
Exterior derivative

Let M be a smooth manifold and let Ω(M) = ⊕p≥0Ω
p(M) be the gradu-

ated algebra of differential forms on M . Recall that ∧0T ∗M = M × R so that
Ωp(M) = C∞(M,R). Also ∧1T ∗M = T ∗M = tx∈M(TxM)∗.

Theorem.There is a unique linear map

d : Ω(M)→ Ω(M)

with
d(Ωp(M)) ⊂ Ωp+1(M),

such that

(1) for f ∈ Ω0(M), df : M → T ∗M is defined by dfx(v) = Txf(v);

(2) for α ∈ Ωp(M) and β ∈ Ωq(M) we have

d(α ∧ β) = dα ∧ β + (−1)pα ∧ dβ

(3) d ◦ d = 0

(4) Restriction to opens: (dω)|U = d(ω|U);

(5) for f : M → N smooth, f ∗(dω) = d(f ∗ω).

Proof. Unicity.

Lemma. Let d : Ω(M) → Ω(M) satisfying (1) and (2). If V ⊂ M is open,
α, β ∈ Ω(M) such that α|V = β|V then dα|V = dβ|V .
Proof. Take x ∈ V and f : M → R a cut-off function: Supp f ⊂ V and f ≡ 1 in
a neighborhood of x. Then by the construction f(α − β) = 0, so that by linearity
d(f(α−β)) = 0. Since d coincides with differentials of functions by (1), and f is con-
stant on V , we have dfx = 0. Using (2): 0 = d(f(α−β)) = df∧(α−β)+f∧d(α−β).
Evaluating at x and using that f(x) = 1 we obtain 0 = 1∧ (dαx−dβx) = dαx−dβx
so that dαx = dβx. Since x is arbitrary in V , we obtain the statement in the
lemma. .

Lemma⇒ unicity. We’ll express everything in terms of differentials of functions
and then use (1). So take x ∈ M and (U, φ) a local chart at x0, φ = (φ1, . . . φn).
Let M → R be a smooth cut-off function with Supp f ⊂ U and f ≡ 1 on an open
neighborhood V with x ∈ V . For I = {i1, . . . ip} with i1 < . . . < ip put

d(fφ)I = d(fφ1) ∧ . . . ∧ d(fφip).
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Write the expression in local coordinates ω|U =
∑

I ωIdφI . Since ω and
∑

I fωId(fφ)I
coincide on V , by lemma the differentials are the same. So we compute:

dω = d(
∑
I

fωId(fφ)I) =
∑
I

d(fωI) ∧ d(fφ)I ,

where the last equality id obtained using (2) and (3). In this way we expressed dω
in terms of differentials of functions fωI and fφij , so that we obtain unicity by (1).

Existence
We first consider the case when M = U is an open in E = Rn. Then, for

ω ∈ Ωp(U) = C∞(U,∧pE∗) it makes sense to speak about Txω ∈ L(Rn,∧pE∗).
Then, ∀v1, . . . vp+1 ∈ E define

dωx(v1, . . . vp+1) =

p+1∑
i=1

(−1)i+1Txω(vi)(v1, . . . , v̂i, . . . vp+1).

Then, by definition, d : Ωp(U) → Ωp+1(U) is linear, and coincides with df for f a
function. We have the following properties:

1. If I = {i1, . . . ip} with i1 < . . . < ip and if f ∈ C∞(U,R) and ω = fdxI , then

dω = df ∧ dxI .

In fact, note that dxI us constant on U , so that ∀x ∈ U, v ∈ E we have
Tx(ω)(v) = dfx(v)dxI . Then, by definition of the product, ∀v0, . . . vp+1 ∈ E
we have

dωx(v1, . . . , vp+1) =

p+1∑
i=1

(−1)i+1dfx(vi)dxI(v1, . . . v̂i, . . . vp+1) = dfx∧dxI(v1, . . . vp+1).

2. ∀α ∈ Ωp(U), β ∈ Ωq(U), we have

d(α ∧ β) = dα ∧ β + (−1)pα ∧ dβ.

In fact, by linearity, it’s enough to check for α = fdxI (when I is of cardinal
p) and β = gdxJ that α∧ β = dα∧ β + (−1)pα∧ dβ. Indeed, by the previous
property

d(α ∧ β) = d(fg) ∧ dxI ∧ dxJ = gdf ∧ dxI ∧ dxJ + fdg ∧ dxI ∧ dxJ =

= df ∧ dxI ∧ gdxJ + (−1)pfdxI ∧ dg ∧ dxJ = dα ∧ β + (−1)pα ∧ dβ.

3. d ◦ d : Ωp(U)→ Ωp+2(U) is a zero map.

Again, by linearity, it’s enough to consider ω = fdxI , that is similar to the
previous property and we leave it as an exercise.
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4. Similarly, using linearity and the properties of direct images, one easily sees
that, if V ⊂ Rm is an open and φ : U → V smooth, then ∀ω ∈ Ωp(V ), d(φ∗ω) =
φ∗dω. In particular, (dω)|V = d(ω|V ).

Now, in the general case, if ω ∈ Ω(M) we cover M by open charts and we define
on the chart (U, φ)

(dω)|U = φ∗(d(φ−1)∗(ω|U)).
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