FIELDS OF INVARIANTS OF FINITE LINEAR GROUPS
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1. INTRODUCTION

Let G be a finite group of order n and let k be a field. Consider a rational
(i.e., pure transcendental) extension K /k of transcendence degree n. We
may assume that K = k({z,}), where g runs through all the elements of
G. The group G naturally acts on K via h(z,) = xp,. E. Noether [Noel3]
asked whether the field of invariants K¢ is rational over k or not. On the
language of algebraic geometry, this is a question about the rationality of
the quotient variety A"/G.

The most complete answer on this question is known for Abelian groups.
Thus, if G is Abelian of exponent e, chark does not divide e and k contains
a primitive eth roots of unity then A"/G is rational [Fis15]. On the other
hand, over an arbitrary field k the rationality of A"/G is related to some
number theoretic questions. In this case A”/G can be non-rational [Swa69]
(see also [Vos73], [EMT73], [Len74]).

Noether’s question can be generalized as follows.

Problem 1.1. Let GG be a finite group, let V' be a finite-dimensional vector
space over an algebraically closed field k, and let p: G — GL(V) be a
representation. Whether the quotient variety V/G is rational over k?

Note that V/G has a natural birational structure of P'-fibration over
P(V)/G admitting a section. So we have the following easy

Proposition 1.2 ([Miy71], [KV89]). V/G is birationally equivalent to
P(V)/G x P

Therefore the rationality of P(V')/G implies the rationality of V/G. The
inverse implication is not known (cf. [BCTSSDS85]). The affirmative answer
to the Liiroth problem gives us the rationality of P(V)/G (and therefore
V/G) for dim V' < 3 over any algebraically closed field, cf. [Burb5, Ch. 17].
Thus dim V' = 4 is the first nontrivial case.

Most of this survey is devoted to reviewing the current status of this
problem in the special case where V is of dimension four. We refer to
surveys [For84], [Dol87], [KV89], [Haj00], [CTS05] for other aspects of 1.1.

If the representation G — GL(V) is not irreducible, then the de-
composition V' = V; @ V, gives us a G-equivariant P!-bundle structure

The work was partially supported by grants CRDF-RUM, No. 1-2692-MO-05 and
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P(V) — P(V})xP(V,), where P(V') is the blowup of P(V') along P(V;)UP(V3).
Obviously, this P!-bundle has a G-invariant sections, exceptional divisors
over P(V4) and P(V3). Therefore, P(V)/G ~ (P(V}) x P(V3))/G x Pt 1If
dim V' = 4, this implies the rationality of P(V')/G. Thus, in the rationality
question of P?/G, we may assume that G C GL(V) is irreducible.

Definition 1.3. Let G C GL(V) be a finite irreducible subgroup. We say
that G is imprimitive of type (mF) if V is a nontrivial direct sum V =
Vi@ - @V with dimV; = m such that gV; =V} for all g € G. If such a
direct splitting does not exists, G is called primitive.

As a consequence of Jordan’s theorem [Jor70] one can see that modulo
scalar matrices in any dimension n there is only a finite number of primitive
finite subgroups G C GL(n,C). Lower-dimensional primitive groups have
been completely classified, see references in [Fei7l, §8.5].

1.4. Let G C GL(4,C) be a finite subgroup. By 1.2 we may regard G mod-
ulo scalar matrices. Following [Blil7] we reproduce the list of all primitive
subgroups G C GL(4,C) modulo scalar multiplications. In particular, we
assume that G C SL(4,C). Notation are taken from [Fei71, §8.5] with small
modifications. Here o is the order of the group and z is the order of its
center, G denotes some central extension of G.

(I) A x B/Z, where A, B are two-dimensional primitive subgroups in
SL(2,C) and Z is the central subgroup of order 2 which is contained
in neither A nor B,
(V) 2215, 65, 0 = 60, 120, z = 1,
(VI) g, Sg, o0 =360z, 720z, z = 2,
(VIT) 27, 0= (3T)z, 2 =2,
(VIII) SL(2,F5), 65 o=060z, 120z, z = 2,
) SL(2,F7), 0=168z, z = 2,
)
)

(IX
(X G25920, 0 = 259202, AR 2,
(XI) G is such that N € G C M C SL(4,C), where N a special imprim-

itive subgroup of order 32 and M is its extension by the automor-
phism group, |M| = 32-6!.

Note that (XI) is the biggest class. It includes also three groups from (I).
We discuss the rationality problem of P3/G for primitive and imprimitive
subgroups in GL(4,C) in case by case manner.

Notation. Throughout this paper we will use the following notation unless
otherwise specified.

e X =~ Y denotes the birational equivalence of algebraic varieties X
and Y.
e P(ay,...,a,) denotes the weighted projective space.

e Z(G) usually denotes the center of a group G.
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e G, and 2, denote the symmetric alternating groups on n letters,
respectively. Let &,, acts on C" by permuting the coordinates x;.
The restriction of this representation to the invariant hyperplane
> x; = 0 we call the standard representation.

e T O, I cC SL(2,C) are binary tetrahedral, octahedral, and icosa-
hedral groups, respectively. There are well-known isomorphisms
T/Z(T) ~ Ay, O/Z(0) ~ Sy, 1/Z(I) ~ A5, T ~ SL(2,F3), and
I~ SL(2,F5).

e If V is a vector space, then P(V') denotes its projectivization and
for an element x € V, [z] denotes the corresponding point on P(V').

For the sake of simplicity, we work over the complex number field C.
However some results can be extended for an arbitrary algebraically closed
field (at least if the characteristic is sufficiently large).

Acknowledgements. I express my thanks to V.A. Iskovskikh for many
stimulating discussions on the rationality problems. I am grateful to F.A.
Bogomolov for helpful suggestions and Ming-chang Kang for very useful
corrections and comments.

2. GrRoOUPS OF TYPE (I)

In this section we follow [KMP92]. Regard V' = C* as the space of 2 x 2-
matrices. The group SL(2,C) x SL(2,C) acts on V from the left and the
right. Therefore, for any two subgroups G, Go C SL(2, C) there is a natural
representation ¥: G; X Gy — SL(V). Denote G := ¥(G1,G2) C SL(V).
For U(T, T), ¥(T,0), ¥(T,I), ¥(0,0), ¥(0O,I), and U(L,I) we get primitive
groups of type (I) (they are denoted by 1°, 3°, 4°, 5°, 6°, and 7° in Blichfeldt’s
classification [Blil7]).

Theorem 2.1 ([KMP92]). The variety P2/G is rational for G = ¥(T,T),
U(T, 0), ¥(T,I), ¥(0,0), ¥(LI).

Another proof of the rationality of P3/G for G = ¥(T,T), ¥(T,O),
U(0,0) will be given in §3.

Proof. We have
P(V)/G=V/(G-C") =~ SL(2,C)/G ~ G;\SL(2,C)/Gs.

The affine variety G1\SL(2,C) is a homogeneous space under the action of
SL(2,C). In all cases G; = T, O, and I, there is a natural non-singular
projective compactification W of G1\SL(2, C) with Picard number one. We
describe this construction below.

Denote by M,, the space of binary forms of degree n. In the case G; =T,
the group T has two semi-invariants

Ty, Ty =] £ 2V =3 3t5 + 15 € M,
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(see [Web96, vol. 2], [Spr77, §4.5]). Let Wy := SL(2,C) - [x4] C P(My) = P4
be the closure of the SL(2,C)-orbit of [x4] € P(My). This set is SL(2,C)-
invariant and contains an open orbit isomorphic to T\SL(2,C). On the
other hand, there is a non-degenerate symmetric bilinear form ¢( , ) on My
(see [Web96, vol. 2], [Spr77, §3.1]). For an element a € T of order 3 one has
a - Ty = wry, where w is a primitive 3-th root of unity. Therefore,

Q($47 134) = Q(a c Xy, Q- $4) = WZQ(M, $4),

so that ¢(z4,z4) = 0. Thus the variety W5 is defined by the equation
q(x, ) = 0. This shows that W, C P* is a smooth quadric.

Similarly, in cases G; = O and I by [Web96, vol. 2] or [Spr77, §4.5], the
group O (resp. I) has a semi-invariant

Tg = tltg(tzll - té) c Mﬁ,

(resp. invariant @1y = t1to(t7° + 1185t — £5°) € Myo).
By [MUS83] the closure W5 := SL(2,C) - [z¢] C P(Mg) = P° (resp. Wiy :=
SL(2,C) - [x12] C P(My3) = P'?) is a smooth compactification of @\ SL(2, C)
(resp I\SL(2,C)).

Remark 2.2. Varieties W5, W5, and Wy are smooth Fano threefolds with
p = 1. One has PicW =7 - H and —Ky ~ rH, where H is the class of
hyperplane section and r = 3, 2, and 1, respectively. The theory of SL(2,C)-
varieties with an open orbit was developed from the minimal model theoretic
viewpoint in [MUS83], [Ume88|, [Nak89]. The main result is as follows: for
any smooth SL(2,C)-variety X with an open orbit, there is a sequence of
SL(2,C)-equivariant birational morphisms X = X; — -+ — X, =Y,
where each X; is smooth, X; — X, is the blow-up of a smooth SL(2, C)-
invariant curve, and Y is a so-called minimal SL(2,C)-variety. Minimal
SL(2,C)-varieties are completely classified. In case when the stabilizer of a
general point is I (resp., @, T), there is only one case Y = Way (resp., Wi,
W3). In cases when the stabilizer is dihedral or cyclic group, the situation
is more complicated: either Y ~ P3 or Y has the form Pg(&), where S is a
smooth surface admitting an SL(2, C)-action or P! and & is an equivariant
vector bundle of rank 4 — dim S. A complete description of pairs (5, &) is
given.

Now we consider the following cases.
1) G =Y(T,T). Then

P(V)/¥(T, T) ~ T\SL(2,C)/T ~ Wa/T.

The point [z4] € Ws is T-invariant. Projection from this point gives a
birational isomorphism W, /T a P3/T. The last variety is obviously rational
(because T has no irreducible four-dimensional representations).
2) G = Y(I,T) or ¥(I,I). As above, P(V)/G =~ Wy /G, and the point
P = [z13] € Wy is Ge-invariant. Since the point P is contained in an
4



open orbit, it does not lie on a line [MU83]. Triple projection from P (the
rational map given by the linear system | — Ky — 3P|) gives a birational
G-equivariant map Wy, --+ P3 [Tak89], see also [IP99, §4.5]. Therefore,
P(V)/G ~ Wy /Gy ~ P3/Gy. If Gy = T, the last variety is rational, as in
case 1). In the case Gy = I, the rationality of P?/Gy will be proved below.

3) G = ¥(O,T) or ¥(0,0). Then P(V)/G ~ Ws/G2 and the point
P := [zg] € W5 is Ga-invariant. Double projection from P (i.e., the rational
map defined by the linear system | — 1/2Ky, — 2P|) gives a Go-equivariant
rational map Wy --» P? [KMP92], [FN89]. There is the following diagram
of Gr-equivariant maps

W= == W
o, b
W5_ 1£ >]P>2

where o is the blow up of P, x is a flop, and ¢ is a Pl-bundle. Let S :=
o~ (P) be the exceptional divisor and let ST be its proper transform on WT.
Then ST is a Gy-invariant section. Therefore, the quotient W+ /Gy — P2 /Go
has a birational structure of P!-bundle. This implies that P?/G ~ W /G,
is rational. 0

The rationality of P3/¥(0,1) is an open question.

Theorem 2.3. Notation as above.

(i) P*/0(O, 1) ~ Wan /O ~ Wi/I.
(ii) P3/W(O,T) is stably rational. More precisely, P3/¥(Q,I) x P? is
rational.

Proof. (i) follows by the above arguments. We prove (ii). Put V := C3.
There is a faithful three-dimensional representation 25 — GL(V') that in-
duces an action of 25 on P? = P(V'). We have the following fibrations

(W5 x P?) /25

ST
Wy /2s5 P2 /A5

where f (resp. g) is a generically P? (resp. Ws)-bundle in the étale topology.
Since the action of A5 on P? is faithful, the map f admits a section. Put
X = (W5 x P%)/5 and K := C(P?/2s). Then X ~ W;/s x P2 On
the other hand, X := X ® K is a smooth Fano threefold of index 2 and
degree 5 (see [IP99]) defined over a non-closed field K. A general pencil of
hyperplane sections defines a structure of del Pezzo fibration of degree 5 on
Xk. By [Man86, Ch. 4] the variety X is K-rational (cf. Proof of Theorem
5.2, case I'],). O
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3. THE PRIMITIVE GROUP OF ORDER 64 - 6! AND THE SEGRE CUBIC

In this section we prove the rationality of quotients of P? by primitive
groups of type (XI) with two exceptions. We also give an alternative proof
of the rationality P2/G for groups of type (I) for (4, B) = (T, T), (T,0),
(0,0). This section is a modified and simplified version of [KMP93] but
basically follows the same idea.

The primitive group of order 64-6! ([Blil7]). Let Qs C SL(2,C) be the
quaternion group of order 8. We may assume that Qs = {+F, +1,+J, +K},
where

(T ) () )

Regard V' = C* as the space of 2 x 2 matrices. The group Qg x Qg naturally
acts on V' by multiplications from the left and the right. This induces a
representation
p: Qs x Qs — SL(V).

The image of p is an imprimitive group of order 32 isomorphic to (Jg X
Qs/{£1}. Indeed, Qg X Qg interchanges the one-dimensional subspaces V; C
V generated by e; := E, ey := I, e3 := J, and e4 := K. Denote by N
the subgroup of order 64 in SL(V) generated by p(Qs X Qs) and scalar
multiplications by y/—1. Let M C SL(V) be the normalizer of N. We
study the rationality question for different subgroups of M.

The group M naturally acts on A2V ~ C® as an imprimitive group (see
[Bli17]). This easily follows from the fact that the image of N in GL(A*V)
is an Abelian group. The eigenvectors

wig2:€1/\62+€3/\64, w{%::el/\eg—i—eg/\e4, wﬂ::el/\e4+62/\63,
Wiy :=eyp Neg—egNey, w3 =eNeg—exNey, wy:=eNeg—exNes

form a basis of A2V. This gives a decomposition
6
2
(3.1) /\ V:@Wi; VVi:C'w;'l,:k
i=1

such that N - W; = W;. The group M /N permutes subspaces W, and is
isomorphic to the symmetric group G4. Thus we have the exact sequence

(3.2) l—N-—M-"6; —1

and any finite group containing N as a normal subgroup is uniquely deter-
mined by its image under 7: M — Gg.

Example 3.3. It is easy to see that the matrix S =
H—\/‘gDiag(\/—l,\/—l,l,l) is contained in M. The action on A%V is
as follows

+ — + + + +
wiy — —v—lwp, Wiz = —Wys, Wyy = —Wyy,
— J’_ — — — —
wiy — —v—=lwpy, Wz = —Wss, Wiy = —Wyy-
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Therefore, S is a transposition (1,2) in M/N = &¢. Similarly, the matrix
B = %jl Diag(1,1,1,—1) also normalizes N. The corresponding substi-
tution in &g is (1,2)(3,4)(5,6) (odd element of order 2).

Remark 3.4. The group N/Z(N) = Qs x Qs/{£1,+1} is Abelian of order
16 isomorphic to (Fy)?. The exact sequence (3.2) induces an embedding
G¢ — AutFj ~ SL(4,F,).

The results.

Theorem 3.5 ([KMP93]). The quotient P2/N is isomorphic to the Iqusa
quartic Ty C P* (see below).

Theorem 3.6 ([KMP93|). Let G C SL(4,C) be a finite group having a
normal imprimitive subgroup N of order 64. Then P3/G is birationally iso-
morphic to the quotient of the Segre cubic S3 C P* by G/N, where the
action of G/N on P* is given by the composition of the canonical embedding
7: G/N — &g, an outer automorphism \: G5 — B¢ (see, e.g., [Mil58]),
and the standard action of &g on Ss.

Corollary 3.7 ([KMP93]). In the above notation, the variety P2 /G is ratio-
nal except possibly for the following two groups (we use Blichfeldt’s notation
[Bli17]):

20° |G| = 64 - 360 and G/N =~ s,

17° |G| = 64-60, G/N ~ 5, and 7(G/N) C Sg as a transitive subgroup.

Corollary 3.8. In cases 20° and 17° above, the variety P*/G is birationally
isomorphic to Ss/\ o w(G/N).

Note that in case 17° one of the z; is A o m(G/N)-invariant.

Segre cubic. Regard the variety S3 given by the following equations
1+ 2o+ T3+ x4+ T+ Tg :0,

3.9
(3.9) i+ +ad+ad+ad =0

as a cubic hypersurface in P*. This cubic satisfies many remarkable prop-
erties (see [Seg63], [SR49, Ch. 8], [DOS88]) and is called the Segre cubic.
For example, any cubic hypersurface in P4 has at most ten isolated singular
points, this bound is sharp and achieved exactly for the Segre cubic (up to
projective isomorphism). The symmetric group S acts in Sz in the stan-
dard way. Moreover, it is easy to show that Aut(S;) = g (see e.g. [Fin87]).
We refer to [DO88] and [Koi03] for further interesting properties of Sj.
The singular locus of 83 consists of ten nodes given by

(310) Tiy = Ty = Tjg = —Tjy = —Tiy = —Tig,
where {iq,19,13,14,15,56} = {1,2,3,4,5,6}. We denote such a point by

P[ZZZ;} For example, P[;i?} = (1,1,1,—1,—1,—1). It is easy to see
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that P[Zzz:] = P[ﬁjijﬂ if and only if corresponding matrices are ob-
tained from each other by permutations of rows and elements in each row.

Hence there is an Gg-equivariant 1-1-correspondence
Sing(S3) «— {Sylow 3-groups in &g4}.
Since the action of &g on Sing(S3) is transitive, the stabilizer St(P[Z::])
of P [22222} is a group of order 72. For example, St(P [;i?
63 X 63 and (1,3)(2,4)(3,5)
Further, there are 15 planes on S (see e.g. [Fin87]). Each of them is
given by equations

D is generated by

(3.11) Ty, + Ty, = Tiy + Tiy = Tyy + 35 = 0,
where {i1, 19,13, 14, 15,76} = {1,2,3,4,5,6}. Denote such a plane by II [ZZ:Z}
and the set of all the planes on S3 by Q. It is easy to see that H[Z?zﬂ =

[jl’jQ’j3] if and only if corresponding matrices are obtained from each other

Ja,J5,J6
by permutations of columns and elements in each column. Thus there is an
Sg-equivariant 1-1-correspondence

Q — {(il,i4)(i2,i5>(i3,i6)} C 66.

For o = (i1, i4)(i2,75) (i3, %), We often will write II(c) instead of H[il’m’is]-

14,15,16
Corollary 3.12. St(Il(0)) = Z(0) and |Z(o)| = 48.
Comparing (3.11) and (3.10) one can see the following facts.

a) Every plane II(o) contains exactly four singular points and there
are six planes passing trough every singular point.

b) Il(oy) N1I(oy) = {P[ZZZEZ}} = 01009 = (i1, 19, 13)(i4, i5, ig).
c¢) I(oy) N1I(o2) is a line <= o7 and oy contain a common transposi-
tion.

Recall that there exists an outer automorphism A: & — Gg (see, e.g.,
[Mil58]). For any standard embedding &5 C &g, the subgroup \(Ss) is a
“non-standard” transitive subgroup isomorphic to G5. We need the following
simple lemmas.

Lemma 3.13 (cf. [SR49, pp. 169-170]). Let G C Sg be a subgroup of order
120 (isomorphic to S5). One of the following holds:

(i) G is not transitive, then G N St(Il(0)) is of order 8 and G acts on
Q transitively;

(ii) G is transitive, then the order of G N St(Il(0)) is either 12 or 24
and € splits into two G-orbits ' and Q" consisting of 10 and 5
planes, respectively. A plane 11(o) is contained in ' if and only if
o € G. Moreover, every two planes from Q" intersect each other at
a (singular) point.



Proof. (ii) Assume that there are two planes I1(oy),[I(09) € Q" such that
[I(o1) N II(o9) is a line. Then oy and o9 contain a common transposition
and 01,09 ¢ G. This is equivalent to that oy o 0y is an element of order 2.
But then A(o7), A(02) are two transpositions such that A(o1) o A(o9) is an
element of order 2 and both A(oy), A(02) are not contained in a standard
subgroup G5 C Gg4. Clearly, this is impossible. O

Lemma 3.14. Let I1 = II(0) be a plane on S3 and let ‘H be the pencil of
hyperplane sections through I1. Let Q be the pencil of residue quadrics to 11
(i.e., H =114 Q). Then the base locus of Q consists of four singular points
of S contained in I1 and a general member of Q is smooth.

Proof. Tt is sufficient to check statement only for one plane. In this case it
can be done explicitly. O

Igusa quartic. Consider the dual map ¥: S3 --» P* sending a smooth
point P € &3 to the tangent space Tps,. Let S§ = V(S;) be the dual
variety.

Lemma 3.15 ([Koi03], [DO88|). The map V: S3 --» S5 is birational and
deg &5 = 4.

Proof. Assume that W is not birational. Then for a general P € S3 there
is at least one point P’ # P such that W(P) = W(P’). This means that
tangent spaces Tps, and Tpr g, coincide. We may assume that P, P’ are
not contained in any plane II(c). The line L passing through P and P’ is
contained in S3. This line meets some plane I = II(0) C Ss. Thus the linear
span (L, IT) is a hyperplane in P*. Tt is easy to see that (L, IT) NS = TTUQ,
where () is a two-dimensional quadric. Clearly, T'po = T . This is possible
only if ) is a quadratic cone. By Bertini’s theorem its vertex is contained
in II. This contradicts Lemma 3.14.

Therefore, V¥ is birational and a general tangent hyperplane section Tp s, N
S3 has exactly one node. This implies that a general pencil H of hyperplane
sections of &3 is a Lefschetz pencil. Let Hy,..., H, be singular members
of H. Ten of them pass through singular points of S;. Hence the degree
of 8§ C P* is equal to r — 10. Finally, it is easy to compute that the
topological Euler number of a cubic hypersurface in P* having only nodes
as singularities is equal to m — 6, where m is the number of singular points.
Using this fact one can see that yiop(S3) =4 =9(2 —r) +8r, so r = 14 and
deg S5 = 4. O

Therefore, S; is a hypersurface of degree 4 in P4. This famous quartic is
called the Igusa quartic (cf. [DO8S], [K0i03]) and denoted by Z,. An inter-
esting fact is that Z, is the compact moduli space of Abelian surfaces with
the level two structure. By the above, there is an Gg-equivariant birational
map ¥: 83 --» Z,. We need the following characterization of Z, in terms of

the action of Gg.
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Lemma 3.16. The image of every plane I1 = Il(o) is a line on 8. There-
fore, 83 contains an Sg-invariant configuration of 15 lines such that the
action on these lines is transitive. Moreover, the above 15 lines form
the singular locus of 8§ and the stabilizer of such a line is Z(o), where

o = (/i17 iQ)(i37 i4)(i57 26)
Proof. The tangent space Tps, at P € II contains II. Hence Tps, is con-

tained in the pencil of hyperplane sections passing through II. The fact that
U(IT) C Sing(Sy) can be checked by direct computations, see [Koi03]. O

Lemma 3.17. Let X C P* be an Gg-invariant quartic under the standard
action of Gg on P*. Assume that there is an odd element o € G of order 2
such that

(i) the fized point locus of o on P* is a disjointed union of a line L and
a plane 11,
(i) L is contained in X.

Then X is the Igusa quartic (up to projective equivalence) and L C Sing(X).

Proof. 1t is clear that X must be defined by an invariant ¢ of degree 4.
On the other hand, modulo » z; there are exactly two linearly independent
invariants of degree 4: s, and s3, where s; := >_ x¢. Hence, ¢ = asy + (53,
a, B e C.

Applying a suitable automorphism of Gz we may assume that o =
(12)(34)(56). Therefore, L is given by the following equations:

Ty =Ty, T3=1T4, T5=2Ts, 1+ T3+ x5=0.

On the other hand, in the pencil ¢ = asy + 3s2 there is exactly one quartic
containing such an L. 0

Invariants of .

Lemma 3.18. The ring of invariants Clx,y, z,u]" is generated by the fol-
lowing elements of degree 4:

fl — x2u2 + y222’ f2 — $2Z2 + y2U/2, f3 — x2y2 + 22u2,
fa=at+yt+ 2+t fs = 2y,

The only relation is

(3.19)  (fu+2fi+2fo+2fs) (fifofs = Fuf2 +202(F + o+ ) )~
— (fifa+ hfs+ fsfi +4f2) = 0.

Proof. Indeed, it is easy to see that all the f; are N-invariants. Hence,
Clfi,..., fs] € Clz,y, 2,t]V. Now it is sufficient to show that

[C('I’ Y, z, U’) : C(fb f27 f37 f47 .fS)] = ’N’ = 64.

Using the following relations

[C(fla f27 f37 f47 f5> : C(fl? f27 f37 f4a f52>:| =2,
10



[C(f17f27f37f47f52) : C(mu—i—yz,xz—i—yu,xy + ZU,ZE2 + ?/2 + 22 + u2af5)} = 167

[C(xu + yz, xz + yu, vy + 2u, x2+y2+22+u2, f5) :
:Clru+yz, xz +yu, zy+ zu, x +y+ 2+ u, f5)] =2

we get the desired equality. Relation (3.19) can be checked directly. It is
easy to see that the quartic given by (3.19) is smooth in codimension one.
Hence it is irreducible and (3.19) is the only relation between the f;. U

Lemma 3.20. The quartic X :=P3/N given by (3.19) is singular along 15
lines Ly, ..., Lis. Moreover, &g acts on the L; transitively.

Proof. This can be obtained immediately from equation (3.19) but we prefer
to use the quotient structure on X. The group N/Z(N) is an Abelian group
of order 16 isomorphic to (u,)*. Every non-trivial element a € N/Z(N)
fixes points on two lines L) C P3, i = 1, 2. Thus in P? there are 30 lines
whose general points have stabilizer of order 2. The images of the L! are
contained in the singular locus of X. 0

Proof of Theorem 3.5. Put X := P3/N and fix the embedding X «— P*
by the f;’s. Clearly, the group &4 ~ M /N naturally acts on X. Since
PicX ~ Z - (—Kx), the action is induced by a linear action on P*. The
transposition S from Example 3.3 acts on the f; by the diagonal matrix
Diag(1,1,—1,—1,1). In particular, it is not a reflection. This shows that
up to scalar multiplication the action of G5 on X C P* is given by the
composition of the standard action of G5 on P* and the outer automorphism
A. Now it is sufficient to show that Sing(X) contains a line L such as in
Lemma 3.17. Indeed, the fixed point locus of S on P* consists of disjointed
union of the plane f3 = f; = 0 and the line f; = f, = f5 = 0 contained in
X. Moreover, X is singular along f3 = f; = 0. Thus Lemma 3.17 can be
applied and X ~ Ss. O

Proof of Theorem 3.6 and Corollary 3.7. Consider any subgroup G such
that N C G C M. By Theorem 3.5 the quotient P*/N is the Igusa quartic
7, C P4, where the action of G/N = &4 on P is given by the composition of
the canonical embedding 7: G/N — M/N = &g, an outer automorphism
A: G5 — B¢, and the standard action of G5 on P*. Thus P?/G ~ Z,/(G/N).
By Lemma 3.15 there is an Ggz-equivariant birational map Z, --+ S3. Hence
P?/G =~ S3/(G/N). This proves Theorem 3.6.
To prove Corollary 3.7 we consider two cases.

3.21. G/N has a fixed point P € Sing(S;). Projection from this point
is G/N-equivariant, and therefore S3/(G/N) is birationally equivalent to
P?/(G/N), where G/N is a group of order < 72. Corollary 3.7 in this case
follows from the rationality of P*/(G/N).

3.22. 7(G) is a subgroup of some &5 C &4, a standard (non-

transitive) permutation group. This exactly means that one of the
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W; (see (3.1)) is an eigenspace for G. Then P?/G ~ S3/(G/N), where G/N
is embedded into a transitive &5. By Lemma 3.13 there is a G-invariant
set Q" of 5 planes II; = II(0;) and II; N 1I; C Sing(Ss3) for i # j. We claim
that there are exactly two planes II; € " passing through every singular
point. Indeed, this follows by the fact that G5 transitively acts on the set
of Sylow 3-subgroups in Gg. Further, for every singular point P € Ss, there
is exactly two small (possibly non-projective) resolutions pp: S3 — S3 and
tp: 8 — Ss. Recall that a birational contraction is said to be small if
it does not contract any divisors. For one of them, say for up, the proper
transforms II; of planes II; € " does not meet each other over ,u;l(P). Thus
there is exactly one small resolution p: S3 — Ss of all singular points such
that the proper transforms II; of the planes II; € ©” are disjointed. This
resolution must be Gx-equivariant (cf. [Fin87, §5]). By our construction,
I, ~ P2. Tt is easy to check that the II; satisfy the contractibility criterion,
ie., 1:[7;|ﬁi ~ Op2(—1). So there is an Gs-equivariant contraction ¢: S5 — W
of Moishezon complex manifolds. Since Pic Sz ~ Z®® (see [Fin87]), we have
Pic W ~ Z. Obviously, the anticanonical divisor — Ky is effective and divis-
ible by four in PicW. By [Nak87] the variety W is projective and W ~ P3.
Therefore, we have P?/G ~ S3/(G/N) ~ P3/(G/N), where (G/N) is a sub-
group of &5. The latter reduces the question of rationality of P3/G to a
smaller group G of order < 120. This will be discussed below.

In fact, it will be shown in §4 that there is another (different from : Sz —
S3) small projective G/ N-equivariant resolution pu*: S — Ss and there is a
G /N-equivariant P!-bundle structure on S (see Proof of Proposition 4.7).

To finish the proof of Corollary 3.7 we note that, except for 20° and 17,
there are only two groups which do not satisfy conditions 3.21 or 3.22 above:
7(G) = G and 7(G) C S is a transitive S5. The ring of invariants C[S;3] ¢
is generated by symmetric functions so, s4, S5, Sg, where sp = Z?Zl k.
Therefore, S3/S¢ ~ IP(2,4,5,6) is rational. Consider the case when G/N ~
S5 and 7(G) C G is a transitive S5. Then G/N = &5 fixes some of
T1,...,76 on Sz. Assume that &5 - 75 = x6. The ring of invariants C[S;]¢
is generated by xg and s}, ..., s5, where s, = >0 x¥. Thus, C[S;]% ~
C[sh, s}, s, x6) and S3/65 ~ P(2,4,5,1) is rational. This proves Corollary
3.7. U

Remark 3.23. Another approach to the treatment of case 3.22 is to note
that there is a G/N-equivariant P!-bundle structure on S;. Indeed, consider
the family of lines £ = £(S3) on S3. Let Ly, ..., L, be all covering irreducible
components (i.e., components £; such that there is a line from £; passing
through a general point of S3). Since there is at most 6 lines passing through
a general point, r < 6. On the other hand, there is a hyperplane section of
the form ITy + I, 4 II3, where II; are planes. A general line from a covering
family meets exactly one of the planes Ily, Ily, II5. This shows that » > 3.

Using the action of &g of S3 one can see that » = 6. Therefore, each family
12



L; gives us (birationally) a P!-bundle structure on S3. Now it remains to
note that if G is such as in 3.22, then one of families £; is G/N-invariant.

4. GROUPS OF TYPES (V)-(X)

Case (X). Recall that an element g € GL(n,C) of finite order is said to
be (complex) reflection if exactly n — 1 eigenvalues are equal to 1. For

convenience of the reader we recall the following well-known theorem of
Chevalley and Shephard-Todd:

Theorem 4.1 (see [ST54], [Cheb5], see also [Spr77]). Let V = C" and let
G C GL(V) be a finite subgroup. The following are equivalent:

(i) G is generated by reflections,
(i) V/G ~C".

Outline of Proof. Let W :=V/G and f: V — W be the quotient morphism.

(ii) = (i). Assume the converse. Let Gy C G be the maximal subgroup
generated by reflections. Then the morphism V/Gy — W is étale over W\ Z,
where Z is of codimension of least two. On the other hand, m (V' \ Z) = {1},
a contradiction.

(i) = (ii). Put R := Clzy,...,2,]. First we claim that R is a free R%-
module. Let I C R be the ideal generated by homogeneous invariants of
positive degree.

Lemma 4.2. Assume that for some homogeneous elements y; € R and
2 € RY the following relation holds

(4.3) 2191+ -+ ZmYm = 0.

If 21 ¢ RCz + -4 RCz,, theny, € I.

Proof. We can the take y; so that degy; is minimal. If degy; = 0, then
applying the map \_c1:| >_gec 9 to (4.3) we obtain 2z € RCz + -+ + ROz,
Assume that degy; > 0. Let s € G be a reflection and let {l; = 0} be its

fixed hyperplane. For any homogeneous f € R, the polynomial s- f — f is
divisible by l;. Define a map

ASI Rd—>Rd_1, As(f) = (Sf—f)/ls
It is easy to check that
Ay(fif2) = (Asfi)fo, VfLER, Vfr€RC.

This gives us
210:(y1) + -+ + 2nAs(ym) = 0.

Since deg A4(y;) < degy;, we may assume that Ay(y;) € I. Therefore,
s-yp —y1 € I for all reflections s € GG. This implies that g -y; —y; € I for

all g € G, s0y; € 1. O
13



Take homogeneous elements y; € R so that the images y; in R/I form a
basis over C. It is clear that the v; generate R as an R“-module. By the
above lemma these y; are linearly independent over R“. Indeed, if zy; +
o 4 Zmym = 0 for some z; € RY, then 21 = 2ot + - - + ZmUm, u; € RE. So,

2o(yo + 1hug) + -+ 2 (Ym + Y1Um) =0

and we can apply the induction by m. Since R is integral over R, the basis
y; is finite. This proves our claim.

Further, let J be the the ideal of R generated by homogeneous elements
of positive degree. Since RY is a Noetherian algebra, .J is finitely generated.

Take a minimal system of generators fi,..., f.. It is clear that fi,...,f,
generate RY as C-algebra. On the other hand, one can check that they are
algebraically independent. This proves theorem. 0

Note that the statement of Theorem 4.1 fails if the characteristic of the
base field divide |G|. However the field of invariants is rational in this case
under the additional assumption that G is irreducible [KM99.

Corollary 4.4. Let G C GL(n,C) be a finite group generated by reflections.
Then Clxy, ..., 2,)% ~ C[f1,..., fa], where fi,..., fn are homogeneous poly-
nomaals.

Numbers d; := deg f; are called the degrees of G. They are uniquely
determined by G. Thus for any group generated by reflections we have
C"/G ~ C" and P"!/@G is a weighted projective space P(dy, ..., d,).

The list of all complex reflection groups can be found in [ST54], [Coh76].
According to this list there is a finite group No. 32 of order 25920-6 generated
by complex reflections of order 3. The degrees of this group are 12, 18, 24,
30 and the intersection with SL(4,C) is exactly our first group. Therefore,
the quotient P3/Gasen0 ~ P(12,18,24,30) ~ P(2,3,4,5) is rational.

The group SL(2,F;). Let §: SL(2,F5) — SL(2,C) be a faithful repre-
sentation whose image is the icosahedron group I. For short, we identify
SL(2,Fs) with I. Then S%0: I — SL(4,C) is an irreducible faithful rep-
resentation as in (VIII). This gives as the action of A5 = I/{£F} on P?
which leaves a rational cubic curve C' invariant. Since I has a faithful two-
dimensional representation, P?/T is stably rational. We prove more:

Theorem 4.5 ([KMP87], [KMP92]). P3/I is rational.

Proof. Let 0: X — P2 be the blowup of C. Then X is a Fano threefold
and there is a K-negative extremal contraction [Mor82] different from o.
This contraction is given by the birational transform of the linear system
of quadrics passing through C' and the fibers are birational transforms of

2-secant lines of C'. This defines a P!-bundle structure ¢: X — P2. We have
14



the following I-equivariant diagram:

Thus P3/T ~ X/I and there is a rational curve fibration f: X/T — P?/I
The action I on P? is induced by an irreducible representation §: I/{+E} =
A5 — SL(3,C). Note that the group 3(2s)-{+E} is generated by reflections
and has degrees 2, 6,10 (see [Bur55, Ch 17, §266]). Therefore, P?/2; is the
weighted projective plane P(2,6,10) ~ P(1,3,5). Let A C P?/2; be the
minimal curve such that F is smooth over (P?/%5)\ A. It is easy to see that
A is the image of the reflection lines in P2, Since there are exactly 15 such
lines (corresponding to order 2 elements in 2s5), the degree of A on P(1,3,5)
is equal to 15 and A is irreducible. Let P(1,3,5) = Proj C|x, yo, 20|, where
degxy = 1, degyo = 3, deg 2o = 5. Using only the equality deg A = 15 one
can see that A is given by the following equation

3 5 3 2, 2 3,4 4,2 5,2 6,3
C125 + CYy + C3ToYg 20 + Caolozy + C5ToYg + CeXgYp2o + CrLozg + CeToly+

7 9 2 10 12 15
+ CoTpYozo + Cl0TpYy + C11Ty 20 + C12Ty Yo + 13T = 0,

where the ¢; are some constants. Consider the open set U = P(1, 3,5)N{zo #
0}. Then in coordinates y = yo/z3, 2 = z/z) on U ~ A? the curve A is
defined by

coy® + sy + (c3z + cg) y® + (cez + cr0) ¥* + (c4z2 + coz + cm) y+

3 2
+c12° + ez + ez +c13 =0.

Put Sy := U\ A and V := f7!(Sp). Then fly: V — Sy is a smooth
morphism whose geometric fibers are isomorphic to P!. Thus, V — Sy is a
Severi-Brauer scheme.

Lemma 4.6. Let S be a smooth projective rational surface and let D C .S be
a reduced curve. Let Sy := S\ D and let V/Sy be a Severi-Brauer scheme.
Assume that there is an irreducible component Dy C D which is a smooth

rational curve and such that Dy meets the closure D — Dy at a single point.
Then the Severi-Brauer scheme V/Sy can be extended to S\ D — D.

Proof. According to general theory, there is 1-1 correspondence between iso-
morphism classes of Severi-Brauer Sy-schemes of relative dimension n — 1
and isomorphism classes of Azumaya O, -algebras of rank n?. Let A be
the corresponding Azumaya algebra over Sy. Denote by [A] its class in the

Brauer group of the function field BrC(S). Taking into account that S is
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rational we consider the Artin-Mumford exact sequence [AMT72]:

0 — BrC(S) -~ @) H'(C(C),Q/Z)
ccs

— Ppt = pt—0,
Pes

where p~! := U,, Hom(pu,,, Q/Z), the first sum runs through all irreducible
curves C' C S while the second runs through all closed points P € S (for
details we refer to [AMT72], [Tan81]). Note that the map r “measures” ramifi-
cation and the map s is just the sum. Now let P := D;ND — D;. Since there
are no cyclic coverings of D; ~ P! ramified only at P, the H'(C(D,),Q/Z)-
component of a([A]) is zero, i.e., the algebra A is unramified over D;. In
this situation, A can be extended over Dy, see, e.g., [Tan81, Prop. 6.2]. [

Now we consider the natural embedding U = A? < P2 = U. Let (z,v, 2)
be homogeneous coordinates on P* so that P2, . N {z # 0} = A2 = U.
Let A C P2 be the closure of ANU. Then A intersects the infinite line
N := {z = 0} at a single point P := (0,0,1) which is cuspidal. By the
above lemma the Severi-Barauer scheme V' can be extended to V. Let L; be
the pencil of lines on P? through P. Then a general member of L, meets A

at P and three more points. According to [Sar82| there is a standard conic
bundle g: Y — P? and a commutative diagram:

X/]I<——Y

N

HJ)2 %@2

Here P2 is a smooth surface, 1 is a birational morphism, and Y --» X /I is a
birational map. By the above the discriminant curve A of g is contained in
Y~ Y(A). Moreover, again by Lemma 4.6 the Severi-Barauer scheme V' can
be extended to all exceptional divisors over P (because P € A is a cuspidal
Boini). Thus we may assume that Zt is a base point free pencil such that

L;- A = 3. In this situation, Y is rational (see [Isk87]), so are both X /I and
P31 O

Groups of type (V). Since the ring of invariants of the standard repre-
sentation of &5 on C* is generated by symmetric polynomials s,, . . ., s5, the
quotient P3/&5 ~ P(2,3,4,5) is rational. Note also that 25 has a faithful
three-dimensional representation, so P /25 is stably rational (more precisely,
P3 /25 x P3 is rational). T. Maeda [Mae89] (see also [KV89]) proved the ra-
tionality of A®/25 ~ P3/2s x P? (over an arbitrary field). The rationality
of P?/5 over C was proved in [KV89] by an algebraic method. Here we

propose an alternative, geometric approach.
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Proposition 4.7. There is the following &5-equivariant diagram

X---~-~ - X+
w 503_/

[oa 83 2

P3- - - - - - -W

where x is a flop, po and pg are small contractions to the Segre cubic Ss,
W is a smooth del Pezzo surface of degree 5 and ¢ is a P-bundle.

As in the proof of Theorem 4.5 the rationality of P3/2l; can be proved by
a detailed analysis of the discriminant curve of the rational curve fibration

XJF/Q[E, - W/Ql5

Proof. Let G = G5. Consider the standard representation G = G5 —
GL(4,C) and the corresponding linear action on P3. Then G permutes
five points P;,...,Ps € P3. Let 0: X — IP3 be the blowup of P, ..., Ps
and let S; = o71(P;) be the exceptional divisors. Let H be the class of
hyperplane section on P? and let H* := o*H. Since Y P, is an intersection
of quadric (scheme-theoretically), the linear system [2H*—>" S;| = | -3 K x|
is base point free. In particular, —Kx is nef and big, i.e., X is a weak Fano
threefold. 1t is easy to check that dim| — $Kx| = 4 and the morphism
¢o: X — Xo C P* given by | — 1K x| is birational onto its image, a three-
dimensional cubic. Moreover, ¢, small and contracts proper transforms L; ;
of lines passing through P; and P;. Thus X, has ten singular points ¢o(L; ;).
Therefore, X is the Segre cubic &3 and our construction is inverse to the
construction in §3, Proof of Corollary 3.7.

Since (Pic X)¢ is of rank two, there is G-equivariant flop y: X --» X+,
Here X is a small resolution of X, = S3 obtained from X by “changing
all the signs” [Fin87]. There is a unique K-negative G-extremal ray on X
[Mor82]. Let p: X — W be its contraction.

Assume that p(X+/W) > 1. Then ¢ passes through a (non-G-
equivariant) extremal contraction ¢;: X — Wi, If ¢ is birational, then
taking into account that —K x+ is divisible by 2 and the classification [Mor82]
we get that W is smooth and ¢ is the blowup of a point. Let S; be the
corresponding exceptional divisor and let Sy,..., .S, be the G-orbit. By the
extremal property the S; are disjointed and give us extremal rays on X+ /W.
Since p(X /W) <5, r <5. On the other hand, the image of S; on Xy = S
is a plane. By Lemma 3.13 we have » = 5 and the S; are proper trans-
forms of o-exceptional divisors. Hence, x = id and W = P3. Clearly, this
is impossible. Thus, ¢; is not birational. We claim that W is a surface.
Indeed, W cannot be a point because —Kx+ is not ample. Assume that
W is a curve and let F' be a general fiber. Since Kr = Kx+|p is divisible

by 2, F ~ P! x P'. On the other hand the Mori cone NE(X*/W) has at
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least 5 (non-birational) extremal rays. Each of them gives a contraction to
a surface over W. This is impossible because the fibers of these contractions
are contained in the fibers of . Thus W is a surface. By construction, the
linear system | — %K x+| is the pull-back of the system of hyperplane sec-
tions of Ss. In particular, | — %K x+| is base point free and a general element
D € | —1Kx+|is a smooth cubic surface. Since the restriction ¢|p: D — W
is birational, the surface also is smooth and —Ky, is ample, i.e., W is a
del Pezzo surface. The group G faithfully acts on W. Clearly, this is not
possible if p(W) < 5. Therefore, p(W) = 5 and K3, = 5. Finally, —Kx+ is
divisible by 2, so the fibration ¢ has no degenerate fibers. This proves the
statement. U

5. MONOMIAL GROUPS

An action of a group I' on a field C(z1,...,x,) is said to be monomial
(with respect to x1,...,x,) if for every g € I" one has

(5.1) g(x;) = Ni(g)x™ - am™im . N\i(g) € CF mi; € Z.

n

Rationality of the fields of invariants of such actions were studied in the
series of works [Hae71], [Haj83], [HK94], [Haj00].
Any monomial action (5.1) defines an integer representation

m: I'— GL(n,Z), g — (M ).

Now let V := C"™ and let G C GL(V) be an imprimitive group of type
(1"*1). Then G permutes the one-dimensional subspaces V; from Definition
1.3 and contains a normal Abelian subgroup A which acts diagonally in
the corresponding coordinates x1,...,z,11. Let I' := G/A. By the above,
there is a natural embedding ' — &,,. Since we are assuming that the
representation G — GL(V) is irreducible, the group I' C &,,41 is transitive.
Put

x1 Tn

yee e Yn =
Tn+41 Tn41

The action of A on yq,...,y, is diagonal in these coordinates. If f =
Yoraryr € Clyr, ..., yn) is an A-invariant, then so are all the monomials a;y;.
Hence the ring C[yy, . .., yn|* and its fraction field C(yy, ..., y,)" are gener-
ated by invariant monomials. Let zq,--- , 2z, be a basis of the free Z-module
(A-invariant monomials in y;)*/C*. Then the field of invariants C(P(V))4
is generated by these z; = z;(y1, ..., y,) and they are algebraically indepen-
dent. Further, the action of G on C(P(V))# is monomial with respect to
21y .., 2. Thus the rationality question of P"/G is reduced to the ratio-
nality question of the invariant field C(zy,...,2,)" of a monomial (but in
general non-linear) action.

We have two representations mg, 7: I' — G L(n,Z), corresponding mono-
mial actions of ' on C(yy, ..., y,) and C(z1,. .., z,), respectively. Moreover,
7 is a restriction of 7wy to an invariant sublattice of finite index. In particular,
TR Q~m Q.
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In some cases the rationality of the field C(z,...,2,)" can be proved
by purely algebraic methods. For example, C(z1,. .., 2,)" is rational in the
following cases:

(i) T" is cyclic of order m, where the class number of mth cyclotomic
field is 1 [Hae71], [Haj83],

(ii) dimV < 4 and G is meta-Abelian [Haj83] (in fact, the author proved
the rationality of V/G),

(iii) n < 3 and the action of I' on C(zy,...,z,) is purely monomial
(i.e., all constants \;(g) in (5.1) are equal to 1) with one exception
[HKO4)].

From now on we consider the four-dimensional case, i.e., the case n = 4.

Theorem 5.2. Let G C GL(4,C) be an imprimitive group of type (1%).
Then P3 /G is rational.

There are the following possibilities for I' C &,: 1) T is a cyclic group of
order 4, 2) Klein group Uy, 3) I is a dihedral group ©, of order 8, 4) I' = 2y,
and 5) I' = &4. By the above it is sufficient to prove the rationality of the
field C(z1, 29, 23)T. The theorem was proved in the unpublished manuscript
of I. Kolpakov-Miroshnichenko and the author (1986) by case by case con-
sideration of the action of I' on C(zy, 22, 23). We consider here only the case
[' =%, Case I' = G4 can be treated in a similar way. Cases I' = Zy, Uy,
and ®, are easier. Moreover, in the these three cases G is also imprimitive
of type (2?) and then the rationality can be proved also by another method,
see §6.

The group 2l is generated by two elements: ¢ = (1,2)(3,4) and 6 =
(1,2,3). One has:

010 01 -1
7T0(49) = 0 01 7T0<(5) = 1 0 -1
1 00 00 —1
Using the classification of finite subgroups in GL(3,Z) [Tah71] we get the

following possibilities:

010 -1 0 0
re: 7@ =0 0 1 7(0) = 0o 1 0
1 00 0 0 -1
010 0 -1 1
2. z@y=loo1| =®=| 0o -1 o0
1 00 1 -1 0
010 -1 -1 -1
rs2. z@ =10 01 7(0) = 0 0 1
1 00 0 1 0

IProfessor Ming-Chang Kang has informed me that the last unsettled case has been
solved by in the paper of A. Hoshi and Y. Rikuna (to appear in “Math. of Computation”)
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Case T'}%. By (5.1) the action of ' = 21, on C(21, 22, 23) has the following
form

(G1Z2,G2Z3,a321) L (21722723) L (5/217022;1)//23), a;, b, blac e C.

After coordinate change of the form z; — \;z;, \; € C* we may assume that
a; = ay = ag = b = 1. Since 6> = 1, ¢ = £1. From other relations between
0 and 0 we get b = ¢ = +1. Therefore,

(2:2; 23 Zl) L (Zla 22, 23) i) (b/zly bz27 1/23)7 b= =1
Assume that b = ¢ = 1. Then after the coordinate change of the form
A=E+D)/(a—1),  p=(2+1)/(2-1), z=(x+1)/(—-1)
the action will be linear:
(25,25, 24) <= (24, 2, 2) = (=21, 25, —2h)
By proposition 1.2 the field C(2], 25, 25)" is rational.
Now assume that b = ¢ = —1. Regard z;, 25, 23 as non-homogeneous

coordinates on P! x P! x P!. We get an action of I' = 2, on P! x P! x P! by
regular automorphisms. Consider the Segre embedding P* x P! x P! — P7

(21722723) (212223a 21y, %2, R3, R2%3, R1R3, R1R2, 1)

and let ¢q,...,ts be the corresponding coordinates in P7. This induces the
following representation of the tetrahedron group T into GL(8, C):

(t1, ts, ta, to, ts, t7, t5, ts) - (t1,. .., ts) N

(t37 _t47 _tla t27 _t77 _t87 t57 tﬁ)

It is easy to check that this representation is the direct sum of four two-
dimensional faithful representations. Therefore, there are four I'-invariant
lines L; in P7. Clearly P! x P! x P! contains no 24-invariant lines. On the
other hand, the intersection P x P! x P! N L; consists of at most two points
(because the image of the Segre embedding is an intersection of quadrics).
This immediately implies that all the L; are disjointed from P! x P! x P!.
Let V ~ P® be the linear span of Lo, Ls, L,y and let H be the pencil of
hyperplane sections of P! x P! x P! passing through V.

We claim that the general member of H € H is smooth. Let B =V N
P! x P! x P! be the base locus of H. By Bertini’s theorem Sing(H) C B.
If H is not normal, then by the adjunction formula H is singular along a
line. On the other hand, P! x P! x P! does not contain any 24-invariant
lines. This immediately implies that H is normal. Since —Kpy is ample,
H is either a cone over an elliptic curve or a del Pezzo surface with Du
Val singularities. In both cases the number of singular points is at most
two. On the other hand, Sing(H) coincides with the set of points where
the dimension of Zariski tangent space Tpp jumps. Therefore, Sing(S) is
A4-invariant. This immediately implies the existence of 2 -invariant point

P e P! x P! x P!, a contradiction.
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Thus, a general member H € H is a smooth del Pezzo surface of degree 6.
Now consider the projection of P! x P! x P! from V to L;. By blowing up B we
obtain a 204-equivariant fibration f: Y — P! whose general fiber is a smooth
del Pezzo surface of degree 6. This induces a fibration Y/2(, — P! /2, with
the same type of general fiber. Such a fibration is rational over C(P'/2,)
(see [Man86, Ch. 4]), so (P! x P! x P!) /4 ~ Y/, is also rational.

Case I'2. Regard z;, 23, 23 as non-homogeneous coordinates on P3. We
get a linear action of I' = 2, on P3. This action is either reducible or
imprimitive. In the first case, C(P(V))% is rational. In the second one, we

can repeat inductive procedure to reduce the problem to the smaller order
of I'.

Case I'{?. Then after coordinate change the action of I' = 24 on C(21, 29, 23)
has the following form

0 5
(29, 23, 21) «— (21, 22, 23) — (1/(212223), 23, 22).

i.e., it is purely monomial. The field of invariants is rational by [HK94].

6. IMPRIMITIVE CASE (2?)

Theorem 6.1. Let G C GL(4,C) be an imprimitive group of type (22).
Then P3G is rational.

Outline of the proof. Let G C SL(V), dimV = 4 be an imprimitive group
of type (22). Then there is a decomposition V = V; & V,, dimV; = 2 and a
subgroup N C G of index 2 such that N - V; = V;. We may assume that N
is not Abelian (otherwise G is reducible).

The decomposition V' = Vi BV, defines two skew lines Ly, Ly in P? = P(V).
Let H be the class of hyperplane in P3. The image of the map P? --» P3
given by the linear system 2H — L; — Ls is the two-dimensional quadric
P! x P! and fibers of this map are lines meeting both L; and Ly. We have
the following G-equivariant diagram:

@3
S
P3-=---- > Pl x P!

where o: P? — P2 is the blow up of L; U Ly and ¢ is a P!-bundle. Let S; be
the corresponding exceptional divisors. There is a rational curve fibration
[:P3/G — S = (P! x P')/G. The rationality of P3/G follows from detailed
analysis of the action of G on P! x P! (cf. Proof of Theorem 4.5).

Consider for example the case when restrictions N — GL(V;) are injective.
Let m: P! x P! — (P! x P!)/G be the quotient map and let A C S be the
discriminant curve. Then, B := 7 !(A) is contained in the ramification
divisor, the union of one-dimensional components of the locus of points with

non-trivial stabilizer. Take a point P = (z,y) € B. If g € St(P), then
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g(z) =z, gly) =y. If g € N or g*> # AE, there are only a finite number of
such points. This implies that the ramification index over each component
of A is equal to 2. Consider the pencil Cy of (1,0)-curves of P* x P!. Let
Dy :=7(C}). Then D, is a base point free pencil. Hence,

Kg- D, =2p,(D;) —2 — D? = —2.
Further, by the Hurwitz formula,

1
Kpiypr = 7° (Kg—i— §A> .

This yields

2

0>
deg 7

2 1
Kpiypr - 7Dy = 3 * (KS + —A) Dy =
egm 2

1

Therefore, A - Dy < 3. Finally, as in the proof of Theorem 4.5 we deduce
the rationality of P?/G using [Sar82] and [Isk87]. O

7. FINAL REMARKS AND OPEN QUESTIONS
As a consequence of the above results we have the following

Theorem 7.1. Let G C GL(4,C) a finite subgroup. Assume that G is
solvable. Then P3/G is rational.

Remaining cases. The rationality question for P? /G and C*/G is still open
for the following groups (up to scalar multiplication). For convenience of the
reader we give a short description of the group action.

Type (I). The rationality of P?/G is unknown only for G = ¥(0,I). Note
that P3/¥ (0, 1) is stably rational, see Theorem 2.3.

Types (VI), (VII) and (VIII). Unsolved cases are G5, s, Sg, and 2A;. The
corresponding actions on P? are given by projective representations of Ss,
s, S, and A7 into PGL(4, C). Recall that the Schur multiplier H?(&,,, C*)
of the symmetric group is isomorphic to p, for n > 4. Therefore, any
projective representation of &,, n > 4 is induced by a linear representation
of a central extension &,, by o

Following Schur [Sch11], [Sch01] we give an explicit matrix representation
S¢ — GL(4,C). Consider the following matrices

(b e ) 4= (02 ()

Next take the following Kronecker products

M, =CQA, My =C®B, Ms:=AQFE, My:=B®E, M; :=+—-1C%.
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One can easily check the relations
(7.2) M? = —Ey, M;M, = —M;M;, 1<j#k<5,

where Fy is the identity 4 x 4 matrix. Now put

(7.3) T, = VE—IM +VE T 1Mk> , k=1,...,5.

1
7 (
From (7.2) we have
T]? = _E4a (Tka+1)3 = _E4)

(7.4)

Cenerators T; and relations (7.4) determine an abstract group G that is
the central extension of &g by p,. Here T} corresponds to the transposition

interchanging j and j + 1. In fact, the constructed representation &g —
GL(4,C) is obtained from the standard action of &g on the Clifford algebra
A(C?) (cf., e.g., [Cheb4]). Taking compositions with embeddings into G we
get also projective representations &5 — PGL(4,C) and ¢ — PGL(4,C).

For 2, similarly put
M =C*®A, My :=CRAQE, My:=AQ E®,
M, =C®?®B, My;:=C®B®E, Mg:=B®E*? M;:=+—1C%
and define T}, by formula (7.3). As above, we get an irreducible linear rep-
resentation S; — GL(8,C). The restriction to 2 splits as a direct sum

of two 4-dimensional faithful representations. The explicit generators of
20; C PGL(4,C) can be taken as follows

10 0 0 P 1 1 1

08 0 0 1 1 —p —q —-p
S = W=

00 p* 0 v=l|l1 —-p —p —q

00 0 B 1 —q —p —p

where (3 is a primitive 7-th root of unity, p := S+3%*+3*, and q := B3+3°+55,
see [Blil7]. Then the isomorphism between the subgroup in PGL(4,C)
generated by S, W and 27 is given by

S —(1,2,3,4,5,6,7), W — (2,3,5)(4,6,7).

Remark 7.5. The group g has also a central extension As by ps which
admits a 3-dimensional representation &: A — SL(3,C). The group ¢ (§l6)
is projectively equivalent to the complex reflection group of order 360 - 6
[ST54], [Coh76]. Possibly this can be used to prove the stable rationality of
P3 /2.
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Type (1X), G ~ SL(2,F;). The representation G — SL(4,C) can be de-
scribed as follows. Fix a character x: Fz — C* and consider the following
C-vector space of C-valued functions on F2\ {0}

Vii={f: (F7\{0}) — C| f(A2) = x(\) f(x), YA € Fr}.

It is easy to see that dim¢ V), = 8 and SL(2,F7) naturally acts on V). Thus
we have a representation p,: SL(2,F;) — SL(V,) = SL(8,C). If x* = 1,
X # 1, then p, splits as a direct sum of two 4-dimensional faithful representa-
tions. This gives as a subgroup in SL(4, C) isomorphic to SL(2,F7). Explicit
matrices can be found, e.g., in [Blil7]. The ring of invariants is completely
described, see [MS73]. Note that SL(2,F7) has a 3-dimensional non-faithful
representation 6: SL(2,F;) — SL(3,C). The group G’ := G x {£E} is gen-
erated by complex reflections and the degrees are 4, 6 and 14 (see [Web96,
§139], [CohT6]).

Type (XI). The rationality of P?/G is unknown only for two groups of order
64 - 360 and 64 - 60, see Corollaries 3.7 and 3.8. Using Theorem 3.6 one
can easily get equations for birational models of these quotients in terms of
discriminants.

p-groups. It is known that the answer to Noether’s problem is negative in
higher dimensions: there are examples of p-groups such that k({z,},eq)¢ is
not rational (and even not stably rational) [Sal84], [Sha90]. Moreover, for
any prime p there is a group G of order p® such that k({z,}sec)® is not
stably rational [Bog88]. On the other hand, it is known that the field of
invariant of any linear action of a p-group of order < p* on k(z1,...,zy) is
rational whenever k contains a primitive p°-th root of unity, where p° is the
exponent of G [CKO01], see also [Ben03]. The following question is open:

is it true that for any group G of order p° and any linear
action of G on C" the quotient C"/G is stably rational?

[t seems that the answer is positive (the author checked this for p = 2). Note
that in characteristic p > 0 any linear action of p-group is rational [Kunb5].
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