ON THE DISTRIBUTION
OF POINTS OF BOUNDED HEIGHT
ON EQUIVARIANT COMPACTIFICATIONS
OF VECTOR GROUPS

by Antoine Chambert-Loir & Yuri Tschinkel

ABSTRACT. — We prove asymptotic formulas for the number of rational points of bounded height
on smooth equivariant compactifications of the affine space.

RESUME. — Nous établissons un développement asymptotique du nombre de points rationnels de
hauteur bornée sur les compactifications équivariantes lisses de ’espace affine.

0. Introduction

A theorem of Northcott asserts that for any real number B there are only finitely many
rational points in the projective space P™ with height smaller than B. An asymptotic
formula for this number (as B tends to infinity) has been proved by Schanuel [19]. Nat-
urally, it is interesting to consider more general projective varieties and there are indeed
a number of results in this direction. The techniques employed can be grouped in three
main classes:

— the classical circle method in analytic number theory permits to treat complete in-
tersections of small degree in projective spaces of large dimension (cf. for example [5]);

— harmonic analysis on adelic points of reductive groups leads to results for toric vari-
eties [2], flag varieties [12] and horospherical varieties [20];

— elementary (but nontrivial) methods for del Pezzo surfaces of degree 4 or 5 cf.
de la Breteche [7], and for cubic surfaces (Salberger, Swinnerton-Dyer, Heath-Brown,
cf. [18] and the references therein;

April 24, 2001

ANTOINE CHAMBERT-LOIR, Institut de mathématiques de Jussieu, Boite 247, 4 place Jussieu, F-
75252 Paris Cedex 05 e FE-mail : chambert@math. jussieu.fr

YURI TSCHINKEL, Department of Mathematics, Princeton University, Princeton, (NJ) 08544-1000, U.S.A.
E-mail : ytschink@math.princeton.edu

2000 Mathematics Subject Classification. — 11G50 (11G35, 14G05).

Key words and phrases. — Heights, Poisson formula, Manin’s conjecture, Tamagawa measure.



2 ANTOINE CHAMBERT-LOIR & YURI TSCHINKEL

This research has been stimulated by a conjecture put forward by Batyrev and Manin.
They proposed in [1] an interpretation of the growth rate in terms of the mutual positions
of the class of the line bundle giving the projective embedding, the anticanonical class
and the cone of effective divisors in the Picard group of the variety. Peyre refined this
conjecture in [17] by introducing an adelic Tamagawa-type number which appears as the
leading constant in the expected asymptotic formula for the anticanonical embedding.
Batyrev and the second author proposed an interpretation of the leading constant for
arbitrary ample line bundles, see [3].

In this paper we consider a new class of varieties, namely equivariant compactifications
of vector groups. On the one hand, we can make use of harmonic analysis on the adelic
points of the group. On the other hand, such varieties have a rich geometry. In particular,
in contrast to flag varieties and toric varieties, they admit geometric deformations, and
in contrast to the complete intersections treated by the circle method their Picard group
can have arbitrarily high rank. Their geometric classification is a difficult open problem
already in dimension 3 (see [13]).

A basic example of such algebraic varieties is of course P" endowed with the action
of GI' C P" by translations. A class of examples is provided by the following geometric
construction: Take Xy, = P" endowed with the translation action of G!. Let Y be a
smooth subscheme of X, which is contained in the hyperplane at infinity. Then, the
blow-up X = Bly(Xj) contains the isomorphic preimage of G and the action of G lifts
to X. The rank of Pic(X) is equal to the number of irreducible components of Y. Using
equivariant resolutions of singularities, one can produce even more complicated examples,
although less explicitly.

Our first steps towards this paper are detailed in [8] and [9]. There we studied the cases
n = 2 with Y a finite union of Q-rational points and n > 2 with Y a smooth hypersurface
contained in the hyperplane at infinity.

We now describe the main theorem of this article. Let X be an equivariant compactifi-
cation of the additive group G over a number field F'. Unless explicitly stated, we shall
always assume that X is smooth and projective. The boundary divisor D = X \ G” is a
sum of irreducible components D, (a € 7). We do not assume that they are geometri-
cally irreducible.

The Picard group of X is free and has a canonical basis given by the classes of D,,.
The cone of effective divisors consists of the divisors ) ., doDo with do > 0 for all a.
Denote by Ky' the anticanonical line bundle on X and by p = (p,) its class in Pic(X).

Let A = (A,) be a class contained in the interior of the cone of effective divisors
Ae(X) C Pic(X) and %, the corresponding line bundle, equipped with a smooth adelic
metric (see for the definition). With the above notations, we have A\, > 0 for all a.
Denote by Hg, the associated exponential height on X (F). Let a) = max(p,/A,) and
let by be the cardinality of

By ={a € d; ps = a )}
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C)\ — H /\;1.

aERBy
For example, one has a, = 1 and b, = rkPic(X). We denote by 7(.#x) the Tamagawa
number as defined by Peyre in [17].

Put

THEOREM 0.1. — a) The series

= ) Hale

z€GR(F)

converges absolutely and uniformly for Re(s) > ay and has a meromorphic continuation
to Re(s) > ay — 0 for some § > 0, with a unique pole at s = ay of order by. Moreover, Z)
has polynomial growth in vertical strips in this domain.

b) There exist positive real numbers 7y, and a polynomial Py € R|x] of degree by — 1
with leading coefficient

C)\T,\/(b)\ — 1)'
such that the number N(%\, B) of F-rational points in GI' with height H ¢, smaller than
B satisfies
N(£,, B) = B»Py(log B) + O(B»™),
for B — .
c) For A = p we have 7, = T(Xx).

REMARK 0.2. — Granted the smoothness assumption on the adelic metric, note that the
normalization of the height in Theorem can be arbitrary. By a theorem of Peyre [17,
§ 5], this means that the points of bounded anticanonical height are equidistributed with
respect to the Tamagawa measure (compatible with the choice of the height function) in
the adelic space X (Apr). Let us explain this briefly. Fix a smooth adelic metric on the
anticanonical line bundle, this defines a height function H. Let d7g be the renormalized
Tamagawa measure on X (Ar). A smooth positive function f on X(Ap) determines
another height function, namely H' = fH. Applied to such H’, the main theorem implies

that ( )
. r—
=D MV CEY L]

mGG"
H(z )<B

REMARK 0.3. — Theorem implies that the open subset GI' does not contain any
accumulating subvarieties.

The proof proceeds as follows.

First, we extend the height function to the adelic space G?(Ar). Next we apply the
additive Poisson formula and find a representation of Z,(s) as a sum over the characters
of GI'(Ap)/GI(F) of the Fourier transforms of H.

The Fourier transforms of H decompose as products over all places v of “global” inte-
grals on X (F),) which are reminiscent of Igusa zeta functions.
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The most technical part of the paper is devoted to the evaluation of these products:
meromorphic continuation and control of their growth in vertical strips. For this, we need
to consider the special case where D has strict normal crossings: this means that over
an algebraic closure of ', D is a sum of smooth irreducible divisors meetings transver-
sally. Then, at almost all nonarchimedean places, we compute explicitly the local Fourier
transforms in terms of the reduction of X modulo the corresponding prime. The obtained
formulas resemble Denef’s formula in [10] for Igusa’s local zeta function. For the remain-
ing nonarchimedean places we find estimates. This leads to a proof of the meromorphic
continuation of the Fourier transforms at each character.

To consider the general cas, where D is not assumed to have strict normal crossings,
we then introduce a proper modification 7: X — X which is a composition of equivariant
blow-ups with smooth centers lying on D such that X is a smooth projective equivariant
compactification of G whose boundary divisor D has strict normal crossings: over an
algebraic closure of F, D is a sum of smooth irreducible divisors meeting transversally.
Considering 7*), all the computations shall be made on X. We also prove in Lemma
that Arx) = A) and bﬂ*)\ = b)\.

In the Poisson formula, invariance properties of the height reduce the summation over
G”(F) to one over a lattice. The meromorphic continuation in part a) of the theorem
follows then from additional estimates for the Fourier transforms at the infinite places.

At this stage one has a meromorphic continuation of Z(s) to the domain Re(s) > a)—§
for some 0 > 0, with a single pole at s = a, whose order is less or equal than b,. It remains
to check that the order of the pole is exactly by; we need to prove that the limit

lim Z,(s)(s — ay)™
s—ay
is strictly positive.

For A\ = p this is more or less straightforward: the main term is given by the summand
corresponding to the trivial character and the Tamagawa number defined by Peyre appears
naturally in the limit. For other A\ we use the Poisson formula again and relate the limit
to an integral of the height over some subspace which is shown to be strictly positive.

Part b) follows by a Tauberian theorem.

Acknowledgments. — The work of the second author was partially supported by the
NSA.

1. Geometry

Let X be a smooth projective equivariant compactification of the additive group G} of
dimension n over a field F': X is a (smooth, projective) algebraic variety endowed with
an action of G} with a dense orbit isomorphic to GJl. We will always assume that X
is smooth and projective. Let D = X \ G denote the boundary divisor. We have a
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decomposition in irreducible components

D:UDa

aEd

where 7 is a finite set and for each o € &7, D, is an integral divisor in X. We do not
assume that the D, are geometrically irreducible, nor that they are smooth.

There is however a similar description over any extension of F. In particular, let F be
a separable closure of F' and let

Dr= | Dra

OlG,Q{F

be the decomposition of Dp in irreducible components. The natural action of I'r =
Gal(F'/F) on X induces an action of I'p on o7z such that for any o C @z, g(Ds) = Dgy(a)-

PROPOSITION 1.1. — One has natural isomorphisms of I p-modules (resp. T p-monoids)

@ ZD, — Pic(X) and @ ND, — Aeg(X),
acd acd

where Neg(X) 1s the monoid of classes of effective divisors of X.

Subsequently, we identify the divisors D, (and the corresponding line bundles) with
their classes in the Picard group.

Proof. — These maps are equivariant under the action of I'r. Hence, it remains to show
injectivity and surjectivity.

For this we may assume F = F. Let .Z be a line bundle on X. As X is smooth
and Pic(GZ) = 0, there is a divisor D in X not meeting G? such that £ ~ Ox (D).
Such a divisor D is a sum ) ., nqD,. Moreover, such a D is necessarily unique. If
Ox(D) ~ Ox(D') for D =Y noD, and D" = _n! D,, then the canonical rational
section sp/spr of Ox(D — D') = Ox is a rational function on X without zeroes nor poles
on G”. Rosenlicht’s lemma (see lemmall.2|below) implies that sp/sp is constant, so that
D=D".

We remark that any effective cycle Z on X is rationally equivalent to a cycle that does
not meet GI'. Indeed, if ¢ is the parameter of a subgroup of G isomorphic to G, we can
consider the specialization of the cycles t + Z when t — o0. O]

LEMMA 1.2 (Rosenlicht). — If f € F(X) has neither zeroes nor poles on G, then f €
F.
COROLLARY 1.3. — 1) The I'p-module Pic(X) is a permutation module. In particular,
H'(Tp, Pic(X)) = 0.

2) Pic(X) = Pic(X)'F is a free Z-module of finite rank equal to the number of I p-orbits
m %p
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For any o € o7, we shall denote by by F, the algebraic closure of F' in the function
field of D,. Over F,, the irreducible components of D, are geometrically irreducible. We
also denote by (g, the Dedekind zeta function of the number field F,.

Let f be a nonzero linear form on G viewed as an element of F\(X). Its divisor can

be written as
aiv(f) = B(f) ~ 3 dulf)Da
acd

where E(f) is the unique irreducible component of { f = 0} that meets G and d,(f) are
integers. (The divisor E(f) can also be seen as the closure in X of the hypersurface of
G defined by f.)

Since E(f) is rationally equivalent to >, do(f)Da, the preceding proposition implies
the following lemma:

LEMMA 1.4. — For any nonzero linear form f and any o € o, one has d,(f) = 0.
If ae GI(F), let fa = (-,a) be the associated linear form and define
(1.5) dy(a) ={a; da(f) =0} and  #p(a) ={a; da(f) =1}

PROPOSITION 1.6. — Let X be a normal equivariant compactification of G over F.
Every line bundle £ on X admits a unique GJ-linearization. If £ 1is effective then
H(X, %) has a unique line of GT-invariant sections.

Proof. — Since G has no nontrivial characters, it follows from Proposition 1.4 and from
the proof of Proposition 1.5 in [16], Chapter 1, that any line bundle on X admits a unique
G!-linearization.

Assume that H(X, %) # 0 and consider the induced action of G” on the projectiviza-
tion P(HY(X,.%)). Borel’s fixed point theorem ([6], Theorem 10.4) implies that there ex-
ists a nonzero section s € H(X, %) such that the line F's is fixed under this action. As G?
has no nontrivial characters, s itself is fixed. The divisor div(s) is G”-invariant; therefore,
div(s) does not meet G and is necessarily a sum Y d, D, such that £ ~ Ox (> d.D.,).
Because of Proposition every other such section will be proportional to s. O

REMARK 1.7. — We observe that if D = > d,D,, for integers d, > 0, then the canonical
section sp of Ox (D) is GI-invariant.

2. Vector fields

We now recall some facts concerning vector fields on equivariant compactifications of
algebraic groups. Let G be a connected algebraic group over F' and g its Lie algebra of
invariant vector fields. Let X be a smooth equivariant compactification of G. Denote by
D = X \ G the boundary. We assume that D is a divisor with strict normal crossings.
Let Jx be the tangent bundle of X. Evaluating a vector field at the neutral element 1 of
(G induces a “restriction map”

HO(X, gX) — <7X71 =g.
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Conversely, given 0 € g, there is a unique vector field % such that for any open subset
U of X and any f € Ox(U), 0*(f)(z) = 9,f(g - z)|y=1. The map 9 — 0¥ is a section of
the restriction map.

LEMMA 2.1. — For G = G" and for any O € g the restriction 0% |q is invariant under
G.

(This is of course peculiar to the additive group. For a general algebraic group G,
vector fields on G of the form 9%|g need not be invariant.)

PROPOSITION 2.2. — Let x € D and fix a local equation sp of D in a neighborhood U
X
of x. Then, for any 0 € g, 0% log sp = 97 (sp)

s a reqular function in U.
SD

Proof. — By purity, it is sufficient to prove this when D is smooth in a neighborhood of x
(since X is smooth, a function which is regular in the complement to a codimension 2
subscheme is regular everywhere). Then, we can choose (étale) local coordinates x1, . .., x,
in U (i.e., elements of Ox(U), Q|v is free over Oy with basis dzy,...,dz,) such that
sp = x1. Moreover, we can write uniquely

D
" =21,
=1 !

for some functions f; € Ox(U). Let D, be the irreducible component of D containing .
Necessarily, G stabilizes D, so that the function g — x1(g - x) is identically 0 in a Zariski
neighborhood of 1 in G and a fortiori, 3% (x;) vanishes on U. By definition 0% (z,) = f,
hence f; is a multiple of z;: there exists a unique g; € Ox(U) such that f; = x;¢; and

O logx, = g1 € Ox(U).
The lemma is proved. O
EXAMPLE 2.3. — For G = G, = Spec F[z] or G = G,, = Spec F[z,z7!], the Lie al-
gebra g has a canonical basis 0, given by the local parameter x at the neutral element
(respectively 0 and 1) of G. If we embed G in P! equivariantly, we get 0% = 9/0x for

G = G, and z0/0z for G = G,,. We see that it vanishes at infinity (being {oo} or
{0; 00}, accordingly). This is a general fact, as the following lemma shows.

LEMMA 2.4 (Hassett/Tschinkel). — There exist integers p, = 1 such that

Wy~ ﬁX(Z PaDy).
If G = G, then for each o, po = 2.

Proof. — We only prove that p, > 1, because the sharper bound which is valid in the
case of G = G won't be used below. We refer to [13], Theorem 2.7 for its proof.

Let 0,...,0, be a basis of g. Then, § := 9;* A--- A 9X is a global section of the
line bundle det 7x = wy'. Moreover, § does not vanish on G. Therefore, we can write
div(d) = > paD, for nonnegative integers p,. Necessarily, w}l ~ Ox(>_ paDa), hence
we have to prove that these integers are positive.
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Fix any z in the smooth part of X \ G, so that there exists a unique a € .7 such that = €
D,,. Pick local coordinates x1, ..., x, in a neighborhood U of x in such a way that in U, D
is defined by the equation z; = 0. Write 9;¥ = > f,-j%, with fi; € Ox(U). We have seen

J

in Propositionthat for any 4, 0% (x1) = fi € (z1). Hence, 6 € (z1)-2 A---A 2. O

o1 Oxn *

3. Metrizations

Let F' be a number field and o its ring of integers. Denote by F;, the completion of F" at
a place v, by o0, the ring of integers in F,, if v is nonarchimedean, by A g the ring of adeles
of F and by Ay, the (restricted) product of F), over the nonarchimedean places v. The
valuation in F, is normalized in such a way that for any Haar measure u, on F, and any
measurable subset I C F,, p,(al) = |al, o (I). In particular, it is the usual absolute value
for F;, = R, its square for F, = C, it satisfies [p|, = 1/p if F, = Qp and if A} : F, — Q,
is the norm map, |z[, = [A#;(z)],- Let X be an equivariant compactification of G as
above and .Z a line bundle on X, endowed with its canonical linearization.

DEFINITION 3.1. — A smooth adelic metric on £ is a family of v-adic norms ||-||, on
Z for all places v of F satisfying the following properties:

(a) if v is archimedean, then |-||, is €>;

(b) if v is nonarchimedean, then |-||, is locally constant;
(i.e., the norm of any local nonvanishing section is 4>, resp. locally constant)

(c) there exists an open dense subset U C Spec(or), a flat projective U-scheme 2y
extending X together with an action of G,y extending the action of G} on X and a
linearized line bundle £ on 2y extending the linearized line bundle on X, such that for
any place v lying over U, the v-adic metric on £ is given by the integral model.

LEMMA 3.2. — Let v be a nonarchimedean valuation of F and |-||, a locally constant
v-adic norm on Z. Then the stabilizer of (£, ||-||,), i-e., the set of g € Gl (0,) which act
isometrically on (£, |-]],), is a compact open subgroup of G7(o,).

Proof. — First we assume that .Z is effective. By Proposition [1.6] we have a nonzero
invariant global section s.

If m and py denote the action and the second projection Gx X — X, respectively, endow
the trivial line bundle m*.Z ® p3.¢~! on G" x X with the tensor-product metric. This
is a locally constant metric on the trivial line bundle. The function on G?(F,) x G (F,)
given by

(g:2) = lIs(g +2)l, Is(2)]], " -
is the norm of the canonical basis 1 and therefore extends to a locally constant function
on GI'(F,) x X(F,). Its restriction to the compact subset GZ(0,) x X (F,) is uniformly
continuous. Since it is locally constant and equal to 1 on {1} x X(F,), there exists a
neighborhood of {1} x X(F,) on which it equals 1. Such a neighborhood contains a
neighborhood of the form K, x X (F,), where K, is a compact open subgroup of G(o,).
This proves the lemma in the effective case.
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In the general case, we write ¥ = 4 ® % ! for two effective line bundles (each
having a nonzero global section). We can endow % with any locally constant v-adic
metric and £ with the unique (necessarily locally constant) v-adic metric such that the
isomorphism % ~ £ ® % is an isometry. By the previous case, there exist two compact
open subgroups K7 , and K, contained in G7(0,) which act isometrically on .%} and %,
respectively. Their intersection acts isometrically on .Z. O]

PROPOSITION 3.3. — If .Z is endowed with a smooth adelic metric then for all but finitely
many places v of F' the stabilizer of (Z, ||-||,) is equal to G(0,). Therefore, their product
over all finite places of F is a compact open subgroup of GI'(Ajg,).

Proof. — Tt suffices to note that if v lies over the open subset U C Spec(or) given by the
definition of an adelic metric then the stabilizer of (£, ||-]|,) equals G}(0,). O

From now on we choose adelic metrics on the line bundles . in such a way that
the tensor product of two line bundles is endowed with the product of the metrics (this
can be done by fixing smooth adelic metrics on a Z-basis of Pic(X) and extending by
linearity). We shall denote by K the compact open subgroup of G?(Ag,) stabilizing all
these metrized line bundles on X . We also fix an open dense U C Spec(or), a flat and
projective model 2 over U and models of the line bundles £ such that the chosen
v-adic metrics for all line bundles on X are given by these integral models.

4. Heights

Let X be an algebraic variety over F' and (&, |-||,) an adelically metrized line bundle
on X. The associated height function is defined as

Hy : X(F) = Rso  Hz(z) = [[ Heo(z) =[] lIsll, ()7,

where s is any F-rational section of .Z not vanishing at . The product formula ensures
that Hg does not depend on the choice of the F-rational section s (though the local
heights H ¢ ,(x) do).

In Section |3| we have defined simultaneous metrizations of line bundles on equivariant
compactifications of GI'. This allows to define compatible systems of heights

H: X(F) x Pic(X)c — C.

Fix for any a € ./ some non zero G'-invariant section s, of Ox(D,,). We can then extend
the height pairing H to a pairing

(4.1) H=]]H, : Gi(Ap) x Pic(X)c — C

by mapping

(x:8) = ((x); Y saDa)) = [T T lsall, (x0) 7
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Recall that K denotes the compact open subgroup of G?(A r) stabilizing all line bundles
on X together with their chosen metrization. By construction, we have the following
proposition.

PROPOSITION 4.2. — The height pairing H defined in (4.1) is K-invariant in the first
component and (exponentially) linear in the second component.

PROPOSITION 4.3. — Assume that £ is in the interior of the effective cone of Pic(X)
(i.e., & ~ Ox(> dyD,) for some positive integers d, > 0). Then, for any real B, there
are only finitely many x € G?(F') such that H(z; L) < B.

In view of Lemma , this applies to the anticanonical line bundle K"

Proof. — Let .# be an ample line bundle on X and let v be a sufficiently large in-
teger such that #” @ .#~! is effective. It follows from the preceding section that
L" @ M~ has a section s which does not vanish on G?. This implies that the function
x— —log H(z; " ® .#~") is bounded from above on G"(F). Therefore, there exists a
constant C' > 0 such that for any z € GI'(F),

H(z; 2) > CH(z; #)"".
We may now apply Northcott’s theorem and obtain the desired finiteness. O]

REMARK 4.4. — The same argument shows that the rational map given by the sections
of a sufficiently high power of .Z is an embedding on G.

The main tool in the study of asymptotics for the number of points of bounded height
is the height zeta function

Z(s) = Z H(z;s)™, s = (s4) € Pic(X)c.

z€G1(F)

PROPOSITION 4.5. — There exists an non-empty open subset Q@ C Pic(X)r such that
Z(s) converges absolutely to a bounded holomorphic function in the tube domain Q +
i Pic(X)Rr in the complex vector space Pic(X)c.

Proof. — Fix a basis (.Z}); of Pic(X) consisting of (classes of) line bundles lying in
the interior of the effective cone of Pic(X). Let €, denote the open set of all linear
combinations ¢, Z; € Pic(X)r such that for some j, t; > t. Fix some ample line
bundle .. It is well known that the height zeta function of X relative to .# converges
for Re(s) big enough, say Re(s) > og. In the proof of Proposition we may choose
some v which works for any .7}, so that for any j

H(x; ) < H(X;. )7
Since H(-;.%;) is bounded from below on GI'(F') it follows that for any £ €
H(z; 2) < H(X;.)™ "

Therefore, the height zeta function converges absolutely and uniformly on the tube domain
Quao + ZPIC(X)R [l
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The following sections are devoted to the study of analytic properties of Z(s).

5. The Poisson formula

We recall basic facts concerning harmonic analysis on the group G over the adeles
A = Ay (cf., for example, [21]). For any prime number p, we can view Q,/Z, as the
p-Sylow subgroup of Q/Z and we can define a local character ¢, of G,(Q,) by setting

Pyt T, > exp(2mixy).

At the infinite place of Q we put

Yoot Too = eXP(—2TiTy, ),

(here z, is viewed as an element in R/Z). The product of local characters gives a
character ¢ of G,(Aq) and, by composition with the trace, a character of G,(Ap).

If a € GI'(Ap), recall that f, = (-,a) is the corresponding linear form on G?(Ap) and
let ¥y = ¥ o fu. This defines a map G?(Ar) — G?(Ar)*. It is well known that this map
is a Pontryagin duality. The subgroup GI(F) C GI(Ap) is discrete, cocompact and we
have an induced Pontryagin duality

Gu(Ar) = (Go(Ar)/Gg(F))".

We fix selfdual Haar measures dz, on G,(F;,) for all v. We refer to [21] for an explicit
normalization of these measures. We will use the fact that for all but finitely many v the
volume of G,(0,) with respect to dz, is equal to 1. Thus we have an induced selfdual Haar
measure dr on G,(Ar) and the product measure dx on G?(Ar). The Fourier transform
(in the adelic component) of the height pairing on GI'(Ar) x Pic(X)c¢ is defined by

H(ia;s) = /G " )H(x; ) Mba(x) dx.

We will use the Poisson formula in the following form (cf. [15], p. 280).

THEOREM 5.1. — Let ® be a continuous function on GI(Ap) such that both ® and its
Fourier transform ® are integrable and such that the series

Z ®(x+b)
x€G2(F)
converges absolutely and uniformly when b belongs to GI'(Ar)/GI(F). Then,

S oa)= Y ),

x€GR(F) acGn(F)

The following lemma (a slight strengthening of Proposition verifies the two hy-
potheses of the Poisson formula |5.1| concerning H.
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LEMMA 5.2. — Let X be a smooth projective equivariant compactification of G and H
the height pairing defined in Section . There exists a nonempty open subset Q@ C Pic(X)gr
such that for any s € Q4+ i Pic(X)gr the series

Z H(x 4+ b;s) -1
zeGR(F)

converges absolutely, uniformly inb € GI(Ar)/GIEF) and locally uniformly in's. More-
over, for such s, the function H(-;s)™' is integrable over G"(Ar).

Proof. — Since the natural action of G on Pic(X) is trivial, for any b € G”(Ar) the
function z — H(z + b;.%) is a height function for ., induced by a “twisted” adelic
metric. When b belongs to some compact subset K of GI'(Ar) there exists a constant

Ck (&) such that for any x € GI(Ap) and any b € K,
Cr(L)'H(x; L) < Hx+b;.2) < Cx(L)H(x; ZL).

Indeed, the quotient H(x + b;.%)/H(x;.Z) defines a bounded continuous function of
(x,b) € GI'(AFr) x K. (Only at a finite number of places do they differ, and at these
places v, a comparison is provided by the compactness of X (F,).) As G"(Ar)/G"(F)
is compact, one may take for K any compact set containing a fundamental domain.
This implies the uniform convergence of the series once s belongs to the tube domain of

Proposition
The integrability follows at once : for such s,

|H(x;s) / H(z+b;s)| " db
/C-}g(AF) Z T+

zeGR(F)
< Cxvol(K) Y [H(x;s)| ™"
z€GN(F)
O

The following proposition follows from the invariance of the height under the action of
the compact K.

PROPOSITION 5.3. — For all characters v, of GI'(Ar) which are nontrivial on the com-
pact subgroup K of G"(Ag,) and all s such that H(-;8)™" is integrable, we have
H(s; ) = 0.

Consequently, the set dx of all a € GI'(F') such that 1, is trivial on K is is a sub-o0p-
module of GI'(F'), commensurable with G (o).

Consequently, provided the Poisson formula applies and we have a formal identity for
the height zeta function:

(54) 2(5) = Y A(s: )

acoy
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The last four Sections of the paper are concerned with analytic arguments leading to
the evaluation of H and to the fact that Equation holds for all s in some tube
domain. It will be necessary to assume that the boundary divisor D has strict normal
crossings, which means that over the separable closure ' of F, D is a union of smooth
irreducible components meeting transversally.

We sum up these Sections in the following Proposition. Recall that for a € GI'(F),
ap(a) is the set of @ € & such that d,(fa) = 0. In particular, o%4(0) = 7. Also, for
any t € R, we denote by €; the open tube domain in Pic(X)¢c defined by the inequalities
So > po + t. Finally, let ||-||, denote any norm on the real vector space G} (F ®q R) ~

Hv\oo Fono

PROPOSITION 5.5. — Assume that D has strict normal crossings.

a) For any s € Qo, H(+;s) is integrable on GI'(AF).

b) For any e > 0 and a € 0x there ezists a holomorphic bounded function p(a;-) on
Q_1/24¢ such that for any s € €

(¢a7 s) = ¢(a;s) H (Sa_pa)il-
acd(a)
c) For any N > 0 there exist constants N' > 0 and C(e, N) such that for any s €
Q_1/21c and any a € 0x one has the estimate

[p(ass)] < Ce, N)(L+ [[Tm(s) )™ (1 + [l )~

6. Meromorphic continuation of the height zeta function

For the proof of our main theorem, we need to extend the estimates of Proposition
when D is not assumed to have strict normal crossings.

LEMMA 6.1. — Proposition remains true without the hypothesis that D has strict
normal crossings.

Proof. — Equivariant resolution of singularities (in char. 0, see [I11] or [4]) shows that
there exists a composition of equivariant blow-up with smooth centers 7: X — X such
that

— X is a smooth projective equivariant compactification of G,

— m is equivariant (hence induces an isomorphism on the Gp);

— the boundary divisor D = X \ G” has strict normal crossings.
The map 7 induces a map from the set <7 of irreducible components of D to «7. Moreover,
7 has a canonical section obtained by associating to a component of D its strict transform
in X. This allows to view &7 as a subset of <, the complementary subset & consisting of
exceptional divisors. Via the identifications of Pic(X) with Z“ and Pic X with 7 the
map 7 on line bundles induces a linear map i: Z% — Z< which is a section of the first
projection 77 =79 ® 76 — 77 . (We also extend i by linearity to the vector spaces of
complexified line bundles.)
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Concerning metrizations, it is possible to endow line bundles on X with adelic metrics
which extend the metrics coming from X via 7*. Remark that with such a choice, the
height function on GI'(Ar) and its Fourier transform on X extend those on X. For
instance, for any s € Pic(X)c and any x € G!(AF), one has

H(x;s) = H(x;i(s)).

As i maps N* into N+ , it follows in particular that H(-;s) is integrable for s € Qy and
that for any a € G!'(Ar) and any s € €, one has

H(tpa;s) = H(ta;i(s)).

Unless 7 is an isomorphism, 7 is not smooth and wg ® W*w)_(l has a nonzero coefficient
at each exceptional divisor. For any effective A, this implies that i(\) — ayp lies on the
boundary of Aez(X). (Recall that the classes of wy! and w; in Z% and Z“ are denoted
p and p.) It follows that a;n) = ay and that

Bi(N) ={a € o ;i(\) = anp}
can be identified with Z(\).
Consequently, any “exceptional” factor (s, — o)~ " for a € & extends to a holomorphic

bounded function on (€2_y/,) This shows that Proposition still stands true without
the hypothesis that D has strict normal crossings. O]

One has also the following result which shall allow for the determination of the constant
in the asymptotics.

PROPOSITION 6.2. — Denote by 7(Kx) the Tamagawa number of X defined by the adelic
metrization on Kx. One then has the equality

©(0; p) = T(Kx).
In particular, it is a strictly positive real number.

Proof. — Recall first Peyre’s definition [17] of the Tamagawa measure in this context,
which extends Weil’s definition in the context of linear algebraic groups [22]. For any place
v of F" and any local non-vanishing differential form w on X (F},), the self-dual measure on
G (F,) induces a local measure |w|/||w| on X (F,). These local measures glue to define
a global measure dy, on X(F,).

Recall that Artin’s L-function of Pic(Xf) is equal to [ ], (r,. Using Deligne’s theorem
on Weil’s conjectures (but it will also follow from our calculations), Peyre has shown that

the Euler product
11 (uU(X (F.)) HCFM(Dl)

(%

converges absolutely and he defined the Tamagawa number of X as

T(KX) = HI'eSs:1<Fa(S) X H <,LL’L)(X(FU)) HCFQ,U(l)l) .

«
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(Note however that Peyre apparently doesn’t use the selfdual measure for his definition

in loc. cit., but inserts the appropriate correcting factor A dim X/ 2.)

On the open subset G?(F,), we can define the local measure with the differential form
w =dx; A--- Adz, induced by the canonical coordinates of GI'. Let ¢ € F'* be such that
w=-c]][,sa . On GI(F,), we thus have

dpy = |el; T Isall ()77 da = |e[;" Hy(w; p) do
so that, the boundary subset being of measure 0,
X ) = i GRE) =, [ Halap)de = kel o p)
a(Fv

Moreover, it follows from these results and the absolute convergence of the Euler prod-
ucts of Dedekind zeta functions for Re(s) > 1 that for any s > 1, H(-; sp) is integrable
on X(Ar) and that one has

#(0;p) = lim (0 sp)
= lim H(@ZJO, sp) H (800 = Pa))

s—1t
aed

= [ (lim pa(s = 1)¢r (1 + pals — 1)) x

[0}

lim H@a L+ pals — 1) HH (o 5p)

s—1t

= Hress:1CFa( 111{1+ H,(o; sp HCFQ (14 pa(s —1))7"

The estimates of Proposition below allow us to mterchange the limit lim,_,; and the
infinite product [[,, so that

so(o;m:Hress_lcFa H( (i p H@a )
7(Kx) H\C|

because of the product formula. n

It follows from these results that the Poisson formula (5.4 applies for any s € Qy and

that R
=3 H(ais)= > olas) [ (sa—ra)™
acox acox acd(a)
Hence,
Z(s) [[(sa=ra) =D wl@s) ] (sa—pa).
acd acdy acEd

agad(a)
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This last series is a sum of holomorphic functions on €2_1/, and taking N > n[F : Q],
the estimate in Proposition implies that the series converges locally uniformly in that
domain. Therefore, we have shown that the function

SHZ(S> H(Sa_pa>

has a holomorphic continuation to {2_;,, with polynomial growth in vertical strips. The
restriction of Z(s) to a line C(\,) (with A\, > 0 for all &) gives

Z(sX\) = ha(s) x J] (sA
acd
where hj is a holomorphic function for s € C such that

1
2min \,’

Re(s) > max((pq ——)//\ ) =ay—

providing a meromorphic continuation of Z(sA) to this domain. The rightmost pole is at
o = max(p/ )
and its order is less or equal than b).

THEOREM 6.3. — Let X be a smooth projective equivariant compactification of GI! over
a number field F. For any strictly effective X € Pic(X), the height zeta function Z(s\)
converges absolutely for Re(s) > ay, has a meromorphic extension to the left of ay, with
a single pole at ay of order < by.

When A = p, a, =1, b, = rk Pic(X) = r and Proposition implies the equality
: 1\ — -1
i Z(59)(s = 17 = 7(2¢) [T

hence the order of the pole is exactly r. Using a standard Tauberian theorem, we deduce
an asymptotic expansion for the number of rational points in G/ of bounded anticanonical
height.

THEOREM 6.4. — Let X be a smooth projective equivariant compactification of G over
a number field F.

There exists a real number § > 0 and a polynomial P € R[X] of degree r — 1 such that
the number of F'-rational points on G C X of anticanonical height < B satisfies

N(Ky',B) = BP(log B) + O(B*™°).
The leading coefficient of P is given by

( aey/
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7. Asymptotics

Let A € Aeg(X) be an effective class and %) the corresponding line bundle on X
equipped with a smooth adelic metric as in Section [3}

The function s +— Z(s\) is holomorphic for Re(s) > ay = max(p,/\,) and admits a
meromorphic continuation to the left of a). Recall from the previous section that it has
a pole of order < by at ay, where b, is the cardinality of

Br={a € ; po = axAa}

(Geometrically, the integer by is the codimension of the face of the effective cone Aeg(X)
containing the class ayA — p.)

In this section we prove that the order of the pole of the height zeta function Z(s\) at
s = ay is exactly by and derive our main theorem.

Denote by Z,(s) the sub-series

Z\(s) = E H(a;s\).
a such that
“o(a) DB

It follows from the calculations above that
(7.1) lim Z(s\)(s — ay)™ = lim Zy(s)(s — ay)™
S—a) s—ay

since all other terms converge to zero when s — a,, with uniform convergence of the
series.

The set V) of a € GI'(F) such that %(a) contains %, is a sub-vector space. Let
G, C G be the F-sub-vector space defined by the corresponding linear forms (a,-).

Then, the autoduality on G?(Ap) identifies V), with the dual of G\(Ar)GI(F). We
apply the Poisson summation formula and obtain
/ H(x +y;s\) ' dy.
Gi(AF)

Zy(s) = / H(x;s\) ' dx =
Gr(ArIGREF) x€(G7/Go)(F)
(The justification of Poisson summation formula is as in Section [5])
PROPOSITION 7.2. — For each v € (GI'/G))(F) there exists a strictly positive real

Tx(x) > 0 such that

lim (s — ay)™ / H(z +y;s\) ' dy = n\ ().
s—ay G\(AF)

Proof. — 1t is sufficient to prove the proposition when x = 0 as the integrals for different
values of x are comparable. The Zariski closure Y of G, in X need not be smooth.
Nevertheless, we may introduce an equivariant proper modification 7: X — X such that
the Zariski closure Y C X of G, is a smooth equivariant compactification whose boundary
is a divisor with strict normal crossings obtained by intersecting the components of the
boundary of X with Y. The arguments of Lemma show that we do not lose any
generality by assuming this on X itself.
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LEMMA 7.3. — There exist integers pl, < p for a € o/ such that
wy' = ZP;(Da ny).
Moreover, pl, = po if and only if « € B(N).

Proof. — We prove this by induction on the codimension of Y in X. If G, = div(fa),
the adjunction formula shows that

oyt =X (=Y)ly = D (pa — da(@))(Da NY).

For a € V) the nonnegative integer d,(a) is equal to 0 if and only if « € #,. The lemma
is proved. O

End of the proof of Proposition — Let d7’ be the (nonrenormalized) Tamagawa mea-
sure on Y (Ap): by definition, on G\(Ar), d7 = H(y; p') " 'dy. We have to estimate

lim (s — ay)™ / H(y; s\ —p/)~tdr'.
Y(AF)

S—a)

The integral in the limit is of the type studied in Prop but on the subgroup Y.
Denote therefore by primes ’ restrictions of objects from X to Y. Thanks to the previous
lemma, one has ay = ay, Z(N) = Z(A\) and and by = by. Therefore, with notations
from Proposition [5.5

lim (s — ay)® / H(y;s\—p)tdr
Y(Ar)

s—a)y
= lim (s —an)™ [ Ca(l+sN, = p)@ (s = 0,0)

TN a€B(N)
= ¢'(0,0) > 0.
The proposition is proved. [

We now can conclude as in the case of the anticanonical line bundle:

THEOREM 7.4. — Let A € Pic(X) be the class of a line bundle contained in the interior
of the effective cone Aeg(X), and equip the corresponding line bundle £\ with a smooth
adelic metric as in Section @ There ezist a polynomial Py € R[X] of degree by — 1
and a real number € > 0 such that the number N(%\, B) of F-rational points on GI' of
L-height < B satisfies

N(Z\, B) = B*P\(log B) + O(B"™7°).
The leading term of P, is equal to

1 1
= 1) H A Z ()

acEBy z€(GL/GN)(F)

It is compatible with the description by Batyrev and Tschinkel in [3].
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8. General estimates

In the remaining sections we have to prove Prop.[5.5] First we define a set of bad places
S: as in Section , fix a good model 2y (flat projective U-scheme) over a dense open
subset U C Spec(op). In particular, we assume that 27y extends X as an equivariant
compactification of G whose boundary consists of the schematic closures of the D,.
Moreover, we can assume that for any «, the chosen section s, of &(D,) extends to
Z v and that its norm coincides with the one that can be defined with this model at
all finite places dominating U. In particular, at such places v, the local height functions
restricted to GI(F,) are invariant under GZ(0,). We can also assume that for any finite
place v dominating U, the (nonrenormalized) Tamagawa measure dgu, is given on GI'(F,)
by H,(z; p) dx.

Let S be the set of places v of F' such that either

— v is archimedean, or

— v doesn’t dominate U, or

— the residual characteristic of v is 2 or 3, or

— the volume of G!(0,) with respect to dx, is not equal to 1 (equivalently, F’ is ramified
at v), or

— over the local ring o,, the union |, D, is not a transverse union of smooth relative
divisors over U.

For a € 0y, let fy be the corresponding linear form on G, considered as an element of
F(X) or of F(Zy) and div(fa) its divisor. We denote by S(a) the set of all valuations v
such that either

— v is contained in S, or

— div(fa) is not flat over U, i.e. if m, denotes the maximal ideal of v in op, a belongs
to m,0x.

Finally, recall that for any ¢ € R, €2 is the tube domain in Pic(X)¢ consisting of classes
(sa) such that for any a, Re(sa) > pa-

In Section g we prove estimates for finite products Hves(a) ﬁv(wa; s). In Sections|§|
and [10| we compute explicitly the local Fourier transforms H,(1/s;s) for all v ¢ S(a).

In the following four sections we temporarily assume that the irreducible components of
the boundary of X are geometrically irreducible. In Section [11], we shall explain how our
results extend to the general case, (still assuming that D has strict normal crossings).

PROPOSITION 8.1. — Let ¥ be any finite set of places of F' containing the archimedean
places. For every e > 0 and any N > 0 there exists a constant C(X,e, N) such that for
alla € 0x and all s = (s,) € Q_1.. one has the estimate

: (1+ [s|)Vra
H,(Va; ,
H (ta:9) [T+ )~

where |[s|| = [[Re(s)[| + [[m(s)]|

< C(Z,e,N)

We subdivide the proof of this proposition into a sequence of lemmas.
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LEMMA 8.2. — The function H,(-;s)™! is integrable on G"(F,) if and only if s € Q4
(i.e., Re(sa) > po — 1 for all « € o7 ). Moreover, for all e > 0 and all nonarchimedean
places v, there exists a constant C,(g) such that for all's € Q_1,. and all a € 0x one has
the estimate

|, (ni )| < Cuf)

Proof. — Without loss of generality, we can assume that ¥,(x) = 1. Now, using an
analytic partition of unity on X (F,) and the assumption that the boundary D = > _ D,
is a divisor with strict normal crossings, we see that it suffices to compute the integral
over a relatively compact neighborhood of the origin in F' (denoted by ) on which we
have a set coordinates 1, ..., z, so that in # the divisor D is defined by the equations
x1---x, =0 for some a € {1,...,n}. In A there exist continuous bounded functions h,,
(for o € &) such that

/ H,(x;s) tdx, = / H || S Pt exp(z Saha(x)) Aty
2 iy

The integral over A is comparable to an integral of the same type with functions h,,
replaced by 0. The lemma is now a consequence of the following well-known lemma. [

LEMMA 8.3. — Let K be a local field. The function x — |x|® is integrable on the unit
ball in K if and only if Re(s) > —1.

Proof. — We may assume s € R. Choose ¢ € ]0; 1| such that the annulus ¢ < |z| < 1 has

positive measure in K and let Iy = fc<|x|<1 |z|* dz. Then, we have

I, = / z|° dz = Y,
entl<|z|<en

It follows that the integral over K converges if and only if the geometric series ) ¢
converges, that is if s +1 > 0. O

n(s+1)

PROPOSITION 8.4. — Let v be an archimedean place of F' and let €, = [F, : R]. For any
N > 0 and any € > 0, there exists a constant C,(e, N) such that for any s € Q_1,. and
alla € 0x (and #0), we have

1+ [slpe

(1 + [all,)™

Proof. — Let us assume for the moment that F,, = R. We shall write a, = (a4, ..., a,),
x, = (21, ...,x,) and dx, = dx. Then, in the domain ©_; one has

F[v(@ba; s) < Cy(e, N)

H,(1)a;8) = - H,(x;8) ! exp(—2in(a,x)) dx.

Now integrate by parts: for any j € {1,...,n} we have

0 H,(x;s) ' exp(—2in(a,x)) dx

2ima; H,(1ha;8) = —



POINTS OF BOUNDED HEIGHT ON COMPACTIFICATIONS OF VECTOR GROUPS 21

and by induction

(2mas) o uss) = [ (%ch;s)l) (x) exp(~2im(a, %)) dx.

For any «, let us define h, = log||sp,||; it is a €>° function on GI(R).

Let = be a point of X(R) and let A be the set of a € & such that x € D,,. If t, is
a local equation of D, in a neighborhood U of some R-point of D,, then there is a €
function ¢, on U such that for x € U N G?(R) we have

ho(x) = log |ta(X)] + @a(x).
It then follows from Propositions [2.1] and [2.2) that for each «,
9] 10
h — -
(X) 2 8!Ej

A o
6xj

extends to a ¥ function on X (R).
From the equality

0
log [ta(x)| + a—%%(x)

H,(x;8)" ! = H exp(—sqha (X))
aEd

we deduce by induction the existence of an isobaric polynomial Py € R[Xél), e ,XéN)]

of degree N (with the convention that each Xc(yp ) has weight p) and such that

(0/0z,)N H,(x;8)! = H,(x;8) ' Pxn(540;ha, saé??ha, cee sa(?jvha).
This implies that there exists a constant C, (g, N, j) such that

| (2ima;)™| ]ﬁvwa;s)] < Cyle, N, )1+ s)™ / [Hy(x;)| " dx.

R”
Choosing j such that |a;| is maximal gives |a;| > ||al| /4/n, hence an upper bound

e / (L+[sD™ - -
A a58)| < Clles V) e Rels): o),

where 1)y is the trivial character and CJ (e, N) some positive constant. To conclude the
proof it suffices to remark that for any ¢ > 0, H, is bounded on the set Q_14c (but the
bound depends on ¢).

The case F, = C is treated using a similar integration by parts. (The exponent 2 on
the numerator comes from the fact that for a complex place v, ||-||, is the square of a
norm.) O

9. Nonarchimedean computation at the trivial character

In this section we consider only v ¢ S. Let m, C 0, be the maximal ideal, k, = 0,/m,
and g = #k,. Recall that we have fixed a good model Z/;; over some U C Specop. To
simplify notations we will write x = x,,, dx = dx, etc.
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The following formula is an analogue of Denef’s formula in [10, Thm 3.1] for Igusa’s
local zeta function.

THEOREM 9.1. — For allv ¢ S and all s € Q_; C Pic(X)c we have

'y —dim o q— 1
H,(do;s) = ¢ ™ Y~ #D5(k) [ [ et

ACsf acA
REMARK 9.2. — For s = p we get #2)1(k,)/q"™~, the expected local density at v.

Proof. — We split the integral along residue classes mod m,. Let # € 2'(k,) and A =
{a € &; %€ D,} so that & € D9.

We can introduce local (étale) coordinates z, (o € A) and yg (8 € B, #A + #B =
dim X') around Z such that locally, the divisor D, is defined by the vanishing of xa. Then,
the local Tamagawa measure identifies with the measure []dz, x []dys on m# x mZ. If
dx denotes the fixed measure on G7(F,), one has the equality of measures on GI'(F,) N

red ' (Z):
dx = H,(x; p) dp, = H gPev(@a) dea X deg
a€cA
Consequently,
/ Hv(x; s)fl dx = / q*ZaeA(Sa*Pa)”(xa) H dl’a H dyﬁ
red~1() mid xmb acA BEB
5(1 pa v $) q - 1
q#B H/ dv = qdlmX H 1+sa7pa -1
acA aEA

where the last equality follows from

n = —sn, —n 1 1 q— 1

q

Summing these equalities for z € 2}y (ky) gives the desired formula. O

To estimate further ]:[U(wo;s) and the product over all places, we need to give an
estimate for the number of k,-points in D, which is uniform in v.

LEMMA 9.4. — There exists a constant C(X) such that for allv ¢ S and all A C o/ we
have the estimates:

—if #A =1,
—if #A =2, #Da(k,) < O(X)glimX-#4,

(k) — glm X1 < O(X)gs™ 2,

)

Proof. — We use the fact that for any projective variety Y of dimension dim Y and degree
degY the number of k,-points is estimated as

#Y (k) < (deg Y)#P™ Y (ky),
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(see, e.g., Lemma 3.9 in [9]). Since X is projective, all D4 can be realized as subvarieties
in some projective space. This proves the second part. To prove the first part, we apply
Lang-Weil’s estimate [14] to the geometrically irreducible smooth U-scheme D,,. [

PROPOSITION 9.5. — For all € > 0 there exists a constant C(g) such that for any s €
Q_1,. and any finite place v ¢ S,
2

(o) JT (1= q 0+ r) — 1] < Oe)g .

acd

Proof. — Using the uniform estimates from Lemma we see that in the formula for
H,, each term with #A4 > 2 is O(qg~@T9#4) = O(¢~'~ 25), with uniform constants in O.
Turning to the remaining terms, we get

qg—1

aemf
1
=1+ Z q7(1+5a7pa)(1 — )1 - q—(1+s¢rpa))71 + O(qu/g)
acd q
(Hsa0) —3/2
_1+Zl_ —(1+5a— Pa)+0<q )
acd
— H (1 — ¢~ O+sa=rp))"L(1 4 O(¢~ %)) + O(g~/2).
acd
Finally, we have the desired estimate. ]

For X as above and s = (s,) € Pic(X)c, the (multi-variable) Artin L-function is given

by
L(Pic(X HCF Sa) = H H(l

aed v finite a€.&/

From standard properties of Dedekind zeta functions, we conclude that L(Pic(X);s) ad-
mits a meromorphic continuation and that it has polynomial growth in vertical strips. For
s=(s,...,s) we get the usual Artin L-function of Pic(X)—here a power of the Dedekind
zeta function—which has been used in the regularization of the Tamagawa measure in

Prop.

COROLLARY 9.6. — For all e > 0 there exists a holomorphic bounded function ¢(0;-) on
Q_1 /24 such that for any s € )y one has

(%Do, s) = ¢(0;s) H (8 — pa)_l'

acd

Moreover, there exist constants N > 0 and C(g) such that for any s in Q_y /4.,

[(0;8)] < C(e)(1 + [[Tm(s)[)™
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Proof. — For any place v of F, let
fuls) = Hy(tho; s) Ly(Pic(X);s — p+1) "

The previous proposition shows that in €_/5,., the Euler product [, f, converges ab-
soluetely to a holomorphic and bounded function f. For any s € )y, one has

H(¢o;5) HH (o;8) = [ [ fuls) [ [ Lo(Pic(X);s — p+1) = f(s)L(Pic(X);s).

It suffices to deﬁne
p(0;8) = f(s)L(Pic(X);s — p+ 1) [] (sa — pa)-
acd

The polynomial growth of ¢(0;-) in vertical strips follows from the boundedness of f in
Q_1/24¢ and from the fact that Dedekind zeta functions have a polynomial growth in such
vertical strips. |

10. Other characters

Our aim here is to compute as explicitely as possible the Fourier transforms of local
heights with character ¥,. In general, this will be only possible up to some error term.

The calculations in the preceding Section allow us to strengthen Proposition For
a € GJ(F), we denote by ||lal|_, a norm of a in the real vector space defined by extension
of scalars via the diagonal embedding F' — F ®q R =[]

v|oo

PROPOSITION 10.1. — For any € > 0, there exist an integer k = 0 and for any N > 0,
a constant C'(e, N) such that for any s € Q124 and all a € 0x we have

I1 )H (Yai8)| < Cle, M)+ 118D (1 + Jlall o)
veS(a

Proof. — For v € S the local integrals converge absolutely in the domain under consider-
ation and are bounded as in Proposition [8.1} For v ¢ S, we have shown that there exists
a constant ¢ such that for all a € 0x and all s € {2_; /5. one has the estimate

‘}AL;(wa;s) - 1‘ < £
q

This implies that ’ﬁv(@ba; s)’ is bounded independently of a, v € S(a)\ S and s € Q_y/4..
For any nonzero a € op, there is a trivial estimate

Y 1< log A (p) < log.A (a),

which implies that for some constant &,

H \H (Vais)| < [0+ lall,)"

veS(a v]oo
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Using Proposition [8.1] we have for all N > 0,

[T |Auwais)| < C(Sce N+ MO0+ fall,)

veS(a) v|oo

< (8,8, N)(1+ [|sDMA(L + [fal| ) ==,
Replacing N by N[F : Q] and k by &[F : Q] concludes the proof of the proposition. [

For the explicit calculation at good places, let us recall some notations: m, C o, is
the maximal ideal, 7 = 7, a uniformizing element, k, the residue field, ¢ = ¢, = #k,,
Y =Yy = Yay, X = X,, a = a,, dx = dx,. Asin Section|[I] let f = f, be a linear form
on G and write div(f) = £ —)__ doD,. We have also defined o(a) = {a; do(fa) = 0}
and o (a) = {a; do(fa) = 1}.

PROPOSITION 10.2. — There exists a constant C(g) independent of a € dx such that for
any v ¢ S(a),

Hy(tais) [ (1—q 0e)) 1) < Cle)g' =
acdp(a)

Similarly to the proof of Proposition [9.5|in the preceding Section, this proposition is
proved by computing the integral on residue classes.
Let 7 € X(k,) and A= {a; T € D,}. We now consider three cases:

Case 1. A = @. — The sum of all these contribution is equal to the integral over
G2(0,):

| s dx = [ i@x)dx =1
Ga(0v) o
Case 2. A = {a} and T ¢ E. — We can introduce analytic coordinates z, and ygz

around 7 such that locally f(x) = uz_% with u € o*. Then, we compute the integral of
H,(x;8) '1a(x) as

/ . / g~ o)) (uz 1) daady
red— (2 my Xmy

1
1
= e [ gt ) du,
1 oy

No 2>

LEMMA 10.3. — For all integers d > 0 and n > 1 and all u € o},

1-1/q ifd=0;
/@/J(wr_”dtd)dt: —1/q ifn=d=1;

v 0 else.
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Proof. — If d = 1, the computation runs as follows

/wmr t)dt = /wwr”t dt——/w ") d

B itn > 2;
—l/q if n=1.

For d > 2, let r = v,(d). Since we assumed F), to be unramified over Q,, r = v,(d). We
will integrate over disks D(§, 7€) C of for e > 1 suitably chosen. Indeed, if v € o, and
t=¢&4 v,

th = ¢4 4 dr¢™ v (mod 7%)
hence, if a is chosen such that

e—nd+r<0 and 2e—nd=>0,

/ Y (ur ") At = g “ap(ur D) / Y(dr g v) do = 0.
D(§,m¢)

We can find such an e if and only if 2(nd —r — 1) > nd, i.e. nd > 2r+ 2. If r = 0, this is
true since d > 2. If r > 1, one has nd > p" > 2r + 2 since we assumed p > 5. O

This lemma implies the following trichotomy:

- q—1 1 :
H(x;s) )a(x) dx = if d, = 0;
/red_l(f) 5:9) x) qn gqitseTre —1
_ L s if d, =
qn
=0 if d, > 2.

Case 3. #A > 2 or #A =1 and T € E. — Under some transversality assumption, we
could compute explicitely the integral as before. We shall however content ourselves with
the estimate obtained by replacing ¢ by 1 in the integral.

The total contribution of these points will therefore be smaller than

(10.4)
—dim X o q—1 ,dlmx qg—1
q Z #Dj(ky) H gitsa—pa — 1 Z #(Da N E)(ky >q1+sa_pa —1
#A>2 €A A={a}

Finally, the Fourier transform is estimated as follows:

H,(tais)=1+q " > #D5(k q;l N #D(k + ET

1+Sa Pao — 1+5a P
acdp(a) acgd(a)

with an “error term” ET smaller than the expression in . It is now a simple matter
to rewrite this estimate as in the statement of [[0.2] O

We deduce from these estimates that [ (1a;8) has a meromorphic continuation:
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COROLLARY 10.5. — For anye > 0 and a € 0x \ {0} there exists a holomorphic bounded
function p(a;-) on Q_q91. such that for any s € Qg

waa HH waa waa H CF +$a pa)

0465270( )

Moreover, for any N > 0 there exist constants N' > 0 and C(g,N) such that for any
s € Q1_y/24¢, one has the estimate

¢ (a;5)| < Cle, N)(L+ [[Im(s) )Y (1 + flall) 7™

11. The nonsplit case

In this section we extend the previous calculations of the Fourier transform to the
nonsplit case, i.e. when the geometric irreducible components of X \ GZ are no longer
assumed to be defined over F'.

LEMMA 11.1. — Letx € X(F) and A={a € & ;x € D,}. Fix for any orbita € A/T'p
some element o and let F, be the field of definition of D,. Then there exist an open
neighborhood U of z, étale coordinates around x over I, z, (o € A) and yg such that x,,
s a local equation of D, and such that the induced morphism Up — A7F descends to an
étale morphism
U— ][ Resp rA'x A" (a=#A).
acA/Tp
An analogous result holds over the local fields F, and also on o,, v being any finite place

of F such that v & S.

(We have denoted by Res the functor of restriction of scalars a la Weil.)

Proof. — Chose some element o in each orbit & and fix a local equation z, for the
corresponding D, which is defined over the number field F,. Then if o/ = ga (for some
g € I'r) is another element in the orbit of a, set xo = g - x,. This is well defined since
we assumed that the equation z,, is invariant under I'g, .

Finally, add F-rational local étale coordinates corresponding to a basis of the subspace
in ka which is complementary to the span of dx, for o € A. n

Let v be a place of F'. The above lemma allows us to identify a neighborhood of x in
X (F,) (for the analytic topology) with a neighborhood of 0 in the product [] ., /1y Foa X

Fr=2, the local heights [] .., Haw(§) being replaced by
%U,Q/Fv (g) X hﬂﬂ’(é-)

acx

where h,, is a smooth function.

Similarly, for good places v we identify red ™' (%) with []m, , x m"~® and the functions
ha, are equal to 1.

The assertions of Section [ still hold in this more general case and the proofs require
only minor modifications. However the calculations of Sections[Jand [I0] have to be redone.
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THEOREM 11.2 (cf. Thm. [9.1). — One has

~ . Ja _ 1
—dim E : o | | q;
Hv(%; S) =Gy dim #DA<kU> fa(l4+sa—pa)

ACa/ /Ty acA/T, T

-1
where f, is degree of F, , over F,.

COROLLARY 11.3 (cf. Prop.[9.5). — One has
s = ] (L= 0m) (14 0, ).

acd [T,

In the general case, we introduce the multi-variable Artin L-function of Pic(X) as

LPic(X);s) = [] ¢ (sa)-
(XE(Q//FF
Its restriction to the line (s,...,s) is the usual Artin L-function of Pic(X). It has a pole
of order #(&7 /T'r) = 1k(Pic X) at s = 1.

COROLLARY 11.4 (cf. Cor. . — For all € > 0, there exists a holomorphic bounded
function ¢ on Q_y o4, such that for any s € )y one has

H(1o;8) = ¢(s)L(Pic(X);s — p+ 1)

and the Tamagawa measure of X (Ar) is equal to

T(Kx) = ¢(p)/L* (Pic(X); 1).
At nontrivial characters, the calculations are modified analogously and we have

ﬁ(wa5 s) = ¢©(Va;s) H Cro(Sa = pa+1)

a€<ﬂo(a)/r‘p
for some holomorphic function ¢(a;-) as in Corollary
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