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Introduction

Let G = G3 be the three-dimensional Heisenberg group:

G = {g = g(x, z, y) =

 1 x z
0 1 y
0 0 1

}.
Let X be a projective equivariant compactification ofG (for exampleX = P3).
ThusX is a projective algebraic variety overQ, equipped with a (left) action ofG
(and containingG as a dense Zariski open subset). Such varieties can be constructed
as follows: consider aQ-rational algebraic representationρ : G → PGLn+1 and
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takeX ⊂ Pn to be the Zariski closure of an orbit (with trivial stabilizer). This
closure need not be smooth (or even normal). ApplyingG-equivariant resolution of
singularities and passing to a desingularization, we may assume thatX is smooth
and that the boundaryD = X \G consists of geometrically irreducible components
D = ∪α∈ADα, intersecting transversally. In this paper, we will always assume that
X is a bi-equivariant compactification, that is,X carries a left and rightG-action,
extending the left and right action ofG on itself. Equivalently,X is an equivariant
compactification of the homogeneous spaceG×G/G.

LetL be a very ample line bundle onX. It defines an embedding ofX into some
projective spacePn. LetL = (L, ‖ · ‖A) be a (smooth adelic) metrization ofL and

HL : X(Q) → R>0

the associated (exponential) height. Concretely, fix a basis{fj}j=0,...,n in the vector
space of global sections ofL and put

HL(x) :=
∏
p

max
j

(|fj(x)|p) · (
n∑
j=0

fj(x)
2)1/2.

We are interested in the asymptotics of

N(B) = N(L, B) := {γ ∈ G(Q) |HL(γ) ≤ B}
asB →∞.

The main result of this paper is the determination of the asymptotic behavior of
N(B) for arbitrary bi-equivariant compactificationsX of G and arbitrary projective
embeddings.

To describe this asymptotic behavior it is necessary to introduce some geometric
notions. Denote byPic(X) the Picard group ofX. For smooth equivariant com-
pactifications of unipotent groups,Pic(X) is freely generated by the classes ofDα

(with α ∈ A). We will use these classes as a basis. In this basis, the (closed) cone
of effective divisorsΛeff(X) ⊂ Pic(X)R consists of classes

[L] = (lα) =
∑
α∈A

lα[Dα] ∈ Pic(X)R,

with lα ≥ 0 for all α. Let L = (L, ‖ · ‖A) be a metrized line bundle onX such
that its class[L] is contained in the interior ofΛeff(X). Conjecturally, at least for
varieties with sufficiently positive anticanonical class, asymptotics of rational points
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of bounded height are related to the location of (the class of)L in Pic(X) with
respect to the anticanonical class[−KX ] = κ = (κα) and the coneΛeff(X) (see
[10], [20] and [4]). In the special case ofG-compactificationsX as above and
[L] = (lα), define:

– a(L) := inf{a | a[L] + [KX ] ∈ Λeff(X)} = maxα(κα/lα);
– b(L) := #{α |κα = a(L)lα};
– C(L) := {α |κα 6= a(L)lα};
– c(L) :=

∏
α/∈C(L) l

−1
α .

Let

Z(s,L) :=
∑

γ∈G(Q)

HL(γ)−s,

be theheight zeta function(the series converges a priori to a holomorphic function
for ampleL and<(s) � 0). The Tauberian theorems relate the asymptotics of
N(L, B) to analytic properties ofZ(s,L).

THEOREM. — Let X be a smooth projective bi-equivariant compactification of
the Heisenberg groupG andL = (L, ‖ · ‖A) a line bundle (equipped with a smooth
adelic metrization) such that its class[L] ∈ Pic(X) is contained in the interior of
the cone of effective divisorsΛeff(X). Then

Z(s,L) =
c(L)τ(L)

(s− a(L))b(L)
+

h(s)

(s− a(L))b(L)−1
,

whereh(s) is a holomorphic function (for<(s) > a(L)− ε, someε > 0) andτ(L)
is a positive real number. Consequently,

N(L, B) ∼ c(L)τ(L)

a(L)(b(L)− 1)!
Ba(L) log(B)b(L)−1

asB →∞.

REMARK 0.1. — The constantτ(−KX) is the Tamagawa number associated to the
metrization of the anticanonical line bundle (see [20]). For arbitrary polarizations
τ(L) has been defined in [4].
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The paper is structured as follows: in Section1 we describe the relevant geomet-
ric invariants of equivariant compactifications of unipotent groups. In Section2 we
introduce the height pairing

H =
∏
p

Hp ·H∞ : Pic(X)C ×G(A) → C,

between the complexified Picard group and the adelic points ofG, generalizing the
usual height, and the height zeta function

(0.1) Z(s, g) :=
∑

γ∈G(Q)

H(s, γg)−1.

By the projectivity ofX, the series converges to a function which is continuous
and bounded ing and holomorphic ins, for <(s) contained in some (shifted) cone
Λ ⊂ Pic(X)R. Our goal is to obtain a meromorphic continuation ofZ(s, g) to
the tube domainT over an open neighborhood of[−KX ] = κ ∈ Pic(X)R and to
identify the poles.

The bi-equivariance ofX implies thatH is invariant under the actionon both
sidesof a compact open subgroupK of the finite adelesG(Afin). Moreover,H∞ is
smooth. We observe that

Z ∈ L2(G(Q)\G(A))K.

Next, we have, for<(s) contained in some shifted cone inPic(X)R, an identity in
L2(G(Q)\G(A)) (Fourier expansion):

(0.2) Z(s, g) =
∑
%

Z%(s, g),

where the sum is over all irreducible unitary representations(%,H%) of G(A) oc-
curing in the right regular representation ofG(A) in L2(G(Q)\G(A)) and having
K-fixed vectors. We recall the relevant results from representation theory in Sec-
tion 3.

We will establish the above identity as an identity of continuous functions by an-
alyzing the individual terms on the right. Thus we need to use the (well-known)
theory of irreducible unitary representations of the Heisenberg group. We will see
that forL = −KX the pole of highest order of the height zeta function is sup-
plied by the trivial representation. This need not be the case for other line bundles.
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Depending on the geometry ofX, it can happen that infinitely many non-trivial rep-
resentations contribute to the leading pole ofZ(s,L). In such cases the coefficient
at the pole of highest order is an infinite (convergent) sum of Euler products.

To analyze the contributions in (0.2) from the various representations, we need to
compute localheight integrals. For example, for the trivial representation, we need
to compute the integral ∫

G(Qp)
Hp(s, gp)

−1dgp

for almost allp (see Section4). This has been done in [6] for equivariant compact-
ifications of additive groupsGn

a ; the same approach applies here. We regard the
height integrals as geometric versions of Igusa’s integrals. They are closely related
to “motivic” integrals of Batyrev, Kontsevich, Denef and Loeser (see [14], [9] and
[18]).

The above integral is in fact equal to:

(0.3) p− dim(X)

(∑
A⊆A

#D0
A(Fp)

∏
α∈A

p− 1

psα−κα+1 − 1

)
,

where
D∅ := G, DA := ∩α∈ADα, D0

A := DA \ ∪A′)ADA′ ,

andFp is the finite fieldZ/pZ. The resulting Euler product has a pole of order
rk Pic(X) at s = κ and also the expected leading coefficient at this pole.

The bi-K-invariance of the height insures us that the trivial representation is “iso-
lated” (c.f. especially Proposition4.9). Using “motivic” integration as above, we
prove thateachof the terms on the right side in (0.2) admits a meromorphic contin-
uation. We will identify the poles ofZ% for non-trivial representations: fors ∈ T
they are contained in the real hyperplanessα = κα and the order of the pole ats = κ
is strictly smaller thanrk Pic(X). Finally, it will suffice to prove the convergence
of the series (0.2), for s in the appropriate domain. This is done in Section4.

This paper is part of a program initiated in [10] to relate asymptotics of ratio-
nal points of bounded height to geometric invariants. It continues the work of
Chambert-Loir and the second author on compactifications of additive groups [6].
Many statements are direct generalizations from that paper. In this paper we explore
the interplay between the theory of infinite-dimensional representations of adelic
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groups and the theory of height zeta functions of algebraic varieties. The main the-
orem holds for bi-equivariant compactifications of arbitrary unipotent groups. We
decided to explain in detail, in a somewhat expository fashion, our approach in the
simplest possible case of the Heisenberg group overQ and to postpone the treat-
ment of the general case to a subsequent publication. We have also included the
example ofP3 in which most of the technicalities are absent.

Acknowledgements. The second author was partially supported by the NSA,
NSF and the Clay Foundation.

1. Geometry

NOTATIONS 1.1. — Let X be a smooth projective algebraic variety. We denote
by Pic(X) the Picard group, byΛeff(X) the (closed) cone of effective divisors and
by KX the canonical class ofX. If X admits an action by a groupG, we write
PicG(X) for the group of (classes of)G-linearized line bundles onX.

DEFINITION 1.2. — LetX be a smooth projective algebraic variety. Assume that
Λeff(X) is a finitely generated polyhedral cone. LetL be a line bundle such that its
class[L] is contained in the interior ofΛeff(X). Define

a(L) = inf{a | a[L] + [KX ] ∈ Λeff(X)}

andb(L) as the codimension of the face ofΛeff(X) containinga(L)[L] + [KX ].

NOTATIONS 1.3. — Let G be a linear algebraic group over a number fieldF . An
algebraic varietyX (overF ) will be called agoodcompactification ofG if:

– X is smooth and projective;
– X containsG as a dense Zariski open subset and the action ofG on itself (by

left translations) extends toX;
– the boundaryX \ G is a union of smooth geometrically irreducible divisors

intersecting transversally (a divisor with strict normal crossings).

REMARK 1.4. — Equivariant resolution of singularities (over a field of charac-
teristic zero) implies that forany equivariant compactificationX there exists an
equivariant desingularization (a composition of equivariant blowups)ρ : X̃ → X
such thatX̃ is a good compactification. By the functoriality of heights, the counting
problem for a metrized line bundleL onX can then be transferred to a counting
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problem forρ∗(L) on X̃. Thus it suffices to prove Theoremfor good compactifica-
tions (the answer, of course, does not depend on the chosen desingularization).

PROPOSITION1.5. — LetX be a good compactification of a unipotent algebraic
groupG. LetD := X \ G be the boundary and{Dα}α∈A the set of its irreducible
components. Then:

– PicG(X)Q = Pic(X)Q;
– Pic(X) is freely generated by the classes[Dα];
– Λeff(X) = ⊕αR≥0[Dα];
– [−KX ] =

∑
α κα[Dα] with κα ≥ 2 for all α ∈ A.

Proof. — Analogous to the proofs in Section 2 of [12]. In particular, it suffices to
assume thatX carries only a one-sided action ofG.

NOTATIONS 1.6. — Introduce coordinates onPic(X) using the basis{Dα}α∈A: a
vectors = (sα) corresponds to

∑
α sαDα.

COROLLARY 1.7. — The divisor of every non-constant functionf ∈ F [G] can be
written as

div(f) = E(f)−
∑
α

dα(f)Dα,

whereE(f) is the unique irreducible component of{f = 0} in G anddα(f) ≥ 0
for all α. Moreover, there is at least oneα ∈ A such thatdα(f) > 0.

2. Height zeta function

NOTATIONS 2.1. — For a number fieldF , we denote byVal(F ) the set of all places
of F , by S∞ the set of archimedean and bySfin the set of non-archimedean places.
For any finite setS of places containingS∞, we denote byoS the ring ofS-integers.
We denote byA (resp.Afin) the ring of adeles (resp. finite adeles).

DEFINITION 2.2. — LetX be a smooth projective algebraic variety over a number
fieldF . A smooth adelic metrization of a line bundleL onX is a family‖ · ‖A of
v-adic norms‖ · ‖v onL⊗F Fv, for all v ∈ Val(F ), such that:

– for v ∈ S∞ the norm‖ · ‖v is C∞;
– for v ∈ Sfin, the norm of every local section ofL is locally constant in the
v-adic topology;
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– there exist a finite setS ⊂ Val(F ), a flat projective scheme (an integral model)
X over Spec(oS) with generic fiberX together with a line bundleL on X ,
such that for allv /∈ S, thev-adic metric is given by the integral model.

PROPOSITION2.3. — LetG be a unipotent algebraic group defined over a number
field F andX a good bi-equivariant compactification ofG. Then there exists a
height pairing

H =
∏

v∈Val(F )

Hv : Pic(X)C ×G(A) → C

such that:

– for all [L] ∈ Pic(X), the restriction ofH to [L] × G(F ) is a height corre-
sponding to some smooth adelic metrization ofL;

– the pairing is exponential in thePic(X) component:

Hv(s + s′, g) = Hv(s, g)Hv(s
′, g),

for all s, s′ ∈ Pic(X)C, all g ∈ G(A) and allv ∈ Val(F );
– there exists a compact open subgroup (depending onH)

K = K(H) =
∏
v

Kv ⊂ G(Afin)

such that, for allv ∈ Sfin, one hasHv(s, kgk
′) = Hv(s, g) for all s ∈

Pic(X)C, k, k′ ∈ Kv andg ∈ G(Fv).

Proof. — For G = Gn
a the Proposition is proved in [6], Lemma 3.2. The same

proof applies to any unipotent group.

NOTATIONS 2.4. — For δ ∈ R, we denote byTδ ⊂ Pic(X)C the tube domain
<(sα)− κα > δ (for all α ∈ A).

DEFINITION 2.5. — The height zeta function onPic(X)C ×G(A) is defined as

Z(s, g) =
∑

γ∈G(F )

H(s, γg)−1.

PROPOSITION2.6. — There exists aδ > 0 such that, for alls ∈ Tδ and all g ∈
G(A), the series defining the height zeta functionZ(s, g) converges normally (forg
ands contained in compacts inG(A), resp.Tδ) to a function which is holomorphic
in s and continuous ing.

Proof. — The proof is essentially analogous to the proof of Proposition 4.5 in [6]
(and follows from the projectivity ofX).
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COROLLARY 2.7. — For s ∈ Tδ, one has an identity inL2(G(F )\G(A)), as
above:

(2.1) Z(s, g) =
∑
%

Z%(s, g).

The sum is over all irreducible unitary representations% ofG(A) occuringL2(G(F )\G(A))
and having aK-fixed vector (cf. Proposition3.3).

3. Representations

3.1. — From now on, for the sake of simplicity, we supposeF = Q. Denote by
Z = Ga the one-dimensional center and byGab = G/Z = G2

a the abelianization of
G. Let U ⊂ G be the subgroup

U := {u ∈ G |u = (0, z, y)}

and
W := {w ∈ G |w = (x, 0, 0)}.

We haveG = W · U = U ·W. We may assume that the compact open subgroup

K =
∏
p

Kp ⊂ G(Afin)

of Proposition2.3 is given by

(3.1) K =
∏
p/∈SH

G(Zp) ·
∏
p∈SH

G(pnpZp),

whereSH is a finite set of primes and thenp are positive integers. We denote
by Kab,KZ etc. the corresponding compact subgroups of the (finite) adeles of
Gab,Z,U,W, respectively, and put

n(K) =
∏
p∈SH

pnp .

We denote bydg =
∏

p dgp · dg∞ the Haar measure onG(A), where we have set
dgp = dxpdypdzp with the normalization

∫
Zp dxp = 1 etc. (similarly at the real

place). We writedup = dzpdyp (resp. du∞, du) for the Haar measure onU(Qp)
(resp.U(R), U(A)). We letdkp be the Haar measure onKp obtained by restriction
of dgp to Kp. Further, our normalization of measures implies that

∫
Kp
dkp = 1.
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As usual, a choice of a measure on the local (or global) points ofG and of a sub-
groupH ⊂ G determines a unique measure on the local (resp. global) points of the
homogeneous spaceG/H.

LEMMA 3.2. — One has:

– G(Zp) = (G(Zp) ∩ U(Qp)) · (G(Zp) ∩W(Qp));
– U(Qp) ·W(Zp) is a subgroup ofG(Qp);
– G(A) = G(Q) ·G(R) ·K;
– there exists a subgroupΓ ⊂ G(Z) (of finite index) such that

G(Q)\G(A)/K = Γ\G(R);

– the quotientΓ\G(R) is compact.

These statements are well-known and easily verified.

We now recall the well-known representation theory of the Heisenberg group in
an adele setting ([13]). Denote by% the right regular representation ofG(A) on the
Hilbert space

H := L2(G(Q)\G(A)).

Consider the action of the compact groupZ(A)/Z(Q) onH (recall thatZ = Ga).
By the Peter-Weyl theorem, we obtain a decomposition

H = ⊕Hψ

and corresponding representations(%ψ,Hψ) of G(A). Here

Hψ := {ϕ ∈ H | %(z)(ϕ)(g) = ψ(z)ϕ(g)}
andψ runs over the set of (unitary) characters ofZ(A) which are trivial onZ(Q).
For non-trivialψ, the corresponding representation(%ψ,Hψ) of G(A) is non-trivial,
irreducible and unitary. On the other hand, whenψ is the trivial character, the corre-
sponding representation%0 decomposes further as a direct sum of one-dimensional
representations%η:

H0 = ⊕ηHη.

Hereη runs once over all (unitary) characters of the groupGab(Q)\Gab(A). It is
convenient to considerη as a function onG(A), trivial on theZ(A)-cosets. Pre-
cisely, letψ1 =

∏
p ψ1,p · ψ1,∞ be the Tate-character (which has exponent zero at

each finite prime, see [27] and [28]). For a = (a1, a2) ∈ A ⊕ A, consider the
corresponding linear form on

Gab(A) = A⊕ A
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given by
g(x, z, y) 7→ a1x+ a2y

and denote byη = ηa (a = (a1, a2)) the corresponding adelic character

η : g(x, z, y)) 7→ ψ1(a1x+ a2y)

of G(A). Fora ∈ A, we will denote byψa the adelic character ofZ(A) given by

z 7→ ψ1(az).

As in Section2, the starting point of our analysis of the height zeta function is
the spectral decomposition ofH. A more detailed version of Corollary2.7 is the
following Proposition.

PROPOSITION3.3. — There exists aδ > 0 such that, for alls ∈ Tδ, one has an
identity ofL2-functions

(3.2) Z(s, g) = Z0(s, g) + Z1(s, g) + Z2(s, g),

where

(3.3) Z0(s, id) =

∫
G(A)

H(s, g)−1dg,

(3.4) Z1(s, g) =
∑
η

η(g) · Z(s, η),

and

(3.5) Z2(s, g) =
∑
ψ

∑
ωψ

ωψ(g) · Z(s, ωψ).

Here we have set

Z(s, η) := 〈Z(s, ·), η〉 =

∫
G(A)

H(s, g)−1η(g)dg,

Z(s, ωψ) := 〈Z(s, g), ωψ〉 =

∫
G(Q)\G(A)

Z(s, g)ωψ(g)dg =

=

∫
G(A)

H(s, g)−1ωψ(g)dg,

η ranges over all non-trivial characters of

Gab(Q) ·Kab\Gab(A),
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ψ ranges over all non-trivial characters of

Z(Q) ·KZ\Z(A),

andωψ ranges over a fixed orthonormal basis ofHK
ψ (for eachψ).

In particular, for η = ηa andψ = ψa occuring in this decomposition, we have

a1, a2, a ∈
1

n(K)
Z.

Proof. — We use the (right)K-invariance of the height for the last statement (for
η). Forψ see also Lemma3.11as well as Proposition2.6.

REMARK 3.4. — The desired meromorphic properties ofZ0 andZ1 have, in fact,
already been established in [6]. The height integrals are computed as in the abelian
case and the convergence of the seriesZ1 is proved in the same way as in [6].
In particular, (3.4) is an identity of continuous functions. The novelty here is the
treatment ofZ2.

We now proceed to describe the various standard models of infinite-dimensional
representations of the Heisenberg group.

3.5. — Locally: Let ψ = ψp (resp.ψ = ψ∞) be alocal non-trivial character ofQp

(resp.R). Extendψ to U(Qp) by setting

ψ((0, z, y)) = ψ(z).

The one-dimensional representation ofU(Qp) thus obtained induces a represen-
tation πψ = πψ,p of G(Qp). The representationπψ acts on the Hilbert space of
measurable functions

φ : G(Qp) → C
which satisfy the conditions:

– φ(ug) = ψ(u)φ(g) for all u ∈ U(Qp) andg ∈ G(Qp);
– ‖φ‖2 :=

∫
U(Qp)\G(Qp) |φ(g)|2dg <∞.

The action is given by

πψ(g′)φ(g) = φ(gg′), g′ ∈ G(Qp).

On the other hand, we have a representationπ′ψ = π′ψ,p (the oscillator representa-
tion) on

L2(W(Qp)) = L2(Qp),
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where the action ofG(Qp) on a functionϕ ∈ L2(Qp) is given by

(3.6) π′ψ(g(x′, 0, 0))ϕ(x) = ϕ(x+ x′)

π′ψ(g(0, 0, y))ϕ(x) = ψ(y · x)ϕ(x)

π′ψ(g(0, z, 0))ϕ(x) = ψ(z)ϕ(x).

It is easy to see that the representationsπψ andπ′ψ are unitarily equivalent. We
will identify the unitary representationsπψ andπ′ψ in what follows.

Globally: In the adelic situation, to each non-trivial characterψ of Z(A) we can
associate a representationπψ of G(A), whereπψ = ⊗pπψ,p ⊗ πψ,∞ and the action
on L2(U(A)\G(A)) = L2(A), is given by the formulas (3.6) (with ψp replaced by
ψ). The representationsπψ and%ψ are equivalent irreducible unitary representations
of G(A). We will recall the explicit intertwining map betweenπψ and %ψ (c.f.
Lemma3.11).

We also recall that the spaceS(A) ⊂ L2(A) of Schwartz-Bruhat functions coin-
cides with the space of smooth vectors ofπψ (for the real place, see the Appendix
in [7]) and note thatL2(Qp)

Kp = S(Qp)
Kp .

For a characterψ(z) = ψ∞(z) = e2πiaz (with a 6= 0) consider the following
operators on the subspace of Schwartz functionsS(R) ⊂ L2(R):

d+
ψϕ(x) = d

dx
ϕ(x)

d−ψϕ(x) = 2πiaxϕ(x)
∆ψ = (d+

ψ )2 + (d−ψ )2.

We have
∆ψϕ(x) = ϕ′′(x)− (2πax)2ϕ(x)

(harmonic oscillator). The eigenvalues of∆ψ are given by

λψn = −2π(2n+ 1)|a|

(with n = 0, 1, 2, ...). They have multiplicity one. Denote byhψn(x) then-th Her-
mite polynomial:

hψ0 (x) = 1

hψ1 (x) = 4π|a|x
hψ2 (x) = −4π|a|(1− 4π|a|x2)
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and, in general,
dn

dxn
e−2π|a|x2

= (−1)nhψn(x)e−2π|a|x2

.

The (essentially unique) eigenfunctionϕψn corresponding toλψn is given by

ϕψn := cne
−π|a|x2

hψn(x).

Here we choose the constantscn, so that theL2-norm ofϕψn is 1.

LEMMA 3.6. — The setB∞(π′ψ) := {ϕψn} is a complete orthonormal basis of
L2(R).

Proof. — For details see, for example, [5], Chapter 13, or [8].

3.7. —

NOTATIONS 3.8. — For η = ηa with a = (a1, a2) anda1, a2 ∈ 1
n(K)

Z, denote by
Sη the set of primesp dividing eithern(K)a1 or n(K)a2. Similarly, forψ = ψa with
a ∈ 1

n(K)
Z, denote bySψ the set of primes dividingn(K)a.

LEMMA 3.9. — Letψ = ψa be a non-trivial character ofZ(Q)\Z(A) and%ψ =
⊗p%ψ,p⊗ %ψ,∞ the corresponding infinite-dimensional automorphic representation.
Suppose%ψ contains aK-fixed vector (forK as in (3.1)). Then:

– a ∈ 1
n(K)

Z (for n(K) =
∏

p∈SH p
np);

– dim %
Kp
ψ,p = 1 for p /∈ Sψ;

– dim %
Kp
ψ,p = |n(K)2a|−1

p for p ∈ Sψ, providedpnp · n(K) ∈ Zp.

Proof. — We need only use the explicit form of the representationπψ,p given in
(3.6). Suppose first thatπψ,p has a non-zeroKp-fixed vectorϕ. Takingz ∈ pnp ·Zp,
we get

ψp(p
npr) = ψ1,p(ap

npr) = 1

for all r ∈ Zp. Since the exponent ofψ1,p is zero, we have

a · pnp ∈ Zp,

from which the first assertion follows.
Let us assume then thatpnp · n(K) ∈ Zp. Then the space ofKp-fixed vectorsϕ in

L2(Qp) is precisely the set ofϕ satisfying
1. ϕ(u+ pnpr1) = ϕ(u);
2. ϕ(u) = ψ(pnpr2u)ϕ(u)
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for all r1, r2 ∈ Zp, u ∈ Qp. The first identity implies thatϕ is a continuous function
and the second thatSupp(ϕ) ⊂ a−1p−np · Zp. The second and the third assertions
of the Lemma follow at once.

NOTATIONS 3.10. — Let Vψ,p be the space of the induced representation ofπψ,p.
Denote byV ∞

ψ,p the space of smooth vectors inVψ,p. ThusV ∞
ψ,p is the set of all

ν ∈ Vψ,p fixed by some open compact subgroup ofG(Qp). Note thatV ∞
ψ,p is stable

under the action ofG(Qp). Note also that in the explicit realization ofπψ,p given in
(3.6), L2(Qp)

∞ = S(Qp) (see the proof of Lemma3.9).

Forϕ ∈ S(A) define the theta-distribution

Θ(ϕ) :=
∑
x∈Q

ϕ(x).

Clearly,Θ is aG(Q)-invariant linear functional onS(A). This gives a map

jψ : S(A) → L2(G(Q)\G(A))
jψ(ϕ)(g) = Θ(πψ(g)ϕ).

LEMMA 3.11. — The mapjψ extends to an isometry

jψ : L2(A)
∼−→ Hψ ⊂ L2(G(Q)\G(A)),

intertwiningπψ and%ψ. Moreover,

jψ : L2(A)K ∼−→ HK
ψ .

Let us recall the definition of a restricted algebraic tensor product: for all primes
p, let Vp be a (pre-unitary) representation space forG(Qp). Let (ep)p be a family
of vectorsep ∈ Vp, defined for all primesp outside a finite setS0. Suppose that,
for almost allp, ep is fixed by Kp. We will also assume that the norm ofep is
equal to1. Let S be a finite set of primes containingS0. A pure tensor is a vector,
ν = νS ⊗ eS, whereeS = ⊗p/∈Sep andνS is a pure tensor in the finite tensor product
⊗p∈SVp. The restricted algebraic tensor productV = ⊗pVp is generated by finite
linear combinations of pure tensors (see [16] for more details).

EXAMPLE 3.12. — Consider the representationπψ of G(A) on the Schwartz-
Bruhat spaceS(Afin) = ⊗pS(Qp) and the corresponding representationπψp of
G(Qp) onS(Qp). In this case, for all primesp /∈ Sψ, ep is unique (up to scalars) and
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may be taken to be the characteristic function ofZp. We havejψ(S(Afin)⊗S(R)) =
Hsmooth
ψ (by [7]).

We now fix an orthonormal basisBfin(πψ) for the spaceS(Afin)
K as follows.

We let Bfin(πψ) = ⊗pBp(πψp), where, forp ∈ S0 = S = Sψ, Bp(πψp) is any
fixed orthonormal basis forS(Qp)

Kp and, forp /∈ S, Bp(πψp) = ep. Thus any
ϕ ∈ Bfin(πψ) has the form

ϕ = ϕS ⊗ eS,

with eS = ⊗p∈Sep, as above. We have then the following Lemma:

LEMMA 3.13. — The set

B(%ψ) := jψ(Bfin(πψ)⊗ B∞(πψ))

is a complete orthonormal basis ofHK
ψ . The number of elementsω ∈ B(%ψ) (c.f.

Lemma3.9) with given eigenvalueλψn is |n(K)2a| if a ∈ 1
n(K)

Z (and zero otherwise).

DEFINITION 3.14. — Supposep /∈ Sψ. The normalized spherical functionfp on
G(Qp) is defined by

fp(gp) := 〈πψp(gp)ep, ep〉.
Here〈·, ·〉 is the standard inner product onL2(Qp).

LEMMA 3.15 (Factorization). — For ω ∈ B(%ψ) andS = Sψ ∪ {∞}, we have an
identity ∫

KS
ω(kSg)dkS =

∏
p/∈S

fp(gp) · ω(gS).

HereKS =
∏

p/∈Sψ Kp, g = gS · gS, with gS (resp.gS) in G(AS) (resp.G(AS)).

Proof. — Define a linear formµ onV = S(A) by setting

µ(ϕ) :=

∫
KS
j(ϕ)(kS)dkS,

(whereϕ ∈ S(A)). Set

V S := ⊗p/∈SS(Qp)

and
VS := ⊗p∈SψS(Qp)⊗ S(R),
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so thatV = VS ⊗ V S. Then from Lemma3.9 we have, forϕS ∈ V S, with πSψ =
⊗p/∈Sπψ,p, an equality of the form∫

KS
πSψ(kS)ϕSdkS = νS(ϕS) · eS

for a unique linear formνS on V S. Note thatνS(ϕS) = 〈ϕS, eS〉, for ϕS ∈ V S.
Now we have, forϕ of the formϕ = ϕS ⊗ ϕS, with ϕS ∈ VS andϕS ∈ V S,

µ(ϕS ⊗ πSψ(kS)ϕS) = µ(ϕS ⊗ ϕS),

from which it follows at once that

µ(ϕS ⊗ ϕS) = µS(ϕS) · νS(ϕS),
for some linear formµS onVS. From this we obtain in turn, forϕ = ϕS ⊗ eS, the
identity ∫

KS
j(ϕ)(kSg)dkS = µ(πψ(g)ϕ)

= µS(πψ,S(gS)ϕS) · νS(πSψ(gS)eS)

= µS(πψ,S(gS)ϕS) ·
∏

p/∈S fp(gp)

for g ∈ G(A). Hereπψ,S = ⊗p∈Sπψ,p. Takingω = j(ϕ), with ϕ = ϕS ⊗ eS, ϕS ∈
VS as above, we arrive next at the equality∫

KS
ω(kSg)dkS = ω′(gS) ·

∏
p/∈S

fp(gp),

for some functionω′ on G(AS). Finally, if g = gS ∈ G(AS), we obtain from the
last expression

ω′(gS) =

∫
KS
ω(kSgS)dk

S =

∫
KS
ω(gSk

S)dkS = ω(gS),

since, in fact,ω is K-invariant on the right. This completes the proof of the Lemma.

COROLLARY 3.16. — Letψ = ψa be as above (witha ∈ Q×) and%ψ the associ-
ated irreducible unitary automorphic representation ofG(A). Suppose that%ψ has
a K-fixed vector. Then, forS = Sψ ∪ {∞}, all ω ∈ B(%ψ), all primesp /∈ Sψ and
all (integrable) functionsH onG(A) such that

Hp(kpgp) = Hp(gpkp) = Hp(gp),
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for all kp ∈ Kp andgp ∈ G(Qp), one has

(3.7)
∫

G(A)

H(g)ω(g)dg =
∏
p/∈S

∫
G(Qp)

Hp(gp)fp(gp)dgp ·
∫

G(AS)

H(gS)ωS(gS)dgS,

whereωS is the restriction ofω to G(AS).

LEMMA 3.17. — For all ψ and allp /∈ Sψ one has, forHp as above,∫
G(Qp)

Hp(gp)fp(gp)dgp =

∫
U(Qp)

Hp(up)ψp(up)dup.

Proof. — Supposep /∈ Sψ. Let χp be the characteristic function ofKp. Define a
functionψ̃p onG(Qp) by setting

ψ̃p(gp) :=

∫
U(Qp)

χp(upgp)ψp(up)dup

(with gp ∈ G(Qp)). Clearly,ψ̃p belongs to the spaceVψ,p of the induced representa-
tion πψ,p; moreover,ψ̃p is Kp-invariant (on the right).

Next we have, with our normalization of Haar measures,

ψ̃p(gp) = ψp(up)

providedgp = upkp, with up ∈ U(Qp), kp ∈ Kp, and zero otherwise. In particular,

|ψ̃p(gp)|2 =

∫
U(Qp)

χp(upgp)dup,

from which it follows that

‖ψ̃p‖2 =

∫
U(Qp)\G(Qp)

|ψ̃p(gp)|2d∗gp =

∫
G(Qp)

χp(gp)dgp =

∫
Kp

dgp = 1.

(Hered∗gp is normalized so thatdgp = dupd
∗gp as in Section3.1.) Next, forν ∈

V ∞
ψ,p, we have, withπp = πψ,p,∫

Kp

πp(kp)νdkp = µ(ν)ψ̃p,

for a unique linear formµ onV ∞
ψ,p. Note thatµ(ν) = 〈ν, ψ̃p〉. We have then, using

ψ̃p(e) = 1,

fp(gp) = 〈πp(gp)ψ̃p, ψ̃p〉 =

∫
Kp

ψ̃p(kpgp)dkp.
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To complete the proof, we note first, from the leftKp-invariance ofHp, that∫
G(Qp)

Hp(gp)fp(gp)dgp =

∫
G(Qp)

Hp(gp)ψ̃p(gp)dgp.

In turn, the last integral is

=
∫

U(Qp) ψp(up)
∫

G(Qp)Hp(gp)χp(upgp)dgp

=
∫

U(Qp) ψp(up)
∫

G(Qp)Hp(upgp)χp(gp)dgp

=
∫

U(Qp)Hp(up)ψp(up)dup,

the last equality from the rightKp-invariance ofHp.

4. Euler Products

In this section we show that each summand in theL2-expansion of the height zeta
function in Proposition3.3 is regularized by an explicit Euler product. First we
record the integrability of local heights:

LEMMA 4.1. — For all compactsK ⊂ T−1 and all primesp, there exists a con-
stantcp(K) such that, for alls ∈ K, one has:∫

G(Qp)
|Hp(s, gp)

−1|dgp ≤ cp(K).

Moreover, for all∂ in the universal enveloping algebraU(g) of G and all compacts
K ⊂ T−1, there exists a constantc(K, ∂) such that, for alls ∈ K,∫

G(R)

|∂H∞(s, g∞)−1|dg∞ ≤ c(K, ∂).

Proof. — This is Lemma 8.2 and Proposition 8.4 of [6].

NOTATIONS 4.2. — Denote bySX the set of all primes such that one of the fol-
lowing holds:

– p is 2 or 3;
– Kp 6= G(Zp);
– overZp, the union∪αDα is not a union of smooth relative divisors with strict

normal crossings.
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REMARK 4.3. — For all p /∈ SX , the heightHp is invariant with respect to the
right and leftG(Zp)-action.

PROPOSITION4.4. — For all primesp /∈ SX and all s ∈ T−1, one has∫
G(Qp)

H(s, gp)
−1dgp = p−3

(∑
A⊆A

#D0
A(Fp)

∏
α∈A

p− 1

psα−κα+1 − 1

)
,

whereX = tD0
A is the stratification ofX by locally closed subvarieties as in the

Introduction andFp = Z/pZ is the finite field withp elements.

Proof. — This is Theorem 9.1 in [6]. The proof proceeds as follows: forp /∈ SX
there is agoodmodelX of X overZp: all boundary componentsDα (andG) are
defined overZp and form a strict normal crossing divisor. We can consider the
reduction map

red : X(Qp) = X(Zp) → X(Fp) = tA⊂AD0
A(Fp).

The main observation is that, in a neighborhood of the preimage inX(Qp) of the
pointx̃v ⊂ D0

A(Fp), one can introduce localp-adic analytic coordinates{xα}α=1,...,n

such that
Hp(s, g) =

∏
α∈A

|xα|sαp .

Now it suffices to keep track of the change of the measuredgp:

dgp =
∏
α/∈A

dxα ·
∏
α∈A

|xα|kαp dxα,

wheredxα are standard Haar measures onQp. The integrals obtained are elemen-
tary: ∫

red−1(x̃p)

Hp(s, gp)
−1dgp =

∏
α/∈A

∫
pZp

dxα ·
∏
α∈A

∫
pZp

p−(sα−kα)vp(xα)dxα

(wherevp(x) = logp(|x|p) is the ordinal ofx atp). Summing over all̃xp ∈ X(Fp),
we obtain the proof (see [6] for more details.)

COROLLARY 4.5. — For all primesp one has the identity∫
G(Qp)

Hp(s, gp)
−1dgp =

∏
α∈A

ζp(sα − κα + 1) · f0,p(s),
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wheref0,p(s) is a holomorphic function inT−1+ε. Moreover, there exist aδ > 0 and
a functionf0(s, g) which is holomorphic inT−δ and continuous ing ∈ G(A), such
that

Z0(s, g) = f0(s, g) ·
∏
α∈A

ζ(sα − κα + 1);

moreover,

lim
s→κ

Z0(s, e) ·
∏
α∈A

(sα − κα) = τ(KX) 6= 0,

whereτ(KX) is the Tamagawa number defined in[20].

Proof. — Apply Corollary 9.6 in [6].

NOTATIONS 4.6. — Leta = (a1, a2) ∈ Q2 and letfa be theQ-rational linear form

(x, y) 7→ a1x+ a2y.

The linear formfa defines an adelic characterη = ηa of G(A):

η(g(x, z, y)) = ψ1(a1x+ a2y),

where againψ1 is the Tate-character ofA/Q. Write

div(η) = E(η)−
∑
α∈A

dα(η)Dα

for the divisor of the functionfa on the compactificationX (by Corollary1.7, dα ≥
0 for all α ∈ A anddα > 0 for at least oneα ∈ A). Denote by

A0(η) = {α | dα(η) = 0}.

Let V ⊂ X be the induced equivariant compactification ofU ⊂ G.

ASSUMPTION4.7. — From now on we will assume that the boundaryV \ U is a
strict normal crossing divisor whose components are obtained by intersecting the
boundary components ofX with V :

V \ U = ∪α∈AVDV
α = ∪α∈ADα ∩ V,

(withAV ⊆ A).

REMARK 4.8. — The general case can be reduced to this situation by (equivariant)
resolution of singularities.
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By Lemma 7.3 of [6], we have

−KV =
∑
α∈AV

κVαD
V
α ,

with κVα ≤ κα (for all α) and equality holding forα in apropersubset ofA.

Denote byfa theQ-rational linear form on the centerZ of G

z 7→ a · z.

The linear formfa defines an adelic characterψ = ψa of U(A)/U(Q):

ψa(g(0, z, y)) = ψ1(az).

Write
div(ψ) = E(ψ)−

∑
α∈AV

dα(ψ)Dα

for the divisor of the functionfa onV and denote by

A0(ψ) = {α | dα(ψ) = 0}.

We note that bothA0(η) andA0(ψ) arepropersubsets ofA. A precise formu-
lation of the statement that the trivial representation ofG(A) is “isolated” in the
automorphic spectrum is the following Proposition.

PROPOSITION4.9. — Letη = ηa andψ = ψa be the non-trivial adelic characters
occuring in Proposition3.3(a1, a2, a ∈ 1

n(K)
Z). For anyε > 0 there exist a constant

c(ε) and holomorphic bounded functionsφη(a, ·), ϕψ(a, ·) onT−1/2+ε such that, for
anys ∈ T0, one has∏

p/∈Sη

∫
G(Qp)

Hp(s, gp)
−1ηp(gp)dgp = φη(a, s)

∏
α∈A0(η)

ζSη(sα − κα + 1);

∏
p/∈Sψ

∫
U(Qp)

Hp(s, up)
−1ψp(up)dup = ϕψ(a, s)

∏
α∈A0(ψ)

ζSψ(sα − κα + 1),

whereζS(s) =
∏

p/∈S(1 − p−s)−1 is the incomplete Riemann zeta function. More-
over,

|φη(a, s)| ≤ c(ε),
|ϕψ(a, s)| ≤ c(ε).
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Proof. — The integrals can be computed as in Proposition4.4. They are regu-
larized by the indicated products of (partial) zeta functions. The remaining Eu-
ler products are expressions involving the number ofFp-points for boundary strata
(and their intersections withdiv(η), resp.div(ψ)). In particular, they are uniformly
bounded on compacts inT−1/2+ε. For details we refer to [6], Proposition 5.5 (which
follows from Proposition 10.2 inloc. cit.).

COROLLARY 4.10. — In particular, each term in the sumsZ1(s, g) andZ2(s, g)
has a meromorphic continuation to the domainT−1/2.

LEMMA 4.11. — For any ε > 0 and any compactK in T−1/2+ε, there exist con-
stantsc(K) andn′ = n′(K) > 0, such that

|
∏

p∈Sη

∫
G(Qp)Hp(s, gp)

−1dgp| ≤ c(K) · (1 + ‖a‖)n′

|
∏

p∈Sψ

∫
G(Qp)Hp(s, gp)

−1dgp| ≤ c(K) · (1 + |a|)n′

for all s ∈ K.

Proof. — For p ∈ SX we use the bound from Lemma4.1. Forp ∈ Sη \ SX (resp.
Sψ \ SX) we apply Proposition4.4: there is a constantc > 0 (depending only onX
andK) such that

|
∫

G(Qp)
Hp(s, gp)

−1dgp| ≤ (1 +
c
√
p
)

for all p. Using the bound ∏
p|b

(1 +
c
√
p
) ≤ |b|n′ ,

(for b = a · n(K) and somen′ = n′(K) > 0) we conclude the proof.

PROPOSITION4.12. — For anyn > 0 and any compactK ⊂ T−1/2+ε, there exists
a constantc(K, n) such that, for anys ∈ K, and anya = (a1, a2) anda as above,
one has the estimates

|
∫

G(R)
H∞(s, g∞)−1η∞(g∞)dg∞| ≤ c(K, n)(1 + ‖a‖)−n,

|
∫

G(AS)
HS(s, gS)

−1ωS(gS)dgS| ≤ c(K, n)(1 + |λ|)−n(1 + |a|)n′ ,

wheren′ = n′(K) is the bound from Lemma4.11, S = Sψ ∪ {∞}, λ = λ(ω) is the
eigenvalue ofωS ∈ BS(%ψ) (with respect to the elliptic operator∆).
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Proof. — We use Lemma4.1and integration by parts. Forη we apply the operator
∂ = ∂2

x+∂2
y (as in [6]) and forψ the elliptic operator∆ = ∂2

x+∂2
y +∂2

z (and use the
eigenfunction property ofωS, or, what amounts to the same, ofω ∈ B(%ψ)). More
precisely, the second integral is majorized by

|λ|−m · |
∫

G(AS)

∆mHS(s, gS)
−1dgS| · sup

gS∈G(AS)

|ωS(gS)|.

Using the class number one property

G(A) = G(Q) ·G(R) ·K
and the invariance ofω underG(Q) andK, we obtain the estimates

(4.1) sup
gS∈G(AS)

|ωS(gS)| ≤ sup
g∈G(A)

|ω(g)| = sup
g∈Γ\G(R)

|ω∞(g)|.

Further we have

(4.2) sup
g∈Γ\G(R)

|ω∞(g)| � |λ|m′ · ‖ω‖L2(Γ\G(R)) = |λ|m′ · ‖ω‖L2(G(Q)\G(A)) = |λ|m′

for some constantm′ (see [11], [23], p. 22, and [25] for the comparison between
theL2 and theL∞ norms of an eigenfunction of an elliptic operator on a compact
manifold and other applications of this inequality). The rest of the proof follows
at once from Lemma4.1 and Lemma4.11. (Notice that the implied constants,
includingm′, in the above inequalities depend only on the choice ofK.)

Before continuing to the proof of the main theorem, we discuss the individual
inner products

Z(s, η) = 〈Z(s, ·), η〉,
Z(s, ωψ) = 〈Z(s, ·), ωψ〉.

Let us first set
ζη(s) =

∏
α∈A0(η)

ζ(sα − κα + 1),

ζψ(s) =
∏

α∈A0(ψ)

ζ(sα − κα + 1).

We have then the following Corollary.

COROLLARY 4.13. — The functions

ζη(s)
−1 · Z(s, η)

and
ζψ(s)−1 · Z(s, ωψ),
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initially defined fors ∈ Tδ (c.f. 2.4), have an analytic continuation to the domain
T−1/2+ε (for all ε > 0).

Proof. — We will consider the functionζψ(s)−1 · Z(s, ωψ) and leave the first case
to the reader. We start by observing that, fors ∈ Tδ, we have

(4.3)
∫

G(A)

|H(s, g)|−1dg <∞

(this follows from Proposition2.6 together with the compactness ofG(Q)\G(A)).
Consequently,

Z(s, ωψ) =

∫
G(A)

H(s, g)−1ωψ(g)dg,

again fors ∈ Tδ. Using the left-K, and in particular, the leftKS-invariance ofH,
we have, fors ∈ Tδ,

Z(s, ωψ) =

∫
G(A)

H(s, g)−1

∫
KS
ωψ(kSg)dkSdg.

Then, from Lemma3.15(factorization), we have (withs in the same domain),

(4.4) Z(s, ωψ) =

∫
G(AS)

H(s, gS)
−1ωψ(gS)dgS ·

∫
G(AS)

H(s, gS)−1fS(gS)dgS,

where we have set
fS(gS) :=

∏
p/∈S

fp(gp)

(recall thatS = Sψ ∪ {∞}). Both integrals above are convergent fors ∈ Tδ by
(4.3). By Lemma4.1, the first integral on the right in (4.4) is absolutely convergent
for s ∈ T−1. Next it follows from Proposition4.9 that the second integral above
actually converges fors ∈ T0. Moreover, we have for that integral the product
expression ∏

p/∈Sψ

∫
G(Qp)

Hp(s, gp)
−1fp(gp)dgp.

As we have noted in Proposition4.9, the infinite product is convergent to a holo-
morphic function, fors ∈ T0. Further, we then have for this infinite product the
expression

ϕψ(a, s) ·
∏

α∈A0(ψ)

∏
p∈Sψ

ζ(sα − κα + 1) · ζψ(s),
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for s ∈ T0. It follows, again from Proposition4.9, that

ζψ(s)−1 · Z(s, ωψ)

can be continued holomorphically to the domainT−1/2+ε. (Note that we have used
the meromorphic continuation ofζ(s) to<(s) > 1/2 + ε.)

Moreover, we have the following Lemma:

LEMMA 4.14. — For any ε, n > 0 and any compactK ⊂ T−1/2+ε, there is a
constantc(K, n) and an integern′ > 0 such that, for anys ∈ K and a as above
(ψ = ψa), we have

|ζψ(s)−1 · Z(s, ωψ)| ≤ c(K, n)(1 + ‖λ|)−n(1 + |a|)n′ .

Proof. — We have from the preceeding (proof of Corollary4.13)

ζψ(s)−1 · Z(s, ωψ) =

ϕψ(a, s) ·
∫

G(AS)

H(s, gS)
−1ω(gS)dgS ·

∏
α∈A0(ψ)

∏
p∈Sψ

ζp(sα − κα + 1),

for s ∈ T−1/2+ε. Our conclusion follows from Proposition4.9and Proposition4.12
and, for example, the elementary inequality∏

p|b

(1 +
1
√
p
) ≤ ·|b|n′

applied tob = an(K) (for somen′ > 0, independent ofa).

THEOREM 4.15. — The height zeta functionZ(s) is holomorphic fors ∈ T0.
Moreover, ∏

α∈A

(sα − κα) · Z(s)

admits a holomorphic continuation toT−δ (for someδ > 0) and

lim
s→κ

∏
α∈A

(sα − κα) · Z(s) = τ(KX).

Proof. — Set
z(s) :=

∏
α∈A

(sα − κα).

We prove first that both series

(4.5)
∑
η 6=1

z(s) · Z(s, η) · η(g)
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and

(4.6)
∑
ψ 6=1

∑
ωψ∈B(%ψ)

z(s) · Z(s, ωψ) · ωψ(g)

are normally convergent fors in a compact subset ofT−1/2+ε andg in a compact
subset ofG(A). We note that, by Proposition4.12, the products

z(s)Z(s, η) and z(s)Z(s, ωψ)

are defined fors ∈ T−1/2+ε. We will prove our assertion for the second series; the
proof for the first is entirely similar.

We have a map from the set of non-trivial characters{ψ} of A/Q to the set of
subsets ofA given by

ψ 7→ A0(ψ).

It suffices to prove our assertion for each subseriesZA of Z2 corresponding toψ
with A0(ψ) = A (for A ⊂ A). From Lemma4.14we have a uniform majoration
(for reals)

z(s) · Z(s, ωψ) � z(s) · ζψ(s) · (1 + |λ|)−n · (1 + |a|)n′ .

By definition, the functionζψ is the same for all forψ occuring inZA. It remains
then to prove the assertion for the series

(4.7)
∑
ψ

∑
ωψ∈B(%ψ)

|λ|−n+m′|a|n′ ,

where we have used the estimates (4.1) and (4.2) (and the sum is over all characters
ψ occuring inZA). We recall thatλ = λ(ωψ) is the∆-eigenvalue ofωψ andψ = ψa.
We also recall (Lemma3.13) that (withS = Sψ)

ωψ = j(ϕS ⊗ eS ⊗ ϕψn),

for n = 0, 1, 2, ..., whereϕS varies over an orthonormal basis ofS(AS)
KS . Thus

our series (4.7) is bounded from above by∑
a∈Z,a 6=0

∑
n

|λn|−n|a|n′+1 · n(K)2

(see Lemma3.9). Our claim now follows upon remarking that

λn = (−2π(n+ 1)|a| − 4π2a2).

At this point we may conclude that the series (4.5) and (4.7) converge as stated.
It now follows that, fors ∈ Tδ,

Z(s, g) = Z0(s, g) + Z1(s, g) + Z2(s, g),



28 JOSEPH SHALIKA AND YURI TSCHINKEL

as an equality of continuous functions onG(A). In particular, we have

(4.8) z(s)Z(s) = z(s)(Z0(s, id) + Z1(s, id) + Z2(s, id)),

again fors ∈ Tδ. Finally, we obtain, from (4.8), Corollary4.5 and the preceding,
the meromorphic continuation ofZ(s) to the domainT−1/2+ε.

Further, since for non-trivialψ the setA0(ψ) is apropersubset ofA, we also see
that the function

z(s)(Z1(s, id) + Z2(s, id))

vanishes fors = κ. Thus we have finally

z(s)Z(s, id)|s=κ = z(s)Z0(s, id)|s=κ.
Applying Corollary4.5we conclude the proof.

REMARK 4.16. — Theorem4.15implies that for eachL in the interior ofΛeff(X)
the (one-parameter) height zeta functionZ(s,L) is holomorphic for<(s) > a(L)
and admits a meromorphic continuation to<(s) > a(L)− ε (for someε > 0) with
an isolated pole ats = a(L) of orderat mostb(L). The proof that the order is
exactlyb(L) and that the leading coefficient ofZ(s,L) at this pole isc(L) · τ(L) is
analogous to the proof of the corresponding statement for height zeta functions of
equivariant compactifications of additive groups (see Section 7 in [6]).

5. Example: P3

A standard bi-equivariant compactification of the Heisenberg groupG is the 3-
dimensional projective spaceX = P3. The boundaryD = X\G consists of a single
irreducible divisor (the hyperplane section). The class of this divisor generates the
Picard groupPic(X). The anticanonical class−[KX ] = 4[D] and the cone of
effective divisorsΛeff(X) = R≥0[D]. The height pairing is given by

(5.1) H(s, g) :=
∏
p

Hp(s, gp) ·H∞(s, g∞),

whereg ∈ G(A),

(5.2) Hp(s, gp) = max{1, |x|p, |y|p, |z|p}s

and

(5.3) H∞(s, g∞) = (1 + x2 + y2 + z2)s/2.
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The heightsHp are invariant with respect to the action ofG(Zp) (on both sides). We
are interested in the analytic properties of the height zeta function

(5.4) Z(s, g) =
∑

γ=(x,z,y)∈Q3

H(s, γg)−1.

As above, we consider the Fourier expansion ofZ(s, g). Each term in this expan-
sion will be regularized by an explicit Euler product of height integrals. We need to
compute these height integrals at good primes and estimate them at bad primes and
at the real place.

LEMMA 5.1. — For <(s) > 4, one has∫
G(Afin)

H(s, g)−1dg =
ζ(s− 3)

ζ(s)
.

LEMMA 5.2. — For <(s) > 3 and allp /∈ Sη, one has∫
G(Qp)

Hp(s, gp)
−1ηa(gp)dgp = ζ−1

p (s).

Proof. — Both Lemmas may be proved by direct computation using the definition
of Hp in (5.2).

LEMMA 5.3. — For <(s) > 3, all ψ = ψa and allp /∈ Sψ, one has∫
G(Qp)

Hp(s, gp)
−1fp(gp)dgp =

∫
U(Qp)

Hp(s, up)
−1ψa(up)dup = ζ−1

p (s),

(wherefp is the local normalized spherical function).

Proof. — Direct computation. Note that the second integral is similar to the inte-
gral in Lemma5.2for the varietyP2 ⊂ P3 (the induced equivariant compactification
of U).

LEMMA 5.4. — For all ε > 0, n > 0 and all compactsK in the domain<(s) >
3 + ε, there exists a constantc(n,K) such that, for alls ∈ K and all η = ηa (with
a ∈ Z2), the finite product

|
∏
p∈Sη

∫
G(Qp)

Hp(s, gp)
−1η(gp)dgp

∫
G(R)

H∞(s, g∞)−1η(g∞)dg∞|
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is bounded by
c(n,K)(1 + |a1|+ |a2|)−n.

Proof. — We replaceη by 1,Hp(s, gp) byHp(<(s), g) and obtain

|
∫

G(Qp)
Hp(s, gp)

−1dgp| ≤
1

1− p−ε
.

Fora ∈ Z, we have ∏
p|a

(1 + p−ε) ≤ (1 + |a|)n′

(for some positive integern′). Using the definition ofH∞:

|
∫

R3

(1 + x2 + y2 + z2)−s/2e−2πi(a1x+a2y)dxdydz| < c(n,K)(1 + |a1|+ |a2|)−n

for all n (this is an easy consequence of integration by parts).

LEMMA 5.5. — For all ε > 0, n > 0 and all compactsK in the domain<(s) >
3 + ε, there exists a constantc(n,K) such that, for alls ∈ K, all ψ = ψa (with
a ∈ Z, a 6= 0), S = Sψ ∪ {∞} and allωS ∈ BS(%ψ), the expression

|
∫

G(AS)

H(s, gS)
−1ωS(gS)dgS|

is bounded by
c(K, n)|an|−n,

(where the real component ofj−1
ψ (ωS) is equal tocnϕψn , cf. Lemma3.13).

Proof. — Let λ be the∆-eigenvalue ofω. Here

∆ = ∂2
x + ∂2

y + ∂2
z

is an elliptic differential operator onG(Z)\G(R) and∂x (resp.∂y, ∂z) is the invari-
ant vector field corresponding tog(x, 0, 0) (resp.g(0, 0, y) andg(0, z, 0)). On each
subspace

HK
ψ ⊂ L2(G(Q)\G(A))K = L2(G(Z)\G(R)),

we have
∂zω = (2πia)ω

(here we used theπψ realization). It follows that

∂2
zω = −4π2a2 · ω,

and
∆ω = (λψn − 4π2a2)ω,
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whereλψn = −2π(2n + 1)|a| is the∆ψ-eigenvalue ofϕψn , the real component of
j−1
ψ (ωS).

After these preparations we can assume thats is real. Using repeated integration
by parts, we find the following estimate for the above integral:

λ−n · ‖ω‖L∞ ·
∏
p|a

∫
G(Qp)

Hp(s, gp)
−1dgp ·

∫
R3

∆n(1 + x2 + y2 + z2)−s/2dxdydz.

Here we have again used the estimates (4.1) and (4.2). Continuing, we estimate the
finite product ofp-adic integrals as in the proof of Lemma5.4. Finally, we find from
Lemma4.1that the integral∫

R3

∆n(1 + x2 + y2 + z2)−s/2dxdydz

is convergent fors ∈ K and further is bounded on the same region.

PROPOSITION5.6. — The height zeta functionZ(s) defined in Equation (5.4)

– is holomorphic for<(s) > 4;
– admits a meromorphic continuation to<(s) > 3 + ε (for anyε > 0) and
– has a simple pole in this domain ats = 4 with residue

ζ(4)−1

∫
R3

(1 + x2 + y2 + z2)−2dxdydz =
π2

ζ(4)
.

Proof. — Using the estimates of Lemma5.5, and (4.1) and (4.2), we see, as in the
proof of Theorem4.15, that the series forZ2(s, g) in Proposition3.3 is normally
convergent fors in a compact setK of <(s) > 3 and forg ∈ G(A). It now follows
(as in the proof of Theorem4.15) that, for<(s) > 4,

Z(s, g) = Z0(s, g) + Z1(s, g) + Z2(s, g),

as an equality of continuous functions onG(A). In particular,

(5.5) Z(s, id) = Z0(s, id) + Z1(s, id) + Z2(s, id),

again for<(s) > 4. We obtain then, as in the proof of Theorem4.15, the meromor-
phic continuation ofZ(s) to<(s) > 3 + ε (see esp. Lemma5.1for Z0). Finally,

(s− 4)Z(s)|s=4 = (s− 4)Z0(s, id)|s=4 =
π2

ζ(4)
.
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