
Homework 4. Due by April, 11.

1. Prove that
∑

p≤N log
2 p = Nlog N + o(Nlog N).

2. For α ∈ R, let ||α|| = inf({α}, 1− {α}). Prove that for α, β ∈ R, we have

||α + β|| ≤ ||α||+ ||β||.

3. For a function f define ∆d(f)(x) = f(x+ d)− f(x). For ` ≥ 2, define

∆d`,d`−1,...d1 = ∆d` ◦∆d`−1 ◦ . . .∆1.

For ` ≥ 1 define ∆` = ∆1,...1 (the composition of ∆1 ` times). Prove that

(a) ∆`(f)(x) =
∑`

j=0(−1)`−j
(
`
j

)
f(x+ j).

(b) Prove that

∆d`,d`−1,...d1(x
k) =

∑
j1+...+j`+j=k, j≥0,j1,...j`≥1

k!

j!j1! . . . j`!
dj11 . . . d

j`
` x

j.

(Hint: use induction.)
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