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§1. Introduction

Let K be any field and G be a finite group. Let G act on the rational function
field K(z, : g € G) by K-automorphisms such that g - x5, = x4, for any g, h € G.
Denote by K(G) the fixed field K(z, : g € G)“. Noether’s problem asks whether
K(QG) is rational (=purely transcendental) over K. Noether’s problem for abelian
groups was studied by Swan, Voskresenskii, Endo, Miyata and Lenstra, etc. See the
survey article [Sw] for more details. Consequently we will restrict our attention to
the non-ableian case in this article.

First we will recall several results of Noether’s problem for non-abelian p-

groups.

Theorem 1.1. (Chu and Kang [CK, Theorem 1.6]) Let G be a non-abelian p-group
of order < p* and exponent p¢. Assume that K is any field such that either (i) char
K =p >0, or (ii) char K # p and K contains a primitive p®-th root of unity.
Then K(G) is rational over K.

Theorem 1.2. ([Ka2, Theorem 1.5]) Let G be a non-abelian metacyclic p-group of
exponent p°. Assume that K is any field such that either (i) char K = p > 0, or (ii)
char K # p and K contains a primitive p©-th root of unity. The K(G) is rational

over K.

Theorem 1.3. (Saltman [Sal]) Let K be any field with char K # p ( in particular,
K may be any algebraically closed field with char K # p ). There exists a non-

abelian p-group G of order p° such that K(G) is not rational over K.

Theorem 1.4. (Bogomolov [Bo]) There exists a non-abelian p-group G of order p°

such that C(G) is not rational over C.

All the above theorems deal with fields K containing enough roots of unity.
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For a field K which doesn’t have enough roots of unity, so far as we know, the only

two known cases are the following Theorem 1.5 and Theorem 1.6.

Theorem 1.5. (Saltman [Sa2, Theorem 1)) Let G be a non-abelian p-group of order
p>. Assume that K is any field such that either (i) char K = p > 0 or (ii) char
K # p and K contains a primitive p-th root of unity. Then K(G) is stably rational

over K.

Theorem 1.6. (Chu, Hu and Kang [CHK; Kal]) Let K be any field. Suppose that
G is a non-abelian group of order 8 or 16. Then K(G) is rational over K except
when G = Q, the generalized quaternion group of order 16 (see Theorem 1.9 for its
definition ). When G = Q and K () is cyclic over K where ( is an primitive 8-th

root of unity, then K(G) is also rational over K.

We will remark that, if G = @ is the generalized quaternion group of order
16, then Q(G) is not rational over QQ by a theorem of Serre [GMS, Theorem 34.7,

p.92]. The main result of this article is the following.

Theorem 1.7. Let G be a non-abelian p-group of order p™ such that G contains
a cyclic subgroup of index p. Assume that K is any field such that either (i) char
K =p >0 or (ii) char K # p and [K(¢) : K| = 1 or p where { is a primitive

p"L-th root of unity. Then K(G) is rational over K.
As a corollary of Theorem 1.1 and Theorem 1.7, we have

Theorem 1.8. Let G be a non-ableian p-group of order p3. Assume that K is any
field such that either (i) char K = p > 0 or (ii) char K # p and K contains a

primitive p-th root of unity. Then K(G) is rational over K.

Noether’s problem is studied for the inverse Galois problem and the construc-

tion of a generic Galois G-extension over K. See [DM] for details.



We will describe the main ideas of the proof of Theorem 1.7 and Theorem
1.8. All the p-groups containing cyclic subgroups of index p are classified by the

following theorem.

Theorem 1.9. ([Su, p.107]) Let G be a non-ableian p-group of order p™ containing
a cyclic subgroup of index p.

(i) If p is an odd prime number, then G is isomorphic to M(p™); and

(ii) If p =2, then G is isomorphic to M(2"), D(2"~1Y), SD(2"~1) wher n > 4,

and Q(2"™) where n > 3 such that

n—1 n—2
M@p")=<o,7: o =1P=1, 7 lor =o't " >

1

n—1
D2" Y=<or1:0* =7*=11tlor=0"1>,

n—1 n—2
SD2" N =<o,1: 0 =7=1, 1 lor=0"1" " >

n—1
Q2" =<o,1: 0> =7'=1,0 =712 rlor=0"1>.

The groups M (p™), D(2"~1), SD(2"~1), Q(2") are called the modular group,
the dihedral group, the quasi-dihedral group and the generalized quaternion group
respectively.

Thus we will concentrate on the rationality of K(G) for G = M (p™), D(2"1),
SD(2" 1), Q(2") with the assumption that [K(¢) : K] = 1 or p where G is a
group of exponent p® and ( is a primitive p®-th root of unity. If ( € K, then
Theorem 1.7 follows from Theorem 1.2. Hence we may assume that [K(¢) : K] =
p. If p is an odd prime number, the condition on [K({) : K] implies that K
contains a primitive p®~!-th root of unity. If p = 2, the condition [K(¢) : K] = 2
implies that A({) = —(, +¢~! where )\ is a generator of the Galois group of K ()
over K. (The case A(¢) = —( is equivalent to that the primitive 2¢~!-th root of

unity belongs to K.) In case K contains a primitive p®~1-th root of unity, we
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construct a faithful representation G — GL(V') such that dim V = p? and K(V)
is rational over K. For the remaining cases i.e. p = 2, we will add the root ( to
the ground field K and show that K(G) = K(¢)(G)<*> is rational over K. In the
case p = 2 we will construct various faithful representations according to the group
G = M(2"), D(2" 1), SD(2"71), Q(2™) and the possible image \(¢) because it
seems that a straightforward imitation of the case for K containing a primitive
p®~!-th root of unity doesn’t work.

We organize this article as follows. Section 2 contains some preliminaries
which will be used subsequently. In Section 3, we first prove Theorem 1.7 for the
case when K contains a primitive p®~!-th root of unity. This result will be applied
to prove Theorem 1.8. In Section 4 we continue to complete the proof of Theorem
1.7. The case when char K = p > 0 will be taken care by the following theorem

due to Kuniyoshi.

Theorem 1.10. (Kuniyoshi [CK, Theorem 1.7]) If char K = p > 0 and G is a

finite p-group, then K(G) is rational over K.

Standing Notations. The exponent of a finite group, denoted by exp(G), is
defined as exp(G) = max{ord(g) : g € G} where ord(g) is the order of the element
g. Recall the definitions of modular groups, dihedral groups, quasi-dihedral groups
and generalized quaternian groups which are defined in Theorem 1.9. If K is a field
with char K = 0 or char K { m, then (,, denotes a primitive m-th root of unity in
some extension field of K. If L is any field and we write L(zx,y), L(z,y, z) without
any explanation, we mean that these fields L(x,y), L(x,y, z) are rational function

fields over K.

§2. Generalities



We list several results which will be used in the sequel.

Theorem 2.1. ([CK, Theorem 4.1]) Let G be a finite group acting on L(z1, -+ , Tm),
the rational function field of m wvariables over a field L such that

(i) for anyo € G, o(L) C L;

(ii) the restriction of the action of G to L is faithful;

(iii) for any o € G,

o(xy) 1

o(m) T

where A(o) € GLy,(L) and B(o) is an m X 1 matriz over L. Then there exist
21,0y 2Zm € L(x1,-+ ,xm) so that L(xq -+ ,xp) = L(z1,- -+, 2m) with o(z;) = z;

forany o € G, any 1 <i < m.

Theorem 2.2. ([AHK, Theorem 3.1]) Let G be a finite group acting on L(x),
the rational function field of one variable over a field L. Assume that, for any
o€ G, o(l)CL and o(x) = ayx + by for any ay, by € L with ay # 0. Then
L(z)% = LY(2) fr some z € L[z].

Theorem 2.3. ([CHK, Theorem 2.3]) Let K be any field, K(x,y) the rational
function field of two variables over K, and a, b € K\{0}. If o is a K-automorphism
on K(z,y) defined by o(x) = a/x, o(y) = b/y, then K(x,y)<?~ = K(u,v) where

a b

xr— — y—g

_ T - J
= ab’ Y ab’
Ty — — xy — —

zy Yy

Moreover, x + (a/x) = (=bu® + av?® + 1) /v, y + (b/y) = (bu? — av?® + 1) /u,
zy + (ab/(zy)) = (~bu® — av® + 1)/ ().
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Lemma 2.4. Let K be any field whose prime field is denoted by F. Let m > 3 be
an integer. Assume that char F # 2, [K((om) @ K] = 2 and M(Cam) = Com (resp.
MCam) = —Com) where X is the non-trivial K -automorphism on K((am). Then

K((am) = K((4) and K (F(¢4) =F.

Proof. Since m > 3, it follows that A(¢4) = ¢; ' no matter whether A(Cym) = (5 or
—CQ_"}. Hence A(C4) # (4. It follows that (4 € K((om) \ K. Thus K((om) = K({4).
In particular, {4 ¢ F. Since [K((4) : K] = 2 and [F((4) : F] = 2, it follows that
KF(¢) =F. O

§3. Proof of Theorem 1.8
Because of Theorem 1.10 we will assume that char K # p for any field K

considered in this section.

Theorem 3.1. Let p be any prime number, G = M (p™) the modular group of order
p" where n > 3 and K be any field containing a primitive p"~2-th root of unity.

Then K(G) is rational over K.

Proof. Let ¢ be a primitive p”~2-th root of unity in K.

Step 1.

Let €, cq K - 2(g) be the representation space of the regular representation
of G.

Define

o= 3 €a(0®) +2(07) + -+ a(o®rP ).
0<i<pn—2—1
Then oP(v) = &v and 7(v) = v.
Define z; = o'v for 0 < i < p — 1. We note that o : 29 — 21 b= T

. n—3
(xg and 71 x; — T 'x; where n = &P .



Applying Theorem 2.1 we find that, if K(zg,x1, -+ ,2,-1)¢ is rational over
K, then K(G) = K(z(g) : g € G)¢ is also rational over K.

Step 2.

Define y; = x;/x;—1 for 1 <i <p—1. Then K(xg, 21, - ,xp—1) = K(z0, y1,

oy Ypor)and ot xo = Y120, Y1 Yo o = Ypo1 = /(Y1 Yp—1), T T — Zo,

G

yi — 0~ 'y;. By Theorem 2.2, if K (y1,- - ,yp—1)¢ is rational over K, so is K (xo, 1,

o yp—1)€ over K.

Define u; = y;/y;—1 for 2 <i <p—1. Then K(y1, -+ ,¥p—1) = K(y1,u2,---,

Up—1) and o : Yy > YiUa, Ug > U e Up_] {/(ylyz---yp_zygfl) =¢/
(y’fug_lug_Q---ug_l), Ty — 0ty up oy for 2 < i < p—1. Thus K(y,
Ug, - -+ 7up—1)<T> — K(yf7U27... 7up—1)-

Define u; = ¢ 1y!. Then o : uy — ugub, ug — ug +— -+ — 1/(u1u§_1 . -ug_l)
— ulup_zup_B - -ug_Qup,l — Usg.

Define w1 = ug, w; = 01 (ug) for 2 <i < p—1. Then K (ui,ug, -+ ,up_1) =

K(wy,wa, -+ ,wp_1). It follows that K (y1,- -+ ,yp—1)¢ = {K (1, ,yp_1)<7>}<°>
= K(wy,wa, - ,wp—1)<” and 0 : wy +— wa > - = wy_1 — 1/ (wiwa - wp_1).

Step 3.

Define Ty = 1 +wy +wywe + - - +wywe - - wp—1, 11 = (1/To) — (1/p), Tix1 =
(wrwg -+~ w;/Ty) — (1/p) for 1 <i < p—1. Thus K(wy,--- ,wp—1) = K(Th,--- ,T)p)
withTh +To+---+T,=0and o : Ty =Ty +— - =T, 1 — T, — Tj.

Define s; = Z1§j§p77_ijTj for 1 <i <p-—1. Then K(T1,T5,---,T,) =
K(s1,82, -+ ,8p-1) and o : 5; — n's;. Clearly K(s1,---,5,-1)<% is rational over

K. O

Proof of Theorem 1.8.

If p > 3, a non-abelian p-group of order p? is either of exponent p or contains



9

a cyclic subgroup of index p (see [CK, Theorem 2.3]). The rationality of K(G) of
the first group follows from Theorem 1.1 while that of the second group follows
from the above Theorem 3.1. If p = 2, the rationality of K(G) is a consequence of
Theorem 1.6. [

The method used in the proof of Theorem 3.1 can be applied to other groups,
e.g. D(2"71), Q(2"), SD(2"1). The following results will be used in the proof of
Theorem 1.7.

Theorem 3.2. Let G = D(2"71) or Q(2") with n > 4. If K is a field containing

a primitive 2"~ 2-th root of unity, then K(Q) is rational over K.

Proof. Let ¢ be a primitive 2" 2-th root of unity in K.

Let €, cq K - 2(g) be the representation space of the regular representation
of G.
Define

v = Z £z (o).

0<i<2n—2-1
Then o2 (v) = &w.
Define xg = v, x1 =0 -v, 9 =7 v, x3 = 70 - v. We find that

0 xo > @y > Exg, o E M a, 13 X,

T .Xgr— X9 = €xpg, 1 F T3 — €11
where € = 1 if G = D(2"7!), and e = —1 if G = Q(2").
is rational over K.

By Theorem 2.1 it suffices to show that K(xg, 1,22, 23)¢

Since o?(x;) = &x; for i = 0,1, o*(x;) = & 'z; for j = 2,3, it follows
2 n—2
that K(zo,21,22,23)<7 7 = K (Yo, y1,Y2,y3) where yo = x5 ,y1 = 21/%0,y2 =
xoT2,y3 = r1x3. The action of o and 7 are given by

n—2 —
oiYo = Yoyt YL &y, Yo = €y, ys o Eya,

J— n72 —_ —_
TiYo Yo Y5 . Y1 YT Ys Y3, Yo b €Yo, Y3 o €Y.
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Define

n—3 _271—4 n—4

20 =YoU:  Ysl Yz . 21 =W, Z2 =Yy U3, 23 =Y.

We find that
. —1 2_—1 —1
O'.Z()'—>—Z()72'1'—>§Zl ; 22'_)£ Z9 23I—>£ 2223,
. —1 -1
TI20— 2 , ;1> 21 22, 22 /> 22, Z3 > €Z23.

By Theorem 2.2 it suffices to prove that K(zg, 21, 22)<%7~ is rational over K

Now we will apply Theorem 2.3 to find K (2o, 21, 22)<?~ witha =1 and b = 2,
Define

a b
0T T
0 1
U = V= —
ab ’ ab
2021 — 2021 —
2071

By Theorem 2.3 we find that K(zg, z1,22)<"” = K(u,v, 22). The actions of o
on u, v,z are given by

0 2 E2251

a 1 z
204 — (—=-2

Z0 Z1 b
gty T
bZO Z1 sz <1

Define w = u/v. Then o(w) = bw/§ = zow/§.

Note that
n a
o(u) = i 20— é " U b
1. %0 € bz azn &(bu? — av2)'
-2 &b _an
o A z1 20

The last equality of the above formula is equivalent to the following identity
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where x, y, u, v, a, b are the same as in Theorem 2.3. A simple way to verify
Identity (1) goes as follows: The right-hand side of (1) is equal to (y + (b/y) —
(1/u))~! by Theorem 2.3. Tt is not difficult to check that the left-hand side of (1)
is equal to (y + (b/y) — (1/u))~1L.

Thus o(u) = bu/(£(bu? — av?)) = 20u/(£(22u? — v?)) = 20w?/(Eu(z0w? — 1)).

Define T = zw?/¢, X = w, Y = u. Then K(u,v,2) = K(T,X,Y) and
c:T—T,X— A/X,Y — B/Y where A=T, B=T/({T —1). By Theorem
2.3 it follows that K (T, X,Y)<?~ is rational over K (T'). In particular, it is rational

over K. [

Theorem 3.3. Let G = SD(2" 1) withn > 4. If K is a field containing a primitive

27 =2_th root of unity, then K(G) is rational over K.

Proof. The case n = 4 is a consequence of [CHK, Theorem 3.2]. Thus we may
assume n > 5 in the following proof.

The proof is quite similar to that of Theorem 3.2.

Define v, zg, x1, 2, x3 by the same formulae as in the proof of Theorem
3.2. Then o : z¢ — x1 — Exo, T2 — —E a3, T3 — —To, T @ Tg — Ta — T,
Tl X3 X1,

n—2

Define yo = 2, 11 = x1/%0, Y2 = ToT2, and y3 = x1x3. Then K(zg,z1,

$2,$3)<02> = K (y0,y1,Y2,y3) and

n—2

oiYo = Your Y1 &y, ye — —€ tys, ys > —Eye,

J— 7172 J— J—
Ty Yy Ys . Y1 YL Ya Y3 Y2 Yo, Y3 — Vs

Note that the actions of o and 7 are the same as those in the proof of Theorem
3.2 except for the coefficients.

Thus we may define zg, 21, 29, 23 by the same formulae as in the proof of

Theorem 3.2.
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Using the assumption that n > 5, we find

. —1 2 —1 —1
o120 —20, 21 2], s 52y a3 =& 2923,

T:Zol—>2’0_1, 21'—>Zl_122, 29 = 29, 23— 23.

By Theorem 2.2 it suffices to prove that K (zg, 21, 22) <7~ is rational over K.
But the actions of o, 7 on 2y, 21, 22 are completely the same as those in the proof

of Theorem 3.2. Hence the result. O

84. Proof of Theorem 1.7

We will complete the proof of Theorem 1.7 in this section.

Let ¢ be a primitive p”~!-th root of unity. If ( € K, then Theorem 1.7 is a
consequence of Theorem 1.2. Thus we may assume that [K(() : K| = p from now
on. Let Gal(K(¢)/K) =< A > and A(¢) = (* for some integer a.

If p > 3, it is easy to see that a = 1 (mod p"~2) and (P € K. By Theorem 1.9
the p-group G is isomorphic to M (p™). Apply Theorem 3.1. We are done.

Now we consider the case p = 2.

By Theorem 1.9 G is isomorphic to M(2"), D(2"~1), SD(2"~1) or Q(2").
If G is a non-abelian group of order 8, the rationality of K(G) is guaranteed by
Theorem 1.6. Thus it suffices to consider the case G is a 2-group of order > 16, i.e.
n > 4.

Recall that G is generated by two elements o and 7 such that o2 =1 and

lor = 0% where

-
(i) k= —1if G = D(2"1) or Q(2"),
(i) k=1+2"2if G = M(2"),

(iii) k=—1+42""2if G = SD(2"1).
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As before, let ¢ be a primitive 2"~ !-th root of unity and Gal(K (¢)/K) =< X >
with A(¢) = ¢ where a? = 1 (mod 2"~ !). It follows that the only possibilities of a
(mod 2"~ 1) are a = —1, &1 + 2772,

It follows that we have four type of groups and three choices for A(¢) and
thus we should deal with 12 situations. Fortunately many situations behaves quite
similar. And if we abuse the terminology, we may even say that some situations
are ”semi-equivariant” isomorphic (but it may not be equivariant isomorphic in the
usual sense). Hence they obey the same formulae of changing the variables. After
every situation is reduced to a final form we may reduce the rationality problem of
a group of order 2" (n > 4) to that of a group of order 16.

Let gec I x(g) be the representation space of the regular representation
of G. We will extend the actions of G and A to P 5 K(C) - x(g) by requiring
p(¢) = ¢ and A(z(g)) = x(g) for any p € G. Note that K(G) = K(z(g9) : g € G)¢ =
{K((x(9) 1 g € G)}9 = K()(a(g) : g € G)=F>.

We will find a faithful subspace Py« ;<3 K(¢)-z; of B, ,cq K(()-z(g) such that
K(¢)(zo, 21, 22, 23) <> (y1,- -+ ,y12) is rational over K where each y; is fixed by G
and A. By Theorem 2.1, K(¢)(x(g) : g € G)<*> = K({)(xo, x1, T2, 23) <% > (X7,

-, Xn) where N = 2" — 4 and each X; is fixed by G and . It follows that K(G)

<G,A> (

is rational provided that K({)(zo,x1,z2,T3) Y1, ,Y12) is rational over K.

Define
vi= > (o)), w= ) (Ya())
0<j<2n—1-1 0<j<an—1-1
where a is the integer with A(¢) = ¢“.
We find that o : vy — vy, v — (Pvy, A : vy — vy — V7.
Define xg = vy, 1 =7 -v1, X2 = vy, T3 =T - Vs.

It follows that
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. k a ak
o:xo— (T, T1+— "Xy, T2 (Cx2, T3 — (3,

. a
Ao = T > To, T1 > T3 T, (Y
T.:Xoghr— X1 — €Xg, o +— T3 > €T,

TN :Xg+— T3> €rg, T1 > €Ty, To+— x1, (+— (°
where (i) e =1 if G # Q(2"), and (ii) e = —1 if G = Q(2").
Case 1. k= —1,ie. G=D(2" 1) or Q(2").
Throughout the discussion of this case, we will adopt the convention that e = 1
if G = D(2"7 1), while e = —1 if G = Q(2").
Subcase 1.1. a = —1, i.e. A(¢) = (L

n—1

It is easy to find that K (¢)(zo, 1,72, 23)<7 = K({)(23 ,xor1,ToT2, T173).

Define

n—1

2
Yo =Ty 5 Y1 = Tox1, Y2 = ToT2, Y3 = T1T3.

It follows that

n—1

ANiyo Yo ys Y1 YL Y3, Yo Ye, Y3 — s, C e (L

n—1

T:y0+—>y0_1yf y Y1 €Y1, Y2 > Ys = Yo,
Define
_2n72 _2n73 n—3
20 = Yo, Yo Y3 y 1 = Y2Y3, 22 = Y2, 23 = Y1.-
We find that

. -1
Aizgr 1/20, 210 21, 227 20, 230 21/23, (= (7,
TZZ()I—>1/Z(), 21 — 21, ZQH,Zl/ZQ, Z3 — €z3.

It turns out the parameter n does not come into play in the actions of A and

T on zp, 21, 22, 3.
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By Theorem 2.1 K(G) = K(¢)(z0, 21, 22, 23) "> (X1, , Xn) where N =
2" —4 and AM(X;) =7(X;) = X; for 1 <i < N.

By Lemma 2.4 K(¢) = K(¢4) where A\(¢4) = ¢;*. Thus K(G) = K((4)(20, 21,
29, 23) N (XY, XN)

Denote G4 = D(8) or Q(16). Then K (G4) = K(C4)(20, 21, 22, 23) V7> (X1, -+ -,
X12). Since K(G,) is rational over K by Theorem 1.6 (see [Kal, Theorem 1.3]), it
follows that K(C4)(z0,- -+ ,23) <M (X1, -, X12) is rational over K. Thus K ({4)
(20, -+ ,23) M >(X1,---, Xy) is rational over K for N = 2" — 4. The last field is
nothing but K(G). Done.

Subcase 1.2. a = —1+2""2 ie. \(() = —CL.

The actions of o, 7, A, TA are given by

. -1 -1
o :xg— (To, T1— (1, Tz > —( T2, Tz —(X3,
\:Zo > To Xy, T1— Ty x1, (— —C 7t
T.Toghr— X1 — €Xg, T +— I3 > €T,

TN :Xg— T3> €Tg, T1 > €Ty, To+— Ty, ( — —C_l
Define yo = 5‘7(2)"_17 Y1 = Tox1, Y2 = ToX3, Y3 = $51_2n_25€3- Then K(¢)(xo,
-+, x3)<7” = K(¢)(yo0, - ,ys3). Consider the actions of 7A and 7 on K(¢)(yo, - - ,

y3). We find that

n—2 on-1 _1-97—3 _1_9n—2 —
A iyo — Y2 yE ey y, Y eyt 2 Yzt 2, (e —CT
. -1, 2771 —1-2"72 1
T Y — Yy Y1 y Y1 €Y1, Y2 > €Y2, Y3 > €Yy Y2Yys .
Define

. . 1 . 1+2n 4 2n 4 2n 4 1+2n 3
20 = Y1, 21 =Y1 Y2, 22 = YoY1Yo Z/37 Z3 = Yo Yp Yo Ys .

We find
TA: 20— €2021, 21— 1)z, 200 1)z, 23— €21 '25 23, (> —( 71,

T .20 €29, 21 > 21, 29 1/22, 23'—>621/23.
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By Lemma 2.4 we may replace K(¢) in K(¢)(z0, 21, 22, 23) <™ ™ by K((4)
where TA((4) = C4_1. Then we may proceed as in Subcase 1.1. The details are
omitted.

Subcase 1.3. a =1+ 2""2 ie. A\(¢) = —(.

Note that (? € K and ¢? is a primitive 27 2-th root of unity. Thus we may
apply Theorem 3.2. Done

Case 2. k=1+2""2 ie. G=M(2").

Subcase 2.1. a = —1, i.e. A(¢) =(¢ %

The actions of o, 7, A, T\ are given by

o1 xg — (xo, 21— —(x1, T2 (lag, xg e —(as,
A @g > Ty — Lo, X1 T3 w1, (=

T :Xo > X1 — X, To > T3+ Ta,
TA:Xg > T3 — Xg, T+ Ty — T, Cr—>C71.

Define Xg = xg, X1 = x4, Xo = 23, X3 = x1. Then the actions of o, 7, A on
Xo, X1, X5, X3 are the same as those of o, T\, 7, on xg, 1, T2, x3 in Subcase 1.2
for D(2"~1) except on ¢. Thus we may consider K (¢)(Xo, X1, X2, X3)<%7*> (Y, -,
Y12). Hence the same formulae of changing the variables in Subcase 1.2 can be
copied and the same method can be used to prove that K (¢)(Xo, X1, Xo, X3)<o7*>
(Y1,--+,Y19) is rational over K.

Subcase 2.2. a = —1+2""2 ie. \(() = —(L.

The actions of o, 7, A, TA are given by

o1 xo — (xo, 71— —(a1, T2 — —( ' we, 23— (T las,
A1 Tg > 2o — Tg, 1> T3 — T, (= —(7,
T :Xg > X1 Tg, Tg b= Ty — Ta,

TA 1 Tg > T3 — T, T1 > To — a1, (— —(



17

Define Xy = g, X1 = x3, Xo = 29, X3 = x1. Then the actions of o, 7, TA
on Xg, X1, X9, X3 are the same as those of o, T\, 7, on xg, x1, T2, 3 in Subcase
1.2 for D(2"71). Hence the result.

Subcase 2.3. a =1+ 2""2 ie. A\(¢) = —(.

Apply Theorem 3.1.

Case 3. k=—1+2""2ie. G=SD(2" 1.

Subcase 3.1. a = —1, i.e. A(¢) = (L

The actions of o, 7, A, T\ are given by

o1 xo— (To, T —( wy, w2 — (lag, x> —(as,
Ao Ty > 3o, Ty 2y o1,
T X+ Tl Tg, T b Ty — Ta,

TA:Xg > T3 +— Tg, T1 > T — X1, Q»—>C_1.

Define Xy = zg, X1 = 2, Xo = x1, X3 = x3. Then the actions of o, 7A, A
on Xg, X7, Xo, X3 are the same as those of o, T\, 7, on xg, x1, T2, 3 in Subcase
1.2 for D(2"1) except on ¢. Done.

Subcase 3.2. a = —1+2""2 ie. A(() = -1

gn=1 142n2

—1 —1
Define yo = 25 , 1 = x, T1, Yo = x] T2, Y3 = T, x3. Then

K(¢)(xo, 1,22, 23)<7” = K({)(yo, Y1, y2,y3) and

_1_on—2 n—1 _1_on—3 n—2
L T T N T R TN T A Vo
n—1 n—2 _ —_ _
TA 1Yo = YoYs Y1 YiYeys TS L e ys Lys — s, (e =T

. 1_’_21173 _21172 _2n73 2n—3 . 2n—4 1_2n73 _2n74 2n—4 .
Define zo = y; Y1 Yo Ys s 21 =Y Y Ya Y3 5 22 =

Y2, 23 = y2_13/3- It follows that K(C)(y07y17y27y3) = K(C)(207217227z3) and

T: 20— 1/20, 21— 21/20, 22 /> 2223, 23 > 1/23,

TN : 29— 20, 21 — zlzgzg, 29— 1/29,23— 1/z3, ( — —¢ L
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Thus we can establish the rationality because we may replace K (¢) by K ((4)
as in Subcase 1.2.

Subcase 3.3. a =1+2""2 ie. A\(¢) = —(.

Apply Theorem 3.3.

Thus we have finished the proof of Theorem 1.7. [



[AHK]
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