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1 Introduction

1.1 The basic problem. This paper is concerned with the study of rational points
on certain projective varieties over number fields. These varieties are fiber bundles over
generalized flag varieties and the fibers are equivariant compactifications of algebraic tori.
Before giving a detailed description we will explain the basic problem in general and
elementary terms.

Suppose we are given a finite set of homogeneous polynomials { P;} in n + 1 variables
with integer coefficients. Consider the system of equations

(%) for all i : Pj(xg,...,x,) = 0.

We are interested in the set of solutions of this system of equations having integer coor-
dinates. For any simultaneous solution = € Z"*! and any t € Z we get another solution,



namely ¢ - x. Therefore, we are led to look for those x = (zg,...,x,) # 0 for which
ged(xg, ..., ) = 1. These x are called primitive.

Obviously, for any given real number H there are only finitely many primitive solutions
x of (x) for which the height

H(z) := max{|zo], ..., |xa|}

does not exceed H. Provided that there are infinitely many primitive solutions it makes
sense to study the number N(H) of such z for which H(xz) < H as a function of H. Now
the basic problem is to understand the asymptotic behavior of this counting function as
H tends to infinity.

We can rephrase what has been said so far as follows. Let X be a projective variety
over Q and let f : X < P" be an embedding (over Q) of X into some projective
space P™. Then the image of X under f may be described by a system of homogeneous
polynomial equations with integer coefficients like (x).

Any Q-rational point x on X gives a point in P"(Q) which may be represented as an
(n + 1)-tuple (xq, ..., z,,) of integers with greatest common divisor equal to one, i.e., as
a primitive solution to (x). Now we can count rational points on X with respect to the
height function induced by f.

The simplest example is just the projective space P™ itself (over Q). Here we may
take f to be the identity. In this case one has the task of counting primitive lattice points
in (n + 1)-dimensional cubes and thus N(H) is asymptotically equal to

L . gntl

C(n+1) ’
where ¢ denotes the Riemann zeta function. This is easily shown using the Moebius
inversion formula. If we let f : P* — P™ be the d-uple embedding, then the new height
is the d-th power of the previous height and thus N(H) ~ 2"((n + 1)~ H+1/d,

More generally, for an arbitrary number field F' and a point = = [zg : ... : 2], in
P"(F) we may define the height of x to be

H(z) := | [ max{|zols, ... |zalu},

where v runs over the set of all places of ' and |- |, denotes the local norm corresponding
to v (suitably normalized). Then we can ask the same question as above for a projective
variety X over F' and an embedding X — P".

Eventually, we will define height functions intrinsically, by using metrized line bundles
(cf. [31], [43]). In fact, there is no reason why one should prefer max{|z;|} to (3  22)'/2 or
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> |xi|]. Instead of using the same height in all circumstances, it is desirable to allow the
use of height functions associated to metrized line bundles which appear most naturally
in the specific context under consideration.

1.2 Previous work connected with the subject. For some historical remarks
concerning height functions and their first applications, for instance in the proof of the
Mordell-Weil theorem, we recommend S. Lang’s book Diophantine Geometry [21]. More
recent results on diophantine problems can be found in the books [22],[23] by the same
author. One of the first papers strictly devoted to counting points of bounded height is S.
Schanuel’s [38], where he considers the case of projective spaces over an arbitrary number
field. This is less trivial than the example given above because one has to determine a
fundamental domain modulo the action of the units (the proofs appeared in [39]). In
1965, Neron [29] gave asymptotics for the number of rational points of bounded height on
abelian varieties. The classical circle method, now a whole field in itself, proves asymp-
totics on complete intersections of small degree. We refer to the papers by B. Birch, W.
M. Schmidt and others (cf. [8], [40], [25]). In [41] W.M. Schmidt studied asymptotics for
Grassmannians over Q.

E. Peyre and P. Salberger have independently developed a framework which allows to
express the counting of rational points of bounded height on certain varieties in terms
of counting of integral points in bounded domains on some canonical integral models of
universal torsors over the original variety (cf. [32], [36]). Their theory can be viewed as
a generalization of the counting of primitive solutions. In certain cases, like that of a
projective space, complete intersections of small degree, blowups of projective spaces in
projective spaces of higher dimension (cf. [31]), the equation zyz = 3 (cf. [13], [9]), or
split Fano toric varieties over Q (cf. [36]), one obtains asymptotics for rational points and
alternative proofs of some special cases of varieties treated in this paper. To learn more
about this point of view, we recommend the recent preprint [33]. We would like to point
out that results about counting solutions of Pell’s equation, as well as counting of integral
points on some toric varieties (cf. the paper by B. Moroz [26] and references therein) are
not contained in our paper.

Height zeta functions were introduced by S. Arakelov and G. Faltings, who proved
asymptotics of effective zero cycles of fixed degree on curves of higher genus (cf.[1],[12]).
This theory was taken up in [14] and developed in the papers [3], [4].



1.3 Examples. Now we give two concrete examples which will be studied in section 9
where we will use them to illustrate some of our constructions and results.
Let n > 1 be an integer and put

X ={(lyo : y1 : v2], [w0 : 21]) € P> x P | yoal — yyaff =0}

This is a smooth projective surface over Q, sometimes called a Hirzebruch surface. Con-
sider the embedding of X,, into P® induced by the Segre embedding

([?/0 Vi yQ]v [fo : 951]) = [ywo S UY1%o C Y2Zo - Yoy - Y1X1 - ?Jﬂl]-

The height of a Q-rational point x on X,, with respect to this embedding is
max{|yozo, [y170l, [y22ol, [yox1], [y121], [y221]}

= max{|zol, |z1|} - max{[yol, |y1], |y2}-

Here (yo,v1,y2) and (zo,x;) are primitive integral vectors such that x is represented by
([yo : y1 = y2], [xo : z1]). Denote by N(H) the number of rational points on X, for which
the height does not exceed H. Then

8C(n+1)+2¢(n+2) ,
((2)-C(n+2)

For this simple example this asymptotic can be calculated by hand because one can “see”
all rational points and compute their heights. In general however, especially over an
arbitrary number field, this may not be the right strategy. In section 9 we will show how
our general approach works in this particular example.

For the second example, let xo,xij,ztgj, 1 <1 < j <4, be homogeneous coordinates
in P and let w;;,1 < i < j <4, be the homogeneous coordinates in P°. Let Y be the
subvariety of P12 x P®, defined by the following equations:

N(H) ~

W1aW34 — W13Waq + WigWaz = 0

for all 1 <i<j<4,1<k<li<4: zwy—rw;=0 x;jw%l—x;lwszo.

We will study Q-rational points on Y with respect to the height function

max{|aol, (Y 23)"2 Y 2} - () wi)'?



(as before, (zo, zij, 7};) and (w;;) are primitive integral vectors.)

At first sight this height looks somewhat strange. But, as we will explain later, it
comes from a metrized line bundle on Y which is very natural in the setting we are going
to build up.

In this example we can observe a phenomenon which did not appear in the previous
example. Consider the subvariety of Y given by
Any point of this subvariety has the form ([1 : 0 : ... : 0], [w;;]) and the height is just
(3" wy;)Y/? (with primitive (w;;)). The number of such points of height less than H grows
like ¢ - H* (for some ¢ > 0). On the other hand, let Y be the open subset consisting of
those points where xq # 0 and at least one z;; # 0 and at least one of the z}; # 0. Then
the number of rational points on Y° for which the height is less than H is asymptotically

equal to

4, <2

—m*————H -log H.

7 ¢(3)%¢(4)
Hence it should be clear that, in general, it is necessary to exclude some “degenerate” or
accumulating subvarieties to get a reasonable result (cf. [24], [14], [31]). This example

will be taken up again in section 9.

1.4 To introduce more general concepts and notations, we let X be a nonsingular pro-
jective algebraic variety over a number field F. Let £ = (L, (|| - |[»)») be a metrized line
bundle on X i.e., a line bundle L together with a family of v-adic metrics, where v runs
over the set Val(F') of places of F. Associated to £ there is a height function

H; : X(F)— R-o

on the set X (F') of F-rational points of X (cf. [45, 31] for the definitions of v-adic metric,
metrized line bundle and height function). For appropriate subvarieties U C X and line
bundles L, we have

Ny(L, H) = {x € U(F) | He(z) < H} < 00

for all H (e.g., this holds for any U if L is ample). We are interested in the asymptotic
behavior of this counting function as H — oo. It is expected that the behavior of such
asymptotics can be described in geometric terms ([2, 14]).
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Let
Aei(X):= Y Rx[L] C Pic(X)r

HO(X,L)#£0

be the closed cone in Pic(X)r generated by the classes of effective divisors ([L] denotes
the class of the line bundle L in Pic(X)). Let L be a line bundle on X such that [L] lies
in the interior of Aeg(X). Define

a(L) :=1inf{a € R | a[L] + [Kx] € Aegr(X)},

where Kx denotes the canonical line bundle on X. Assume that A.s(X) is a finitely
generated polyhedral cone. For L as above, we let b(L) be the codimension of the minimal
face of Aeg(X) which contains a(L)[L] + [Kx].

By a Tauberian theorem (cf. [11], Théoreme III), the asymptotic behavior of Ny (L, H)
can be determined if one has enough information about the height zeta function

Zy(L,s) = > He(x)™

zeU(F)

More precisely, suppose that Zy (L, s) converges for Re(s) > 0, that it has an abscissa of
convergence a > ( and that it can be continued meromorphically to a halfspace beyond
the abscissa of convergence. Suppose further that there is a pole of order b at s = a and
that there are no other poles in this halfspace. Then

Ny(L, H) = cH*(log H)""*(1 + o(1))

for H — oo and ]
c= (= llLICIL(S —a)’Zy(L, s).

It is conjectured that for appropriate U and £, one has a = a(L) and b = b(L) (cf.
2, 14]). Moreover, there is a conjectural framework as to how to interpret the constant
¢ (cf. [31, 7]). There are examples which demonstrate that this geometric “prediction”
of the asymptotic cannot hold in complete generality, even for smooth Fano varieties (cf.
[6]). Our goal is to show that the conjectures do hold for a class of varieties closely related
to linear algebraic groups. Our results are a natural extension of corresponding results
for flag varieties (cf. [14]) and toric varieties (cf. [4, 5]). We proceed to describe the class
of varieties under consideration.



1.5 Let G be a semi-simple simply connected split algebraic group over F and P C G
an F-rational parabolic subgroup of GG. Let T be a split algebraic torus over F' and X a
projective nonsingular equivariant compactification of 7. A homomorphism n : P — T
gives rise to an action of P on X x G and the quotient Y := (X x G)/P is again a
nonsingular projective variety over F.. There is a canonical morphism 7 : Y — W := P\G
such that Y becomes a locally trivial fiber bundle over W with fiber X. Corresponding
to a character A € X*(P), there is a line bundle Ly on W and the assignment A — L,
gives an isomorphism X*(P) — Pic(W).

The toric variety X can be described combinatorially by a fan Y in the dual space of
the space of characters X*(T)r. Let PL(X) be the group of 3-piecewise linear integral
functions on the dual space of X*(T')gr. Any ¢ € PL(X) defines a line bundle L, on X
which is equipped with a canonical T-linearization and we get an isomorphism PL(Y) ~
Pic” (X). There is a canonical exact sequence

0— X*(T)— PL(X) — Pic(X) — 0.

The T-linearization of L, allows us to define a line bundle LZ on Y and this gives a
homomorphism PL(¥) — Pic(Y). One can show that there is an exact sequence

(1) 0 — X*(T') — PL(X) & X*(P) — Pic(Y) — 0.

Denote by Y := (T x G)/P the open subvariety of Y obtained as the twist of 7" with W.

1.6 By means of a maximal compact subgroup in the adelic group G(A) we can in-
troduce metrics on the line bundles L). The corresponding height zeta functions are
Eisenstein series

S He,(w) ™ = EE(sA - pp. o).

weW (F)

On the other hand, for any ¢ € PL(X) there is a function
Hs(-,¢) : T(A) — Rxg

such that Hy(z, )" is the height of 2 € T'(F) with respect to a metrization £, of L.
This metrization induces a metrization £g of the line bundle L}; onY.



Let (x,v) € T(F) x G(F) and let y be the image of (z,7) in Y(F'). Then there is a
py € P(A) such that

Hpy (y) = Hs(an(p,), )~

Hence we may write formally

(2) Zyo(LY @7 Ly,s) = Y
(FNG

yeP

He, ()™ ) Hs(an(p,), s9).
)

(F 2€T(F)

Now we apply Poisson’s summation formula for the the torus and get

3) S Hy(wn(py), 50) = / Fn (0, s0)x((py)) dx,

2€T(F) (T(A)/T(F))*

where Hy(-,s¢) denotes the Fourier transform of Hy(-,sp) and (T(A)/T(F))* is the
group of unitary characters of T'(A) which are trivial on T(F') equipped with the or-
thogonal measure dy. Actually, it is sufficient to consider only those characters that are
trivial on the maximal compact subgroup Kz of T'(A), because the function Hy( -, ) is
invariant under K7. The expression (3) can now be put into (2), and after interchanging
summation and integration the result is

(1) Zye(LL @ 7Ly, 5) = / Fn(x, s0) ES(sA — pps (x o) )
(T(A)/T(F)Kr)*

where ES(s\ — pp, &) = ES(s\ — pp, &, 1¢) is the Eisenstein series twisted by a character
¢ of P(A). This is the starting point for the investigation of the height zeta function. To
get an expression that is more suited for our study, we decompose the group of characters
(T(A)/T(F)Kr)* into a continuous and a discrete part, i.e.,

(T(A)/T(F)Kr)" = X*(T)r @ Ur,

where X*(7T')g is the continuous part and Uy is the discrete part. The right-hand side of
(4) is accordingly

& /X*m { D Hs(x; s +i@) ER(sh = pp —ifi(z). (x o n)l)} da.

XEUT

Recall that we would like to show that this function which is defined for Re(s) > 0 (as-
suming that (¢, A) is contained in a convex open cone) can be continued meromorphically



beyond the abscissa of convergence. To achieve this we need more information on the
function under the integral sign in (5). First we have to determine the singularities of

(0, \) = Hs(x, ) EE(A — pp, (xom) ™)

near the cone of absolute convergence. This is possible because Hy, can be calculated
rather explicitly and it is not so difficult to determine the singular hyperplanes of the
Eisenstein series with characters. The next step consists in an iterated application of
Cauchy’s residue formula to the integral over the real vector space X*(T')gr. This can be
done only if one knows that

(6) > Hs(x, sp +ix) EG(sA — pp — ifj(x), (x o) ")

XEUT

satisfies some growth conditions when x € X*(T')g tends to infinity. This is true for
the function x +— ﬁg(x, s@ +ix) thanks to the explicit expression mentioned above. The
absolute value of the Eisenstein series ES (sA—pp—in(x), (xon)™!) will in general increase
for x — oo if Re(s)\ — pp is not contained in the cone of absolute convergence. However,
if Re(s)A — pp is sufficiently close to the boundary of that cone, this increasing behavior
is absorbed by the decreasing behavior of ﬁg(x, sp +1iT).

Therefore, we may apply Cauchy’s residue theorem and show that (4) can be continued
meromorphically to a larger halfspace and that there are no poles (in s) with a non-zero
imaginary part.

The Tauberian Theorem can now be used to prove asymptotic formulas for the count-
ing function Nyo(ﬁzg ® 7Ly, H) provided that one knows the order of the pole of the
height zeta function. This problem can be reduced to the question of whether or not the
“leading term” of the Laurent series of (6) vanishes. That this is indeed so will be shown
in section 6.

1.7 We have restricted ourself to the case of split tori and split groups because this
simplifies some technical details. The general case can be treated similarly.

We consider these results as an important step towards an understanding of the arith-
metic of spherical varieties. For example, choosing P = B a Borel subgroup, ' = U\B
where U is the unipotent radical of B and  : B — T the natural projection, we obtain
an equivariant compactification of U\G, a horospherical variety. Twisted products over
P\G have also been studied in [44], where the fiber is a flag variety (of a different type).
In this situation the asymptotic behavior turns out to be the predicted one.



We close this introduction with a brief description of the remaining sections. Section
2 recalls the relevant facts we need concerning generalized flag varieties, i.e., a description
of line bundles on W = P\@G, the cone of effective divisors in Pic(W)g, metrization of
line bundles, height zeta functions. The exposition is based entirely on the paper [14].

The next section contains the corresponding facts for toric varieties. It is a summary
of a part of [3]. We give the explicit calculation of the Fourier transform Hx(-,¢) and
show that Poisson’s summation formula can be used to give an expression of the height
zeta function Zp (L., s) .

In section 4 we introduce twisted products, discuss line bundles on them, the Picard
group (cf., (1)), metrizations of line bundles, etc. It ends with the formula (4) for the
height zeta function Zy. (ﬁg ® Ly, s) in the domain of absolute convergence.

The first part of section 5 explains the method for the proof that the height zeta
function can be continued meromorphically to a halfspace beyond the abscissa of absolute
convergence. Moreover, we state a theorem which gives a description of the coefficient
of the Laurent series at the pole in question. This coefficient will be the leading one,
provided that it does not vanish. One can relate the coefficient to arithmetic and geometric
invariants of the pair (U, £) but we decided not to pursue this, since there are detailed
expositions of all the necessary arguments in [31, 3, 7.

These two theorems (meromorphic continuation of certain integrals and the description
of the coefficient) will be proved in a more general context in section 7. The second part
of section 5 contains the proof that the hypothesis of these theorems are fulfilled in our
case. It ends with the main theorem on the asymptotic behavior of the counting function
Nyo(L, H), assuming that the coefficient of the Laurent series mentioned above does
not vanish. Section 6 is devoted to the proof of this fact. In section 8 we prove some
statements on Eisenstein series (well-known to the experts) which are used in section 5.
And finally, in section 9 we explain in detail some special cases of our main theorem.

Acknowledgements. We are very grateful to V. Batyrev and J. Franke for helpful
discussions. The first author was supported by the DFG-Graduiertenkolleg of the Mathe-
matics Institute of the University of Bonn. He wants to thank the organizers of conferences
in Oberwolfach (July 1997) and Cambridge (April 1998) for giving him the opportunity
to present these and related results. Part of this work was done while the second author
was visiting the MPI in Bonn, ETH Ziirich and ENS Paris. He would like to thank these
institutions for their hospitality.

Some notations. In this paper F' always denotes a fixed algebraic number field. The
set of places of F' will be denoted by Val(F') and the subset of archimedean places by
Val, (F). We shall write v | 0o if v € Val(F) and v 1 0o if v ¢ Val(F'). For any place
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v of F we denote by F), the completion of F' at v and by O, the ring of v-adic integers
(for v  00). The local absolute value | - |, on F), is the multiplier of the Haar measure,
ie., d(ax,) = l|a|,dz, for some Haar measure dz, on F,. Let g, be the cardinality of
the residue field of F), for non-archimedean valuations and put ¢, = e for archimedean
valuations. We denote by A the adele ring of F. For any algebraic group G over F' we
denote by X*(G) the group of (algebraic) characters which are defined over F.

2 Generalized flag varieties

2.1 Let G be a semi-simple simply connected linear algebraic group which is defined
and split over F'. We fix a Borel subgroup P, over F' and a Levi decomposition Py = SyU,
with a maximal F-rational torus Sy of G. Denote by P a standard (i.e., containing
Py) parabolic subgroup and by W = P\G the corresponding flag variety. The quotient
morphism G — W will be denoted by 7. A character A € X*(P) gives rise to an action
of Pon G x A' by p-(g,a) = (pg, \(p)"'a) and the quotient

Ly := P\(G x A"

is a line bundle Ly over W = P\G. The class of a point (g,a) € (G x A') in L, will be
denoted by [g, a].
The assignment A — L, gives an isomorphism (because G is assumed to be simply
connected)
X*(P) — Pic(W)
(cf. [37], Prop. 6.10). The anti-canonical line bundle wy, corresponds to 2pp (the sum of
roots of Sy occurring in the Lie algebra of the unipotent radical of P.)

2.2 These line bundles will be metrized as follows. Choose a maximal compact subgroup
Ko =1[,K¢o C G(A) (K¢, C G(F,)), such that the Iwasawa decomposition

G(A) = R(A)Kg
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holds. Let v € Val(F') and w € W (F},). Choose k € K¢, which is mapped to w by my.
For any F,-rational point [g,a] € L\(F,) over w with (g,a) € G(F,) x A(F,), we define

g, alllw = [A(p) - alv,

where g = pk, p € P(F,). This gives a v-adic norm || - ||, : w*Ly — R and we see that
the family || - ||, :== (|| - |lw)wew () is a v-adic metric on Ly. The family (|| - ||v)vevair) will
then be an adelic metric on Ly (cf. [31] for A = 2pp and [45] for the definitions of “v-adic

metric” and “adelic metric”). The metrized line bundle (Ly, (|| - [|+)») will be denoted by
L.

2.3 Define a map
Hp = HP,KG . G(A) — HOIIlc(X*(P)C,C)

by (A, He(g)) = log(I], IA(p,)|s) for g = pk with p = (p,), € P(A),k € K¢ and
A € X*(P). For w = mwy(y) € W(F) and v € G(F) a simple computation ([14], p
428) shows that

Hp, (w) = e~ NHP())

The height zeta function

weW (F)
is therefore an Eisenstein series
B prl)= 3 e,
YEP(F)\G(F)

To describe the domain of absolute convergence of this series we let Ay be the basis of
positive roots of the root system ®(Sy, G) which is determined by P,. For any a € A
denote by & the corresponding coroot. For A € X*(P) = X*(Sp) we define (), ) by
(Ao @)(t) = t™ and extend this linearly in A to X*(FPy)c. Restriction of characters
defines an inclusion X*(P) — X*(F). Let

Ay ={a e Ay (-,a) vanishes on X*(P)}, Ap= Ay — AL.

Put
X*(P)Yr={ e X*(P)r | (\,a) >0for all a € Ap}.

12



By [16], Théoreme 3, the Eisenstein series

YEP(F)\G(F)

converges absolutely for Re(\) — pp in X*(P)* and it can be meromorphically continued
to X*(P)c (cf. [27], IV, 1.8). The closure of the image of X*(P)* in Pic(W)g is the cone
Aer (W) generated by the effective divisors on W ([19], II, 2.6).

3 Toric varieties

3.1 Let T be a split algebraic torus of dimension d over F'. We put M = X*(T) and
N = Hom(M,Z). Let ¥ be a complete regular fan in Ngr such that the corresponding
smooth toric variety X = Xy is projective (cf. [15, 30]). The variety X is covered by
affine open sets

U, = Spec(F[M N ¢a)),

where o runs through > and ¢ is the dual cone
g={me Mgr|nim)>0V¥neco}.

Denote by PL(X) the group of 3-piecewise linear integral functions on Ng. By definition,
a function ¢ : Ng — R belongs to PL(X) if and only if ¢(NN) € Z and the restriction of
¢ to every o € X is the restriction to o of a linear function on Ng. For ¢ € PL(X) and
every d-dimensional cone o € X there exists a unique m,, € M such that for all n € o
we have

p(n) =n(my,q).
Fixing for any ¢ € ¥ a d-dimensional cone ¢’ containing o, we put
Meo = Mpo-
To any ¢ € PL(X) we associate a line bundle L, on X as follows:

L,= (HngN)/N

ceEY

where

Uy, x A 3 (z,a) ~ (2/,d') € Uy x A'
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m ’
<:><:c:x’€UgﬂUU/, anda’:ﬂ(x)‘a>.

Me,o

The class of a point (z,a) € U, x A! in L, will be denoted by [z,a]. On L, there is a
canonical T-action L, x T" — L, compatible with the action of 7" on X given by

[z,a] -t =[x -t,m,,(t)-a], if (z,a) € Uy x A",

If we consider L, with this fixed “T-linearization”, then PL(X) becomes isomorphic to
the group Pic” (X) of isomorphism classes of T-linearized line bundles on X (cf. [28], Ch.
1, §3). By [30], Corollary 2.5, the assignment ¢ — L, gives rise to an exact sequence

0— M — PL(X) — Pic(X) — 0.

Let 37 C N be the set of primitive integral generators of the one-dimensional cones in X
and put
PL(X)" :={p e PL(X)r | p(e) >0 for all e € X}

It is well-known (cf. [35], [3] Prop. 1.2.11), that the cone of effective divisors Aeg(X) C
Pic(X)g is the closure of the image of PL(X)" under the projection PL(X)r — Pic(X)r.
Further, the anti-canonical line bundle on X is isomorphic to L., where px(e) = 1 for
all e € ¥y (cf. [3], Prop. 1.2.12).

3.2 We shall introduce an adelic metric on the line bundle L, as follows. For o € X
and v € Val(F') define

K,, ={zeU,(F,)||m)],<1VmesnM}.

These subsets cover X (F,). Let x € K,, and a € F,. Then [r,a] € L,(F,) is an
F,-rational point of L, over z. We put

Iz, alll = lalo.

This is well-defined because for z € K,, N K, ,, we have |::;‘: (z)], = 1. The family
|-lo = (| l2)zex(r,) is then a v-adic metric on L, and L, = (Lw,’(|| * ||s)v) is & metrization
of L,. Let Ky, C T'(F,) be the maximal compact subgroup. Assigning to « € T'(F,) the
map

M — Z (resp. R if v|oo),

14



 log(Im()l,)

log(gv)
(where g, is the order of the residue field of F, for non-archimedean valuations and
log(q,) = 1 for archimedean valuations) we get an isomorphism T'(F,)/Kz, — N (resp.
Ng if v|oo). We will denote by T the image of z € T(F,) in N (resp. Ngr). For
¢ € PL(Y)c define

?

Hyo(-, ) - T(F) — C,
Hs ,(z,¢) = e~ ¢(@)log(qv)
The corresponding global function Hy(-,¢) : T(A) — C,

HE(:Ca 90) = H HE,v(xva gp))

is well defined since, for almost all v, the local component z, belongs to K¢,. The
functions Hy (-, ¢), ¢ € PL(X), are related to the v-adic metric on L, by the identity

(7) Hyo(2,0) = [[[£,meo(@)]lle; (2 € T(F)),

where we consider (x,m,(z)) as an element of U,(F,) x F,. In particular, for every
x € T(F) we have
He,(z) = Hs(z,9) 7"

3.3 Let Ky =[], Kr, CT(A), and denote by
Ar = (T(A)/T(F)Kr)"

the group of unitary characters of T'(A) which are trivial on the closed subgroup 7'(F)Kr.
For m € M we obtain characters x defined by

Xm(x) — eilog(\m(a:)|A)‘
This gives an embedding Mg — Ap. For any archimedean place v and y € Arp, there

is an m, = m,(x) € Mg such that x,(z,) = e @ (™) for all z, € T(F,). We get a
homomorphism

(8) AT - MRpo = @v|ooMRa

15



X Moo(X) = (1M(X))vjoo-

Define T'(A)! to be the kernel of all maps T(A) — Rsg,z +— |m(z)|a, for m € M, and
put
Ur = (T(A)/T(F)Kr)".

The choice of a projection G,,(A) — G,,(A)' induces by means of an isomorphism
T = Gfm r a splitting of the exact sequence

1 —TA)! - T(A) - T(A)/T(A)' — 1.
This gives decompositions
(9) AT = MR EB Z/{T

and
MR,oo = MR % Mlll,om

where Mfl{,oo is the minimal R-subspace of Mg ., containing the image of Uy under the
map (8). From now on we fix such a (non-canonical) splitting. By Dirichlet’s unit theorem,
the image of Uy — My ., is a lattice of maximal rank. Its kernel is isomorphic to the
character group of Cl%, where Clp is the ideal class group of F.

For finite v we let dz, be the Haar measure on T'(F,) giving K7, the volume one.
For archimedean v we take on T'(F,)/Kr, the pull-back of the Lebesgue measure on
Ngr (normalized by the lattice N) and on Ky, the Haar measure with total mass one.
The product measure gives an invariant measure dx, on T'(F,). On T(A) we get a Haar
measure dz = [ [, dz,.

3.4 We will denote by S! the unit circle. For a character y : T(F,) — S we define the
Fourier transform of Hy (-, ) by

gEm(Xa QO) = HE,v(xvaw)X(xv)dxv-
T(Fy)

If  is not trivial on Ky, then Hy,,(x, ) = 0 (assuming the convergence of the integral).
We will show that these integrals do exists if Re(y) is in PL(X)*.

16



Let v be an archimedean place of F.. Any d-dimensional cone o € ¥ is simplicial (since
Y is regular) and it is generated by the set cNY;. Let x be unramified, i.e., y(z) = e~@™
with some m € Mgr. Then we get

1) slee) = 3 [ ] s
dimo=d dimo=d eEaﬁXh

To give the result for finite places we define rational functions R, in variables u., e € ¥,
for any o € ¥ by

Ro((woo) = T] 7=
and put
RE((“@)@) = Z RU((ue)e)7
Qs ((ue)e) = Re((ue)e) H (1 — ue).

ecy

Although elementary, it is a very important observation that the polynomial @y, — 1 is a
sum of monomials of degree not less than two (cf. [3], Prop. 2.2.3).

Let x be an unramified unitary character of T'(F,) and let Re(p) be in PL(X)*. Then
we can calculate

(11) HZW(X? p) = HE,?}(‘%M ©)X(zy)dz, = Z e log(qv)X(n)
T(Fy) neN

=3 3 4 x(n) = 3 Ry ((x(e)q; 7))

g€YX n€c®NN oEX

= Q= (0(©)g, ")) [T (1 = x(e)g )~

ecy

(Here we denoted by ¢° the relative interior of the cone o.)
Any e € ¥ induces a homomorphism F[M] — F|[Z] and hence a morphism of tori
G,, — T. For any character x € Ar we denote by x. the Hecke character

Gn(A) — T(A) X5 S

thus obtained. The finite part of the Hecke L-function with character y. is by definition

Lf(Xea 8) = H(l - Xe(ﬂv>qi)7l

vtoo
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and this product converges for Re(s) > 1 (here 7, denotes a local uniformizing element).
By (10) and (11) we know that the global Fourier transform

A~

Hy(x,¢) = Hy(z, p)x(x)dx
T(A)

exists (i.e., the integral on the right converges absolutely) if Re(y) is contained in 5 +
PL(X)", because

H QE«Xv(e)qv_(p(e))e)

vtoo

is an absolutely convergent Euler product for Re(p(e)) > 1/2 (for all e € ¥;) and hence is
bounded for Re(y) in any compact subset in ¢y + PL(X)" (by some constant depending
only on this subset).

Proposition 3.4 The series
Y Hsat,)

z€T(F)

converges absolutely and uniformly for (Re(y),t) contained in any compact subset of (¢x+
PL(X)*T) x T(A).

Proof. Let K be a compact subset of ¢x + PL(X)" and let C, C T(F,) (for every
v € Val(F')) be a compact subset, equal to Kz, for almost all v. Since any ¢ € PL(X)c
is a continuous piecewise linear function (with respect to a finite subdivision of Ng into
simplicial cones) there exists a constant ¢, > 1 (depending on K and C,) such that for
all ¢ with Re(y¢) € K, x, € T(F,) and t, € C, we have

1 < HE,v(xvtvv 90) ‘ _ HE,U ($Utv, Re(gp))
- = < ¢
HE,U('IM RG(QO))

Cy HZ,v(meD)
If C, = Ky, we may assume ¢, = 1. Put ¢ = [],¢,. For all ¢ with Re(y) € K and
te C:=1]],C, we can estimate

Z Hyx(zt,@)| < c Z Hy,(z,Re(y)).

2€T(F) 2€T(F)

Let S be a finite set of places containing Val,,(F) and let U, C T(F,) be a relatively
compact open subset of T'(F,) for each v € S, such that for all x; # xs € T(F)

ZElUmilng = @,

18



where U = [[,cq Us HU¢S Kr,. By the preceding argument, there exists a ¢ > 0 such
that for all p e K, x € T(F) and u € U

Hs(z, ) <  Hs(zu, p).

Therefore,

Z Hy(x /Hg xu, p)d
Vol

z€T(F

C/

<
VOI(U) T(A)

by the discussion above. From the explicit expression for the integral (cf. (12)) we derive
the uniform convergence in ¢ on K. O

Hy(z,¢)dr < 0o

3.5 The aim is to apply Poisson’s summation formula to the height zeta function. It
remains to show that H(-,¢) is absolutely integrable over Ar. For x € Ar and Re(yp)
contained in $p5 + PL(X)", we put

) == H I:—,E,v(Xw ©) H QE((Xv(e)qi;_p(e))e)'

v|oo vfoo

Lemma 3.5 Let K be a compact subset of PL(X)c such that for all p € K and e € ¥4

1

Re(p(e)) > 5.

Then there is a constant ¢ = ¢(K) such that for all p € K, x € Ay and m € Mgr we have

) 1
[Cs(x; o +im)| < CH{ Z H (1 le(m + m, (X))|)1+1/d}'

vjoo \dimo=d econX;

Proof. For K as above there exists a ¢ > 0 such that for all y € A7 and m € Mg one
has

[T@s((ule)g, et )| < ¢

vfoo
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for all ¢ € K (see the argument before Proposition 3.4. By [3], Prop. 2.3.2, for all v | oo
there is a constant ¢, such that for all ¢ € K, x € Ay and m € Mg

ol tim) <o 3] :

dimo=d econNX; 1+| m+m (X))|)1+1/d'

Putting ¢ = '[],, ¢v we get the result. O

For Re(p) contained in ¢y + PL(X)" we can write

(12> FIE(X? CE X, P H Lf XeaSO

e€d

By the preceding lemma, we see that f[z( -, ) is absolutely integrable over Ar. For
t € T(A) we have

Hy(wt, p)x(x)dr = x 7 (t) Hs(x, ©).
T(AF)

Hence we can apply Poisson’s summation formula (together with (9)) and obtain

(13) > Hs(at,p) = ,UT/M { > Flz(x,wﬂm)(xxm(t))_l} dm,

z€T(F) XEUT
where the Lebesgue measure dm on Mg is normalized by M and

1 ClF . RF
) R =
27k)4 W

MT:(

with clp thg class number, BF the regulator and wr the number of roots of unity in F.
Note that Hx(x - x™, ¢) = Hs(x, ¢ +im).

3.6 In section 5 we need uniform estimates for L-functions in a neighborhood of the line
Re(s) = 1. For any unramified character x : G,,(A)/G,,(F) — S! and any archimedean
place v there exists a 7, € R such that x,(z,) = |z,|"™ for all z, € G,,(F,). We put

Xoo = (Tv)v\oo € RV&IOO(F) and ”XOO” = m‘ax ’Tv|'
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We will use the following theorem of Rademacher ([34], Theorems 4,5), which rests on
the Phragmén-Lindelof principle.

Theorem 3.6 For any € > 0 there exists a § > 0 and a constant c(€) > 0 such that

for all s with Re(s) > 1 — 0 and all unramified Hecke characters which are non-trivial on
G,.(A)! one has

(14) [Ls(x: 8)| < e(e) (1 + Im(s)] + [Ixool)
For the trivial character x =1 one has

1+s
1—s

(15) 1Ly (1,8)] < c(e)

(1 + [Im(s)|)".

4 Twisted products

4.1 Let G,P,W = P\G, etc. be as in section 2 and T, %, X = Xy, etc. be as in section
3. Let n : P — T be a homomorphism. Then P acts from the right on X x G by

(z,9) - p = (an(p),p”"9).
Since Ty : G — W is locally trivial, the quotient
Y=X"™G:=(XxG)/P

exists as a variety over F'. Moreover, the projection X x G — G induces a morphism
m Y — W and Y becomes a locally trivial fiber bundle over W with fiber X (compare
[19], 1.5.16). Hence, by the properties of X (non-singular, projective), we see that Y is a
non-singular projective variety over F' (since we don’t need the projectivity of Y we will
omit the short argument). The quotient morphism X x G — Y will be denoted by 7y.
Let ¢ € PL(X) and let L, be the line bundle defined in section 3.1. Recall that L, is
equipped with a canonical T-action L, x T' — L, compatible with the action of 7" on X.
Thus P acts on L, x G by

(Lg)-p:=(-np).p 'y
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and we can define

Ly =L, "% G:= (L, xG)/P.

This is a line bundle over Y. We denote the class of a point (/,g) € L, x G in L) by
[,9]. Note that LY (and even its isomorphism class in Pic(Y)) depends on the fixed
T-linearization 6_,. In fact, for ¢ € PL(X) and m € M we have

LY

Y *
otm == Ly @ T Lo

Embedding M in PL(X)® X*(P) by m +— (m, —mon) we see that M is contained in the
kernel of the homomorphism

b : PL(S) x X*(P) — Pic(Y),
(o, \) — isomorphism class of L} ® 7*Ly.

4.2 In the following proposition we collect all relevant facts about the geometry of
twisted products which we will need in the sequel.

Proposition 4.2 a) The sequence
0— M — PL(X)® X*(P) — Pic(Y) =0

15 exact.
b) The cone of effective divisors Aeg(Y) C Pic(Y)r is the image of the closure of

PL(Z)" x X*(P)* C PL(X)r @ X*(P)r.
c¢) The anti-canonical line bundle wy is isomorphic to LZE @ 7 Loy, .
Proof. a) By [37], Proposition 6.10, there is an exact sequence
FIX x GJ*/F* — X*(P) — Pic(Y) — Pic(X x G).

Denote by mx : X x G — X the canonical projection. Let L be an invertible sheaf on
Y. Then
ny L ~ 7wy L,

(for some ¢ € PL(X)) because Pic(X x G) = Pic(X) @ Pic(G) = Pic(X) (cf. [37], Lemme
6.6 (i) and Lemme 6.9 (iv)). Note that 73 L} ~ 7% L, so that

(L& LY )

22



is trivial. Hence there exists a character A of P such that L ® Li_/w is isomorphic to
7Ly (the map X*(P) — Pic(Y) factorizes X*(P) — Pic(W) — Pic(Y)). This shows
surjectivity.

Suppose now that for ¢ € PL(X) and A € X*(P) the sheaf L} @ 7*Ly is trivial on Y.
Then m} (L}, ® m*Ly) ~ mx L, is trivial on X x G, therefore L, ~ Ox,p =m € M and
LZ ® 7 Ly = 7 L)ymon. By Rosenlicht’s theorem,

F[X x G)*/F* = FIX]"/F* @ F|G]"/F* = X*(G) = 0,

therefore, the map X*(P) — Pic(Y) is injective, hence A +mon =0 and (p, A) is in the
image of M — PL(X) & X*(P).
b) For ¢ € PL(X) denote by O, the set of all m € M such that for all n € Ng

o(n) +mn(m) > 0.

By [30], Lemma 2.3, O, is a basis for H°(X, L) (note the different sign conventions). It
is easy to see that
Y
W*ch ~ @mEDLpL—mOT]'

Suppose LZ ® 7* L) has a non-zero global section. Then
Tx (L?; X 7T*L)\) ~ @melj(p[/—mon—f—)\

has a non-zero global section, hence (cf. section 2.3) thereis am’ € O, such that —m’on+\
is contained in the closure of X*(P)*. Putting ' = —m/on+ X\, ¢’ = ¢ + m' we have
LY, @n*Ly ~ L}, @ 7Ly and (¢', X') is contained in the closure of PL(X)" x X*(P)".
On the other hand, if (¢, \) € PL(3)® X*(P) is contained in the closure of PL(3)" x
X*(P)*, then the trivial character corresponds to a global section of L,. Hence

W*(LZ Q7 L)) = L\ ® @ L_ponsxr

med,—{0}

and H*(W, Ly) # {0}, i.e., L} ® 7* Ly has a non-zero global section,
c¢) Note first that the exact sequence

0—>7T*QW—>Qy—>Qy/W—>O

splits, and therefore wy ~ (Ade/W) ® T wyy. Since wy ~ L_g,, it remains to show that
(A"Qyw)¥ ~ LY. Let Jy,w be the ideal sheaf of the image of the diagonal morphism

Ay/W Y—>YXWY
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Now Y xy Y is canonically isomorphic to (X x X) Px G and Ay (V) is just Ay (X) Fx
G. Hence we see that (Jy w/ Jﬁ/w)v is the sheaf of local sections of

V(Ix/T3) "% G,

where Jx is the ideal sheaf of Ax(X) C X x X and V denotes the associated geometric
vector bundle (with the same convention as in [17], II, Exercise 5.18). Pulling back to Y
and taking the d-th exterior power, we get

V(Ade/W) ~ V(Ade) PX G~ V(UJX) PX G.

The canonical T-linearization of wy (induced by the action of 7" on rational functions)
corresponds to the T-linearization 0_,, of L_, ~ wy, i.e.,

L, "x G ~V(wyx) "x G

and we get LY ~ (A%Qy ). O

4.3 We are going to introduce an adelic metric on the line bundles LZ. Let v be a
valuation of F' and let y = my (z, g) € Y(F,) with (z,¢9) € X(F,) x G(F,). Any point in
LY (F,) lying aver y may be written in the form [/, g] with [ a point of L,(F,) lying over
x. Then we put

I gllly = N1L- () llo-n)

where g = pk, p € P(F,), k € Kg, and the norm on the right is the one defined in
section 3.2.
Since the v-adic metric on L, is invariant under Ky, this is well-defined. The family
I ls = (I Dyey (s is a v-adic metric on LY and LY = (LY, (|| - [l)s) is a metrization of
LY. Let
V=T’ "G X"™xG=Y

be the twisted product of T" with W. Over Y there is a canonical section of L};, namely

o Y
s Y — Lg,

my (2, 9) =z, meo(2)], gl,

o !

where we consider (x,m,,(x)) as an element of U, x A (cf. the definition of L,).
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Then, for y = my(x, g) € Y°(F,) and g = pk (Iwasawa decomposition) we have

||Seo<y)||y = ”[m?(p)amcp,cr(n(p))'mcp,cr(x)]Hwn(p)
= Hy,(zn(p), ¢)

(cf. section 3.2). Globally, for y = 7y (z,v) € Y°(F), x € T(F), v = p,ky € G(F),
py € P(A), k, € K¢, we get

Hey (y) = [ [ lIse@oll,,! = Hs(zn(py), —¢).

4.4 Letf : P(A)/P(F) — S!'bean unramified character, i.e., £ is trivial on P(A)NKg.
Using the Iwasawa decomposition we get a well defined function

¢+ G(A) — S,
Pe(g) = &(p),
if g = pk as above. We denote by
EENEg) = D gelyg)eltortirho)
YEP(F)\G(F)

the corresponding Eisenstein series and we put E§(\, &) = ES(\, &, 1¢). This series
converges absolutely for Re(\) contained in the cone pp+ X*(P)* (cf. (2.3)). A character
x € Ar induces a character y,, = xon : P(A)/P(F) — S'. We denote by ) : X*(T)r —
X*(P)gr the map on characters induced by 7.

Proposition 4.4 Let L be a line bundle on'Y such that its class is contained in the
interior of the cone Aeg(Y'). Let (¢, \) be in PL(X)T x X*(P)" with ¢(p,\) = [L]. There
is a metrization L of L such that for all s with Re(s)(¢, \) € (¢x, 2pp)+PL(X)Tx X*(P)*

the series
Zyo(L,s)= > He(y)™

yeYo(F)

converges absolutely. Moreover, for these s

Zyo(L,s) = NT/

Mg

{ > Hs(x, s¢ + im)EG(sA — pp — ifj(m), XT)} dm,

XEUT
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where the sum and integral on the right converge absolutely as well.

Proof. Let (¢, X') € PL(X)®X*(P) such that there is an isomorphism L ~ L, ®7* Ly
Denote by £ the metrization of L which is the pullback of EZ, ®7* Ly via this isomorphism.
Let m € Mg such that

(0, A) = (¢" +m, —i(m) + X)
is contained in PL(X)T x X*(P)T. We have for any y € Y°(F),y = my(z,v) with
reT(F),ve€GF) and v = p,k,
He(y) = Hc}:,@w*g, (y) = e N HPOD Hy (an(p,), —¢')
= e~ Wmmen e O Hyy(an(p,), — (¢ +m)) = e~ MOD Hy (2 (p, ), —¢).

We consider s = u+ v € C such that u - ¢ is contained in the shifted cone @y + PL(3)"
and u - A is contained in the cone 2pp + X*(P)*. Then

> Hs(en(p,), up)

z€T(F)

converges by Proposition 3.4 and is equal to

w/M {> HO™ up)xx(n(p,)) " ydm

XEUT

(cf. (13)). Moreover, Hyx( -, up) is absolutely convergent on Az and therefore

> tis(ontp).up) < pr [ {Z

z€T(F) XEUT

Hs(xx™, uw)‘ } dm

is bounded by some constant ¢ (which is independent of 7(p,)). Thus we may calculate

SoolHew) o = DD MO N Hy(an(p,), up)

yeYo(F) ~yeP(F)\G(F) z€T(F)

<c 3 )
veP(F)\G(F)

This shows the first assertion. Since

NT/MR{Z

XEUT

As(0c™, ug) )} dm
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converges, we can interchange the summation and integration and get

Dyo(L,s) = Y MOy, /M {Z ﬁz(xxm,sw)(xxm)l(n(p»y))}dm

~YEP(F)\G(F) XEUT

= ,UT/ { > Hs(x,sp +im)EG(sA — pp — i(m), x;l)} dm.
Mg

XEUT

5 Meromorphic continuation

5.1 The proposition in section 4.4 gives an expression of the height zeta function (for
the open subset Y° C Y ) which we will use to determine the asymptotic behavior of the
counting function Ny (L, H) (cf. sec. 1) by applying a Tauberian theorem.

The first thing to do is to show that Zy.(L,s) can be continued meromorphically to
a halfspace beyond the abscissa of convergence and that there is no pole on this line with
non-zero imaginary part. Then it remains to prove that this abscissa is at Re(s) = a(L)
and to determine the order of the pole in s = a(L). We will see that this order is b(L).

The method which we will explain now consists in an iterated application of Cauchy’s
residue theorem. The proofs will be given in section 7.

5.2 Let E be a finite dimensional vector space over R and F¢ its complexification. Let
V' C E be a subspace and let Iy, ..., 1, € EY = Homg(E, R) be linearly independent linear
forms. Put H; = Ker({;) for j =1, ...,m.

Let B C E be an open and convex neighborhood of 0 such that for all x € B and
j=1,...,m we have [;(x) > —1. Let Ty = B+ iE C E¢ be the tube domain over B and
denote by M(Ts) the set of meromorphic functions on T5. We consider meromorphic
functions f € M(Tg) with the following properties: The function

o) = 1 TT 57

i=1
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is holomorphic in T and there is a sufficient function ¢ : V' — R>( such that for all
compacts K € Ty, all z € K and all v € V', we have the estimate

lg(z +iv)| < K(K)c(v).

(Cf. section 7.3 for a precise definition of a sufficient function. In particular, such a
sufficient function is absolutely integrable over any subspace U C V.) In this case we call
[ distinguished with respect to the data (V;ly, ..., Ly).

Let C be a connected component of B — U7, H;. By the conditions on g the integral

1 :
fo(z) = W/vf(zj%v)dv

(v =dimV and dv is a fixed Lebesgue measure on V') converges for every z € T and fe
is a holomorphic function on T¢.

Theorem 5.2  There is an open neighborhood B containing C, and linear forms l~1, e L;
which vanish on V' such that

Z = fc(z) Hl}(z)
j=1
has a holomorphic continuation to Ts. Moreover, for all j € {1,...,m} we have Ker(l}) N

C=0.

We shall give the proof of this theorem in sections 7.3 and 7.4.

5.3 Put E® = N Ker(l;) and Ey = E/E©. Let 7y : E — Ey be the canonical
projection and suppose V N E© = {0}. Let

Ef ={z € Ey|lj(x) >0 forall j =1,...,m}

and let ¢y : Ey — P := EJ /m(V) be the canonical projection. We want to assume that
mo(V) N Ef = {0}, so that A := ¢)y(E;) is a strictly convex polyhedral cone. Let dy be
the Lebesgue measure on Ej normalized by the lattice ®JL,Zl;. Let A CV be a lattice
and let dv be the measure on V normalized by A. On V" we have the Lebesgue measure
dy’ normalized by A" and a section of the projection Ej — V'V gives a measure dy” on
PV with dy = dy'dy".
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Define the X-function of the cone A by

XA(x):/ e*y"(x)dy//
AV

for all x € Pc with Re(z) contained in the interior of A (cf. section 7.1).
Let B C FE be as above and let f € M(Tp) be a distinguished function with respect

o(Vily,...,lm). Put
T Li(2)
2) . )
E%(Z)‘i‘l
B* Bﬂ{erH( >0, forall j=1,..,m},

f+(z

(for z € Tg). The function foe - TB+ — C is holomorphic and has a meromorphic
continuation to a neighborhood of 0 € E¢. In section 7.5 we will prove the following

theorem.
Theorem 5.3 For o € BT we have

lim s f+ (s20) = g(0)Xn (o (o).

5.4 In this section we make some preparations in order to apply the general setting of
5.2. Let L be a line bundle on Y such that its class in Pic(Y") lies in the interior of Aeg(Y').
By the definition of a(L) (cf. section 1 and Proposition 4.2),

a(L)[L] = (es, 20p) € A(L)

where A(L) is the minimal face of Aeg(Y') containing a(L)[L] — (s, 2pp). Define ¢, €
PL(Y) (for e € ¥1) by @e(€') = beer, for all € € ¥ and put

¥ :={e € X |¥(pe,0) € A(L)}.
Let P’ C G be the standard parabolic subgroup with

Ap/ = {Oz c AP | Q/J(Oawa) € A(L)}>
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where (w,, 3) = dop for all a, 5 € Aj. Let

(1, An) € (D Roope) X (Y Raowa)

EEE/ CMGAP/

such that ¢ (¢r, AL) = a(L)[L] — (s, 2pp). Then

A 1
L= —— 2 A
o(L) (s + @, 2pp + AL)

is mapped onto [L] by . Denote by
¢(e) (A @)
(16) e = [ 2% I o
e€y -3 ple) +1 a€EAp—Aps A a)+1

and put )
e=p+pn+er, and A=A+ pp+ AL

From now on we will denote by Kg C G(A) the maximal compact subgroup defined in
section 8.2.

Lemma 5.4  There exists a convex open neighborhood B of 0 in PL(X)r @& X*(P)r with
the following property: For any compact subset K C Ty there is a constant ¢ = ¢(K) > 0
such that for all (p,\) € K, x € Ur and m € Mg we have

As(x, @ + im) B\ = ii(m), X; Yo (i + im, X = i7j(m)

1
ch{ > 1 g m+m<x>>\>1“/2d}'

vjoo \dimo=d e€on

Proof. Write as in (12)

Hs(x, & +im) = (s(0 @ +im) [ Lr(xe, 1+ (¢ + ¢ + im)(e)).
eed

For Re(y) sufficiently small and e € ¥} we have
1
Re(p(e)) +¢rle) 2 Sorle) > 0.
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Hence
IT Zrxes 1+ (0 + 1+ im)(e))
eex]

is bounded for Re(yp) sufficiently small. If e € 3; — X7, then ¢ (e) = 0. By the estimates
of Rademacher (cf. Theorem 3.6), we have for x. # 1

1Ly (Xe, 1+ (¢ +im)(e))] < ce(L + [m(e)| + [ (xe)ooll)

for Re(¢(e)) > —d and ¢ in a compact set (§ depends on €, ¢, depends on this compact
subset). If y. = 1 (abusing notations we will denote from now on the trivial character
by 1), then

(¢ +im)(e)
(p+1im)(e) +1

1Ly (1,14 (¢ +im)(e))| < ce(1 +[m(e)])",

Now we use Proposition 8.7 concerning estimates for Eisenstein series. This proposition
tells us that there is for given € > 0 an open neighborhood of 0 in X*(P)g such that for
Re(\) contained in this neighborhood

EF(\ —in(m), x; )| < ex(1+ [ Im(A)+37(m) [+ 0y~ Hocl])*

H (A+ AL —in(m), a)
wEAN (A4 AL —in(m),a) + 1
(For the definition of (- - ) and the norms see section 8.5.) If we let A vary in a compact
subset in the tube domain over this neighborhood, then there is a constant c; > ¢ such
that

er(1+ [Tm(A) + 7(m) | + 1[0y selD)® < ca(X+ I(m)]l + 106~ ool)*
For Re(\) sufficiently small and o € Ap/ we have

(Re(A) + Ap,a) > =(Ar, ) > 0.

N | —

Therefore, there are c3, ¢y > 0 such that for all such A and m € Mg we have

<>‘ + )\L - Zﬁ(m)’ a)
a=| ]l Ot A —in(m),ay +1) =

aEAP/
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Putting everything together, we can conclude that there is a neighborhood B of 0 in
PL(X)r & X*(P)r such that for (¢, A) in a compact subset K of the tube domain over
B we have

I] ZrCxe 1+ (0t o +im)e)) ] (p +im)(e)

ec€¥ e€X; —X] (QD - Zm) <€) +1

<|ER a1 B < o+ o+ ma ()

(XEAP—AP/

where || - || is a norm on Mg . On the other hand, by Lemma 3.5, we have

~ . i 1
4= x, &+ im)| < (K H{Z I m+m<x>>|>1+1/d}'

vjoo \dimo=d e€onNiy

Now we may choose € and c; such that

(L m+meO <es[[ I 0+ letm +m. o))

v]oo e€oyNEy

for any system (0,)y|0c Of d-dimensional cones. This gives the claimed estimate. 4

5.5 To begin with, we let
Mg :={m € Mg | e(m) =0Ve € ¥; — X} and (5(m),a) =0Va € Ap — Ap},
M’ = M 0 M.

Then Mz = M'®R and M"” = M /M’ is torsion free. Put d’ = rank(M’), d” = rank(M").
The connection with sections 5.2 and 5.3 is as follows:

E = (PL(Y)r ® X*(P)r)/Mg,
V=M@R,A=M"v=d"

the set of linear forms [y, ..., [,, is given as

(17) (0, A) + Mg — @(e), e € Xy — X,
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(18) (90,/\)+M1,{'—> </\,Oé>,Oé€Ap—Ap/.

The measure dv = dm” on V = My is normalized by M", dm = dm’dm”, where dm
(resp. dm’) is the Lebesgue measure on Mg (resp. Mp) normalized by M (resp. M’).

Fix a convex open neighborhood of 0 in PL(X)g & X*(P)gr for which Lemma 5.4 is
valid. Denote by B the image of this neighborhood in E£. This is an open and convex
neighborhood of 0. Using Lemma 5.4 we see that

1 N < _
7 { > Hs(x, @ +im)EG(A —in(m’), x; " Yhw (e, A)} dm’

XEUT

9(p, A) = qu/

Mg

is a holomorphic function on Ty (here pp = 1/(27k)%). (We use the invariance of g under
iMg and Cauchy-Riemann differential equations to check that g is actually a function on
Tp.) Hence,
Fle,A) = g, N (o, )
is a meromorphic function on T’.
Let E© be the common kernel of all maps (17, 18) considered as a subspace of
PL(X)r ® X*(P)r. Note that there is an exact sequence

0— Mf{ ~ BO <A(L)> —0

which implies

(19) b(L) = codim A(L) =m —d",

where m = #(X; — X)) + #(Ap — Apr).

Put E© = E© /M, c E. By construction, My NE© = {0}. Define as in section 5.3:
Ey = E/EW©. Let dy be the Lebesgue measure on Ey normalized by the lattice generated
by the linear forms (17, 18). Denote by E; the closed simplicial cone in E, defined by
these linear forms, and by my : E — Ej the canonical projection. It is easily seen that
mo(Mg) N Ef = {0} (using the exact sequence above). Let

'lb(] . EO — P = E()/?T(](Mﬁ)
be the canonical projection and put
A= wO(E(—)i_)7
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Bt =Bn{(p,\) € E|ple) >0Vee X, — ¥, (\a)>0Va e Ap — Ap}.
By the following theorem the function f € M(Tp) is distinguished with respect to Mg
and the set of linear forms (17, 18). Therefore, we can define fg+ : T+ — C by
1

o) = oy [

fz+im”,—n(m")))dm”.

Theorem 5.5 a) f is a distinguished function with respect to My, and the set of linear
forms (17,18). . 3 )
b) There exist an open neighborhood B of O containing Bt and linear forms ly, ..., 15
which vanish on Mg such that
fB+(z) Hl}(z)
j=1

has a holomorphic continuation to T and g(0) # 0.

Proof. a) Define ¢y : MR — Rx¢ by

S (DI [ )

vjoo dimo=d e€on

Let F C Mg ., be the cube spanned by a basis of the image of Ur in M . Let ¢ >0
such that for all Moo (X) € Mg o, (X € Up) and all m' € F

co(Meo(X)) < ceo(meo(X) + ml)‘

Let dm' be the Lebesgue measure on My ., normalized by the image of Up. Then for
m € MR

/, {Z co(Meo(X) +m'—|—m)}dm’ < ¢(m mod Mg),

XEUT

where ¢ : Mg — R is defined by

)= clte / / (m' +m* +m”")dm*dm'.
g Iagg

By Lemma 5.4, for any compact subset K of Tz there is a x(K) > 0 such that

l9(z +1m")| < K(K)e(m")
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for all z € K and m” € My. Obviously, ¢ can be integrated over any subspace U of Mg.
It remains to show that for any m” € Mg — U one has

lim [ e(rm” + u)du = 0.
T—+00 U
In section 7.6 it will be shown that c is a sufficient function. Thus f is a distinguished
function in the sense of 5.2.
b) The first part concerning the meromorphic continuation and singularities of fp+ is
the content of Theorem 5.2. The relation

~ A

lim s*®) fgi (sL) = g(0) X (¥o(L))

s—0

is satisfied by Theorem 5.3 and (19). It will be shown in Section 6 that g(0) # 0. O

5.6 The main theorem of our paper is:

Theorem 5.6 Let L be a line bundle on Y which lies in the interior of the cone of
effective divisors. Then there exists a metrization L of L with the following properties:
a) The height zeta function

Zyo(L,s)= > He(y)™

yeYo(F)

is holomorphic for Re(s) > a(L) and it can be continued meromorphically to a halfspace
Re(s) > a(L) — 0 for some § > 0. In this halfspace it has a pole of order b(L) at a(L) and
no other poles.

b) For the counting function one has the following asymptotic relation

Nyo(L, H) = ¢(L)H" ™ (log H)* V=11 4 o(1))

for H — oo with some constant c¢(L) > 0.

Proof. a) By construction, L = %L)(SOE—HOL, 2Ap+Ar) is mapped onto [L] by ¢. Hence

Zyo(L,s) converges absolutely for Re(s) > a(L), where £ is the metrization mentioned
in Proposition 4.4. By the same proposition,

Zyo(L, s+ a(L)) = pr / {>° fulx im)}ydm

Mg X€UT
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where

fL(Xai"U =

N i S L. _
Hy(x, m(sf)z + L) + ¢z + oL+ Zm)Eg(m@pP +AL) + pp + AL — ii(m), x;, )

for all s with Re(s) > 0. However, this is just

1 / £ (sL+itm", —i(m"))) dm" = fie (sL)

(2m)? M,
with f, BT and f3+ introduced in the preceding section. By Theorem 5.5, f3+ extends to a
meromorphic function on a tube domain over a neighborhood of 0 and in this tube domain
the only singularities are the hyperplanes defined over R. Hence there is a ¢ > 0 such
that Zyo(L,s + a(L)) extends to a meromorphic function in the half-space Re(s) > —¢
and the only possible pole is in s = 0 and its order is exactly b(L) (Theorems 5.3 and

5.5).
b) This result follows from a Tauberian theorem (cf. [11], Théoreme III or [42],
Problem 14.1 (in the constant stated there the factor % is missing)). a

6 Non-vanishing of asymptotic constants

6.1  This section is devoted to the proof of the non-vanishing of g(0) claimed in Theorem
5.5. All notations are as in sections 5.2-5.5. The function g(¢, A) which has been defined
in 5.5 is given by

se N =5 [ { > Asx ¢ +im)BE (A= iim), ;") b, A)} dm,
' XEUT
where ¢, A have been defined in 5.4. The function hy (g, \) was defined in 5.4:
p(e) (A @)
hr(p, ) = H — H —.
6621—2/1 30(6) + 1 QGAP*AP/ <A7 Oé> + 1

The uniform convergency of the integral above in any compact subset of Tz (cf. Lemma
5.4) allows us to compute the limit

lim H o(e) H <)\,a>ﬁz(x,<ﬁ+im’)E1§(S\—iﬁ(m’),xgl)

A)—0
(pA) 8621—2’1 aEAp—Aps
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first and then to integrate. We shall show that this limit vanishes if there are e € ¥; — ¥}
with x. # 1 or a« € Ap — Aps with x, o & # 1. Therefore, we may consider only x € Uy,
where

U ={x EUr|x.=1VeeX; =3, xyoa=1Va€Ap—Ap}.
Let 0¥ : P' — T be the uniquely defined homomorphism such that for all & € Ap we
have ' o v = no .

Lemma 6.1

: KT Cpr % <y

20 0) = | B i

(20)  g(0)=_ lim . [ wle) A § (X, ¢ +im’)
e€¥ —X R xeUp

xES (A + ppr — i1 (m'), (xoy) ") Ydm!
(cf. 8.4 for the definition of cpr and cp).

Proof. Recall that (cf. (12))

Hs(x, @ +im') = ¢(x, & +im') [ ] Ly(xe, 1+ @(e) + prle) +ie(m'))
ec¥

and that (s (x, @+im’) is regular for ¢ in a tube domain over a neighborhood of 0 (Lemma
3.5). For e € 3 we have ¢ (e) > 0; hence we see that the function

Ly(Xe; 1+ () + ore) + ie(m'))

is holomorphic for Re(p) in a neighborhood of 0. Let e € ¥; — X, If x. # 1, then
the restriction of x. to G,,(A)! is non-trivial (by our construction of the embedding
Ur — Ar, cf. 3.3); hence
p = Ly(xe, 1+ ¢(e))
is an entire function and ¢(e)L¢(x., 1 + ¢(e)) tends to 0 as ¢ — 0.
For « € Ap we have (Ap,a) > 0; hence \p is contained in X*(P')T. Let o €
Ap — Apr. If x,; 0& # 1, then x, o & restricted to G,,,(A)! is non-trivial and therefore

[T M a)BE (A +pp +Ap —in(m'),x, ")
aEAP—AP/

vanishes as A\ — 0 (cf. Proposition 8.3). We have shown that it suffices to take the sum
over all y € Uy. To complete the proof, note that for x € U} we have (cf. Proposition

(8.4))
I [ O WY (x —in(m), X;l) — Z—IZEE (AL + pp — 7 (m'), (X)) -

A—0
aEAP*AP/
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6.2 By the absolute and uniform convergence of
| 3 dsteerin) T ete) pam
R XEUT, e€X; -3
(cf. Lemma 3.5 and Theorem 3.6) and the convergence of

Z €<>\L+2PP/ Hpr (7))
YEP!(F)\G(F)

we may change summation and integration in (20) and get for all p € PL(X)"

wrr  Cpr ~ ~ . .o —
WS (e ) B (A + o — i () ) ) i

R xeu},

_ o AL+20p,Hpr (7)) 2 S N = (0t (o /
= > et [N s+ im ) (007 0 (8 dm
YEP (F)\G(F) R e,

where v = pl k. as above. Let I be the image of the homomorphism

II Gu(A)x [ Gu(A)—T(A)

e€X;—%) a€EAp—Aps
. _3V _
induced by M — Z™ %1 @ ZArP~8p

m i ((e(m))ees, —s;, ((—m 01, 0))aeap—a,)) -

Then Mg &UY is precisely the set of characters T(A) — S* which are trivial on T'(F)KrI.
Put T" = Spec(F[M']) and T" = Spec(F[M"]). Then there is an exact sequence

1T -T->T — 1.

Note that I C T”(A). Denote by K (resp. Kp») the maximal compact subgroup of
T'(A) (resp. of T"(A)). The linear forms

m— e(m), e €y — X,

m— —(mon,a), a« € Ap— Ap,
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when considered as functions on M”, generate a sublattice of finite index in N” =
Hom(M",Z). This shows that there is a ¢ > 0 such that the image of the g-th power
homomorphism 7"(A) — T"(A), t — t%, is contained in I. If v is any archimedean place
of F' the connected component of one in 7”(F}) is therefore contained in I. Consequently,

T'(F) - [[7"(F) [ [ Krvw € T (F)Kgo - T
v]oo vfoo
and the left hand side is of finite index in 7" (A). Put
r={x€Ar | x=1on T(F)KrT"(A)}.

We observe that
Ay = Ag = (T'(A)/T'(F)Kp)' C Mp & U

We denote by
T = (Mg ®Up)/ Ay

and by ¢ the order of Z. Put Up = Ur N A, (then A, = Mj & Ur). Thus we may write

/M, Z [:[2(%95 +im/>(Xle)71(n(pfy)) dm!

R | xeu}
=2 / D Hs(X X )N )T (1) g dm.
X€E€L Ml/{ X’EUT/

For x € Mj ® U} and x € T'(A) we consider the function

X — Hz(xtn'(pfy), @)x(t)dt
T"(A)

(the Haar measure dt on 7”(A) is defined as dz on T'(A), cf. 3.3). The same argument
as in the proof of Proposition 3.4 shows that this function is absolutely integrable over
T'(F) if ¢ € PL(X)*. The Fourier transform for x’ € A’

/T,(A) ( /T v Hz(xtn’(p;),@)x(t)dt> X (x)dw
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is absolutely integrable over A/.. Using Poisson’s summation formula twice we get

ZMT//

> Hs(X" XX @) X0 ' () ¢ dm!

!

xX€T R X' €U
SV SRR EETIEAE NOTEED IRy B SR
X€EZ z€T'(F) 2€T' (F) KTI

Now we collect all the terms together.

Lemma 6.2  The constant g(0) is equal to

LCP/d/NCP Z L2090 Hpr (7)) o
YEP!(F)\G(F)

¢—0, ilergL H SO Z / (@’ (p))t, @)dt.

"( F)KT//I

Lemma 6.3 The limit

li Hy,(t, p)dt
¢—>0,¢16I£1L H SO /// ) E( ’90)

6621
exists and is positive.
Proof. Consider the embedding N — Ngr and let

".={oNNg|oeX}

This is a complete fan in Ni which consists of rational polyhedral cones, but which is
not necessary a regular fan. We can obtain a regular fan by subdivision of the cones into

regular ones (cf. [20], ch. I, §2, Theorem 11). This gives us a complete regular fan >

such that any cone in %" is contained in a cone of . Denote by % the set of primitive
integral generators of the one-dimensional cones in %”. Computmg the integral as in

section 3.4 we get

[ 9= 09 TT 10

EII
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(cf. (12)), where (5. (1, P) is regular in a neighborhood of ¢ = 0 and positive for ¢ = 0.
Let € € N and o € ¥’ be a cone containing é. Write é = ) te - e (te € Zxo).
Suppose

econNXy

1=(px+00)@) = Y te(l+@(e)).

ecoNXy

Then t, = 0 for all e € 0 N Y] because ¢, € Zeezg R-ope (cf. 5.4). Hence,

e= Z te - e

econNy1 -3

and px(€) = 1 implies é € ¥; — 3. Therefore,

©—0, g}vielgL(E) H wle H Ly

6621—2’1 GEE

={ ]I im p(e)Ly(L1+ee)} [T Le(L(pm +92)(@)

©—0, QOEPL(E)+ ~
e€X1—X gex —(21-59)
and this is a positive real number. O

In Theorem 5.5 we claimed the non-vanishing of ¢g(0). We are now in the position to
prove

Corollary 6.4  The function g defined in section 5.5 does not vanish in (p, \) = (0,0):

g(0) > 0.

Proof. By Lemma 6.2 it is enough to show that

I Hs(t,§)dt
o Jm H le /T s(t, @)

T eeni— "(FYKopnr-T

is positive. Let t,...,t, € T(A) be such that

T"(A) = | Jt,7"(F)Kpn - I.
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Then there exists a constant ¢ > 0 such that for all t € T”(A) and j = 1, ..., v, we have
~ & ~
Hy(tt;, p) < ;HE(ta ?)-

Hence we can estimate

/ Hy(t, g)dt = / Hy(tt;, §)dt < c / Hs(t, )dt.
"(A) T K I

T"(F)K i I

Lemma 6.3 allows us to conclude that the limit above is indeed positive. O

7 'Technical theorems

7.1 Let (A, V,A) be a triple consisting of a free abelian group A of rank d, a d-
dimensional real vector space V := A ® R containing A as a sublattice of maximal
rank, and a closed strongly convex polyhedral d-dimensional cone A C Agr such that
AN —A = {0}. Denote by A° the interior of A. Let (A, V", AY) be the triple consisting
of the dual abelian group AY = Hom(A, Z), the dual real vector space V'V = Hom(V,R)
and the dual cone AY C VV. We normalize the Haar measure dy on V'V by the condition
Vol(VV/AY) = 1.

We denote by xa(v) the set-theoretic characteristic function of the cone A and by
X (v) the Laplace transform of the set-theoretic characteristic function of the dual cone

20 = [ ey = [ ey,
8%

AV
where Re(v) € A° (for these v the integral converges absolutely).
Consider a complete regular fan > on V| that is, a subdivision of the real space V into
a finite set of convex rational simplicial cones, satisfying certain conditions (see [3], 1.2).
Denote by X1 the set of primitive generators of one dimensional cones in . Denote by
PL(X)gr the vector space of real valued piecewise linear functions on V' and by PL(¥)c
its complexification.

Proposition 7.1 (/3], Prop. 2.3.2, p. 614) For any compact K C PL(X)c with the
property that Re(p(v)) > 0 for all ¢ € K and v # 0, there exists a constant k(K) such
that for all o € K and all y € VY the following inequality holds

. 1
e e)=ivy) 1, < k(K
It © 2 q

dimo=d 660'(]‘ + |<e,y>|)1+1/d‘
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7.2 Let H C V be a hyperplane with H N A = {0}. Let yo € V" with H = Ker(yo),
such that for all z € A : yo(x) > 0. Then y is in the interior of AY C VV. Let zg € A°
and let

H ={y € VY |y (o) = 0}.

We have VV = H' @ Ryy. Define ¢ : H — R by
o(y') = min{t |y + tyo € AV}.

The function ¢ is piecewise linear with respect to a complete fan of H’'. Taking a subdi-
vision, if necessary, we may assume it to be regular.

Proposition 7.2 The function X, (u) is absolutely integrable over any linear subspace
UCH.

Proof. For h € H we have

efy(onrih)dy _ / /OO e*(y/+ty0)($0+ih)dtdyl
v )28

(y)

X (zo +ih) = /

A
= / e W) =W (M) gy

Therefore, h +— X\(xo + ih) is the Fourier transform of the function ¢ +— e %) on
H' ~ HY. The statement follows now from 7.1. a

7.3  The rest of this section is devoted to the proof of the meromorphic continuation of
certain functions which are holomorphic in tube domains over convex finitely generated
polyhedral cones. In section 5 we have already introduced the terminology and explained
how this technical theorem is applied to height zeta functions.

Let E be a finite dimensional vector space over R and E¢ its complexification. Let
V C FE be a subspace. We will call a function ¢ : V' — Ry sufficient if it satisfies the
following conditions:

(i) For any subspace U C V and any v € V, the function U — R defined by u —
c(v + u) is measurable on U and the integral

e (v) ::/Uc(v—i—u)du

is always finite (du is a Lebesgue measure on U).
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(ii) For any subspace U C V and every v € V — U we have

Tgrfoo cy(T-v)=0.

Let ly,...,l,, € EY = Homg(E,R) be linearly independent linear forms. Put H; =
Ker(l;) for j =1,...,m. Let B C E be an open and convex neighborhood of 0, such that
for all x € B and all j =1,...,m we have [;(z) > —1. We denote by T := B+iE C E¢
the complex tube domain over B. We denote by M(T'5) the set of meromorphic functions
on 1Tg.

A meromorphic function f € M(Ts) will be called distinguished with respect to the
data (V;ly,...,1,,) if it satisfies the following conditions:

(i) The function

o~

o) = 10 T 525

z) +

—~

J=1

is holomorphic in Tg.
(ii) There exists a sufficient function ¢ : V' — R such that for any compact K C T
there is a constant x(K) > 0 such that for all z € K and all v € V', we have

lg(z +iv)| < K(K)c(v).

Let C be a connected component of B — Uznzl H; and T¢ a tube domain over C'. We
will consider the following integral:

- 1 .
fo(z) = @T)d/vf(z + iv)dv.
Here we denoted by d = dim V' and by dv a fixed Lebesgue measure on V.

Proposition 7.3 Assume that f is an distinguished function with respect to (V; 1y, ..., Ly,).
Then the following holds:

a) fc : Te — C s a holomorphic function.

b) There exist an open and convexr neighborhood B of 0, containing C, and linear
forms 1y, ..., lm, which vanish on V', such that

2= fe() []G(2)
i=1
has a holomorphic continuation to Ts.
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Proof. a) Let K C T be a compact subset and let x(K) > 0 be a real number such
that for all z € K and all v € V, we have |g(z + iv)| < k(K)c(v). Since K is a compact
and C doesn’t intersect any of the hyperplanes Hj, there exist real numbers ¢; > 0 for
any j = 1,...,m, such that for all z € K and v € V', the following inequalities hold:

Li(z+iv) + 1
jl—‘ < ¢j.
i(z +iv)

Therefore, for z € K and v € V' we have
|lf(z4+ )| <ecp - epmr(K)e(v).

It follows that on every compact K C T¢ the integral converges absolutely and uniformly
to a holomorphic function fe.

b) The proof proceeds by induction on d = dim V. For d = 0 there is nothing to prove.
Assume that d > 1 and let vy € V' — {0} be a vector such that both vy, —vg € B. We
define B; C B as the set of all vectors € B which satisfy the following two conditions:
the vector z £ vy € B and |ll]7'((z)))| < 1forallje{l,..,m} with ;(vo) # 0. The set By is
a convex open neighborhood of 0 € E. Fix a vector xy € C'. Without loss of generality
we can assume that

(1o = G € {1} |1 (o)l (x0) < 0}
with 0 < mo <m. For j € {1,....,mo}, k € {1, ] ...,m} we define

lk(vo)
L (vo)

For all j € {1,...,mo} we have that ([;)i1<k<mrz; 1S a set of linearly independent linear
forms on E. Moreover, for all z € By and j € {1,...,mo} we have

L1 CO Y R
T L) (1 1, (vo)

Lir(w) = le(z) — 1;(2)

s Hj,k = Ker(lj,k) C E.

(z) ) T+ ll]]((;i))) (x — ) € B,

li(z)
15 (vo)

T — llj((z))) vy = (1 + ll;((z)))) T+ (—llj((;))) (z + o) € B.

in the case that > 0 and, similarly, in the case that lj" @ -

1j(vo)
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Therefore, for all z € By and j € {1,...,mo},k € {1,...,7,...,m} we have

Lix(z) = Iy (:1; - zlj((;)) UO) > 1.

Let C be a connected component of

mo m
By — <U U Hixu UlHj> :
s

J=11<k<m,k#j
which is contained in C. For z € Ty we define

1 [t 1
he(z) = — f(z+itvg)dr = 5 N f(z+ Avg)dA.
—00 Re(A)=0

As in (i) one shows that h¢ is a holomorphic function on Ti. For z € By and A € [0, 1]
we have
r+ Ay = (1 — Nz + ANz +v) € B.

If for some z = x + iy € T, (x € C1) and A € [0,1] + iR, j € {1,...,m} we have
lj(Z + )\U(]) = O,

then it follows that [;(x) + Re(A)l;(vy) = 0, and therefore, [;(x)l;(vy) < 0 (since [;(x) has
the same sign as [;(zo)). Consequently, j € {1,...,mo}.
For z € T, and j € {1,...,mo} we put

By our assumptions, we have 0 < Re();(2)) < i. From X;j(z) = A\j(2), with j,j' €
{1,...,mo} and j # j' it follows now that

i (= ) =0

In particular, we have I, 7 (Re(z)) = 0. This is not possible, because z € T¢,.
Assume now that x € B;. We have, assuming that [ (vy) # 0, that

lk(vo)

1 1
+ 1’ > |le(vo)| - | — 3 + 1] = §|lk(U0)|'

[l (2 + vo)| = [l (vo)] -
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If I (vo) = 0, then we have lx(z + vg) = lx(x).
Fix a z € Tp,. Then there exist some numbers ¢;(z) > 0,¢2(z) > 0 such that for all
A €[0,1],7 € R with || > ¢1(2) we have

|f(z + Avg + iTvp)|
1
(z + Avg + iTwp)

= |g(z + Avg + iTvy)| |H

j=1

)| < c2(2)k(z + [0, vy )e(Tvp).
For any z € T, we have therefore
1
Z Resy—x,(z) (A — f(z+ Avg)) + = / f(z + Avg)dA.
i Re(A\)=1

Since \j(z) # Ay (z) for j, 5" € {1,....mo}, j # j', 2 € T, we have

k(z+ Avg) + 1
Z"—)\Uo)

Resy—, () (A = f(z + Ag)) = hm (A= X( H g(z + M)

Aj(2)
RERANTEY bat) 41
a lj(vo)g ( Li(vo) 0) H : '

1<k<m k] Lin(2)

Put now for j € {1,...,mo}, z € T,

O — g(z_lﬂz)vo). [ e

£ (o) renzmne k(%)

09 = o (- L),

Let V4, C V be a hyperplane which does not contain vy. We want to show that
the function f;(2) is distinguished with respect to (Vi; ({;x)1<k<m, ;). The function f; is
meromorphic on Tg,. Also, for all z € By and all k € {1, ..., J, ..., m} we have [ (z) > —1.
Further, we have that

Liw(2)

lj’k(Z) + 1

and

9;(2) = fi(2) -

1<k<m, k#j

is a holomorphic function on 7',
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Let Ky C T, (C Tg) be a compact, and let

K(j) :={z— MUO |z € Ki}.

j(vo)
This is a compact subset in Tz. Put
1
(Ky) = K(y
I{]( 1) |lj(U0)|,€( (.]))7

where £(K(7)) is a constant such that |g(z + iv)| < k(K(j))e(v) for all z € K(j) and all

v e V. For v; € V| we put
Lj(v1) )
ci(v)) =clv — v | .
i) ( b L)

Then for all z € K; and v € V; we have
19(2 4+ 1v1)] < K (Kq)ej(vr).

Moreover, for any subspace U; C Vi and all v; € V; the function U; — R, u; — ¢j(ui+v1)
is measurable and we have

R
1

For all v; € V; — U; we have

lim ¢, (Tv1) = 0.
T—%00

This shows that f; is distinguished with respect to (Vi; ({jx)1<k<m, kj)-
For z € T, we put

1
= — Avg )d\.
folz) 270 JRe(r\)=1 flz+ o)

If I (vo) # 0 we have (as above) for all z € B the following inequality

1
(@ +vo)| = 5ll(wo)l.

Therefore, we conclude that the function
l(2)
w(z)=fz) ]
1<k<m, Iy (vo)=0 lk(Z) +1

:i too H lk(2+@0+iTUO)+1
27 k(2 + vo + iTvy)

T 1<k<m, I (v0)#0

Yg(z + vo + iTvg)dT
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is holomorphic in 7', .
Further, we have for z € K; (with K; C T, a compact) and v; € V; the inequality

|90(2 + iv1)| < Ko(Kq)co(vr),

where ro(K;) is some suitable constant and

+oo
co(vy) = / c(vy + Tvg)dr.

[e.e]

Again, for any subspace U; C V; and any u; € Vi we have that the map U; — R given
by u; — ¢o(v1 + uq) is measurable, and that

Co,U, (Ul) = / Co(v1 + ul)dul < Q0.
Uy

For all v; € V; — U; we have
lim ¢y p, (Tv1) = 0.

T—+00

Therefore, fy is distinguished with respect to (Vi; (Ix)1<k<m, 1, (vo)0)-

The Cauchy-Riemann equations imply that go is invariant under Cuvg, that is, for
all 21,20 € Tp, with z; — 25 € Cuvg we have go(z1) = go(z2). We see that fy is also
invariant under Cuvy (in this sense), as well as fi,..., f, (this can be seen from the
explicit representation of these functions). For z € T, we have

ho(2) = folz) + D 1) = D ().

Moreover, for such z we have

mo

f L ' = —1 (2 +2vy)dv
fe(z) = 2m)i T /V1 he(z + ivi)dvy = Z (2m)i1 /V1 fi(z +ivi)dovy,

Jj=0

where dvydr = dv (and Volg-({ v | € [0,1]}) = 1).
By our induction hypothesis, there exists an open and convex neighborhood B’ of 0
in £ and linear forms [y, ..., [;;, which vanish on V', such that

fc(z)HZj(Z)
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has a holomorphic continuation to 7. (Strictly speaking, from the induction hypothesis
it follows only that the linear forms I, ..., 15 € EY vanish on V4. But since the functions
foy s fmo “live” already on a tube domain in (E/Rwg)c, it follows that the linear forms
are also Rug-invariant.) )

Now we notice that fo(z) | I;(z) is holomorphic on Ti. Let B be the convex hull
of B"UC. Then we have that

Je [ 162)

j
is holomorphic on Tz (cf. [18], Theorem 2.5.10). O

7.4 Let E,V,l;,.. I, and BC {x € E|l;(z) > -1V j=1,..,m} be as above. Let C
be a connected component of B — Ji*, H;. Let f € M(Tp) be a distinguished function
with respect to (V11 ..., ).

Proposition 7.4 There exist an open conver neighborhood B of 0 in E containing C
and linear forms Iy, ...,l; € EY vanishing on V' such that

a) for all j € {~1, ym} we have Ker(l;) NC =0,
b) fe(2) T2, 1j(2) has a holomorphic continuation to Tg.

Proof. By the proposition above, there exist linear forms I, ...l such that V C
N7 Ker(ly) and fo(z) [T, 1(2) h~as a holomorphic continuation to a tube domain T’z
over a convex open neighborhood B of 0 € E containing C'. Suppose that there exist an
xo € C and a jy € {1,...,m} such that [, (x¢) = 0. Then the function

fox) [T 1(2)
J#Jjo

is still holomorphic in T with B = (B - IN{er(Zjo)) UC. It is easy to see that B’ is
connected. The convex hull of B’ is equal to B. Therefore, already the function

fe(2) [T G(2)

J#jo

is holomorphic on Tz (cf. [18], loc. cit.).
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7.5 As above, let E be a finite dimensional vector space over R and let [y, ...,1,, be
linearly independent linear forms on E. Put H; := Ker(l;), for j = 1,...m, E® =
ﬂ;.”:l Hj and Ey = E/E®. Let my : E — Ey be the canonical projection. Let V C E be

a subspace with V' N E©® = {0}, such that mo|yy : V — Ej is an injective map. Let
Ear = {I S EO | lj<.§l]) > 0, j = 1, ,m}

and let ¢ : Ey — P := Ey/m(V) be the canonical projection. We want to assume that
7o(V) N Ef = {0}, so that A := ¢(Ey) is a strictly convex polyhedral cone.

Let dy be the Haar measure on Ej normalized by Volg, (Ey /@71, Zl;) = 1. Let ACV
be a lattice, and let dv be a measure on V normalized by Vols,(V/A) = 1. On VY we
have a measure dy’ normalized by A" and a section of the projection Ej — V'V gives a
measure dy” on PV with dy = dy'dy".

Let B C E be an open and convex neighborhood of 0, such that for all x € B and
j € {1,...,m} we have l;(z) > —1. Let f € M(Tp) be a meromorphic function in the
tube domain over B which is distinguished with respect to (V;ly,...,1,,). Put

Bt =Bn{x € E|ljx) >0, j=1,..,m},

~ 1 )
fe+(z) = W/Vf(z + iv)dv

where d = dim V. .
By 7.3, the function fg+ : T+ — C is holomorphic and it has a meromorphic
continuation to a neighborhood of 0 € E¢. Put

o) =1 T 50

Proposition 7.5 For xy € B we have

lim 5™ 5 (s20) = 9(0) X (1(x0)).
Proof. For j € J:= {1,...,m} we define
Hy = {veV | L) =1},
Hi_:={veV|l{)=—1}.
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Let C be the set of connected components of V' —Ji_,(H; + U H; ). For a C' € C we put
Jo:={je€ J||l;(v)] <1for all ve C}

and
ve=vn () H;
Jj€Jo

Denote by Vi the complement to V¢ in V and let 7 @ V = Ve @ VC — Vi be the
projection. Since the map Vo — R, v — (1;(v)) e, is injective we see that mo(C) is a
bounded open subset of Vi, For vy € 7o (C') we put

Clvy) :={v e V9 |v +v € C}.

The set C(vy) is a convex open subset of V¢. Let dv;,dv’ be measures on Vi (resp. on
V), with dvidv’ = dv. For all s € (0,1] we have

smd/ f(sxg +iv)dv = smd/ f(sxo + vy + i')dv'dvy
c 7c(C) JC(v1)

= gm—d° / / f(szo + isvy + iv')dv'dvy
%ﬂc(c) C(sv1)

= / Xc, (v)sm*dc fos(v)dv.
v
Here we denoted by d° := dim V¢ and by
Co={v=uv+0 €Vea V|50, +v € C}

and by x¢. the set-theoretic characteristic function of Cs. We have put for any s € (0, 1]
and any v =v; +v €V
fos(v) = f(sxo + isvy +iv').
The set _
K¢ := {szg+ivi|s € [0,1],v1 € mc(C)}

is contained in T and is compact. Further, there exist ¢/, ¢’ > 0 such that for all s € [0, 1]
and all v = v; +v' € C we have

H (l;(szo +iv) + 1) H iszo+ i) + 1 <d,

jedc i¢Jo lj(S{L‘O + M))
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1

1< —_—
lj (QZO + ivl)

Ji¢Jc

Therefore, for s € (0,1] and v € V' we have

[Xe, ()8 fes(v)]

X (0)g(so + isvy + )54 T+
JjeJ

1
lij(sxo + isvy + ') ‘

c 1 1
< xc, (v)s™ : — | "k(Kg)e(v')
][][C li(sxo + isvq) ng[c Li(xo + iv1)

1

c 'U/ Smfdc*#Jc
lj((L’() + ivl) )

< d"k(Ke)

jeJ

< d"k(K¢) c(v'),

1
E lj(.f(]() —|— iUl)

since m — d“ — #Jo > 0. (The constant x(K¢) and the function ¢ : V — Rsg were
introduced above.)
The X-function corresponding to the cone Ej C F, (and the measure dy) is given by

m

. 1
X+ (o + iv1) = Hl

i1 j(ZL‘O + ivl) ’

Since the map from V¢ to Ej is injective and since m(Ve) N By = {0} we know that the
function v; — At (20 + tv1) is absolutely integrable over Vi (by 7.2). Therefore,

1
v=uv;+0 — d"k(Ko)| | | —————]c(v)
iy lj(l’() + M)l)

is integrable over V.
For a fixed v € V' we consider the limit

lir% xe. (v)s™ % fos(v).
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The estimate above shows that this limit is 0 if m — d° — #Jz > 0. Therefore, we
assume that m = d° + #Jo. Then the map V¢ — R77/¢ is an isomorphism. Since
mo(V) N Ef = {0}, it follows that Jo = J. There exists exactly one C € C with Jo = J
and we denote it by C'°. This C° contains 0 and for all sufficiently small s > 0 we have
s-v € C°, and therefore, v € C. Moreover, we have

m

lj(szg+isv) + 1
li s(v) = l J
lim 5™ fo.s(v) = lim s™ g (w0 + isv) jl:[l (520 + is0)

o 1
Ol ———
Jl—[l Li(xo + iv)

Using the theorem of dominated convergence (Lebesgue’s theorem), we obtain
lim, o Sm_de+ (sz9) = lim,_ ECGC (2+)d fv XCs (U)Sm_dfc,s(ﬂ)dv

- (27r dg fV Jj= 1l a;o-l—w)dv

= 9(0)Xx (¥ (x0))-

7.6 In this section we will prove an assertion made in the proof of Theorem 5.5, namely
that a certain function is sufficient in the sense of 7.3. More precisely, let V be a d-
dimensional vector space over R and let (ly,...,l4) be a basis of V¥ = Homg(V,R). Fix
some € > 0. Define

CIV—>R20
by

d
U 1—|—|l l+e'

j= 1
We want to show that c is a sufficient function in the sense of 7.3. The following fact is
elementary:

Fact. There exists a k1 = k1(€) > 0 such that for all £ >0

\/5 dt < K1
o (L+E=t)(L+8)" ~ (1+H
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Lemma. There exists a k3 = ka(€) > 0 such that for all z; < xy < ... <z, we have

Foo dt - ﬁ 1
K ) ~
* ) [T A+ [t +a)ite = L3 (1 +a; —a)tte

J

r—2

n n 1+e
1 1 1
+X_;<<Hl+xr_2—xj).1+xr—x,~_1.(._1_[ 1+xj—xr)>
r= j=1 j=r+1

Proof. We divide the integral over R into integrals over (—zy,00), (—0o0,
(—xp, —2p_1), 7 = 2,...,n. We have

> dt </°° dt ﬁ 1
oy [ (L 2 ™ Jo (L) 25 (T4 oy — )

and

oo T (T [z = o (T+) = (1 + 2y, — )+

Moreover, for r =2, ...,n

/xr : dt
oy L (U [ 4]

Tr—Tr—1 dt
_/o H;;}(l—i—xr —zy =) [, (1 + 2y — 2, + )1

—2 n

—z,) and

H H 1 /xr Tr—1 dt
1+:1:T 1 — @)t (14+z; —x.)t*e Jo (1+ 2z, — 2 —t)(l—i—t))H&.

=1 j=r—+1

The fact recalled above gives us an estimate of the integral in the last expression. This

completes the proof.

O

Proposition 7.6 Let V| (ly,...,l4),€ and ¢ be as above. Let U C V be a subspace and
du a Lebesque measure on U. Then there exist a k = k(e,U,du) > 0 and a finite family

{(ans s laa) taca of basis” of (V/U)Y (d' = dim V/U) such that for all v € V' we have

1
ST (L + [l (o))

/c(v—l—u)du <K
U
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Proof. The proof proceeds by induction on dimU. For dimU = 0 there is nothing
to show. Let dimU > 0. Choose u € U — {0} and a splitting U = U; & Ru with U,
of codimension one. By induction hypothesis there exist a £ > 0 and a finite family
{(la1, s lad+1) }aca of basis’ of (V/U;)Y such that for all v € V

oo dt
c(v+u)du < K / ) .
/U 2 oo T (1 [l (v) + tla(w) )™

acA’

Now it is easy to see how to use the Lemma above to get the asserted inequality. a

8 Some statements on Eisenstein series

8.1 Let GG be a semi-simple simply connected algebraic group which is defined and split
over F. Fix a Borel subgroup P, (defined over F') and a Levi decomposition Py = SyUy,
where S is a maximal F-rational torus of G. Denote by g (resp. ag) the Lie algebra of
G (resp. Sp).

We are going to define a certain maximal compact subgroup Ko C G(A). This maxi-
mal compact subgroup will have the advantage that the constant term of Eisenstein series,
more precisely, certain intertwining operators, can be calculated explicitly, uniformly with
respect to all places of F'. In general, i.e., for an arbitrary maximal compact subgroup,
there will be some places where such an explicit expression is not available. In princi-
ple, this should cause no problems. Any statement in this section should be valid for an
arbitrary maximal compact subgroup.

8.2 Let & = ®(G,Sy) be the root system of G with respect to Sy. We denote by Ay
the basis of simple roots determined by Fy. For a € ® let

Ba = {X €g ’ [HvX] = a<H)X}

be the corresponding root space.
Let ((Ha)acags (Xa)aco) be the Chevalley basis of g. In particular, this means that

8a = FX, (CK € q))’ [Xomea] = H, (Of € AO))

ap = ®QGA0FHQ'
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Put
go= Y QH,+> QX,Cg
a€Ap aced
This is a Q-structure for g and for any v € Val(F') the Lie algebra of G(F),) is g ®q Fi.
We put
k= @ico+R(Xo — X_0),

p:= P RH.& P R(Xo+ X 0),

acAg acdt

where @7 is the set of positive roots of ® determined by Ag. Then k & p is a Cartan
decomposition of gq ®q R, g. := k @ ip C gq ®q C is a compact form of gq ®q C and
gq ®q C = g. ®ig. is a Cartan decomposition of gq ®q C.

For any complex place v of F, we define K, to be (exp(g.)) C G(F,) (identifying F,
with C via a corresponding embedding F' < C). If v is a real place of F' we define K, =
G(F,) N {exp(g.)) (identifying F,(v/—1) ~ C via a corresponding embedding F — R).
In this case, K, contains (exp(k)). In both cases K, is a maximal compact subgroup of
G(F,).

Now let v be a finite place of F' and let K, be the stabilizer of the lattice

> 0, H,+Y 0, X, Cg@rF,

aENg acd

By [10], sec. 3, Example 2, K, is a maximal compact subgroup of G(F,). In any case, the
Iwasawa decomposition G(F,) = Fy(F,)K, holds (for non-archimedean v, cf. [10], loc.
cit.). Then K¢ = [[, K, is a maximal compact subgroup of G(A) and G(A) = Py(A)Kq.

8.3  As in section 2.3 we defined for any standard parabolic subgroup P C G
HP = HP,KG : G(A) — Homc(X*(P)c, C)

by (A, Hp(g)) = log(IL, I\(p)l) for A € X*(P) and g = pk, p = (), € P(A),k € K.
The restriction of Hp, to Sp(A) is a homomorphism, its kernel will be denoted by

So(A)!. The choice of a projection G,,(A) — G,,(A)! induces by means of an isomor-

phism Sy — Gf;ﬁu? a projection So(A) — Sp(A)! and this in turn gives an embedding

Uy := (So(A)'/So(F)(So(A) NKe))* — (So(A)/So(F)(So(A) NKe))".
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Let (wWa)aca, be the basis of X*(Sy) which is determined by (w,, ) = d.s for all o, 3 €
Ag. Let P C G be a standard parabolic subgroup. Then w, for all @ € Ap lifts to a
character of P and (w,)aea, is a basis of X*(P). Put

L{P;:{X|X:XOO H dowawithx()euo}.

a€Ap
Any x € Up is a character of P(A)/P(F)(P(A) NK¢). Define
b : G(A) = §'
by ¢, (pk) = x(p) for p € P(A), k € K. The Eisenstein series
EEAx9) = Y olygettertirto)
geP(F)\G(F)

converges absolutely and uniformly for Re()\) contained in any compact subset of the open
cone pp + X*(P)* (cf. [16], Théoreme IIT) and can be continued meromorphically to the
whole of X*(P)c.

For the Eisenstein series corresponding to Py a proof is given in [27], chapitre IV. In
section 8.4 we will give an explicit expression for the Eisenstein series ES, with P # P,
as an iterated residue of Ef which shows the claimed meromorphy on X*(P)c.

Let x € Uy. The constant term of Ego()\, x) along P = LU is by definition

EGO0elo) = [ Ef (g
U(F)\U(A)

where the Haar measure on U(A) is normalized such that U(F)\U(A) gets volume one. It
is an elementary calculation to show that for any parabolic subgroup P 2 F, the constant
term EF (X, x)p is orthogonal to all cusp forms in Ay(L(F)U(A)\G(A)) (cf. [27], 1.2.18,
for the definition of this space). More precisely, for any parabolic subgroup P 2 P, the
cuspidal component of Ef (A, x) along P vanishes (cf. [27], 1.3.5, for the definition of
“cuspidal component”).

By Lemme 1.4.10 in [27], the singularities of the Eisenstein series Eg (A, x) and the
singularities of Ef (A, x)p, coincide. Let

W = Normer) (So(F)) /So(F)

be the Weyl group of G with respect to Sy. For any w € W we normalize the Haar
measures such that

/ du =1
(Uo (F)NwUo (F)w—1)\(Uo (A)Nwlo(A)w—1)
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and on (Up(A) N wUy(A)w™1)\Uy(A) we take the quotient measure. Using Bruhat’s
decomposition G(F) = ey Po(F)w ™ Py(F) we can calculate

2 / Eg O\ X ug)du = Y c(w, A X)duy (g o0,
Uo(F)\Uo(A) wew

where po = pp,, (wx)(t) = x(w Hw) for all t € Sy(A), and the functions c(w, A, x) are
given by

el x) = / ¢x<w_1)6</\+9P7HP0(w71“)>du
(Uo(A)NwUo (A)w=1)\Uo(A)

(cf. [27], Prop. 11.1.7). They satisfy functional equations:

(22) ES (X, x,9) = c(w, A\, X) E§ (wA, wx, g)

(23) c(w'w, A, x) = c(w', wA, wx)e(w, A, x)

(cf. [27], Théoreme IV.1.10). Therefore, it suffices to calculate c(wq, A, x) for a € A (w,
corresponds to the reflection along «).

Put S, = Ker(a)? C Sy and G, = Z5(S,). The Lie algebra of G, is ag ® g_o ® Za-
There is a homomorphism ¢, : SLyp — DG, (= derived group of G,) such that dg,

maps the matrices
0 1 1 0 00
00/J’\0 —-1/)"\10

to X, Ha, X_, respectively.
On A we take the measure dz that is described in Tate’s thesis (then Vol(F\A) = 1).
We have

ctwar 0 = [ Gylea § T Deww (0t mutin(eal | ) de

It is an exercise to compute this integral. The result is

L(xoa, (\a))
L(ixoda, 1+ (\a))

(24) c(Wa, A, X) =
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The Hecke L-functions are defined as follows. Let x : G,,(A)/G,,(F) — S! be an
unramified character. For any finite place v we put

Lv(Xva S) = (1 - Xv('/rvﬂﬂv’zs))_l

and

Ly(x,8) = [ [ LoCxus 9)-

vfoo

For any archimedean place v there is a 7, € R such that x,(z,) = |z, for all z, € F*.
Then

_ (s+ity)

7 [(&Hm), if v s real
LU vy = " ] 2 7
(X S) { (QW)f(erm)p(s + Z'Tv)7 if v is complex

We define the complete Hecke L-function by
L(x,s) = D¥?Loo(x, s)Ly(c, 5),

where Loo (X, 8) = [[,j00 Lo(Xvs 8) and D = D(F/Q) is the absolute value of the discrim-
inant of F/Q. If the restriction of y to G,,(A)! is not trivial, then L(y,s) is an entire
function. If x = 1, then L(y, s) has exactly two poles of order one at s = 1 and s = 0. To
state the functional equation, we let (7%) (with d, > 0 and d, = 0 for almost all v) be
the local discriminant of F, over the completion of Q € F, (for non-archimedean places
v). Put 0 = (0,), € G(A) with §, = 1 for all archimedean places and 6, = 7% for all
non-archimedean places. Then

(25) L(x,s) = x(6)L(x~", 1 —s).

Using the functional equations (22) and (24) we get

L(xod, (N«
(26) cwr= 1] L(x(fa,liu,)c)m‘

a>0, wA<0

Proposition 8.3  Let Ay(x) be the set of o € Ag such that x o = 1. Then

IT O a)Es (A + po.x)

OZGAo(X)
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has a holomorphic continuation to the tube domain over —ipo + X*(Po)*.
Proof. For aw € @t — Ay we have (pg, &) > 2 and therefore

L(X o d, <)\ + Po, O./>)
L(xoda,1+ (A po,))

C(’(,Ua, A + Po, X) =

is holomorphic in this domain. If o € Ag — Ag(x) then x o & restricted to G,,(A)! is
nontrivial, hence ¢(wq, A + po, x) is holomorphic in this domain too. For a € Ay(x) the
function

(A, a)L(x o a, (A4 po, ) = (N, ) L(1, 1 + (A, )

is also holomorphic in this domain. This shows the holomorphy of

H (X, ) EG (A + po, X) e (9)

a€Ao(x)
=37 T A adew, A+ po, X)u (g)e Xttt @)
weW acAo(x)
for Re()) contained in —4py + X*(Py)". By [27], Lemme 1.4.10, we conclude that the
same holds for [T,cay Eg (A + po, x)- O

8.4 Let P = LU be a standard parabolic subgroup and x € Up. For A € X*(P)c with
Re()\) contained in the interior of X*(P)* and 9 contained in X*(Py)" we have

Ef (9 + A+ po, X, 9) = Z oy (yg)eMHPG) Z (94200, Hp, (579))
YEP(F)O\G(F) SE(LNP) (F)\L(F)

Let wy, be the longest element of the Weyl group of L (with respect to Sy) and define
cp = lim H (9, a) | e(wr,d + po, 1).

9—0,9eX*(Py)+
aGAg

By (26) this limit exists and is a positive real number.

Proposition 8.4 a)

7 0, Q) B, (0 + A — cpES(A .
ﬁﬂﬂ,ﬁérjlg*(PO)-{» 1;[P< 7Oé> Po( + A+ po, X, g) cp P( + pp. X, g)
a€A]
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b) Let P' = L'U’" be a standard parabolic subgroup containing P and suppose that
xoda=1 foralla e AL'. Then x € Upr and for all A € X*(P")¢ we have

. cpr

lim 0, EG ¥ A — EG, A ., ‘

19"07191€X*(P)+ EAHA < ,C¥> P( + +PP>Xa9) cp p( +pp X,g)
& P—RAps

Proof. a) The proof rests on the fact that a measurable function of moderate growth
on L(F)\L(A) for which all cuspidal components vanish vanishes almost everywhere. (For
a proof cf. [27], Prop. 1.3.4.) We claim that

lim H (0, @) Z 0200 Hry 79D & — ¢ pel2rr HP(19)
9—0,9€X*(Py) aEAP 8€(LNPo)(F)\L(F)

In fact, the cuspidal components of both sides along all non-minimal standard parabolic
subgroups of L vanish. To compare the constant terms along Py, N L we can use (21)
(for L instead of G and Py N L instead of P) and the explicit expression of the functions
c(w, ¥ + po, 1) to get the identity stated above (note that wrpy + po = 2pp).

b) Write x = Xo[[nea, @0 @a With xo € Up. For a € Ap—Aps we have 1 = xod =
Xo © &. Thus y = xp o HaeAP/ & o w, € Up. Using a) we get

lim [ ®WaESW+X+pp,x.9)

9—0,9eX*(P)*t
- ( ) QEAP—AP/

1 o

=— J, ) EG (0 + A - P gg % 9).

cp 19%071916%*(13)4,. rA[P,< ,CY> P( + A+ Po, Xag) cp P (X + PP X,g)
[1SVAVS

8.5 For x € (Sp(A)/So(F)(So(A) NKg))* and v € Val(F) there is a character A\, =
Ao(X) € X*(So)r such that for all x € Sy(F,)

(@) = oM@l

This gives a homomorphism

(So(A)/Se(F)(So(A) NKg))* — X*(Sp)p=t
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A Xoo = (AU(X))MOO

which has a finite kernel. The image of Uy under this map is a lattice of rank
(#Valy(F) — 1) dim Sp.

Fix a norm || - || on X*(Sp)r and denote by the same symbol the induced maximum norm

on X*(So) =" (e, [|(Au)joo]l = maxyjo [|L]]). Let a,b > 0 and put

a b
me = {)\GX*(PQ>R| —>\+§p0€X*(P0)+, )\+§P0€X*<P0)+}

This is a bounded convex open neighborhood of 0 in X*(Fy)r. Note that if A\ € By,
then woA + §po € X*(Fy)", where wy is the longest element of W.
Fix an A > 0 such that

Re (A4 spo, a)((A+ spo, ) = 1)) + A= 1

for all A € X*(Py)c with Re(\) € By, —1 —a < Re(s) < 1+0band o € &*. Fix
A € X*(Py)c with Re(\) € B, and x € Uy. Denote by @1 () the set of all positive roots
« such that y oa = 1. Then

fA,X(Sv g) =

<>‘ + $po, O‘>(<)‘ + S,OO,Oé> — 1) « G
Li(xoa, 14+ (A+spg,a))EG (N4 spo, X,
I 55 (0 + smoa) — - 4 LL BrOco @1 O o0 D ER (A a0, x,0)

acdt(x)

is for any fixed s in this strip an automorphic form on G(F)\G(A). Indeed, we observe
that all cuspidal components of f) .(s, - ) along non-minimal standard parabolic subgroups
vanish. Now we can use (21) and the explicit formulas for the functions c(w, A, x) in (25)
to see that the constant term of f) (s, -) along Fy is holomorphic for s in this domain.
By Lemme 1.4.10 in [27] we can conclude that the same is true for fy (s, -).

It is our aim to apply a version of the Phragmén-Lindelof principle due to Rademacher
(cf. [34], Theorem 2) to the function

s = frx(5,9)

in the strip —1 —a < Re(s) < 1+0b.
Using the functional equations of Eisenstein series (22) and L-functions (25) we get

(A= (1 +a+it)po, @) (A — (1 + a+it)py, o) — 1)
A= (1+a+it)po, @) ((A— (1 +a+it)py,a) —1) + A

(=1 —a—it,g) = H <

acdt(x)
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><H X o &)( A=(I+atit)po.a) HLf (wox) o &, 1 + (woA + (1 + a + it)po, @)

a>0 as0
((wox) 0 &, 1+ (woX + (L +a +it)po, @) & .

. E% (woX + (1 + a + it)po, woX, g)-

H Loo((wox)™t o c, 1 — (woA + (1 + a + it)po, @) Po( 0 ( )Pos WoX; )

Note that Le(---) is a product of I'-functions. Using the functional equation of the I'-
function we can derive the following estimate: There is ¢ > 0 depending only on a and b
such that for Re(\) € B, and x € Uy, we have

(27) [fax(=1—a—it,g)|

< B, (Re(wol) + (1 +a)po, ) x (1 + [Tm(N)]| + [[xeel )1 +at[*.

where 60, := (1(2 4+ a +b) and p > 0 depends only on F' and G. Moreover, assuming ¢ to
be big enough, we have also

(28) [fax(L+b+it,g)| < cER (Re(A) + (1+b)po, 9).
The proof of the following lemma was suggested to us by J. Franke.

Lemma 8.5 For Re(\) € Byp,x € Uy and —1 —a < o < 1+ b the following estimate
holds:

+14a

| fax(o +1it, g)| < cEf (Re(A) + (1 + b)po, g) Teto

< { BS (Re(wod) + (1 + )po, 9)(1 + [Tm(N)]| + [xool)[2 4+ @ + o + it} 75550

Proof. This follows immediately from Theorem 2 in [34] once we have shown that for
—1—-—a<0<1+b we have

(29) | Frx(o +it, g)| < crel®

for some ¢y, ¢y > 0.
By (27) and (28), the function

82
s e (s, g)

can be integrated over the lines Re(s) = —1 —a — € and Re(s) = 14 b+ ¢ for some € > 0.
We claim that for all s with —1 —a < Re(s) <1+5b
(30) e fax(5.9)
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1 eZQfA,X(z,g) . ezzfA,x(Zag)

2my Re(z)=—1—a—e¢ Z—= S8 2mi Re(z)=1+b+c =S

Denote the right-hand side by h(s, g). This is a measurable function of moderate growth
on G(F)\G(A) (cf. (27) and (28)). All cuspidal components of h(s, - ) along non-minimal
standard parabolic subgroups vanish. The same is true for the left-hand side.

It remains to compare the constant terms of both sides along F,. By the absolute and
uniform convergence of the integrals over the vertical lines, we see that the constant term
of h(s, -) along Py is

1
(31> - g)\,x(/ng)dZ g)\,X(z7g>d

. + —/ Z.
2mi Re(z)=—1—-a— < — S 2m Re(z)=1+b+e < — 95

22
g)\,x(zvg) ::/ € f)\,x(zau.g)du'
Uo(F)\U(A)

The explicit expression of the constant term of Ego along P, in (21) and uniform estimates
for L-functions as in [34], Theorem 5 (but for a larger strip), allow us to conclude that
(31) is just the constant term of % fy (s, - ) along P,. Thus, by Proposition 1.3.4 in [27],
we have established (30). From (30) it follows that |e*" fy (s, - )| is bounded by some
constant in the strip —1 —a < Re(s) <1+ b and this in turn implies (29). 0.

Proposition 8.6 Let a > 0. For any € > 0 there exist constants b,c > 0 such that for
all A € X*(Fy)c with Re(X) € B,y and x € Uy we have

(A, @) 6
IT xR0+ o] < el fmO)) + el
(XGAQ(X) ’

Proof. Note that if & € T — A then (py, @) > 2 and hence (A+ pg, @) ((A+ po, @) — 1)
does not vanish for Re(\) € B, and b > 0 sufficiently small. For such b there is a constant
¢y such that

A«
H ﬁEﬁ)Oﬁpmx) < c|[fax(1,16)].
aclo(x)

Now we use the estimate for |fy,(1,1¢)| in Lemma 8.5 and require that pb < e. This
gives the desired result. g
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Proposition 8.7 Let P be a standard parabolic subgroup of G. Let a,e > 0. Then there
exist b, ¢ > 0 such that for all x € Up and A € X*(P)c with —Re(\) + §po € X*(P)" and
Re(A) + 2po € X*(P)T we have

A« ¢
a€Ap(x) V7

where Ap(x) = Ao(x) N Ap.

Proof. By the preceding proposition, there exist b, ¢ > 0 such that for all \' € X*(Fp)c
with Re()\') € B, we have

(V) :
T oo gBat +p0)| <0+ )]+ xell)
a€Np(x) ’

Note that yod =1 for all @ € Al and hence Ag(x) = Ap(x)UAL. Now let A € X*(P)¢
be as in the proposition, i.e., —Re(A) + %pp € X*(P)" and Re(\) + £py € X*(P)". Then
for all sufficiently small ¥ € X*(Fy)* we have
—(9 4+ Re(N)) + %po e X*(Py)*t
b o
9+ Re()\) + §p0 e X (PO) ,

i.e., U + Re(\) € B,p. Hence for those ¥ we have

v+ A\« .
I1 —@JH a>le§0w+A+po,x> < ¢(1+ )] + el
a€lo(x) ’

Letting ¢ tend to 0 and using Proposition 8.4 we can conclude that

| )

A« / 6
11 —<A<a>ilEg(>\+pp,x) < — (1 + [Tm(N)] + [lxeol)".
OJGAP(X) ’ P

9}
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9 Examples

This section is included to illustrate the foregoing constructions and techniques by means
of two detailed examples which have been introduced in section 1.3.

9.1 The first example. For all n > 1 we had defined
Xo = {(lyo : 1 : v2), [wo : 21]) € P2 x P | yoa}! — ynaf =0}
We consider X, as a variety over F' = Q. Let T be the torus G,, x G,,. Then
M = X*(T)=7Zx, @ Zxo,
where y; is the projection of T" onto the i-th factor, and
N =Hom(M,Z) = Zd, & Zd,,
where J;(x;) = ;5. A fan 3 is given as follows. The maximal cones are

o1 = R0 + R>¢d1, gy = Rs¢61 + Rxo(—02),
o3 = Rzo(—ég) + RZO(_él + néz), 04 = Rzo(—(sl + 7152) + RZO(SQ.

The fan ¥ consists of o1,...,04 and all cones obtained as intersections of these. The
primitive integral generators of the one-dimensional cones in X are

ey = 0,63 = 01,e3 = —0g, €4 = —01 + noa.

The corresponding toric variety Xy is isomorphic to X,,. To see this we cover both varieties
with four A%’s. For Xy, these A%’s are given by the open subsets

U,, = Spec(Qo; N M]), i =1, ..., 4.
The surface X, is covered by the four subsets

{wo # 0,42 # 0}, {zo # 0,90 # 0}, {z1 # 0,52 # 0}, {71 # 0,1 # 0}.

Each of these open subsets is isomorphic to A% and it is not difficult to write down
the identifications of these affine pieces with the U,, above which patch together to give
a global isomorphism (compare [15], 1.1). For instance, U,, = Spec(Q[x1,Xx2]) (x1, X2
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generate the semigroup oy N M) and an isomorphism of U,, with the open subset {zq #
0,y2 # 0} is given by
Us, 2 (t1,t2) = ([ta s ot} 2 1], [1: 11]) € X,
This isomorphism can be extended to an isomorphism from Xy to X,,.
There is actually a second construction of X,, namely as a twisted product. To
realize X,, in such a way we take T = G,, and let X = P!, viewed as an equivariant

compactification of T'. Put G = SLy and let P be the Borel subgroup of upper triangular
matrices in G. Definen : P — T by

( 8 Z ) — d".
Then P acts on X x G from the right:

(z,9)-p = (zn(p),p"'9).

The quotient Y,, = (X x G)/P is isomorphic to X,,. To see this we denote by [[u : v], ]
the point in Y,, with representative ([u : v],g) € X x G. Define

Y, — X,

by
ol (4G )1 e s w5l e )

This is an isomorphism. Since this example is included to illustrate the “toric” construc-
tions, we will henceforth consider X,, as Xy, as above.
In the introduction we defined the height function induced by the Segre embedding of
X,, into P?:
max{|zo|, |z1]} - max{|yol, [1], |y2]}-
Now we will show how this height comes from a piecewise linear function on Ng as
explained in section 3. Define

vo : Nr = Ré; ®Ré; — R

by
wo(xd1 + yde) = max{0, x} + max{n - max{0, —z}, y}.
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One checks that ¢y is a ¥-piecewise linear function on the space Ngr. For §, < € Q* with
ged(a, b) = ged(e, d) = 1 a straightforward calculation gives

a c -1

Hs (3. 5)v0) = maxal, by -max{lel - |al" le] - b]", |d] - "},

Therefore, under the isomorphism between Xy, and X,, given above, this height function
corresponds exactly to the height considered in the introduction.

9.2 Now we come to the counting of rational points by means of height zeta functions.
Let us first consider the case when the points lie on the torus and denote by X7 C X,
the corresponding open subset. Then then height zeta function is

> (max{|zol, |z1[} - max{|yol, [al, |y2[}) "

([yo:y1:yz],[zo:z1])€X(Q)

Put ¢ = o — 3(x1 + x2). Then ¢ € PL(X)" and for z € T(Q) we have Hyx(z,¢)) =
Hy(z, ). By the preceding discussion we see that the height zeta function above is equal

to
Z(s) = g Hy(z, spy),
z€T(Q)

and using Poisson’s summation formula we get the following expression for this function:

1

= Hs,(1, 59 + im)dm.
Mg

It is not difficult to calculate explicitely the Fourier transform Hy, of the height function.
Writing m = 71 x1 + 2 x2 € Mg the result is

5 s CE )5 +im)C(3 —iTz)C(nTHS—iTl +inTy)
el oo+ om) = ORCIESTS

1 1 1
s

X - — + , — + : . .
((% +in)(5 +im) (5 Him)(5 —in) (5 —in)(MHs —in + inTy)

1
+ ; - - .
(ts —im 4 in72) (5 + 17'2)>
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Next we will consider the cone of effective divisors inside the Picard group. Define a
map ¢ : PL(X) — Z & Z ~ Pic(X,,) by

¢ = (p(02) + @(—02),n0(62) — p(61) — (=1 + nda)).

The kernel of this map is precisely M and hence it gives an identification if Pic(X,,) with
Z © Z. The cone of effective divisors Aeg(X,,) in Pic(X,)r is the image of PL(X)" and
is therefore generated by 1 (¢1) and ¥(p2) (vi(e;) = 0;5,1 < i < j < 4). The element
©x = @1+ P2 + 3 + @4 is mapped to (2,n —2) and P(po) = (1, —1).

Let L be the line bundle corresponding to ¢g. Then 2¢(py) — ¥ (¢x) = (0, —n) and
thus a(L) = 2,b(L) = 1 (note that n > 0). Moreover, A(L) = R>¢(0,—1) C Aes(X5)
and 3} = {ez,es}. In the notations of section 5.4 we put ¢, = Sy + F@4. Then
¥(po) = 2(¥(ps + ¢1)) and we have L= +(¢s 4+ ¢1). By the definitions we made in
section 5.5 we have:

M' =7Zx, and M" = M/M'" ~ Zxs.

Moreover, E = PL(X)r/Mg and V = My. Put

) = ST e T
9(p) = % e Hy(1, ¢ + o5 + ¢ +im)hy(0)dm,
f(@) = g(@)hrlp) ™.
Then
Z(s+2) = 5 | TG s+ o)+ im i

By Theorem 5.6 we know that Z(s) has a pole of order 1 in s = 2 and a meromorphic
continuation somewhat to the left of this pole. To compute the residue we recall the
definitions of section 5.5. Put

E = ker(¢ — ¢(82)) Nker(p — ¢(—8)) C E = PL(S)r/Mp

and let
T : E— Ey:=E/E©

be the canonical projection. Let

Ef ={p € Ey| ¢(d2) >0, p(—d2) > 0},
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Yo 1 Ey — P := Ey/mo(Mg) be the canonical projection and put A := 1 (E) C P.
Define the X-function X, as in section 5.3. Then the residue of Z(s) at s = 2 is

9(0)Xa(to(mo(L)))-

We leave it to the reader to check that the second factor equals one. Let us compute g(0)
by the recipe given in section 6. By Lemma 6.2 we have

g(0) = 2lim sgog Z / (s+ 1)ps + pr)dt

s—0

ecy— $ET’(Q)

where 7" = Spec(Q[M']), T" = Spec(Q[M"]).
Let x = % € Q" ged(a, ) = 1. Then a computation similar to the one in section 4.4
gives

1 2 .C(l—i-s)Q
max{|al, 3]}20T52) 1+s ((2(1+5s))

/ Hs(xt, (s + 1)ps + o )dt =
T//(A)

Therefore,

1 2
90 =2 2 il AT | 7@
B
8

o) (2¢(n+1) = ((n+2)).

Now let us look at those rational points on X,, which do not lie on the torus. They are
on the four Pl’s:

{zo =90 =0}, {1 =1 = 0}, {yo = 1 = 0}, {yo = O}.

Only the rational points on the first three curves contribute to the asymptotic behavior
of the counting function and each time the zeta function has a simple pole at s = 2 with
residue ﬁ. Collecting all terms together and dividing by 2 (remember the formula for
the asymptotic constant in section 1.4) we get

8¢(n +1) +2¢(n +2)
¢(2)¢(n+2)

N(H) ~
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9.3 The second example. Here we will present a really mixed case, i.e., a toric bundle
over a flag variety which is neither a toric variety nor a homogeneous space.

Let us recall the construction of this variety (cf. section 1.3). We introduce ho-
mogeneous coordinates o, 7, 75,1 <@ < j < 4in P!2 and homogeneous coordinates
w;j,1 <1< j<4in P° The subvariety Y of P x P? is defined by the equations:

W1aW34 — W13Wa4 + WigWaz = 0

for all 1§i<j§4,1§k’<l§4 Tij Wi — TRWij =
2 2
x;jwkl - :U;clwij

Y

0

0

For a Q-rational point on Y represented by primitive integral vectors (zo, ij, 7;), (wi;)
we considered the height

max{|aol, () af) % )l ¥ - () wi)'2.

The reader may have noticed that Y is a P?-bundle over the Grassmannian of 2-planes

in a four-dimensional vector space. To see this, let G = SLy and P = {< 8 Z } C G,

where a, b, d are 2 x 2-matrices. Then P\G is the Grassmannian Gr(2,4) and the Plicker
embedding P\G — P®° can be described as follows: Write ¢ = (aag)1<ap<s € G. Then
Pg € P\G is mapped to

. . . . . 5
[11)12 L W13 - Wig4 - Wa3 - W4 - w34] eP
with w;; = as;as4; — ag;jas;. The image is the hypersurface
W1aW34 — W13Wa24 + Wi4We3 = 0.

Let T = G,, X G,,, M =Zx1® Zxs, N = Zd; ® Z), with the same conventions as in the
first example. Let ¥ be the fan in Ng with the following maximal cones:

01 = Rspd2 + R>001, 09 = R5pd2 + Roo(—01 — d2), 03 = R>o(—d1 — 92) + R>0s.
Then X = Xy, is isomorphic to P? and we may embed T' <— P? by
(t1,t2) — [1:ty : o).
Definen : P — T by
p= ( 0 Z ) — (det(d), det(d)?) .
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Then P acts on X x G from the right:

(z,9) - p = (zn(p),p '9)
and the quotient (X x G)/P will be identified with Y by means of the following isomor-
phism:
([zo : @1 2 @), 9 = (Aa,p)) P (20 : @35 = mywy; : 2, = wow)], [wy])

where w; = as;a4; — as;jaq;. Next we will interpret the height function given above in terms
used in sections 2-4. The X-piecewise linear function ¢y is given by

px (201 + yo2) = max{z +y,y — 2z, x — 2y}.

In section 4.3 we introduced the metrized line bundle EZE on Y. For this purpose we
chose a maximal compact subgroup K = [[, K, C G(A). Here we put K, = SL4(Z,) for
v=pand K, = SO4R). Define Y° = (T x G)/P and let y = (x,7)P € Y°(Q). We
may assume Yy = (Gag)1<a,8<4 € SL4(Z). For finite v (= v,) let p, =1 and k, = v € K,.
Write v = p, k., with p, = (p,), and k, = (k,),. Then

n(py) = (O wl)2D w),

where w;; = as;as; — asjaq. Let x = (9 9) € T(Q),ged(a,b,c) = 1. Then

a’a

Hey (y) = Hs(zn(py), —ps)

= max{\a](z w?j)il/27 1], |C‘<Z w?j)l/z}g'

a b

Deﬁne)\O:P—>Gmby)\0<0 d

) = det(d)™". Then 2pp (cf. section 2.1) is 4} and

Hyer,,,(y) = He,, (7P) = [Mo(py)|* = (Z w})?.
Thus we see that

Hey smca,, () = (Cwh)'?max{lal, [b](32 w])'?, el (30 w})}
= (Cwj)?max{|al, 3 (bwy)*)' 2, 3 lewd|}.
Hence, under the isomorphism described above, the height considered before is exactly

the height function for the metrized line bundle LY ® 7*Ly,, and this is a metrization
of the anticanonical line bundle L = LY ® 7* L.
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9.4 Next we will consider the corresponding height zeta function , i.e., the height zeta
function for Y° and for the height introduced above. If we view Y as a subvariety of
P!2 x P?, the zeta function takes the form

1
2 (32 w72 max{|ao], (32 #3)1/2, 32 [y |}) "

where the summation is taken over all Q-rational points on Y represented by primitive
integral vectors (xg,x;;,2};) and (w;;). On the other hand, by the preceding discussion,
this is equal to

/
ij

Z(S) = Z H[:};E@TF*LQPP (y)is.

yeY°(Q)
In Proposition 4.4 we obtained another expression for this function, namely
1 - . .
— Hs (1, sps; + im)ES (s2pp — pp — i1)(m), 1) dm.
Mg

Writing m = 7 x1 + mox2 € Mg we have

- 35 ((s+am)C(s +im)((s —i(n + )
Ho(Lsps +im) = oo = e 5T im) (s —iln £ 70)

Further, 77(m) = —m \g — 22\ and

EE((2s = Vpp —ii(m) = Y (D wiy) 2tmsm),

YEP(Q\G(Q)

with v again represented by (aag)i<a,p<4 € SL4(Z) and w;; = as;as; —azjay,;. The abscissa
of convergence lies at a(L) which is equal to one. Define hy, as in section 5.4 and put

9(907 )‘) = 4ﬁ2(17 2 + @E)Eg <)‘ + pp, 1) hL(SOa )‘)7

F(e.A) = g0, V(o \) 7Y, L = (px,2pp) € PL(S) & X*(P).
Then
Z(s+1) = (2% /M (5w 200) + i, ) dm.

By Theorem 5.6 this function has a pole of order 2 at s = 1 with leading coefficient
9(0) Xa e vy (V(esx, 20p)),
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where ¢ : PL(X) @& X*(P) — Pic(Y) ~ Z ® Z may be described by

(¢, alo) = (p(d2) + w(61) + (=01 — 02), 2¢(02) + (1) — a).

The effective cone is the image of PL(X)" x X*(P) and is therefore spanned by (1,2) and
(0, —1). Now one can compute the value of the X-function at (s, 2pp) = (3,—1) (2p, =
4)\0) :
1
Xpoe(v) (U (s, 2pp)) = o1
The constant ¢g(0) has a part coming from Hy, which is equal to % and a part coming
from the Eisenstein series, which is

(in the notation of Lemma 6.1, cf. 8.4 for the definitions).

Collecting all terms together we get a closed formula for the leading coefficient of the
height zeta function at s = 1. Thus (cf. 1.4 for the connection of the leading coefficient
and the asymptotic constant) the number of rational points on Y with height bounded
by H is asymptotically equal to

iLWQﬂH -log H.

7 C(3)%C(4)
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