This course provides an introduction to the Number Theory, with mostly ana-
lytic techniques. Topics include: primes in arithmetic progressions, zeta-function,
prime number theorem, number fields, rings of integers, Dedekind zeta-function,
introduction to analytic techniques: circle method, sieves.

Here is the some references (to be completed and extended):

1. S. J. Miller and R. Takloo-Bighash, An Invitation to Modern Number Theory.

2. A Karatsuba, Basic Analytic Number Theory.

LECTURE 1

1 Primes in arithmetic progressions

The goal of this section is to prove the Dirichlet theorem:

Theorem 1.1 (Dirichlet). Every arithmetic progression
a,a+q,a+2q,...

in which a and q have no common factor, includes infinitely many primes.

1.1 Euler’s identity and existence of infinitely many primes

The series ) ., n~° converges uniformly for s in a compact in the half-plane Re s >
1, so that it defines an analytic function

1
C(s) =) —
n
n>1
(introduced by Riemann in 1859.)
Proposition 1.2. The infinite product
II a-p
p prime

converges uniformly on any compact in the half-plane Res > 1 and defines an
analytic function verifying
1
C(S) = H 1 _p_s'

p
Proof. We express # as a sum of a geometric series
1 Z 1
1 —p=s o ms
p — p



Let X be a sufficiently big integer. Multiplying the identities above for primes < X

we obtain: .
H o H Z pms - Z E’

pgx p<X m=0 P neN(X)

—p°

where N(X) is the set of positive integers having all prime factors < X. Then for
Res =1t>1 we have

-l 3 - th

pex P ngN(x) "

To verify that the Euler product converges in remains to show that it is nonzero.

Let us show that ((s) # 0 for Res > 1. We use the Talyor series expansion for the
principal definition of the complex logarithm: In(1—p=%) = — > ’%ms, so that for

m>1

Re s > 1 we obtain

p m>1
1S nonzero.

]

The expression above provides a method to show the infinity of prime numbers.

Write
In(s Z Zm_l e, (1)

p m=l1

Since ((s) — oo as s — 1 from the right, and since
1
1, —ms —m
DDA B WY’ —Z—<1-
p m=2 p m=2 p o 1)
it follows that Zp p~® — oo as s — 1 from the right. This proves the existence of

an infinity of primes and, moreover, that the series > p~! diverges.

The proof Dirichlet theorem is inspired by the same idea, but with more involved
techniques. We first investigate some additional properties of the zeta function.
1.2 Zeta function
Proposition 1.3. Assume s > 1. Then lims_,1(s — 1)((s) = 1.

Proof. We have
n+1
(n+1)7° < / t8dt < n”c.

Taking the sum from 1 to co, one obtains
((s)—1< / todt =
1

2

pom| < ((s).



Hence 1 < (s — 1)((s) < s. We ontain the result taking limit as s — 1. O

Corollary 1.4.

In(s) =1

In(s —1)~1

Proof. Denote r(s) = (s — 1)((s). Then In(s — 1) + In((s) = Inr(s), so that

In¢(s) Inr(s)
In(s—1)~1 bt In(s —1)71

By the proposition above, r(s) — 1 as s — 1. Hence Inr(s) — 0 and we deduce
the result. O

Proposition 1.5.
In(s Z p—* + R(s

where R(s) is bounded as s — 1.

Proof. By proposition 1.2, we have ((s) = [[<x(1 —p~")"an(s), with ay(s) —
1, N — oo.
We then have

InC(s) = Z Z m ™™™ + Inay(s)

p<N m=1

and, taking the limit for N — oo,

In¢(s Zp_s + Z Z mp™
p m=2
where the second sum is less than Y7 "%  p~™ = >° p (1 —p~°)~! < (1 —
27°)71 0, <20(2). O

If s € C, from the definition we see that ((s) is convergent for Re s > 1.

Proposition 1.6. The function ((s) — (s — 1)™! can be continued to an analytic
function on {s € C, Res > 0}.

Proof. Assume Res > 1. Then, using the lemma below, one can write

Znszz — (1) _52/ 55 ldy =

n=1

0 n+1 oo o0 0
= Z/ [z]z~  dr = 3/ [z]z™* tdo = s/ x%dr — s/ {x}r* tdr =
—1Jn 1 1 1

3



= = — s [[{a}ta""dx, where [2] is the integral part of a real number z and

{x}_: x — [z] is its fractional part. Since 0 < {z} < 1 the last integral converges
and defines an analytic function for Re s > 0 and the result follows. We obtain

S

(s~ =1~ s/loo{x}x_s_ldx.

]

Lemma 1.7. Let (a,), (b,) be two sequences of complex numbers such that . a,b,
converges. Let A, =3} a; and suppose Apb, — 0,n — co. Then

D anby = Au(by = bupr).
n=1 n=1

Proof. Let Sy = ij:l anb, and Ay = 0. Then

N N N N N-1 N-1
SN = Z(An_Anfl)bn = ZAnbn_ZAnflbn = ZAnbn_Z Anbn+1 = ANbN+Z An(bn_bn+1>~
n=1 n=1 n=1 n=1 n=1 n=1
The result follows taking the limit as N — oo. O]
The following formula will be useful:
Corollary 1.8. For Res >0, N > 1
N
1  N¥s 1 o
— o _ _N—s —s—ld
O S e LY MY
with p(z) = 3 — {z}.
Proof. Write
N
1 N1 o e
C<S)_(;E+1—5_§N +S/N plz)x™ dx) =
N
S 1 Ni=s 1 N ® (—s)r—s!
— . . NS — - fsfld dr =
Py ;ns 1—s+2 s/l (x — [z])x x—i—/N 5 x
N N-1
s 1 N1 N 1 1 1
— _ _ _N*S_ 7Sd - - __NS:
s—1 ;n -5 2 /1 o x+;"(ns CESID
I N1 Nl gNst s +N71 1 N—l_o
Cs—1 —~n’ 1—5 s—1 s—1 ~n? Ns
O



1.3 Statement of Dirichlet theorem

Definition 1.9. Let S and T be two sets of positive integers, with 7" infinite. The
upper natural density and lower natural density of S in T are defined as

#{n € S,n <N}
#{neT,n< N}

#{n € Sn <N}
#{neT,n <N}

limsu and liminfy_, o
N—o0

If the upper and lower densities coincide, the common value is called the natural
density of S in 7'

Definition 1.10. Let S and 7" be two sets of positive integers, with > .. n-!
divergent. The upper Dirichlet density and lower Dirichlet density of S in
T are defined as

s

Dones’ D ones ™

ZTLGT n-* ZnGT n-* '

If the upper and lower densities coincide, the common value is called the Dirichlet
density d(S) of S'in T.
Note that Proposition 1.5 implies that a subset S of the set of all primes P has
Dirichlet density if
ZpES p -

In(s —1)~1

limsup,_,+, and liminf,_,+;

lil’ns—>1

exists.
The following properties are straightforward:

Proposition 1.11. Let S C P.
(i) If S is finite, then d(S) = 0;
(i1) If S consists of all but finitely many primes, then d(S) = 1;

(iii) If S = S1 U Sy, where Sy and Sy are disjoint and d(S1) and d(S2) both exist,

We will prove a more precise statement of the Dirichlet theorem:
Theorem 1.12 (Dirichlet). Let a,q € Z,(a,q) = 1. Let
P(a,q) = {p prime ,p = a mod q}.

Then d(P(a,q)) = @, in particular, this set is infinite.



1.4 Characters

Let A be an abelian group.

Definition 1.13. A character on A is a group homomorphism A — C*. The set
of characters is denoted by A.

Note that A is an abelian group: if x,¢ € A we define x¢ by a x(a)(a).
The trivial character xo, defined by yo(a) =1 for all a € A, is the neutral element
of the group. Finally, for y € A we define ! as the character given by a — x(a)".

If A is a finite group of order n, we have a" = e for any a € A hence the values

of x are the roots of unity and x(a) = x(a)™! = x'(a).
Proposition 1.14. Let A be a finite abelian group. Then A ~ A.

Proof. Suppose first that A is cyclic, generated by an element g of order n. Then
any character x is uniquely defined by its value x(g). Since x(g) is a root of unity,
there are at most n characters. Now, if &, = e*™/™ and X is a character such that
Ag) = &,, we obtain that the powers \¥, k = 1,...n are distinct characters, hence
Ais a cyclic group generated by A. In the general case, since any finite abelian
group is a direct product of cyclic groups, it is enough to check that if A ~ A; x As,
then A ~ 1211 X Ag, that we leave as an exercise.

O

Proposition 1.15. Let A be a finite abelian group and x, v € A, a,be A. Then

(1) 3 uen X(@)(a) = nd(x, 1)
(i1) 32 cax(a)x(b) = nd(a,b).

Proof. (i) We have >, x(a)¢(a) = >, x¢"*(a). It is enough to show that
Y. Xo(a) =nand > x(a) =0if x # xo. The first assertion follows from the
definition of xo. For the second, we have that there is b € A, x(b) # xo(b) = 1.

Then > x(a) =, x(ba) = x(b) >_, x(a) and the result follows.

ii The proof is similar to (i), using that if a is nonzero in A, there is a character
P g
Y such that ¥ (a) # 0. We leave it as an exercise.

]

Definition 1.16. A Dirichlet character mod m is a character for A = (Z/mZ)*
the group of units in the ring Z/mZ.

Note that Dirichlet characters mod m induce, and are induced from the charac-
ters x : Z — C* such that

(i) x(n+m) = x(n) for all n € Z;
(ii) x(kn) = x(k)x(n) for all k,n € Z;



(iii) x(n) # 0 if and only if (n,m) = 1.
Since the order of the group (Z/mZ)* is the value of Euler’s function ¢(m), there
are ¢(m) Dirichlet characters mod m. The proposition above gives in this case:

Proposition 1.17. Let x and v be Dirichlet characters modulo m and a,b € Z.
Then

(i) S x(a)v(a) = ¢(m)d(x, v)

(ii) 32\ x(a)x(b) = d(m)d(a,b).

1.5 L-functions

Let x be a Dirichlet character modulo m.

Definition 1.18. The Dirichlet L-function associated to y is
L(s,x) =Y _x(n)n".
n=1

Note that since |x(n)n~*| < n~*, the function L(s, x) converges and is continu-
ous for s > 1.

Proposition 1.19. (i) L(s,x) = Hp(l —x(p)p~*)~;

(i) L(s, x0) = TT(1 —p7)C(s).

plm
(111) limg_1(s — 1)L(s, x0) = ¢(m)/m. In particular, L(s, xo) = o0 as s — 1.
Proof. The statement (i) follows as in proposition 1.2. For(ii) write
Lis,;xo) = [ @=xop ™)' =JJa-p)[[Q-p) " =]]Q-p")¢(s)
(p,m)=1 plm p plm
using proposition 1.2 again. To establish (iii) we use proposition 1.3 and we obtain

limy (s — 1) L(s, xo) = [J1 = p") = é(m)/m.

plm

]

Proposition 1.20. Let x be a nontrivial Dirichlet character modulo m. Then
L(s,x) can be continued to an analytic function for Res > 0.



Proof. Let S(x) =3 ., x(n). By lemma 1.7, we have

Lis,x) =Y Sm)(n~ = (n+1)") —SZS / vy =

=5 |77 S(x)z™*"'dz. By lemma below, |S(z)| < ¢(m) for all z. Hence the above
integral converges and defines an analytic function for Re s > 0. [

Lemma 1.21. Let x be a nontrivial character modulo m. For any N > 0
N
1> x(n)] <
n=0

Proof. Let N = gm+7,0 <7 < m. Since x(n+m) = x(n) and 37" x(n) = 0 by
the orthogonality relations, we obtain

N m—1 r m—1
> x(m)=1lg>_ x(n)+ > x(n |<|ZX <> [x(n)| = ¢(m).
n=0 n=0 n=0 n=0
m
We now study Gauss sums associated to Dirichlet characters.
k —ks

Definition 1.22. For y a Dirichlet character we define G(s, x) = »_, Zk>1

Note that since |X&2—"
for G(s, x)-

Proposition 1.23. (i) For s > 1, expG(s, x) = L(s,x);

~ks and ((s) converges for s > 1, the same holds

(i) G(s,x) = . Z X(p)p_s + R, (s), where Ry is bounded as s — 1;
(iii) -
D x(@)G(s,x) = ¢(m) > p~°+ Ryals), (2)
X p=a(m)

where R, ,(s) is bounded as s — 1.

(iv) lims1G(s,x0)/In(s — 1)~ = 1.
Proof. Note that for z € C, |z| < 1 one has

exp(y ) =(1-2)7"

k=1

k)pfks

So that, for z = x(p)p~* we obtain exp(d_,, x(p P—) = (1—x(p)p~")"" and we
deduce (i).




The proof of (ii) is similar to propostionl.5. To get (iii), we multiply the both

sides of (ii) by x(a) and sum over all Dirichlet characters modulo m:

> X@G(s,x) = > p Y x(@)x(p)+ > x(a)Ry(s).
X (p,m)=1 X X
By proposition 1.17, we obtain
D xX(@)G(s,x) = d(m) > p~*+ Ryals),
X )

p=a(m

where R, ,(s) is bounded as s — 1, as required.

For (iv), we use that L(s, xo) = [](1 —p~*)((s). Hence G(s, x0) = >_,,,, In(1 —
plm
p~®) 4+ In((s), so that the statement follows from Proposition 1.3. O

In particular, from (i) we obtain that the series G(s, x) provides a definition
for InL(s,x), with no choice of branch involved. Understanding the behaviour
of G(s,x) for x non trivial is the crucial technical step in the proof of Dirichlet
theorem. In lecture 3 we present a proof due to de la Vallée Poissin (1896).

Proposition 1.24. Let F(s) = [[, L(s, x) where the product is over all Dirichlet
characters modulo m. Then, for s real and s > 1 we have F(s) > 1.

Proof. By definition, G(s,x) = >_, > 45 Xt Summing over x and using

k
Proposition 1.17, we obtain
1 —ks
S G0 =om) Y
X

The right-hand side of this equation is positive, taking the exponential, we obtain
[, L(s,x) > 1. O

Theorem 1.25. Let x be a nontrivial Dirichlet character modulo m. Then L(1,x) #
0.

Proof. We first consider the case when Y is a complex character. By definition, for
s real, we have L(s,x) = L(s,x). Letting s — 1 we see that L(1,x) = 0 implies
L(1,x) = 0. Assume L(1,x) = 0. Since L(s,x) and L(s,x) have zero at s = 1,
L(a, xo) has a simple pole at s = 1 by Proposition 1.19(iii) and the other factors
are analytic at around s = 1 we obtain F'(1) = 0. But from Proposition 1.24, for s
real and s > 1 we have F(s) > 1, contradiction.

The case when x is nontrivial real character (i.e. x(n) = 0,1 or —1) is more
difficult. For such character assume L(1, x) = 0 and consider

L(s, x)L(s, xo)
L(2s,x0)

U(s) =

9



Note that (s) is analytic for Res > 1/2: in fact, the zero of L(s,x) at s = 1
cancels the simple pole of L(s, xo) and the denominator is analytic for Re s > 1/2.
Moreover, since L(2s, xo) has a simple pole at s = 1 we have that ¢(s) — 0,s — 1/2.

Lemma 1.26. For s real and s > 1 we have (s) = > >~ a,n"* where a; = 1,
a, > 0 and the series is convergent for s > 1.

Proof. We have

—2s

Y(s) = [JA—x@)p ™) 1—x0@)p ) " 1A—xop)p ) =] | iz p;(_lp_ )

p ptm
If x(p) = —1, the p-factor is equal to 1. Hence

b= [ 2

1—
x(p)=1 P

We have 1+p C=(14+p® Z pF =142p7° +2p~2 4 .... Applying lemma 1.27
k=0
below ylelds the result. O]

Expanding v (s) (as a function of a complex variable) as a power series around

s = 2, we obtain
=) bu(s—2)"
m=0

Since ¢(s) is analytic, the radius of convergence of this power series is at least 3/2.
We have

b, = (2)/m! = Zan —Inn)™n % = (=1)"cpm, cm > 0.

Hence ¢(s) = Y o jem(2 —s)™ and ¢o = ¥(2) = Y oo a,n~? > a; = 1. Hence for

s real in (3,2) we have ¢(s) > 1, contradiction with 1(s) — 0 as s — 1/2. This

finishes the proof of the theorem. O

Lemma 1.27. Let f be a nonnegative function on Z such that f(mn) = f(m)f(n)
for all (m,n) = 1. Assume that there is a constant ¢ such that f(p*) < ¢ for all
prime powers p*. Then

(i) > .00 f(n)n™* converges for all real s > 1;

(i) Yooy f(n)n= =T1,(1+ 322, f(0F)p™).
Proof. Let s > 1 and a(p) = > o, f(p*)p~*. Then

p)<ep Y p T =cpt(1-p)h
k=0

10



so that a(p) < 2¢p~*. Since for x > 0 we have 1 + x < expx we deduce
H (1+a(p) < H expa(p) = exp Z a(p) < ea:p(Qch’S) =M.
p<N p<N p<N P

By the definition of a(p) and the multiplicativity of f we deduce

S s < [T (1 +a(p) < M.

p<N

Since f is nonnegative, we obtain (i). We deduce (i) similarly to Proposition
1.2. [

We now deduce as a corollary:

Proposition 1.28. If x is a nontrivial character modulo m, then G(s,x) remains
bounded as s — 1 through real values s > 1.

Proof. Since L(1,x) # 0 by theorem 1.25, there is a disk D around L(1, ), not
containing 0. Let In z be a single-valued branch of the logarithm, defined on D.
Let 0 > 0 be such that L(s,x) € D for s € (1,1 + ). Then for s in this interval
the exponential of both functions InL(s, x) and G(s, x) is L(s, x). Hence, there is
an integer N such that for s € (1,1 + 0) one has

G(s,x) = 2miN + InL(s, x),

so that lims_,1G(s, x) exists and is equal to 2miN + InL(1, x), in particular G(s, x)
is bounded. N

1.6 Proof of Dirichlet theorem
Recall the identity (2):

D X(@G(s,x) = d(m) > p°+ Ryals),
X p=atm)

where R, ,(s) is bounded as s — 1. We divide this identity by In(s —1)~! and take
the limit as s — 1. By Proposition 1.28, the limit of the left-hand side is 1, and
the limit of the right-hand-side is ¢(m)d(P(a, m)). We obtain d(P(a,m)) = ﬁ
as claimed. [

2 Zeta function

Deeper properties concerning the distribution of primes are related to the properties
of the zeta function. We continue investigating these properties using tools from
real and complex analysis.

11



2.1 Fourier analysis

Definition 2.1. If f € L'(R) we denote

i) = / f(@)e2mvd,

Examples:

e (Fourier inversion formula) If f, f € L'(R), then f(z) = Ja fy)exmivdy.

o for f(z) = e~™ one has f(y) = ¢ ™, i.e. one could think about this function
as being ’self-dual’.

Let £ C L'(R) be the vector space of twice continuously differentiable functions,
such that the functions f, f’, f” are rapidly decreasing (i.e. as 2= for some
n>0.)

Theorem 2.2. (Poisson summation formula) For f € L, we have
> fm)=3 fn).
meZ neL

For the proof, see for example section 11.4.2 in [S. J. Miller and R. Takloo-Bighash,
An Invitation to Modern Number Theory|. The formula holds under weaker assump-
tions, but the version above is enough for applications here.

Recall that the I'-function is defined for Re(s) > 0 by

F(s):/ t5~ e tdt.
0

One has the following properties (see the next section for some of proofs):

e I'(n+1)=nland I'(1) = 1.

I'(s) has a meromorphic continuation to the entire complex plane with simple
(="
K

poles at s =0, —1,—2,... and the residue at s = —k is

(reflexion formula) T'(s)I'(1 — s) = ==

sin(ws)

functional equation) I'(s + 1) = sI'(s).

(
(duplication formula) T'(s)T'(s 4 1) = 21=%72T7(2s), s € C \ Z.
(

Stirling’s formula) logl'(s) = (s — %)log(s) — 5+ logy/2m + O(\?ll)

¢ - T'(s) = % +'7 + Zzozl[nis - %]
As a consequence,




Definition 2.3. For Re(s) > 1 define £(s) = $s(s — 1)T'($)m*/%((s).

The following analytic continuation theorem is of high importance.

Theorem 2.4. (Analytic continuation of the zeta function) The function £(s) has
an analytic continuation to an entire function and satisfies the functional equation

§(s) = £(1—s).

Proof. By change of variables in the definition of the Gamma function we get

0

nsmw

N|w

Summing over n € N, for Re(s) > 1, we obtain
W’%F(g)g(s) :/ xés*l(z 6”2”)61:1::/ xés*lw(:c)d:v,
0 p— 0

o

where w(z) = 3. e ™" Note that the absolute convergence of the sum justifies
n=1

that one could exchange the order sum-integral in the first equality.

Diving the last integral into two pieces for x > 1 (resp. = < 1) and changing
variables by x ++ 27! in the second we obtain:

s o o 1
W_il"(f)C(s) = / :E%S_lw(x)dx +/ x_%s_lw(—)dx.
1 1
By lemma below, one deduces from the functional equation for w(x) that

W_%F(E)C(s)zs ! )+/1w<x%s—1+x—%s—é)w<x>dx.

2 (s—1

Since w(x) is rapidly decreasing, the integral on the right converges absolutely for
any s and defines an entire function of s. The remaining assertions follow from
the location of poles of ﬁ and the invariance of the right hand side of the last
equality under the change s — 1 — s. O]

Lemma 2.5. The function w(z) = 3 e ™™ satisfies the functional equation

n=1
1 1
w(;) =5~ §x% + x%w(x)
Proof. Write w(z) = 9(x2$ with 0(z) = > e~™%_ Note that this series is

converging rapidly for z > 0. By the Poisson summation formula, we have

+o0 +o0 +00 )
2,.—1 2 1 .
9(1:71) — 2 : e*ﬂn x — E : / e*ﬂt x +2mmtdt — 1’56(1’)

n=—oo m=—oo Y

and the functional equation for w(x) easily follows. O

13



Remark 2.6. Using the duplication and the reflexion formulas for the I'-function,
one could obtain the functional equation for the zeta function in the following form:

C(s) = %(277)5811& %SF(I —5)C(1 = s).

Corollary 2.7. {(—2m) =0 for all m € N.

Proof. The result follows from the analytic continuation and the fact that the I'-
function has poles at —m, m € N. O

The zeros —2m of the zeta function given in the corollary above are called the
trivial zeros. For 0 < Re(s) < 1 the functional equation implies that zeros must
lie symmetrically around the critical line Re(s) = % The Riemann Hypothesis
asserts that all zeros s of the zeta function with 0 < Re(s) < 1 lie on the critical line.

Later we will establish:

Theorem 2.8. (de la Vallée Poussin) There exists a constant ¢ > 0 such that the
zeta function has no zeros for

C
=c>] - — .
Rels) =0 2 1= i+ 2)

Corollary 2.9. Let T > 2 and ¢ > 0 a constant. Then for

c
>1l— —F  2< |t| T

7= 2log(T +2)’ <=
one has an estimation |i_’((85))| = O(log*T), where s = o + it.

3 Distribution of primes

Let 7(z) = >> 1. We will be interested in the asymptotic description of this

p prime ,p<z
function. First we need some facts on the Dirichlet sums.

Definition 3.1. The Dirichlet series is a series of the form

o
an

flo) =30, 3)

where the coefficients a,, are complex numbers and s = o + it.
To the Dirichlet series one associates the function

O(z) = Z Ay,

n<x

14



Theorem 3.2. [Tauberian theorem| Assume that the series (3) converges for o > 1,
la,| < A(n) where A(n) > 0 is a monotonic, increasing function and for o — 1+0
one has

> anln™ = O0((c = 1)™*),a > 0.
n=1
Then for anyb>1, T >1, z =N + % the following formula holds

ba) = Yo = 5 [ T+ 0 + oA,

™ ; S
TLSQ? b—iT

In addition, the constant in the O-sign depends only on by.

Proof. First we prove that

1 b4+:T CLS ab
= Cds — et O(——"
o7 by s T O g

) (4)

where e = 1ifa > 1l and e = 0if 0 < a < 1. Let us consider the case a > 1 (we

left the case 0 < a < 1 as an exercise). Consider U > b and the rectangular path T’

with sides [-U +iT, —-U — iT] (U —iT,b—iT), [b—iT,b+iT], [b+iT,—U + bT.
By Cauchy theorem, 5 [ ©% =1, so that

s

1 b+iT asds

27TZ b—iT S

=1+R (5)

where R is the opposite of the integral on the left, upper and bottom sides. The
integrals on the upper and bottom sides have the same absolute value, so that on
each of these sides we have

_|/ sds| < i/b “do < ab
27 s T2 ) T2+ 02 ~ Tlog(a)
Also we have for the left side
1 a’ds < i T Udt
2 ) s T 2w oy VJURHP

=0 =0

for U — oo. Passing to the limit in (5) when U — oo, we obtain the formula (4).
The series (3) is absolutely convergent for s = b+ it. We obtain, exchanging the
integral-sum:

1 b+T b+iT'

x® = 1 x ds
% f(S)?dS—;an(%/ZT n Zan—i—R

b—iT n<z

where

Zlanl )'T™ 1|l09 ).
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Note that, since z = N + 1/2, we have z/n # 1 for an integer n. We divide the

sum under the O-sign into two parts. For the first part, take = < % or £ > 2,

so that [log®| > 2. From the assumptions ), ‘ng‘ = O((b_ll)a), the first sum is
b

(’)(T(;ET)Q) The remaining part is
N +0.5,_
> el =~y 1Ilog [T <TTARD2 Y Jlog——— 7
%x<n<2w %x<n<2x

The summands with n = N — 1, N, N + 1 in the last sum are of order O(z) and for
the remaining part r» we obtain

N=1 N 405 2 u
< l —1d +/ l “tdu = O(zlogz).
rs [ oo [ g = Orlogn

and the theorem follows. O
Now we are ready to prove the prime number theorem. Define A(n) = log(p) if
n = p* and A(n) = 0 otherwise.

Theorem 3.3. There exists a constant ¢ > 0 such that

= Z A(x) = x4+ O(ze V@),

n<x

m(z) = /; % + O(I€_%\/m).

Proof. For Re(s) > 1, using the Euler product argument (1) we write

) AW
G "

Using theorem 2.4, in the previous theorem we could take o = 1, A(n) = log(n).
Consider b =1 + = eV!19®) Then

1 b+iT C/(S) s $ln2[l?

= —ds+ O
o) =g | G0l
By theorem 4.14 and its corollary, for some constant ¢; > 0, the zeta function has
no zeros with Re(s) =0 > 01 =1 — [t| < T, and C = O(log®T) for
s = o £ it. Consider the integral

log(w) T

).

2log( T+2

1 C(s) "

C2mi Jr ((s) s
along the rectangle I' with sides [0y + T, 0y — T}, [0y —iT,b —iT|, [b—iT,b+
iT), [b+iT;, 00 +4T].

ds

16



Since the only nontrivial pole inside I' of the function (—,—j)% is s = 1 with

residue x, we have
1 b4+1T / s
¢ (S))x—ds =c+ R
S

21 Jy it ¢(s)
with R the sum of integrals along the left, upper and bottom sides. We will estimate
these integrals. For the upper and bottom sides we have

1 b+iT CI( )

271-7; o1+1T C(S)

and the integral by the left side is

b (o +iT), 27 rlog*T

(o) IT =07

)dl_ \ ),

1 o1+iT / S 1 T 1 t O’i+it
F—/‘ S gy | ot dt| =
T C(s) s 2i J_p C(o1 +it) "oy + it

2w
= O(271og*T / / %)) = O(2"'log®T).
1

From the inequalities above, the definition of T and o; we deduce the first
assertion of the theorem.

Consider
Aln An
5= Z< log( 7”2 Z 1+ Z ( : '

p<w n=pk, k>2

In the second sum k < log(x) and for a fixed k we have at most /x summands,
< 1. We deduce

S =7(x) + O(Vrlog(x)). (6)
In the lemma 3.4 below we put ¢, = A(n) flz) = ﬁ, ie. Cr) = > ,cpn =
U(z) =2+ Oze V@), f'(z) = —

so that we obtain

Il 2 7
* ap(u) ¥(z) /x du x
o ulog?u ut log(x) 5 log®u * log(x) +

with
_ o / S emeviogu M eyt
log?u
NG x .
= (9(/ du + / e~ Viegugy + me_c‘/m) = O(ze 2 l"(x))
2

and

/mdu_'_ r |$+/”” du+ x _/m du+2
o log>u  log(x)  log(u)® ~ Jy log(u) = log(z) Jy log(u) = log2’

The theorem follows from this equality and (6).

17



Lemma 3.4. (Abel transform) Let f(x) be a continuously differentiable function
on the interval [a,b], ¢, be complex numbers and

- Y
Then )
> cufn) = [ C@)f e+ COI)

CO®) = Y caf(n)= Y ealf(b) = f(n) =

a<n<b a<n<b

Z/cnf Ydx = Z/cngnac x)dz,

a<n<b a<n<b

where g(n,z) =1 for n < x < b and g(n,z) = 0 for < n. To finish the proof of
the lemma we exchange the order integral-sum in the last sum and notice that

chgn:c ch_C

a<n<b a<n<z

4 Zeros of the zeta-function

4.1 Entire functions

In this section we discuss properties of entire functions with prescribed set of zeros.
More details could be found in [A.Karatsuba, Basic Analytic Number Theory.|

Theorem 4.1. Let ay,...a,,... be an infinite sequence of complex numbers with

0<la] <lag] < ... <Jan| < ...

1

and limn_mm = 0. Then there exists an entire function g : C — C whose set of

zeros coincide with set {a,} (with multiplicities).
Proof. Forn=1,2,... we set

S S 1 s 1 S
n = Un =(1- ) ).
tn = tns) = (1 = Deap(Z+ 52+ — ()

Consider the infinite product [~ u,(s). Let us show that the product converges
for any s # a,,, and defines an entire function ¢(s) with zeros ay, ... a,, .... Consider

18



a disk of radius |a,| and the product [[>2 w,(s). It is enough to establish that this
product converges to an analytic function inside the disc |s| < |a,|: in fact then the
product [[7; u,(s) is an analytic function in this disk, having only zeros a; with
la;| < |a,| and since |a,| — 0o, we deduce the theorem.

For |s| < |a,|, 7 > n we have

S s 1,s 1 s
Inu.(s) =In(l— =)+ —+=(—)+... S
nu.(s) = in( ar)+ar+2(ar) + +r—1(ar)
Hence for r =n,n+1,... and |s| < |a,|,
1, s 1 s
Inu.(s) =—(—)" — S R
i (s) T<CLT) T+1(ar>
and ) ]
S\, S\,
ur(s) = exp(——(—) (=) =)

roa, ot a,
Hence it is enough to establish that the series

S+ (T @

r=n

is absolutely convergent for |s| < |a,|. But for any 0 < € < 1 and |s| < (1 — €)|a,|
we have
1 s

1 s
—(—=)" Yyt <21 =e)
Ir(ar) +T+1(ar) +... < r( €)" +

—_

1—¢)
1—e) 4+ . ( .
7°+1< ) + < er

hence, using proposition 4.2 below, the series (7) is absolutely convergent for |s| <
(1 — €)|ay|, so that we obtain that [~ u,(s) is analytic on C and we finish the
proof of the theorem. O

Proposition 4.2. Let u,(s), n > 1 be an infinite sequence of analytic functions on
the domain €2, such that

o u,(s)# —1 for alln and s € Q;

o0

o |u,(s)| < ay for alln and s € Q and the series Y a, converges.
n=1

The the infinite product

o0

[T +un(s)

n=1

converges for any s € Q and defines an analytic function v(s) on €, such that

v(s) #0 for s € Q.
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Remark 4.3. If > |1 — < 00, then the function

n=1 |a

o0

o) = ] - Syean(> " L2 y)

el an = 17 dn

satisfies the conditions of the theorem above.
One could also show that any entire function has the form

)= MH 1——expzl<s>j>

J an

with h entire. This expression is more precise for functions of finite order.

Definition 4.4. Let g(s) be an entire function and let M (r) = My(r) = maxs—,|g(s)|.
We say that g is an entire function of finite order if there exists a > 0 such that
M(r) < exp(r®) for r > ry(a) for some constant ro(a). We then call o = inf a the
order of g(s). If such a does not exists, we say that g is of infinite order.

Definition 4.5. Let sq,...s, be a sequence of complex numbers, such that
0<|si| <[sa] <...<sn| <.t

If there exists b > 0 such that Y >~ [s,|™ < oo then we say that (s,) has a finite
order of convergence, and we call 5 = in fb the order of convergence. If such b does
not exist, we say that the order of convergence of (s,,) is co.

We have the following properties:

Theorem 4.6. Let g(s) be an entire function of finite order a, such that g(0) # 0
and let s1,...,8, be zeros of g with 0 < [s1] < sa| < ... <|sy| < .... Then

(i) the sequence s, has a finite convergence order 5 < a;

(i) g(s) = "o (1——)63:])( ; ) %(i)ﬂ), where p > 0 is the smallest integer
such that > °° | |s,| Pt < oo and h(s) is a polynomial of degree d < a and
a = max(d, ).

(i11) If, in addition, for any ¢ > 0 there is an infinite sequence r1,...7y, ... with

r, — 00 such that
max|g(s)| > exp(cry),|s| =rp,n=1,2...

then o = B and the series Y oo |sn|™° diverges.

4.2 Theorem of de la Vallée Poussin

Let £(s) be defined as in theorem 2.4.

Theorem 4.7. e The function £(s) is an entire function of order 1 with in-
finitely many zeros p, such that 0 < Rep,, < 1;
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o the series Y. |pa|™! diverges;

|717€

o the series > |pn converges for any € > 0;

e the zeros of £(s) are nontrivial zeros of ((s).

Proof. For Re(s) > 1 the zeta function, and, hence, the function £(s) has no zeros.
Theorem 2.4 implies that £(s) # 0 for Re(s) > 0 as well. Since £(0) = £(1) # 0,
zeros of £(s) coincide with nontrivial zeros of ((s).

To determine the order of £(s), we consider |s| — oo. By corollary 1.8, {(s) =
O(|s]) for Re(s) > 3. Since |['(s)| < e“lllMlsl the order of ¢ is at most one. But for
s — 400, Inl'(s) = sin(s), so that the order of £(s) is 1. Theorem 4.6 imply that
> |pa| 7Y, where p,, are zeros of £(s) is divergent. In particular, £(s) has infinitely
many zeros, and the series Y |p,|717¢ is convergent for any e > 0. O

Corollary 4.8. (i) &(s) = e B [[72 (1 — p—)@pn

(i1) nontrivial zeros of zeta-function are symmetric with respect to the lines Re(s) =

1 and Im(s) = 0.

In what follows we enumerate zeros of zeta function in an increasing order (with
respect to the absolute value).

Proposition 4.9.

[e.9]

cs) 1 1 1 1 1
C(s) __s—1+;(s—pn+p_n)+;(s+2n_%)+30’

where p, are all nontrivial zeros of ((s) and By is a constant.

Proof. Tt is enough to take the logarithmic derivative in corollary 4.8(i). [

Theorem 4.10. Let p, = B, + iva, n = 1,2,... are all nontrivial zeros of ((s),
T >2. Then

Zl+ .E <clogT. (8)

n=1

Proof. For s =2+ 4T, one has

3 1o s
< —+ <
z:: s+2n 2n)| _2;(2n+2n)+24n2 < colog(T), (9)

n< n>T
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so that by proposition 4.9

¢(s), _ 1 =, 1 1
_RG(C(S) )= Re(s— 1 _BO_;(S—FQn B %))_

- 1 = 1 1
“R 2 < e log(T) — R ).
e;(s—anrpn)_cl o9(T) e;<s—pn+pn)

From the Euler product expression (proposition 1.2), we have

_@) _ Z A(n) (10)

()" &

where A(n) = log(p),n = p* and 0 otherwise. Hence

Cle) _ S A
G =12 vl < e

so that

=, 1 1
ReZ(S — + p_n) < czlog(T).
n=1

We deduce the theorem from the following inequalities

Re = Re - = >
5= Pn 2=B)+i(T—m) =060+ (T —m)?
0.5
T 14+ (T —)?
and Re% = B%BJ:W% > 0. O

Corollary 4.11. The number of zeros p, of the zeta function, such that
T < |[Im(pn)| €T +1

is at most clog(T).

Corollary 4.12. For T > 2, one has

Corollary 4.13. For —1 <o <2,s=o0 +1it,|t| > 2, one has

O(log(T)).

1
|T_'Yn|2

¢'(s) _ 1 )
Ol > —— + O(loglt]).

|t—n|<1 "
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Proof. The inequality 9 is valid for s = o +it, |t| > 2, =1 < 0 < 2, so that

¢s) _
{(s)

We substract the same inequality for s = 2 + t:

()~ 1 1
) ~ 2 ~ 3T+ Olles(i:

> 1 1
> (s +—)+Ologlt]).
n:1 n n

If |y, — t| > 1, then

1 1 2—0 3
| —— - — | < < -
o+it—p, 2+4it—p, = (=12 (y—1)?

Now the statement follows from the previous corollaries 4.11 and 4.12. m

Theorem 4.14. (de la Vallée Poussin) There exists a constant ¢ > 0 such that the
zeta function has no zeros for

Cc

R =-c>]1 - —
N )

Proof. The function ((s) has a pole at s = 1, hence for some 7 there is no zeros s
with [s—1| < 5. Let p,, = B +iv, be a zero of ¢ with |v,| > |y|. For Re(s) =0 > 1
we have as in (10)

_C’(S) _ i A(n) _ iozA(n)n—ae—itlog(n)7

¢(s) = n
so that (5
<ls = N n)n~%cos(tlog(n

n=1

Since for all real ¢ we have
3 4 4cos ¢ + cos 2¢ = 2(1 + cos ¢)* > 0,

we deduce

(o)
o

We will provide a majoration for each summand in the formula (11). By proposition
4.9 and corollary 4.11 for s = 0 and 1 < ¢ < 2 we obtain

_d(s) 1

<

C(s) o-—1
23

(o +it)
C(o+1it)

(o + i2t)
)+ R

)+ 4Re(

) > 0. (11)
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where Bj is a constant. For s = o 4+ it,1 < o < 2,|t| > 7 we find, again by
proposition 4.9:

¢'(s)
¢(s)

where A > 0 is an absolute constant. Since 0 < £, < 1, we have pr, = [ + i we
deduce

—Re

1
< Alog(|t| +2) — ZRe . ,0 —),
- k

R 1 R 1 g — ﬁk
e = Re , = :
S—Pk o—Br+it—v) (00— B+ (t—n)?
in addition Re— 72 + > 0. We deduce
it T
¢'(o +1it) o—Bn
“Corary Aol - e Ty
and o 2it)
o+ 2
—Re-———— < Alog(2|t| + 2).
“Clo v Al T2
We now substitute these estimations in (11):
3 0 — Bn

0—1_4(0—ﬁn)2+(t—%)2

for A; > 0 a constant. This inequality works for any ¢, [t| > v and any 0,1 < 0 < 2.
For instance, for t = ~,, 0 so that

+ Ajlog(t| +2) >0

_ 1
=1+ 241 log(|yml+2)?

4 3
< + Ay log(|yn| +2),
o— By 1
1
n S 1 - 9
P 14A; log(|ym| + 2)
and we finish the proof of the theorem. n

Corollary 4.15. Let T' > 2 and ¢ > 0 a constant. Then for

c
>1l—— = 2< || <T
7= 2log(T +2)’ SR

one has an estimation |< | = O(log*T), where s = o + it.
Proof. Using corollary 4.13, we have

0

= D + O(log(T)).

() o<1 © T P

Hence

¢'(s) 1
FOLE > AT T Oles(@)).

[t—yn|<1
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: c c
Smceﬁngl—mandazl—m,wehave

¢'(s)

50

< %log(T +2) 3 1+ 0(og(T)) = O(log™T).

‘t_’Yn|S1
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