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1. Let p, q be integers with p > 0, q ≥ 0 and let E be the real vector space
Rp × Rq. We denote by (x1, x2, . . . xp, y1, . . . yq) the coordinates of E. For
x = (x1, x2, . . . xp, y1, . . . yq), we define

Q(x) = x2
1 + . . .+ x2

p − y21 − . . .− y2q .

Let M ⊂ E be defined by equation

Q(x) = 1.

(a) Show that M is a smooth manifold. What is the dimension of M?

(b) Assume that p, q ≥ 2 and define, for x = (x1, x2, . . . xp, y1, . . . yq):

A(x) = x2
∂

∂x1

−x1
∂

∂x2

, B(x) = y2
∂

∂y1
− y1

∂

∂y2
, C(x) = y1

∂

∂x1

+x1
∂

∂y1
.

Show that A,B and C are complete vector fields on M . Compute the
flow for C. Compute [A,C].

(c) Show that M retracts on M ∩ (Rp × {0}).
(d) Compute the de Rham cohomology H i

dR(M) for i ≥ 0.

2. Let
G = {

(
a b
0 1

)
a > 0, b ∈ R} ⊂ GL2(R).

(a) Show that G is a Lie group.

(b) Let g be the Lie algebra of G and let A,B ∈ g be defined by

A =

(
1 0
0 0

)
, B =

(
0 1
0 0

)
.

Compute [A,B].

(c) Describe all one-parameter subgroups of G.

3. Show that there is no Lie group structure on a sphere of dimension n with
n > 0 even. (Hint: you can use that any vector field on the sphere S2n has at
least one zero.)
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