MATH-GA 2150.001: Homework 1
1. Let J= (22 +y*— 1,y — 1) C k[z,y].
(a) Determine V'(J).
(b) Find a function f € I(V(J)) such that f & J.
(c¢) Determine I(V(J)).
2. Show that the set X = {(z,z) € R* x # 1} is not an affine algebraic variety
in R?,
3. Recall that a topological space X is irreducible if
X =K UFQ, F17F2 closedin X = F; =X or F;, = X.

(a) Show that X is irreducible if and only if for all U;,U; C X nonempty
open subsets, the intersection U; N U, is nonempty.

(b) Show that X is irreducible if and only if any open subset U of X is dense
in X.

(c) Show that if X is irreducible, then any nonempty open subset U of X is
also irreducible.

(d) Let X = V(1) be an affine variety in k™. Show that X is irreducible in
Zariski topology if and only if 7(X) is a prime ideal.

(e) Let X = V(I) be an affine algebraic variety in k. Show that one can
write X = X U...UX,, where X, are irreducible affine varieties, X; SZ X
if 7 # 7 and this decomposition is unique up to a permutation of the
components.

(f) Find irreducible components of the following varieties :
i V(y,y? —x2) C A;
i, V(z(y—2*+1),y(y —2*+ 1)) C AL
i, V(2?) C A2
4. Let k be an algebraically closed field. Determine the ideals I(X) of the fol-
lowing algebraic varieties :
(a) X =V(2%y, (z —1)(y+1)*);
(b) X =V (y* + 2%y — 2?).
(¢) X =V(z—zy,y* + 22— 2?).



