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ABSTRACT. — We study the arithmetic of certain Del Pezzo surfaces of degree 2. We
produce examples of Brauer-Manin obstruction to the Hasse principle, coming from 2-
and 4-torsion elements in the Brauer group.
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1. Introduction

A Del Pezzo surface is a smooth projective surface, isomorphic over the
algebraic closure to P2, to P! x P!, or to the blow-up of P2 at up to 8 points
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in general position. In the last case the Del Pezzo surface has degree equal
to 9 minus the number of points in the blow-up. The arithmetic of Del Pezzo
surfaces over number fields is an active area of investigation. It is known that
the Hasse principle holds for Del Pezzo surfaces of degree at least 5.

Counterexamples to the Hasse principle were discovered for Del Pezzo sur-
faces of degrees 3 and 4 (see [12] and [8], respectively). A growing body of
evidence (e.g., [3]) led to the question of whether the failure of the Hasse
principle for Del Pezzo surfaces is always explained by the Brauer-Manin ob-
struction; this question is specifically raised by Colliot-Thélene and Sansuc in
[5]. Computer verifications for diagonal cubics in [4] and theoretical advances,
e.g., [2], [10], [14], lend support to an affirmative answer to this question.

A general smooth Del Pezzo surface of degree 2 can be realized as a double
cover of P? ramified in a smooth curve of degree 4. In this note we consider
surfaces S over Q of the form

(1.1) w? = Az* 4+ By + C2*.

We compute their Galois-theoretic invariant Br(S)/Br(Q) and produce exam-
ples of obstruction to the Hasse principle (see [4], [9] for background). Of
particular interest is Example 7.6, where the obstruction comes from a 4-
torsion element in the Brauer group. By [13], only 2- and 3-torsion Brauer
group elements occur for Del Pezzo surfaces of degree > 3.

The tool we use is group cohomology. Let F' be a Galois extension of Q, and
let G denote the Galois group Gal(F/Q). If Pic(SF) is equal to the geometric
Picard group M := Pic(Sg) then we have

(1.2) Br(S)/Br(Q) = H'(G, M).

More generally, the Hochschild-Serre spectral sequence gives rise to the fol-
lowing exact sequence:

(1.3) 0 — Pic(S) — Pic(Sp)¥ — ker(Br(Q)—Br(F))
— ker(Br(S)—Br(Sp)) — HY(G,Pic(Sr)) — H*(G, F*).

We compute the group in (1.2) and represent lifts of elements to Br(S) by
Azumaya algebras. By (1.3) and cohomological dimension, such lifts exist
after possibly enlarging F'; in practice we find it is often possible to take
[F : Q] quite small and still have H'(G,Pic(Sr)) isomorphic to H'(G, M)
and the final map in (1.3) trivial. Lastly, we explain the computation of local
invariants and obtain the above-mentioned examples.



DEL PEZZO SURFACES OF DEGREE TWO 3

In an Appendix we show that in the case of the diagonal cubics considered in
[4] the present techniques give rise to cyclic Azumaya algebras. This simplifies
the construction of cocycle representatives and the local obstruction analysis,
as compared with the original consideration of bicyclic group cohomology.

The authors would like to thank J.-L. Colliot-Thélene for helpful discussions
and correspondence.

2. Geometry

Consider the surface S given by the equation
w? = Az + By + C2*

in the weighted projective space P(2,1,1,1). It is a double cover of P2,
branched over the twisted Fermat quartic curve

(2.1) 0= Az* + By + C2*.

Let a,b,c denote some chosen 4-th roots of A, B,C, respectively. The 56
exceptional curves on S are the pre-images of the bitangents to the quartic.
These are given by the following equations

(2.2) dax+by =0, Sby+cz=0, dcz+axr=0, whered*=—-1,

(2.3) aazx + by +vcz =0 (o' =B =+1=1).

Multiplying the equations (2.3) by a scalar doesn’t change the line it defines, so
it is natural to index the line by an element (a, 3,7) € u3/us. Each bitangent

lifts to a pair of exceptional curves in S: for example, the preimage of the line
given by dax + by = 0 is the pair of curves with equations

w =+ .

These will be denoted by L. s4. There are 24 exceptional curves lying over
the lines in (2.2). The preimages of the lines in (2.3) are given by

w = £vV2(aBabry + Bybeyz + ayacaz) .

The ambiguity = is resolved by scaling the tuple («, 3, ), so that we can choose
+ and consider (,3,7) € u3/p2. The 56 exceptional curves are denoted as
follows:

L.s+ : dax + by =0, w = +c?2?,
Lys+ : oby + cz =0, w = +a’2?,
Lys+ : dcz 4+ ax =0, w = +b%y?,
Logy t aax+ Bby+vyez =0 w=2(afabzy + Bybeyz + ayacrz) .
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Each exceptional curve has self-intersection (—1). Each pair of curves lying
above a bitangent to the Fermat quartic has intersection number 2. Other
intersection numbers are 0 or 1 and are readily determined. From this the
intersection matrix can be constructed. Let ¢ = e™/4. Then one sees that the
Picard group is a free abelian group with generators:

(2.4)

v1 = [Loc+] va=I[Lygs | vs=I[Lyct] va=[Lycs ]

vs = [Lac+] ve=I[Loes ] vr=I[Lizs] wvs=[L.er ]+ [Loes ]+ [Ligil -

Moreover, we have in the Picard group:

[Lyes 1] = —v1 —v7+vg [Lyer -] = —va —v7 +vg
[ y,C57+] = —v3 — U7 + Ug [Ly’gﬂ’_] = —V4q4 — V7 + U8
[L,c5.4] = —vs5 —vr +vs [L1,1i] = —v2 —v3 + vg
[L11,-1] = —vs5 — v + vg [L11,—i) = —v1 — vg + vg
(2.5) [(L1,i1] = —v1 — v + vg [L1,—i] = —v3 — vs + v
[L1,-1,1] = —v3 — v4 + vg [L1,-1,-1] = —v1 —v2 + vg
[L1,—i1] = —v2 — v5 + vg [L1,—is) = —v4 — v6 + vg
[Lig1] = —va —vs + vg [Lig,—i) = —v2 — ve + vg
[Li,—1,-1] = —v3 — v + vg [Li—1,—i] = —v1 —vs + 08
[Li—i1) = —vi — vz + vg [Li—i,—1] = —v2 —vg + 08

The anticanonical class is
(2.6) —Kg=—v1 —v9 —v3 —v4 —v5 — vg — U7 + 3Ug.

Since the anticanonical class is the class of any pair of curves lying above a
bitangent, the class of any exceptional curve can be read off from (2.4)—(2.6).

3. Galois group - generic case

Let G be the Galois group of the extension
(3.1) F := Q(¢,a? b/a, c/a)

over Q (where ¢ = e™/%). The subextension Q(¢)/Q corresponds to a normal
subgroup H of index 4. The quotient group is the Klein four-group. In the
generic case, when |G| = 128, we have the generators

O, Tyla,lp,lc
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characterized by
o(a®)=a®,  o(b/a)=b/a,  o(c/a)=c/a,  of
7(a®) =a?  7(b/a) =b/a,  7(c/a)=c/a,  7(
ta(a?) = —a?, 14(b/a) = —ib/a, i4(c/a) = —ic/a, 1,(¢)=¢
w(a®) =a*,  w(b/a) =ibla, wlc/a)=cla,  wu(C)=¢,
LC(CLQ) = CLQ, Lc(b/a) - b/a7 LC(C/G) = iC/CL, [’C(C) =C.

The corresponding action of G on exceptional curves is given by

o T la L Le
Lz,5,s Lz,a(&),s Lz,T((S),s Lz,i(S,S Lz,—i6,s Lz,(5,—s
Lx,&,s Lx,a(é),s L:):,T((S),s Lx,é,fs Lx,i&,s Lz,fié,s
Lyss Ly (8,5 Ly 5. Ly _iss | Lys—s | Lyss
La,ﬁ,’y Lofl,ﬂfl,'yfl Lijg—1 iB- iyl Lia,ﬁ,’y La,zﬂ,’y La,ﬁ,i'\/

Now we can build the matrices which encode the action of the various
generators on the Picard group Pic(Sp). For instance for ¢, the matrix is:

4. Group cohomology

We start with a review of group cohomology. Let G be a finite group and
let M a G-module. A standard free resolution of Z is given as follows:

(4.1) CS:=...Z]G x G x Q] = Z[G x G] — Z[G] ,

where the augmentation map Z[G| — Z is given by g — 1 (for all g € G) and
where each map in C$ is of the form
n

(91,--gn) = D (D" g1, Give s 9n) -
=1
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The action of g € G on any of the terms in (4.1) is the diagonal left multipli-
cation action. We may identify

ZIGx G ~  @yecZld],

(4.2) (9.99) +— (0,....g,...,0),

where the unique non-zero entry g is in the g’-th position. We also identify

Z[G x G % G] ~ @(g’,g”)EGXG Z[G] s

4.3
(43) (9,99',99'd") — (0,...,9,...,0),

where the unique non-zero entry g is in the (¢’, ¢”)-th position.
After these identifications, the complex Hom(CS, M) is identified with

(4.4) =ML Pt P M.
g'eG (¢,9")EGXG

Here the ¢’-th coordinate of the map d" is m +— m — ¢’ - m and the (¢', g")-th
coordinate of d' is (..., mg,...) = mgy —mgy g +g' -mgr. Of course, H(G, M)
is identified with the i-th cohomology of (4.4). For instance, the kernel of d°
is the module M& of G-invariants of M.

Now let H be a subgroup of G. Since restriction is an exact functor, C& is
a resolution of Z as an H-module. We choose a set Q C G of coset represen-
tatives, so G = quQ Hg.

We have an isomorphism of H-modules

Z[G] =~ quE Z[H]’
(4.5) hg (o,...,%,...,O),

where h appears in the ¢-th position (h € H,q € Q). Also

(4.6) Z[G X G] = 69(q,h’,q’)eQ><H><Q Z[H] s
(hq,hh'q") — 0,...,h,...,0),

where h appears in the (¢, h’,¢") position. We can project the resolution cs
to the standard resolution CZ. Under the identification (4.5) the map on
the degree zero component is the sum of the |Q| projection maps. Under
the identifications (4.2) and (4.6) the map on the degree 1 component sends
the element (0,...,h,...,0) from (4.6) to (0,...,h,...,0) with h in the A’
position. Applying Homp (—, M) we get an inclusion of complexes Cy; 5, into
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Homp (CS, M), and via our identifications,

M SyM— ...
(4.7) lx“ lxl
DPoM —DBoxuxgM —--- -

This allows us to take elements of H*(H, M), represented as cocycles via the
standard resolution, and realize them as cocycles in the complex Hom H(C,G , M).

Now we discuss cohomology of group extensions. Assume that there is an
exact sequence of groups

1-H->G—-Q—1.

Then @ acts on the cohomology HY(H, M) for all ¢ and there is an associated
standard spectral sequence

(4.8) EpY = HY(Q, HI(H, M)) = H"*(G, M) .

This leads to a 5-term exact sequence
(4.9)
0,1

0 — HY(Q, M) — HY(G, M) — H'(H, M) 25 H2(Q, M™) — H*(G, M) .

For the purpose of computing dg’l, we describe explicitly the spectral se-
quence at the Fy level. There is an action of Q on the complex Hom (CS, M),
which is induced from the G action on this complex that combines the con-
jugation of G on itself with its action on M. This @ action has invariants
Homg(CS, M). Moreover, each term is acyclic as a @Q-module. This leads to
the Ep-term of the spectral sequence (4.8)

Homp (Z[G?], M) — @, Hompy (Z[G?], M)

dgvlT dévlT

Homp (Z[G?), M) — @ Hompy (Z[G?], M)

%] @]

Homp (Z[G], M) — @q Homp (Z[G], M) —= @2 Homp (Z[G], M)

In the special case where G is a semi-direct product of H and @), we have
identifications (4.5) and (4.6). Now ¢ € @ acts on elements of the groups
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appearing in the bottom row of (4.7) as follows:

(4.10) G- (oymgy ) = (s d-mgig,...)
(411) (j ( < Mg n gy - - ) = ( .o ,(j . mq—lqvq—lh/@q—lq/, - )

For finite abelian groups G there are more efficient resolutions than the
standard resolution. In each of the following representative cases we give an
alternative resolution of Z by free Z|G]-modules together with explicit maps
from the standard resolution to the more efficient resolution. This allows us
to compute the images of cocycles from the efficient resolution in the standard
resolution.

NoOTATIONS 4.1. — Let G be a finite abelian group and g € G an element
of order n. Put Ny :=1+g+---+¢" ! and A, := 1 — g in Z[G]. For
g1, 9y € G and iy,...,i, € Z the element in C{¥ which, under the iden-
tification (4.2) is the vector (0,...,1,...,0) with 1 in the (g}'g2--- giv)-th
position, is denoted ay, ;.. Similarly, given i, ..., € Z the element in C§
which, under the identification (4.3) is the vector (0,...,1,...,0) with 1 in

the (gi'g2 - -gl"}’,gzl‘lg;2 . -gﬁ’)—th position is denoted «

. .y .
(S WS PP A 1

Case 1: G =Z/n.

e = .ziq) Yo 710 25 z)q)

with quasi-isomorphism
ol cs — cll

given by

oil(ei) = 14g+- 440,
(4.12) ) (1) 1 ifi>d

T2 (K 0 otherwise ’

where g is a generator of G. For instance, if M is a G-module then H*(G, M)
is the ith cohomology of

(4.13) 0— M 2% 0 Moo

Case 2: G=Z/n® Z/m.

Alg.h) 9 (AgAp)
_—

cml = ... z(ep

Z[G] ZIGY
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where

A[g’h] — Ng Ay 0
—\0o -aA, N

with quasi-isomorphism
ain’m] . cf — Cln’m]

given by
(414)  o"ayy) = (g4 +g g +gh+ o+ gh)
where ¢ (resp. h) is a generator of Z/n (resp. Z/m).

Case 3: G=Z/n®Z/m&LJL.

(Ag Ap Ay)
_—

el — zla A 710 ZlG]

where
N, A, 0 A, 0 0
Alohdl.— 00 A, Ny 0 A, 0
0 0 0 —-A, —A, N,

with quasi-isomorphism
O_anmva . C.C; N CLTL’m’@
given by
(4.15) agn’m’e](ai,j,k) _
Ltg+- g g (Lt ht -+ W7 g (1 + -+ g'hldb))

where g (resp. h, resp. u) is a generator of Z/n (resp. Z/m, Z/?).

The existence of efficient resolutions is not limited to the case of abelian
groups. For instance, taking G = ®,,, the dihedral group with generators g

and h and relations ¢" = h? = ghgh = e, it is an exercise in linear algebra to
verify that there is a resolution

3 2 1
zla)t P oziep P zia? Pzl
with
A, 0 0 N,
D=0 Ay, 0 -N,|, Di—(l\(;g]\(; ]\]I\g’l)
0 0 Ay —N, h gh

and DL = (A Ap).
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In each case, given a G-module M we apply Homg(—, M) to every complex
above. This provides a practical method for computing group cohomology
of finite abelian groups. The dual maps are notated as above but with the
super- and subscripts interchanged. For example, Ay, @ M 2 — M3 maps
the element (m,0) to (m+g-m+---+¢" 1 -m,m—h-m,0).

5. Computation of Br(S)/Br(Q) in the generic case

In this section we explain the computation of H'(G, M), where M =
Pic(SF), in the generic case. We have an exact sequence
(5.1) 1-H-G—-Q—1
with H = (Z/4)? @ (Z/2) and Q = (Z/2)?. In principle, H'(G, M) can be
computed using the standard resolution (4.4). However, in this case the map
di would be given by a 131072 x 1024-matrix, which makes direct computations
impractical. Exploiting the fact that G is an extension of one abelian group by
another, we can use the spectral sequence technique, explained in Section 4,
to simpify the computation significantly.

In the following, we will constantly refer to the diagram in Figure 1. First

we compute M = MY = 7, spanned by the canonical class. In particular,
HY(Q, M) =0. Thus H'(G, M) is equal to the kernel of the map

dy' - HY(H,M)? — H*(Q, M) .
The group H'(H, M) is computed by the complex on the left side of the

diagram. In this diagram the horizontal arrows labeled af4 14] and \' give

quasi-isomorphisms of complexes. The linear algebra required to compute
Ker(M?3 — M?®) is quite modest and the cohomology group is identified as

HYH,M)=17/2 .
It remains to take a single cocycle representative of the non-zero element of

H'(H, M) and follow it through the diagram to determine whether it lies in
the kernel of dy".

REMARK 5.1. — In this case the class is automatically Q-invariant since Z/2
has only the identity automorphism. In general, as we point out below, at a
certain point in the diagram chase this invariance is naturally tested.

We start with a representative in M? for the nontrivial element A € H'(H, M),
for instance

v = ((0,0,0,0,-1,-1,-1,1),(0,0,0,0,-1,1,0,0),(0,0,0,0,—-2,0,—1,1)).
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Let v denote the image in EOI’1 of v by the composite of three horizontal maps

in Figure 1. Now, we claim, v lies in the image of d(l]’o if and only if A is
Q-invariant (obviously true in this case). Indeed, a linear algebra solver can
produce

vo = ((0,0,0,0,—1,1,0,0)*,(0,0,0,0, -1, -1, —1,1)*))
satisfying dé’o(vo) = v, where each vector with superscript *4 denotes the

element in @Q M with the vector repeated 4 times. Applying the cobounday

map Eé’o — Eg,o to vg necessarily produces an element in the image of is,
representing dg’l()\) in H2(Q, M™). In the present case, we get 0; in general,
a linear solver can test whether or not it is a coboundary.

6. The non-generic case
We start by presenting some examples when the Galois group is smaller

than in the generic case.

EXAMPLE 6.1. — Consider the case (A, B,C) = (—6,-3,2). The Galois
group of the field F', defined in (3.1), has order 32; it is an extension of the
Klein four-group by (Z/4) @ (Z/2). However, in this way it is not a split
extension. On the other hand, we can use the split extension

l1-H—-G—1Z/2—1

where H = (Z/4)?, generated by i1, and oTi4t., and the image of Z/2 in G is
generated by o. In this case, we compute H'(H, M) = 0. By (4.9), H'(G, M)
is isomorphic to H'(Z/2, M™). We find that M* has rank 2, spanned by

(1717171>171717_3)7 (1717171>1>1707_2)7

hence M*H is isomorphic to Z @ Z', where Z' is free of rank 1 with non-trivial
Z/2-action. So, we have

HY G, M) =17/2.
As in the generic case, we have M¢ = 7Z, that is Pic(S) has rank 1.

EXAMPLE 6.2. — The case (A4, B,C) = (1,1, —2) is interesting because Pic(5)
has rank 2. The Galois group G fits into an exact sequence

1-Z2/4—-G—7Z/2—1
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with subgroup H = 7Z/4 generated by t.o7 and quotient group generated by
the image of 7. As in Example 6.1 we have H'(H, M) = 0. Now MH has rank
3, with generators

(1,1,1,1,1,1,1,-3) , (0,0,0,0,1,-1,0,0) , (0,0,0,0,1,1,1,-1) ,
and the action of 7 fixes the first 2 vectors and negates the third. Hence
HY G, M) =17/2
and Pic(S) has rank 2.

EXAMPLE 6.3. — The case (A, B,C) = (1,1,1) yields G = Gal(Q(¢)/Q), the
Klein four-group, and we directly compute

HY G, M) = (Z/2)3.
In this case Pic(S) has rank 1.

The comprehensive treatment proceeds via a case-by-case computer analy-
sis of all subgroups of the generic Galois group, such that in the exact sequence
(5.1) the subgroup maps onto (). These correspond to field extensions con-
taining the eighth roots of unity. Each such subgroup (it is enough to consider
conjugacy classes of subgroups) is a semi-direct product of abelian groups, and
hence yields to the sort of analysis of the examples of this section. By means
of an exhaustive computer run, we obtain

THEOREM 6.4. — Let S have the form (1.1). Then Br(S)/Br(Q) is isomor-
phic to one of the following groups:

(1), 2/2, Z/4, (2/2) © (2/2),
(Z/4) @ (2/2), (2/2) ® (2/2) ® (Z/2).

7. Examples of Brauer-Manin obstruction

Here we compute the Brauer-Manin obstruction to the Hasse principle in
several representative cases. In all the examples below the surface S has points
in all completions of Q.

EXAMPLE 7.1. — The case (A,B,C) = (—25,—5,45). The Galois group
G = Gal(F/Q) has order 32 and fits into an exact sequence

1-H—-G—Z/2—1.
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We have H = (Z/4) @ (Z/2)?, generated by (2L, 12, and o7. A complement
to H in G is Z/2 = (otqtp). After the sort of computation detailed in the
previous section we find

(7.1) HYZ/2, M) = HY(G, M)

in (4.9) with M* spanned by (1,1,1,1,1,1,1,-3) and (1,1,1,1,1,1,0, —2).
Hence, as in Example 6.1, we have

HY G, M) =17/2.

In light of (7.1) we are in the nice situation where Br(S) has elements
(that are not in Br(Q)) annihilated by the base extension Q — Q[i] = F.
Specifically, if we let € be a divisor on Sgj;) whose class in M = Pic(SF) is
(1,1,1,1,1,1,0,—2), then the nonzero element of Br(S)/Br(Q) is represented
by the quaternion algebra

(_ 1) g)
where ¢ is any rational function on S satisfying div(g) = « + @; here the bar
denotes complex conjugation. Let D be the curve given by

—522 — 2% 4+ 922 =0 and w =1i(3y* — 62%).

Then the cycle
a=D—-(z2=0)
(the sum of the curve and a canonical divisor) has the required class in M. So
with
g=-5(z/2)* = 2(y/2)* +9,
we have (—1, g) € Br(S5).

Observe that the image of Z in P? is the conic having four tangencies with
the quartic (2.1), at the points (£1: /2 : 1). So we find

g>0

at all Q-points of the plane. It is necessary to complete p-adic analysis only
at the primes p = 2 and p = 3 (since 5-adically, Q[i] is a split extension of
Q). For the 2-adic analysis, we assume z, y, and z to be 2-adic integers, not
all even, and find by analysis mod 16 that the condition —25x* — 5y* + 4524
should be a 2-adic square implies x and z are odd and y is even. So, without
loss of generality, we may take z = 1. By mod 32 analysis, the only possible
values of (z,y) mod 8 are

(1,2), (1,6), (3,0), (3,4), (5,0), (5,4), (7,2), (7,6).
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In each case we find g = 12 (mod 16), hence (—1,g) is ramified at all 2-adic
points of S. By a similar analysis mod 27 we find that at any 3-adic point
x and y are prime to 3, hence so is g, and (—1,¢) is unramified at all 3-adic
points of S.

Therefore S provides an example of Brauer-Manin obstruction to the Hasse
principle.

EXAMPLE 7.2. — Here we show that Example 6.1 fits into an infinite family
of examples of Brauer-Manin obstruction to the Hasse principle. Consider

(A7 Bv C) = (_2pa —D, 2)a
where p is any prime such that
p=3 (mod 16).

The computation of the group cohomology is exactly as in Example 6.1. So,
HYG,M)=HYZ/2, M") = Z/2. We proceed as in Example 7.1.
By the condition on p we may write
p=u?+ 20°
for integers u and v. Now we compute the equation of the conic tangent to
the quartic at the points (+1/u/p, £1/2v/p) and find that with the curve D
given by
—uz? —vy? +22=0 and w = i(—2vz? + uy?)
the cycle @« = D — (z = 0) has the correct class in M. Now we analyze the
ramification pattern of (—1,g) where

g=—u(z/2)* —v(y/2)* + 1.
The analysis is simplest if we assume
u=1 (mod 4) and v=1 (mod4)

(until now, v and v have been determined only up to sign; this fixes the signs).
Then (—1,9) is

(i) unramified over R (at any rational point);

(ii) ramified at all 2-adic points of S;

(iii) unramified at all p-adic points of S}
and there is a Brauer-Manin obstruction to the Hasse principle.

We leave the verification of (i)—(ii) to the reader. For (iii) we need the
following lemma.
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LEMMA 7.3. — Let p be a prime with p = 3 (mod 16). Write p = u? + 2v?
for integers u and v with u =1 (mod 4) and v =1 (mod 4). Now, if we let y
be a solution to y* = —2 (mod p) then we have vy? = u (mod p).

Proof. — The two square roots of —2 mod p are +uv~!. So y? = fuv~!

(mod p) and the lemma is asserting that the correct sign is +, or equivalently,
that uv is a quadratic residue mod p. By quadratic reciprocity,

u p v p
()= = ()=
p u p v
If p’ is a prime dividing v, then p is a quadratic residue mod p’. This and a
similar consideration when p’ divides u yield

Bt i ()

By mod 16 analysis, u is congruent to 1 or 7 mod 8, hence

2
<f) ~1.
u
So, as required, uv is a quadratic residue mod p. O

To establish (iii) we claim that for any p-adic integer solution (w,z,y, 2)
to (1.1), with not all of w, x, y, and z divisible by p, the p-adic integer
22g = —ux? —vy? + 22 is not divisible by p. Indeed, since 2 is not a quadratic
residue mod p we must have p dividing z, hence x and y are nonzero mod p.
Without loss of generality we suppose = 1. Now y must be a fourth root of
—2 mod p. The claim follows from Lemma 7.3.

ExXaMPLE 7.4. — Here we give a recipe for testing the presence of Brauer-
Manin obstruction to the Hasse principle in the generic case. This is the case
when the Galois group has order 128, or equivalently, when the set

{cA*BPC | e € {~2,-1,1,2} and (o, 3,7) € {0,1}* ~ {(0,0,0)} }

contains no perfect squares.
As we computed in Section 5, we have Br(S)/Br(Q) = HY(G,M) = Z/2.
Since G has a subgroup of index two
H = <UTa Lga Lalb, Lale, La0>

with the property that
M™ = ((1,1,1,1,1,1,1,-3),(1,1,1,1,1,1,0, -2) ),
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we have H'(G/H, M) = H'(G, M). Therefore, we can construct a quater-
nion algebra as in Example 7.1. In this case,

F? =Q(vV/-ABO).
Let § = /—ABC, and let (7 : so : to) be a Q(#)-rational point on the conic
Ar? + Bs* +Ct2 =0
(this exists by the Hasse principle). Then
Aroz? + Bsoy? + Ctoz® =0

defines a conic over Q(6), meeting the quartic curve (2.1) in 4 tangencies. We
have the identity

C*t2(Az* + Byt 4+ Cz*) + ABC(spx? — 1oy?)?
+ C(Argz? + Bsoy? + Cto2?)(Argz? + Bsoy? — Ctyz?) = 0.
Hence there is a curve D on Sg() defined by
Argz?® + Bsoy? + Ctgz? =0 and w = (spx? — roy?)/(Cto)

such that the union of D and its conjugate is rationally equivalent to twice
the anticanonical class. This rational equivalence is given explicitly by the
rational function

g = (Ar1s1+A2BCrysy)+(Bsi—A2BCr3)(y/x)*+Csito(z/2)*+ ACretow /a2,
where we suppose tg € Q and write
rg = 11 + rof and S0 = 81 + s96.

To test the Brauer-Manin obstruction to the Hasse principle for S, one has to
analyze the quaternion algebra

(=ABC, g)

at real- and Qp-valued points of S (for p dividing 2ABC).

To see that this case sometimes yields a nontrivial Brauer-Manin obstruc-
tion, consider (A, B,C) = (—126,—91,78). Here we may take ro = —13,
so = —12, and tg = 21, and g is proportional to

3+ 3(y/x)* +2(z/x)>.

In this case the quaternion algebra (—ABC,3 +2(y/x)? + 3(z/x)?) is ramified
at all Q9-points of S and unramified at all points in other completions.
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EXAMPLE 7.5. — The case (A, B,C) = (34,34,34). Here G = Gal(F/Q) is
isomorphic to (Z/2)3:

G = (Lqlpleo, T, 0).
We have HY(G, M) = (Z/2)3. In fact, for the index-two subgroup

H = (1qtptco, )

we have M ¥ spanned by

(17 _170707070707 0)7

(0707 17 _17070707 0)7
7.2) (0,0.0,0,1,—1,0,0).

(17 17 17 17 17 17 17 _3>7
and

HYG/H,M™) = HY(G, M).

Here, of course, o in G/H acts nontrivially on the first three vectors in (7.2)
and trivially on the last. We have

FH = Q(v-17).

Using (4.13) we can identify elements of Br(.S)/Br(Q) with the image of the
(—1)-eigenspace of M (under the g-action). To produce quaternion algebras
representing a given element of Br(.S)/Br(Q) we need to find divisors defined
over Q(v/—17) representing particular classes in M. Notice that the class
of any combination of exceptional curves defined over Q(v/—17) in M is a
coboundary of (4.13). Hence, we need additional cycles defined over Q(v/—17).
We use descent to produce line bundles on SQ( J=T7) and obtain the desired
cycles as loci of vanishing of rational sections of these line bundles.

Here we explicitly carry out the task of representing the class of the first
entry of (7.2) in Br(S). Set p = tqtptco. Over F = Q(v/—17,¢) we have

(7.3) [La¢s] = [Lacs_] = (1,-1,0,0,0,0,0,0)

in Pic(Sr). Consider the line bundle O([Ly¢ 4] — [Ly3,—]) together with
isomorphisms

O(La = Lygs,-) == O(Lyer - — Ly s 1)

and
3
O(Lg ¢+ — Lx,<3,—) — (D(L%C::,’+ —Ly¢-).
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These constitute descent data (for the covering Sp — Sg(/=17)) provided that
the diagram

O(L%C,-F - Lx,C37—)

commutes. The isomorphisms given by

z? —iy? + 2% — 2

—=w
7):52 — 5 ‘/1374 and fzegy+z,
22 —iy® — 2%+ W Gy+ 2z

satisfy this condition if and only if §, n € F satisfy

0 p(d) = —1,
(7.4) et(e) =1,
dope) =7(0)e.

We find that one solution is
§=+v—17¢C—4¢* and  e=4¢C+ V/—17¢.

Then, by effective descent, we obtain a line bundle £ on SQ( J=T7)-
Using (7.4) and descent, we see that

f=1+pn)+71() +pn7(§))

defines a rational section of £. We write f as a quotient of quartic polynomials
and observe that f has (with respect to local trivializations of £) a simple pole
along Ly ¢ ULyes ULgyes ULy 7 and a zero of order one along some
curve Z. Then, by (7.3), we deduce that

[Z] = <_37 _17 _27 _27 _2a _27 _27 6)

in the Picard group. Therefore, if h € Q(S) defines a rational equivalence
between Z U o (Z) and some hyperplane sections, then the quaternion algebra
(=17, h) represents an element of Br(S) of the desired class in Br(S)/Br(Q).
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Denoting by g the numerator of f, we have

g=(2®+iy® + 22 + Lw)[y2 422 4+ (4¢ — V-17¢) (2 + V2yz + 22)]

V34

(@2 iy — 2 — )y 4 VByz 4 2% (AC — VETTC) (g +i22)].

V34

The simultaneous vanishing of g, p(g), 7(g9), and p7(g) defines the curve Z.
Equivalently, writing

9 =po+ p1{ + paC® + ps¢?
with p; € Q(v/—17)[w, x, vy, 2] we have Z defined by the vanishing p; for i = 0,
..., 3. A unique (up to scale) Q(v/—17) linear combination of these is defined
over Q, namely
hy == 1p0+74—\/—717p1+1p2_74+\/—717
2 2 2 2
= wy? + wz? + 2%y? + 82%yz + 2222 + ¢yt — 2t

b3

Then h = hy/z* is as desired. Cyclically permuting the variables x, y, and z,
we obtain polynomials ks and hs such that the classes of (=17, h;/z*) generate
Br(S)/Br(Q).

The ramification pattern of an Azumaya algebra is an invariant of its
class in Br(S). However, in practice, the ramification pattern of an alge-
bra (—17, h;/x*) is difficult to test on p-adic points where h; vanishes. Hence,
it is helpful to have several rational functions that determine the same class
in Br(S)/Br(Q). We can obtain additional such functions by repeating the
previous construction for different choices of § and e satisfying (7.4). In the
present case, it is easier to use symmetry to obtain these functions. Allowing
all permutations of the variables z, y, and z, we obtain additional polynomials
hy, hs, and hg such that (=17, h;/x%) and (=17, hiy3/2*) represent the same
class in Br(S)/Br(Q) for all i.

Let q; € Br(S) denote the class of (=17, h;/x%), for each i. Here are the
results of the local analysis, confirming the presence of a Brauer-Manin ob-
struction:

— ¢; is unramified on S(R), for all ;

— S(Qg2) is the disjoint union of two nonempty sets, U and R, such that
each g; is unramified on U, and such that for 1 <¢ < 3 and any r € R,
one of {q;,qi+3} (and a posteriori the other as well) is ramified at r;

— q; is unramified on S(Q,) for all i and p ¢ {2, 17}, and hence in particular
qi = qi+s for 1 <7 < 3;
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— At any point of S(Q17), exactly two of {q1,q2,q3} are ramified.

EXAMPLE 7.6. — The case (4,B,C) = (—9826,—-2,136) = (—2p?, —2,8p)
where p = 17 illustrates working with a non-cyclic Azumaya algebra. We have
F =Q(¢, ¥/p). The Galois group of F' over Q has order 16:

G = (LalpleOT, L1, LyLoT).

In this case, H'(G, M) = Z/4. We leave it to the interested reader to produce
a subgroup H of index 2 with H'(G/H, M") = 7Z/2 and show that

(2,136 + (y/x)* + 18(z/x)?)

represents the unique nontrivial 2-torsion element of Br(S)/Br(Q) and is un-
ramified at all points S valued in all completions of Q. So the obstruction
analysis requires a representative of a generator of Br(S)/Br(Q).

The central element u := tqtpteor of G satisfies

F=Q(, v/p)
and
HYG/(u), M") = 7./4.

We remark that the exceptional curves Lo, (o, B, v € pa) are defined
over F'*. The quotient G’ := G/(u) is isomorphic to the dihedral group D ;
generators g := (3. and h := o0 satisfy g* = h2 = ghgh = e. We use the
resolution of Section 4 to identify classes in H(G', M*) with pairs (v,v) €
(M%)? satisfying

(7.5) Ngv = Npv' =0 and Nypv = Ngpt',

modulo those of the form (v — gv,v — hv). Now a generator of H(G', M“) is
the class of (v1,0) where

(76) V1 = (—1, 0, 1, 0, 0, 0, 0, 0) = [L17Z’71] - [Li7_17_1].
Another representative for the same cohomology class is (ve,0) where
(77) Vo = (—1, 0, —1, 0, —1, —1, —2, 2) = [LL*L’L'] — [L“ﬂ]

To produce an Azumaya algebra from one of these cocycles (v;,0) we must
find rational equivalences that reflect the identities (7.5). Luckily, for each of
the cycle representatives given in (7.6) and (7.7), the result of applying Ny
is equal to zero as a cycle. So it remains only to find rational functions whose
divisors are N, applied to these cycle representatives. For (7.6), a function
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that vanishes on L1 ;1 UL; ; ULy _;1UL;; ; and has a simple pole along
Lij 1, 1ULy 1 ULj1, 1ULy1 s

iy + p(1+i)xz — (1/2)w

hii= 2 +p(—1+dzz+ (1/2)w’

The corresponding rational equivalence for (7.7) is
by = 'izz +p(1 - i).mz + (1/2)w .
iy +p(—1—i)xz — (1/2)w
For i = 1 and 2 we have f; h(f;) = 1, hence
(fi-1,1) € (F(9)")°

is the cocycle data for an Azumaya algebra 2(; on S.
We claim 2; and 2y are equal in Br(S) and are:

— unramified at all points of S(Q3);
— ramified at all points of S(Q17);
— unramified at all points of S(R).

The last of these claims is clear, since (f;, 1,1) € St x {1} x {1} at any point of
S(R) (where S' € C* denotes the unit circle) and this is a connected subgroup
of the group of cocycles, hence trivial in cohomology.

For the claim regarding 2-adic points, we pause to discuss the cohomology
group H?(Dy,Q2(i, v/17)*), where generators act by

i yfie i
T\ vA7 — —iv17 VAT VAT
Consider the diagram of field extensions, where labels indicate fixed fields.

Qz(i,“l?) N
n L
CQo(1+9)VIT) Qu(VIT)

Q2(i) /
AN

Q2

Now by the resolution for @4 of Section 4, a 2-cocycle is (r, s,t) with

r e Qyi)*, s e Qo((1+14)V17)*, t e Qy(V17)*
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satisfying
Nr = Ns Nt,

where in each instance, N denotes the norm from the respective field to Qs.
Coboundaries are triples

(Nyes Nud, Non(e/d))
for ¢, d € Qa(i, V17)*.

At every 2-adic point of S, at least one of f1 and f is well-defined; at some
points, both are. The only values that occur mod 32 are:

14+0¢  1+8% 14167 14247  25+4:  25+12¢ 25+20¢ 25+28¢
0+31¢ 8+31: 164317 24+31: 4+ 1247 20+7i  28+7T1
314-0¢ 31+24¢ 31+16¢ 31+8: 7428 74207 T+12¢ T+4
0+: 244 16+: 841 284251 204257 124257 4+25¢

(7.8)

We claim that for any cocycle (f,1,1) with f (necessarily in Zs[i]) taking one
of the values mod 32 listed in (7.8), there exists ¢ € Q2 (i, v17)* with Nype = 1
and Ngc = f. In particular, (f,1,1) is a coboundary. Indeed, the image of
N, among ¢ € Zs[i, V17| satisfying Nyuc = 1 is the set of f € Q(i)* with
Nf =1 and f mod 32 equal to one of the values in the first row of (7.8).
Also, there exists ¢ € Qa(i, v17)* with Nyue = 1 and Nyc = i. Since norms
are multiplicative, the claim follows and the 2-adic analysis is complete.

The 17-adic analysis is simpler because Q17 has square roots of —1, and
hence we are reduced to analyzing norms for the extension Q17 — Q17(v/17).
Norms for this extensions are precisely powers of 17 times fourth powers in
Z3-. Evaluating f; at points of S(Q7) and substituting a square root of —1
for i, we get only the classes 8 and 15 mod 17, and these are not fourth powers.

8. Appendix: Cyclic Azumaya algebras on diagonal cubics

In [4], there is an analysis of the Brauer-Manin obstruction on a diagonal
cubic surface S, given by
(8.1) Az + By® + C23 + Dt* = 0,

with A, B, C, and D positive integers. Let § = e27/3; first of all, S(Q) = () if
and only if S(Q(#)) = 0, and hence it suffices to work over the field k := Q(9).
The analysis proceeds by constructing Azumaya algebras that are split by a
bicyclic extension of k and computing local invariants.
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Here we simplify the algorithm proposed in op. cit. by constructing cyclic
Azumaya algebras on Sj which generate Br(Sy)/Br(k). We use descent to
exhibit the necessary cycles, as in Example 7.5.

We start by making the following assumption:

VA/B¢Q, VA/IC¢Q, ..., /C/D¢Q
V/AB/CD ¢ Q, 3/AC/BD ¢ Q, {/AD/BC ¢ Q
(in all other cases, the Hasse principle is known to hold). Then we define
a=3/B/A  p=3D/C y=3/AD/BC=0a"'p
o ={/C/A 3 =3D/B

We assume, further, that S(Q,) # 0 for all primes p. Set K = k(v,®); the
assumption (8.2) implies

(8.2)

(8.3) (K :k]=9.
We need notation for the following divisors on Sg:
Oy = Oy = Oay =0
L) THOY =0 ) O =0y f e
2406t =0 24015t =0 24025t =0
and
0'a’z =0
M(i): T+ 'ozlz,
y+0T13t =0

Define
L=1L(0)+ L(1)+ L(2) and M = M(0) + M (1) + M (2).
Now L + M is comprised of 6 pairwise disjoint lines; blowing these down we
have S — IP’%. Take ¢ to be the class of a general line in IP’%, SO
3¢ =—-Ks+ L+ M.
By results in op. cit., we have
Z/3 = H'(Z/3,Pic(Si())) = Br(Sk)/Br(k),

generated by the class in H'(Z/3,Pic(Sk(,))) of £ — L or £ — M (where we use
(4.13) to identify elements with cohomology classes). The authors of op. cit.
propose the following procedure to obtain a nontrivial Azumaya algebra on
S

(i) Find a divisor D defined over k() in the class ¢ — L or £ — M,
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(ii) Find a function in k(S) whose divisor is the union of D and its Galois
conjugates.

Unfortunately, the classes in Pic(Sy(,)) of sums of lines defined over Sy,
fail to represent any nonzero elements of H'(Z/3,Pic(Sk(,))), and the further
field extension required to find suitable sums of lines accounts for much of the
complication of the analysis of op. cit.

We show that (i) can be carried out by solving a norm equation. Then
(ii) reduces to some linear algebra. For (i), we start with the further field
extension k(y) — K and the divisor D := L'(2) — L”(0) in class £ — M (cf. op.
cit). Denote by o the element of Gal(K/k(vy)) which sends « to fa. For the
line bundle Og, (D) to descend to k() we must supply an isomorphism

Osyc(L'(2) = L"(0)) = O, (L'(0) — L"(1))

satisfying
(8.4) o2(€) o) 0 & = 1.
Looking at the defining equations, we see £ must be of the form
t
5:Ez+ﬁ
T+ ay

for some € € k(). Now the condition (8.4) is equivalent to

(8.5) N py) (e) = —C/A.
Concretely, if

£ =\ pa + va?
with A, pu, v € k(7), then (8.5) expands as

B B? B C
8.6 AN =+ = = 3= A = ——
Equation (8.6) has a solution, by the Hasse principle. There is also an a priori
bound on the size of some solution [11]. An effective algorithm exists; see for
example [7]. Algorithms from [1] and [6] have been implemented in magma.

Define ¥ = k(). By descent we have a line bundle £ on Sy,. Also by
descent, a rational section of £ is given by
f=1+0%¢) +a(&)o*()
_ (z+bay)(a+0%ay) + o?e(z+bay)(z+626t) + oeo?e(2406t) (2+62t)
n (z+0ay)(z+02ay)




26 ANDREW KRESCH and YURI TSCHINKEL

Then, with respect to local trivializations of £, the section f has a simple pole
on L"(0) + L"(1) + L"(2) and vanishes to order one along some cubic curve
C. Hence

C=-2L-M+4
in Pic(Sg/), and C' + Kg = —L + £ is a divisor as desired.

We compute C?> = 1 and C - Kg = —3, which implies that its genus is
zero, so C' is geometrically a twisted cubic. Denoting by g the numerator of
f, explicit defining equations of C' C S over K are g = o(g) = 0%(g) = 0. It is
possible to express

9= g0+ g1 + goc®
for go, g1, 92 € K'[x,y, 2,t], and after a bit of algebra we find
go = 2% 4+ Az + (B/A)vaty + 6*(B/A) pyty + 6*(B/A)vyz
02— (B/Ayu]e? + (BJA)Y M — )2ty + (BJA)(B/A)? — Mt
g1 = —xy + 02 puxz + 0*Axty + Odyz + 0(B/A)wyty + [(B/A)v? — M) 2>
B/ A — Nzt + (BJA) (42 — M)t
go = Ovaz + Opxty + y? + pyz + Ayty
+ (12 = )2 + Mg — (B AW ]2ty + [N — (B/A)uvt??
Now C is defined over k' as a subvariety of S by the equations
(8.7) 9o =g1 = g2 =0.
In fact, we have
go(Ax — ANz — Buyt) + g1 (—Bvz — Bunt) 4+ go(By — Buz — BAyt)
= Az® + By® + C23 + Dt?
so (8.7) defines C over k' as a subvariety of P3. We have completed task (i).

For task (ii), we claim there exist linear polynomials £y, ¢1, {3 € K'[z,y, 2, t]
such that the polynomial

(8.8) h = golo + g141 + g2l2

is in k[z,v, z,t] and is not proportional to (Az3 + By®+ Cz3+ Dt?). Knowing
this, a modern linear algebra solver can effectively produce such £y, ¢1, and
l3. Then the division algebra generated over k(S) by noncommuting variables
r and s subject to relations

r3 = AD/BC, s3 = h/a?, sr = 0rs,

is the restriction of an Azumaya algebra over Sy generating Br(Sy)/Br(k).
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To justify the claim, notice first that there exists a rational function on Sy
whose divisor is 3H — C — pC — p?C, where H is a hyperplane section and p
is a generator of Gal(k’/k). Next, by a dimension computation, we have an
isomorphism

HO(P},0(3))/(Az® + By® + Cz* + Dt*) — H°(S,3H)

so this rational function must be of the form h/¢3 (assuming that H is defined
by the vanishing of the linear form ¢). Finally, a syzygy computation shows
that h can be expressed in the form (8.8). Indeed, (8.7) defines C' in P3, so we
know £¢h lies in the ideal (go, g1, g2) of k'[z, v, 2, t], for some d. Suppose d > 1

and )
th=>"giri,
=0

with r; € K'[z,y, z,t] for i = 0, 1, 2. Now it suffices to show that there exist sg,
s1, s2 € k'[z,y, z,t] such that >, g;s; = 0, and ¢ divides r; — s; for each 7; then
we have (2" h = 3. gi(r; — s;)/¢ and we can proceed inductively. In other
words, it suffices to show that the map on Koszul complexes for (go, g1, 92),
induced by the quotient map k'[z,vy, z,t] — K'[z,y,z,t]/({), gives rise to a
surjection on the first homology modules. It is enough to verify this over the
algebraic closure, and we are reduced to the case of (go,g1,g2) defining the
twisted cubic, for which it is a standard computation.
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