.16) we obtain

(e 11 ' sds
L <3ty (o)l oo + llvgll o) +
QOltH|V|R H 0 (t—s)z
L ([0,t1]:L?)
<2+ 2 (ol + o) (3.18)
-2 2a-1 Lee Lo/ )

Thus if we ensure that

1

- 3.19
ST (3.19)
then (3.18) shows that (3.17) holds with constant 3C /2, as desired. However, by (3.15b) we know that

oll g + Nl e < €1 (0173 1015 + el 3 gl )
for some universal constant C; > 0, and further, using (2.5a), (2.5b), (3.2a) and (3.2b), we obtain that
1ol g + el e < C1 (Jlvoll 5 (2 looll )7 + o3 llvgll 3 ) < 4C18"AZ.
12
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To conclude, we use (3.7), which shows that the left side of (3.19) is bounded from above by
14\ Llpa=tl 1 1 _a-1 1 1
A6y A 2T 40150/4A3 = 16016, /4(50A3) <1606, 1t < T

by letting a, and hence dy, be sufficiently large. Here we have used that o > 1, and that Jy, A, > 1. Thus, we have
shown that (3.17) holds.
In order to prove (3.8b) we denote

z=A"teurlu.

Note that since divu = 0 we have curl z = —u, and using the Calderén-Zygmund inequality we have | Ru(t)| ., <
|z(t)||;». Thus our goal is to obtain LP estimates for z(t). We apply A~'curl to the equation obeyed by w (it is
convenient to rewrite (3.12) without Leray projectors, and add a pressure gradient term, which is then annihilated by
the curl operator) and obtain

Oz +v-Vz+ (—A)%
= A~ teurldiv R, + [A™Yeurl v - Veurl z + A™eurl (curl z - V)
= A~ tcurldiv ID%q + A~ ewrldiv ((z x V)v) + A7'Vdiv ((z - V)v) + A eurldiv (((z x V)vg)'). (3.20)

For the last term on the right side of in (3.20) we have used the identity
(curlz - V)v, = div (((z x V)vy)T) |
which written for the i*" component is
((curl z - V,)* = ejklakzlajvé = 8k(ejklzl8jv;) - ejklzl(’?jakvf] = ak(ekljzlajvf]) =: O ((2 x V)uy)k.

Here we used that the transposition of two indices in €, results in a (—1) factor. Moreover, we have also spelled out
the commutator term on the right side of (3.20) as

[A™ curl,v - V]eurl z = A curldiv ((z x V)v) + A™'Vdiv ((z- V)v) ,
which written for the i*” component is

([A " curl, v - Vlcurl z)l = €k AT10; (VO (curl 2)F) + v 0y 2!
= eijkeklnAflaj (V™0 012"™) + V™ O 2
= —eijkekln&lajam (O™z") + eijkeklnAflajal (V"0 2") + VO
= Afleijkaj (€kniOm (O™ 2")) — eijkenlkAflajal (V™0 2™) + 0Oy 2
= A_leijkﬁj (Om (€xniz™Ow™)) + A_laian(vmﬁmz")
= A716j50; (O (epniz™0v™)) + A710; 0, (2" 0y ™)
Here we have also used that €;;, = 0 if two of the indices 4, j, or k repeat, and that €;;1€pn15; = 0301 — 04105, Where
the 9’s refer to the Kronecker symbol.

Using (3.20), upon placing the v - Vz = div (v ® z) term on the right side, and using that z(ty) = 0, the solution
to (3.20) may be written in integral form as

t
2(t) = /o e~ (t=8)(=4)° (A‘lcurldiv ]D%q + A ewrldiv (((z x V)vg)') —div(v ® z)) (s)ds

¢
+/ e~ (t=8)(=A)" (A~ ewrldiv ((z x V)v) + A™'Vdiv ((z - V)v)) (s)ds. (3.21)
0

13



From (3.14a)—(3.14b) and the boundedness of Calderén-Zygmund operators on LP, similarly to (3.16) we conclude
that

150 < /

+ (- V)v) (s)]| . ds

Ry(s)|| | +11(G % 9)e) (5)] + 10 ® 2)(5)ll g + 112 % T)0) ()]l

(t—s)z=

t t
: ECIE
<[, # G (vl 1901 [ (6l + €1 ol [

(3.22)

Le=([0,t1];L7)

where C; depends only on pg and «, since p € [pg, o]. Next we claim that if ¢, is chosen sufficiently small, then

< ; ) )
I2(t)]l ., < 201t HRqHLOO(O,tl;LP) forall ¢ e (0,1 (3.23)

The argument is similar to the one for the bound for u(t), so we only sketch the details. Let us assume that (3.23)
holds. Then from (3.22) we obtain

21l Lo

<
o —

+t (| Vogll oo + IV0]| o) + 261725 [0 e - (3.24)

1
2
Lo (0,t1;LP)

Therefore, if we ensure that ¢; is small enough so that

, (3.25)

o] =

1— L
t1 (IVvgll oo + IVUll ) + 81 7 JJ0ll e <
then (3.24) implies that

12Ol Lo

. <
sl

1 2 1

2 + 5 <

Lo(0,t1;LP)

which shows that the bootstrap assumption was justified, and thus (3.23) holds on [0, T']. Denote by C the universal
constant in the Gagliardo-Nirenberg inequalities (3.15a)—(3.15b). By also appealing to (2.5a)—(2.5b), (3.2a)—(3.2b),
and our assumption (3.7) for ¢;, we obtain that the left side of (3.25) is bounded from above by

5 ol 5 ol S S ERTE
Cutr (JlogllFs lvallfs + 0052 ol ) + Coti 7 ol vl

(a—1)

L0 lyfle-l) 1 9
SACIESTENG +2CutE T 532

112 _1 PIENCES) _1 1
<4018 P A * 2016, T (doA;)” 2 < 6C10, * < £
once we ensure that a, and hence ¢y is sufficiently large. This concludes the proof of (3.23). (|

3.3. Proof of Proposition 2.2. We first define a C'>° smooth partition of unity {ni}?:qgl, such that 0 < n; < 1, and
with
Ng+1

Z ni(t) =1, for every t € [T/3,2T/3). (3.26)
=0
Denoting
t; = 19q+1i,

this may be achieved by letting n; also have the following properties:

() m; has support in [t;, t;+1 + Tg4+1]
(ii) m; is identically 1 on [t; + Tg41, tit1]
(iii) n; satisfies the estimate

108 1| e S T 3.27)

where the implicit constant is independent of 7,41 Y441, and 4.
14



As a consequence of the above properties, we have that 1;1; = 0 whenever |i — j| > 1, and

supp (mini—1) C [ti, ti + Tg11] -

Having constructed the partition of unity {n; }.%J", we next construct exact solutions v; of the Navier-Stokes equation

for suitably defined datum.
For every 1 < i < n,1; we define v;(x,t) to be the unique smooth solution of the Cauchy problem for Navier-
Stokes equation (1.3) with initial condition equal to v, at ¢;_1:

Opv; +div (v; ® v;) + Vp; + (—A)%; =0 (3.28a)
dive; =0 (3.28b)
Ui(ti—l) = Uq(ti—l) . (3280)
In view of (2.5a)—(2.5b), and Proposition 3.1 this solution v; is uniquely defined and obeys the estimates
s ()]l 2 < llvg(tiz)ll e < 28¢° — 8,2 (3.29)
s ()]s < 2 llvg(ti-1)ll s < 2 (3.29b)
[t — tio1 |25 M| OM DN v ()| s S A (3.29¢)

forall N > 0, M € {0,1} and all

C

t>ti_q such that t—t;_1 < n (3.30)

C
<
ANSS® T XKL + 26,7

where ¢ € (0, 1) is the universal constant from (3.3), and o > 1. Note that the definitions (2.3), (2.7), and the fact that
£ < 1, imply that

38
PR R UL S RN SV
TETONT T NG, A T MG A2 T Meo

(3.31)

Therefore, assuming that 6y = /\?B Ao
we have that

20 > )\g is sufficiently large, depending on the universal constant ¢, by (3.31)

_°
816,

which is consistent with (3.30). Therefore forall 1 < i < n44 the exact solutions v; (z, t) are smooth and well-defined
forallt € (t;_1,t;12] D sup(n;). Moreover, since

3'lqurl <

t € supp (1) = Vgp1 <t —ti_1 <3041,
from (3.29¢) we obtain the bound
N
sup  [|OMDNv;(t)]| e S AR TN, for 1< <ngpa, (3.32)

tesupp (1)
where the implicit constant depends only on N > 0 and M € {0, 1}.

At this stage we glue the solutions v; together in order to construct (T4, R,). We define the divergence-free (note
that the cutoffs 7); are only functions of time) velocity and the interpolated pressure as

Ng+1

Tg(z,t) = > mi(t)vi(x,t), forall te [T/3/2T/s], (3.33a)
=1

Tq+1

P (@, t) = Y miOpi(at), forall ¢ € [1/3/27)s],
i=1

where p; is the pressure associated to the exact solution v;. Also we let
Ug(z,t) = vg(z,t) = vo(x,t), forall te[0,7/3]U[2T/3,T], (3.34a)
;T?gl)(x,t) =pg(z,t) = po(x,t), forall te[0,T/3)U[2T/3,T].
Here we have used that [0, 7/3] U [27/3,T] = G(9), and the inductive assumption (2.10).

Having defined v,, we next prove that (2.18) holds. Fort € G () this holds by construction. In view of (3.26),

it suffices to show that if for some i € {1,...,n441} we have t € supp (7;) N G, then v;(t) = v,(t). For
15



this purpose recall by (2.5b) and (2.11) that v, is a strong solution of the Navier-Stokes equation for all ¢ such that
dist(¢, G (‘1)) < 7,4. Moreover, v; solves the Cauchy problem (3.28), so by the uniqueness of solutions in C H? of the
Navier-Stokes equation, we only need to ensure that dist(¢;_1, g<q>) < 74. This follows from the fact that ¢ € G,
and 0 < t —¢;—1 < 3Yg41 < 74 The last inequality trivially holds by (2.7) and (2.8) for ¢ > 1, and by taking a
sufficiently large for ¢ = 0. Thus, we have proven that (2.18) holds.

At this stage we show that the set B(4+1) defined in (2.17), and hence implicitly G4+ = [0, 7] \ B+, obey
properties (ii)—(iv) with ¢ replaced by ¢ + 1. In order to prove (ii), assume that t € G(9) N (t; — 2741, t; + 37441), for
somei € {1,...,n441}. Dueto (2.11) we know that }olq(t’) = 0forall [t—¢t'| < 7,. Since 7, > 20441 +37441, which
holds by (2.7) and (2.8) ¢ > 1, and by taking a sufficiently large for ¢ = 0, we obtain that ]o%q =0on [t;—2,tiy1+74+1]-
Hence, by the definition (2.16) we have that i,7 — 1 ¢ C. Thus, t ¢ BT and so t € G4t as desired. Property (iii)
holds by definition (2.17), since 7,41 is much smaller than ¥, . In order to prove property (iv), we need to estimate
the cardinality of the set C defined in (2.16). By definition, if ¢ € C, there exists ¢ € [t;_1,%;41 + T4+1] such that
R,(t) # 0, and thus by property (2.11) we have dist(t, G(?) > 7,. Therefore, B > (t — 74, t +7,) D [ti, ti1]- By
the pigeonhole principle we obtain that

card(C) < 5] .

1911+1
Estimate (2.9) at level ¢ + 1 then follows from (2.17).

At this stage we remark that property (v) will also hold at the end of the convex integration stage. For this purpose,
we remark that in the convex integration stage we do not add a perturbation to the solutions on the good set G(4t1) >
G ie. vyy1(t) = 1,(t) for t € G4t 5 G@, Assuming for the moment this feature of our construction, property
(2.18) established above and the inductiveo (2.10) show that (2.10) holds at level g + 1.

We now derive the formula for supp R,. Note that on [0,7/3] D [to,t2] and on [27/3,T] D [t
have that ¥, = v, is a smooth solution of the Navier-Stokes equation, and hence automatically

Mg —1s g | We

o

Rq - 0 on [tO, t2] U [tnq+1—17 tnq+1] .
For i > 2, on the interval [¢;, ;1 1] we have
Vg = (1 = ni)vic1 + niv;
Y = (1= ni)piz1 + mips
and similarly to [4, Section 4.2], we obtain
8T + div (T, ® T,) + (—A)*Ty + VB
= (1 = 1;)0¢vi—1 + 1:0pv; + Opmi(vi — vi—1)
+ (1 — nz)leV (Ui,1 X Uifl) + 7712le (’Ui X Ui) + 771(1 — nl)le ('Ui,1 4 V; + V; X Uifl))
+ (1 =) (=A)*vi—1 +0i(=A)%v; + (L — 1) Vpi—1 + 1:Vp;
= atm(vi — Ui—l) — 77,'(1 — ’f]i)diV ((1}1 — 'Ui—l) X (Ui — Ui—l))~ (3.35)
We observe that v; — v;_1 has zero mean because the exact solutions of the Navier-Stokes equations v;, v;_1 preserve
their average in time, and v, has zero mean by assumption. Hence we can apply the inverse divergence operator R to
v; —v;—q and fori € {2,...,ny41 — 1} define the symmetric traceless 2-tensor
Rq = 8{!7172('[}1 — ’02'71) — 771(]- — 'I]l)(’l)l — Uifl)é(Ui — ’Uifl) s for all te [ti, ti+1] s (336)

where we denote by a®b the traceless part of the tensor a @ b. We also define the scalar pressure

qu = Tg((]l) — 7]1(]_ — 7]1) <|U7, — '1)1'71‘2 — / |Ui — 'UZ',1|2 dx) s for all te [ti,tﬁ,ﬂ .
T3
It follows from (3.35) that the pair (7, Eq) defined by (3.33a) and (3.36) solves the Navier-Stokes-Reynolds system
(2.1) on [0, T'] with associated pressure p,.

Next, we prove that (2.20a) holds. Note that by construction we have 7, = 1 on [t; + Tg41,%:41] for all ¢ €
{0,...,m441}, and thus on these sets we have d;77; = 1;(1 — 1;) = 0. Therefore, by (3.36) we have that R,(t) = 0
whenever ¢ € [t; + Tg41,ti+1] for some 4. Thus it suffices to consider sets of times of the form (¢;,t; + 7441). If
i € Cori— 1 € C, then there is nothing to prove since by definition (2.17), dist((t;,; + 74+1), G+ > 27,41.
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Hence, consider the case i,i — 1 ¢ C. Thus by the definition of C, }D%q(t) = 0forallt € [ti_a,ti41 + Tg41]. Since
vi—1(ti—2) = vg(ti—2), vi(ti—1) = v4(t;—1), then since ]O%q vanishes on [t;_2, t;11 + T4+1], it follows by the bounds
(3.29b) and (2.5b) and the uniqueness of strong solutions to the Navier-Stokes equations that v;_; = v; = v, on
(ti,ti + 7411). Thus by (3.36) we have that Ry (£) = 0 for (£, t; + 7441).

Since in the convex integration stage we do not change the stress on the set {¢: dist(t,G*t1)) < 7,4}, it follows

from (2.20a) that éq.}rl(t) = R,(t) = 0 for all ¢ such that dist(t,G@*) < 7,,;. Thus (2.11), and hence property
(vi), will automatically hold at the end of the convex integration step.
In order to conclude the proof of Proposition 2.2, it remains to prove estimates (2.19a)—(2.19d) for v, and (2.20b)—

(2.20c) for R,.
By (3.26), (3.29a), (3.29b), and the definition of 7, in (3.33a), it follows that (2.19a) and (2.19b) hold for all
t € [T/3,27/3]. By (3.26), for all t € [T/3,2T/3] we have that

Ng+1

Tg(,t) —vga,t) = Y mi(t)(vi(, 1) — vz, 1)), (3.37)
=0

and at each time ¢ at most 2 terms in the sum are nonzero. Since v; solves (3.28), and since ¢ € supp (7;) implies that
(3.30) holds, we may appeal to Corollary 3.3, with ¢y replaced by ¢;_;, and ¢; replaced by an arbitrary ¢t € supp 7;.
Here we note that condition (3.7) is satisfied on supp (7;) due to (3.30). By (3.10a), we obtain that

sup  lvi(t) —vg(t)|| 2 < 419q+1)\2.
tesupp (1;)

Since at most two terms appear in (3.37), we may use the remaining power of )\;1 to absorb any constants, and
(2.19c¢) follows on [1/3, 2T /3]. Moreover, estimates (2.19a)—(2.19¢) hold trivially on [0, T'/3]U[2T/3, T'] by the inductive
assumptions and definition (3.34a). Thus, we have proven (2.19a)—(2.19¢) on [0, T'].

Lastly, (2.19d) follows from the definition (3.33a), the Leibniz rule, estimate (3.27) for the time derivatives landing
on the cutoff functions 7;, and estimate (3.32) for the space and time derivatives landing on the v;. Here we have used

that 7 +11 > 19;1. Thus we have established all the desired bounds for 7.

In order to prove the claimed L' estimate for E(q), i.e. (2.20b), we appeal to the definition (3.36). For the first term,
we use (3.27) and again appeal to Corollary 3.3, this time to estimate (3.10b), to obtain that

[10em: R(vi = viea)ll 1 < 10| o (”R(Uz = Y0l e supp (i) + IR Wi-1 = 00)l L (supp (m);Ll))
_3¢r
S Tqi+1119q+1)\q 4 5q+1

1 —:R
§Tq+119q+1/\q 5q+1 ’ (3.38)

IN

_cR
upon using the remaining power of \; * to absorb any constants. For the second term in (3.36), we use (3.10a) and
obtain that

. 2
[[2:(1 = mi) (v = vic1)®(vi = vie1) || 11 < N0i = Vic Lo (supp (i1 i2)
2
< 4o - U‘JHL‘”(Supp (m:);L?)
2
< (Pg41A))

1 —n
S iTqulﬁqul)\q 5q+1 . (339)

Here we have used that by 7,41 < 9441, the definition (2.7), and the fact that eg < 1, to conclude

9 <ATHS < AN TS
q+1Tg+1 = Ay g+1 > Ag g q+1 >

and using the leftover term )\;1 to absorb any implicit constants in (3.39). Combined, (3.38) and (3.39) prove (2.20b).
17



It remains to prove (2.20c). We return to (3.36). For the first term we use (3.32) and (3.27) to obtain
|0 DN (0 R (vi — vi—1)) || s

M
M—M'+1
S Z Hat i
M’=0

(HagVI/DN’Uz )+ lay/DNrUz—lH

HL""(SHPP (mi); H3 ’

Lee Lo (supp ("7i—1)§H3)>

M
_ _ _N__ AT _ N
< 2: MAM'—1y4 97 24 < —M-1y49" 34
~ Tg+1 )‘qﬂq-i-l ~ Tg+1 )‘qﬁq—i-l’
M'=0

since 7,41 < Y441. This bound is consistent with (2.20c). For the second term in (3.36), since H 3 is an algebra we
similarly obtain from (3.32) and (3.27) that

107 DN (xi(1 = x) (vs — vim1) @ (v — vi1)) || s
M
< S5
M’=0

M
N N
< —M+M' 9g—M'\8 9" %a « —M—-1y49"3a
~ E Tg+1 ﬁq-i-l >‘q19q+1 ~ Tg+1 >‘q19q+1 ’
M'=0

oM DN ((vi — vim1) ® (v — v H
t (( 1)@ ( 1) Lo (supp (xi—1xi);H?)

where we have additionally used that 7,11 < ¥4 < >\q_4, in view of (3.31).
To conclude the proof of Proposition 2.2, we note that the second inequality in (2.19d) and (2.20c), which bounds

cost of a spatial derivative by 7, +11, instead of 19;/1(2”), follows form the fact that o € [1,5/4) and 1 < 19q_+11 <7 +11.

4. CONVEX INTEGRATION STEP: THE PERTURBATION
4.1. Intermittent jets. Let us recall the following result from [9]:

Lemma 4.1. For o = 1,2, there exists subsets A, C S* N Q? and smooth functions ¢ : N' — R such that
R= ) %#B)EeE)
§€AL
for every symmetric matrix R satisfying |R — 1d| < 1/a.

For each £ € A,, let use define A¢ € S? N Q3 to be an orthogonal vector to £. Then for each £ € A,, we have that
{€, A¢, € x A¢} € S N Q3 form an orthonormal basis for R, Furthermore, since the index sets {A, }a—12 are finite,
there exists a universal natural number /N, such that

{NA&, Nadg, Na€ x Ach C NAS* NN? .1

for every £ € A,,.
Let @ : R? — R? be a smooth function with support contained in a ball of radius 1. Moreover, suppose ® is
normalized such that if ¢ = —A® then

1
yes / o (z,y) dedy = 1. 4.2)

We remark that by definition ¢ has mean zero. Define 1) : R — R to be a smooth, mean zero function with support in
the ball of radius 1 satisfying

% /1p2(z) dz=1. (4.3)

@ (2. #) v(#)

Let ¢¢, , ¢, and wg” be the rescalings

o (&)

sothat ¢y, = —EiA‘bgl, where we will assume £ , ¢ > 0 to be such that
0 <l <.

18



By an abuse of notation, let us periodize ®;, and ¢y, so that the functions are treated as functions defined on T2 and
T respectively. For a large real number X such that Al € N, we define Ve ¢, ¢/ ap ¢ T3 x R — R by

‘/(5) = ‘/£7€La‘€\\ ;>\7M(xa t)

= /\2;7/2&1/15 (NA@_)\(il’ €+ /ﬂf))@gl (NAEJ_)\(.’L' — Ozg) . AE’ NAfJ_)\(.r — Ozg) . (f X AE))E

where here aie € R are shifts that ensure that the set of functions {V, TNIPY .ute have mutually disjoint support. In
order for such shifts a to exist, we require that £, to be sufficiently small, depending on the finite sets A,.
Our intermittent jet is then defined to be

W(f) = W&»ZJ_IHJ\,M(Lt)
= Yo (NALLA(@ - §+ 1)) de, (NALLA(z — ag) - Ag, Nalid(z — ag) - (§ x Ag))E . (4.4)

From the definition, using (4.1) and £; A € N, we have that T, has zero mean, and W) is (T/el,\)?’—periodic.
Moreover, by our choice of a, we have that the T,y have mutually disjoint support, i.e.
Wiy @ Wien =0 whenever £ # & € Ugeqro1Aa - 4.5)

Note that the intermittent jets W) are not divergence free, however assuming £, < /) then they be corrected by a
small term, such that the sum with the corrector is divergence free. To see this, let us adopt the shorthand notation

Vo) = Yeoy oy apm = Yo (NAlLA (T - § + pt)),
q’(&) = Peoy = Po (NAlLA(m — ag) - Ag, Nali Az — ) - (€ X Ag))

Do) 1= berag = o (NALLA(z — ag) - Ag, NalL A — ag) - (€ X Ag)) .-

and compute

curlcurl Vigy = W) + )\2N2 ———curl ( yeurl (w(g)g)) )\2N2 Vipey x curl (¢(§)§) 4.6)

=0 (c)
Wie

Thus
div (W(g) + Wég) =0.

Moreover, so long as /; < /) then W((g)) is comparatively small compared to W ). Observe that as a consequence of
the normalizations (4.2) and (4.3) we have

][]1*3 W(g)(.%’) ®W(§)(CL') dr =£6QRE.

We also note that by definition W) is mean zero. As a consequence, using Lemma 4.1 we have

> (R £, Wie (@) © Weg ) da = R, 7

§€AG

for every symmetric matrix R satisfying |R — Id| < !/2. By scaling and Fubini, we have the estimates

M
v ol 6 (42) (42) @
Il I
IVY @)l + 1V el o S €7 7IAN 4.9)
M
[V¥0M Wig ||, + 2 VX0 Vig ||, < €L AN (K;j“) 7 (4.10)

where again here we have assumed
gttt <

Finally, we note the essential identity

. 1
div (Wiey @ Wig)) = 2(W(e) - Vibe)) )€ = ;(b%f)atu}?&)f’ (4.1
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which follows from the fact that by construction we have that W, is a scalar multiple of £,

(6 Vbie) = 00w
and ¢ (¢ is time-independent.
4.2. The perturbation. In this section we will construct the perturbation wq .
4.2.1. Stress cutoffs. Because the Reynolds stress ﬁq is not spatially homogenous, we introduce stress cutoff func-

tions. We let 0 < Xo, X < 1 be bump functions adapted to the intervals [0, 4] and [1/4, 4], such that together they form
a partition of unity:

Xew)+ D Xiy) =1, where Xi(y) =X(4""y), (4.12)
i>1

X(i)(@,1) = Xig+1(2, 1) = Xi <<RQ(“)>> (4.13)

Ay 0

for all i > 0. Here and throughout the paper we use the notation (A) = (1+|A|?)'/2 where | A| denotes the Euclidean
norm of the matrix A. By definition the cutoffs y ;) form a partition of unity

Y oxiy=1 (4.14)

i>0

for any y > 0. We then define

and we will show in Lemma 4.2 below that there exists an index imax = imax(q), such that X)) = 0 for all 7 > 7max,

and moreover that 4%mex < 71

4.2.2. The definition of the velocity increment. Recall that from Lemma 4.1, the functions 7y are well-defined and
smooth in the 1/2 neighborhood of the identity matrix. In view of (4.13), this motivates introducing the parameters p;
by

pi = Ay 5142 forall >0, (4.15)
which have the property that
[Rql _ 1 .
< 1 on the support of  x(;, forall i>0.
Pi
As such, for ¢ > 0 we define the coefficient function a¢ ; 441 by
. R,(x,1)
U,(g) = a,g.’i,q%_l(x,t) = H(t) pi/z Xi,q-f—l('r’ t) ’7(5) (Id - qp) s (416)

where 0: [0,7] — [0, 1] is a smooth temporal cut-off function with the following properties:
(i) 6(t) = 1 for all ¢ such that dist(¢,G7+Y) > 27, ;.
(ii) 6(t) = 0 for all ¢ such that dist(¢, G@+D)) < 7,4 ;.
(iii) |0llon S 7 ff , where the implicit constant depends only on M.

To see that a choice for @ with property (iii) holding is possible, recall from (2.17) that the bad set B4t consists of
a finite disjoint union of intervals of length 57,4 1. From the first property above and (2.20a), we conclude that

o

t € supp (R,) implies 6(t)=1. 4.17)
From the second property above we further obtain that
t € supp () D supp (a)) implies dist (¢, GU)) > 7,41 (4.18)
We note that as a consequence of (4.7), (4.14), (4.16), and (4.17) we have
> D afy ][ Wiey @ Wigyde = 602 pix(yld — Ry, (4.19)
i>0 £€A ;) T3 i>0

which justifies the definition of the amplitude functions a ¢). Note that & = 1 on the support of x ;) for any 7 > 1.
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By a slight abuse of notation, let us now fix A\, o, ¢ , €||, and p for the short hand notation W¢), Vi¢), @(¢), (;5(5) and
(¢) introduced in Section 4.1:

W(&) = W&v£La£\\:>‘q+17M7 V(E) = ‘/%:ZL7€||7)‘(1+1:N’
Yoy = wE,h,Z”,)\qH,#, Q) = Peo A A D) = Doy Ay

where £, /), and y are defined in (2.23). Importantly, we have from (2.24) that A1 1¢, € N which ensures the
periodicity of We), Vi), ®(¢), () and 1(¢). Observe that as a consequence of our parameter choices we have the
useful inequality

5—4a
u‘léilgilh =M <1, (4.20)

for all & < /4.
The principal part of wq1 is defined as

wi =373 ag Wi, @.21)
1 EEA®)

where the sum is over 0 < i < ipax(q). Here we write Ag;y = Ajmod2. Note that [ — j| > 2 implies x;x; = 0 and
§ # ¢ implies W) ® Wi¢y = 0. This implies that the summands in (4.21) have mutually disjoint supports. In order

to fix the fact that wt(fg 1 1s not divergence free, we define an incompressibility corrector by
© ._ 1
wyly =) Y ewl (Vag x Vi) + 3732 V (a@te) x el (Se)€) | (4.22)
7 EGA(“ g+177A
so that by a similar formula to (4.6)
wéﬁ_)l + wéjzl = Z Z curl curl (ae)Ve)) , (4.23)
i EEA®)
and thus
div (wé’fl + wIS?l) =0.

In addition to the incompressibility corrector “’5121’ we introduce a temporal corrector wﬁl, which is defined by

w __1 2 42 2
Yot = D D PuPx (%)‘f’(@@”(f)f) : (4.24)
i EEA®)
Finally, we define the velocity increment wg41 by

wepr = wy +wl) )y (4.25)

which is by construction mean zero and divergence-free. The new velocity field v, ; is then defined as
Vg1 = Vg + W1 - (4.26)
Observe that as a consequence of (4.18) we have
t € supp (wgy1) implies dist(t, GY) > 7,5 (4.27)
Hence vg41 = v, 0n G (¢+1) which we recall was required in Section 3.3 to deduce property (v) of Section 2.1 for

G(a+1) Moreover, property (vi) also follows as a consequence of (4.27) and (2.20a).

4.2.3. Estimates of the perturbation. This section closely mirrors [5, Section 4.4], and thus we omit most details where
the estimates/proofs are mutatis-mutandis those from [5]. There is an analogy between the mollification parameter ¢
in [5] and the time-scale 7, ; in this paper, in view of parabolic smoothing.
First, similarly to [5, Lemma 4.1 and 4.2] we state a useful lemma concerning the cutoffs X(4) defined in (4.13),
summarizing their size and regularity:
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Lemma 4.2. For q > 0, there exists imax(q) > 0 such that
X@) =0 forall @>inyax. (4.28)

Moreover, for all 0 < i < iyax We have that

)\541de < 7'q_+21 , (4.29)
and the bound
Z P, V29— < AT sR/le(Sq/jl (4.30)
holds. Additionally, for 0 < i < ipax we have
Xl 5277 (4.31)
I llon, S 7ot (4.32)
forall N > 1, where the implicit constant only depends on N.
Proof of Lemma 4.2. The existence of i,,,x follows as a consequence of the bound
5 8
HR,,HLOO <8 (4.33)

The bound (4.33) follows from (2.20b)~(2.20c) and the Gagliardo-Nirenberg inequality |||~ < [IfI/2 172
which holds for any zero-mean periodic function f € H?, and the definition of 7,1 in (2.8), and the fact thatep < 1.

Indeed, we have
|7

and the remaining power of A\, o may be used to absorb A, /"~ and the implicit universal constant.
The first bound expressed in (4.29) follows from the deﬁnition of p; in (4.15), the fact that by (2.3) we have

—€R/4

—cRr/a Vs 23 [\ _- 1/ . 1 /3 i )
< (W 0en) ()" = (N R/4§q+1> (nr* R/45q+{2,\4> = AR

cR/12

5q+1 < )\1 , and the fact that a may be chosen sufficiently large to ensure that 45\, < 1. Next, we note that in

view of the definition of X(4)» for any i > 1, if (z,t) is such that

< ER/46(I_+1E (x ,t)> < 4i—1
then x(;y(x,t) = 0. Therefore, by the bound (4.33) and the fact that b < 1/4,if ¢ > 1 is such that

(Ahophing) <29 <47

then x(;) = 0. Therefore, in view of the parameter inequality

9 —2\—8_—2
/\q§4 AL Totl s

which holds in view of (2.8) and the fact that 5b < 1/4, upon taking a to be sufficiently large, we may thus define

imax(¢) = max {z >0: M 47 < Tq+1}

With this choice of i, it from the above argument it follows that (4.28) holds. The bound on %,,x claimed in the
second inequality in (4.29) then follows from the above definition.

The bound (4.30) follows from the second estimate in (4.29) which gives an upper bound on %,,x, the definition
(4.15), and using that A, ~*/*° logy(7,4) < 8\; " log,()\,) can be made arbitrarily small if  is chosen sufficiently
large, depending on €.

For ¢ = 0,1, the bound (4.31) follows from the f?ct that xo, X < 1. For ¢ > 2, we appeal to the definition of
X(i)» Chebyshev’s inequality, and the L' estimate on Eq in (2.20b), to obtain that ||X(1v) HL1 < 47% The bound (4.31)
follows by interpolation.
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Estimate (4.32) is a consequence of (2.20c) and [2, Proposition C.1], applied to the composition with the smooth
functions 7 (-) and ( v/1+ (+)2. Indeed, for any i > 0 we obtain

° N
€ -1 € —1
Hx<i>||cg,, o IR ov ) B [PV b 1

N
q
Ci,f,)

N
< 1+)\5R/45qi1 q:rz\lr 1)\4 ( 53/45#17_(1;21)\4)

st R, + (ot 7

3N < 3N
<1+7’ —|—T ST

Here we have used (2.8) to show that 7,41 < 1, and that A Rl 1A < )\Z+ER/45;{2 =70 O

Next, we recall from [5, Lemma 4.3] the following bounds on the coefficients ag).
Lemma 4.3. The bounds
lage) || = S 27" S 000 (4.34)
lag) |l S 2 S 05020, (4.35)

lace)ll oy, S 7" (4.36)

hold for all 0 < 1 < tpax and N > 1.

Proof of Lemma 4.3. The bound (4.35) follows directly from the definitions (4.16) and (4.15), the boundedness of the
functions 6, x(;), and 7(¢). Using also (4.31), the estimate (4.34) follows similarly. In order to prove (4.36), we apply

derivatives to (4.16), use the bounds previously established in Lemma 4.2, use [2, Proposition C.1] and the bound
(2.20c) for R, combined with property [0l o S 7, ~ . The additional factor of 7, +1 when compared to (4.32) is to

absorb the factor of pZ % via (4.29). O
As a consequence of Lemma 4.3 and the definitions (4.21), (4.22), and (4.24), we obtain the following bounds:

Proposition 4.4. The principal part and of the velocity perturbation, the incompressibility, and the temporal correctors
obey the bounds

1 1
o] |, < 500 (4.37)
qu+1HWN, ST Al TN (4.38)
[Shl| o+ (S]] o S o 2 NN S T T TN @39

for N e N, andp > 1.

From the second estimate in (4.39) it is clear that the incompressibility and temporal correctors obey better estimates
than the principal corrector.

In order to establish the bound (4.37), it is essential to use the fact that a ) oscillates at a frequency which is much
smaller than that of W, which allows us to appeal to the L? de-correlation lemma [5, Lemma 3.6], which we recall
here for convenience:

Lemma 4.5. Fix integers M, k, A > 1 such that

M
2my/3 <L  2rV3OY <1. (4.40)
K 3 kM

Let p € {1,2}, and let f be a T3-periodic function such that there exists a constants C'y such that
D7 fllLe < CpN

forall1 < j < M + 4. In addition, let g be a (T/x)®-periodic function. Then we have that
Ifglle < Crllgllee .

holds, where the implicit constant is universal.
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Using Lemma 4.5, the proofs of bounds (4.37)—(4.39) follow in the same spirit as that of [5, Proposition 4.5].

1/2<7' L for

Proof of Proposition 4.4. In order to prove (4.37), we use (4.34) when N = 0, and (4.36) with )\ZR/SéqH g

N > 1, to conclude that
1 —4_—5
IDNage)| . < pi*27 22N 4.41)

where the implicit constant depends only on N. Since W ¢y is (T/x;11¢ )3 periodic, in order to apply Lemma 4.5 with
A= qul and K = A\gy1£, we first note that by (2.8) and (2.23), we have

5 (5—4a) _ 5(5—4a) _ 5—da
213k~ = 2137 AL 0 = 23 AP R W D U0 W B WL I (W)

by using that 3 is sufficiently small and b is sufficiently large, depending on «. For instance, we may take
55_5 do 36<5—4a.

50 and 97 S =5

(4.43)

_158
In (4.42) we also used that \; * 27v/3 < 1, once a is chosen sufficiently large. Therefore, after a short computation
we see that the assumptions of Lemma 4.5 hold with the aforementioned « and A, with M = 4 in (4.40). Therefore,
we only care about N < 4 in (4.41), which also fixes the implicit constant in this inequality, and we may thus take C'y

to be proportional to pll./ 27 It thus follows from Lemma 4.5 and estimate (4.10) with M = N = 0 and p = 2 that
1/2 oo
lacey Wi ll 2 < 027 [Weg [l 2 S 27277
Upon summing over i € {0, ..., imax |, and appealing to (4.30), we obtain that

(») 1/2 —<R/16 1/2
qu+1H N q+1)‘ < 6q+17

by using the small negative power of A, to absorb the implicit constants in the first inequality.
Consider the estimate (4.38). Observe that by definition (4.21), estimate (4.10) with M = 0, and the bound (4.36),
we have

N
wih ST ST S lage llew-n |
WN.p

Wiy
A {EA(-) N’=0
Imax
=3(N=N")=1)2/p=1 )l /p=1/2\ N’
S22 Z Torl G0 A
= 0§EA()N/

72 €2/p 1€1/P*1/2)\

<A N (4.44)

Here we have again used (4.29) in order to sum over ¢, and have used the bound 7, +1 < Ag+1 which holds since f3 is
small and b is large.

For the analogous bound on wéﬂl, by (4.8)—(4.10), estimate (4.36), the parameter estimates To- +31 < Ag+1 and
¢, < £, and Fubini (recall that ¢)(¢) and ® ) are functions of one and respectively two variables which are orthogonal

to each other), we have

1
curl (Vae) x Vi) + 5z V (ae)¥(e)) x curl (®g)€)
)‘q—‘rlNA

WN.p
N+1 N N—N'41
S 2 la@llowsaw Vi o + Z > la@llen-srasor 1w [2@lwaris
N’=0 =0 N”=0
N+1 N N-N'+1 , " DY N
) DR T AR e Z DD 14/?_1/2( lgﬁl) A
N’'=0 =0 N"=0 I
N t;-i}lgll\/pil/zez/p 1)‘qul( t;&?l)‘q-i}l) )

Summing over 0 < @ < inyax loses an additional factor of 7 +11, which yields the desired bound for the first term on

the left of (4.39). Similarly, to estimate the summands in the definition (4.24) of wf;zl we use (4.8), (4.9), (4.36), the
24



aforementioned parameter inequalities, and Fubini to obtain

-1 2 2 2 —1 2
HN PrPzo (“(5)¢(s)¢(5)5)HWN,p Z Z H%)HCN W |9 HWN,/ ()HWNI,N//@

ON/'"=

< o1 _—3(N=N)=22/p—2\N" jfp—1 (€L Ag11 NN
S KT Te ] /\q+1€ T”

S M_qu_flgz/p 25% A
Summing in ¢ loses a factor of 7 +11 cf. (4.29), and we obtain the bound for the second term on the left of (4.39).
For the proof of (4.39), we additionally note that (4.20), and (4.43) imply the parameter inequalities

5—4da

_ 5—4da
S SASAY  rANh Setr et and e e P <A (449)
which concludes the proof of the proposition. O

The following bound shows that (2.15) holds, and collects a number of useful bounds for the cumulative velocity
increment wg1, which in turn imply that (2.5a) and (2.5b) hold at level ¢ + 1.

Proposition 4.6. The bounds

[wgiallpe < i5;/+21 (4.46)
o1 = vall 2 < 8,/ (4.47)
lwgsillen S 7ot €710 N0 (4.48)
[0wgr1ll g2 S /\2+1 (4.49)

hold for 1 <p < ooands > 0.

Before turning to the proof of the proposition, we note that estimate (4.47) and the inductive assumption (2.5a) at
level q imply that

1/2 < 25 2 61/2

1 1
lvgsillpe < 2857 = 0/ + 8,1 < e (4.50)

which is a consequence of 2/\ﬁ < /\q 11- Thus, (2.52) holds at level g + 1. Similarly, from (2.19b) and (4.48) with
s =3 and p = 2, and the parameter inequality (4.45), we conclude

4 72 413454
lvgrill gs S Ag + /\qJrl S e =" < )\q+1 < >‘q+1’ 4.51)

where we have used that b is large and that o € [1,5/4). The remaining power of /\;+12 may be used to absorb the
implicit constant, and thus (2.5b) holds also at level ¢ + 1.

Similarly to (4.51), we establish two bounds which will be useful in Section 5 for the proof of Corollary 5.2. First,
from (4.48) with s = 9/2 and p = 2, and (2.19d) with M = 0 and N = 2, it follows that

||vq+1HLOO(T/E,’ZT/g;Hg/2) § ||wq+1HH9/2 + ”ﬁq”Loo (T /3,2T [3; H5) N q_+21>\ 9/2 q_+21)\4 Xq)+1 (4'52)
Here we have also used the parameter inequality (4.45). Similarly, by (4.49) and the bound (2.19d) with M = 1 and
N = 0 we obtain

||atvq+1||L00(T/3}2T/3;H2) < Hatwtﬁ—l”]p + ||at@q||Loc(T/3,zT/3;Ha) S )‘q+1 +T q+1>\ )‘:1)+1 (4.53)
Proof of Proposition 4.6. The estimates (4.46) and (4.47) are a direct consequence of the already established bounds
and the definitions (4.25) and (4.26). Indeed, combining (4.37) with (4.39) with p = 2 and N = 0, we conclude that

1 5—4a 3
lwg+1ll g q+{2 =3 Jr>‘q+1 o< 1

since 3 is sufficiently small (see (4.43)). From (4.46) and (2.19¢) we obtain

— 1
g1 = vgll o < Tg = vgll o + lwgsall 2 < 800



as desired. The estimate (4.48) with non-integer values of s follows by interpolation from the case s € N. Compar-

ing (4.38) with the second inequality in (4.39), we see that the bound for the principal corrector is the worst, since
5—4a
)\;+116 <1< Tq+1, and thus (4.48) follows directly.
Thus it is left to prove (4.49). An estimate on J;w +)1 will clearly dominate an estimate on 8twq le Hence it
(p)

suffices to estimate 0w, /; and 8twq 1~ First consider 8tw )1 From the bound (4.10) with N =2, M =1,p = 2,
estimate (4.36) with N = 3, and the definition (2.23) of u, we obtain

<Z Z lace) [l 10:Wie) | 72

imax

NZ q+1£LZ\| ARV

711 )\2a+2
~ q+1 q+1

iz

/\q+1

where in the last inequality we used that (4.45) provides an upper bound for T, +1’ and that @ < 5/4. In order to

estimate atwq 11 we use estimates (4.8) and (4.9), Fubini, and the bound (4.36) to obtain

latwéi)l” </le Z (H H‘%W(s)HHz)

A

H¢<§>3t¢<f) H >

Imax

508 5 5 Gt ool [l [l )

1= OEEA(l)N 0
=X 1y (L Agiap ~ .
< 3 (Rt () s T

-9 —1y—1,y=1/2
< q+1g” DA ey Ul il P
/\q—i-l

Here we have used explicitly the parameter choice (2.23), the parameter inequality (4.20), the first bound in (4.45), the

bound E[ < Eil < Ag+1, and the inequality max S Tq_+11' O

5. CONVEX INTEGRATION STEP: THE REYNOLDS STRESS

The main result of this section may be summarized as:

Proposition 5.1. There exists an e > 0 sufficiently small, and a parameter p > 1 sufficiently close to 1, depending

only on «, b, and [3, such that the following holds: There exists a traceless symmetric 2 tensor R and a scalar pressure
field p, defined implicitly in (5.5) below, satisfying

Opvgt1 + div (vg41 @ vgy1) + VD + (—A)%vg4q = divR, (5.1a)
divvg =0. (5.1b)

Moreover R obeys the bound
HEHL AR5, 5.2)
where the constant depends on the choice of p and €, but is independent of q, and R has the Support property

supp R C T x {t € [0,T): dist(t,gl9+Y) > Tq+1}. (5.3)

An immediate consequence of Proposition 5.1 is that the desired inductive estimates (2.4a) and (2.4b) and the
support property (2.11) hold for the Reynolds stress 1,1, which is defined as follows.
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Corollary 5.2. There exists a traceless symmetric 2 tensor ]O%(H_l and a scalar pressure field p,1 such that the triple

o

(Vg+1, Pg+1, Rgt1) solves the Navier-Stokes-Reynolds system (2.1) at level g + 1. Moreover, the following bounds
hold

|Bana]| |, < 2802, (5.42)
|Rosa,, <X (5.4b)
and R,y 1(t) = 0 whenever dist(t,GUtD) < 7, .
Proof of Corollary 5.2. With R and p defined in Proposition 5.1, we let
Ry = RPydivR  and  pgy =p— A~ divdivR.

It follows from (5.1) and the definitions of the inverse-divergence operator R and of the Helmholtz projection P that
the (vg41,Pg+1, Rg+1) solve the Navier-Stokes-Reynolds system (2.1) at level g + 1. Since the operator RPydiv is
time-independent, the claimed support property for I2,41, namely (2.11) at level g + 1, follows directly from (5.3).

With the parameter p > 1 from Proposition 5.1, using that |RPgdiv ||, _, ., < 1, we directly bound

Rosa,, S [Rosa], 5
H A | PR e e | PP

—&

The estimate (5.4a) then follows since the residual factor A q |1 can absorb any constant if we assume a is sufficiently

—2€R
S A1t 0gt2 -

g

Lp

large. In order to prove (5.4b), we use equation (5.1), the support property of ]%qﬂ which implies that supp }O%,Hl C
T3 x [T/3,27/3], and the bounds (4.50)—(4.53). Combining these, we obtain
o I T

S ||atvq+1 + div (Uq+1 ® Uq+1) + (7A)avq+1HLoc(T/Ssz/S;HZ)

< ||atvq+1||L00(T/3’2T/3;H2) + ||”q+1 ® Uq+1HH3 + ||’Uq+1||L00(T/3’2T/3;H9/2)

s ||atvq+1||LOC(T/3’2T/3;H2) + Vg1l s lvg+1ll oo + ||vq+1||Loo(T/3,2T/3;H9/2)

3 1
S 1001l o s 2 ssprey + 1004175 Mgl 5 + 10gall oo o 27 o)
S N1+ 00" + A

13/y
Al

For the dissipative term we have used that v < 5/4, so that 2« + 2 < 9/2. Using the residual power of )\;/12 we may
absorb any constants and thus (5.4b) follows. O

5.1. Proof of Proposition 5.1. Recall that v, = wqy1 + Ty, Where T, is defined in Section 3.3 and (7, ]g%q) solve
(2.1). Using (4.25) we obtain

div R — VP = (=A)%wgs1 + 8(w®) +w') + div (T, © wei1 + wer1 @ Ty)
+div ((wl) +wid)) ® wer + w0 @ (@) +wi))
+ div (wéﬁ_)l ® wéﬁ_)l + ﬁq) + 8tw((;21
=:div (Elinear + Reorrector + Eoscillation) + Vg. (5.5)

Here, the linear error and corrector errors are defined by applying R to the first and respectively second line of (5.5),
while the oscillation error is defined in Section 5.1.3 below. The zero mean pressure ¢ is defined implicitly in a unique
way.

Besides the already used inequalities between the parameters, ¢ , ¢ I and A1, we shall use that if p is sufficiently
close to 1 the following bounds hold:

775 /\204—161/7’—161/?—1/2 + _— )\1—2a€i/p—2£1/p—5/2

q+17\g+1 I q+17g+1 I
—6 y—1 »2/p—3,1/p—1 —6 y1—2a p?/p—1)/p—2 —2¢
T A T T oG T T SN g (5.6)
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To see this, we appeal to the bound (4.45) for o +11 and the parameter choices (2.23) to conclude that the left side of
(5.6) is bounded from above as

2/p=2 p=1 (_—5 y2a—1) ,l/2 -5 y1—2ay—3/2 —6 y—1 p—1 —6 y1-2ay p—1
COT 0l (TN L TR G T )

2/p—2 1 fp—1 __¢ 20—1 1/2 1—2a p—3/2 -1 y—1 1-2c -1
SOt (N e N G )

SO T (A AT A T A
~TL I q+1 q+1 q+1 q+1 q+1

5—4a 5(5—4a) 28a+1
2

2/p—2 )l /p—1 —55®
< I 5” )\q+1
_5—4da
100
S A

where in the last inequality we have chosen p sufficiently close to 1, depending only on «. To conclude the proof of
(5.6), note that

—2ep —2epy—28 —2e pb—253b2
Agi1 g2 2 Agi 1" A 2 A ’

and therefore if we ensure that ez and 3 are sufficiently small, depending on « and b only, such that

5 — 4o

100 -7)

2erb 4+ 28b% <

then the three estimates above imply (5.6).

5.1.1. The linear error. In order to prove (5.2), we first estimate the contributions to R coming from Elinear. Recall-
ing (4.23), the bounds (2.19b), (4.10), (4.36), and (4.48), we obtain

| Ruineas |, S IR=2)"wgs)ll o + [RAO1 w4+ w0, + IRAiv (@, 0 w1 + w411 @) |
S lwgsillyzes + 32 D7 [0Reurleurl (a Vie) | o + 17l e gl
v EENG)
S, (1 + ||5q||Loo) ||wq+1||W2a—1,p + Z Z ||8tcur1 (a(g)v—(&))HLp
i EEA®)
S W+ L) g lhyzaso + 32 Y2 (la@llor, 10Vio s + la s, [Viell )
i ey ’ '
4_—2 \2a—1,2/p—1 ) /p—1/2 —5 p2/p—1 )l /p—1/2y—1 ZJ—)\ +1M4 —8 p2/p—1)t/p—1/2y -1
S A Ten g1 40 Tl T T A (;l) +ra TN
SN 5.8)

Here we have used the definition of p from (2.23), and the parameter inequalities )\3 < Tor _‘_11 < )\;_/fl. By (5.6), the
above estimate is consistent with (5.2).

5.1.2. Corrector error. Next we turn to the errors involving correctors. Appealing to estimates (4.38) and (4.39) of
Proposition 4.4, we have

o < HRdiv ((w((1521 + w((;ll) ® Wgt1 + w((]’i)l ® (u}éﬂl + wg’il)) HLP

(») (c) (t)
Lo lwg+1ll g2 + qu+1 Lo ||Wat1 +Wei

5 1 ,2/p—3 )1 /p—3
S éu/p 2

’ ‘ Rcorrector

. t
N ngﬁl + wgll

L2p
—5 12« 2/1)*2 1/1)*5’/2
S Toma g1 L ¢ .

In the last inequality we have appealed to the definition (2.23). Due to (5.6) this estimate is sufficient for (5.2).
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5.1.3. Oscillation error. In this section we estimate the remaining error, Eoscmation, which obeys
div (Boscitasion) + VP = div (wly @ wl)y + 7y ) + 00l (5.9)

where P is a suitable pressure. From the definition of wéﬁ_)l in (4.21) and of the coefficients a(¢) in (4.16), using the

disjoint support property of the intermittent jets (4.5), the fact that Ay N Ay = (), and appealing to the identity
(4.19), we have

div (wé’_’gl ® wgﬁ_)l) +divR,

= Z Z div (a(g)a(EI)W(f) (9 W(g/)) + divﬁq
i,J EEA).E EAG)

= Z Z div (aé)W@) ® W(g)) + divﬁq

i LeAy
:Z Z div (a%g)( ©) @ Wi ][ W§)®W§)dx)>+v 62 Zplx()
i,J EEA®) >0
=3 3 div (@ Porgnep (Wig @ W) ) + V[ 023 iy
i EEA®) i>0
B

Here we use that since Wy is (T/c. A)g-periodic, the minimal separation between active frequencies of W) @ W)
and the 0 frequency is given by Ay 1€ . Thatis, Pzo(Wig) @ Wig)) = Py .10, 2(Wie) ® W(e)). We further split

E(E) = P#() (]IDZ)‘q+1£L/2 (W(E) X W({)) \Y% (a%g))) + P¢0 (a%g)div (W(g) X W(g)))
= By + B -

The term R E(¢ 1), which is the first contribution to ]?EObcmation, is estimated by using that the coefficient functions a¢)
are essentially frequency localized inside of the ball of radius +1 < Ag4141, in view of (4.36). More precisely, by

Lemma 4.3 we are justified to use [5, Lemma B.1], with the parameter choices \ = Tq+1, C, = Tq+1, K = Aat1lLfo,
and L sufficiently large, to conclude

IREenl S 1917 e

Lr
S 1917 Pro (Pospiaes (Wie © Wie) ¥ (o)) )|

Lp

-5 -6
< Tar1 1+ Tg+1 W ® W
Aq+lej_ ( (Tg+1)\q+1€l)L—2 || (€) (f)HLz’

-5
< Mot qH HW@)HW [Wee)ll 20

2 1
N qfl)‘qlle [ é " 1
In the last inequality above we have used estimate (4.10), and in the second to last inequality we have used that by
taking L sufficiently large, for instance L = 4 is sufficient in view of the first inequality in (4.45) and the definition
of /| in (2.23), we have T +1( q+1)\q+1€l) -L < 1. Summing these contributions over 0 < i < 4p,,, cOSts an
additional factor of 7 +1, and from the third term in (5.6) we obtain the the bound for R F¢ 1) is consistent with (5.2).
We are left to estimate the contribution from the F 5y term. From identity (4.11) we have that

1 2 2 2 1
Bez) = _Pzo (ot et 0rfey€) = *@P#O (ate@twlos) -
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Hence, summing in ¢ and ¢, pairing with the atwé?_l present in (5.9), recalling the definition of wq +1 in (4.24), and

noting that Id — Py = V(A~1div ), we obtain

1 1
> Bieo) + 0wl = m > D (1d-Py)diPy (a?§)¢%£)¢(25>5> o > D Pro (&(aé))ﬁg)%)&)

i g€y i geA(.) i €A
=Vq—— Z > Pro (5t a(s>)¢(£>¢<5>f) (5.10)

i EEA(

where ¢ = % > deAm A~tdiv 9P (afg)d)(?@w?@f) is a pressure term. At last, we estimate the second contri-
bution to Roscil]ation by using (4.8), (4.9), Fubini, (4.29), and (4.36), to obtain

Z > Pxo <3f “<£>)¢’<£>¢(5>5) Z > ’

i €A 1 €Ay

Lp
Z > llalle

i EEA( )

De(afe))Be ¥ie € H

a(e) || oo 196|220 190 |1 720

imax

-1 -5 2/13 2 l/p 1
Sn Z Tt "7

—1,2/p—2 )1 /p—1
<l W 0o

—6 \1—2a p2/p—1 )1 /p— 2
SO (5.11)

In the last equality above we have used the definition of . Using the bound for the last term in (5.6), we conclude that
the above estimate is consistent with (5.2), which shows that Rscillation @lso obeys this inequality.

5.1.4. The temporal support of R. In order to conclude the proof of Proposition 5.1, we need to show that (5.3) holds.
From (5.5) it follows that

supp E C supp w(p) U supp wéil U supp w((]tll U supp Rq.

By (2.20a) we know that ﬁq (t) = 0 whenever dist(t,Gl4t1)) < 27441, while by property (4.18) we have that
aey(t) = 0 whenever dist(t, G (a+1)) < 7,.,. By their definitions, the principal (4.21), incompressibility (4.22), and
temporal correctors (4.24), are composed only of terms which contain the coefficient functions a¢), and thus, similarly

to (4.27) we have that wéi)l (t) = 221(0 = w((lz)_l(t) = 0 whenever dist(t, G*1)) < 7, . This proves (5.3).
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